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Holm Altenbach - Victor A. Eremeyev

On the bending of viscoelastic plates made of polymer foams

Abstract Considering the viscoelastic behavior of polymer foams a new plate theory based on the direct
approach is introduced and applied to plates composed of functionally graded materials (FGM). The governing
two-dimensional equations are formulated for a deformable surface, the viscoelastic stiffness parameters are
identified assuming linear-viscoelastic material behavior. The material properties are changing in the thickness
direction. Solving some problems of the global structural analysis it will be demonstrated that in some cases
the results significantly differ from the results based on the Kirchhoff-type theory.

1 Introduction

Foams are a very perspective class of materials for modern engineering applications. Metallic and polymeric
foams are more and more used as materials for lightweight structures [9,10,14,16,23-25]. Such structures
are applied in civil engineering, in the automotive or airspace industries since they combine low weight, high
specific strength, and excellent possibilities to absorb energy. The technical realization is mostly performed
as sandwich panels (plates or shells with hard and stiff face sheets and a core layer made of a foam). From
the mechanical point of view, a foam is a very complex material which has many non-classical properties
(for example, some foams have a negative Poisson’s ratio, see [16,20,34] for details). The non-homogeneous
foam itself can be modeled as a functionally graded material (FGM) with “smeared” mechanical properties
changing over the thickness direction. There are two types of metal or polymer foams. One is the closed-cell
foam, while the second one is the open-cell foam. The defining characteristic of the foams is the very high
porosity: typically well over 80, 90 and even 98% of the volume consists of void spaces. Examples of polymer
open-cell and closed-cell foams are presented in Fig. 1.

The analysis of plates and shell structures can be performed on the base of theories deduced by various
approaches. Finally, all theories are presented by two-dimensional field equations. Mostly engineering hypo-
theses about the stress, strain or displacement states in the plate are applied, and one gets some simplifications
of the basic three-dimensional equations. They result in two-dimensional equations connecting the kinematics
with the strains, stating the static equilibria or equations of motion and founding the constitutive relations.
In a similar way applying some mathematical techniques like the power series expansion or the asymptotic
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Fig. 1 Polymer open-cell (/eft) and closed-cell (right) foams

Fig. 2 Non-homogeneous structures: foam (left), thermal coating (right)

integration one can observe the set of two-dimensional governing equations. Note that both approaches have a
unique starting point—the equations for the three-dimensional continuum. In contrast, the direct approach is
based on the straight-forward introduction of two-dimensional equations without any a priori three-dimensional
assumptions. This approach in combination with the effective properties concept allows the global analysis in
all branches of the plate theory (homogeneous, sandwich, laminated, etc.). The different possibilities of the
formulation of plate theories are discussed in [27,31] among others.

Here we present a new theory of viscoelastic plates with changing properties in the thickness direction
based on the direct approach in the plate theory and added by the effective properties concept. We consider
plates made of polymer foams with highly non-homogeneous structure through the thickness (see, for example
Fig. 2). We apply the theory of plates and shells formulated earlier in [1-3,38,39]. A similar approach was
suggested in [33], but homogeneous material behavior was assumed. From the direct approach point of view
a plate or a shell is modeled as a material surface each particle of which has five degrees of freedom (three
displacements and two rotations, the rotation about the normal to the plate is not considered as a kinematically
independent variable). Such a model can be accepted in the case of plates with constant or slowly changing
thickness. For the linear variant the identification of the elastic stiffness tensors considering changing properties
was proposed in [4—6]. Using the techniques presented in these articles the static boundary-value problems for
FGM plates made of metal foams which behave elastically are solved in [7]. Some extensions of the proposed
theory of plates to the case of viscoelastic polymer foams were given in [8].

2 Governing equations

Let us consider for brevity the geometrically and physically linear theory. In addition, we assume plate-like
structures. The basic equations interlinking the strains with the displacements and rotations or stating the
equilibrium (static or dynamic) can be deduced applying hypotheses (like the Kirchhoff’s hypotheses) or
mathematical techniques (like power series expansion). In both cases one gets automatically the expressions
for the constitutive behavior assuming elastic or inelastic material behavior.



A quite different way is given by the direct approach. The starting point in this case is a two-dimensional
deformable surface. On each part of this deformable surface forces and moments are acting—they are the
primary variables. The next step is the introduction of the deformation measures. Finally, it is necessary to
combine the forces and the moments with the deformation variables (constitutive equations). In comparison
with the other approaches such a theory is formulated in a more natural way. But the identification of the
effective properties (stiffness and other parameters) must be realized for each class of plates individually
solving, for example, boundary value problems. The identification of the two-dimensional characteristics is a
non-trivial problem since they must be computed from the three-dimensional parameters applying assumptions
like the introduction of stress resultants (forces and moments) instead the stress tensor components.

2.1 Symbolic representation

Let us introduce the governing equations. The equations of motion are formulated as Euler’s laws of dynamics
[5-71,

V-T+q=pii+pO14, V-M+T,+m=pOlii+pO,. (1)

Here T', M are the tensors of forces and moments, q, m are the vectors of surface loads (forces and moments),
T  is the vector invariant of the force tensor, V is the nabla (Hamilton) operator, u, ¢ are the vectors of
displacements and rotations, ®1, ®; are the first and the second tensor of inertia, p is the density (effective
property of the deformable surface), (...)T denotes transposed and (.. .) the time derivative. The geometrical
equations are given as

w=NVu-a)™, y=Vu-n+c-¢9, k=Vop.

a is the first metric tensor (plane tensor), n is the unit outer normal vector at the surface, c is the discriminant
tensor (c = —a x n), i, y and k are the strain tensors (the tensor of in-plane strains, the vector of transverse
shear strains and the tensor of the out-of-plane strains), (...)*Y™ denotes the symmetric part.

The boundary conditions are given by the relations

v-T=f vM=I1 (I-n=0) or u=u’, ¢=¢" along S. 2)

Here f and [ are external force and moment vectors acting along the boundary of the plate S, while #° and
" are given functions describing the displacements and rotations of the plate boundary, respectively. v is the
unit outer normal vector to the boundary S (v - n = 0). The relations (2) are the static and the kinematic
boundary conditions. Other types of boundary conditions are possible. For example, the boundary conditions
corresponding to a hinge are given by

v-M-t=0, u=0, ¢-t=0. 3)

Here 7 is the unit tangent vector in the tangential plane to the boundary S (z -n =7 -v = 0).

2.2 Basic equations in Cartesian coordinates

Let us assume the Cartesian coordinate system x, x» (in-plane coordinates) and z (orthogonal to the midplane).
Then the unit normal vectors are e, ez and n. With respect to the introduced coordinate system the following
representations are valid:

e Displacement and rotation vectors:
u=uey +urer +wn, ¢=-—pe+ger. “)

uq (@ = 1, 2) are the in-plane displacements, w is the deflection and ¢, are the rotations about the axes ey,
respectively.
e Force and moment tensors:

T =Tee + Tiaerex + exey) + Trerer + Tipen + Trpern,
M = Miejes — Mya(e1e1 — ezer) — Maesey.

&)

T,, Ty, are the in-plane forces, Ty, are the transverse shear forces, M, are the bending moments and M,
is the torsion moment.



e Strain tensors:

n=puieie; + puia(erer +ezer) + uzezer,
Y = yie1 + yez,
K = K1e1ex2 — Kk12e1e] + kp1exer — kreneq.

Wi are the strains, (117 is the shear strain, yy are the transverse shear strains, ky are the bending deformations
and k12 is the torsion deformation.
e External loads:

q =qie1 +qrex +qgpn, m = —mpe| +men. (6)

gy are the in-plane loads, g, is the transverse load, my are the moments.

Now the first and the second Euler’s law and the geometrical relations take the form (quasi-static case):

e First and second Euler’s law:

11+ Tin2+q91=0, Toi+Dho+qp =0, (7.1,2)
Ting+ Tonp +gn =0, (7.3)
Mii+Mpr—Tin+m =0, Mpi+Myy— Ty +my=0. (7.4,5)

e Boundary conditions (for brevity, we present it when S is a part of line x; = const (v = e, T = e2)):
— Static boundary conditions

Ti=fi, To=f, Mi=lL, May=1h (®)

— Kinematic boundary conditions

ur=u), w=ud, w=uw" =9 @ =¢, 9)
— Boundary conditions for a hinge
M =0, uy=ur=w=0 ¢=0. (10)
e Geometrical relations:
n1=uiu, M2 = u22, IBVES %(ul,z-i-uz,l),
Vi=wi+e, y2=wa+ @, (11)
K1 = 1,1, K2 =22, K12 = 92,1, K21 = ¢1.2.

3 Constitutive equations

Polymers near their glass transition temperature behave like viscoelastic materials [11,23-25,32]. That means
that the moduli of the polymers depend on the strain-rate or the time of loading. Thus, a foam made of
such a polymer behaves viscoelastically, too. Experimental investigations of the vicoelasticity of foams were
presented in [16,19]. The two-dimensional constitutive equations of a viscoelastic plate were formulated in
the general form in [2]. A through-the-thickness symmetric structure of the plate and an isotropic material
behavior was considered in [8]. Here we consider the general anisotropic case of two-dimensional viscoelastic
constitutive equations. In this case there follow the constitutive equations for the stress resultants:

e In-plane forces:

T-a=Ap+ Bk + Gy
t t t
= /A(t—r)--[l,(t)dt+/B(t—r)--k(t)dr—i—/)’/(r)-l"l(t—r)dt, (12)

—00 —00 —00



e Transverse shear forces:

T -n=Gy+Ggiun+ Gk
t

1 t

_ / I‘(t—t)~]'/(r)dt+/Fl(t—r)--/l(r)dr—i-/Fz(t—r)~~lé('c)dr, (13)
e Moments:
M = Bu + Ck + Gy
E/,a(t)--B(t—r)dt—i—/C(t—r)n/%(t)dr/)'/(r)-I‘z(t—t)dr. (14)

—00 —00 —00

Here A, B, B, C,G, Gy, G, Ql, C;z, are linear viscoelastic operators, A(t), B(t), C(t) are fourth rank tensors,
"1 (¢), T'2(¢) are third rank tensors, I' (¢) is a second rank tensor which describe the effective stiffness properties
(relaxation functions for the plate). They depend on the material properties and the cross-section geometry.
Using the assumptions that A(t), B(t), etc., do not depend on time with the relations u(—oco) = 0,
k(—oo) = 0, y(—o0) = 0 then from Egs. (12)—(14) we obtain the constitutive equations of elastic plates
presented in [5-7,38].
Let us consider orthotropic material behavior and a plane mid-surface. In this case instead of the general
form of the effective stiffness tensors one gets [5-7,38]
A = Anaiar + Aia(araz + azay) + Axazas + Assasay,
B = Byzaias + Bisajas + Byzaras + Bosaras + Byragan,
C = Cxpazaz + Ci3azas + Cig(azaqs + asasz) + Cagagay,
I' =Tya;+Tay, I'i'=0, T',=0
with
ay=a =eje; +exey, a)=eje; —exer, az=c=ejey —exe|, a4 =ejex+eze|.

e1, ep are unit basic vectors. In addition, one obtains the orthogonality condition for a;,

1 1, i=j, ,
Fdivaj=8ij, dij=qq ;5 (E=1234),
where §;; is the Kronecker’s symbol.
In the case of isotropic and symmetric over the thickness plates the effective stiffness tensors have the
following structure [5-7,38]:

A = Apnaa + Axn(arar +asay), C = Cxnl(arar +asas) + Cizazaz, I' =Ta.

4 Effective properties

For elastic plates the identification of the components of the effective stiffness tensors was proved in [5-7,38].
By the same technique below the analogous viscoelastic stiffness tensor components are computed. Let us
consider the three-dimensional viscoelastic constitutive equations [12,15,18]

t

o= / R(t —1)--é(r)dr (15)
or
1
&= / J(t —1)--0dr, (16)

—00



where o and & are the tensors of stress and strain, R(¢) and J (¢) are the fourth rank tensors of relaxation and
creep functions, respectively.
For an isotropic viscoelastic material Egs. (15), (16) reduce to

t t

o= / Ri(t —v)e(r)dr + / Ro(t — o)Itré(r)dr 17
or
t t
&= / Ji(t —t)sdt + / Jo(t — t)ltro dr (18)

with two scalar relaxation functions R; and R, and two scalar creep functions J; and J which describe the
shear and bulk properties of a viscoelastic isotropic material. I is the three-dimensional unit tensor. In addition,
s and e are the deviatoric parts of the stress and the strain tensors, respectively.

Further we consider two cases:

Case 1 Homogeneous plates—all properties are constant (no dependency of the thickness coordinate 7).

Case 2 Inhomogeneous plates (sandwich, multilayered, functionally graded)—all properties are functions
of z.

That means that in general R and J depend on the thickness coordinate z and on the time 7,
R=R(z, 1), J=J(z1).

In addition, a density function must be considered. Let us assume the simplest case—the density depends only
on the thickness coordinate

po = po(2),

po 1s the density of the three-dimensional solid.
Using the Laplace transform of a function f(z),

s =/f(t)€_”dt,
0

one can write Egs. (15), (16) in the form [12, 18]
6 =sR(s)&, &=sJ(s)G. (19)

Let us consider an orthotropic viscoelastic material. Using the correspondence principle we may write down
the constitutive equations for the Laplace mappings in the following form:

g1 = ;31 — gaz — Uil On,
sEq sE> sE,

&y = Laz — V—izal — 1112 Oy,
sE> sEq sE,

&y = l on — UEGl — vzn(?z,
s_E,, sEq sE, (20)

g2 = 7 ,
sG12

Enl = alll s
sGn1

& = E_Zn
sGop

with vijEj =V E;.



Using the analogy between (19) or (20) and Hooke’s law we can extend the identification procedure
[5,6,38] to the Laplace mapping of the effective relaxation or creep functions, see [2]. The in-plane and the
out-of-plane stiffness tensor components are

— 1 [E|+ Ex+2E vy — 1/ E1—E;
A=+ —— s An={———)
4 1-— V12V21 4\1— V12V21
— 1 [Ei 4+ Ey—2E vy — —
Ap =~ —— . A =(Gn),
4 1 =V
— 1 El +E2 +2E1321 — — 1 El —Ez
Biz=—+ — z), —Bup=Bu=(—"7"7-2).
4 1 —vi2vy 4\1—-vov0 21
— 1 |E|+ Ey—2E vy — —
By = — — z), Byp=-—(Gnz),
4 1 —vovy
_ 1 [E\+E,+2E v — 1/ E,—E
Cop= (2 2222 Cay= (22,
4 1 —v12vp1 4\1—=v12vy
— 1 [E|+ Ex—2E vy — —
Cu =~ —— ), Cxn=(Gnd),
4 1-— Vi2V21
while the transverse shear stiffness tensor components are
I AuCx — B, 1 AuCn — By
= 44C 20 — = 44C 22 —
Fi=-0 4+ ——2, D=0 -H)———= (22)
2 Ay 2 Aga
where A and 7 are the minimal non-zero eigen-values following from the Sturm-Liouville problems
d (- dZ = dz
i (Gan—Z) +A°G12Z =0, e o=t = 0,
~ - (23)
UG, Y% )4 Gz =0 ¥ =0
az lnd—Z +1n°G12Zd =0, Q@ =4 =Y~
h/2
Here ((...)) = / (...)dz, h is the thickness of the plate.
—h/2
In the case of isotropic material behavior one has to set in Egs. (20)
Ei=E,=E,=E(z5s), vi;=vzs), Gin=Gn =G =Tz s)—M
1 2 n ’ ’ L] ’ ’ 12 nl 2n Mz, 2[1 +6(Z’s)]
Instead of (21), (22) the following non-zero components of the stiffness tensors are valid:
e the in-plane stiffness tensor components
P Am— (£ N\ 3 = () (24)
n=s\1-5/) 42=3 1+U_44_'u’

e the coupling stiffness tensor components

E—IF E—IF—E—r) (25)
13 = ) ]_EZ, 24—2 1+_Z = 42 = \Hz2},




e the plate stiffness tensor components

_ 1/ E — 1/ E _
Cs = ), Cu=: 2) =Cxn = (md?), 26
33 2<]_EZ> 44 2<1+EZ> 2 = (uz’) (26)
e the transverse shear stiffness tensor components

T =T =282 74 27)

Agg
with A following from
d (z4% +AmZ =0 dz =0 (28)
az \Maz RE=D g = =5

For the plate which is symmetrically to the midplane the relation B = 0 holds true. The relaxation functions
of the isotropic viscoelastic plate with symmetric cross-section were considered in [8].

The tensors of inertia and the plate density are given by Altenbach and Zhilin [1], Altenbach and Eremeyev
[7], Zhilin [38]

p={p), pOI=—{(ppz)c, p® =0a, ©=/pz’). (29)

Considering the symmetry of the thickness geometry and of the material properties of the plate from (29) one
gets that ®; = 0. O characterizes the rotatory inertia of the cross-section of the plate.

Note that for isotropic viscoelastic material we introduced three functions E(s), (s) and v(s). They are
interlinked by the formula

E =21u(1 + ). (30)

Following [21,22] we use Eq. (30) as the definition of the Poisson’s ratio for viscoelastic material.

In the theory of viscoelasticity of solids the assumption v(#) = v = const is often used. It is fulfilled
in many applications (see arguments in [12,15,37] concerning v(t) = const). For example, v = 1/2 for
an incompressible viscoelastic material. In the general case, v is a function of ¢. v(¢) was considered as an
increasing function of 7 [11,32,37] or non-monotonous function of ¢ [21,22]. The latter case may be realized
for cellular materials or foams. Further we consider the influence of v(¢) on the deflexion of the viscoelastic
plate and its effective relaxation functions.

5 Bounds for the eigen-values

To obtain the dependence of the transverse shear stiffness relaxation function we have to solve Eq. (28). In
the general case, the solution of the spectral problem (28) may be performed numerically. For example, in [7]
the shooting method [35] was used. Let us note that for the viscoelastic plate @ = (z, s). Thus, A = A(s). It
means that for the determination of I'(¢) one has to solve (28) for any arbitrary value of s and with the help of
A = A(s) to find numerically the inverse Laplace transform of I".

Let us find the bounds for the values of A. Introducing a new independent variable ¢ by the formula

z
¢ = / dz
iz, 8)’
—h/2
one can transform (28) to the form (see, for example, [17] for details)
2

&z, dz
w + A% (z, $)*Z = 0, T iz =0. 31)



Here

h/2
d
L=L(s)= / &
n(z,s)
—h)2

Substituting ¢ = ¢ /L, one can transform the spectral problem (31) to the canonical form

2

&2z 5 ., dz
d—g_2+x L(s)*Ti(z, $)*Z =0, @ le=01=0. (32)

The following theorem exists [13]:
Theorem If one has two eigen-value problems

dz

d’z )
+A"HhZ =0, aC ‘{:O,l =0 (33)

d—§_2+)»2f]Z=0,

d’z
de2

with two functions f1(¢) and f2(¢) such that fi < f», then the following inequality holds true .1 > A,. Here
A1 and Ay are the eigen-values corresponding to the functions f1(¢) and f>(¢), respectively.

Applying this theorem to Eq. (32) and using the inequalities pmin(s) < (z, ) < fmax(s), we obtain the
lower and upper bounds of A

P 1) g S (34)
L(s) max (5) L(8) [4min (s)

For a homogeneous plate (min = max = (s), L(s) = h/u(s), and both bounds coincide with each other.

6 Quasi-static behavior of a symmetric orthotropic plate

Let us consider the quasi-static deformations of a symmetric orthotropic plate. In this case Egs. (7.1,2) split
into two parts: the in-plane problem for tangential displacements # and u», and the bending problem for w,
@1 and ¢y, respectively.
The constitutive equations for a symmetric orthotropic plate can be given as follows:
Ty =s(An+2An+An)m +s (Al — An) Iy,
Ty =s(An—An) i +s (A — 2412+ An) Iy,
Ty = 25Aufiyy,
Tin =s(T1+T2) v, Ton=s(T1—T2)7s, (35)
M =5 (C33—2C34+ Cag) K1 +5 (C33 — Cag) 2,
M> =5(C33 — Cas) K1 +5(C33 +2C34 + Can)ica,

My = sCo (K12 +K21) .
In Cartesian coordinates with the geometrical relations (11) Eqgs. (7.1,2) reduce to the form

s (A +2A10n+ An) i1 +5 (A — An) a1 + 5Ass (121 +2,11) + 71 =0,

B S = (36)
s (A —An)uii2+s (A —2A1 + Axn)uzm + sAwu (U122 + U2,12) + 4, = 0.

Equation (7.3) has the following form:

Tr+T)wu+ T —T2)wa+ (Ti+T2) @, + (T —T2) @0 +¢,/s =0. (37)



Equations (7.4,5) result in

111 +5(C33— Cas) @201

5(C33 —2C3 +Cua) @
)@ —s (C1+T2)w, +m =0,

+ S€22 (EI,ZZ +¢2,12) — S (F] +F2
B . . . (38)
5 (C33+2C34 + Cas) 200 + 5 (C33 — Caa) @1 12

+5C2 (@101 +@2.11) —s(T1—T2) @ —s (T1 —T2) w4+, = 0.

Let us eliminate the functions @ and ¢, from Egs. (37) and (38). For brevity, let us assume that m; = 0,
my = 0. By using operator notations, Eqs. (38) may be rewritten in the form

Liigy + Liogy = biw, L@ + Logy = bow, (39)

where

Ly =ss (633 —2C34 —|—E44) 812 + s€22822 —sT; —sTo,

Ly =5 (C33 +2C34 + Cas) 33 + 5C200? — 5T + 5T,

Loy = L1z = (C33+ Coo — Ca4) 9102,

by=s(T1+T2) 01 by=s (T1 —T2) oo,
0(...)=(..)0, a=172
From (39) we obtain the relations L¢| = Liw, L, = Low, where
L=LyLy—L}, Ly=Lnb—Linby, L=Liby— Lybi.
Using operator notations Eq. (37) can be rewritten as follows:
Lyw + b19y +brgy +q, =0,

where £, = s(T'1 +T2)37 +s(T'; — T'2)3 . Then we obtain one differential equation of sixth order with
respect to w,

(LLy +D1L1 + b2 Ly)yw+ Lg, =0. (40)
For the isotropic plate we have Cy = Cas, C34 =0,T> = 0, and one gets
Ly = (sC33+ C44) 87 + sCas97 —sT1, Loy =5 (C33 + Cas) 35 4+ sC4497 — sT1,
Lyy = L1z = C330102,
by =sI0;, by =50y,
Ly =sT (0] +97) =sT 1A
and
L =52[(Cs3 + Cas) 0 + C4402 — T1][(Ci3 + Caa) 82 + Caad? — T1] — 5s2C330%02,
Ly = s’T [(633 +E44) 322 + 644312 — F]] o1 + S2F163331322,
Lo = —s’T1C330702 + s°T1 [(C33 + Cas) 37 + Ca4d3 — T'1] 0.
Finally, the bending Eq. (40) has the form

_ o _ Cx3+Cu . _
5 (Ca3 + Cas) AAW = dym) + 037y — ymn +7,. (41)
1
If m; =my =0and 'y — oo one gets the Kirchhoff’s plate equation
sDAAW =7,

with the bending stiffness D = C33 + Cua.



7 Examples of effective stiffness relaxation functions
7.1 Homogeneous plate

The simplest test for the correctness of the estimated stiffness properties is the homogeneous isotropic plate.
The basic geometrical property is the thickness /. The plate is symmetrically with respect to the mid-plane. All
material properties are constant over the thickness, that means they do not depend on the thickness coordinate.
For the sake of simplicity, at first let us consider the case v(#) = v = const. That means that the following
relations hold true: E(t) = 2u(t)(1 4 v). The non-zero components of the classical relaxation tensors are

E(t)h E(t)h
Ani() = % An () = % = n(h,
E®)h? Et)h? h?
Gt = %’ Cnl) = 24((1t)+ v M(lt;

Thus, the bending stiffness results in

E(t)h?
12(1 —v2)
The density and the rotatory inertia coefficient are
poh®
p=poh, ©= BT (42)

The transverse shear relaxation function follows from (27). The solution of (28) with 1t = 7t(s) is given by
cos Az = 0. It yields the smallest eigenvalue A = 7/ h which does not depend on s. Finally, one obtains

2 3 2
2 - u()h T
') =rCxn= 2 12 - 12 n()h. (43)
2 /12 is a factor which is similar to the shear correction factor which was first introduced by Timoshenko [36]
in the theory of beams. Here this factor is a result of the non-classical establishments of the transverse shear
stiffness. Comparing this value with Mindlin’s estimate 772/12 [26] and Reissner’s estimate 5/6 [29,30] one
concludes that the direct approach yields the same value like in Mindlin’s theory (note that Mindlin’s shear
correction is based on the solution of a dynamic problem, here the solution of a static problem was used). The
Reissner’s value slightly differs.

It is evident that in the case of homogeneous viscoelastic plates with constant Poisson’s ratio one gets
the same relations for the effective stiffness tensors as in the case of elastic plates [5,6]. There is only one
difference—they are now functions of z.

At second, let us consider the general case v = v(¢). In this case D is reconstructed from

Eh3

D=——"
12(1 — v?)

as follows:

Do) — t E@t —1)h?
()_/ 1201 — v ()]

—00

Using the_ initial value theorem that f(0) = lims%oos?(s) and the final value theorem that lim;_, o f (f) =
limg_, s f (s) we establish that

D(O) = E(0)h3 Do) = E(co)h?
10—’ 1201 =03’



where

E(0) E(00)
Vo=5"—""—1 Voo= -
2p(0) 2p(00)
Voo May be considered as Poisson’s ratio in the relaxed state, while vy is Poisson’s ration in the initial state.
For the sake of simplicity we use the notation f(00) = lim;_, oo f(f).
As an example let us consider the relaxation functions following from the standard linear viscoelastic
model [15,18,28,37]

E(t) = Exo + (Eo — Eco)e ™™, () = poo + (10 — poc)e™ /™, (44)

where E, and Ey are the equilibrium and the short-time Young’s moduli (Es < Ep), while po and pg are
the equilibrium and the short-time shear moduli (1o < po), respectively. Tg and 7, are the relaxation times
for tension and shear. Using the Laplace transforms

EZE;OO_}_EO_EOO, ﬁ:“ﬁ+“°_“°°
s s+ 1g s s+ T,

we obtain that

(s + 1) (Excote + Eos)
2(s + t8) (Moo Ty + H0S)

V=

Note that the assumption v = const is fulfilled if and only if Eoo/Eo = too/mo and g = 7,. Finally, we
obtain the expression for the Laplace transform of the bending stiffness,

_ 2
5_ mhd (Moo + 1oTyus) A3
T34 —E) 2 KootH0TusS EootEotes |
3 —E) 2 (sm, +1)[12 ot 3 et ot |

To avoid an awkward expression we do not present the expression for D(¢) corresponding to the latter equation.
Here we have the following relations:

Eoh? Esoh?
D)= ——, D(00) = —————,
12(1 — v3) 12(1 —v2)
where
Ey 1 E
1‘}O = 5 - ’ v = 5 -
2u0 > 2peo

The dependence of the dimensionless bending stiffness on time is presented in Fig. 3 (solid line). Here the
following values are assumed vg = 0.2, voo = 0.4, Loo = 0/2, T, = tE. We also present the two curves of
D(t) in the case of constant Poisson’s ratios which are equal to 0.1, 0.4 (Fig. 3, dashed lines). Note that in the
case v # const D(¢) is a non-monotonous function of 7, while D(¢) is the monotonous decreasing function
for constant Poisson’s ratio.

7.2 Functionally graded material

In this paragraph we consider small deformations of an FGM plate made of a viscoelastic polymer foam. For the
panel made from a porous polymer foam the distribution of the pores over the thickness can be inhomogeneous
(see, for example, Fig. 2). Let us introduce 4 as the thickness of the panel, pg as the density of the bulk material
and pp as the minimum value of the density of the foam. For the description of the symmetric distribution of
the porosity we assume the power law [7]

n

; (45)

2z
V@ =a+ (1 —a) m
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Fig. 3 Dimensionless bending stiffness in dependence on time for constant Poisson’s ratio (dashed lines) and in the general case
(solid line)

where o = pp/ ps is the minimal relative density, 7 is the power. n = 0 corresponds to the homogeneous plate
described in the previous paragraph.

The properties of the foam strongly depend on the porosity and the cell structure. For the polymer foam in
[16] the modification of the standard linear viscoelastic solid is proposed. For the open-cell foam the constitutive
law has the form

& + 180 = C1V(2)* [Ecotie + Eoé], (46)
while for the closed-cell foam the constitutive equation has the form

&+ 180 = C2[¢°V(2)* + (1 — )V ()] [EcoTee + Eoé]. (47)

Here C; ~ 1, C> = 1, ¢ describes the relative volume of the solid polymer concentrated near the cell ribs.
Usually,¢ = 0.6...0.7. Ew, Ep, Tg are material constants of the polymer used in manufacturing of the foam.
From Egs. (46), (47) one can see that the corresponding relaxation function is given by the relations

E=E(z,t) = E()k(2), (48)
where E (t) is defined by Eq. (44), while
Kk(z) = C1V(2)*

for open-cell foam and

k() = C2[$*V(@)* + (1 — )V (2)]

for closed-cell foam, respectively. Analogous to (48) the following relation can be established for the shear
relaxation function:

=z, 1) = p)m(z). (49)

Equations (48) and (49) have the meaning that the viscoelastic properties of the foam, for example, the time of
relaxation, do not depend on the porosity distribution. Note that representations (48) and (49) are only simple
assumptions for spatial non-homogeneous foams.
Using experimental data presented in [9, 16] one can assume v = const. In this case we obtain that A1y,
Anp, C33, Cop are related to
14+v 14+v

Ay, C33=

Al =
H 1—v 1—v

C2, (50)



For the open-cell foam A, and Cp; are given by

20(l —a) (1 —a)? BT, 6a(l—a) 3(1—a)?
An =h|d? 1), Cyn=—
2 [“ L ran R P n+3 2n+ 3

}M(t), D

while for the closed-cell foam by

_ _ 2
A22=hi¢2[a2+2a(1 o d “)}+(1—¢>[a+1—“]]u<t>,

n+1

n+1 2n+1
(52)
c —h—3[¢2[2+6a(1_°‘)+3(1_“)2}+(1—¢)[ +—3(1_a)“ )
2710 * n+3 m+3 T MY

Here we assume that C; = 1, C» = 1, and that ¢ does not depend on z.

From Egs. (51), (52) it is easy to see that the classical relaxation functions differ only by factors from the
shear relaxation function. Note that one can easily extend Egs. (46), (47) to the case of general constitutive
Egs. (15) or (18). Thus, using the assumption that v = const, one can calculate the classical effective stiffness
relaxation functions for general viscoelastic constitutive equations multiplying the shear relaxation function
with the corresponding factor similar to Egs. (51), (52). In the more general situation with v = v(¢) or taking
into account other viscoelastic phenomena, for example, the filtration of a fluid in the saturated foam, the
effective stiffness relaxation functions may be more complex than for the pure solid polymer discussed here.

Finally, we should mention that in the case of constant Poisson’s ratio and with the assumption (49) the
determination of the effective in-plane, bending and transverse shear stiffness tensors of a symmetric FGM
viscoelastic plate made of a polymer foam can be realized by the same method as for elastic plates [5—7]. The
relaxation functions for viscoelastic FGM plates can be found from the values of the corresponding effective
stiffness of an elastic FGM plate by multiplication with the normalized shear relaxation function of the polymer
solid.

8 Bending of viscoelastic plate
8.1 Homogeneous plate

Let us assume the plate bending with m = 0. From Eq. (41) we obtain that

_ D
sDAAT =7, — = A, (53)
1

where D = Eh? /12(1 — %) is Laplace transform of the bending stiffness relaxation function, I'y = nzﬁh /12
is Laplace transform of the shear stiffness relaxation function, w = u - n is the Laplace transform of the plate
deflection, g,, = q - n is Laplace transform of the transverse load, respectively. Using Eqs. (30), (53) transforms
to

2h?

SBAAE = En — m

Ag,. (54)
Let us assume that x| € [0, a], x> € [0, b], where a and b are the length and the width of the plate, respectively.
Let us consider a sinusoidal load

gn = O(t) sin 22 sin 22 (55)
a b

and the boundary conditions (3). Then
_ —_ L TXT . TTX2
q, = Q(s) sin — sin ——,
a b
and the solution of Eq. (54) is given by

W = Wpax (5) sin I in T2, (56)
a b
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Fig. 4 The dimensionless maximal deflexion in dependence on time for constant Poisson’s ratio (dashed lines) and in the general
case (solid line)

where
A O e
w 5) = — —
max SDT]4 7.[2(1 _g)
. . . 2 T\2 T\2
is the Laplace transform of maximal deflexion, n* = {(—) + (—

a b
Using the theorems on the initial and the final values of the Laplace transforms, we obtain that the initial
value of the maximal deflexion is given by formula

0(0) [ 2n*n? }
7|l ’

721 — )

while the relaxed maximal deflexion results in

_ 0(c0) [1_ 2h*n? }
B TeS T Rl |

Let us consider Egs. (44) and the step function Q(¢)
Q1) = QoH (1),
where H (t) is the Heaviside’s function. Then we obtain that
N b Y P (= + %)
Wax (s) = QOTW’ T 1=y

For the constant Poisson’s ratio we obtain that
2(1 1
pa- [ 2GR gy
Wmax (1) = Qo——5—7— 11— — M 7 (= = ) e Eo/(Eeote) |
h°n 1—v E Ey Es

The dependence of the dimensionless maximal deflexion on time is presented in Fig. 4 (solid line). Here we
again assume that vg = 0.2, voo = 0.4, too = 10/2, T, = TE. We also present the two curves of wmax (f) in
the case of constant Poisson’s ratios (Fig. 4, v = 0.1, 0.4, dashed lines).



8.2 FGM plate

Considering the symmetry of the material properties with respect to the mid-plane one gets a decoupling of
the in-plane state and the plate state. Let us assume again the plate bending with m = 0. Using [7] and the
Laplace transform, one can reduce (1) to

— — — Desr , _
sDesf AAW =7¢q,, — ?Aqn, 57

where Degr = Cap + C33 is the Laplace transform of the effective bending stiffness relaxation function. Note
that here s Degr = D 7(s), where DYy = (Coo + C33)/u(2).

To analyze the influence of the transverse shear stiffness on the deflection of the plate let us consider the
bending of a rectangular plate made of an FGM. Using the assumption that v = const and Egs. (26), (27), and
(49) are valid, we can rewrite Eq. (41) in the following form:

2

sDeif AAW = G, — mAC_In- (58)

Introducing dimensionless variables by the formulae

b
W:hilw, X1=h*1x1, X2=h71XQ, X]E[O,%], XQEI:O,E],

Eq. (58) transforms to

_ — 2 1
Here
A 82 N 82 Q B qnh3
- 2 2’ - (U
D CND. €} D

Let us consider again a sinusoidal load (55) and the boundary conditions (3). Then the solution of Eq. (59)
is given by

— K hX hX 27 1
= _Q sinn 1sinﬂ 2, K=1+L—.
n*h* st(s) a b 1—vaA2

(60)
For the Kirchhoff’s plate theory K = Kx = 1, for the homogeneous plate modeled in the sense of Mindlin’s
plate theory

2n 1
1—vn?

K=Ky=1+

Using bounds (34) for the FGM plate we obtain the inequalities

2n L>m?. 2n L?m?
l min < K < 1 max .
+1—v w2h? T~ +1—v w2h?

The influence of the shear stiffness on the deflection of the elastic FGM plate was given in [7]. For the
viscoelastic plate both the qualitative and the quantitative influence of the shear stiffness is the same as in [7].

For example, let us consider an open-cell foam and the following values v = 0.3, a = b, h = 0.05a,
o = 0.9. Using the calculation of [7] we obtain the following values of A: A = 0.83/h forn =2,A =0.82/h
for n = 5. The corresponding values of factor K are given by

Km~1014, K=120 n=2), K~121 (n=)95).

That means that for the functionally graded plates the influence of transverse shear stiffness may be significant.
As well as for elastic FGM plates for the cases of other types of boundary conditions the influence of the
structure of the viscoelastic plate on the deflection may be greater than for the used simple support type
boundary conditions.



9 Discussion and outlook

The considered approach to model FGM plates within the framework of a five-parametric theory of plates has
an advantage with respect to classical theories of sandwich or laminated plates. Further investigations should
be directed to the more complex constitutive equations of viscoelastic solids taking into account thermo-
mechanical behavior, impact processes and the description of the creep phenomenon in plates made of metal
or polymer foams.
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