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SOLUTIONS OF THE MULTICONFIGURATION DIRAC-FOCK
EQUATIONS

ABSTRACT. The multiconfiguration Dirac-Fock (MCDF) model uses a linear combi-
nation of Slater determinants to approximate the electronic N-body wave function of
a relativistic molecular system, resulting in a coupled system of nonlinear eigenvalue
equations, the MCDF equations. In this paper, we prove the existence of solutions of
these equations in the weakly relativistic regime. First, using a new variational principle
as well as results of Lewin on the multiconfiguration nonrelativistic model, and Este-
ban and Séré on the single-configuration relativistic model, we prove the existence of
critical points for the associated energy functional, under the constraint that the occu-
pation numbers are not too small. Then, this constraint can be removed in the weakly
relativistic regime, and we obtain non-constrained critical points, i.e. solutions of the
multiconfiguration Dirac-Fock equations.

CONTENTS
1. Introduction 1
2. Definitions 3
3. Strategy of proof 6
4. Results 7
5. Proof of Theorem 1 8
5.1. Palais-Smale sequences for the energy functional 8
5.2. The reduced functional 11
5.3. Asymptotic behavior of I, 14
5.4. Borwein-Preiss sequences for the reduced functional 15
5.5. Proof of Theorem 1 19
6. Proof of Theorem 2 19
6.1. Nonrelativistic limit 19
6.2. Proof of Theorem 2 21
Acknowledgements 21
References 21

1. INTRODUCTION

Consider an atom or molecule with N electrons. Nonrelativistic quantum mechanics
dictates that, under the Born-Oppenheimer approximation, the electronic rest energy is
given by the lowest fermionic eigenvalue of the N-body Hamiltonian. The complexity
of this problem grows exponentially with N, and approximations are used to keep the
problem tractable. Hartree-Fock theory uses the variational ansatz that the N-body
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wavefunction is a single Slater determinant. The optimization of the resulting energy
over the orbitals gives rise to a nonlinear eigenvalue problem, which is solved iteratively.

It is well-known that this method overestimates the true ground state energy by a
quantity known as the correlation energy, whose size can be significant in many cases
of chemical interest [SO89]. This can be remedied by considering several Slater deter-
minants, a technique known as multiconfiguration Hartree-Fock (MCHF) theory. This
brings the model closer to the full N-body problem, and, in the limit of an infinite number
of determinants, one recovers the true ground state energy.

Another source of errors is that the Hamiltonian used is non-relativistic. Indeed, in
large atoms, the core electrons reach relativistic speeds (in atomic units, of the order of
Z, compared with the speed of light ¢ &~ 137). This causes a length contraction which
affects the screening by the core electrons of the attractive potential of the nucleus. This
has important consequences for the valence electrons and the chemistry of elements.
Neglecting these effects leads to incorrect conclusions, and for instance fails to account
for the difference in color between silver and gold [PD79].

For a fully relativistic treatment of the electrons, one should use quantum electrody-
namics (QED). But this very precise theory is also extremely complex for all but the sim-
plest systems. Therefore, physicists and chemists use approximate Hamiltonians to avoid
working in the full Fock space of QED. The multiconfiguration Dirac-Fock (MCDF') model
is obtained by using the Dirac operator in the multiconfiguration Hartree-Fock model. It
incorporates relativistic effects into the multiconfiguration Hartree-Fock model, and has
been used successfully in a number of applications [DFJ07, Gra07].

Although these models, and more complicated ones, are used routinely by physicists,
many problems still remain in their mathematical analysis. The first rigorous proof of
existence of ground states of the Hartree-Fock equations was given by Lieb and Simon
[LS77] and later generalized to excited states by Lions [Lio87]. The multiconfiguration
equations were studied by Le Bris [LB94], who proved existence in the particular case of
doubly excited states. Friesecke later proved the existence of minimizers for an arbitrary
number of determinants [Fri03a], and Lewin generalized his proof to excited states, in
the spirit of the method of Lions [Lew04]. For relativistic models, Esteban and Séré
proved existence of single-configuration solutions to the Dirac-Fock equations [ES99],
and studied their non-relativistic limit [ES01]. To our knowledge, the present work is the
first mathematical study of a relativistic multiconfiguration model.

The main mathematical difficulty of the multiconfiguration equations, apart from the
increased algebraic complexity, is that one cannot simultaneously diagonalize the Fock
operator and the matrix of Lagrange multipliers. Lewin rewrote the Euler-Lagrange
equations in a vector formalism and used the same arguments as in the Hartree-Fock
case [LS77, Lio87] to prove the existence of solutions.

The Dirac-Fock equations are considerably more difficult to handle than the Hartree-
Fock equations. The main difficulty is that the Dirac operator is not bounded from below.
This fact, which causes important problems already in the linear theory, complicates the
search for solutions of the equations, because every critical point has an infinite Morse
index. One can therefore no longer minimize the energy functional, or even use standard
critical point theory. Esteban and Séré [ES99], later generalized by Buffoni, Esteban and
Séré [BES06], used the concavity of the energy with respect to the negative directions of
the free Dirac operator to reduce the problem to one whose critical points have a finite
Morse index.

The MCDF model combines the two mathematical problems and adds the difficulty
that, for the theory to make sense, the speed of light has to be above a constant that
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depends on a lower bound on the occupation numbers. Note that this difficulty with
small occupation numbers is also encountered in numerical computations [ID93], and
theoretical studies of the nonrelativistic evolution problem [BCMT10].

In this paper, we prove the existence of solutions, when the speed of light is large
enough (weakly relativistic regime). We now describe our formalism.

2. DEFINITIONS
In atomic units, the Dirac operator is given by
D. = —icla-V)+c*B. (1)

In standard representation, o and 8 are 4 x 4 matrices given by

. 0 O . IQ 0
ak—<0_k 0)7/3k_<0 —Ig)’

where the o), are the Pauli matrices

(01 (0 —i (1 0
=1 0)27 i 0) o -1}

The speed of light ¢ has the physical value ¢ ~ 137.

The operator D, is self-adjoint on L*(R?, C*) with domain H'(R3, C*) and form domain
H'Y2(R3,C*). It verifies the relativistic identity D? = ¢* — c?A. More precisely, it admits
the spectral decomposition

D.=P"Vct -~ 2APY — P Vet — AP, (2)

where the projectors P* are given in the Fourier domain by

1 co- €42
PE(€) = 3 <1C4 + W) : (3)

We denote by
E = H'Y*(R3 C*% (4)
the form-domain of D, and
E* = P*E (5)

the two positive and negative spectral subspaces.
We will use three scalar products in this paper:

(. 8): = [ 0.
(W, 0) = (V1= A0) ,,

.= (vt -30)

with associated norms [|¢||;2,||¢| 5 ,l|¥|l.. The purpose of this last norm is to simplify
several estimates. It is related to the change of variables d.(¢)(z) = ¢=3/2¢(£) used in
[ES01] in the sense that
(W, @), = (de(V), de(®)) g
3



A molecule made of M nuclei with positions z; and charges Z; creates an attractive
potential

Z;

ij

More generally, we consider a charge distribution g > 0 with u(R3) = Z, which creates a
potential

zi|

1

V=—px— 6
HET (6)
In the sequel, we shall always assume that N < Z + 1, which is the only case where we
can prove existence of solutions to our equations. This assumption is made in existence
proofs for the Hartree-Fock model to ensure that an electron cannot “escape to infinity”,
because it will then feel the effective attractive potential % [Lio87, LS77]. Math-
ematically, it is used to prove that second order information on Palais-Smale sequences

implies that the Lagrange multipliers are not in the essential spectrum.

The Hamiltonian D, + V has a spectral gap around zero as long as

2
7T/2+2/7TC'

This is related to the following Hardy-type inequality (see [Tix98, Her77, Kat66]) :

7 <

[, V)| < <7r/2+2/7r> (v, V1= Ay) (7)

for all 1) € E*, a refinement of the Kato inequality

. ve)l < 27 (v.v=aw) (®)

for all ¢ € E, which we will use extensively in this paper. We also recall the standard
Hardy inequality:

Vol < 22|Vl . (9)

for all ¢ € H'.
The N-body relativistic Hamiltonian is given by

ol 1

HY = Z(Dc,ri + Vi) +

i=1 T, — T

j

This Hamiltonian acts on A™ L2(R3, C*), the fermionic N-body space. Its interpreta-
tion is problematic, and no self-adjoint formulation is known [Der12].
For a given K > N, the multiconfiguration ansatz is

1/} = Z Qiy,..in 1/% s wlN> ) (10)

1<ii<--<in<K

where

Vi oo i ) (X, Xy = \/% det(1hi, (X1)) .
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with X; = (27, 81), 7 € R3, s, € {1,2,3,4} are Slater determinants, and a € S,¥ € X,
where

S=facCW o= ¥

=1}, (11)
1<i1 < <in <K
¥ ={Vc E¥ Gram V¥ = 1}, (12)
= {0 e EX, (v, 05) , = 0ij}-

Our convention here and in the rest of this paper is to use lower case greek letters for

orbitals v € E, and upper case greek letters for vectors of orbitals ¥ € EX. We extend
in a straightforward way the scalar products (-,-);2, (-,-); and (-, -)_ to the space EX:

(0, @), = > (U, ¢n), -

k=1
Following [Lew04], we define

0 if #(iy...in) <N,
Qi iy = .
NI otherwise,

where, for all iy,... iy with #(i1...ix) = N, o is the unique permutation such that
'ig(l) < <K io‘(N)-
With this definition,
P(Xy,..., Xn) = > iy i Wi (X1) iy (XN).

1<i1<N, .., 1<Sin <N,

Then, substituting into the relativistic energy <@/}, HN @Z)>, we obtain [Lew04]

E(a, V) = <\p (Dela + VI + Way) \If> : (13)
’ (L2(R3,C4))K

with the K x K Hermitian matrices

Ta)ig =N D Qhy kin Qs
ko..kn

N(N -1) . . 1
(Waw)ij = — Z Zai,hk&,_lm%,l,k&..m (%@/)z * —> .

ks kn kil ||

The eigenvalues ~; of T', for a € S, satisfy 0 < ; < 1, ©%, v = N. They are called
occupation numbers, and measure the total weight of the corresponding orbital in the
N-body wave function.

In the rest of this paper, we will write matrix inequalities in the sense of Hermitian
matrices. We also extend the notation liminf and lim sup to matrix inequalities, in an
abuse of notation. For instance, we will take liminfI',, > I' to mean that the smallest
eigenvalue A} of T',, — T satisfies liminf A} > 0.

For reference, we define the multiconfiguration Hartree-Fock energy

1
SHF(Q, (b) = <(I>7 <__Ara + VFa + Wa,@) ¢> ) (14)
2 (LQ(RS,CQ))K

on S x {® € (HY(R3 C?))X, Gram® = 1}.
One can define a group action on S x ¥ that leaves £ and EYF invariant : for any
unitary matrix U € U(K),
U-(a,¥)=(d,UV), (15)
5



where a is defined via the equivalent variables o :
i = 2 (Uivgs e (U )i i @i
J1yJN
where U* is the adjoint of U. This group action is the multiconfiguration analogue of the
well-known unitary invariance of the Hartree-Fock equations.

The MCDF equations, obtained as the Euler-Lagrange equations of £ under the con-
straints @ € S and W € ¥, are, for ¥ and a respectively,

H, oV =AU, (16)
Hya = Fa, (17)
where
H,g=DJX,+ VDL, +2W,y (18)
is the Fock operator, and
(Ha)ro = (s - [HY] 0, ) (19)
are the coefficients of the (ﬁ) X (I]\(,) matrix of the N-body Hamiltonian H” in the basis

of the Slater determinants. Our goal in this paper is to prove the existence of solutions
to (16) and (17) by finding critical points of £ on S x X.

3. STRATEGY OF PROOF

There are several major mathematical difficulties in the study of the MCDF model
that are not present in the single-configuration case. One can use the group action (15)
to diagonalize I' or A, but not both at the same time. Worse, because W, ¢ does not in
general commute with I', one can only prove that the Fock operator H, ¢ has a spectral
gap around 0 for values of ¢ that depend on a lower bound on the eigenvalues of I'. This
gap is used centrally to prove the convergence of Palais-Smale sequences. Therefore, one
needs a lower bound on I'.

To obtain this lower bound, we consider the (formal) nonrelativistic limit of the mul-
ticonfiguration Dirac-Fock model, the multiconfiguration Hartree-Fock model. Let

I = inf {£"(a,®),a € S, @ € (H'(R®,C?))", Gram & = 1} (20)

be the ground-state energy of the nonrelativistic multiconfiguration method of rank K >
N. IV is the Hartree-Fock energy. I¥ is non-increasing, and converges to I*°, the
Schrédinger energy. The behavior of I is not precisely known, but a result by Friesecke
[Fri03b] shows that I%+2 < [%. Therefore, I™ < "' at least for one every two K. When
this strict inequality holds, every minimizer satisfies I' > 0. Because of the compactness
of these minimizers (proved in [Lew04], Theorem 1), there is a uniform bound ~, > 0
such that for every minimizer, I'y > 7.

Because there is no well-defined “ground state energy” in the relativistic case, we cannot
use information of this type directly. Instead, we fix v < 7y, and use a min-max principle
to look for solutions in the domain

Sy={ae ST, >~}

By arguments inspired by [ES99, ES01, Lew04], we prove that the min-max principle
yields solutions of H, gV = AV, for ¢ large enough (Theorem 1). But these are only

solutions of the equation Hya = Fa if the constraint is not saturated, i.e. if I'y > 7.
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To prove that this is the case, we take the nonrelativistic (¢ — 0o) limit of the critical
points found in the first step. By arguments similar to the ones in [ES01], we prove that
these critical points converge, up to a subsequence, to a minimizer of the multiconfigura-
tion Hartree-Fock functional (Theorem 2). Therefore, for ¢ large, the constraint ', > v
is not saturated, and we obtain solutions of the MCDF equations (Corollary 1).

In the rest of this paper, we will always assume that /% < I"~1 so that ' > 7, on the
nonrelativistic minimizers. v > 0 is a fixed constant, taken to be less than ~,. We also
assume N < Z + 1.

First, for all U € (L)X such that Gram ¥ > 0 (linearly independent components), we
define the normalization

g(¥) = (Gram ¥) /2@, (21)

which has the property that g(¥) € 3. This normalization was used in [ES01] to prove
another variational principle for the relativistic “ground state”, which we shall not use
here.
Define
Yt =%n(EHE,
={V e (PTE)¥,Gram ¥ =1}

We will find solutions to our equations as a result of the following variational principle:

I, = inf sup  E(a, g(PT +T7)). (22)

GESV,‘IJJFEZ‘F \Ij—e(E—)K

4. RESULTS

Our first result is the well-posedness of our variational principle:

Theorem 1 (Existence of solutions in S,,). Let N < Z+1. There are constants Ky, Ky >
0 such that, for ¢ large enough, there is a triplet a, € S,, UV} € ST, W € (E7)X solution
of the variational principle (22):
E(a, gV +V,)) =
(ax, 9( )) =, max,

= i Ut L 07)).
wes gy E(a,g (T 4 0T))

Elan,g(uF +07)),

Denoting U, = g(V} + U,), W, is a solution of the equation H,, v, V. = AV, in X.
The Hermitian matriz of Lagrange multipliers A, satisfies the estimates

(c® — KT, <A, < (¢ — Ky)T,. (23)
Furthermore, if I'y > v, then a, is a solution of Hy, a, = I, a..

Remark 1. In theory, one could give an explicit estimate of the minimal value of ¢ as a
function of v. However, since there is no known lower bound on vy as a function of K,
this would be of little use, and considerably complexify this paper. Free from the need of
explicit constants, we use a strateqy of proof that is simpler than the one used in Theorem
1.2 of [ES99] in the single-configuration case.

We now study the nonrelativistic limit of these solutions, thanks to the control (23) on
the Lagrange multipliers:
7



Theorem 2 (Non-relativistic limit). Let IX < I~ N < Z +1, ¢, — oo, and let
(an, V,) be the solution of (22) obtained by Theorem 1 with ¢ = ¢,. Then, up to a
subsequence,

ap — a,

v, — (%)
in H' norm, where (a, ®) € S, x (H*(R*, C?))¥ is a minimizer of
" = inf {£"(a,®),a € S, ® € (H'(R?,C))", Gram & = 1}. (24)
The min-max level I. . satisfies the asymptotics
I, = N 4+ T5 + 0,,50(1).

Since, if I® < =1 any minimizer of (24) must satisfy I' > 4o > v, we immediately
obtain

Corollary 1. If I® < IX=1 N < Z + 1, for c large enough, there are solutions of the
multiconfiguration Dirac-Fock equations (16)-(17).

The remainder of this paper is dedicated to the proof of Theorems 1 and 2.

For Theorem 1, we first begin with Proposition 1, a convergence result for Palais-Smale
sequences of the functional £ with Lagrange multipliers bounded away from the essential
spectrum of D.I'. Then, at (a, Ut) € S, x X7 fixed, we study the variational principle

sup  E(a, (V" +T7))
U-g(B)K
in Proposition 2, under the condition that £(a, ¥") < Nc¢?. We prove in Proposition
3 an upper bound on the asymptotic behavior of I., which will enable us to restrict
to this domain, and finally, we prove in Proposition 4 that Palais-Smale sequences with
Morse-type information for the functional
Fu@h) = sup  E(a,g(ut+00))
U-g(E-)K

satisfy the hypotheses of Proposition 1, and therefore are precompact. Their limit up to
extraction is a solution of our min-max problem (22).

To prove Theorem 2, we use the estimates (23) on the Lagrange multipliers to prove
the compactness of the sequence (a,, V,), and the asymptotic behavior from Proposition
4 to show that the limit is a minimizer.

5. PROOF OF THEOREM 1

Our first result is the convergence of Palais-Smale sequences with bounds on the
Lagrange multipliers. The proof proceeds as in Lemma 2.1 of [ES99] for the single-
configuration case.

5.1. Palais-Smale sequences for the energy functional.

Proposition 1 (Palais-Smale sequences for £). For ¢ large enough, if (a,, ¥,) € S, X 2
satisfies:

(i) Hy, v,V — AV, = A, — 0 in HY2 with A,, Hermitian matrices,

(it) liminf A,, > 0,
(iii) limsup ¢*T,, — A, > 0,



then, up to extraction, (an, V,) — (a, V) in S, x 3, where (a, V) is a solution of H,yV =
AV,

Proof.
Step 1 : convergence in Hy/2. Let U € EX, and U* = P*U. Using the inequality (8),

loc *
(U, Hypo, UF) > (UF, D/eT = EATH) + (U5, T, VT)
> (W T/t — AT — 01H\11+H2E ,

2
)
c

> (e — Clc)H\IIJF‘

where 7 > 0 depends on Z. Similarly, using (8) again,
(U7, Hop o, U7 ) < = (76 = Coo) [0

2
)
c

with Cy > 0 depending on N.

Now, ¥* and U~ are orthogonal for the ¢ scalar product, so
2 2
v

w2 =|w LA

Denoting by ||-||> the dual norm of ||-||.,
1
],

HHG\I,\I!H > Re (UF — U~ H,,9,7),

- (<\1/+, Hopw, U ) — <\D—,Han7%\r>) ,

]l
! (chy — cmaX(Cl,Cz)) <H\Il+ j) :
> hol|¥]],, (25)

]l
with hg > 0 when c is large enough.
We then have

> j+H\If‘

*

I
(&

1
lim sup|| ¥, ||, < limsup _HHan v, ¥n
n—00 n—+00 h() ’

: 1 .
< timsup 5 (1Al + 80 2).

Therefore, U, is bounded in ¢ norm, i.e. in H'Y/?. Extracting a subsequence, again
denoted by (a,, ¥,), we may assume that a, — a, I';, = ', A, = A, and ¥,, — ¥ weakly
in H'/2 strongly in L} ., 2 < p < 3.

Since H, g, is self-adjoint from EX to (EX)* and bounded away from zero, it is invert-

ible. Define ¥/ by
Hog W, = AV,

U’ is bounded in H'/2, and therefore precompact in L, 2 < p < 3.
We partially invert
U = (DL + V)" (AW, — 2W, , U').

From Young’s inequality, W, ¢, ¥/, is precompact in L ;1 < p < 3,50 AV, —2W, g, ¥/,
is precompact in L . Therefore, ¥/ is precompact in HIIO/CQ. We extract again and impose
U — ¥in Hllo/CZ. But since
Ha,\yn(\Pn — \I/;l) = (Ha,\lfn — Han,\lfn)\ljn -+ An -+ (An — A)\I/n —0
9



in H~'/2 from (25), ¥,, — ¥ in HY2.

loc
Step 2 : convergence in H'/2. We now have convergence of U, to ¥ in H/>. W

loc
satisfies
H, gV = AVU.

We now look at the convergence in H'/? by obtaining an approximate Euler-Lagrange
equation satisfied by the error ¢, = ¥, — W. We have the Euler-Lagrange equations
satisfied by ¥,, and W:

(DI + VI 4 2W, g, )0, — AV, = A
(DI + VT 4 2W, )W — AW = 0.

with A/ — 0 in H~'/2. Subtracting and using the fact that ¢, — 0 weakly in H'/2 and

strongly in H, ﬁ)/f

, we get

Ly, — 0 (26)
in H'/2, where
Ly =D +2W,y, — A (27)

is the Hamiltonian “at infinity” seen by ¢,,.

We now use a concavity argument to extract information on the positive and negative
components X = P¥e, of €, separately.

Define the quadratic functional @Q,, on (E~)¥X by

Qu(67) = (en+ 07, Lu(za +07)).
The second order terms are
<5*, Ln5’> = <5*, (DL + 2W, g, — A)5*> ,
<~y - ||~ (57857, (28)

Since A > 0, we obtain that (), is strictly concave for ¢ large.
The concavity allows us to write

(e}, Lngl) = Qu(—,)
< Qn(0) = VQnu(0)[e, ],
= (ep, Lpen) — 2 <€;, Ln€n> ,
< 3llenll gl Lngnll - -
Hence

lim sup <e:§, Lne,f> <0.

n—oo

But
<€:7 Ln€:> > <€:7 (CQF - A)€:>
Since A < ¢TI, this implies convergence to 0 of &} in L? and then in H'/2. But, by (26),

this implies that L,e; — 0 in H~/2 and therefore that <5;, Ln5;> — 0. By (28), we

deduce 7 — 0 in H'/2, which proves that ¥,, — ¥ strongly in X. O
10



5.2. The reduced functional. For (a,¥") € S, x ¥*, define the functional
Fow+(97) = &(a, g(¥" + V7))
on (E7)X. Our goal in this section is to prove

Proposition 2 (Maximizers of F'). There is a constant M_ > 0 such that, for ¢ large
enough, for all (a, V") € S, x Xt with E(a, ¥) < Nc?, the functional F, g+ has a unique
mazimizer h(a, V") in (E7)X. The map h is smooth, and satisfies

M_

S (29)

|h(a, )

We first begin with estimates on W, for which we use the property &£(a, ¥+) < Nc2.

Lemma 1 (A priori bounds on W*). There are M, Mp > 0 such that, for ¢ large enough,
if (a, %) € S, x X wverifies E(a, ) < Nc?, then

o], < 2z, (30)
Delspan(iury < € + Mp. (31)

Proof. From Kato’s inequality (8),
E(a, ¥) > (WF, DIUH) — C (W V=AUH). (32)

Here and in the rest of this paper, C' denotes various positive constants independent of
c. Since £(a, ") < N¢? and <\II+,F\II+> =N,

<\If+, <\/c4 — 2N\ - — ¢ —A) F\Il+> <0.
Y

In the Fourier domain, we can write for all 0 < a < ¢? by the Cauchy-Schwarz inequality

Vet el > & (1-%)+cl§|\/1— (1—%)2>

Therefore, we obtain

2
<\1/+, —a+ (\/&—Q—Q—g) V=A F\If+> <0,
ER

N«

a? Q.
oy

SO

<\1/+, MF\I/+> <

Oé—c—g—

Taking o > /C'/~ and c large, <\I!+, \/—AF\II+> is bounded independently of ¢. Since
' >~,s0is H\I!JF‘ . and (30) is proved.
Now, using (32) again along with our new estimate (30), we have

(0", D.IW") < Ne* + CM?,
(UF, (D, — ATV < CM?.
11




Because I annd D, — ¢?, taken in the sense of operators on E*, commute, we have
oM

~
oM

~

(Ut (D, — )ut) <

trA<

where A is the K x K Hermitian matrix

Aij = (45, (De = )y ) -

2 2
A is positive semi-definite and its trace is bounded by CT*, so A< CT*, hence the
result. O

We now restrict our search for a maximizer to a neighborhood of zero.

Lemma 2 (A priori bounds on W~). There is a constant M_ > 0 such that, for ¢ large
enough, for all (a, ") € S, x X with E(a, ¥) < N2,

sup  Fou+(U7)
U-g(B)K

cannot be achieved outside a ball centered on zero of size % in the ¢ norm.
Proof. Let U~ € (E7)X, G = Gram(¥U* + U~), U = G~/2(¥* + ¥~). Using (31),
(U, D.I'W) = (¢ + Mp) (¥,T'0) + (¥, (D, — ¢ = Mp)['¥),
< N(c* + Mp) + (G720~ (D, — ¢ — Mp)TG™/207)

< N(* + Mp) — 2702HG_1/2\I/_ ’

C

On the other hand,

(T, (VT +2W,5)¥) < CHG*/?\I/*HZ + CHG*/?\IFHZ ,

2

< OM, +Cd|G7120m

[

All together,
Fou+(¥7) < N& + NMp + CM, — (296 — Ce)| a0 |

[

But we also have
F.u+(0) = &(a, Ut
> <\If+, (DI + VP)\I/+> ,

> e -l
> N¢? — CMJQF.

Therefore,

Fiy+(07) < Foy+(0) + NMp +2CM? — (29¢* — Ck) HG*%* ?

12
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So, in order to have F, g+ (V™) < F, y+(0), ¥~ must satisfy

e < S,
o < S,
< Sae ),
and therefore
B C
-

Restricting now to this domain, we prove that F, g+ is strictly concave:

Lemma 3 (Concavity of F'). For c large, for all (a, V) € S, x ¥ such that E(a, V) <
Nc2, for all U~ in the regionH\If*H < %, for all ®= € (E7)XK,

au+(UT)[@7, ¢7] <

Proof. We have g(U+ +¥~) = (1+ 1B(¥7)) (¥ + \If*), where
B(U) = ¢ ((1 + Gramw-) - 1) . (33)

The function

and its derivatives are bounded independently of ¢ in the region z < — and therefore
SO is < % g % Then, for all
o e (B,

%Fgw(qf—)[@—, O = By £(a, V) EB’(\II‘)[@‘](I)‘ + %B”(\If‘)[@‘, o) (U + \1/—)]

+ %8&, E(a, ) [(1 + Gram(¥™)) V20~ + %B/(\Il)[q)](\lﬁ + \If)]

_ 2>
But we also have
L% Ea, )0 07 = — (9 Ve = ") +0 (JoI2).

(vc +O(c )‘

and so the result follows for ¢ large.

= %8\% E(a, V)@, 27|+ O (c

n

Proposition 2 is now proved as a direct consequence of Lemmas 1, 2 and 3. The
smoothness of h comes from the fact that h(a, ¥1) is the maximizer of £(a, g(¥* + V7)),

which is smooth with respect to a, ¥+ and ¥~ and strictly concave with respect to ¥~.
13



5.3. Asymptotic behavior of I, .. In order to restrict to the domain &(a, ¥F) < Nc?,
we prove that solutions of our min-max principle have to be in this domain for ¢ large:

Proposition 3.
I, < N+ T5 + 0. ,0(1).
In particular, for c large enough,

I, = inf sup  E(a, g(¥T +T7)),

a€Sy, ¥texrt U-e(E-)K

= inf su E(a,g(It +T7)). 34
it B ) (34)
E(a,TtT)<Nc?
Proof. Let (a.,®.) € S, x H'(R? C?) be a minimizer of the nonrelativistic multiconfig-

uration Hartree-Fock functional, and ¥, = (%‘) Set

UH = g(PTU,).

U belongs to XT, and converges in H! to ¥, as ¢ — oo.

From the concavity inequality
1
VIHIE® <1+ 5l

in the Fourier domain, we get
E(a., WF) = (W5 (VT = AT + VI + W, 44T,
1
< <\1/j, (&r — §AP + VI + Wayq,j> \Ifj> ,
= N+ EM(a,, V,) + 0p00(1),
= N+ 1% 4 0.,050(1),

where we have used <\Ifj, F\I'j> = N (because TrT' = N and ¥ € ¥), and the continuity
of EUF in H' norm.

From Proposition 2 and Lemma 3, we now have

[Cv“/ S Fa*,\llf<h’<a7 \I]:)%

2
< E(an W)+ F)_y (0)[h(a¥)] = I |[h(a, )

2
c

9

< E(a., U) + CHh(a, U

12
<&(a,, ¥V7)+ 0O (%) ,
so that
I, < NE+T5 + 0. ,0(1).
Since I < 0 and, for alla € S,, ¥t € %,
sup  E(a,g(¥T+¥7)) > E(a, ¥H),

U-e(E-)K
34) holds and the proposition is proved. O
( prop p
14



5.4. Borwein-Preiss sequences for the reduced functional. Let
S ={ac S,Y,\IIJirreleJrc‘f(a, Ut) < N2l
For a € Si/ fixed, we minimize the functional
Fo(¥T) = E(a,g(¥" + h(a, ¥T)))
on the manifold
SE={Ut e vt &(a, ¥) < N2}
For all U € X1 W € 3, define the tangent spaces

Ty = (" € (BN, (¢f ¢ ) =0forallije{l,....K}},
TyS = {® € BX (¢ 5) =0forall i,j € {1,... . K}}.

Proposition 4 (Borwein-Preiss sequences for F, are Palais-Smale sequences for £ with
control on the multipliers). There are constants Ky > 0, K3 > 0 such that, for all ¢ large
enough, a € S., if Ut e Xt is a Borwein-Preiss sequence for F, on ST, i.e. satisfies

(i) Fa(Vyr) — infy g Fa(¥F),
(ii) Fo(Ui)| . —0in H12
gt “~a

(iii) There is a snequence Bn — 0 such that the quadratic form ®+ — Hess F,(V;7)[®T, dT]+

2
BnHCIPLHE is non-negative on Ty+ 3,
then, denoting V,, = g(V;" + h(a, ¥;")),

(1) There is a sequence of Hermitian matrices A, such that Hy v, V,, — AV, = A,, —
0in H'/2?,

(2) limsup A, < (¢ — K3)Ty,

(3) liminf A, > (¢* — K;)T,.

Proof. Define
E(UH 07) = g(Ut +07)

on X x (E7)X. From hypothesis (4) and the definition of h, (¥}, h(a, ¥})) is a Palais-
Smale sequence for £(a, k(+)).

With the same notations as before, k(¥ ¥~) = (1 4+ 1B(¥7))(¥T + ¥U~) on Bf x
(E7)¥, so that, for ¢ large enough, k'(¥;7, h(a, ¥;7))[-, ] is an isomorphism from Ty + 3F x
(E7)X to Ty, ¥ Therefore, ¥,, = k(¥ h(a, V")) is a Palais-Smale sequence for £ on ¥,
and (1) is proved.

Upper bound on the Lagrange multipliers. Let us now prove the upper bound (2). Our
strategy of proof is to link the multipliers A,, to second-order information on £ (Step 1).
Then, choosing a perturbation of the first orbital far from the system (Steps 2 and 3), so
that it sees an effective charge Z — (N — 1), we get an upper bound on £”, and therefore
on (Ay)11 in terms of (I'y)11 (Step 4). Since there is nothing special about the choice of

the first orbital, we get our upper bound on A, (Step 5).
15



Step 1. We first translate the conditions (ii) and (iii) on the Borwein-Preiss sequence
Ut for the functional F, into a second-order condition on the sequence ¥,, for &.

Let 6, € E1 be such that <5n,(\I'Z)Z> =0,4i=1,...,K. Let ¥, = h(a, V), and
G, = Gram(V;} + ¥) = 1+ Gram ¥, . For € small enough, define the curve on X}

Wi(e) =g (V) +<GY/*(5,0,...,0)) .
Define the associated
W, (g) = h(a, ¥} (¢)),

Gp(e) = Gram(VUf (e) + U (g)) = 1 + Gram ¥, (¢),
U, (e) = G, P(e)(W)f (e) + ¥, (2)),
and the infinitesimal increments

d
(I>+ — —\I/+
n= 3z ¥a(e) )
= GY2(5,,0,...,0),

n

d
o = —Uf
n dE n(E) 6207

= W(¥)[@],
d
¢, = —V,
de (¢) 0
We introduce the Lagrangian L, (V) = £(a, ¥) — (¥, A,,¥). Because (V,,(¢), A,V (e)) =
tr A,, does not depend on ¢, we can compute

L rwie) - L)

e=0

From condition (ii) we know that L/ (¥,) = 0, ,00(1) in H~%/2 norm, and from condi-
tion (iii) we know that d%fa(llfi(s))’ 02 On—oo(1), hence

Step 2. We seek to choose a d,, that will give us an upper bound on &"(V,,)[®,,, ®,]. We
first establish an intermediate control on @, . First, note that, since a € S/ and U7 € ¥,
the a priori estimates of Proposition 2 and Lemma 1 hold.

Define

G, 07) = Fou+(¥7),
=E(a,g(T* +T7)).
Now, for all U+ € $F &~ € (E7)¥,
Oy-G(UT h(a,¥T))[d"] =0.
Differentiating with respect to U*, we get, for all & € T+,
0y g+ GV, h(a, UH))[@7, &F] + 95y~ G, A(a, UF))[@7, B/ (¥F)[@7]] = 0,
16



and therefore, from the definition of G,
—Fyys (UT)[@7, W () [Y]] = 054+ GV, h(a, TF))[@7, 27,
We now apply this to UF = UF U~ =¥ & = &F and &~ = &, and get
—F e (U)[@,, @, = 059+ G(U), 0)[@,, @], (36)

L2> !

Using the classical Hardy inequality as in [ES99] (4.31),

o,

0o GV, W) [0, 0] < O (| Vo

L2

where the notation O is for both ¢ and n large.
But, by Lemma 3,

L (U))@)) < ——2H<1>—

a,\I/z
L2) ’

from which we conclude, from (36), that

o,

22 |

<0 (pr;

L2

and therefore, since H<I>;L L2 < H(I);

, that
(&

o], < 0—120 (qu

LQ) . (37)

Step 3. We now evaluate £"(¥,,)[®,, ®,]. First, we compute

d
¢, = —0,
de () 0
= L) (v ) + v5 ()
dE n n n 8:0
d
=GO+ @)+ G| (T + Ty
e=0
= G P(@] + @) — 5 Cram (¥, &)(V] 4+ ,)
= (0,,0,...,0)+ R + R, (38)
where
Ry = SaR0)| w
de 0
R, = iG;W(a) U+ GV
de o

Using (37), we can estimate the remainder terms R € E* as

|zl = 0 (519al.e)

|re].= 0 (HIval).

17



Using these estimates and the same arguments as in the Step 2 of the proof of Theorem
1 in [Lew04], we can now compute

|z]

1 1
+0 (1981 + IV lal51. )

1

with [ p, = N — 1.
Now, let U be an arbitrary vector subspace of H!(R3, C*) consisting of functions of the
form

f(|x])
0
0
0
with dimension at least K + 1. Let Uy be the positive projection of the dilation of U of

a factor A, i.e.
UA:P+{1/;(§),¢6U}.

Uyt is also of dimension K + 1 for ¢ large enough, so we can find a function 4, € Uy
normalized in ¢ norm which is orthogonal to ;" in L?. For such a function, following the
estimates in Lemma 4.5 of [ES99],

Z—(N—1) 11
"(0,)[ @, @) < Ty | 2 — p—-r—— w313
& ( n)[ n n] >~11 (C n A +0 ()\262 + )\03>> ’

with n > 0, where the O notation is understood for n,c and A large. So, taking \ large
enough independently of n and ¢, we get

E"(,)[@n, @] < (¢ = k) Iy, (39)

with x > 0 independent of n and c.
Step 4. We now evaluate (®,,, A,,®,,). Using the expression (38) of @, again, we estimate

1

(P, \p®,,) = (A1 + O (;An> . (40)
But we can obtain a very crude control on A,, thanks to the estimates in Lemmas 1 and
2:

(An)ij = (Wi, How, W) + 0nsoc (1),
= Ty + O(|[Wall) + 0nseo(1),
and therefore
A, =T +0(1),

so that, with (40),

(P, Ay ®y) = (An)11 + 0nsoo(1). (41)
18



Step 5. Plugging (39) and (41) into (35), we obtain for ¢ and n large enough
(An)11 < (¢ = Ky)Tyy,

with Ky > 0. _
Using the group action (15), we could apply the same procedure to (a, V') = U-(a, ;")
for any U € U(K), and obtain

(UM U1 < (2 = Ko)(UTU) 14,
which proves our result

An S <C2 - KQ)F

Lower bound on the Lagrange multipliers. Let A, = (¢ — K)[' — A,,. We know that, for
n large enough, A, > 0, and, from (41),
tr A, = N¢ — NKy —tr A,
= O(1).

So A, = O(1), and therefore A,, > (¢* — K3)I' — O(1). Because I' > v > 0, the result
follows for ¢ large. ]

5.5. Proof of Theorem 1. For any a € S/, we can apply the Borwein-Preiss variational
principle [BP87] to the functional F, on X, and obtain a sequence U that satisfies

a’?

the hypotheses of Proposition 4. The associated sequence V¥, satisfies the hypotheses of
Proposition 1 so, the sequence (a, ¥;') converges up to extraction to a limit ¥}, solution
of the min-max principle

+ _ . + —
Fao(¥g) = min X E(a, g(¥r +V7)).

We now take a minimizing sequence a,, for the continuous functional F;,(¥;) on S/. The
sequence (a,, U/ ) again verifies the hypotheses of Proposition 1, and therefore converges
to (as, U)). The triplet (a., ¥}, h(a., ¥))) is now a solution of the variational principle
(22), and Theorem 1 is proved.

6. PROOF OF THEOREM 2

6.1. Nonrelativistic limit. We begin with a proposition that is the multiconfiguration
analogue of Theorem 3 of [ES01].

Proposition 5 (Nonrelativistic limit of solutions). Let ¢, — oo, (an,¥,) € S, x X
solutions of

H, v, v, =AY, (42)
such that
(2 — K\, <A, < (2 - Ko)T,
for constants Ky, Ky > 0.
Then, up to a subsequence, a, — a € Sy, ¥V, — (?) in H', and &(a,,¥,) — Nc* —

EE (q, ®).
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Proof. First, we need a uniform bound on ¥,, in H!.
1D 172 = (Do, (¢ = AT, ),
= GllTa¥allzz + TV ll72
On the other hand,
| DLW 2 =[|(VT + 2Wa, )0 — AT |
< GlTa¥allzz + ClIV T2 + CAlT V|l 2
by the classical Hardy inequality, with C' > 0. Therefore, ¥,, is bounded in H*.
We now write ¥,, = <q)”>, where ®,,, X,, € H(R3, C?). We rewrite the equations (42)

X
as
CnFnLXn + (Vrn + 2Wan,\11n>q)n = (An - Cirn>q)n7 (43)
CnFnL(I)n + (Vrn + QWan,\I/n)Xn = (An + Cirn)Xna (44)

with the operator
L=—iV .o (45)

Because A,, < (2 — K,)T,,, using the Hardy inequality and the boundedness of ®@,, in
H', the first equation (43) yields

[Tn L&l 2 =[Ta VA2 = O(1/cn). (46)
The second equation (44) gives

1
1 (1 1
L ( (Tt An/c,z)> Ful®, 4+ 5 O(| 1)

"o2e\ 2
1 1 1
:ZL(I)R+%O(||XH||H1)+O ] (47)

in L? norm.
Equation (47) gives || X, ||;2 = 5= | L@, ||, + O(1/c2) = O(1/c,), and then

2cn

1 1
X, = —Lo,+0|— 48
2¢, * (cﬁ) (48)
again in L? norm.
Inserting this into the first equation (43) and using the identity L? = —A, we get the
equation for ®,,:

1
<—§Arn + VT, + 2W¢n> ®, = (A, — AP, + A,

Gram ®, = 1+ o(1)

with A, — 0 in L? and therefore H~! norm. (a,, g(®,)) is a Palais-Smale sequence for
the nonrelativistic functional, with control on the Lagrange multipliers (A, — ¢2T,) < 0
and non-degeneracy information I',, > . By the arguments in the proof of Theorem 1,
step 3 of [Lew04], (a,,®,) converges, up to a subsequence, to (a,®) in H' norm, and it
is easy to compute from (48) that

1
(U, D, T'w¥,) = N2 + 3 (®,, (~A),®,) + o(1),

and the result follows. O
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We are now ready to prove Theorem 2.

6.2. Proof of Theorem 2.

Proof. The sequence (a,, V,,) satisfies the hypotheses of Proposition 5 : up to a subse-

quence, it converges strongly in H! to | a, <((I))> , with lim €(a,, ¥,) — N2 = EMF(a, D).

But since by Proposition 3 we have

E(an, V) =1, < Nc& + I" + 0., o0(1),

we obtain EHY(a, ®) = I* | hence the result. O
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