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EXISTENCE AND UNIQUENESS FOR
INTEGRO-DIFFERENTIAL EQUATIONS WITH
DOMINATING DRIFT TERMS.

ERWIN TOPP

ABSTRACT. In this paper we are interested on the well-posedness of
Dirichlet problems associated to integro-differential elliptic operators of
order a < 1 in a bounded smooth domain 2 . The main difficulty arises
because of losses of the boundary condition for sub and supersolutions
due to the lower diffusive effect of the elliptic operator compared with
the drift term. We consider the notion of viscosity solution with general-
ized boundary conditions, concluding strong comparison principles in Q
under rather general assumptions over the drift term. As a consequence,
existence and uniqueness of solutions in C(Q)) is obtained via Perron’s
method.

1. INTRODUCTION.

Let © C R"™ be a bounded domain with C? boundary, ¢ : Q¢ — R a
bounded continuous function, H : Q x R” — R a continuous function, A > 0
and « € (0,1). The main interest of this paper is the study of the Dirichlet
problem

(1.1) M —Zu) + H(z,Du) = 0 in €,
(1.2) u = ¢ onQ°

The term Z represents an integro-differential operator defined as fol-
lows: Consider A > 0 and K € L*°(R") a nonnegative function such that

|[K||peorny < A. For z € R™ and ¢ : R® — R bounded and sufficiently
regular at x, we define

26](0) = [0t + 2) ~ o(@) K ()
R
where K®(2) := K(2)|z|~("*t® for z # 0. A particular case is when K is
equal to a well-known constant Cj, , > 0 since, in that case, =7 = (—A)a/ 2,
the fractional Laplacian of order « (see [14]).
Note that condition (1.2) imposes the unknown function u is equal to
p in Q¢ We incorporate this exterior data into the equation through the
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nonlocal term and therefore the problem can be as well reformulated as :

finding a function u € C(Q) satisfying, for all z € Q, the following equality
in the viscosity sense

Au(x) — / [u(z + 2) — u(x)| K (2)d=

420

[ e+ 2) — u@)Ko @)z + Bz, Dulz)) =0,
x+2¢Q

together with an appropriate notion of boundary condition to be precised

later on. This perspective of the problem is a way to deal with the eventual

existence of discontinuities at the boundary, namely v may be different to

© at some points of 0€2.

Related to this, we cite the work of Barles, Chasseigne and Imbert [5],
where the authors study the Dirichlet problem for a large variety of integro-
differential equations, proving in particular that, in the absence of second-
order terms, there is no loss of the boundary condition provided the order
of the fractional operator is @ > 1, no matter the behavior of the drift
terms is. Omn the contrary, loss of the boundary condition may occur in
problems like (1.1)-(1.2) when a < 1 and the first-order term has certain
geometric disposition at the boundary, providing an explicit example of this
phenomena. Therefore, our aim is to get the well-posedness of problem (1.1)-
(1.2) in this context of loss of the boundary condition, arising under this
competitive relation between a “weak” diffusive effect of the nonlocal term
7 and the first-order transport effect of H. Thus, the knowledge of the
nature of the first-order term is determinant in this task.

For this, we assume H has a Bellman form defined in the following way:
Let B be a metric compact space, b: Q x B — R", f : O x B — R continuous
and bounded. For z € Q and p € R", we denote

(1.4) H(z,p) = sup{=bs(z) - p = f5(z)}
peB

(1.3)

where we adopt the notation bg(z) = b(z, 8) for (z,8) € Q x B and in the
same way for f. Hamiltonians as (1.4) arise in the study of Hamilton-Jacobi
equations associated to optimal exit time problems (see [2], [3], [15]). In such
problems, the study of H is made through b, concluding that its behavior
at the boundary may affect in a sensible way the properties of the equation.

An illustrative model which is similar to ours is the exhaustively studied
degenerate second-order elliptic case (see [21] and the monographs [22], [23]
for a complete survey of the also called equations with nonnegative charac-
teristic form). For a continuous function a with values in the set of nonneg-
ative matrices, f and ¢ continuous real valued functions, A > 0 a constant
and b a continuous vector field, a linear model equation

~Tr(a(x)D*u) — b(z) - Du+Au = f(z) in
(1.5) { u = on 012,
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is said to be degenerate elliptic if the matrix a(z) has null eigenvalues for
some = € ), being of special interest the case when the degeneracy points
are on the boundary. It is known (see [16]) that if a solution u of (1.5) is
such that u(xg) > ¢(xg) for some z¢ € 92, then necessarily

a(zo)Dd(xo) - Dd(zo) = 0, and
(16) { —Tg(a(xo)gﬁd(xo))o— b(zo) - Dd(zg) < 0.

Since Dd(z) agrees with the inward unit normal of 92 at xg, first condi-
tion establishes the degeneracy of the second-order operator, depicting the
absence of diffusion in the normal direction at zy. Second condition shows
that certain geometric disposition of the drift term at the boundary is neces-
sary to loss the boundary condition. Even under this difficulty, comparison
principle for bounded sub and supersolutions can be obtained for degener-
ate elliptic second-order problems. For instance, in the context of viscosity
solutions with generalized boundary conditions, Barles and Burdeau in [4]
prove a comparison result for a variety of quasilinear problems associated
to Bellman-type Hamiltonians as (1.4). Related results can be also found
in [7], [9], [13].

Condition (1.6) can be understood using the approach of stochastic exit
time problems. Assume o is a continuous function such that a = 1/200%,
denote (W;); the standard Brownian motion, let € Q and consider the
stochastic differential equation

(1.7) AXF = b(XF)dt + o(XF)dW;, X§ = x.

If we denote 7 the exit time from € of (X;); and E, the conditional
expectation with respect to the event {Xo = =z}, it is known (see [16] for
instance) the value function

(1.8) U(x) :Ez{/f(Xs)e_ASds—i—gp(XT)e—AT}
0

is a solution to (1.5). Thus, for a point x close to the boundary, the degen-
eracy of the diffusion driven by o at xg allows b “to push” the trajectories
inside the domain and then U(z() is not necessarily equal to ¢(z¢), explain-
ing the relation among (1.6) and the loss of the boundary condition.

At this point, we introduce the key assumption

(E) deci,co >0 such that ¢ < K(z) for any |z| < ¢,

which has to be understood as an uniform ellipticity condition over Z in the
sense of Caffarelli and Silvestre [10]. By (E), Z is the infinitesimal generator
of a Lévy process (Z;); whose a.a. paths have infinite number of jumps in
each interval of time, but finite variation by the assumption o < 1 (see [24]).
Then, if (f;): is a stochastic process (Z;);—adapted with values in B and
x € ), the SDE

(1.9) dx; =o(X/, Bdt +dz,, Xj=u,
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allows us to give an stochastic interpretation to our integro-differential prob-
lem analogous to the second-order case, playing the role of (1.7). We recall
that losses of boundary conditions are present in both approaches. How-
ever, we would like to emphasize that the reasons for these phenomenas are
qualitatively different. In the second-order case, they only arise when the
diffusion is degenerate, preventing the trajectories driven by (1.7) reach the
boundary. On the contrary, the uniform ellipticity condition (E) allows the
trajectories defined in (1.9) make small jumps in all directions, in particu-
lar, they can jump outside €2 when they start close to the boundary. This
last feature intuitively should insure the boundary condition, but the trans-
port effect of the drift term is strong enough to produce loss of boundary
conditions, mainly due to the assumption a < 1.

The above discussion gives rise to the main purpose of this paper, which
is to establish a viscosity comparison principle for bounded sub and superso-
lutions of a class of integro-differential problems which seem to be uniformly
elliptic, but where the functions can be discontinuous at the boundary.

We finish this introduction with a useful interpretation of our problem.
For z € Q) and u a suitable function, define the censored nonlocal operator
as

(1.10) Tolul(x) == / [u(z + 2) — u(z)| K (2)dz.
z+2€Q

For x € (), we also define

Az) = A+ / K*(z)dz, and ¢(z)= / oz + 2)KY(z)dz,
z+2¢Q T+2¢Q

With this, we remark that problem (1.1)-(1.2) can be seen as an elliptic
problem of the type

(1.11) Mz)u(z) — Iolu)(z) + H(z, Du(z)) = @(x), x € Q,

with generalized boundary condition u = ¢ on 0f2.

Note that the censored operator Zg “localizes” inside §2 the equation, eas-
ing the analysis of the problem because, as we already explained in (1.3), an
equation like (1.11) concerns unknown functions defined in €2, incorporating
the exterior condition into the equation through the function @¢. However,
by (E) this function is potentially unbounded at the boundary and this
creates a difficulty because we have to deal with unbounded data.

The idea is to use a censored equation like (1.11), taking advantage of the
operator Zq but taking care about the unbounded term ¢.

Organization of the Paper. In section 2 we introduce the principal as-
sumptions and provide the main results. In section 3 we state the basic
notation, give the precise notion of solution of (1.1)-(1.2) and introduce
the censored problem. In section 4 we provide several technical results, in-
cluding the key relation among our original problem and the censored one.
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These results allow us to undestand the behavior of the sub and supersolu-
tions at the boundary in section 5, and an important improvement on its
semicontinuity in section 6. This last property will be the key fact to prove
Theorems 2.1 and 2.2 in section 7. Finally, some extensions are discussed in
section 8.

2. ASSUMPTIONS AND MAIN RESULTS.

In this section we complete the set of hypotheses allowing us to accom-
plish the comparison results. In addition to (E), we assume the following
nondegeneracy condition relating the nonlocal term with A

(M) Fpo >0 : )ﬂ—imsf2 / K(z)dz > po.
ze

T+2¢Q
Recalling the definition of H in (1.4), we also assume the uniform Lipschitz
continuity of b

(L) (GL>0)(VBeB) (Vaye) : [bsla)—bs(y)| < Lla -yl

Condition (L) is rather classical and implies the existence and uniqueness
of the SDE (1.9). Concerning (M), we note that it implies the associated
pay-off for these jump processes (see (1.8)) is well defined. In fact, if there is
no discount rate (A = 0), the resultant condition (M) says that each point
of € can jump outside with non-zero probability, concluding that the exit
time 7 relative to (1.9) is finite a.e..

Because of the weak diffusion setting of our problem, we take care about
the behavior of the drift terms at the boundary dividing it into representative
sets. First, we consider

Lin ={x€0Q : VB e B, bsg(x)-Dd(x) > 0},

which can be understood as the sets of points where all the drift terms push

inside Q the trajectories defined in (1.9). For this, it is reasonable to expect

a loss the boundary condition there. However, as we will see later on, it is

possible to get an important improvement on the semicontinuity of sub and

supersolutions on I';,, a key fact to get the comparison up to the boundary.
We also consider the set

Lout = {.%' € 0N Vﬂ S B, bg(m‘) . Dd(.%') < 0},

where it is reasonable to think that there is no loss of the boundary condition.
We also have in mind an intermediate situation, considering the set

=90\ (Tin U Tour).

In this set, loss of the boundary condition cannot be discarded. However,
by the very definition of I', for each x € T there exists 3, 8 € B such that

(2.1) bs(x) - Dd(z) < 0 < bs(x) - Dd(z).



Dropping the supremum in the definition of H by taking /3 or 3, a subso-
lution of (1.1)-(1.2) is also a subsolution for the linear equation associated
to these controls and therefore it enjoys the good properties of both I'yy;
and I';, at points on I'.

Concerning these subsets of the boundary, we assume

(H) T, Tous and T are connected components of 9f2.

By the smoothness of 0f2, each of these subsets is uniformly away the
others, avoiding two completely different drift’s behavior for arbitrarily close
points.

Since the uncertainty of the value of the sub and supersolutions on the
boundary is one of the main difficulties in the study of problem (1.1)-(1.2),
we introduce the following definition: For w upper semicontinuous in Q, v
lower semicontinuous in  (which will be thought as sub and supersolution,
respectively) denote

limsup u(y) iteelUly,
u(x) = yeQ, y—a
(29) u(z) if e QU .
liminf v(y) iteely,
’L~)($) — yeN, y—x
v(x) ifxe QUITUT .

Clearly @@ < u, v < ¥, @ is upper semicontinuous in Q and ¥ is lower
semicontinuous in .

From now, we write usc for upper semicontinuous and lsc for lower semi-
continuous functions. The main result of the article is the following

Theorem 2.1. Assume (E), (M), (H), (L) hold. Let u be a bounded usc
viscosity subsolution of (1.1)-(1.2) and v a bounded lsc viscosity supersolu-
tion of (1.1)-(1.2). Then

u<uv in Q.

Moreover, if we define 6,7 as in (2.2), then @ < v in Q.

By the presence of loss of the boundary condition, this comparison princi-
ple is established by the use of the notion of generalized boundary conditions
for viscosity sub and supersolution given by H. Ishii in [18] (see also [12],
§7). Once the comparison holds, the configuration of problem (1.1)-(1.2)
makes posible the use of Perron’s method for integro-differential equations
(see [1], [8], [26] and [12], [19] for an introduction on the method) to get as
a corollary the following

Theorem 2.2. Assume (E), (M), (H), (L) hold. Then, there ezists a

unique viscosity solution to problem (1.1)-(1.2) in C(£2).

3. NOTATION AND NOTION OF SOLUTION.

3.1. Basic Notation. For 6 > 0 and x € R" we write Bs(z) as the open
ball of radius d centered at x and Bs if x = 0. For an arbitrary set A,
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we denote d4(x) = dist(xz,0A) the signed distance function to A which is
nonnegative for z € A and nonpositive for z ¢ A. For Q we simply write
d(xz) = dpa(z) and define the set 25 as the open set of all z € Q such that
d(xz) < 0. By the smoothness assumption over the domain, there exists a
fixed number dg > 0, depending only on €2, such that d is smooth in the set
of points x such that |d(z)| < dg. We write for z € R™ and A € R the sets

Q—z={2:24+2€Q} and A2={A\z:z€Q}.
Finally, for a function ¢ : R™ — R and z, 2z € R", we denote

b, x,2) = ¢p(z + 2) — Pp(x).

3.2. Notion of Solution. As we mentioned in the introduction, we will
understand the solutions as functions defined in €, fixing their value as ¢
outside 2. However, we need to define properly the value on the boundary
in order to fit in the definition of viscosity solution in the literature.

For an usc (resp. lsc) function u :  — R, we define its upper (resp.
lower) p—extension as

u(z) ifze€Q
(3.1) u®(z) (resp. up(x)) = ¢ () if v € Q°
max (resp. min){u(x),(x)} if z € 99,

Note that if u is usc, then u? is the usc envelope in R™ of the function
ulg+¢@lge. Analogously, if u is Isc, u, is the Isc envelope in R™ of the same
function.

In what follows we consider z € €2, § > 0 and for any ¢ € C'(Bs(z)) and
for any bounded semicontinuous function w, we define the operators

T5[)(x) = / 5(6,2, 2) K (2)d2

Bs

Iwl(z) = / o(w,x,z) K*(2)dz + / oz + z) — w(z)| K (2)dz.
B§n(Q—=z) B§N(Qe—x)

and, for each 8 € B

(3:2) Eps(w, ¢,7) = w(z) - Ls[g](x) — I°[w](x) — bs(x) - Dp(x) — fs(x),

where “E” stands for “evaluation”. The nonlinear evaluation reads as

(33) E(S(waQSa'I) = SupEﬁ,(S(w,gb’x)‘
BeB

The precise notion of solution used here is given by the following

Definition 3.1. (Solution to Problem (1.1)-(1.2))
An usc function u : Q — R is a viscosity subsolution to (1.1)-(1.2) if
for each xog € Q0 and each smooth function ¢ : R™ — R such that xg is a
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mazximum point of u? — ¢ in Bs(xg), then
Es(u?,¢,20) <0 if xg € 9,
min{ E5(u?, ¢, xo), u?(zo) — @(x0)} <0 if zo € ON.

A lsc function v : Q — R is a viscosity supersolution to (1.1)- (1.2) if
for each xg € Q0 and each smooth function ¢ : R™ — R such that xg is a
minimum point of v, — ¢ in Bs(xg), then

Es(vg, ¢,20) >0 if zo € Q,
min{ Es(vy, ¢, 20), vp(z0) — @(z0)} >0 if 9 € OQ.

Finally, a solution to (1.1)-(1.2) is a function in C(2) which is simulta-
neously sub and supersolution in the above sense.

The above definition is basically the one presented in [8], [5], [25] and [26].
Written in that way we highlight the goal of this paper, which is to state the
existence and uniqueness of a solution of (1.1)-(1.2) in C(Q). However, this
definition is not the most confortable to deal with the discontinuities at the
boundary of u, and u¥. For this reason in some situations we will look for
the equation without taking into account the exterior condition through the
operator (1.10), which “censores” the jumps outside 2. Hence, we need to
introduce some notation in order to write properly the viscosity inequalities
concerning this operator.

If ¢ is C' and bounded, and if w is a bounded and semicontinuous func-
tion, the viscosity evaluation for this operator are defined by

Toslola) = | RCEEINOTE
(3.4) antiee
Ty w](z) = /BCm(Q— )5(w,x,z)Ko‘(z)dz.

The idea is to use this censored operator in auxiliary problems and there-
fore distinct to equation (1.1). To do so, we provide a viscosity notion of
solution in a rather general setting. We consider a set A C (Q, a relatively
open subset of Q and F: A x R x R®™ = R a continuous function.

Definition 3.2. (Solution for the Censored Equation)
An usc function u: Q — R is a viscosity subsolution to

(3.5) —Iolw] + F(x,u,Du) =0 in A
if, for each o € A and any smooth function ¢ : R™ — R such that xg is a
maximum point of u — ¢ in AN Bs(xg), then

—ZIQ[u](x0) — Ta5¢](x0) + F(x0, u(x0), Dé(o)) < 0.

A lsc function v : Q — R is a viscosity subsolution to (3.5) if for each
xg € A and each smooth function ¢ : R™ — R such that zy is a minimum
point of v — ¢ in AN Bs(xg), then

~IH ) (w0) — La,sl@)(20) + F(x0, v(w0), Dé(x0)) > 0.
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A wiscosity solution to (3.5) is a function u :  — R, continuous in §
which is simultaneously sub and supersolution.

In what follows, when we say “solution to (1.1)-(1.2)” we mean that it is
in the sense of Definition 3.1. Otherwise, we mean it is a solution just to an
equation and then we are refering to Definition 3.2. The same applies for
sub and supersolutions.

The following is technical notation to be used in this paper. We denote
for xz,p € R”

(3.6) Hi(z,p) = inf {—bs(x) - p};  Hs(z,p) = sup{—bs(x) - p}.
peB BeB

In order to depict the viscosity evaluation for equations associated to the
above Hamiltonians and the censored operators Zq defined in (3.4), we write

for z € Q, B € B, ¢ smooth and w bounded
(3.7)
Esp(w, ¢, 7) = —Ta5[0](x) — TH[w](x) — bs(x) - Do(x),
Ei(w, ¢, x) = inf {&p(r,w,¢)} and & (w, ¢, x) = sup{Es g(x,w, d)}.
BEB BeB

4. PRELIMINARY TECHNICAL RESULTS.

We start with the following result, which asserts that subsolutions of
the problem (1.1)-(1.2) in the sense of Definition 3.1 are also subsolutions
for an associated censored problem. This fact will be a useful tool to see
problem (1.1)-(1.2) in a subtle different perspective, “localizing” it in .

Lemma 4.1. Let u be a bounded viscosity subsolution of problem (1.1)-(1.2).
Then, there exists a constant g > 0 such that u is a viscosity subsolution to

(4.1) A —Zgu] + H(x, Du) = 0g(||¢]|oo + ||ul|lec)d™® in Q.

Analogously, if v is a bounded viscosity supersolution of (1.1)-(1.2), then
it is a viscosity supersolution to (4.1) replacing 0y by —6y. The constant 6,
depends only on n,a and A.

Proof: Let x € Q2 and ¢ a smooth function such that x is a maximum point
of u— ¢ in QN Bs(x). For & < min{§,d(x)} we use that u is a subsolution
to (1.1) to write

Mu(z) = Zy[¢](z) — I° [u?](x) + H(z, Dg(x)) < 0.

Note that d(u,z,z) < §(p,z,2) in BsNQ\ Bs. Applying this on the last
inequality we arrive to

AM@—QMM@%JQM@HJU%DM@)SWM%+WMm)/ﬁKW@W,
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where we have used notations (3.4). Using (E) we have

+o00
/ K%(z)dz < A|OBy|d(x)™® / r=F) dr = A|OB; |a~ ()™,
B 1

d(z)

where |0B;]| is the Lebesgue measure of the unit sphere in R™. The result
follows taking g = a~'A|0B|. O
The following technical results introduce particular functions to handle
the difficulties arising in the analysis on I" and I';,. As we will see, the
assumption o < 1 plays a crucial role to get them. The next lemma is
intended to deal with the unpleasant term in the right hand side of (4.1).

Lemma 4.2. Let g € 092 and b a Lipschitz continuous vector field. Assume
there exists cg > 0 such that b satisfies

(42) b(xo) . Dd(x(]) > CQ.

Then, for all 0 < o, there exists 0 < 7 < dp' and 0 < & < ¢y such that
the function d° is a classical subsolution to the equation

—Tolw] —b-Dw = —& d° ' in Bp(xp) N Q.
Proof: First, we take care about the nonlocal term. We denote
(4.3) O, =Q—z)N{z:d(x+z) <d(x)},
where d = dyq. In particular we have §(d?,z,z) > 0 for z € (2 —x) \ ©, by
the monotony of the function ¢ — ¢. Using this and condition (E), we get

—Ta[d](z) < A / —0(d°, z, 2)|z| (T dz.
Oz

The idea is to estimate the last integral splitting the domain ©,. Simply
dropping the nonpositive term —d?(x + z), there exists C' > 0 independent
of x such that

- / 8(d7, x,2)|z|" " dz < d(x)° / 2|~ () gz
©2\Bi(z)/2 Baci(ac)/Q
= 2071 OB, |d(z)° ™
meanwhile, using the differentiability of the distance function we have
16(d°, z, 2)| < 2'790d 1 (z)|2],

for all z € Bjy(y)/2- Thus, we conclude

d(x)/2
- / 5(d%, x, )|z~ dz < 2'77|0By |od(x)7 / oy
Ba(z)/2 d

= 2°77(1 — o) Lo|dB; |d(z) .

1Recall that 6o > 0 is such that d is smooth in {z € R™ : |d(z)| < 6o}
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These last two estimates imply
(4.4) —Zqld?](z) < Cd(x)“,

for a constant depending only on the data. On the other hand, by (4.2) and
the continuity of x — b(z) - Dd(z), we can assume b(z) - Dd(z) > 3cy/4,
for all x € Br(zg) N Q. Evaluating classically and using estimate (4.4), we
obtain

—Told°)(x) — b(x) - Dd°(z) < d(x)° ' (=30¢o/4 + Cd*~(x)).

Since a < 1, choosing 7 small depending on the data we get the result. [J
For each r > 0 small enough, define the set

(4.5) Y, ={xeQ:0<dist(z,T,) <r}.

Using the compactness of B it is posible to get the following nonlinear
version of the last lemma, valid in I';,.

Corollary 4.3. There exists ¢o,7 > 0 such that for all ¢ > 0, d° is a
classical subsolution to the equation

~Tow] + Hs(x, Dw) = =y d° ' in T,
where Hs is defined in (3.6).

Proof: We remark that, by the compactness of B, the continuity of b and the
smoothness of 02, there exists a constant ¢y > 0 such that bg(x)-Dd(x) > co
for all 8 € B and = € I';;,,. Hence, we can obtain the result of the previous
proposition with the same constants 7 and ¢ for each point of I';,, and each
control B. Taking supremum over B we conclude the result. U
For the next results we introduce the function ¢ : R™ — R defined as

(4.6) C(z) = { log(Bi(:v)) g re g

which is bounded above, usc in R", continuous in 2 and smooth in €5,.
Concerning this function, we need the following estimate of its evaluation
on the nonlocal operator.

Lemma 4.4. There exists constants 0 < §* < &g and C > 0 such that
—ZIol¢] < Cd™®  in Qs-.
The constants C,0* depend only on the data and the smoothness of 0S2.

The proof of this estimate is very similar to the derivation of (4.4), but
we have to deal with the unboundedness of { so we postpone its proof to the
Appendix. Since ((z) — —oo as z — 01, the idea is to use ¢ as a penal-
ization for the testings of subsolutions in order to push the maximum test
points inside the domain. We can use properly this penalization argument
proving ¢ “behaves” like a subsolution for the problem when the drift term
points strictly inside €.
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Lemma 4.5. Let xg € 092 and b a Lipschitz continuous vector field. Assume
there exists co > 0 such that b satisfies (4.2). Then, there exists 0 < T < dy
and 0 < ¢y < cg, such that ¢ is a classical subsolution to the equation

(4.7) —To[w] —b-Dw = —é d~ ' in Br(xg) N Q.

The proof of this result follows the same lines of Lemma 4.2 using Lemma 4.4.
Again by the compactness of BB, we have the following

Corollary 4.6. There exists co,7 > 0 such that ¢ is a classical subsolution
to the equation

—Tolw] + Hs(z, Dw) = —cog d~'  in Xr,
where Hs is defined in (3.6) and 3, is defined in (4.5).

Remark 4.7. We can obtain the same results of Lemmas 4.2, 4.4, 4.5 and
its corollaries replacing Zq by Zq: for any ' C Q. Moreover, the constant
arising in each property does not change.

5. BEHAVIOR OF SUB AND SUPERSOLUTIONS ON THE BOUNDARY.

5.1. Classical Boundary Condition. Here we establish sufficient condi-
tions to get the boundary condition in the classical sense. We start with the
following result whose proof follows closely the arguments of [5].

Proposition 5.1. Assume (E), (M) and (L) hold. Let ¢ € 02 and u, v
be bounded sub and supersolutions of problem (1.1)-(1.2), respectively. For
x € 092, define

Bout(x) = {5 eB : bg(x) . Dd(m) < 0}
(1) If there exists r > 0 such that Boy(z) # 0 for all x € B,(x¢) N O, then

u(zo) < p(z0).

(i) If there exists 7 > 0 such that Boy(z) = B for all x € B,(x¢) NOSY, then
(o) < v(xo)-

Note that, under the additional hypothesis (H), we have that each point
x € T'oy satisfies conditions (i) and (i) in the above proposition, mean-
while each point z € I' satisfies (¢). Thus, the inmediate consequence of
Proposition 5.1 is the following

Corollary 5.2. Assume (E), (M), (H) and (L) hold. Let u,v be bounded
viscosity sub and supersolution to (1.1)-(1.2), respectively, and @, v as in (2.2).
Then
t<u<e<v<0, in Dy,
u<u <, inT.
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Proof of Proposition 5.1: For (i), we assume by contradiction that
u(zg) — p(xg) = v for some v > 0, implying that u¥(xg) = u(zg). We
consider C'! functions x, : R — R such that x is even, bounded, x(0) = 0,
x(t) > 0 for t # 0, liminf}; o x(t) > 0 and such that x(t) = [t|” with o > 1
in a neighborhood of 0. For 1 we assume it is bounded, strictly increasing,
|¥]]oe < 1v and (t) = kt in a neighborhood of 0, for some k > 0.

Consider a parameter 7 > 0 to be sent to zero and € = €(n) such that
e(n) — 0 as p — 0 in a rate to be precised later on. We introduce the
following penalization function

U(y) := e x(|ly — zo|) +1(d(y) /n).

By definition of u¥, the function z — u?(z) — ¥(z) is upper semicon-
tinuous in R™. Using that liminfj,_,., x() > 0, taking e suitably small we
conclude u¥ — ¥ attains its global maximum at a point £ € R™. Using that

(5.1) uf(z) — ¥(x) > u¥(xg) — ¥(xg) = u?(20),

we conclude the term ¥ (z) is bounded for all n and then z — xo as n — 0.
Now, since v + ¢(z9) = u®(xg), we conclude v + p(zy) < u?(x) — 1/4v,
meaning that z € Q for each 7 small. Moreover, using again (5.1) and the
upper semicontinuity of u, we have

(5.2) d(z) = o1(nn, |T = wo| = 04(1), and u?(x) — u(xo),

as 7 — 0. Since we can use the penalization as a test function for u at z,
for each 5 € B and § > 0 we have

(5.3) Au?(Z) < T5 5[V (2) + Z5[u](2) + bs(z) - DV(z) + f5(2).

We need to estimate properly the nonlocal evaluations of the testing. For
this, consider r > 0 small, but independent of 7. Considering 0 < < pu <r
we define the sets

A5t ={z € B, : d(Z+z) <d(z) -0}
Asp=1{2€B, : d(T)—0<d(z+2) <d(Z)+ p}.
A ={z€B, : p+d@) <dz+2)}

We remark that Bs C As,, and that the constant C' > 0 arising in each of
the following estimates does not depend on r, 1, 0, or €. By (E), we clearly
have

/5(u“",f,z)KO‘(z)dz < Cl|lu?|]oor ™%,

BC
/ 5(ue, 7, 2) K (2)dz < C|[uljoopi®
A;L;Lnt

By the continuity of ¢ and the last fact in (5.2), for all » and 1 small
we have p(Z + z) < ¢(z¢) + v/4 for all z € AF"" and u(zg) — v/4 < u?(T).
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Then, since u(xo) = ¢(zo) + v and using (E) we conclude

/ S(u?,z,2)K*(z)dz < —v/2 / K%(z)dz < —Cvdé™ %,
Agmt Agmt
where C' depends on the data and r, but not on 7. Finally, using that 7 is

a global maximum point of u — ¥, we have §(u?,z, z) < 6(V, Z, z) and then
since ¥ is C'! we get

/5(u‘P,:E,z)K°‘(z)dz§ / (U, z,2)K*(2)dz
(5.4) As As.,
Sc(n—l +€_1),Ual_a-

A detailed proof of the second inequality in (5.4) can be found in the
Appendix. Setting = n, e > n and d(z) < 6 < o0,(1)n, we conclude from
the last estimates that the nonlocal terms in (5.3) can be computed as

L5 5[W)(Z) + Z§[u?](2) < —(0y(1)n) ™7,
so, replacing this in (5.3) and specifying the choice € = n®, we conclude
(5.5) Au(z) — f5(z) < kn~'b(z) - Dd(z) + Cy~ | — 20|” ™" — (0y(1)m) ™%,

for all 3 € B. Now, denoting € 99 such that d(z) = |Z — z|, for all 5 small
there exists 3, € Bout(Z), by the assumption in (¢). Thus, using (L) and the
smoothness of the domain, there exists C' > 0 independent of ) such that

b, (Z) - Dd(z) < bg, () - Dd(z) — b, (&) - Dd(z) < K|z — | = Cd(z),
and by (5.2) we conclude
bs, (Z) - Dd(Z) < 0,(1)n.
Taking 5 = 3, in (5.5), using the last inequality and (5.2) we conclude
(5.6) Xu(@) = || flloe < 0y(1) + 05(1)n~2 = (0 (1)) .

Letting n — 0 we arrive to a contradiction because of the last term in the
above inequality.

For (ii), we proceed in the same way using a similar contradiction argu-
ment, reversing the signs of the penalizations in order to get a minimum
test point for v. The role of 3, above can be played by any § € B by the
assumption in (i) and then the estimates are independent of 8 using (L).
Hence, we arrive to an expression very similar to (5.6), with the reverse
inequality, v in place of v and a plus sign in the last term in the right hand
side. The contradiction is again obtained by letting n — 0. (]

Remark 5.3. The lack of information concerning v on I' has to do with
the form of H: we simply cannot drop the supremum taking 5 given in (2.1)
and ensure v is still a supersolution. In fact, both cases v > ¢ orv < ¢ can
happen depending on f and .



15

5.2. Viscosity Inequality Up to the Boundary. Now we consider aux-
iliary functions associated to sub and supersolutions of problem (1.1)-(1.2)
which satisfy the viscosity inequality up to the boundary for auxiliary cen-
sored problems.

Proposition 5.4. Let xqg € 02 and By € B such that b = bg, satisfies
condition (4.2) for some cg > 0. Let u be a bounded viscosity subsolution
to (1.1)-(1.2) and @ as in (2.2). Then, there evists A,a > 0 such that the
function U : Q0 — R defined as
(5.7) U(x) = i(x) + Ad ()
18 a viscosity subsolution to the equation

~ZIqw] —b-Dw =0 in By(zo) N Q.

Proof: Since (4.2) holds, we can first choose a < 7 of Lemma 4.2, which
depends only on ¢y, but not on zy. Let 6 > 0, € By (z9) N2 and ¢ a smooth
function such that Z is strict maximum point of U — ¢ in Bs(xo) NQ. Hence,
we can see T as a test point for u with test function ¢ — Ad'~® by the
smoothness of d near the boundary. Applying Lemma 4.1 and the definition
of U we get

— Tolél(z) - T[U)(@) - b(z) - D(z)
< Mlulloo + F50(®) + 8o(1 ul oo + [[¢olloc)d(@)
+ A(~Tald"®|(@) - b(z) - Dd"~*()),

where we have used @ = u in ). Using Lemma 4.2 in the last inequality we
conclude that there exists a constant ¢g > 0 such that

55075((]’ gb’j) < d_a(j) (Cda(a_:) + 90(||u||00 + ||SD||OO) - Aé(]),

where we have used notation (3.7). Choosing A > 0 large enough and a
small depending on the data but not on T we arrive to

550,5([]7 ¢, ) < —¢p/2 d(z)",
concluding the proof in this case.
When Z € By () N0, by definition of & we consider a sequence (zy)x of

points in  such that z — 7 and u(zg) — @(Z) and define e = d(zy). Let
¢ be a test function for U in Bs(z) N at T and consider the penalization

(5.8) x> ®(x) :=U(z) — (6(x) — exl(2)).

From this, it is easy to see that for all k large there exists T € (,
maximum point of ® in Bs(z) N Q and using the inequality ®(zy) > @ ()
we get
(5.9) Tp — T, uw(Ty) — w(T), ask— oo.

Now we want to use the penalization as a test function, but since ( is
unbounded close to the boundary we have to restrict the testing set, consid-
ering the last penalization as a testing in By (Zy) with ¢ < d(Zx). Hence,
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since T € §2, arguing as above we conclude that
(5.10)

o, (U, 0, k) < —Co/2d(Zk) ™" + €k< — I,z [C1(Zk) — b(Zg) - DC(@))-

However, since we have Ty is a maximum point of the testing in Bs(z)N{2,
the inequality

(U, z,2) <6(d,%,2) —exd((,T,2) forall z€ (Q—Z)N By
lead us to
R - Toslél@) te [ SGa K ()
Bs\ByN(Q—71,)
< = ZH[U)(@x) — Ty [8](3n).
Using this inequality in (5.10) we obtain the inequality

Eos(U, ¢, k) < —C0/2d (7)™ + Ek( — Tongs(z) (<) (Zk) — b(Zg) - Dg(jk)>,
concluding, by Lemma 4.5 (see also Remark 4.7) that
Es5(U, ¢, Tx) < —0/2d(T1) ™ — Eoerd(Zy) ™+ < 0.

Letting k — oo, using the smoothness of ¢, the continuity of d, and (5.9)
together with the upper semicontinuity of U in €2 we get the result. O

Remark 5.5. Note that the role of By in the last proposition can be played
by any control when xy € Ty, and by B when x¢ € T, with B as in (2.1).

For the next result, we recall that ¥, = {x € Q : dist(z,[;,) <r}.

Proposition 5.6. Let u,v be respectively bounded viscosity sub and super-
solution to problem (1.1)-(1.2) and @, as in (2.2). Recall U given in (5.7)
and consider the function V :  — R defined as

(5.11) V(z) = o(x) — Ad'"*(x).

Then, there exist A,a > 0 such that the function U (resp. V') is a viscosity
subsolution (resp. supersolution) to the equation

—To[w] + Hs(z, Dw) =0 in 3,.

Proof: As in the proof of Corollary 4.3, we have the existence of a constant
co > 0 such that bg(z) - Dd(x) > ¢ for all § € B and all z € T,.

Let z € 3. If ¢ is a smooth function such that z is a maximum point for
U — ¢ in Bs(Z)N1Q, proceeding as in Proposition 5.4 and using notation (3.7)
we conclude that

E WU, 0,7) < Mlulloo + Oo([|ully + [[0l]oo)d(@) ™ + [| oo
+ A( ~ Told' (7)) + Hs(z, Ddl_o‘(j))>,
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and by the application of Corollary 4.3, taking A large and a small this
inequality leads us to

(5.12) (U, ¢,x) < —¢p/2 d* (),

concluding the proof of the proposition for this case. We highlight the
constants ¢ and A depend only on ¢y and not on the particular point Z
considered, concluding the result for 3,. To get the result in £, we proceed
in the same way as in Proposition 5.4, considering & € 02 and penalizing the
testing by the introduction of the function € in order to push the testing
point inside €2 (see (5.8) and its subsequent arguments). Hence, using (5.12)
we arrive to

ES(U, ¢, @) < —Co/2 d“(ak) + €k< — ZonBs(z) [C1(Tk) + Hs(Tk, DC(fk)))a
and applying Corollary 4.6 in the last expression we conclude
(5.13) gg(U, o, fk) < —50/2 d_a(.f'k) — 606kd_1(.f'k).

Thus, the right-hand side is nonpositive for all k£ large and we conclude
as in the proof of Proposition 5.4 letting k& — oo by (5.9). The result for V'
can be obtained in the same way. O

We finish this section with an analogous result for U — V. We shall
introduce the following notation: For points Z,y € 2 we denote

Ding = (Q2=2)N(Q—9), Degt=(Q2—2)°N(Q—7)",
Diy=(@Q-5)n Q-9 Dj,=(Q-2)°N(Q-7).

nt

(5.14)

We highlight that each set depends both on Z and ¥, but we omit the
dependence on  and/or § in some cases for a sake of simplicity.

Proposition 5.7. Let u,v be respectively bounded viscosity sub and super-
solution to problem (1.1)-(1.2), U as in (5.7), V as in (5.11) and define the
function W = U —V . Then, there exists A,a > 0 such that W is a viscosity
subsolution to the problem

~Tow] +Hi(z, Dw) =0 in %,
where ¥, is defined in (4.5).
Proof: We start with the case the test point zg € 2. Assume there exists
¢ a smooth function such that zg is a strict maximum point of W — ¢ in
Bs(z0) N Q. For € > 0, consider the function ¢.(z,y) = ¢(z) + |z — y|? /€
and the penalization
(5.15) (z,y) = @(z,y) := U(z) = V(y) — dc(2,y).

This function is usc in (Bs(xg) N Q) x (Bs(xp) N Q) and it attains its
maximum at a point (Z,y). Using the inequality ®(z,y) > ®(xo,z0) we
obtain as e — 0

(5.16) |z —7]*/¢ =0, Z,5—x0, U@ —U(zo), V(§)— V(xo).
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Since z¢ € €, we have that for all e suitably small, d(z),d(y) > d(x0)/2.
Now we apply Proposition 5.6 looking the last penalization as a testing for
U and V. Using notation (3.7), we write for each 0 < §' < ¢

&2, U, 0c(-,9)) <0 and  &(7,V, —¢c(7,-)) 2 0
and then, for each h > 0 there exists 8;, € B such that
€6, (T, U, ¢c(+,9)) <0 and & 5, (5, V, =¢c(T,-)) = —h.

Substracting both inequalities, we are lead to

— Tog[0l@) — (Z5[U)(@) - Z4 [V](@)) — bs, (2) - Dd(z)
< h+e 208" %) + 22 (bg, (7) — b, () - (2 — 9)-

By (L) and the first fact in (5.16) we have the estimate
(5.18) (b5, (%) = b3, (9) - (2 = 7)/€*| < 0e(1).

In what follows we deal with the nonlocal terms in the left-hand side
of (5.17). Using notation (5.14) we have

QO —2 =D, UD? and Q—g = Dy UDY,

(5.17)

int»

Thus, we write

(5.19) T [U)(®) — ZE V) = Touz + Jinee + T

where

Tos = / S(U,z,2)K*(2)dz;  J3y ;= / §(V, %, 2)K(2)dz;
DF.\Bs/ DY \By

Bu= [ Wa+2)-v+2) - 0@ - VE)IE -

Dint\Bg:
By (5.16), as ¢ — 0 we have Z,§ — xo and |DZ,|,|DY | — 0. Then
(520) JzérlLt:m anty 6(1)d(x0)7a'
with o.(1) independent of 6. Meanwhile, since (z,¥) is a maximum point,
for all z € Dj,y N Bs \ By we have
UE+2) -V +2) - (U@) -V(y) <(¢,7,2),
and then we obtain that

Tos[0)(2) + I < Tosl8)(@) + T + / 56,2, 2)K° (2)dz,

DZ NBs\Bg

int

but the last term in the right-hand side of the last inequality is o(1) by the
smoothness of ¢ and the fact D7, vanishes as e — 0. Thus, we conclude
that

(5.21) To,5[81(Z) + T < Zas[8)(2) + T + 0c(1).
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Replacing this last expression together with (5.20) in (5.19) we conclude
Tz [0)(2) + I3 [U)(2) — TE V() < 0e(1)d(w0) ™ + Ta,s[d(@)] + I

Finally, replacing this last inequality together with (5.18) in (5.17) and
taking infimum over 55 € B in the right-hand side of (5.17), we arrive to

— To5[0)(Z) = i + Hi(z, D(Z))
< h+€e 2008 + 0c(1)d(0) ™ + Loc(1).

Letting & — 0 we get rid of the term ¢ 20(6''"*). By (5.16), letting
€ — 0 we handle the differential and integral terms by the smoothness of ¢
and the semicontinuity of U and V together with Fatou’s Lemma. Finally,
letting h — 0 we conclude Eg(W, ¢,29) < 0, which is the desired viscosity
inequality for W.

Now we deal with the case x¢g € I';,. By definition of U,V there exist
sequences (zx)g, (yx)r of points of Q such that xp,yp — xo and U(zg) —
U(z0),V(yx) — V(zo). Denote ny = min{d(xx),d(yr)}, ex = |zx — il
(which can be taken strictly possitive for all k) and define the functions

: jz —y|?

Pk(r,y) = ¢(x) + and  gx(w,y) = dr(z,y) — mC(x) — ml(y)-

€k

Doubling variables, consider the penalization
which is a function attaining its maximum in (Bs(zg) N Q) x (Bs(xo) NN)
at a point (z,y). Using the inequality ®(z,y) > ®(xk, yx) we conclude

@ — gl /ex = 0, 2,5 = x0, U(x) = Ulao), V(§) = V(zo) ask — oo,
and we are in the situation of an interior maximum point. As above, consider
0 < ¢ < ¢ :=min{d(z),d(y)} and consider the respective viscosity inequal-
ities for U and V on Z and y. At this point we use inequality (5.13) and

its corresponding version for supersolutions, and introducing the parameter
h > 0 as in the previous case to avoid the sup terms we conclude

€51, (T, U, 01, §)) < —Cod()™* and &g, (7, V, — (T, ) + h > God(7) ™%,

for some ¢y > 0 independent of k. Substracting both inequalities and using
the definition of ¢, we can make similar computations as in (5.18), (5.20)
and (5.21) relative to this case, to conclude

- Iﬂ,ls[(b]('f) - stnt + ,Hl(ja D(b('f))
< b+ (0 (1) = )y + € 205 (1) + Log(1)

+ 1| = Zs[C)() + Ha(@, D)) — T slC)(@) + M5, DC(F)

Letting & — 0 we get rid of the term 6;205/(1). Then, using Corollary 4.6
we conclude that for all k£ large the term in squared brackets in the right
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hand side of the last expression is nonpossitive. Letting k — oo and then
h — 0 we conclude as in the previous case. O

6. THE CONE CONDITION.

In this section we provide a proof for the well-known “cone condition”: the
fact that we can approximate the value of a subsolution to problem (1.1)-
(1.2) at a point zg € 09 through a sequence of points lying in a cone
contained in €2 whose vertex is xyg. We remark this condition is also adressed
in the probabilistic approach refered as nontangential upper semicontinuity
(see [20]), but here we follow closely the lines of the corresponding property
proved in [9].

Proposition 6.1. Let u be a bounded viscosity subsolution of (1.1)-(1.2)
and @ defined in (2.2). Then, for each xo € I' UT';y, there exists a constant
C >0 and a sequence (xg)i of points of Q such that, as k — oo

T — X0,
(6.1) (zy) — u(zo),
d(zx) > Clag — o).

Proof: Consider 3 in (2.1) relative to 2o and denote b = bg. Since we have
b(xo)-Dd(z) > 0, we take r > 0 small enough such that b(x)- Dd(z) > 0 for
all x € QN B,(z0). After rotation and translation, we can assume zg = 0 and
Dd(xo) = e, with e, = (0,...,0,1), implying in particular that b,(0) > 0.
Finally, denote Hy = {(2/,2,) € R" : 2, > 0} and A = H, N QN B,.

Recalling U defined as in (5.7), by Proposition 5.4 we have this function
satisfies the equation

—Iolw] —b-Dw <0 on A.

By a simple scaling argument, we conclude the function y — U(~yy) de-
fined in 7! A satisfies the equation
(6.2) 7' T agw](y) = by(y) - Dw(y) <0 ony A,
where b.,(y) = b(yy) for each y € v~ A. Thus, @ : H; — R defined as
w(z) = limsup U(yz)
v¥—0,z—x
is a viscosity subsolution for the problem
0 _
—b(0)—= — ¥ (0) - Dyw =0 in Hy,
OYn
by classical arguments in half-relaxed limits applied over the equation (6.2).
It is worth remark that this equation holds up to the boundary and that
b, (0) > 0.
The maximal solution for the last transport equation with terminal data
w(y',1) (when we cast y,, as the “time” variable) is given by the function

WY yn) = (Y — b (0) 1 (0)(y, — 1), 1).
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Since W is maximal, we have w(y) < W(y) when 0 < gy, < 1. Now,
by definition it is clear that w is upper semicontinuous and then w(0) =
U(0), meanwhile by the upper semicontinuity of u at the boundary and the
continuity of the distance function we have w(y) < U(0) for all y € Hy.
Then, recalling U(0) = @(0), we conclude that

@(0) = @w(0) < W(0) = w(b, (0)~10'(0),1) < @(0),

this is 4(0) = w(xp), with o, = (b,(0)~1¥(0),1). By the very definition of
w, we have the existence of sequences v — 0, zp — xp such that xy := yp2p
satisfies xp — 0 and u(x) — u(0).

Note that by definition of the sequence (zy); we have zj = yrap + o(k).
Using this, we perform a Taylor expansion on d(zy), obtaining the existence
of a point 7, € Hy with z, — 0 as k£ — oo such that

d(zx) = Dd(T) - (v + 0o())-

Hence, since Dd(0) = e,, we conclude d(zx) = vy + o(7k). Thus, using
the estimates for xy, and d(xy) we get that d(zg) > (4]zp|) ||, for all k
large enough. Recalling that xg = 0, we conclude that (xy)y is the sequence
satisfying (6.1). O

Now we state the the analogous result for supersolutions, valid on I';,.

Proposition 6.2. Let v be a bounded viscosity supersolution of (1.1)-(1.2)
and let © as in (2.2). Then, for each xo € Ty, there exists a sequence (xy)g
of points of Q satisfying (6.1) relative to 0.

Proof: Following the arguments in the previous proposition, we consider
this time the function

w(z) = liminf V(yz2),

_ ¥—0,z—x

where V' is defined in (5.11). Using Proposition 5.6 relative to V', we prove
w is a viscosity supersolution to the transport equation

(6.3) sup{—bs(0) - Dw} =0 in H,.
BeB

Since g € Tin, (b5)n(0) > 0 for all 8 € B and then bg(0) = bs(0)/(bs)n(0)
is well defined. Now, if we denote W a minimal solution to (6.3), then it is
easy to see that W is a solution to

o ~ _
3ﬂﬂmwm%wzomm.

By optimal control arguments (see [2], [3]), it is known the minimal solu-
tion of this equation with terminal data W (y',1) = w(y/,1) is

W', yn) = g(l_f){w(Yy/((l — ), B8), 1)}
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where ¢+ Y,/ (t, 3(-)) is the solution of the equation Y (t) = V/(0, 5(t)) with
initial condition Y (0) = ¢'. Note that in particular, we have

(6.4) Y1 < [y/] + tlba(0)ll 2 5),

for all y' € R ! and all ¢ € [0,1]. At this point, arguing in the same way
as in the proof of Proposition 6.1, we conclude

By this expression, we can take a minimizing sequence of controls [(+)
and denoting zp = (Yy(1, k), 1) we have

w(zk) = 0(0) as k — oo.

Recalling that V = ¢ — Ad'~®, by the very definition of w and the con-
tinuity of the distance function, for each k there exists sequences yi — 0,
%, — 2, such that 0(77z]) — w(zx) as j — co. Note that by (6.4) we have
the sequence (z},)x,; is bounded and therefeore, using a diagonal argument
we conclude the existence of sequences 7, — 0, zy — z with z = (Z/,1)
and [|2'|] < [[bg(0)||L () such that (3x2x) — ©(0). Arguing in a similar
way as in the end of the previous proposition, we conclude the sequence
(zg)r defined by zx = % Zx is the desired sequence satisfying (6.1) relative
to v. O

Propositions 6.1 and 6.2 are sufficient to conclude Theorems 2.1 and 2.2.
However, we provide an alternative proof for Case III in section 7 below,
which is more natural according the expected behavior of the solutions near
T';,. For this, we present next a lemma in the flavour of the last two propo-
sitions but concerning the difference o — o.

Lemma 6.3. Let u, v be respectively bounded viscosity sub and supersolution
to problem (1.1)-(1.2), @, as in (2.2) and define w =10 — 0. Let r > 0 and
xo € Ty such that w(xzg) > w(z) for all x € By(xg)NTyy,. Then, there exists
a sequence (xy)x of points of Q such that w(xy) — w(xg).

Proof: By contradiction we assume there exists 7’ > 0 such that w(zg) >
w(zx) for all x € By(xg) N, and we may assume that ' < r. Let U as
in (5.7), V as in (5.11) and W = U — V. Since this function is upper
semicontinuous, by the contradiction assumption there exists m > 0 such
that W(zg) > W(z) + m for all x € B,(z9) N Q, taking r smaller if it is
necessary. By the hypothesis over w on the boundary, for each € > 0, zg is
the maximum point of the function z +— W (x)+e1d(z) in Bpe(z0) NS, and
then we can use this as a testing for W at zg by Proposition 5.7, concluding
for each 0 < § < me that

(6.5) ELW, —e1d, x0) < 0.

However, note that there exists ¢o > 0 such that bg(zo) - Dd(zg) > ¢ for
all 5 € B and this implies that

(6.6) Hi(.%'o, —6_1Dd(1‘0)) > 6_100.
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On the other hand, since W (x) < W (xg) for x € B,(x¢) we have
TH[W)(x0) < ZH{W](20) < 2|W | oo ey
Finally, using this inequality and (6.6) in (6.5), we conclude
—e 105(1) = 2[|W|| pooyr ™ + coe ' <0,

which is a contradiction after doing § — 0 and then ¢ — 0. U

7. PROOF OF THE MAIN RESULTS.

7.1. Proof of Theorem 2.1. Our arguments rely on the redefined func-
tions 4, v, but we omit superscript “~” for simplicity. By contradiction, we
assume

M = sup{u(z) —v(z) : x € Q} > 0.

This supremum is attained at some point zg € Q by the upper semicon-
tinuity of u — v in Q and recalling Corollary 5.2 we have zg ¢ I'pys. From
now, we proceed classically doubling variables and penalizing the difference
u(z) — u(y) by suitable functions ¢(z,y), distinguishing where is the maxi-
mum point.

Case I: There is a maximum point 2.

For v,n > 0 denote ¢ p(z,y) = ‘x;—Qy‘Q

(x,y) = (I)%n(xay) = u(x) - ’U(y) - ¢%n($ay)-

For all 7,v suitable small, ®, , attains its maximum point over QxQ
at (T, Yyy). Here and in the next cases, we drop the dependence of the
maximum points and test functions on the introduced parameters to avoid
overwritten expressions. By the inequality ®(z,y) > ®(zg, z¢) we conclude

+ 7] — x0|? and penalize as

7 — z?l

0<M <u@) —v(y) - — |z — 2o

and from this, it is easy to conclude, as n — 0
(7.1) @ =GP/’ =0 &y — e u(@) —o(y) - M,

In particular, if v > 0 is fixed, d(Z),d(y) > d(xg)/2 > 0 for all 5 suitably
small. Using this penalization as test functions for u and v, we conclude
Es(u?,¢(-,9),%) <0 < Es(vg, —¢(Z,-),y) for all 0 < 6 < d(xg)/2, where we
have used notation (3.3). By definition of H and notation (3.2), for each
h > 0 there exists 8 € B such that

Eﬁh,é(uw’gb("g)?j) <0 and —h < Eﬁh,é(vlp’_qs(j?'),g)‘

Then, substracting these inequalities, we conclude
(7.2)

A(u(z) —v(y)) —

< fon (@) = f5,(9) + 2vbg,, () - (T — wo) + 2072 (b, () — bs, (¥)) - (T — 7)
+I5[ (7 )]( )+I5[ ( )]( ) lnt+ngt+Ifnty Ifnt:v?
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where, using notation (5.14) and for ¢’ > 0 we have denoted

Bo= [ 42— +2) - (@) - @)K ()
Dint\Bgr

o= [ o2 - pla+ ) - (u(@) - o@))E" )z,
Dext\Bgr

(7.3) /

Bug= [ le+2) —o@+2) — (ul@) - @)K ()i
DY \Bs:

Bue= [ e +2)—o@+2) - (@) - @)K ()=
DZ \By

We need to estimate each term in the right-hand side of (7.2). First, by
the continuity of f, condition (L) and the properties in (7.1), we conclude
(7.4)

Now we take care about the nonlocal terms. By definition of ¢ we have

(7.5) Lslo (- ))(x) + Ls[o(@,)](5) = (> +7)O0(8 ™).

Note the sets DI ,, ?nt vanish as n — 0 and are away from the origin at

least at distance d(zg)/2 for all ) suitable small. This implies
(7.6) Iy I = on(1)d(20) ™

wint,xr “int,y

by the first fact in (7.1). Besides, D, is also away from the origin and for
each z € D.,y, using again (7.1) and the continuity of ¢ we have

(7.7) p(7 +2) = o(§ + 2) = (u(@) —v(y)) = —M

as 7 — 0. Hence, applying Dominated Convergence Theorem we conclude

(7.8) 15

ext

——-M Ky(z)dz as d,n— 0.
(2—=x0)°

Finally, using (Z,%) is a maximum point of ® in Q x Q it is easy to see
that for each z € D;,+ we have the inequality
u(@ +2) — (g + 2) — (@) — o) <A(J7 + 2 — 20l — |7 — 20f?),
which allows to conclude
4

Applying this last estimate together with (7.4), (7.5), (7.6), (7.8) in (7.2)
we get

A(u(z) —v(y)) + M Ka(2)dz
(Q2—=x0)°

< h405(1) 4+ 0y(1) + (72 +7)0(6' %) + 0y (1)d(20) ™ + O(7).
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Hence, using (7.1) and let § — 0, n — 0, v — 0 and h — 0 we arrive to

M()\ + /(Q_m)c K“(z)dz) <0,

which is a contradiction because of assumption (M).
Case II: There is a maximum point in I'.

Note that by Proposition 5.1, u(zg) < ¢(xg) and by the contradiction
assumption, the only possibility is v(x¢) < ¢(x0). This implies that v, (zg) =
v(zp).

Consider the sequence (zy)x satisfying (6.1) relative to u in Theorem 6.1
and define ny = |z — zo| and v = (zr — xg)/nE. By the cone condition
(Proposition 6.1), we can assume the sequence in such a way v, — 1 and
Dd(z) - vy > 0. Following the arguments of Theorem 7.9 in [12], we use the
function

oz, y) = In, (@ —y) — vl + |y — zol?,
where 7 > 0, and then we write the penalization as

(#,y) = @(z,y) == u(z) — v, (y) — ¢(z,y).
With this, we have a maximum point (Z,%) € Q x R" for ®. Using the
inequality ®(z,y) > ®(xg, o) we get

(7.10)
WG = ol + g (T = 7) — wof® < u(@) = vp(5) — (ulzx) —v(0)) + i — vof*.

Since u,v are bounded, |77k_1(i“ — %) — vp|? remains bounded too and then
|z —y| — 0 as k — oo. Using the semicontinuity of v and v, and since
u(zy) — u(zp), we obtain from (7.10), up to a subsequence

(7.11) Z,9 — x0, u(T) = uw(x0), ve(y) = v(zo), ¢(Z,y) = 0; ask — oco.

With this we have z,y are valid test points for u and v, respectively,
using the penalizations introduced as test functions. In fact, we have g € €,
otherwise we get v,(y) — ¢(x0) > v(xp) which is a contradiction with
the third statetment in (7.11). Since y is a global minimum point of y —
vo(y) — (u(Z) — ¢(Z,y)), we can use ¥ as a test point for v, even if it is on
the boundary because if this is the case, v,(7) < ¢(7) by the continuity of
¢. On the other hand, again by (7.10) we have

(7.12) T =9+ (o + ok(1)).

By a Taylor expansion of d(Z) we conclude the existence of § — x¢ as
k — oo such that d(z) > d(g) + nk(Dd(g) - vo + 0k(1)). Since Dd(xg) - vg > 0
and by the continuity of Dd we conclude d(z) > 0 for all k large enough,
meaning T € ) and then we use it as a test point for u. Then, since u and
v are respective viscosity sub and supersolutions to problem (1.1)-(1.2), for
all 0 < 0 < d(z) we can write Es(u, (-, 9),z) < 0 < Es(v,—¢(z,-),y) and
then, for all h > 0 there exists 8, € B such that

Eé,ﬁh(u7 ¢(7g)7j) < 0 and E&ﬁh(’l}, _¢(£'7 )7@) > —h.
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Substracting these last inequalities we arrive to an inequality in the same
way as we got (7.2). Using (7.11) and (L) we argue as in the previous case,
concluding this time the inequality

(713) AM S h + 77];40(6170[) + Ok(l) + 0(7) + Ifnt + ngt + Izént,gj + Ignt,ia

where we have used notation (7.3).

In what follows, we estimate the nonlocal terms in the right-hand side of
the last inequality. For all r; > 0 small enough, since u(zg) < (o) and
the upper semicontinuity of u we have

u(@ +2) =y +2) — (u(@) —v()) <0, ¥z € By NDj,
and then I? , - < I, —. This estimate allows us to get rid of the dependence

wnt,x
6 .
of ¢ of I}, -, and since D

(7.14) Iy s = on(1).
By (7.11) and the continuity of ¢ we have
90('% + Z) - 90(@ + Z) - (u(i‘) - U(g)) <0, Vze Bm N Deyt,
and then I, < I"!

int vanishes as & — oo we conclude

Using (7.7) over I}, we conclude

ext: ext
(7.15) I, <-M K(2)dz + ok (1).

(Q—x0)\Bry

At this point, by (7.12) we claim the set DY  is away from the origin
uniformly in k, postponing the proof of this claim until the end of this Case.
Using this and the fact that D} , vanishes as k — oo, we conclude that

(7.16) Ifnt,g = op(1).

Finally, using that (z,y) is a maximum point for @, in a similiar way as
in (7.9) we get I, = O(y) . Using this last estimate together with (7.14),

(7.15), (7.16) in (7.13) we arrive to
M()\ + / Ko‘(z)dz> < b+ 0 *06 %) + 0(y) + or(1).
(Q—20)°\Br,

From this, letting 6 — 0, & — oo, v+ — 0 and h — 0 we arrive to a
contradiction with (M), taking r; smaller if it is necessary.

Now we address the claim leading to (7.16). Assume that there exists a
sequence z;, € DY | such that z; — 0. By definition, there exists a; € Q and
b, € Q¢ such that z;, = ay—y = by, —Z and by the first statement in (7.11) we
have ay, by, — 9. Now, applying (7.12) we conclude by, = aj+n7 (vo+0k(1)).
Taking k large we conclude by, € €2, which is a contradiction.

Case III: There is a maximum point in I[';,.

By Propositions 6.1 and 6.2 we have cone condition both for sub and
supersolutions in I';;, and then we could argue exactly as in the previous
case assuming v(zg) < u(zg) < (o) or v(zg) < ¢(zg) < u(xp), and just
reversing the roles of w and v in the case ¢(xg) < v(zg) < u(xo). However,
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we provide here an alternative proof without assuming any predefined order
among u(xo),v(zg) and p(zp).

If we denote w = u — v, we claim that this function is a viscosity subso-
lution to

(7.17) Aw — Igow] + Hi(z, Dw) =0

at xg. Thus, we can use the zero constant function as a test function for w
at zog to get

M (zo) — ZHw](x0) < 0,
and since A > 0 we conclude —Z9[w](zo) < 0. However, since z¢ is maximum
for w in Q we conclude the reverse inequality and then Z3[w](xo) = 0. This
implies that there exists x(, € © such that w(z() = M and then we fall into
Case I, concluding the contradiction and the proof of the Theorem.

Now we give a brief proof of the claim since it relies in arguments we
already used in section 5. First, it is easy to prove that w is a viscosity
subsolution to (7.17) in the set A = ¥, N {x : w(z) > 0}. The proof of
this fact follows the same lines of the first case presented in Proposition 5.7,
doubling variables and penalizing with the function |z —y|?/€? as in (5.15).
Now, since w(zg) is maximum of w in €2, Lemma 6.3 holds, concluding
the existence of a sequence (z); of points in © such that w(xp) — w(zo).
Therefore, since w(xg) = M > 0, we have w(zr) = M + ox(1) for all k
large. Then, if ¢ is a smooth function such that zg is a maximum point of
w — ¢, we can penalize this testing with the function 7, where n = d(zy).
This penalization pushes the testing point in A and then we conclude the
result using the equation (7.17) valid in A and letting & — oo by using
Corollary 4.6. O

Remark 7.1. In the proof of Case III presented above, the possibility of
testing on 1';, mo matter the boundary condition is, says that the points on
Tin “behave” like interior points.

The following property is a direct consequence of Theorem 2.1.

Corollary 7.2. Assume (E), (M), (H), (L) hold. Consider ¢1,p2 : Q¢ — R
continuous and bounded functions. Let u be a bounded viscosity subsolution
to problem (1.1)-(1.2) with exterior data ¢ = p1 and v a bounded viscosity
supersolution to problem (1.1)-(1.2) with exterior data ¢ = ps. If p1 < @2,
then v < v in Q. Moreover, using Definition 2.2, we have @ < ¥ in Q.

7.2. Proof of Theorem 2.2. By the smoothness of the boundary and as-
sumption (L), we can consider a Lipschitz extension to all R" of the function
b and continuous extension to R™ for f. With this, the corresponding ex-
tended Hamiltonian (which we still denote by H) can be understood as a
function H : R” x R” — R. Consider for each ¢ > 0 continuous functions
P, e R" — R with 9§ > 9¢ in R" and ¥§ = ¢ in Q°. With this, for
w,l € R and z,p € R™ we define the following Hamiltonian

He(z,w,p,l) = min{(w — 2 (), max{(w — 5 (2)), \w — 1 + H(z,p)}},
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and its asociated problem
(7.18) H(z,w(x), Dw(zx),Z|w](z)) =0, x € R™.

It is easy to see that this problem admits comparison principle for bounded
sub and supersolutions defined in all R", see [8]. Recalling pg as in (E), let
R =||¢lloo + 15| f]|oo and consider the function

9(x) = 2R1g(x) + Rl ().
Note that g > ¢ on Q¢ and that for each x € Q) we have

Ag(z) — Tolgl(z) — /Q [p(x + 2) — g(x)|K*(2)dz + H(z,0) = 0,
—X
concluding that g is a supersolution to problem (7.18). In the same way
can be proved that —g is a subsolution for this problem. Thus, Perron’s
Method applies, concluding the existence of a solution w, for this problem.
Such solution satisfies |we| < R, which is an estimate independent of e.
Now, considering ¥§ such that 9§ — £oo in 2 as € — 0, by the uniform
boundeness of the function we, for all x € R™ the quantities
w(x) := limsup we(y), w(x):= liminf we(y)
e—0,y—x e—=0,y—
are well defined. The half-relaxed limits method implies w,w are bounded
sub and supersolution to (1.1) in the sense of Definition 3.1, respectively.
By the very definition of these functions, w < w in R™. On the other hand,
considering v = w,v = @ as in (2.2) we apply Theorem 2.1 to get u < v in
Q, concluding v = v in R®\ (I'y, UT). However, for each 29 € T' U Ty, we
have
v(zp) < liminf v(x) < limsup v(z) = limsup u(z) = u(xo)
z€Q,z—T0 rEQ,x— 0 zeQ,x— 10

It is easy to see u and v are respective viscosity sub and supersolution
to (1.1)-(1.2) using Corollary 5.2 and the fact that v and v differ from w and
w in a set of zero Lebesgue measure. This concludes the function u (equals
v) is a C() viscosity solution, with u = ¢ in Q¢ U T4y The uniqueness
follows directly by comparison. O

8. REMARKS AND COMMENTS.

Comparison principle for a class of fully nonlinear equations can be ob-
tained by natural adaptation of the arguments presented in this paper. For
example, consider 0 < a < 1/2 and (ag)gep such that ag € (a,1 — a) for
each 8 € B. With this, we consider the nonlocal operator

(8.1) Zs¢)(x) = / _8(g,w,2)Kp(2)]2| T,

with Kg : R" — Ry measurable function for all 3 € B satisfying condi-
tion (E) for constants A, ¢; independent of 5. We also consider a continuous
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function A\ : © x B — R, and introduce the following generalization of
assumption (M): For all 5 € B

(M?) inf {)\B(ﬂz) + / Kﬁ(z)dz} > 0.

z€Q
Q—z

Let C be the set of real valued functions ¢ defined in all R™ for which (8.1)
is well defined for all 8 € B and define FF: R®» x R x C x R™ — R as

F(z,2,¢,p) = Sﬁlellé{)\ﬁ(x)z — Isl¢l(x) = bg(x) - p = fp(x)}-

The fully nonlinear version of problem (1.1)-(1.2) reads as

F(z,u(z),u, Du(x)) =0 in Q.
{ U = in Q°.

Note that the definition of I';,,[',,: and I' depends only on the configu-
ration of the drift term, so we shall use them exactly in the same form. By
the assumption over the numbers ag, the order of the nonlocal operator is
less than the order of the drift so the results concerning section 4 can be
readily adapted. On the other hand, the fractional nature of the operator
is still present in this case by the nonintegrability of the kernels, so results
in section 5 and in paticular we can conclude cone condition for this type
of equations. The conclusions in the contradiction arguments used to prove
Theorem 2.1 can be obtained in the same way in this setting by (IM?).

The situation is different for nonlocal operators which are not uniformly
elliptic. We address here two examples: For the first one, consider J €
L'(R™) a positive function and denote

Ju)(z) = /6(u,x,z)J(z)dz.
R?’L
The second one is the case of operators with censored jumps as

Lful(@) = [ 8 )la| 4,
Hy

with « € (0,1) and Hy = {(2/,z,) : x,, > 0}. It is known that in Dirichlet
problems where 7 plays the diffusive role there exists loss of the boundary
condition even in absence of drift term (see [11]). A similar feature arises in
equations related to operator Z,, where despite the nonintegrability of the
kernel, its null diffusive feature in some particular directions may create loss
of the boundary condition at points where the censored direction is normal
to the boundary. Hence, in both cases we cannot prescribe the value of the
solution of the equation associated to these operators since definitions of I'y,;
and I' do not provide any information. However, we can obtain comparison
results for these type of operators making stronger assumptions over I'y;
and I'. Define

I {x € : VpebB, bg(x)- Dd(x) < 0},

out —
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consider the set I';;, as in the introduction and I' = 9\ (I, UTyy). As-
suming the conditions
(H’) I',,;, Ty, and T are connected components of 92, and

(HI') For each x € T', there exists 3, 3 € B such that
bg(x) - Dd(z) < 0 < bg(z) - Dd(z),

then we can obtain strong comparison principle for Dirichlet problems asso-
ciated to degenerate elliptic nonlocal operators. This is due to the stronger
assumption over the controls on I',,; and I', since at one hand this im-
plies Corollary 5.2 holds, and on the other, by the fact we are still in the
framework of low diffusive influence of the operator compared with the drift,
technical results of section 5 and cone condition can be proved as they were
presented here without substantial changes.

9. APPENDIX.

9.1. Proof of Lemma 4.4. Let us first consider the illustrative case of a
flat boundary, namely Q = H, = {(2/,7,) € R" ! x R : x,, > 0}. In this
case, d(x) = x,, and then for z € H; we have

—Zq[¢ / 0(C,x, 2) K (2)dz
—Tn<2Zn
< - / 0(log, Tp, 2n) K (2)dz
—Tn<2n,<0
<—-A / log(1 4 2y /@] 2|~ dz
—xn<2n<0

=—A / log(1 + zn /)| 2]~ /(1+|z/|z 12~ 242 4z,
—xp<zn<0 Rn—1

Then, performing the change y = 2’/|z,| and using the integrability of
the function (1 + |y|?)~(+2)/2 in R~ we conclude

0 —To[d(@) < —ACna / 10g(1 + 20 /)| 20|~ dz,.
—xn<zn<0

Thus, applying the change of variables ¢ = z,/x,, in the integral of the
right-hand side we conclude

0
—Zalcl(x) < —ACn a2, / log(1 + t)[t| "1+ dt.
—1

Note that in [—1/2,0] we have |log(1 + ¢)[|t|~(0+%) < 3/4|t|=* and since
o < 1 this term is integrable. Meanwhile in [—1, —1/2] the term [t|~(7®) is
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uniformly bounded and by the integrability of the log function at zero we
conclude the lemma for the flat boundary case.

Now we deal with the general case. Take x € § close to the boundary
and consider ©, as in (4.3). By the definition of ¢ in (4.6) we can use same
arguments as at the begining of the proof of Lemma 4.2, to conclude

Told](=) < A / [log(d(z)) — log(d(x + 2))]|z| =)

x

Denote by & the unique point of 92 such that d(z) = |z — &|. After a
rotation we can assume x — & = d(x)e,, where e, = (0,...,0,1). By the
smoothness of the boundary, there exists R > 0, an open set O C R"~!
containing the origin and a smooth function F : R*~! — R such that

{(2/,2,) € O xR: 2, = F(2')} = 0Q N Bgr(1),

that is, near & the boundary is the graph of a smooth function. We can
assume without loss of generality that F'(0) = Z. With this, we define the
change of variables

®: Ox[0,dx))] — R
(y,s) = F(y) — 2+ (d(z) — s)Dd(F(y)).

Regarding this function, by the smoothness of 92, ® is a diffeomorphism
of U into ®(U), where i C R" is an open set such that Ox [0, d(z)] C U. This
allows us to consider ® as a change of variables that flattens 92 — x. Note
that ® is C' and D®(s, y) is uniformly bounded in O x [0, d(x)], independent
of xz. Since x = & + d(z)Dd(%), then ®(0) = 0 and by well-known results,
there exists k > 0 independent of z such that

(9-2) Ky, )] < [2(y. 5)| < wl(y, )],

for all (y,s) € O x [0,d(z)]. Denoting 82 = ®(O x [0,d(x)]), we have
0% C O, and for each z € OV there exists a unique (y,s) € O x [0,d(z)]
such that z = ®(y, s) and then d(z + z) = d(x) — s. Applying ® as a change
of variables we can write

| 0w 2)el s
@0

= —/ log(d(x) — 5) — log(d(2))]|®(y, s)| ") |det (D (y, 5))|dyds
Ox[0,d(x)]
d

()
< —Cxrta 0/ O/ log(d(z) — 5) — log(d())]|(y, 5)| ") dyds,

where, in the last inequality, we have used the boundedness of |det(D®)|
and (9.2). Thus, we can integrate over y in a similar way as in the flat case
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(see (9.1)) and making ¢t = —s we conclude

0
| =0 el e <~ [ o1 4 t/d(a)i] e,
eg

—d(x)

arriving to the same integral obtained in the flat case. We conclude that the
integral over ©0 is bounded by Cd(x)~%, where C depends on n, « and the
smoothness of 0f).

Since the remaining portion O, \ ©Y is at distance at least R/2 from the
origin, the term |z|~(»*®) is bounded on ©, \ ©% and then we have

/ —8(¢ow,2)|2| "V dz < O / —8(C, @, 2)dz,
©:\09 0.,\00
where Cr depends on R but not in x. Using similar flattening arguments and

the integrability of the log function near zero we conclude the last integral
is just bounded independently of x. This concludes the proof. O

9.2. Proof of Estimate (5.4). We recall that
Asp={2€ B, : d(x) - <d(x+2) <d(x)+ p},
and that the function W is defined as
U(z) =ntd(z) + e Ha — xo)?

in a neighborhood of xg. Since T — xg, taking r,d and p suitably small in
the definition of Ajs,, the second integral in (5.4) can be estimated as

(9.3) / 8(U,z,2)K*(2)dz < C(nt +eh) / 2| "t gy

./45,“ -Aé,u
with C' independent of Z,n and e. From this point we can use a flattening
argument very similar to the previous one, building a change of variables

which allows us to estimate the whole integral by the one dimensional inte-
gral in the normal direction to the boundary. With this, we can conclude

that
m
/ 2|~ (mFeDgz < C/ |s|~“ds,
As —6
and since we assume § < p then we can bound above the integral by Cp!=.
This concludes (5.4). O
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