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Abstract

In this paper we evaluate how various investment decisions explain the
macroeconomic dynamics of European transition countries. We introduce quality
investment decisions into a model with other two standard investment margins
assumed in the advanced trade literature, i.e., investment in new varieties and
in export eligibility. We show that the standard investment margins are not
sufficient to simultaneously match the dynamics in the macroeconomic variables,
especially the export performance and the real exchange rate. In contrast, the
extended model with quality investment provides reconciliation.

Keywords: Two-country Modeling, Convergence, Real Exchange Rate
J.E.L. Classification: F12, F36, F41.

1. Introduction

Macroeconomic dynamics of Central and Eastern European transition countries1

(henceforth CEE countries) is puzzling from the perspective of standard dynamic
general equilibrium models. The purpose of this paper is to introduce an
extension to the existing two-country dynamic general equilibrium models with
advanced trade features for understanding the convergence process of emerging
market economies.

During a transition decade 1995-2005 (i.e., after the basic institutional foundations
of a market economy have been created, Roland, 2004), the following facts
(see also Figure 1) dominate the picture of the economic development in CEE
countries:

Email addresses: jan.bruha@cnb.cz; jan_bruha@yahoo.co.uk (Jan Br̊uha),
jpodpiera@imf.org (Jǐŕı Podpiera)

1These are so-called 4-Visegrad countries, i.e., the Czech Republic, Hungary, Poland, and
Slovakia.
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Fact 1: The convergence in GDP per capita of an average Visegrad-4 country
to the average of the EU15 attained 1 percent a year on average over the
decade.

Fact 2: An increase in export to GDP ratio on average over Visegrad-4 countries
attained 2 percent a year over the decade; trade balance, after initial deficit
around 5 percent, has reached balanced position at the end of the decade.

Fact 3: Real exchange rates – also in sub-index of tradable goods – of Visegrad-
4 currencies vis à vis the Euro have been appreciating by an average of
about 3 percent a year2.

Fact 4: The proportion of medium-high and high tech products in total exports
has gained 1.5 to 2 percent a year, see Fabrizio et al. (2007).

We investigate the implications of different modeling assumptions on investment
decisions for capturing the macroeconomic dynamics of the transition economies.
Modeling benchmarks are recent macroeconomic models with advanced trade
features; such as Ghironi and Melitz (2005). This kind of models usually
works with two investment margins: horizontal investments in new varieties
and investment in export eligibility.

However, Dury and Oomen (2007) and Br̊uha and Podpiera (2010) suggest
that the concurrently observed Fact 2 and Fact 3 calls for an extension of
the available framework by changes in quality levels (the vertical investment
margin)3. Both studies basically associate the deficit of the two-country dynamic
general-equilibrium models for explanation of the experience of converging countries
to the implicit assumption that along the transition path products of both
countries have comparable qualities. Indeed, since relatively more goods (Fact 2)
are sold for relatively higher prices (Fact 3), the trend development in Visegrad-4
countries can be only reconciled by a steady improvement in quality of products
(Fact 4).

Therefore, we present a model, which treats various investment decisions
endogenously and, on aggregate, the decisions influence the real exchange rate
and convergence dynamics. The contribution is that (i) we show how to formalize

2The real exchange rate appreciation could be a consequence of unbalanced growth in
productivities in favor of tradable versus non-tradable sectors which is stronger for fast growing
countries. Since the Visegrad-4 countries converge to the developed Western EU countries,
they could be prone to such an effect. However, Égert et al. (2006) presents a survey of 14
studies estimating the Harrod-Balassa-Samuelson effect in Visegrad-4 countries using data for
productivity growth in tradable as well as non-tradable sectors. The average annual effect is
0.7 percent, which is roughly one third of the observed average close to 3 percent annual real
exchange rate appreciation in the region during 1995-2005.

3An increase in product quality enables to export products at higher prices, which is
compatible with the structural (equilibrium) real exchange rate appreciation. Hallak and
Schott (2008), Cincibuch and Podpiera (2006), and Fabrizio et al. (2007) document an
average 4 percent annual increase in relative product quality in the CEE countries compared
to various benchmarks during 1989-2004. This is consistent with the increasing proportion of
high-tech production in export of Visegrad-4; approx. 2 percent annually between 1995-2005.
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Figure 1: Stylized facts
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various kinds of investments in a rigorous framework of the dynamic general
equilibrium and (ii) we explain their role for macroeconomic dynamics.

The comprehensive two-country modeling framework is formulated with the
purpose of capturing long-run trends in main macroeconomic variables of a
converging economy. Thus, contrary to the usual practice of applied DSGE
models, which attempt to characterize the short-run fluctuations around a
steady state or around an exogenously given development trajectory, the proposed
model yields a long-run trajectory of convergence of asymmetric countries. Since
the stress is on the long-run trends, the model is formulated as a dynamic
perfect-foresight model.

The rest of the paper is organized as follows: Section 2 describes the model,
Section 3 highlights features of the proposed model by contrasting them with
an alternative setup. Section 4 concludes.Appendix A contains a detailed
derivation of the model. Moreover, there are two Electronic Appendices related
to the paper: Electronic Appendix B discusses the numerical methods for model
simulation, while Electronic Appendix C describes the model extension by the
elastic labor supply. The two electronic appendices can be downloaded from
http://www.koltech.cz/english/data/JEDC ElAp.pdf.
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2. Description of the Model

There are two countries that are modeled in discrete time that runs from
zero to infinity. Each country is populated by a representative competitive
household who has recursive preferences over discounted streams of momentary
utilities. The momentary utility is derived from consumption. The production
takes place in heterogenous production entities called firms.

2.1. Firms
In the domestic country, there is a large number of firms, which are owned by

the domestic household. In each period there is an unbounded mass of potential,
ex-ante identical, entrants. Each entrant has to pay the fixed entry cost c; the
cost is paid in terms of the aggregate consumption bundle. The actual number
of entrants is determined by the zero-profit condition.

Firms differ ex-post entry by an idiosyncratic variation of total factor productivity:
when a firm enters, it draws a shock z from a distribution G(z). At the end
of each period, there is an exogenous probability that a firm is hit by an exit
shock. This probability is δ and is assumed to be independent of aggregate as
well as individual states. Hit firms shut down.

The production of a firm is characterized by two features: physical quantity
x and the product quality h. If the firm j wishes to produce its product
with the quality level hj , it has to pay the fixed quality investment at the
level hj . Similarly to the entry cost, the quality investments take the form
of the aggregate consumption bundle. The quality choice is a once-and-for-all
decision undertaken at the entry time (but after the idiosyncratic productivity
is revealed).

In addition to the quality input h, the production requires a variable input
–labor l. The production of the final bundle qjt can be described using the
neoclassical production function f and the firm’s total factor productivity Atzj ,
qjt = zjAtf(hj , ljt). The quality of the final bundle is hj , and therefore the
physical quantity is given simply as xjt = qjt/hj . Such a distinction between
the final bundle (quality included) and the physical quantity is standard in the
literature; e.g., Young (1998). We explicitly distinguish the quality-quantity
bundle from the physical quantity, since the explanation for the observed real
exchange rate appreciation is based on a dichotomy between quality-adjusted
and -unadjusted prices. This feature conciliates increasing external competitiveness
with appreciating real exchange rate4.

The production is affected by the level of firm’s total factor productivity
Atzj , which has two components: (a) an idiosyncratic component zj , which is
i.i.d. across firms and which follows the distribution G(z) introduced above,

4The quality investment is an endogenous decision and is in our model driven by demand
factors. First, as the converging economy becomes richer, its consumers demand higher-quality
goods and second, exporters need to invest into quality to compete with firms in the advanced
country.

4



and (b) a common component At. Domestic firms enjoy At, while foreign firms
enjoy A∗t .

Firms may export only if a special fixed cost is invested. If a firm at the
entry time decides to invest the fixed export cost, then it becomes eligible
to export in all subsequent periods, otherwise it is never eligible to export.
Therefore, we call such firms exporters, while the other firms non-exporters. A
unit iceberg exporting cost, ς, represents transportation cost, policy barriers
such as tariffs, while the fixed cost may represent expenditures associated with
acquiring necessary expertise, such as legal, business, or accounting issues of the
foreign market. The fixed export cost is again paid in terms of the aggregate
consumption bundle and is denoted as cx > 0. This assumption implies, as in
Melitz (2003), that in equilibrium there is a cut-off productivity value z such
that firms with lower idiosyncratic productivity zj < z will not invest to become
eligible to export, while firms with a sufficiently high productivity level zj ≥ z
will do.

To ease reading the paper, we introduce the following convention. Countries
are distinguished by the * superscript: domestic country’s variables are without
*, while foreign country’s variables do have one. The good produced by a firm
located in the destination market is denoted by the superscript d, while goods
imported are denoted by the superscript m. Thus pd

jτt will denote the time t
price of a good produced by a vintage τ firm j located in the domestic country
and sold to the domestic market; pm

jτt is the time t price of a good j imported to
the domestic market from the foreign country; while pm∗

jτt would be a price of a
good exported from the domestic country to the foreign household. We further
assume that prices are denominated in the currency of the market, where the
good is sold.

The quality investment is a sunk cost as well as the fixed export cost set
at the time of entry, while labor can be freely adjusted. Given a realization
of the productivity shock zj , the probability of the exit shock δ, and a chosen
production plan, the value of a firm is determined by the expected present value
of the stream of profits.

Let P
e
jτt denote the t-period real operating profit of a domestic exporter of

vintage τ enjoying the idiosyncratic productivity zj , and be given as follows:

P
e
jτt =

[
κt

pd
jτt

Pt
+ (1− κt)

ηt

1 + ς

pm∗
jτt

P ∗t

]
Atzjf(hjτ , ljτt)−Wtljτt,

where 0 ≤ κt ≤ 1 is the output share sold in the domestic market5; Pt is
the domestic price level; P ∗t is the foreign price level; ηt is the real exchange
rate, which is linked to the nominal exchange rate st as ηt = stP

∗
t /Pt; ς ≥ 0

represents the unit iceberg exporting costs; Wt is the real wage; and ljτt is

5We show in Appendix A (Lemma 1) that in the equilibrium, all domestic exporters export
at a particular date t the same share of its production to the foreign market, regardless their
vintage τ or productivity j. Therefore, we shall simply write κt instead of κjτt. The vintage
and productivity only determine whether a particular firm is an exporter or not.
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the labor demand of the firm. Similarly, the real operating profit of a domestic
non-exporter is given as follows:

P
n
jτt =

pd
jτt

Pt
Atzjf(hjτ , ljτt)−Wtljτt.

Analogous definitions apply to the foreign firms as well.
Products of firms of different vintages have different quality levels (since

incentives to invest in quality differ as macroeconomic conditions change), and
that is why P

e
jτt, P

n
jτt, pd

jτt, and qd
jτt will be, in general, different.

We assume that firm’s managers maximize the expected discounted stream
of profits. Thus, the value of the profit stream of the domestic firm of vintage
τ , enjoying the idiosyncratic productivity level zj , is (in real terms):

Vτ (zj) = max
1x

j ,hjτ ,{lτ},

∞∑
t=τ

(1−δ)t−τμt
τ

[
1x

jτP
e
jτt + (1− 1x

jτ )Pn
jτt

]
−(c+1x

jτ cx+hjτ ),

(1)
where 1x

j is the indicator of exporters (i.e., 1x
j = 1, if the firm j is an exporter

and 1x
j = 0 for non-exporters), and the effective discount factor is given as

(1− δ)τ−t
μt

τ , where μt
τ is the marginal rate of intertemporal substitution between

dates τ and t . The rate of the intertemporal substitution is defined in Subsection
2.2. The value of the foreign firm is defined analogously.

Note that prices such as pd
jτt are prices of the final quantity-quality bundles

and therefore derived indexes Pt, P ∗t , and ηt are related to aggregations of
these final bundles. The prices related to physical quantities are then given by
℘d

jτt ≡ hjτpd
jτt. The discussion about distinct role of prices per quality-quantity

bundle and that of prices defined on physical quantities is left to Subsection 2.3.

2.1.1. Market Structure
The final good Q in the domestic country is composed of a continuum of

quality-quantity bundles (goods), some of which are produced in the domestic
country and some are imported. There is an imperfect substitution among these
goods, which is modeled using the standard constant-elasticity-of-substitution
(CES) function with the parameter θ > 1. The aggregate good in the domestic
country is defined as:

Qt =

⎛⎝∑
τ≤t

(1− δ)t−τ

[
nτ

∫
qd

θ−1
θ

jτt dG(j) + n∗τ

∫
1x∗

jτ qm
θ−1

θ

jτt dG(j)
]⎞⎠

θ
θ−1

,

where nτ is the number of domestic entrants, who enter the market at time
τ . At time t, only (1 − δ)t−τnτ of such entrants survive. The final good in
the foreign country is defined analogously. The market structure implies the
following definition of the aggregate price index:

Pt =

⎛⎝∑
τ≤t

(1− δ)t−τ

[
nτ

∫
pd1−θ

jτt dG(j) + n∗τ

∫
1x∗

jτ pm1−θ

jτt dG(j)
]⎞⎠

1
1−θ

, (2)
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where pjτt is the time t price of products of the vintage τ of the firm j. The
pricing decisions of firms are described by the subsequent equations below. Note
that the final good Qt represents both physical quantities as well as qualities
and that the price indexes Pt and P ∗t aggregate both: available quantities and
qualities. In that sense, these are quality-adjusted price indexes. See section
2.3 for more discussion.

2.1.2. Optimal Production Plans
We derive optimal production and investment plans using backward induction

for general neoclassical production function. The parametric example of model
equations for the Cobb-Douglas production function is given in Appendix A.
We present the derivation for a domestic firm, which is easily generalized for a
foreign firm.

Let us assume the problem of maximizing the value of a domestic firm. Since
there are no labor adjustment costs, labor decisions are made on a period-by-
period basis. Standard results of monopolistically competitive pricing suggest
that prices are set as a mark-up over marginal costs. Simultaneously with prices,
firms decide κt.

Now, let us take the perspective of a non-exporter of vintage τ and common
productivity level At. Its real operating profit P

n
jτt in a period t is given –

conditional on non-exporter status, common productivity, and idiosyncratic
productivity zj , as a solution to the following program:

P
n
jτt = max

ljt

{
pd

jτt

Pt
Atzjf(hjτ , ljt)−Wtljt

}
. (3)

Similarly, the real operating profit of an exporter of vintage τ in a period t,
P

e
jτt, is given by:

P
e
jτt = max

ljt

{(
κt

pd
jτt

Pt
+ (1− κt)

ηt

1 + ς

pm∗
jτt

P ∗t

)
Atzjf(hjτ , ljτt)−Wtljτt

}
. (4)

The expected present value of the stream of operating profits is given as

follows: P
ξ
jτ =

∞∑
t=τ

μt
τ (1 − δ)t−τ

P
ξ
jτt, with ξ ∈ {n, e}. The expected present

values depend on idiosyncratic productivity zj , quality investment hjτ , and the
future path of productivities, real wages, and demands. The optimal investment
decision of a firm, which enjoys a productivity level zj , maximizes the value of
the firm, which is given as Vξ

τ (hjτ |zj) = P
ξ
jτ −

(
c + 1x

jτ cx + hj

)
, for ξ ∈ {n, e}.

The maximization of Ve
τ (hjτ |zj) (resp. Vn

τ (hjτ |zj)) yields the optimal demand
for quality investment for exporters (resp. non-exporters), and the value of the
firm is:

V ξ
τ (zj) = max

hjτ≥0
Vξ

τ (hjτ |zj),

where ξ ∈ {e, n}. The value functions V n
τ (zj), V e

τ (zj) implicitly define the
cut-off value z, which is the lowest idiosyncratic shock, which makes the export-
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eligibility investment profitable. Thus, it is defined as

zτ = arg min
zj

(V e
τ (zj) ≥ V n

τ (zj)).

The value of a firm is given by

Vτ (zj) = max
ξ∈{n,e}

V ξ
τ (zj) =

{
V e

τ (zj) if zj ≥ zτ

V n
τ (zj) if zj < zτ

,

and the expected value of a new entrant Vτ is:

Vτ =
∫ zu

zL

Vτ (z) G(dz). (5)

This completes the backward induction.
The optimal production plan derived above induces a measure over firms.

Denote by P̃τt the t-time expected6 real operating profit of a domestic firm,
which enters in time τ , P̃τt =

∫ zu

zL
Pjτt G(dz), and the expected real investment

cost under such measure by c̃τ , then:

Vτ =
∑
σ≥0

μτ+σ
τ (1− δ)σ

P̃τ,τ+σ − c̃τ ,

where the expected real investment cost consists of three terms:

c̃τ = c + cx(1−G(zτ )) + h̃.

The first term is the fixed entry cost c paid by all entrants prior the entry; the
second term cx(1−G(zτ )) is the expected export-eligibility cost (recall that only
firms with zj ≥ zτ pay the cost). And the final term h̃ is the expected quality

investments, given by: h̃ =
zτ∫
zL

hopt,n
jτ G(dz) +

zU∫
zτ

hopt,e
jτ G(dz).

2.2. Households
The domestic as well as foreign country is populated by a representative

competitive household who has recursive preferences over discounted stochastic
streams of period utilities. The period utilities are derived from consumption
of the aggregate good. Leisure does not enter the utility, so labor is supplied
inelastically7. The aggregate labor supply in the domestic country is L, while
L∗ is the aggregate labor supply in the foreign country. Households can trade
bonds denominated in the foreign currency.

6This expectation is taken with respect to the measure given by the optimal production
plan.

7We consider the model extension with elastic labor supply in an electronic appendix.
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The domestic household maximizes

max U =
∞∑

t=0

βtu(Ct),

subject to

Bt = (1 + r∗t−1)Bt−1 +
−1
ηt

(Ct −WtL) +
1
ηt

(Ξt − c̃tnt)−
ΨB

2
B2

t + Tt, (6)

where Bt is the real bond holding of the domestic household; Ct is consumption;
r∗t−1 is the real interest rate on the internationally traded bond; ΨB represents
portfolio adjustment costs, as in Schmitt-Grohe and Uribe (2003) to stabilize
the model8; and Tt is the rebate of these costs in a lump-sum fashion to the
household. The flow of real operating profits from all domestic firms is denoted
as Ξt and is given by:

Ξt =
∑
s≤t

(1− δ)t−s
nsP̃s,t.

Because of the law of large numbers and of perfect foresight, the ex-ante expected
values of the key variables for household decisions (such as the investment cost
or profit flows) coincide with ex-post realizations.

The first-order conditions for the domestic household are standard ones:

(1 + ΨBBt) =
ηt+1

ηt
(1 + r∗t )μt+1

t , (7)

c̃t =
∑
v≥0

(1− δ)v
μt+v

t P̃t,t+v, (8)

along with the transversality condition lim
t→∞Bt+1 = 0, and where the marginal

rate of substitution is defined as usual by :

μt2
t1 ≡ βt2−t1

u′(Ct2)
u′(Ct1)

.

Equation (7) determines the bond holding, and equation (8) is the expected
zero-profit condition, which determines the number of new domestic entrants
nt.

It is worth noting that although there is an idiosyncratic variance at the
firm level, the model is deterministic at the aggregate level, thus the dynasty
problem is deterministic too. Therefore the marginal rate of substitution does
not involve the expectation operator. The household problem in the foreign
country is defined symmetrically.

8In a strict sense, the model is stable even without portfolio adjustment costs (i.e., under
ΨB = 0). The model is deterministic and therefore it would not exhibit unit-root behavior
even under ΨB = 0. Nevertheless, if ΨB = 0, then the model would exhibit steady state
dependence on the initial asset holding. Therefore we use nontrivial adjustment costs ΨB > 0
to give up the dependence of the steady state on the initial asset holding.
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Bonds are denominated in the foreign currency9. The international bond
market equilibrium requires that Bt + B∗t = 0.

To summarize, the timing proceeds first with the entry of prospecting entrants
in both countries. Then, each new entrant draws a productivity level from
the distribution G and decides the quality of its production hjτ and whether
to invest for export eligibility. Then, labor demand and production (of both
entrants and incumbents) take place. At the end of the period, some firms
experience the exit shock and shut down.

2.3. Notes on Price Indexes
The prices pjτt and the corresponding price indexes Pt and P ∗t are quality-

adjusted. Therefore, the real wages Wt and W
∗
t and the real exchange rate ηt

are measured in terms of quality-quantity bundles. These measures correspond
to real-world price indexes only if the latter are quality-adjusted perhaps using
a hedonic approach, which is rarely the case for transition countries (see Ahnert
and Kenny, 2004, p. 28). To get indexes closer to real-world measures, we have
to define aggregate indexes over ℘jτt. We denote such indexes as Pt and P∗t .

The quality-unadjusted price index should satisfy the aggregation consistency,
i.e., the aggregate expenditure (measured in quality-unadjusted prices) PtQt

should be equal to the aggregation of the individual (quality-unadjusted) prices.
Therefore, the quality-unadjusted price index should be defined as follows:

Pt =

∑
τ≤t(1− δ)t−τ

[
nτ

∫ zU

zL
qd
jτt℘

d
jτt dG(j) + n∗τ

∫ zU

zτ
qm
jτt℘

m
jτt dG(j)

]
Qt

.

The algebraic form of the quality-unadjusted price index (in terms of productivities
At, A∗t , and aggregates Qt, Q∗t , Pt, P ∗t , Wt, W

∗
t ) is given in Electronic Appendix

B.2.
Nevertheless, Pt might differ from the CPI-based real-world indexes by one

more term. The market structure based on the CES aggregation implies the
love-for-variety effect, which means that the welfare-theoretical price index
differs from the ‘average’ price (CPI-based) index by the term ν

1
θ−1 , where

ν is the number of available varieties and θ is the parameter of substitution in
the CES function (see (Melitz , 2003) for definition and derivation). Therefore,
we distinguish the following two definitions of the real exchange rate:

Quality-adjusted theoretically-consistent RER , ηt, is the real exchange
rate, which enters the decisions of agents in the model.

9The bond is real, which also means that the unit of foreign currency is equivalent to
the unit of the foreign consumption bundle. In a stochastic model with incomplete markets,
the denomination of bonds may have real (redistributive) effects. This is not an issue here
as the exchange rate is not influenced by non-fundamental factors, such as noise traders or
risk-premium shocks.
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CPI-based (quality-unadjusted) RER is the closest counterpart of the measured

real exchange rate and is defined as
(

ν∗t
νt

) 1
θ−1 P∗t /P∗t

Pt/Pt
ηt.

The quality-adjusted theoretically consistent real exchange rate ηt depreciates
for the transition country during the convergence due to the downward-sloping
demand curve. On the other hand, the CPI-based RER index may appreciate
under some conditions, see Section 3 for discussion and intuition.

The number of available varieties in the domestic country can be written as:

νt =
∑
τ≤t

(1− δ)t−τnτ +
∑
τ≤t

(1− δ)t−τ (1−G(z∗τ )) n∗τ ,

where the first term is the number of domestic firms of different vintages existing
at time t, while the second term is the number of exporters in the foreign country
existing at time t. The analogous formula holds also for the number of varieties
in the foreign country.

2.4. General Equilibrium
The general equilibrium is defined as a time profile of prices such that all

households optimize and all markets clear.
The aggregate resource constraint is given as follows:

Ct + ntc̃t = Qt, (9)

the labor market equilibrium requires:∑
τ≤t

(1− δ)t−τ
nτ

∫ zU

zL

ljτt dG(j) = L, (10)

where ljτt is the labor demand by individual firms, and L is the aggregate,
inelastic, labor supply. Analogous market clearing conditions hold in the foreign
country.

The international bond market equilibrium requires that

Bt + B∗t = 0. (11)

The last equilibrium condition is the balance-of-payment equilibrium, which
requires that:

Bt+1 = (1 + r∗t )Bt + Xt, (12)

where Xt is the value of net real exports of the domestic country expressed in
the foreign currency.

A more involved task is to simulate the transition dynamics, because the
model is effectively a vintage type model. However, if we rewrite the model in
the recursive form (the full set of equations of the model in the first-order form
is available in Electronic Appendix B), then a variety of efficient methods can
be used to simulate the model.
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2.5. Steady state
The steady state is the long-run equilibrium and it is obtained when exogenous

parameters (particularly A and A∗) are constant for a sufficiently long period
of time. The speed of convergence to the steady state is influenced mainly by
parameters β and δ.

The steady state is characterized by a number of features. The most important
(and intuitive) ones include:

• Zero bond holding Bss = 0, which is due to adjustment costs ΨB .

• Constant quantities and prices.

• The steady-state effective discount rate reads as 1
1−β(1−δ) and the steady-

state interest rate rss = β−1 − 1.

• The zero net foreign asset positions implies that the net exports are zero
as well.

3. Inquiry on Model Dynamics

We make use of the model introduced in the preceding sections to inquire
whether the vertical investment margin is a necessary component for a consistent
explanation of the key stylized facts of converging economies (represented by
the real exchange rate, GDP per capita, trade balance development, and the
external debt). The vertical investment margin is alternatively switched on
and off by alternative model’s calibration and taking limits to the expressions,
where necessary. The model with active vertical investment margin is labeled as
Benchmark, while the model without vertical margin is labeled as Alternative.
The comparison of the two model simulations yields our argument.

3.1. Calibrating the Model
We assume that the small and less developed economy experiences an exogenous

convergence of the domestic total factor productivity to the level of its large and
developed counterpart: At → A∗. After the convergence is reached At = A∗,
both economies converge to the steady state; the speed of convergence to the
steady state is determined mainly by parameters β and δ. The majority of
parameters are calibrated in accordance with the choice by Ghironi and Melitz
(2005). The calibration for the Benchmark and the Alternative differs in the

vertical investment margin calibration.
The simulation experiments are carried out under the Cobb-Douglas production

function for production of the quality-quantity basket f(k, l) = kαl1−α, the
constant-relative-risk-aversion momentary utility function u with the parameter
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of the intertemporal rate of substitution ε, and the uniform distribution10 for
G(z). More details about functional forms and their implications are given in
Appendix A.

In the parametrization we assume two countries that have liberalized current
and financial accounts of the balance of payments: free debt securities trading,
on which is levied a portfolio adjustment cost of ΨB = 0.025 (a value similar
to (Ghironi and Melitz , 2005)). The trade liberalization is represented by
a low value of transaction costs (ς = 0.05) and the calibration of the export
eligibility cost cx/c = 1.235 is similar to that of Ghironi and Melitz (2005). The
values of c is calibrated to reflect the consumption-to-absorption and investment-
to-absorption ratios observed in the data for the CEE countries (the Czech
Republic, Slovakia, Hungary, and Poland). These ratios (both in the data11

and in the model) are about 70% and 30%, respectively.
In both countries there is an average mark-up over marginal cost of 28

percent, which falls into the conventional calibration range in the literature.
Standard macroeconomic models, such as Rotemberg and Woodford (1992),
use θ = 6, while Ghironi and Melitz (2005) opt for a value of 3.8 (based on
empirically found mark-ups for the U.S. by Bernard et al. (2003). Since the
difference in the two mentioned models is in the presence or absence of entry
cost, the interpretation of the average vs. marginal costs is crucial. While the
mark-up over average and over marginal cost are equal in the model without
entry cost, the model with entry cost has different mark-up over marginal and
over average cost. Consequently, a model with entry cost and lower θ would
correspond to the same mark-up over average cost in a model with higher θ and
without entry cost. Based on the evidence of mark-ups over average costs in
the Czech Republic, provided by Podpiera and Raková (2008), in the range of
15-20 percent, we set the elasticity of substitution at 4.5.

The calibration of the extent, to which the quality investment influences the
production of quality-quantity basket, i.e., the parameter α, is set to 0.35 for
the Benchmark and zero for the Alternative model. The former value is based
on the calibration experiments with regard to the pace of the real exchange
rate development in the CEE countries during 1995-2005. The choice of the
elasticity of intertemporal substitution ε and the discount factor β are based
on conventional calibration in the literature, i.e., 2 and 95 percent, respectively,
which is an annual equivalent to the quarterly calibration in Ghironi and Melitz

10Microeconomists usually use other distributions than uniform for modelling the
distribution of productivities across firms. The usual choice is the Pareto distribution. This
practise is followed by Ghironi and Melitz (2005). The problem with the Pareto distribution is
that it restricts the parameter θ, since for large values of θ, the value of a new entrant may not
be bounded (due to the shape of the Pareto distribution). That is why we use a distribution
with the bounded support (i.e. uniform). Moreover, the uniform distribution shares some
useful properties with the Pareto distribution (the both distributions are preserved under
truncation).

11Note that when dealing with the absorption in data, we divide the government
consumption into consumption and investments. This is necessary for comparison of the
model with data, since the model abstracts from the public sector.
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(2005). The annual exit rate for companies δ is 10 percent, which is the number
used by Ghironi and Melitz (2005).

The simulations run from 1995 to 2100. It is assumed that by 2040 the
convergence is completed, i.e. by 2040 the difference in total factor productivity
is negligible. Years beyond 2040 are simulated in order to settle the model in
the steady state. Table 1 provides an overview of calibrated parameters.

Table 1: Model’s Parametrization
Parameter Benchmark Model Alternative Model

Model with quality investment Model without quality investment
α 0.35 0
θ 4.50 4.50
β 0.95 0.95
δ 0.10 0.10
ς 0.05 0.05
ε 2 2
cx 0.25 0.25
c 1.0 1.0
ΨB 0.025 0.025
A∗ 1 1

The TFP of the converging economy At grows according to the logistic curve
At = A∗ 1+m exp(−(t−1995)/ι)

1+n exp(−(t−1995)/ι) , with the following numerical values: m = 7.5 (for
the Benchmark model), m = 6.5 (for the Alternative model), n = 11, and ι = 5.
These values imply that the initial total factor productivity of the converging
economy reaches a slightly more than 60% of the value of the advanced country.
This is motivated by the initial position of a typical transition country from the
CEE. Note that the parameter m differs in the two model versions; the reason
for this calibration is to obtain the identical initial conditions for the output
ratio.

3.2. Simulation results
The output of the simulations for both the Benchmark and the Alternative

model is displayed in Figure 2 and is represented by a set of five variables:
the ratio of per capita GDP in the less developed country over that in the
developed counterpart, an index of the welfare-theoretical real exchange rate ηt,
the empirical real exchange rate (the index of the quality-unadjusted CPI-based
real exchange rate), trade balance (as a percentage of the converging country
GDP), and external debt of the converging country, i.e., its international bond
holding position (expressed in a percentage of the converging country GDP).

In the Benchmark model, the convergence of the less developed country is
characterized by halving the gap between GDP per capita within 15 years,
empirical exchange rate appreciation by 40% by the end of convergence, and
the welfare-theoretic real exchange rate depreciation by 2.5%. The initial trade
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balance deficit, reaching the lowest level of 5.7%, is turning subsequently into
surplus of roughly 5% in 15 years. And finally, the temporary accumulation of
debt to GDP ratio towards the size of 60% is gradually reduced later.

In a comparison of the Alternative to the Benchmark, the absence of the
quality investment in the Alternative causes a slightly faster closure of the
convergence gap; the half of the gap is reached in roughly 13 years. However, the
empirical real exchange rate appreciates very negligibly (which suggests that the
effect of new varieties is rather small) and the real exchange rate depreciates by
roughly 2.5%. The major effect comes again from the consumption smoothing
mechanism during the convergence in perfect foresight models. In particular,
the dynamics of the trade balance exhibits similar pattern as in the Benchmark.

The simulation results for the Benchmark and the Alternative reveal that
the introduction of the vertical investment does not change significantly the
dynamics of other variables, but implies a significant appreciation of the empirical
real exchange rate for the converging economy. It follows that in order to
explain concurrently observed Fact 1, 2, and 3, stated in Introduction, one
needs to extend the standard framework with the vertical investment margin
(documented in Fact 4).

Figure 2: Simulation results
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3.3. Sensitivity analysis
We start with the parameter ΨB , which does not influence the steady state

(and therefore the long-run exchange rate appreciation), but significantly affects
the transitory dynamics. Its larger value than chosen would reduce consumption
smoothing and therefore the debt accumulation and trade imbalances would be
lower during the convergence. The transition dynamics is influenced also by
the parameter of the intertemporal substitution ε (lower values than chosen
mean lower incentives to smooth consumption), β (higher values than chosen
increase patience and therefore reduce the debt accumulation by the converging
economy), and δ (higher values speed up the convergence process since old
vintages are being rapidly replaced by new vintages).

The ‘openness parameters’ (fixed costs cx and iceberg costs ς) impact the
real exchange rate appreciation by reducing the extent of both ‘endogenous’
Harrod-Balassa-Samuelson effect as well as the quality channel. In fact, if the
converging economy is more open at the beginning of the transition, then its real
exchange rate is relatively stronger compared to the situation of initially less
open transition economy. Therefore, there is lower scope for the real exchange
rate adjustment in an initially more open converging economy.

And finally, the parameter of intratemporal substitution θ affects the exchange
rate dynamics as follows: low values of θ (i.e. low substitution) increase the love-
for-variety effect of the CES utility function, which means that the empirical
real exchange rate appreciation would be somewhat stronger even for the model
without quality investment (Alternative model). Still, even an extreme calibration,
such as θ = 3, would not make the love-for-variety effect on the empirical real
exchange rate strong enough to replicate the real exchange rate appreciation
observed in Visegrad-4 countries.

4. Conclusion

In this paper, we describe an extension of two-country models in the literature
for quality investment decision and show that such an extension is necessary for
a consistent explanation of key macroeconomic variables in transition converging
economies. The major conceptual difference from the current literature stems
from modeling the explicit decision about investment in quality in two countries,
which are unequally developed. From the technical point of view, the difference
in the modeling approach, compared to the literature, is in the use of dynamic
simulations for solving the model.

The paper presents simulations for two alternative models. First, a rather
standard two-country model, in which only investment in varieties and export
eligibility is considered. Such a model is shown to generate dynamics in many
macroeconomic variables, which matches the data quite well. Nevertheless,
the dynamics in the real exchange rate is very subdued. Consequently, it, by
far, misses the dynamics observed in Visegrad-4 countries. The second model,
which embraces the endogenous decision about investment in quality, is shown
to perform equally well in matching macroeconomic variables but, in addition,
it also matches well the real exchange rate development.
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As it follows from the results, the proposed extension is of crucial importance
for consistent explanation of the macroeconomic developments in the Visegrad-4
region. Bringing the real exchange rate in line with the other macroeconomic
variables (such as export performance) offers a reconciliation of the recent
puzzle of the limited effect of the real exchange rate appreciation on external
competitiveness in transition countries.
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Appendix A. Detailed Derivation of the Model

In this part of the paper, we derive the main model equations for particular
functional forms of the production function, utility function, and investment cost
functions. In particular, we use the Cobb-Douglas production function f(k, l) =
kαl1−α for the production of the quality-quantity bundle. The momentary
utility function is parameterized using the common constant-relative-risk-aversion
form u(C) = (1 − ε)−1C1−ε, with the parameter of intertemporal substitution
ε.

The short-run cost function associated with the Cobb-Douglas production
function is given as follows:

C(q, Wt, At, zj , hjτ ) = Wt

[
q

Atzjhα
jτ

] 1
1−α

.

First, we derive the maximizing behavior of non-exporters12. The period
t supply decision of a vintage τ non-exporter, who enjoys the productivity zj ,
and who has invested in the product quality hjτ , is a solution to the following
program13:

max
qd

jτt

{[
qd
jτt

] θ−1
θ Q

1
θ
t − C(qd

jτt, Wt, At, zj , hjτ )
}

.

12We derive expressions only for domestic firms. The expression for foreign firms are easily
derived analogously.

13Note that this program is equivalent to the program (3). The reason is that the quality
level hjτ and the export-eligibility status has been already decided. Therefore the problem
of the output choice qjτt is perfectly equivalent to the choice of the only variable input
(labor) ljτt. In the derivation, we use the properties of the CES market structure: the real

turnover is
pd

jτt

Pt
qd
jτt =

(
qd
jτt

)−1
θ

Q
1
θ
t qd

jτt =
(
qd
jτt

) θ−1
θ

Q
1
θ
t by the residual demand function:
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A simple algebra yields the optimal supply:

qd
jτt =

([
θ − 1

θ
(1− α) W

−1
t

[
Atzjh

α
jτ

] 1
1−α

]θ

Qt

) (1−α)
α(θ−1)+1

,

and the optimal labor demand:

ljτt =

[
qd
jτt

Atzjhα
jτ

] 1
1−α

=

([
θ − 1

θ
(1− α) W

−1
t

]θ [
Atzjh

α
jτ

]θ−1
Qt

) 1
α(θ−1)+1

.

(A.1)
Now, using the CES market structure, it is easy to derive the real turnover:

pd
jτt

Pt
qd
jτt = z

θ−1
α(θ−1)+1
j h

α(θ−1)
α(θ−1)+1
jτ

[
θ − 1

θ
(1− α) W

−1
t A

1
1−α

t

] (θ−1)(1−α)
α(θ−1)+1

Q
1

α(θ−1)+1
t ,

(A.2)
and the real operating profit14:

Pjτt =
pd

jτt

Pt
qd
jτt−C(qd

jt, Wt, At, zj , hjτ ) =W1z
θ−1

α(θ−1)+1
j h

α(θ−1)
α(θ−1)+1
jτ W

−(θ−1)(1−α)
α(θ−1)+1

t A
(θ−1)

α(θ−1)+1
t Q

1
α(θ−1)+1
t .

Second, the optimal production decisions of exporters is derived. The problem
can be characterized as follows (with the definition qjτt = κjτtq

d
jτt + (1 −

κjτt)qm∗
jτt):

max
qd

jτt,q
m∗
jτt

{(
qd
jτt

) θ−1
θ Q

1
θ
t +

(
ηt

1 + ς

)
Q
∗ 1

θ
t

(
qm∗
jτt

) θ−1
θ − C(qjτt, Wt, At, zj , hjτ )

}
.

The solution yields that qd
jτt =

[
θ−1

θ

(
∂C

∂qjτt

)−1
]θ

Qt, and q∗mjτt =
[

θ−1
θ

ηt

1+ς

(
∂C

∂qjτt

)−1
]θ

Q∗t .

Some simple, but tedious, algebraic manipulations yield:

κjτtqjτt ≡ qd
jτt =

[
θ − 1

θ
(1− α) W

−1
t

(
Atzjh

α
jτ

) 1
1−α

]θ
Qt

q
αθ

1−α

jt

,

and

(1− κjτt)qjτt ≡ qm∗
jτt =

[
θ − 1

θ
(1− α)

ηt

1 + ς
W
−1
t

(
Atzjh

α
jτ

) 1
1−α

]θ
Q∗t

q
αθ

1−α

jτt

.

pd
jτt

Pt
=

(
qd

jτt

Qt

)−1
θ

.

14We define W1 ≡
[

θ−1
θ

(1− α)
] (θ−1)(1−α)

α(θ−1)+1 −
[

θ−1
θ

(1− α)
] θ

α(θ−1)+1
=

α(θ−1)+1
(θ−1)(1−α)

[
θ−1

θ
(1− α)

] θ
α(θ−1)+1

.
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This implies that κjτt = Qt

Qt+Q∗t ( ηt
1+ς )

θ . Observe that κjτt does not depend

on individual characteristics of firms: zj and hjτ ; it depends only on relative
tightness of both markets and on the real exchange rate corrected for transport
costs ς. Therefore, we just proved the following Lemma:

Lemma 1: It is never optimal for exporters to export all production and not
to export in a given period. Moreover, the optimal exporting share κt depends
only on the current macroeconomic conditions, and – given the exporting status
of a firm – it does not depend on its vintage or on its productivity.

Thus, we will simply write κt instead of κjτt. Define ξt ≡ Qt +Q∗t
(

ηt

1+ς

)θ

=
Qt

κt
. The total production of eligible firms can be written as follows:

qjτt =
(
zθ

j hαθ
jτ

) 1
α(θ−1)+1

{[
θ − 1

θ
(1− α) W

−1
t A

1
1−α

t

]θ

ξt

} (1−α)
α(θ−1)+1

,

and the optimal labor demand:

ljτt =

[
qjτt

Atzjhα
jτ

] 1
1−α

=

([
θ − 1

θ
(1− α) W

−1
t

]θ [
Atzjh

α
jτ

]θ−1
ξt

) 1
α(θ−1)+1

.

(A.3)
The firms’ real turnovers on the domestic and the foreign markets, respectively
are given by:

pd
jτt

Pt
qd
jτt = z

θ−1
α(θ−1)+1
j h

α(θ−1)
α(θ−1)+1
jτ κ

α(θ−1)
α(θ−1)+1
t

[
θ − 1

θ
(1− α) W

−1
t A

1
1−α

t

] (θ−1)(1−α)
α(θ−1)+1

Q
1

α(θ−1)+1
t ,

(A.4)

(
ηt

1 + ς

)
pm∗

jτt

P ∗t
qm∗
jt = z

θ−1
α(θ−1)+1
j h

α(θ−1)
α(θ−1)+1
jτ (1− κt)

α(θ−1)
α(θ−1)+1

(
ηt

1 + ς

) θ
α(θ−1)+1

×
(A.5)

×
[
θ − 1

θ
(1− α) W

−1
t A

1
1−α

t

] (θ−1)(1−α)
α(θ−1)+1

Q
∗ 1

α(θ−1)+1
t .

Real production costs of exporters read as follows:

Cjt = z
θ−1

α(θ−1)+1
j h

α(θ−1)
α(θ−1)+1
jτ A

(θ−1)
α(θ−1)+1
t W

−(θ−1)(1−α)
α(θ−1)+1

t

{[
θ − 1

θ
(1− α)

]θ

ξt

} 1
α(θ−1)+1

,

thus, the real operating profit in a period t is given as:

P
e
jτt = W1z

θ−1
α(θ−1)+1
j h

α(θ−1)
α(θ−1)+1
jτ A

(θ−1)
α(θ−1)+1
t W

−(θ−1)(1−α)
α(θ−1)+1

t ξ
1

α(θ−1)+1
t .
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Now, we are able to derive the expected present value of profit stream. We
start with an exporter P

e
jτ , whose expected present value satisfies:

P
e
jτ = z

θ−1
α(θ−1)+1
j h

α(θ−1)
α(θ−1)+1
jτ W1

∞∑
t=τ

(1− δ)t−τμt
τA

(θ−1)
α(θ−1)+1
t W

−(θ−1)(1−α)
α(θ−1)+1

t ξ
1

α(θ−1)+1
t︸ ︷︷ ︸

�e
τ

,

(A.6)
while the expected present value of a non-exporter P

n
jτ satisfies:

P
n
jτ = z

θ−1
α(θ−1)+1
j h

α(θ−1)
α(θ−1)+1
jτ W1

∞∑
t=τ

(1− δ)t−τμt
τA

(θ−1)
α(θ−1)+1
t W

−(θ−1)(1−α)
α(θ−1)+1

t Q
1

α(θ−1)+1
t︸ ︷︷ ︸

�n
τ

.

(A.7)
The value of an exporter, who enjoys a productivity level zj , is determined

by quality investment:

Ve
τ (hjτ |zj) = P

e
jτ − (c + cx + hjτ ) ≡ z

θ−1
(1−α)+αθ

j h
α(θ−1)

(1−α)+αθ

jτ �e
τ − (c + cx + hjτ ) ;

and similarly for a non-exporter:

Vn
τ (hjτ |zj) = P

n
jτ − (c + hjτ ) = z

θ−1
(1−α)+αθ

j h
α(θ−1)

(1−α)+αθ

jτ �n
τ − (c + hjτ ) .

If firms’ manager maximizing the value of the firm chooses the following
quality level:

hopt,e
jτ = zθ−1

j

[
α(θ − 1)�e

τ

α(θ − 1) + 1

]α(θ−1)+1

, (A.8)

and the value of an exporting firm is15:

V e
τ (zj) = max

h≥0
Ve

τ (h|zj) = z
(θ−1)
j [�e

τ ]α(θ−1)+1 G − (c + cx), (A.9)

similarly, the value of a non-exporting firm is

V dn
τ (zj) = max

h≥0
Vdn

τ (h|zj) = zθ−1
j [�n

τ ]α(θ−1)+1 G − c, (A.10)

and the optimal investment to quality is:

hopt,n
jτ = zθ−1

j

[
α(θ − 1)�n

τ

α(θ − 1) + 1

]α(θ−1)+1

. (A.11)

15Define G ≡
[(

α(θ−1)
α(θ−1)+1

)α(θ−1) −
(

α(θ−1)
α(θ−1)+1

)α(θ−1)+1
]
, which can be simplified to G =

1
α(θ−1)+1

(
α(θ−1)

α(θ−1)+1

)α(θ−1)
.
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The value functions V n
τ (zj), and V e

τ (zj) implicitly define the cut-off value
z, which is the least idiosyncratic shock, which makes the export-eligibility
investment profitable, i.e. zτ = arg min

zj

(V e
τ (zj) ≥ V n

τ (zj)), which for the

particular parametrization is given as follows:

zτ =

(
cx

G[[�e
τ ]α(θ−1)+1 − [�n

τ ]α(θ−1)+1]

) 1
θ−1

. (A.12)

Note that the definition of the cut-off value is correct, only if the expected
present value of profit is increasing in zj . The proposition below demonstrates
that this is indeed the case:

Lemma 2: The net present value of the stream of exporter’s real operating
profits P

e
jτ is increasing in zj , and similarly for non-exporters. Moreover, for

any zj and τ : P
e
jτ > P

n
jτ .

Proof: The first part of the claim is a direct application of the envelope
theorem. Indeed, the envelope theorem ensures that dP

e
jτt

dzj
= ∂P

e
jτt

∂zj
. By (3) one

obtains that ∂P
e
jτt

∂zj
= θ−1

θzj
[Atzjf(hjτ , ljt)]

θ−1
θ Q

1
θ
t , which is clearly positive for

any finite zj , At, and Qt. Therefore dP
e
jτ

dzj
=

∞∑
t=τ

μt
τ (1− δ)t−τ dP

e
jτt

dzj
=

∞∑
t=τ

μt
τ (1−

δ)t−τ ∂P
e
jτt

∂zj
> 0. The exactly analogous reasoning applies for exporters. This

proves the first part of Lemma. To prove the second part of Lemma, observe that
the exporter can secure at least as high profit as the non-exporter by choosing
κ ≡ 1, and by choosing the same level of the quality investment hjτ . Therefore
P

e
jτ ≥ P

n
jτ . The strict inequality follows from the fact that 0 < κt < 1 by

Lemma 1.
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