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Summary : When we consider a congruence T'(z) = ax modulo m as a pseudo random num-
ber generator, there are several means of ensuring the independence of two successive numbers.
In this report, we show that this dependence depends on the continued fraction expansion of m/a.
We deduce that the congruences such that m and a are two successive elements of Fibonacci se-
quences are those having the weakest dependence. We use this result in order to obtain sequences
of random numbers proved I1D.

Key Words : Fibonacci sequence, Random numbers, Congruence, Dependence, Correct mod-
els.

Résumé : Quand on considére une congruence T'(x) = az + b modulo m comme générateur
de nombres pseudo-aléatoires, il y a plusieurs moyens de s’assurer de l'indépendance de deux nom-
bres successifs. Nous avons deja vu que cette dépendance dépend du développement en fraction
continue de m/a. Dans ce rapport nous continuons cette étude et nous majorons la distance entre
la probabilité empirique d’un rectangle quelquonque et la probabilité uniforme. On a déduit de
ces résultats que les congruences telles que m et a sont deux éléments successifs de la suite de Fi-
bonacci sont celles ayant la dépendance la plus faible. Nous avons utilisé ce résultat pour obtenir
des suites de nombres réellement aléatoires x,,.

Mots-clefs : Suite de Fibonacci, Nombres aléatoires, Modeleés corrects, Congruence
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Chapter 1

Presentation of results

1.1 Introduction

Congruences T(z) = ax + b mod(m), 0 < a < m, 0 < b < m can be used as pseudo-random
generators. But of course, all the parameters a, b and m are not suitable. They must check a
certain number of conditions. In this report we are interested in conditions about the independence
of 2 successive numbers simulated. More generally, we must impose that the dependence induced
by (T”(xo), ..... L TP (29) ), n=1,2,.....m, is as small as possible when p is as large as possible. In
fact, you can hardly go beyond p = log(m)/log(2).

Recall first that the independence induced by (T”(:EO), T"‘H(mo)), n=1,2,....,m, does not imply
the independence of (T”(mo), T (20), T2 (20) ), n=1,2,.....,m. And in fact, the conditions which
ensure the best independence of two successive simulated numbers are not the ones which provide
the best independences of 3 successive simulated numbers, and vice versa.

In this report we study the independence of two successive numbers simulated. However,
we saw in [9] and [8] that the dependence of two successive simulated numbers depends on the
development of 2* as continued fraction.

Notations 1.1.1 Letr§ = m, r{ = a. One denotes by ry, the sequence defined by v = he 1o |+
To o the Buclidean division of ve by riv, | when ri | # 0. One denotes by d* the smallest integer
such as 1§, = 0.

One sets k§ =0, k¢ =1 and kS

n

v2 = hpkn g HE, ifn < d*+ 1.
With theses notations, one can write

m a 1

+—
a ! hg + 1

1
hs+res

Then, in order that the independence of two successive simulated numbers is good, it is neces-
sary that the h{’s are small.
Indeed, in [16] (cf also [10] [9] [15]), we have shown the following theorem.

Theorem 1.1.2 Let (x0,y0) € F2. Letn € {1,2,....,d* + 1}.
If n is even,

E2 N RO = {(‘TO + szl‘g ; Yo + ’I’Zilf)w = 07 17 27 sy hfrlzfl} )
where R® = [zo, 20 + k] © [yo, yo + 74 _o[C [0, m[?.
If n is odd,

EsnNRY = {(zo+ki_1€, yo—r2_10)[0=0,1,2,....h% 4},



where R = [z0, 70 + k%] @ [yo — r_5,yo[C [0, m[? L.

This allows to obtain a lower bound of the coefficient of discrepancy.

Definition 1.1.3 For all z € Z, we denote by Z the integer Z such that Z = z modulo m and
0 <%z < m. For all rectangle, R = [s1,52] X [t1 2] C [0,m]?, we denote by Ng the number of
points of the sample (Tl(xo),fbﬂ(xo)), 1=1,2,....,n, belonging to the rectangle R and by Sg the
area Sp = (s — s1)(t2 —t1). If n= m, one sets Np = NJ}.

We call coefficient of discrepancy D2, ? the number

S
Dfn = MaxR(’NR -~ 2R ) ,
m
where the mazimum is taken over all the rectangles R = [s1,s2] X [ti1ta] C [0,m]? such that
(81,52,t1,t2) S {0,1, ..... ,m}4.
We shall deduce from theorem 3.1.1 the following proposition (proof is in lemma 3.1.3) .
Proposition 1.1.4 The following inequality holds :

Mazi=1 . ga(hY)
: <D .

It allows to understand that the independence of two successive simulated numbers depends
on the h{’s. Naturally, the study of independence between two successive simulated numbers had
already been studied by various authors, and for some ones, one recognizes a connection with the
h$’s.

Thus the simplest test which springs immediately to mind is the serial test. This one is just the
chi squared test with several dimensions (cf. [1] page 62). Unfortunately it does not use the best
chi squared test. Indeed, in this case, it is better to use the chi squared independence test which is
more powerful: in 2 dimensions it uses X%{,y —x% — X3 where X%(’Ya X% X3 are respectively, the
classical chi square statistics with two dimensions, the classical chi square statistics for the first
marginal distribution, and the classical chi square statistics for the secund marginal distribution
(cf Blacher [7], [6]). In fact it means to use empirical higher order correlations coefficients (cf [5])
and Hilbertian test (cf [4], [6]).

Now the spectral test is also interested in the problem of n-tuples of successive numbers: in the
case of two dimensions we therefore studied the sequence (T%(x), T*t1(z0)), i=1,2,....,m. It is easy
to see that the points of these sequences are distributed over the parallel lines of the plane. Then,
by [1] page 94, in order to use the spectral test, one uses 1/vs the maximum distance between
lines taken over all families of parallel straight that cover the points (T%(zo)/m, Tt (x)/m) : the
spectral test is based on the value of vs.

On the other hand, Marsaglia has studied lattices and showed how they are connected to the
dependence of p successive numbers. Unfortunately, we know that, from this point of view, linear
congruences are very bad random generators: they do not pass the test of lattices. This is due
to the structure of hyperplane of the samples (a/*'xg, a’ 2y, .....a’ 7 xg), j=1,2....m. However,
there are methods to mix a congruential generator in order to destroy its regularity of crystal
: Knuth (cf [1], M. D Maclaren and G marsaglia (cf [21] ). In the search of linear congruences
candidates for this mixture, one chooses those ones of which the lattice (e.g. in size 2,3,4,5) is not
too distant from the ideal lattice: it is assumed that this is the case when the quotient Beyer of
its reduced base is close to 1 (cf [3]). There are examples in [2] page 73.

IThere was an error of writing in [16] . Here, it is corrected
2This is a slightly different definition of the usual definition. Indeed, generally, one calls coefficient of discrepancy
the number D2 /m : e.g. cf [1] page 110



Now, Dieter has studied in 1972 (cf [18]) the case of a two-dimensional dependence. In fact,
he studied the discrepancy coefficients D2, = Max R|N R — %ﬂ
Indeed Dieter (1972) showed that the dependence between two successive numbers simulated

depends generalized Dedekind sums s(a, c|z,y) = Zl:‘:_ol Q(”—?)Q(a’%ﬂ’ + z) where Q(z) =0
ifxr=0mod1and Q(z) =z — |z] —1/2 if x £ 0 mod 1 when |z] is the integer part of x.

For example suppose b=0, and m = 2°. One supposes that m is the length of the generated
pseudo random sequence. Then,

2
D? = Z (=) *s(a,nlasy —t,,1/4 —nsy) +p
A,p=1

where p is bounded by 4.

It leads to the following rule for the choice of the factor a : The factor a has to be chosen in
such a way that the Euclidean Algorithm for a and m (b # 0, or a and m/4 (b=0) should have
small quotients g; . As a matter of fact ¢; = h{ if b # 0.

We thus find the same conclusion as we got first in 1983 in [8] and [9]. However, our results
were more detailed and more general. Some of those have been taken up by Niederreiter in 1985
(cf [19]), which has established (with Knuth) connections between the spectral test and serial test.

Let r be the function such that 1/r(ui,us) = msin(muy/m)sin(mrus/m) when u; + aug = 0
modulo m . Then, Niederreiter proved

Dfu = O(log(m)QMaxuhqu(ul,u2)|) (1.1)

when the period is m. Moreover, Niederreiter has proved in 1985 that if m is prime and has a
primitive root modulo m or if m =27, 8> 3, a = 5 modulo m and b odd or b=0, then
C'log(m)?

p*(a,m)

where p2(a,m) = min(r'(2Hy,2Hs)) when ' (H) = H?:l max(1,|H;|) for H; € Z for all i and
where C’ is a constant (cf also [2], page 79).

D2 /m < (1.2)

This result is similar to our result of 1983. Indeed, by [2], page 79, Zaremba has proved in
1966 that, under these assumptions, p?(a,m) depends on the development of m/a in continued

. i 1
fraction (cf [23]) : p2(a,m) < a2, (77) and then,
D2, < CyMax(h$)log(m)? .

Now our result of 1983 is more accurate. For example, it has been proved an increase more
<

Sry,
m

detailed than Niederreiter. We thus find a finite sequence of rectangles R,, such that ‘N R, —

(w0))-

7+1

1. This helps to understand how rectangles R are filled by the points (T (z0), T
Then, it is hoped that the following conjecture holds

|Nr — %| < Maz;(h$)O(log(log(m))) .

This is still a conjecture ( cf conjecture 1.2.8). On the other hand, one can mathematically prove
an increase more detailed than Niederreiter:

2log(m) — log(2)
log(2)

’NR - %‘ < Max;(hy)



We will return to this below (cf corollary 1.2.5).

Therefore the h¢’s must be small. Then, we were also interested in case they are minimum :
h{ =1fori=1,2,...,d* — 1 and hj. = 2 : This is the case of Fibonacci congruences. Thus, in

! . a 2
¢ 4MM(Z: Jlog(m)” " TTe proved that

this case, Zaremba gave an increase more accurate than D?n <

Sr log[(A + 1)m]
— < —_— 7 -
‘NR | 4A log(A+ 1) +1<(7/6)log(15m) ,

where A = sup;=1, . go—1(h{) =1 (cf [23]).

Unfortunately, congruences Fibonacci are very bad pseudo-random generators : indeed, in this
case, T? = +1d, where Id is the Identity function. On the other hand, they can be used effectively
in order to calculate double integrals as it is shown by Zaremba (cf [23]).

Moreover, in [17], we have seen that the the congruential functions of Fibonacci T}, make
uniform noises by a remarkable way.

Definition 1.1.5 Let ¢ € N*. Let T be a congruence of Fibonacci. We define the congruential
function of Fibonacci T, by T, = PryoT € [0,1] where

1) f(m) =T(xm)/m, when Z = z modulo m and 0 <z < m if 2 € Z,

2) Pry(z) = 0,b1ba....by when z = 0,b1bs... is the binary writing of z.

Indeed, for the great majority of noises y, relatively unpredictable, the sequences T;(yy) admit the
IID model for correct model. It was the first time that such a result was obtained. For example,
before this result, it was written in Handbook of Applied Cryptography ( [20]) : ”Designing a
hardware device or software program to exploit this randomness and produce a bit sequence that
is free of biases and correlation is a difficult task. Moreover, random bit generators based on natural
sources of randomness are subject to influence by external factors, and also to malfunctions. It is
imperative that such devices be tested periodically”.

We will return later to the question of Fibonacci functions which make uniform the most part
of noises (cf section 1.3).

In order to help to clarify these results we will now develop these different results. Unfortu-
nately our report ([9]) and our thesis of 1983 ([8]) are written in French. Also in order to be more
accessible, we will take up a large part of the proofs of 1983 in English. We detail them when it
is necessary. Then we develop them in order to show how you can specify, by a fairly exact way,
the number of points of the sample contained in each rectangle R = [z, z + L[x[y,y + L'[ when x,
y, L, L’ € {0,1,....,m}.

1.2 General case
We study the distribution of the points {£,T'(¢)}.

Notations 1.2.1 Let Ey = {é,T(ﬁ) | ¢€{0,1,... 7m—l}} when Z = z modulo m and 0 <z <m
if z € Z.

We have just to say that, in order that there have not strong dependences, it is necessary that
the h?’s is small. Indeed, in [15] and [16], we proved that it is a necessary condition in order that
there is empirical asymptotic independence (cf theorem 3.1.1). Thus, if n is even, if g = yo = 0,
theorem 3.1.1 means that the rectangle [0, k% /2] ® [r%_,/2,7%_,[ does not contain points of Es if n
is even : By N{[0,k%/2]®[r®_,/2,7¢_,[} =0 . If h%_, is large, that will mean that an important
rectangle of R? is empty of points of Fs: that will mark a breakdown of independence.



For example suppose n=2 and b=0. First, m = r§, r{ = a, k¢ = 1 and kS = h{ = [m/a]
where |x] means the integer part of x. In this case, one regards the rectangles [0, k5[®[0, m[. One
thus finds a traditional technique for n=2. Indeed when one makes chi-squared tests, one can use
rectangles of same type as[0,m/(2a)[®[0, m/2].

Thus if ”7a” is not large enough compared to ”m”, there is rupture of independence. The rect-
angle Recty = [0,m/(2a)] ® [m/2, m[ will not contain any point of E5. However, this rectangle has
its surface equal to m?/(4a): if the points of Fy are distributed in a uniform way, one has about
m/(2a) = h{/2 + r§/(2a) points of Ey (and not 0). Thus if ”a” is not sufficiently large, i.e if h§
is too large, there is breakdown of independence.

For example, choose the congruence T'(z) = 103z modulo 106—1: Rect; = [0,m/(2a)]®[0,m/2|
contains 500 points of Es roughly and Rects contains 0 points. Then the chi-squared test that
one could make with such rectangles are not satisfied.

Now choose m=99, a=5, k§ = 19 : cf figure 1.1: Rect; roughly contains 10 points of E5 for a
total sample of 99.

Choose m=99, a=10, k§ = 9 : cf figure 1.2: Rect; roughly contains 5 points of FEs : the
breakdown is less clear.

gamsimess

Figure 1.1: Points in rectangles a=5

Figure 1.2: Points in rectangles a= 10

In these examples, we studied rectangles [0, k% /2] ® [0,m/2[}. In the general case, it is neces-

sary that [0,k%/2] ® [r%_,/2,7%_,[} has not a too big size. It is necessary thus that all the h?_,’s
are small.

In fact, the results which we develop in this report will allow to prove that it is also a suf-
ficient condition : if the h?’s are small enough one can suppose that there is independence (cf [10]).

Now we use a sequence h; a little different from h{ in order to get the exact number of points
contained in some rectangles [z, z + L{x[y,y + L.



Notations 1.2.2 One denotes by r, the sequence defined by : ro =m, r1 = inf(a,m —a) and by
T = Rpt1Tnt1 + Tneo which denotes the Euclidean division of vy, by rp41 when rpp1 # 0. One
denotes by d the smallest integer such asrqr1 =0 (d>1).

One sets kg =0, k1 =1 and kpyo = hpt1kns1 + ke if n < d+ 1.

With these new notations, it will be also necessary that the h; are small in order to have a good
independence.

We can deduce an increase of D2, (cf corollary 2.7.15).

Theorem 1.2.3 Letz, y, L, L' € {1,2,....,m} and let R be the rectangle R = [z, x4+ L[x[y,y+L'[.
Let h® = sup(h;) and Sg be the area of R (Sg = LL'), Ngr = card(E; N R). We suppose that T
is invertible. Then

d
Skr
N——‘< hy+2<dh®+2 .
‘ m _1:21 t2s +

Moreover, the following proposition holds (cf proposition 2.7.8)

Proposition 1.2.4 We have d < 2%.

Then, one deduce the following result.
Corollary 1.2.5 Under the assumptions of theorem 1.2.5,

Sk 2log(m) — log(2)

Nrp— —| < he .
‘R ml— log(2

We see that this equality is more accurate than that obtained by Nederietter and Knuth (cf
equations 1.1 and 1.2).

Remark 1.2.6 In these theorems we require that T is invertible. But there could be results of
the same type if T is not invertible. Indeed, we do not impose any conditions in our calculations
for sections 2.2, 2.8, 2.4, 2.5. In particular, the fundamental proposition 2.5.3 is given under no
hypothesis.

But, to get answers in the general case would complicate the results of this report which are
already long. Moreover, if T is not invertible, the period is smaller than m.

In fact, one can have more accurate results because we have a much more accurate increase
for some rectangles R.

Indeed, the previous increases improve clearly the increase of Niederreiter and Knuth. But it
is still too rough. It is enough to use again the proofs in order to understand that the points of
E5 are distributed by a much more uniform way. Thus, we will prove the following theorem (cf
theorem 2.6.14).

Theorem 1.2.7 Let T be a invertible linear congruence. Let ¢ € {1,2,....,d}. Let T € N such
that T +c<d+1.

Let \; € N, i =1,2,....7 be a sequence checking \1 < het1, and for oall i € {1,2,...,T} ,
Ai < heqi and if Aj = heqyq, then, A\i—1 = 0. We suppose that L = 2;1 Aikeqi.

Let f e N* f < h.. Let R° =[x,z + L[x[y,y + frc[. Then,

S:;oj| <1,

(NRO _



This is not the only result that will allow us to refine the increase of D2,. Thus we can see in

the proofs of Section 2.3 that we know how the rectangles R are filled by the points of F5. We
then realized that we can increase D2, by a way more accurate than that given in the theorem
1.2.5.

It is shown by numerical studies which we have done for various different rectangles R and
various congruences T (cf chapter 3). Of course, this study was simplified by the theoretical study
that shows how the way points Es are distributed in the rectangles R (cf chapter 2).

Finally this numerical study and the different lemmas of chapter 2 suggests that the following
conjecture is checked.

Conjecture 1.2.8 The following inequalities hold

T < Supn(|Ne - ZH) <00 (astont)

In fact it is even possible that there exists a constant C ”such that SupR(‘N R — 2B

m

) S Cﬁ?hs
3. Then, a study should also be conducted in order to refine this result. We do not it here. This

report is already big enough. But it will be the basis when we shall want to complete this study.
So we will complete this proof later.

1.3 Fibonacci Congruence

By using the theorem 1.2.5, it was proved [10] that in some cases where the h;’s are small enough,
one can consider that one has the independence between two successive elements. So we will take
an interest in case where the h;’s are the smallest possible. As h{ > 1 and hj. > 2, the congruence
which defines the best independence of Ey will check h{ =1 and hj. = 2. This case, is the case
of congruences of Fibonacci already studied by Zaremba : cf [23].

Definition 1.3.1 If T checks h{ =1 and hi. = 2 and if T is invertible, we call T congruence of
Fibonacci.

Indeed, the following result holds

Proposition 1.3.2 If there exists ng such that a = fi,, and m = fin,+1 where fi, is defined
by fis = fia =1 and if n > 1, finta = fint1 + fin, T(z) = ax modulo m is a congruence of
Fibonacci.

Proof Because T is invertible, rq = 1 (cf Lemma 2.6.3 ). Moreover, 75, = 1 (cf lemma 2.1.3). We
deduce the result. B

Of course, there exists an infinity of Fibonacci congruences.

In this case, a = figay1 and m = figajo, i.e. ng = d* + 1. More generally, the sequences 7,
and k,, are the sequence of Fibonacci except for the last terms. For example if d* = 6:
Tga_da:rgzm:21,rgaf(dafl):rf:a:137r§:8,r§:5,rizS,rja_1:r5:2,
Tge =76 =1, 74, =17 =0.
hi =h§ = ..... =h%._,; =1and hj. =2.
kg =0, kf =1=fi , k§=1=Ffiy, k§f=2=fiy, k{ =3=fig, k& =5 = fis,
kg =kgo =8 = fig , k7 = kg g =21 =m = fis.

3However, if this were the case, we would not understand why the coefficient O(log(log(m))) would appear in

the simulations which we have made about the proposition 1.3.7 (cf [17], cf also section 3.2).



More generally,
Tha_ga = TG = M = figayo , T’ga_(da_l) =7r{ =a = figag1 , 15 = fige, 1§ = figa_1,....... ,
a J— a — a p— a —
Tga_ 9=3,Tga 1 =2,73.=1,r3.,1 =0.
da s Nga_q Ga_g = weuee. ¢ .
8=0,ki=1=fi1,k§=1=fis ,k§=2= fi ke, = fi k& =m= fi
0 — VYhl — 4+ — 1, hy = 1= 2, Ry = 4= Syenneenn yRga = de s Koy = = da42.

These properties are reflected by the following proposition (cf also lemma 2.6.16).

Proposition 1.3.3 We suppose that T is the congruence of Fibonnacci. Then, r; = figa_;ta.

We confirm by graphs that it is the Fibonaccci congruence which ensures the best independence
between two simulated successive numbers. We suppose m=21. If a = 13, we have a Fibonacci
congruence : cf figure 1.3. If one chooses a=10, sup(h{) = 20 : cf figure 1.4 . If one chooses a=5,
sup(h$) =5 : cf figure 1.5.

Figure 1.3: Fibonacci congruence

Figure 1.4: sup(h?)

20

Figure 1.5: sup(h$) =5

10



Now, we can specify the theorem 1.2.5 for the Fibonacci congruence (cf proposition 2.7.8 and
lemma 2.7.12, 2.7.7).

Proposition 1.3.4 We suppose that T is the congruence of Fibonnacci where d > 13. Then, for
all rectangle R =[x,z + L x [y,y + L[,
- 52 < loglon) ~ Log
m log(2)
Unfortunately if the Fibonacci congruence ensures the best independence between two simu-
lated successive numbers, it is also a pseudo-random generator very bad. Indeed, by lemma 2.6.16,
we have the following proposition.

Proposition 1.3.5 If T(x) = ax mod m is the congruence of Fibonacci, then T? = +Id where
Id(z) = z.

Therefore, it can not be used as pseudo-random generator.

On the other hand, it can be used in order to make uniform noises. Indeed, we have seen
that if we transform noise y,, n=1,2,.....N, by using the congruential functions of Fibonacci, in
most cases, we transform this noise in IID sequences z,, = T,(y,), n= 1,2,....,N, when q and m are
correctly chosen according to N : very precisely, z,, admits the IID model for correct model (cf [17]).

In order to prove this, we use the fact that Fibonacci congruences transform intervals into sets
well distributed in {0, 1,....,m — 1}.

Notations 1.3.6 We suppose that T is the Fibonacci congruence. Let I = [¢, [, ¢, ¢’ € {0,1,....,m—

1} and let N(I)=c™-c. Let g™ be the permutation of {¢,c+1,....,¢ — ¢} such that T(g") < T(g?) <
T(g%) < coee. <T(g°7°) .

Because, T? = +Id, T~! = £T and T_l(gl) < 7_1(92) < e < T_l(gclfc) or T_l(gl) >

T (g% > .. >T (g7 ).

Since T(I) behaves as independent of I, normally, we should find that T'(I) and, therefore

T_l(I), is well distributed in {0,1,....,m — 1}. As a matter of fact it is indeed the case : for all
numerical simulations which we made, one has always obtained, for r=1,2,....,c’-c-1,

‘T(gr) - < p(m)

m N(I)I = N{I)”~’
where p(m) << Log(m) : cf [10]. In fact, by numerical simulations which we have done, it seems
©(m) is the order of Log(Log(m)). Moreover,

MG“’ET:O 1

R ,N(I)—1(‘M_TD

m

seems maximum when I is large enough : ¢ — ¢ = O(m/2) (cf [10]).

In order to prove this result, we have used simulations. Now with the results of this report we
can prove mathematically a result of the same type. Indeed, by proposition 2.7.16, we have the
following theorem.

Proposition 1.3.7 We suppose that T is the Fibonacci congruence with m > 377. Then, for all
re{l,2,...,N(I) -1}, B
() v _d0m)

m N()' = N(I)’

ou ¢ (m) = ALealm)=2Log(2)
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By using these increases, it has been obtained in [17] a method in order to obtain a sequence
proved IID, what gives a first solution to this search started since many years. For this, it is
necessary that the noises y,, n=1,2,....,N, admit for correct model a sequence of random variable
Y,, n=1,2,.....N, of which the conditional densities with respect to the uniform discrete measure
have Lipschitz coefficients not too large, i.e. the noise ¥, is not too deterministic.

At last Zaremba showed that we could use the Fibonacci congruences in order to calculate
double integrals. He has given [23] an increase of the error in this case.

12



Chapter 2

Proofs

2.1 Introduction to the proofs

We study the set By = {¢,T() | £ € {0,1,......,m — 1}}.

2.1.1 Notations

Remark that we do not use the same notations as in [10] [9] [15] and [16]. Indeed, we suppose
here that r; = inf(a,m —a). As a matter of fact the sequences ry,, hy, ky, of [10] [9] [15] and [16]
are the sequences r%, he, k% of this report. We recall their definition.

Notations 2.1.1 One denotes by r,, the sequence defined by : r¢ = m, r1 = inf(a,m — a) and
Tn = Bpt1Tnt1 + Tnao the Fuclidean division of r,, by rpy1 when rpy1 # 0.
Moreover, one denotes by d the smallest integer such that rgy1 =0 (d > 1). One sets rq12 = 0.

Now we define k,, for this new sequence r,. The definition remains the same as before, except
that we change r;.

Notations 2.1.2 One sets ko =0, ky =1 and kpyo = hpyp1kny1 +kn ifn <d+1.

Clearly k,, is strictly increasing and r,, strictly decreasing. Moreover, h,, > 1, 11 < m/2.

Finally, there is no difference if r; < m/2. As a matter of fact the connections between the
sequences r and r, are clarified by the following lemma.
Lemma 2.1.3 Ifa <m/2, r% =1y, h% = hy, and k% = k,.
Ifa>m/2,r§ =rg=m,r{ =a,r§ =r1=m—a, h{ =1, h§+1=hy and forn > 2, rp, | =1,,
hyy1=hn and d* =d+1.
Moreover, k§ = ko =0, kf =k =1, k§ =1, k§ = hy = ko and forn > 2 k| = k5.

Proof If a < m/2, it is obvious.

Ifa>m/2,r§ =rg=m,r{=a.

Now r§ =m =a+ (m —a) where m —a < a =r{.

Therefore, m = a + (m — a) is the Euclidean division of m by a, i.e. of r§ =m by r{ = a.
Therefore m = a 4+ (m — a) is identical to r§ = h{r{ + rg.

Therefore, h{ =1 and r§ =m — a.

On the other hand, 7§ = m — a. Therefore, r§ = ry.

13



Moreover, m = ro = hyry + ro is written ro = m = hy(m — a) + ro = hyrq + ro with hy > 2.
Therefore, m — r1 = (hy — 1)rq 4+ ro with ro < 1. Thus it is an Euclidean division.
Because r{ = h§rg +r§ , h§ = (hy — 1) and r§ = 7.

Because 7§ = r; and r§ = 73 the following Euclidean divisions
r§ = h§rgy +r{ and r1 = hare + 73
are identical. QED

For the sequences k2 and k,,

k§ =0, k¢ =1,

kS =h{ki +k§f =1+x1+0=1,

ks =h3ky + k{ = (b1 —1)x1+1=hy,
k§ = h§k§ + kS = h§h1 +1 = hohq + 1,
ks = hikg + kS,

ko=0,k1 =1,

ko = h1k1 + ko = ha,

ks = hoky + k1 = hahy + 1,
ky = hsks + ko.

And soon. H

Now we shall need the following notations.
Notations 2.1.4 Let J; = {0,1,....,t} and J = {1,2,....,t}, t € N*.
Remark that Jj7, , is the set of definition of h,.

Notations 2.1.5 We suppose that we have an integer ¢ € Jj and an integer f € N* such that
f < he. We denote by as the number belonging to {a, m—a} such that k.as = r. (cf lemma 2.2.1).
Moreover, in section 2.3, 2.4 and 2.5, we suppose kea = .. We denote by M, M+ and M’ the
sets

M ={l € Njal < r.},
Mt ={leNld <r.},
M! ={l € Nlal < fr.}.

We are now going to clarify by graph what represent these notations. As a matter of fact,
because {(¢{,al +b)|¢ = 0,1,.....m — 1} = {(¢,al) + (0,b)|¢ = 0,1,.....,m — 1}, we are brought to
the study of the sequence R? : Uy = (¢, af), ¢ € N, or of the sequence {al}.

For example, suppose that a=24298 m= 199017. We see that [0, m/a[x [0, m[ contains 9 points
of E5 of ordinates af and of abscissa ¢. In this case, we have r; = a and ro = m — 8a, i.e. hy = 8.
Moreover, ro is the distance of y= 8a, the highest point of E5 in [0,m/a[x[0,m[ , to y= m : cf
figure 2.1.

Now, if we study the points U, of [%, 277”[ x [0,m[, we understand that their ordinates are
deduced of the ordinates of [0, m/a[x[0, m[ by a translation of —ry. It is the same for the points
of [277”, 377” [ x [0, m[ with respect to the points of [%, sz [ x [0,m[. And so on, untill the distance
of the lowest point to 0 is equal to r3 = r1 — hory @ cf figure 2.2.

Then, we have obtained all the points of Fy of the sequence Uy of [O, 577"[ x [0, m].

If we continue, we see that the ordinates of the points of U, of [577”7 1%’” [ x [0, m[ are deduced

of the points of Ey of [%, 577" [ x [0, m[ by a vertical translation of r3. And so on when r,, decreases
(i.e. n increases).
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On the other hand, it is easy to understand that the points of ordinates y = m — 19 or y = ro
have abscissa equal to x = ko or x = k3.

Then, the integers k,, are the smallest integers ¢ such that the distance of y = fa to y=0 or
to y=m is smaller or equal to r,,. Then, the 7,’s are the distances minimal between the fa’s such
that £ < kn+1.

The set M is the set of the £ € N such that fa < r; = a (when c=1).
At last, kya =a =1y (k1 = 1), kaa = m — 19 and ksa = rs3.

We shall prove these properties in the following section 2.2 after having given the plan of the
proofs.

2.1.2 Plan of the proofs

In order to prove the announced results, the main part of our work will consist in proving the
property fundamental 5-6. This one gives us in a almost exact way (to within about 1 point) the
number of points of M include in intervals of about any length.

In order to obtain this property we prove at first in section 2.2 the general lemmas which we
have just expressed.

Then in section 2.3.1, we shall show that the points of M deduct from each other by translations
of length kcqp.

Thanks to this result, it will be easy to us to give in section 2.3.2 a unique decomposition of
any point X of M with regard to the sequence heyn, n' € Jgi1_ec.

Then we can give (in section 2.3.3) an also unique decomposition of the difference Y-X of two
points X and Y of M with regard to the same sequence.

With these results we shall calculate in section 2.4 the number of points of M include in intervals
of the form [X,Y [when X and Y belong to M

Finally, we shall deduct in section 2.5 the number of points of M7 contained in intervals [x,
x+L [ where z € N and where L is about anything. This result is the fundamental property.

We shall generalize then this property in section 2.6 by studying the conditions for which T
is invertible (untill now this condition was not imposed) and we shall obtain the fundamental
theorem which will assert us that, for rectangles of height fr. and of about any width, we have
the inequality |Ng — mSg| < 1 when we transform our results into [0, 1]? by homotethy.

Then, we shall give in section 2.7 some mathematical consequences of these theorems.

2.2 General properties

We are now going to prove the observations which we have just written above. We shall prove
in a meticulous way the first lemma and the beginning of the second one. But as the kind of
arguments used here returns constantly and have not major difficulties (those are rather simple
as soon as we assimilated the notations). So afterward we shall not rewrite the smallest steps of
this kind of approach.

Lemma 2.2.1 Letn € Jj, ;. Then, if a =r,

kna =1, if n odd and therefore kna = ry,.
kna =m —r, if n even and ry, # 0 and therefore kna = —rp,.

=

kna =0 if r, =0 and therefore kpa = 0.

If m —a=ry, then

kna =m —r, if n odd and r, # 0 and therefore kpa = —r,.
kna =1, if n even and rn, # 0 and therefore kna = 1.

kna =0 if r, =0 and therefore ky,a = 0.
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Proof Suppose a = ;. We prove the lemma by induction.

If n=1, r; = kya by definition.

If n=2, because m = hq71 + ro and ko = hy, then, koa = m — 7.
Now because 0 < m —ry < m, (if ro # 0 1), then, koa =m — 7s.

Suppose that lemma holds for all integer n’ < n + 1 such that r,11 # 0 and suppose n even.
Then,
kn+2a = kn+1hn+1a + kna, (21)

and therefore,
knt20 = hpi1rne1 +m — 1y, (induction)

and therefore,
kn+2a =m —Tpt2 . (22)

Because 0 < m — 7,42 < m (if 10 # 0),

knioa =m —rypi9. QED

(if 7p42 = 0, then, obviously k,42a = 0).

Suppose n odd and reason by the same way. Then,
kn+2a = hn+1(m - Tn+1) +rn )

i.e. kpyoa = rpyo, and therefore, k4100 = 142. QED

Suppose at last r1 = m — a.
In this case, because the sequences 7,, k,, and h, are identical for congruences T and
T’ = rix + b, on proves easily the result. B

Remark that we have used the following reasoning : in order to prove that, for example,
kna = 1y, we prove at first, k,a = r,, and after 0 < r, < m.

This reasoning returns constanly afterward and has no difficulty. According to what we an-
nounced, we shall not specify it any more from now on.

Lemma 2.2.2 Let n € Jgy1, n > 1 and let k € N, such that 0 < k < k. Then, r,_1 < ka <
m—Tp—-1.

Proof Suppose a = r; and let us prove this lemma by induction.

It holds if n=2. Indeed, remark that hy > 2 (because a = r1), and then, {k € N|1 < k < hy =

Then, 1y =a < ka < (hy —1)a=m —ry —a. Then, r; <ka <m —7ry -7 <m—r;. QED

Suppose that the lemma holds for all integer n’ < n such that n > 1 and 7, # 0 (that means
that r,,11 exists. If r,, = 0, the proof is finished).

As a matter of fact, it is enough to prove the lemma for all integer k such that k,, < k < kp41.
Indeed, if k£ < k,,, the induction and the fact that r, is strictly decreasing prove the property.

Then, we can write the Euclidean division of k by k,, : & = hk,, + £. Then, the definition of k,
imposes that h < h,, and that, if h = h,, then £ < k,,_; (if not, one obtains k& > k11 ).

1If ro = 0, the lemma holds obviously
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Suppose £ = 0. Then, h > 0 and one obtains hk,a = +hr, (cf lemma 2.2.1).

On the other hand, r,, < hr,, < hprp = rn—1 — rng1 ( cf equation 2.2).

At last, because by our assumption, n > 2, we have r,, < r,—1 <r; <m/2and r,_1 <m/2 <
m — r,. Therefore, r,, < hr, <m —r,.

We recall that k,a = r, or m — 7, (r, # 0) (cf lemma 2.2.1 ). Then, we understand that
rn < hkpa <m —r,. QED

Suppose £ # 0 and h < hy,.

Then, by the induction, because ¢ < ky, rp,_1 < la < m —r,_1, and because kn,a = +r, (cf
lemma 2.2.1 ), one obtains easily that 7, 1 — (h, — 1)r, < la+hr, <m—7r,_1+ (h, —1)r,, and
therefore, that 7, + 7,41 < fa+hr, < m—r, — 7,41, and therefore, that r, < fa+hr, < m—r,,
ie. rp, < (L + hkp)a <m—r,. QED

Suppose h = h,, and n=2. Then, ¢ < k,_1, and therefore £ = 0 : it is a case which we have
already seen.

That means that the lemma holds for n=2 and n=3.

Suppose h = hy, 1 < € < kn_1 and n > 2. Then, the induction shows that 7,_» < fa <
m — 7p_s, and therefore, rp_g — hptn < fa £ hpry < m —Tp_o + hntn.

Now, because the definition of r, involves that r,_o — h,r, > 7,, then, one obtains r,
(L + hkp)a <m —r,. QED

IN

Now if @ = m — r1, because T and T’(x) = r1x + b have the same sequences 7, k,, and h,, the
result is almost immediate. W

Corollary 2.2.3 Let n € Jgr1, n > 1 and k, k' € N, such that 0 < k < k' < k,. Then,
m—rp_1 > |k'a—ka| =ka—ka>r,_1.

Proof It is enough to remark that if ka = k¥’a , (k — k')a = 0, and therefore, (k — k’)a = 0. Now,
by the previous lemma 2.2.2, m — r,_1 > (k—k’)a > r,_1, where (because n > 1) r,—1 > 0.
Then, it is impossible that ka = Fa.

Then, ka > k'a or ka < Ka.

If ka > Ka , (k—FK)a = ka — K'a, and then, by the previous lemma 2.2.2, m — r,_; >
(k—k)a=ka—FKa=lka—FKa| >rn_1.
If ka < K'a, (k —k')a = m + ka — k’a, and then, by the previous lemma 2.2.2, m — r,_; >

(k;—k’)azim—i-ﬁa—k’azrn_li. o
Then, k'a —ka > rp—1 and K'a —ka <m —rp_1.
Then, m —r,—1 > |k'a —ka| =ka—ka>r,—,. R

Corollary 2.2.4 Let n € Jgi1, n > 1 and k, k' € N, such that k' < k,, and k < k,,. Then,
ka=FKa<=k=F.

Proof The proof of this corollary is a direct consequence of corollary 2.2.3. B

Corollary 2.2.5 Let c € J;_H such that kea = r.. Letn € Jar1, n > c, and let k € M, k # 0,
k#ke, k<kp. Then, rp_1 <ka<re—1p_1.

Proof By Lemma 2.2.2, r, 1 < k Becilseke%%<rc.
If ka > 1o — Ty 1,(k —kla=ka—ka=r.—ka=Di<r,_1. Let ¥ =k, — k.
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If k. — k > 0, there exists 0 < k' = k. — k < k,, such that k’a < r,,_;. It is impossible because
lemma 2.2.2.

If k. —k < 0, —k’a = —Di, then —k'a = m — Di > m — rp_1. It is impossible because
0 < —k' <k, and lemma 2.2.2. &

Corollary 2.2.6 We keep the notations of corollary 2.2.5. Let {1 and fo € M such that there
does not exist £ € M , £ < £ < L.
Then, ég — fl = kc+1 or ég — fl = kc + kc+1.

Proof Recall that k.10 =m — r..1 and kea = 7. if re 1 # 0.
If {ya > reyq, then 7o > (¢ + kei1)a > 0, and therefore, ¢’ = {1 + k. 1 € M.
If not, ro > l1a +r. — rey1 > 0, and therefore, ¢7 =41 + k. + key1 € M.
Therefore ¢5 < max(¢',0”).
If there exists £ € M, b1 < £ < /lo, L # ' and £ £ (",

or £ — 40 < keyp,0r by — € < keyq.

Ife—0, <keyr,m—r.> (¢ —41)a>r. by lemma 2.2.2.

Then, if (¢ —¢1)a = fa — l1a, la — l1a > r. and £ ¢ M.

If (¢ —¢1)a=m+fla—la, la < lfia < 7. and then, ({ — ¢1)a = m + fa — {1a > m — 7, what
is a contradiction.

If by — € <keyr, m—re ZQQ —la >, by lemma 2.2.2.
Then, if (¢ — £)a = laa — La, (f2 — {)a = l2a — la < r. what is a contradiction.
If (b — £)a = m+ laa — La, ba > lea and, if £ € M, la < r.. Then, ({3 — €)a = m+lya —Lla >

m — r., what is a contradiction.
Then, ¢ ¢ M. Tt is a contradiction.

Therefore ¢5 is not different from ¢ or ¢”.

If rc41 = 0, the proof is identical. B

Lemma 2.2.7 Let {\;}, i=1,2,...,d, be a sequence of N such that \; < h; for i=1,2,...,d. Let
n € N* and k € N such that 3n + 2k < d. Then,

n+k
Z An42iTn42i < Tno1 = Tnok+1 -
i=n
Proof We have
n+k n+k
Z Ant2iTnt2i < Z Pnt2iTn42i
i=n =n

n+k
< E [rn+2i71 - Tn+2i+1] = Tn+2n—1 = Tn42(ntk)+1 = "3n—1 — T3n+2k+1 -

Then,ifn=1,2=3n—-1>n—-1=0and Bn—-1) > [n—1] +2.
Thenifn>2,3n—-1>n+3 and [3n—1] > [n — 1] + 4.
Therefore, for all n such that n +2 < d+ 1,

T'n = hn+1T7L+1 +Tni2 2 Tnel +Tnto 2 Tngt -

Therefore,

Tn = hn+lrn+1 + Tn+2 Z Tn+1 + Tn+2 Z [Tn+2 + TnJrS] + [Tn+2] Z 2Tn+2 .
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Therefore,

Tn—1 = Tnt2k+1 = 271142 = Tnt2k+1 = 2T3n—1 — Tn+2k+1 = T3n—1 = T3n—1 — Tnt2k+1 - B

2.3 Study of M

Now, we study the points of M, i.e. the points of N such that la < r.. For this study, we assume
the following assumptions hold.

Assumptions 2.3.1 We assume that 0 < ¢ < d and kea = 1. (in sections 2.3, 2.4 and 2.5 ).
Under these assumptions, for all n € Z such that n+c € Jyy1, we set Ky, = keyn, Ry = reqn and
H, =hpte.

Then, the following lemma is obvious.

Lemma 2.3.1 We have Ry < m/2, Kpa = Ry, and K,a = R, if n is even,
K,a=m—R,, and K,a = —R,, if n is odd, and R, # 0,
K,a=0, and K,a =0 if R, = 0.

Proof It is enough to apply lemma 2.2.1. B

2.3.1 Properties of Translation

Now, look at figure 2.3 : it shows the points of M T in the case where a =24298 and m=199017
when c=1, i.e. Ry = a.

We understand that the points of M N[0, K3 are the points {0, Ko, Ko+ K1, Ko +2K1, Ko +
3K, Ko +4K;}, and that the points of M N[2K5, 3K5[, for example, are deduced from the points
of M N[0, Ks[ by a translation of 2K5.

If we extend the graph towards the right, we would also see, for example, that the points of
M N [3K3,4K3], are deduced from the points of {MT\{0}} N[0, K3[ by a translation of 3K3.

In this case indeed, this horizontal translation of abscissas is translated by one negative vertical
translation of the ordinates and K will play the role of 0 in the previous case.

They are these properties which we study now.

Proposition 2.3.2 Let n € N* such that n+c¢ < d+ 1. Let ¢ € [K,,, K,,+1|NN. Then, one can
write £ = hIK,, + £y with h € N* and lg € N, ly < K,, and h < H,, and if h = H,, then {y < K,,_1
and if n=1, then h < Hy.

Then, £ € M (resp M) if and only if £y € MT\{0} if n is odd, and {y € M if n is even.

Proof The writing ¢ = hK,, + £y is that of the Euclidean division. The associated inequalities are
due to the definitions of K,,, H,, and /.

In particular, if n=1, and h = Hy, { = H1 K71 + {y = Ko — Ko+ 4y < Ko : ¢y < Ky. Then, by
lemma 2.2.2, fa > 7.1 > 1. and £y ¢ M.

Let o and h defined as in the statement ( o € MT\{0} or ¢y € M). We prove now that
ly+hK, € MT.

Suppose that n is even, i.e. K,a = R,,.

Then, 0 < fya < Ry—R,,_; (by corollary 2.2.5). Then, £y € M. We deduce 0 < lya+hR,, < Ry,
and then 0 < (¢g + hK,)a < Ro, i.e. £ =10+ hK, € MT. QED

If n+c is even, one uses the same reasoning.

21



x 10"

25
apri=R0
oL i
[}
150 i
1+ i
05~ i
0 L 4 N L L
0 Ko 05 1 5 2 [ 2 3 | T 35
Ko+K1 K2=K0+H1K1 2K2 3K2 kel 10?
K3+K0
2K2+K0+K1 3K2+K0+K1 K3

Figure 2.3: a=24298, m=199017, ro = 4633, r3 = 1133

22



Reciprocally, let £ € M* N [K,,, Kni1[: £ =4y + hK,.

Suppose n even, i.e. Kpa = R,,. Because R,, < Ry, and n+c > 2 it is easy to understand that
Ry < Ry + hR,, < m. Therefore that (Ko + hK,)a > Ry, i.e. Ko+ hK, ¢ M™, and therefore
by # K. o

Because, on the other hand, R, < fa < Ry (by lemma 2.2.2 and by assumption), then,
—(H,, — 1R, <fa—hR, < Ry.

If ta—hR, <0, then, (¢ — hK,)a = m+fa—hR,, and therefore, n—R,,_1 < ({ — hK,)a < m.

Now, ¢ — hK,, < K,, which is in contradiction with the lemma 2.2.2.

Therefore, 0 < la — hR,, < Ry, i.e. o € M. QED

If n is odd the proof is identical.

Then, it remains to prove the equivalence between ¢ € M™ and £ € M. It is due to the
following lemma 2.3.3 which is a direct consquence of corollary 2.2.4. B

Lemma 2.3.3 The only point of M+ N[0, kqy1] such that fa = Ry is the point K.

Lemma 2.3.4 We have
MN[0, Ks[= {O,K0+K1,K0+2K1, ......... ,K0+(H1—1)K1},
MnN [OvKl[: {0}7
M+ n [OaKl[: {OaKO}y
MN[0, Ky[={MN[0,K[} U{Ko}.

Proof It is enough to apply the previous results and corollary 2.2.6. B

2.3.2 Writting of points of M

With the previous results, we understand that it is easy to give a writing of elements of M by
induction.

Let £ € M N [hKr,(h+ 1)Kr| where h + 1 < Hy. Then, { — hK; € M by proposition 2.3.2.

Finally, we shall come down easily to the elements of M N [0, Ka[ of which we know the form
(cf lemma 2.3.4).

That means that ¢ can be written ¢ = § Ky + 231:1 g+ Ky where  =0or § =1 and g; < Hy. At
last, if g = Hy, proposition 2.3.2 shows that ¢y < K;_1, i.e. g:—1 = 0.

Now, we shall prove these results and we shall understand that this writing of ¢ is unique.

Lemma 2.3.5 Let £ € M™T, { < kqy1 such that there exists T € N* checking c+ T < d and let
gr € N*, such that ¢ € [gr K1, (g7 + 1) K7[N[0, K141].
Then, one can write £ in the form

T
0=06Ko+ > 9Ky,
t=1
with

1)6=00rd=1,

2) gr < Hy wheret e N*, t <T,

3) If g¢ = Hy , then g;—1 =0,

4) g1 < Hl.

Proof We prove this lemma by recurence. It holds for T=1 and T=2 (cf lemma 2.3.4).
Suppose that it holds for all integer 77 < T and suppose that ¢+ T +2 < d + 1.

Then, if £ = ly+g711 K141 means the Euclidean division of £ by K71, o € M (cf proposition
2.3.2) and it is enough to apply the induction in order to obtain the announced results. l
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Lemma 2.3.6 Let g¢, t=1,2,...,T, be a sequence checking the conditions of lemma 2.3.5 where
TeN*, andT <d—c. Let 6§ =0 oré =1.

Then,
T

0Ko + thKt €0, Kpqq] .

t=1

Proof The proof is easily done by induction by using definition of sequence K,. B

One deduce also easily the following lemma.

Lemma 2.3.7 We keep the notations and assumptions of lemma 2.3.6. Then,

T

§Ko+ Y giKe € [grKr, (97 + 1) K7 [N[0, Kr41] -
t=1

Lemma 2.3.8 The decomposition of £ € M™ given in lemma 2.5.5 is unique.

Proof In the decomposition of all £ € M™ given in lemma 2.3.5, gr is determined in a unique
way by lemma 2.3.7. Then, we deduce the lemma . B

We gave the only writing of any element £ € M N[0, kq11[. Now we have to generalize this
result for all £ € M.

Proposition 2.3.9 The lemma 2.3.5, 2.3.6, 2.3.7 and 2.3.8 hold again, if we replace the condition
c+T <dbyc+T<d+1.

Moreover, if £ € [gkay1,(g + Dkay1[, g € N, then £ € M (resp £ € M™) if and only if
' ="0—gkqi1 € M (resp 0 € MT).

Moreover, 0'a = {a.

Proof It is enough to recall r441 =0, i.e. kgr1a=0. B

2.3.3 Study of Y-X with X, Y e M

Then, we have a decomposition of the points of M. But, later, when we want to compute the
number of theses points belonging to an interval [X, Y[, where X and Y belongs to M, we had to
know also a decomposition of Y-X. It is this problem that we study now.

This study is based on a simple idea. :
if Ya > Xa, then, (Y — X)a < Ry and therefore Y — X € M.
If not, m — Ry < m+ Ya— Xa < m, that is to say 0 < Ry + Ya — Xa < Ry, and therefore,
Ko+ (Y —-X)e M.

Lemma 2.3.10 Let ¢ € N such that £ = E;Trzl N K, where T € N* and checks c+T < d+1 and
where \; € N |, \; < H;, \y < Hy, and Zf/\z = H;, then X\;_1 = 0.
And let X € M. Then,
OR ¢ € M, and, in this case, or X +0 € M or X +0— Ko € M,
OR Ko +/{ € M and, in this case, or X +0 € M or X + £+ Ko € M.

Proof By lemma 2.2.1, we can write fa = Z¢T=1 AiK;a, in the form

i+cE2N* | ite<T i+c€2N+1, ite<T

Then, by lemma 2.2.7, 37, cone iiecr Ailli = a1 < Ry and 30,1 coniq jpecr Ailli = a2 <
Ry with a, € N for s=1,2. - B
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Therefore, if o1 > o, then, la = a1 — as < Ro, and therefore £ € M. If not, 0 < oy — s + Ry
and £+ Ko € M. QED

Then, let X € M.

If (e M,0</la+ Xa < 2Ry < m, and then
or la+ Xa < Ry, and then, X +¢ € M,
or fa + Xa > Ry, and then, X + ¢ — Ky € M.

If ¢ + Ky € M, we use the same way.

Lemma 2.3.11 Let X and Y belonging to M such that X <Y . Let

T T
X =6§Ky+ ZmiKi and Y =8 Ky + ZyiKi

i=1 i=1
be the decompositions of X and Y according to proposition 2.3.9 , i.e. lemma 2.8.5 if c+ T < d

(it is possible that xp = 0).
Then, Y-X is written, by a alone way

T
Y—X:AKo—i—ZziKi,
i=1
with z; € N, z; < H;, 21 < Hi, and if z; = H;, then z;—1 =0,
and where A =0 or 1 ifYa> Xa, A=0 or-1ifYa < Xa.

Proof If Ya > Xa, then, Y — X € M7, and then, Y — X is decomposed by an alone way according
criteria of proposition 2.3.9 (cf also lemma 2.3.8) : ¥ — X = K + ZtT:,I 21 K.

If Ya < Xa, then, Ko+Y — X € M*, and then, Ko +Y — X = 6K, + Zthll 2z K; and then,
Y- X=0-1)Ko+ XL, 2K,

It remains to prove that 7" < T.

Y —-XeMt thenY — X <Y < Kry (cf lemma 2.3.6), and therefore 77 < T' (cf lemma
2.3.7).

FKy+Y—-XeM",Y—-X¢g&M?"andif X # 0, then X > Ky (cf lemma 2.2.2), and
therefore Ko +Y — X <Y < Krp41 and therefore 77 < T (cf lemma 2.3.7).

At last, if X=0, then, Ry > Ya—Xa=Ya > 0. Then, Rg > (Y — X)a=Ya— Xa > 0. Then,
Y-XeM™. 1

Lemma 2.3.12 Let X and Y belonging to M™T such that X < Y. Then the following logical
equivalences holds
DYa>Xae=Y-XeM",
2) Ya< Xa+= Koy+Y -XeM,
3)Ya<Xa+= Ko+Y -XeM™',
Proof In the previous proof, we have just proved the direct implications. It remains to prove
the reciprocal implications.

They follow from the fact that the two conditions
Y—-XeM"and Kog+Y — X € M are incompatible. B

It is necessary to complete these properties by the following property.
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Let us suppose that we have X belonging to M and ¢ defined as in the lemma 2.3.10 : ¢ =
ZiTzl K.

Then, let Y’ € M defined also by lemma 2.3.10 : Y/ = X + £+ §Ky with § =0 or 1.
Then, let us write Y’-X according to lemma 2.3.11 : Y/ — X = AKy + 23:1 %z K.
It remains to be proved that \; = z; for i=1,2,...,T. It is what we do in the following lemma.

Lemma 2.3.13 Let X € M. Let ¢ € N defined as in lemma 2.5.10 : { = ZiT:1 MK

Ift € M, we denote by Y’ that of the two numbers X +¢ and X +¢— K, belonging to M (there
is an only one by corollary 2.2.6 ).

If Ko+ ¢ € M, (what is incompatible with £ € M ), then Y’ is that of the two numbers X + ¢
and X + ¢ + Ky belonging to M (there is an only one by corollary 2.2.6).

With theses notations , the decomposition of Y’-X according to lemma 2.3.11 is

T
Y’-X:AKMZAZ»K,».

i=1

Proof Assume £ € M. If Y’ = X +/, then by our assumption Y’ € M and Y'—X € M. Therefore
Y’a > Xa (cf lemma 2.3.12), and therefore, Y’ — X = § Ky + ZiT:I 1; K; by an only way by lemma
2.3.11 : because / =Y’ — X, § =0 and \; = p;.

The other cases are proved by the same way.

Both lemmas which we prove now will be useful later when we shall need a recurrence about
T about the writing of Y-X.

Lemma 2.3.14 Let T € N such that c+ T <d+1 and 2<T. Let X and Y € Mt N [0, K71,
such that X <Y.

Then, according proposition 2.3.2, there exists X’ and Y' € M™ N[0, Kr| such that X =
X' +axrKr , Y =Y +yrKr (cf proposition 2.3.9 ) and xr < yr 2 .

We assume yr > 1 and X' £ Y'. We denote by Y” =Y’ + Kr (by proposition 2.5.2 and
lemma 2.3.3, Y7 € M ).

Let AKy + ZiT;ll 2z K; be the decomposition according lemma 2.3.11 of Y'-X"if X' <Y’ and
of Y’ — X' if not.

Then, the decomposition of Y-X according to lemma 2.53.11 is

T
Y—X:AKOJrZziKi,

i=1
with zr = yr —xr if X' <Y’, and zp0 = yr — xr — 1 if not.

Proof Let us assume X' <Y'.
Then, if Xa < Ya,Y — X € M+ by lemma 2.3.12.
Therefore Y’ — X’ € M™ by proposition 2.3.2.
Therefore, Y/ — X' = 6Ky + 23:11 z; K; by lemma 2.3.5, proposition 2.3.9.
Therefore, Y — X = 6Ky + 1" ziK; + (yr — 27)Kr. QED

If Ya < Xa, then Ky +Y — X € M by lemma 2.3.12.

Therefore Ko + Y’ — X’ € M+ by proposition 2.3.2.

Then, (because Y’ # X’), if n is odd, it is easy to understand that Ko + Y’ — X’ € M by
lemma 2.3.3. If n is even, by proposition 2.3.2, Ky + Y’ — X’ € M. Then, in all the cases,
Ko+Y' — X' € M.

Then, Kg+Y' — X' =6Ko + ZiT;ll z; K; by lemma 2.3.5, proposition 2.3.9.

2By proposition 2.3.9, if zr > y7, X -Y = X' ~Y'+ (21 —yr)Kr > —K7r_1 + K7 > 0, what is a contradiction
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Therefore, Y — X = (6 — 1)Ko + Y1 2:Ki + (yr — 27r) K. QED

Now, clearly yr — x7 < Hrp.

Moreover equality yr — z7 = Hp involves that yr = Hy and 7 = 0, and therefore, by lemma
2.3.5, proposition 2.3.9, that Y/ < Kp_1. Then, X’ <Y’ < Kp_1 because by our assumption for
this part of the proof, X’ <Y’. Then, zpr_; = 0 by lemma 2.3.13.

At last Xa < Ya, involves indeed A =0 or 1 and Ya < Xa involves A = 0 or -1. QED

IfY' < X' < Y7, the result is proved by the same way. B

Lemma 2.3.15 Let X', Y and Y” defined as in lemma 2.3.14 such that Y' < X' <Y”.
Then the following inequalities are impossible : Y'a < X'a <Y”a or Y”a < X'a <Y'a.

Proof By lemma 2.2.1, (Y” —Y")a = £ Rr.

Therefore Y’a =Y'a + Rr.

It is easy to deduce that Y7a = Y/a+ Ry if Y/ # 0 because Ry < Rp_1 <Y'a<m—Rr_; <
m — Rp by lemma 2.2.2.

If Y/ = 0, the assumptions Y’ € MT and Y € M™ will impose that T is even (proposition
2.3.2), and therefore, because by our assumption T'> 2, Y”a = Y’a + Ry (cf lemma 2.2.1).

Then, in all cases, we have Y"a =Y’a + Ry .

Then, let us assume Ya<Xa<Y’aorY’a<X'a<Ya.
Then, we have |Y’a — X’a| < Ry. That is a contradiction with corollary 2.2.3. B

Corollary 2.3.16 Let X’, Y’ and Y” defined as in lemma 2.3.15. Then the following logical
equivalences holds :
X -YeEM« Koy+Y" -X' € M.

Ko+ X - Y eM<Y —-XeM.

Proof Suppose X' — Y’ € M. Then, X’a > Y’a by lemma 2.3.12. Then, by lemma 2.3.15 ,
X’a > Y a. Then, by lemma 2.3.12, Ko +Y” — X' € M.

Suppose Ko +Y” — X’ € M. Then, by lemma 2.3.12, X’a > Y”a. Then, by lemma 2.3.15 ,
X'a > Y’a. Then, by lemma 2.3.12, X' —Y' € M.

Now it is impossible that (X’ — Y’)a = Ry. Indeed, because X’a > Y’a , and by the definition
of lemma 2.3.14, X’a < Ry, Ry > X'a—Y’a > 0. Then, (X' —Y")a=X'a—Y'a. If (X' —Y")a =
Ry, it is necessary that X’a = Ry and Y’a = 0. Now, because by the definition of lemma 2.3.14,
T > 2, m > Rr_1 > 0. Then, because Y’ < Kr, by lemma 2.2.2, Y'a > Ry_1; > 0. Then,
Y’a > 0, what is a contradiction.

Then, X' — Y’ € M. QED

Now suppose Y” — X’ € M. Then, by lemma 2.3.12, X’a < Y”a. Then, by lemma 2.3.15 ,
X'’a < Y’a. Then, by lemma 2.3.12, Ko+ X' =Y’ € M.

Now suppose Ko+ X' —Y' € M. Then, by lemma 2.3.12, X’a < Y’a. Then, by lemma 2.3.15,
X'a < Y”a. Then, by lemma 2.3.12, Y” — X' €¢ M.

Now it is impossible that (Y” — X")a = Ry. Indeed, because X’a < Y”a , and by the defi-
nition of lemma 2.3.14, Y"a < Ry, Rg > Y7a — X’a > 0. Then, (Y” — X)a = Y7a — X'a. If
(Y” — X")a = Ry, it is necessary that Y”a = Ry and X’a = 0. Now because ¢ > 1, m > Rp_; > 0.
Now, because by the definition of lemma 2.3.14 Y’ < K. Then, by lemma 2.2.2, X’a > Ry_, > 0.
Then, X’a > 0, what is a contradiction.

Then, Y” — X’ € M. QED B
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2.4 Number of points of M in the intervals.

We keep the previous notations and we suppose again that assumptions 2.3.1 hold.

We shall calculate at first the number of points of M belonging to intervals in the form [0,X],
XeM.

Look at again figure 2.3. We know aleready the numbers of points of M belonging to intervals
[0, Ki[ and [0, K[ : cf lemma 2.3.4.

Then, we understand that it is easy from proposition 2.3.2 to calculate the numbers of points
belonging to [0, K3 : It will be the numbers of points belonging to [0, Ks[, [K2,2K5s][, ....... ,
[(H2 - 1)K27H2K2[ and [H2K27K3[.

Now the first intervals contain the same number of points because they are deduced from each
other by translation (proposition 2.3.2) and the last one contains the same number as [0, K|
(proposition 2.3.2), and therefore

card ([0, K3[NM) = Hycard([0, K2[NM) + card([0, K1[NM) .

They are these simple properties that we prove now.

Notations 2.4.1 We denote by [z,y[, [z,y[C R, the number [z, y[ = card([z,y[NM).

We define the sequence {Q%}, n € N, by Q5 =0, Qf =1 and Q5 = Q4 hnye + QF_1 when
neN“andn+c<d+1.

In order to simplify, in this section, we simplify QS by Q.

Lemma 2.4.2 Let p € N* such that c+p < d+ 1. Let h € N*, h < H,. Then the following
equalities holds :

[hEp, (h+ D Ep[ = [0, K[

[HpraKp-H[ = [Ova—l[ 5 Zf p>2.

Proof It is enough to use proposition 2.3.2 by remarking that card ([0, K,[NM) = card([0, K,[N{MT\

{0}}) =m

Lemma 2.4.3 Let p € N* such that p+c < d+2. Then, [0, K,[ = Q,.
Proof It is enough to apply lemma 2.3.4 and, by inductive way, the equality quoted at the begin-

ning of this section for p=3, as its proof. B

Lemma 2.4.4 Let X € M and Y = 6Kq + 23:1 g:K; be the decomposition of X according
proposition 2.3.9. Then, [0, X[ = Z?:l i Qi -

Proof We prove this lemma by induction on T. It holds for T=0 and T=1 (cf lemma 2.3.4).
Then, it is enough to apply a simple induction. Suppose that this lemma holds for all 77 < T—1.
Then, L' = Y.7' g;K; < Kr by lemma 2.3.6.

Now, by lemma 2.4.2 and 2.4.3, [h K1, hKr + Kr[ = Qr. Then, [0, grKr[ = 9rQr.
Now, by proposition 2.3.2 there exists a bijection beetwen [gr K1, gr K1 + «[NM and [0, z[NM
or [0,z[N{M™*\ {0}} when gr K7 + 2 < K741 and z > K.

Then, because card([0, K,[NM) = card ([0, K,[N{M*\ {0}}), [g9rKr,9rKr + L'[[=[0,L'[ =
Sin 9iQs-
T T-1 T
Then, [07 Zi:l gsz[ = Zizl giQi + QTQT = Zi:l ngz |
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Lemma 2.4.5 LetT € N*, ¢c+T < d+1, and let Z € [0, Kp4+1[NM such that Z+ Kr € [0, Kr41].
Th@?’l, [Z,Z + KT[ = QT-

Proof It is easy to understand (thanks to proposition 2.3.2) that Z + Kp € M, and therefore,
Z + Ky is written Z + Kp = 0Ko 4+ Y1 MK; + K, and Z - Z = 6 Ko + 3., MiKi.
The lemma 2.4.4 permits to conclude. B

The lemma which we prove now will be useful in order to prove proposition 2.4.7.

Lemma 2.4.6 Let T € N*, T <d+1. Let ¢’ and £ € M N[0, Kr + Ky].

Let V! = 'Ky + Zg;l MK and 07 = 07Ky + Z?:l wiK; the decompositions of ¢! and 07
according 2.5.9. Assume that ¢/ + 07 = K1 + K.

Then, 2?21()\1‘ + 13)Qi = Q.

Proof At first, we prove this lemma when ¢’ (or ¢”) € [Kp, K1 + K.

It is easy to undersand that Ky or K7 + Ko € M and that [Kr, K+ + Ko contains an only
point of M (Cf corollary 2.2.6) : ¢/ = K + K for example. In this case, £ = 0. Then, Ay = 1,
Ai=0ifi<Tand p; =0

If ¢/ = Kp, 0 = Ko and Ap =1, \; = 0 if i < T and 1; = 0 for j=1,2,.....,T. QED

Now, let us prove the rest of the lemma by induction.

Thanks to lemma 2.3.4, one understand easily that it holds for T=1 and T=2.

Let us suppose that it holds for all integer 7" < T when T > 1.

Let I” and L” € M such that L' + L” = Kpy1 + Kg and L' < Kp,1 and L” < Kp41.

Let L' =68 Ko + ZiT:1 MNK;and L” = 8" Ko + ZiT:1 1; K; be the decompositions of L” and L”
according proposition 2.3.9.

Let ¢ = 0'Ko+ Y ' MK, and €7 = & Ko + 3" i K.

Then, ¢ and ¢” € [0, Kr[NM™ (cf proposition 2.3.2 and lemma 2.3.5), and therefore, £/ 4 7 —
Ky < 2K7.

We deduce easily that
or Ay + pup = Hy — 1, and therefore ¢/ + ¢ — Ko = Ky + Kp_1,
or Ay + pur = Hp, and therefore ¢/ + ¢ — Ko = Kp_1.

I Ap + pr = Hr — 1, and £ + € — Ko = Kp + Kp_1, then, OR Ap_1 # 0 OR pp_; # 0.
Indeed, if not, we have ¢/ + ¢’ — Ko < K7+ Kr_1.

If Ar—1 # 0, for example, we set ¢4, = ¢ — Kp_;.

Then, if A\r_1 = 1, by proposition 2.3.2, ¢, € M*.

Then, if Ar_1 # 1, by proposition 2.3.2, £5 = ¢/ — Ar_1Kr_1 € M+ \ {0} or ¢4 € M. Then,
by proposition 2.3.2, #{ = 05+ (Ap—1 — 1)Kp_1 € M.

Now, ¢; +¢’ — Ko = K7. Then, the induction allows to write that ZiT:_ll(/\i +u)Qi —Qr—1 =
Qr, and, therefore, 2;7’1:1(& + 1:)Q; = Qr41. QED

If \p + wr = Hr and ¢/ + 07 — Ky = Kr_1, OR V' = Kp_y (01“ 0 = KT—l) OR YV < Kp_4
and 07 < Kp_1.

If / = Kp_q1,0” = Ky. Then, \p_1 =1, \; =0if i <T —1and p; =0if j <T — 1. Then,
S+ 1)Qi = Qraa.

If ¢/ < Kr_1 and £ < Kp_1, one can apply the induction. Then, ZiT;ll()\i + 1) Qi = Qr—1.

Then, Zzﬂ:l(x\i + ,ui)Q,‘ =Qry1.
|

We are then able to prove a very important theorem for the continuation of our study. We see
that it will allow us a detailed knowledge of the distribution of points of M
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Proposition 2.4.7 Let X € M andY € M such thatY > X. LetY — X = AKy + Zszll zi K
the decomposition of Y-X according lemma 2.3.11. Then,

[ T,
i=1
Proof Let X = 'Ky + E;TFZI z,K; and Y = 07Ky + Z;Trzl y; K; the decompositions of X and Y
according proposition 2.3.9. Then, we prove the proposition by induction on T.
Remark that 77 < T (lemma 2.3.11) and T' > 1 (cf corollary 2.2.6).
Then, the proposition holds for T=1 (cf lemma 2.3.4).

Then, let us assume T € N*, T' < d — ¢ and that the proposition holds for all integer TV < T..

Let X = 0'Ko+ Y K, € M and Y = 0" Ko + Y1, 4iK; € M. Let X', Y, Y” defined
by X/ =X - $T+1KT+17 Y/ =Y — yT+1KT+17 Y” = Y’ + KT+1. Then, X’, Y/ S [O,KT+1[QM+
(cf proposition 2.3.2) and Y” € M (cf proposition 2.3.2).

Let us assume Y’=X". Then, by lemma 2.4.5, the proposition is almost obvious.

Let us assume X' <Y'. Let Y — X' = AK), —1—2; z; K; the decomposition of Y’-X’ according
lemma 2.3.11. Then, lemma 2.3.14 allows to write

T
Y - X =AKqy+ Z%Ki + (Yr1 — 1) Krgr

i=1
Now,
X, v] = 0+ Vv - X, X,
XY= ZiTzl 2;@Q; (by induction),
Y'Y= yr+1Qr+1 (by lemma 2.4.5) ,
X', X[ =2711Qr41 (by lemma 2.4.5). QED

Let us assume Y’ < X'. In this case, Y/ < X' <Y” <Y.

If, X’a <Y”a,Y” — X' € M. Then, by corollary 2.3.16, Ko+ X' - Y’ € M.
Therefore, Ko + X’ — Y’ and Y”-X’ check the assumptions of lemma 2.4.6.
Therefore, if Y” — X' = 6K+ Y1, 27K, and Ko+ X' =Y’ = §'Ko + Y., 2/ K; according

proposition 2.3.9, lemma 2.3.11, then, ZiTzl(z”i +2)Qi = Qr+1 by lemma 2.4.6.

Now, Y7 — X' = 6K, + ZiTzl 27;K; is also the writing of Y7 — X’ according lemma 2.3.11
because X’a < Y”a and because this writing according lemma 2.3.11 is unique.
Then, by lemma 2.3.14,

T

Y - X =AKy+ Z 2 K + (yr+1 — 2041 — 1)Ky,
i=1

where 2”; = z;. Moreover, [Y/ X[ = Zz;l zl@Q; by induction and [Y', Y[ = yr4+1Qr+1 by
lemma 2.4.5. Then, the equality [X,Y[ = [Y', Y[ — [Y’, X[ — [X’, X[ allows to conclude that

[X,Y[=Y[_, zQi. QED

IfY?a < X'a, Kg+Y” — X' € M. Then, by corollary 2.3.16, X' = Y' € M.
Therefore, by lemma 2.3.11, Y - X = AK0+Z;¢F:1 27, K; with A = 0or-1, ie., Kg+Y" —X =
0 Ko + ZiTzl 2" K; with 6 =0 or 1.
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Moreover, Y”a < X’a. Then, by lemma 2.3.15, Y’a < X’a. Then, by lemma 2.3.11, X' —Y’ =
8 Ko+ Y1, 21K, with &' =0 or 1.

Now, X' — Y’ and Ky +Y” — X’ check the assumptions of lemma 2.4.6. Moreover, X',Y’,
Y” € M. Then, ZiT:l(z”i + 2))Q; = Qr41 by lemma 2.4.6.

Now, by lemma 2.3.14,

T
Y -X=AKy+ ZZiKi + (Yr+1 — 2741 — 1)Ky,
i—1

with 2”7; = z;.
Now, [Y', X[ = ZT z1@; (by induction) and [Y, Y[ = yr4+1Qr+1 by lemma 2.4.5. Then, the

i=1 1

equality [X,Y[=[Y",Y[— [V, X'[ — [X’, X[ allows to conclude that [X, Y[ = ZiT:1 2;Q;. QED

At last suppose X’a = Y7a. Now, T+ ¢ < d. Then, T+ c+1 < d+ 1. Now, X’
Y” < Kry1 < Kgy1. Then, by corollary 2.2.4, Y” = X'. But X’ < Ky and Kr < Y”. It
is impossible.

2.5 Computation of the number of points of M/ contained
in intervals

We keep the notations of section 2.3 and 2.4 (in particular, we suppose again that assumptions
2.3.1 hold).

One generalizes very easily the previous results at the case of M7 by remarking that M/ =
{M}U{M + Ko} U{M 4+ 2K} U .cccveenrnne. U{M + (f — 1)Ko}. This is reflected in the two
following lemma.

Lemma 2.5.1 The points ¢/ € M7 such that tRy < fa < (t+ 1Ry, teN, t+1< f < Hy, are
the points of the form ¢ = +tKy, £ € M.

Proof It almost obvious.l

Lemma 2.5.2 Let X, Y e M, X <Y andlet X — Y = AKy + 2;7’1:1 z; K; be the decomposition
of Y-X according lemma 2.3.11. Then card([X, Y[ﬂMf) = f(zz;l lez)

Proof Let ¢/ € Mf. Let X, € M, X < X1 <Y. Then, =X, +tKg e M7 according
lemma 2.5.1.

Now, by corollary 2.2.6, Y — X; > K;. Then, X; +tKy < X; + (Hyo — 1)Ky = X1 + K; —
K 1—-Ky<X1+K,<Y. Then, ¢/ <Y.

Then, [X,Y[NM7/ = {{+tKo|¢ € M,t < Hy — 1}.

By using proposition 2.4.7, the proof is almost immediate.ll

Now we can prove the fundamental proposition. We understand that, for an integer L, which
is almost anything. We know almost exactly the number of points of M7 contained in any interval
of length L. This result gives us a remarkable knowledge of the distribution of points of Fs.

Fundamental Proposition 2.5.3 Let L € N such that L = Z;TFZI MK with A\ < H;, A\ < Hy,
and Zf )\i = Hi, then, )\i—l =0.
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Let us denote by Q the number Q = Ez;l AiQ;. Let x € N. Then,
card([z,x + L[NM7) = fQ or fQ+1 if LeM,

card([x,x+L[ﬁMf) =fQ or fQ—-1 if Ko+LeM.

Proof In this proof, we set [z, y[ = card([z,y[NM7) when [x,y[ is an interval of R..

Then, let x € N. Then there exists X € M and X; € M such that X < z < X;. Let us set
Y=X+L, y=x+L and s=x-X=y-Y.

We recall that L € M or Ky + L € M by lemma 2.3.10.

Then, if L € M, we denote by Y’ the one of the two numbers Y or Y — K which belongs to
M according lemma 2.3.13 (cf also lemma 2.3.10).

If Ko+ L € M, we denote by Y’ the one of the two numbers Y or Y + K which belongs to M
according lemma 2.3.13 (cf also lemma 2.3.10).

At last, we denote by Y7 the follow up of Y’ in M, i.e. Y/ < ¥/ and |Y",Y{| N M = {Y{}.

Then, by lemma 2.3.13, proposition 2.4.7 and lemma 2.5.2, [X,Y'[ = [X1,Y][ = fQ.

Now, we need the following lemma.

Lemma 2.5.4 Let o € N and let Zy, Z1 € M such that Zy < a < Zy and such that there does
not exist 7' € M checking Zg < Z' < Zj.
Let t e NU{—1} such that Zy +tKg < a < Zy+ (t + 1)Ko . Then, we denote a € VtZO.

Then, [Zo,a] = inf(f,t+1) and [a, Z1[ = f —inf(f,t +1).

Proof Lemma 2.5.1 shows that [Zy, Z1[NMF = {Zy, Zo + Ko, Zo + 2Kg, eevnveve... s Zo+ (f —
1)Ko}

Moreover 2.5.2 shows that [Zp, Z1[ = f. B

Now we can prove the fundamental proposition. At first, we suppose Y’=Y.
Therefore L € M or Ko+ L € M.

1-a) Let us assume Y{ —Y' > X; — X. Then, if z € VX, y € VY. Then, [z,y] =
(X Y[+ [Yy[ - [X2[=[X, Y] = fQ.

On these figures, y-axis has no interest : it is just a matter of showing on two lines the location
of Y)Y, Y/, X1, X.

1-b) Let us assume Y{ — Y’ < X; — X. Then, X; — X = K; + Ky and Y/ — Y/’ = K; by
corollary 2.2.6. If s < K7, it is the same proof as above in 1-a).

If s > K3, then, y €]Y{,Y{ + K[, and in this case, Ko+ L ¢ M.

Indeed, because X; — X = K; + K, then Xa < R;. Indeed, Xia = Xa + Kia + Ka =
Xa— Ry + Ry < Ry because c is odd (cf lemma 2.2.1). Then, if X1a = Xa+ Kia+ Ka, Xa < R;.
If Xja=m+Xa+Kia+Ka>m+Ry— R+ Ry > m/2 + 2Ry because ¢ > 1 and then,
Ry < Ry < m/2. Then, Xia > Ry and X; ¢ M : there is a contradiction.

Now if Ko + L € M, then, m — Ry < La < m.

Therefore, m — Ry — R1 < Xa+ La — Ry < m.

Now, Y=X+L, Y{ =Y + K;. Then, Yja = (X + L + K1)a = Xa+ La— Ry >m— Ro — R,.
Then, Y/ ¢ M.

NOW, m—R() — Rl Z Ro.
Indeed Ry + Ry < R_y. Then, if R_; <r; <m/2, it is obvious.
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If not, Ry = 71, Ry = rp and then, because 1 < m/2, hg > 2 and then, ry +ry < m —ry.
Therefore, (X + L + K1)a > m — Ry — R1 > Ry.
Now, Y=X+L, Y/ =Y + K;. It means Y{ ¢ M. Then, L € M

Now, by lemma 2.3.13, Y’-X is written by an only way ¥ — X = Ky + 2?21 A K; according
lemma 2.3.11. Then, [X,Y] = fQ according proposition 2.4.7.

Moreover, because y €)Y/, Y{ + Ko, [Y{,y[ = 1.
Moreover, with the notations of lemma 2.5.4 with z = «, because s > K; = HoKg + K_1,

t > f, and then, [X,z[ = f. Now, by lemma 2.5.2, [Y,Y/[ =
Then, [z, y[ = [X, Y[+ [V, Y[+ [Y],y[ - [X,2[ = [X,Y[=fQ+ f+1-f=fQ+1 QED

~

Now we suppose Y/ =Y + K. Therefore Ko+ L € M.
Now, by lemma 2.3.13, Y’-X is written by an only way Y/ — X = Ky + Z?:l \; K; according

lemma 2.3.11. Then, [X,Y’[ = fQ according proposition 2.4.7.

If z=X, then, [y, Y[ =0 or 1 by lemma 2.5.1.
Therefore, [z,y] = [X,Y'[ — [y, Y'[ = fQ or f{Q-1 by using proposition 2.4.7.

If X <z < X + Ky, then, [y, Y’[ = 0 by lemma 2.5.1. Moreover, [X,z[ =1 by lemma 2.5.1.
Thereforev [xvy[ = [Xv Y/[ - [X,.’E[ - [yvyl[ = fQ - L

If X + Ko < z, then, s < K1 + Ky and Y{ — Y’ > K; by corollary 2.2.6. Then, Y’ <y < Y{.
Then, if z € VX, y e VY.

Therefore [Y/, y[ = [X, 2] — 1.

Therefore, [z,y[ = [X,Y'[— [X,z[+ [Y,y[= fQ — 1.

Therefore, [z,y[ = fQ — 1.

Now we suppose Y’/ =Y — K. Therefore L € M.
Now, by lemma 2.3.13, Y’-X is written by an only way Y’ — X = — Ky + ZiT:1 \; K; according

lemma 2.3.11. Then, [X,Y’[ = fQ according proposition 2.4.7.

Ify € [Y,Y{], then if 2 € VX, y € V)|. Then, [z, X[+ 1=[Y",y].
Now, [x,y[ = [X’ Y/[_ [an[+ [Y’,y[ =fQ+1.

Then, let us suppose y > Y7.

Now, it is impossible that Y{ — Y’ < X; — X. Indeed, in this case, by corollary 2.2.6, Y{ - Y’ =
Kl and X1 —X:Kl —‘y—Ko

Now, as previously , Xa < R;. Indeed, X1a = Xa + Kia + Kpa = Xa — R, + Ry < Ry.
Moreover, Xa— Ry + Ry < 2Ry < m because m/2 > 1 > Ry > R;. Then, X1a = Xa— R+ Ry <
Ry.

Then, Xa < Ry and La < Ry. Then, Xa+La—Ry—R, < 0. Themm =(X+L-Ko+Ki)a=
m+ Xa+ La— Ry — Ry <m.

Moreover, m + Xa+ La — Ry — R1 > m — Ry — R1 > m —r1 —ry > r1 because h; > 2. Then,
Y/a > > Ry. Therefore Y/ ¢ M.

Now, if y > Y, and if Y{ — Y’ > X; — X, then Y/ =Y’ = K; + Ky and X; — X = K;. Then,
=X <K;. Then,y=Y+(x—X)=Y'+ Ko+ (2 —X) <Y'+ Ko+ K; =Y. It is impossible.
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Therefore, ify > Y/, Y/ —Y' = X; —X. Then, ify > Y/, y €]Y{,Y{+ Ko[ and = €] X; — Ky, X1].
Then, [X,z[ = f by lemma 2.5.1, [Y’, Y]] = f by lemma 2.5.2 and [Y{,y[ =1 by lemma 2.5.1.
Therefore, [z,y[ = [X,Y'[ - [X,2[+ [V, Y{[+ [Y{,y[= fQ + 1. QED

X+K0 X1

X Y1

0 200 400 600 800 1000 1200

Figure 2.6: On this figure, y-axis to have no interest

Then, the theorem is proved. B

2.6 Generalization

Now that proposition 2.5.3 is proved, one can easily obtain the announced results. Remark that
up to now, we have not assumed that a is invertible. Then, we shall study at first criteria in order
that T is invertible.

For this study, we assume the following assumptions hold.

Assumptions 2.6.1 We assume that the assumptions 2.3.1 except that k.a = r. (except in propo-
sition 2.6.10).

2.6.1 Conditions in order that T is invertible

Lemma 2.6.1 We have kgyi1a = 1441 = 0.
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Proof It is the lemma 2.2.1 and the definition of d. W

Lemma 2.6.2 The integer kqy1 is a divisor of m.

Proof At first, kgr1 < m. If not ma = 0 is a contradiction with lemma 2.2.2.

On the other hand, let D be the G.C.D. of m and kg41. Then, D > 1: if not k441 is invertible
because ukqy1 +vm = 1, u, v € Z, admits solutions if and only if k;1; and m are coprime :
theoreme of Bezout. Then, kg411a # 0, what is contrary to lemma 2.6.1.

Moreover, by Bezout identity , there exists u, v € Z such that ukg+1 +vm = D. Therefore, by
lemma 2.6.1, Da = 0. Then, D > kq+1 by lemma 2.2.2. Then, kg1 is a divisor of m. B

Lemma 2.6.3 In order that a is invertible it is necessary and sufficient that rqg = 1.

Proof If 7y = 1, then kga = £1 (cf lemma 2.2.1).

Reciprocally, if a is invertible, we denote by k* the integer k' = inf(k € N|ka = £1). Then,
k" < kg1 ¢ if not, (k' — kgy1)a = £1 by lemma 2.6.1. Then, k* it is not in accordance with its
definition. L

Therefore 0 < rq < kia <m —rq < m (cf lemma 2.2.2).

Now, kia =1 or k'a = m — 1. Therefore, ry < 1. Therefore ry = 1. B

Lemma 2.6.4 Si a is invertible, then kqa = +1 and kg = inf (F7 m— F),

Proof The first congruence is deduced from lemma 2.2.1 and lemma 2.6.3.

Therefore, kg = a=! or kg =m —a~1.

If kg > m/2, then, m — kg < m/2 < kq and (m — kg)a = £1, what is a contradiction with
lemma 2.2.2. &

Lemma 2.6.5 The element a est invertible if and only if kg11 = m.

Proof By lemma 2.6.2, k411 < m.

If a is invertible, because kqy1a = 0 by lemma 2.6.1, we have kdﬂaa_l = kgy1 = 0. Now,
1= k1 < kg1 < m. Therefore, kgy1 = m. QED

If kgy1 = m, then, ka # 0 if k € N and k < kg1 by lemma 2.2.2.

Then, the application k ~— ka is a bijective function {1,2,....m — 1} — {1,2,....,m — 1}.
Therefore, there exists k such that ka =1. QED R

Lemma 2.6.6 Let us suppose a invertible. Let us denote by r_, kO, and hS, the sequences r,,
kyn, and hy,, for the congruence T=1. Then, 8 = kqi1_pn for n=0,1,....,d+1, and h% = hqy1_n for
n=0,1,....,d, and k% = rgy1_n for n=0,1,....,d+1.

Proof We have 7§ = m = kg4 by lemma 2.6.5 and r{ = inf(F,m — F) = kq by lemma
2.6.4.

Moreover, the sequence r¢ is defined by the induction thanks to the Euclidean division r? =
h$ 179 1 +70 4o and k1 is defined by the Euclidean division of ky, 11 by k;, when n > 2 (because
hi > 2).

Then, r = kgy1—p whend+1—n > 1,1ie. d > n. Moreover, h? = hgi1—n, when d+1—n > 2,
ie.d—1>n.

Now, for n=d-1, r§_, = ke and h_, = ho. For n=d, 7§ = k; = 1 (cf lemma 2.6.3). Now
because 7%_; > 10 forn =1,2,....,d° + 1, then rgy1 = 0 and then d® =d.
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But 79._1 = h§.7% and r§_; = ko = hiki + ko = hiky = hirj. Then, h§ = h;. Moreover,
Tngl = ko =0.

Now one can reverse the roles of T and T~!. Therefore, by the previous results, r,, = r°% =
kGoy1—n = kgiq_, for n=0,1,.....d+1. Then, with n’=d+1-n, r441-n» =k, for n’=0,1,.....d+1. B

2.6.2 Connection with the continued fractions

It is remarkable that the sequences r,, k, and h, which are used in our study are those of the
development of m/a in continued fractions : cf [22] when a < m/2. Then, we recall now lemma
2.1.3. The following proposition allows to complete this connection when a > m/2.

Proposition 2.6.7 Let r§ = m, r{ = a and let r;; = hy, 1751 + 75y o be the Buclidean division
of r by ra y. Then, if a >m/2, we have

ht =1, h3 +hf =hy, by = hy ifn > 2,

rt=a,r5=m-—aandry, 4 =71, ifn>1

Corollary 2.6.8 The integer a is invertible in Z/mZ if and only if Inf{r&|ré > 0} = 1.

Proof This proof is done without difficulty. B

2.6.3 Generalization of the fundamental proposition

For this generalization, we proceed by steps : We first show that any rectangle [0, m[?, height fr.,
and width L, contains Q or Q+1 points of Fy. Then, thanks to a simple bijection, we generalize
easily to the case kca = m — 7.

Definition 2.6.9 Let R° be a rectangle of R2 : R° = [z,xz + L[x[y,y + L'[. We will call the
quotient rectangle resulting from R° the subset R° C [0,m[? :

Re = {(2/,y) € [0,m[*|(z,y) e R°: 2’ —x =y —y=0mod m} .

Proposition 2.6.10 Let R° be a quotient rectangle resulting from R® when R® = [z, 2+ L[x [y, y+
frel with (z,y) € N2, L = ZiTzl MK, Q= 23:1 AiQ; and f € N*, f < h, according the criteria
of proposition 2.5.3.

We assume kea = r. and that T is invertible : T(x) = ax + b modulo m. Then,

cardRONEy) = fQ or fQ+1 if Le M,
card(RONEy) = fQ or fQ—1 if ke+Le M.

Proof Because T is invertible, there exists an alone z” € [0, m[ such that ax” = azx —y + b.
Then, let ¢ be the function ¢ : R° N Fy — N2, defined by ¢(x1,y1) = 2" + 21 — .

Because ax1 + b=y, a(z” +x1 —z) =ax” a1 —ax =ax —y+ b+ (y1 —b) —ax =y — y.
Then, a(z” + 21 —z)=y1 —yfy<y1 <y+ freand 0 < a(z” + 1 — ) < fre.

Then, it is obvious that ¢(R° N Ey) C [2”7,2” + L[ : ¢(R° N Es) C [2”,2” + LINM/.

Now, ¢ is an injection of R°NEy in [z”, 2" +LINM7' : ¢(z1,y1) # ¢(z},v}) if (z1,y1) # (24, 9)-
Indeed, if 1 # ), it is obvious. If &y = 2}, then, y; = T(x;) = T(z}) = ;. Therefore,
(x1,91) = (21, 91)

Moreover, it is obvious that ¢ is a surjection. Therefore, it is a bijection. Then, it is enough
to use fundamental proposition 2.5.3. B
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Proposition 2.6.11 We keep the notations and assumptions of proposition 2.6.10 except k.a = r..
which we replace by kea =m —r.. Let M' = {¢ € N|ta’ < r.} when a’=m-a. Then,

card(R° N Ey) = fQ ou fQ+1 if L € M’,

card(R° N Ey) = fQ ou fQ-1if ke + L € M'.

Proof We know that L < m and fr. < m. Indeed, L < K141 < kqr1 = m (cf proposition
2.3.9 and lemma 2.6.5). Moreover, k.a =m —r. > m/2 if ¢ > 2. Then, fr. < her. < m.
Let By C Z? : Ey = {(x,y) € Z*|y = o’z — b} where a’=m-a. Then, 'z — b = mx — ax — b.

Suppose £a + b # 0 for all ¢ such that x < {<x+ Landy<m-—=E&a—b<y+ fr.. Then,

{lz,z+ L[x[y,y + fre[} N ES

:{§|x§§<x+L : y§m—§a—b<y+frc}
={§|x§£<x+L : ygm—§a+b<y+frc}

={{lz<&<z+L : at+b<m—-y, m—y— frc<fa+b}
:{§|x§§<z+L : mfyffrc<§a+b§mfy}
:{[m,x—l—L[x[m—y—frc—i—l,m—y—i—l[}ﬂEg.

Then, card(R° N EY) = card(RY N Ey) where R* = [z,2 + L{x[m —y — fre + 1,m —y 4+ 1[.
Now sequences 7, and r}, associated to a and a’ are identical. So it’s the same for sequences hy,,
and therefore for the sequences k,,. So sequences ()5, are identical. Then,
card(R° N EY) = fQ or fQ+1if L € M',
card(R° N EY) = fQ or fQ-1if k. + L € M’'. QED

Now we suppose that there exists £ such that £a + b = 0. For example it may be the case if
y<m<y+ fre.

Now it is clear that, for ¢ even, ¢ > 2, all rectangle R° N Ey = {[x, x+ L[X[y,y+ frc[} N Ey is
in bijection with the rectangle modulo m {[2/, 2’ + L[x [y, y' + frc[} N E where 2’ > 0 and where
0<y <y 4+ fre<morm/2<y <m <y + fr. <3m/2. Then the proof is done in the case
where y < m < y + fr. is sufficient.

Then, we suppose that y < m < y + fr.. We are interested by £ such that there exists ¢
such that r < ¢ < x+ L and y < ( < y + fr. where ( = m —£a—b. We can assume that
m/2<y<m<y+ fro.<3m/2. Indeed, if kca =m —r., then ¢ > 2 and ¢ < d+1 (if not, r. =0
and 0 = kca # m =m —r.). Then, fr. < horg <1 <m/2.

Let é¢ = 0,1 such that, for all e NN [z, 2 + L[, y < dem+m —Ea—b <y + fr..

If m/2 <m—~E&a—b<m,d =0. Moreover, m/2 >E&a+b>0and y <dem+m—Ea—b=
m—E&a—b<m.

If m/2>m—E&a—b> 0,0 =1. Moreover, m/2 < éa+band m < dgm+m—Ea—b =
m+m—Ea—b<y+ fre.

Ifm—£&a—b=0, 3 =1. Moreover, 0 =&a+b<m/2and m <Jegm+m—E&a—b=m <
Y+ fre.

Let d; = —1,0 such that é¢m +m —&§a — b= dim +m —Ea +b.
Therefore, if0<€a—|—b<m/2,m>5§m+m—§a—b:m—ga—bzéém—&-m—ia—f—bzm/2
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:5&20.

Therefore, if £a +b > m/2, thenm§5§m+mf§afb:m+mffafb:52m+mf§a+b:
therefore d; = 1.

Therefore, if fa+b=0,m>dm+m—Ea—b=m=dm+m—Ea+b=m: & =0.

Therefore, if 0 < €a+ b < m/2, 6& =0.
Therefore, if {a + b > m/2, then J; = 1.

Let ¢ € {0,1,....m —1}. Weset ¢ =pifdp<m/2and ¢ =¢—mif¢p>m/2: ¢ = and
—m/2 < Ea < m/2. Therefore, if y’=m-y and m/2 <y <m < y+ fr. < 3m/2,

{lz,2 + Llx[y,y + fre[} N By

={{lz<f{<a+L :y<dm+m—Ea—b<y+ fre}
={f{le<é<z+L :y<dm+m—Ea+b<y+ frc}
={llz<é<z+L : Catb<om+m—y, oim+m—y— fro <Ea+b}
={llz<é<z+L : opm+m—y— fre<Ea+b<dpm+m—y}
={llz<é<z+L : m—y—fre<fa+b—m<m—y}
={{a<é<z+L :y —fre<fa+b—0o;m<y’}

={fe<&<a+ Ly —fre<atb<y’, o =0}
U{¢lz<&<a+L : y —fre<fatb-—m<y’, 5&:1}

={&y —fre<€a+bd<y’, 0<&atb<m/2}U{|y" —fre <&at+b-m <y’ Ea+b>m/2}
={{0<&+b<y’, 0<&at+b<m/2}U{&|ly” — fre<€a+b—m <0, Ea+b>m/2}
—{ge<e<at+Ll:y —fre<€atb <y’}
={[z,o+ L[x[y" — fre+ 1,47 + 1[} N E;
={lz,z+ L[x[m—y— fre+1,m—y+1[}NE>.

Therefore,
card({[z,z + L[x[y,y + frc[} N E}) = card(R° N EY)
= card(R' N BEs) = card({[z,z + L[x[m —y — fre+ Lm —y + 1[} N E5) .

Let M’ = {¢ € N|[la’ <r.} when a’=m-a. Then,
card(R° N E3y) = fQ or fQ+1if L € M,
card(RPNEY) = fQor fQ-1ifk.+ L e M. QED R
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Proposition 2.6.12 The propositions 2.6.10 and 2.6.11 remain true for the quotient rectangles
resulting from rectangles in the form |x,x + f'k.[x[y,y + L'| with L' = ZZ;I Nore—i written ac-
cording the criteria of proposition 2.5.3 when T is replaced by T~1.

Proof It is enough to use lemma 2.6.6 W

Corollary 2.6.13 Let R° be a rectangle in the form R° = [x,x + L[X[y,y + r.[.
If L = keqq, then, card(R° N E3) =0 or card(R°CNEy) =1 .
If L = keqa, then, card(R° N Ey) = heyq or card(R° N Eg) = heqq + 1.

Proof Suppose L = k.41 = K;. Then, f=1 and @1 = 1.
Suppose k.a = r. and ¢+ 1 < d+ 1. Then, m —r. < Kja = m — 7,41 < m. Then, k. + L € M.
By proposition 2.6.10, card(R° N E) =1 or card(R° N Ey) =1 — 1.
Suppose k.a = m —7r. and ¢+ 1 < d+ 1. Then, k.o’ = r. with a’=m-a (cf proposition 2.6.11).
Now, m —r. < La’ = key1a/ =m — 7.4 < m : ie. k. + L € M'. Then, by proposition 2.6.11,
card(R° N Ey) =1or card(R°NEy) =1—-1=0.
Suppose c+1=d+1. Then, r. =ry =1 and kcy1 = kg41 = m : cf lemma 2.6.3 and 2.6.5. Then,
because T is invertible, it is obvious that card(R° N Ey) = 1.

Suppose L = k.42 = Ko. Then, f=1 and Q2 = hcy1.
Suppose k.a = 7. and ¢+2 < d+1. Then, L € M, and by proposition 2.6.10, card(R°NE3) = hey1
or card(R° N E3) = hey1 + 1.
Suppose kca = m — 7, and ¢+ 2 < d + 1. Then, k.a’ = r. with a’=m-a (cf proposition 2.6.11).
Now, L = kcyo = Ks. Then, La = keioa! = Teio <71.: L € M’'. Then, by proposition 2.6.11,
card(R° N E3) = heyq or card(R° N Eg) = heyr + 1.
Suppose ¢ +2 =d+ 1. Then, r. =rq_1 = hqgrq = hg = hey1 and kepo = kg1 = m @ cf lemma
2.6.3 and 2.6.5. Then, because T is invertible, it is obvious that card(R° N E3) = heyq. B

We can then enunciate the fundamental theorem. That gives us an idea of the quality of the
distribution of points F5 with respect to the rectangles of the type of propositions 2.6.10, 2.6.11
and 2.6.12 : we can compare this result with the test of Gauss. It will be sufficient then that these
rectangles are not very large to ensure a good distribution of points of Fs.

Fundamental Theorem 2.6.14 Let (z,y) € [0,m[>NN2. Let T be a invertible linear congruence.
Letc, @ €N such thatd <d and 0<c” <d+1. LetT', T” € N such that T +c <d+1 and
=17 >0.
Let X; €N, i=1,2,.... T and X ; € N, j=1,2,....T” , be two sequences checking
)\/1 < hc’Jrl and N’1 < he_q,
and for alli € {1,2,..., 7'} and for all j € {1,2,....;T"}, X, < heryy and X j < her—j
and if N; = herqq, then, X;_; =0,
and Zf )\”j = hC”_j then, /\”j—l =0.

We set L' = 30 Nkeyi and L” = 330 X 1.

Jj=1

Let f', f7 € N* such that ' = 1 if ¢’=0, f’=1 if ¢"=d+1, f' < he if ¢ # 0, f < he if
& Ad+ 1.

Let R° be a quotient rectangle of [0, m[? resulting from a rectangle R° in the form
R = [z,x+ L'[x[y,y + f're| or R® =[x,z + f're[X[y,y+ L7[.

Let Ngo be the integer Ngo = card(R° N Ey) and Sgo be the area of R°.
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Then,

‘NRU _

Proof For example, assume that R® = [z, x + L'[x[y,y + f're|.
If ¢ =0or ¢ =d, it is obvious because r = m or ke11 = m (I’=m), and because, T is

invertible, we have Nro = %

Then, let us suppose ¢’ € {1,2,....,d—1} and L' € M. Then, one can write card(R°NEy) = f'Q’
or card(R° N E3) = f'Q’ + 1 with the same notations as in propositions 2.6.10 and 2.6.11.

For example, let us suppose Sgo < mf'Q’. Then, all the rectangles Rx = [z,z + L'[x[0, f're|
check Sp, <mf'Q".

Therefore, these rectangles have an empirical density strictly greater than 1/m? : the empirical

probability is Nr, /m and the empirical density is Ng}’;fm > U ,2,;32)/ ™ > 1/m? where § = 0 or 1.
Therefore the rectangle R” = [0, Km/[x[0, f'ro[ - where Km is a multiple of L’- has an empirical
density stricly larger than 1/m?2. Therefore, its empirical probability 2 is strictly greater than
Kfr./m.

Now, because T defines a bijection of {0,1,2,3,...... ,m—1} — {0,1,2,3,...... ,m — 1}, then
card({[0,m[x[0, f're[} N E3) = f're. Then the empirical probability of [0, Km[Xx[0, f'r] is
K fr./m?. Therefore, it is a contradiction.

Therefore ST—’f;’ > 1'Q’.

We prove by the same way that % < f'Q" 4+ 1 and all the other cases. B

Proposition 2.6.15 Let R° be any quotient rectangle in the form described in propositions 2.6.10
or 2.6.11 or 2.6.12 with card(R° N Es) = fQ or card(R° N E3) = fQ + A where A = +1. Then,

Q< < o1 if a1,

f@—lg%gf@ i A= 1.

Proof It is enough to use the proof of theorem 2.6.14. B

2.6.4 Fibonacci congruences
We give some complementary results to the results of section 2.6.1.

Lemma 2.6.16 If T(x) = ax mod m is the congruence of Fibonacci a = +a~' . Moreover

T2 = +1d.

Proof Assume m < 5. If m=3, a=2 and the lemma is obvious. If m=2, a=1 and the lemma
is obvious.

Assume m > 5. By definition with the notations 2.1.1, h? =1 if r < d* and hj. = 2. Then,
m=rg=hir{ +r§ =hia+rs =a+r§ where r§ < a. Then, a > m/2. Then, by lemma 2.1.3,
ry=m—a.

Moreover, by lemma 2.1.3, because a > m/2, h§ + 1 = hy. Then, hy = 2.

31n fact, it is not a probability but a measure which is an extension of the probability over [0, m[2.
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By lemma 2.6.3, because T is invertible, r4 = 1.

Moreover, by lemma 2.1.3, hy; | = hy, if n > 2 and d* = d + 1. Then, hj. = hg = 2. Then, we
know that rg41 =0, rq =1, rq—1 =2 (hg =2), r4—2 =3, rq—3 = 5, ....

Moreover, kg =0, k1 =1, ko =h1 =2, k3 =3, ks =5, ks =8, ......

Then, k, = rq_(n—1) if n < d. Moreover, by lemma 2.6.5, kg1 = m = rg = rq—q. Then,
k, = Td—(n—1) ifn<d+1.

Then, k’d =Td—(d-1) = T1-

Now, kqa = +1 by lemma 2.6.4. Then, kga = ria = (m — a)a = £1. Then, a® = £1. Because
T(z)=ax, T*(r) =ad’zr=4+1. A

For example, ro =m =89, a=55,r1 =34, 70 =21, r3 =13, 74 =8, r5 =5, 15 = 3, r7 = 2,
rg =rq=1,19 =7r4941 = 0.

NOW, kOZO, klzl, k2:h1:2,k3:3,k4:5,k5:8,k6:13,k‘7:21,]€8:]€d:34,
kgzkd+1:89.

2.7 Mathematical implications

In this section, we have some implications of the fundamental theorem.

From now on, we assume from now on the following hypothesis.
Assumptions 2.7.1 We assume from now that T is invertible

We imposed in rectangles R° that L is defined in a precise way. We'll see from now on how we
return to the general case : our first lemma give the writing of any integer based on the previous
criteria.

Lemma 2.7.1 Let L € {0,1,.....m} and c € J;_, = {1,2,....,d — 1}. Then there exists T € N,
T<d+1l—c (T <d+1-c<d), and a sequence \; € N, i=1,2,.....T, and an integer ¢ € Z such
that A1 < het1, i < hets, and if \j = heqy, then, A\i—1 =0 and —k. < € < keq1 checking

T
L=> Mkeyite.

i=1
Proof We use here the notations of section 2.3. It is clear that there exists T € N such that

Le [KT, KT+1[~
If T' < 1 the proof is complete.

If not, there exists g7 € N* such that L € [grKr, (97 + 1)Kr[ and L — gr K7 € [0, K7|.
Then, by reasoning by induction, one can easily write

T
L= Z giKi+¢€
i=1
with ¢ < K.

It is easy to understand that the g;’s checks the conditions of the A;’s. Indeed, if gr = heyr,
grKr = Kry1 — Kr—1. Then, L — gr K1 € [0, Kr_1]. Tt is the same for the other g;. Then, the
gi’s checks the conditions of the \;’s, except maybe g1 < Hj.

If g1 < Hy, we set \; = g; and e = ¢'.

If gy = Hi, weset € = Kyg—¢€'. Then, 0 < €’ < Ky, and L = H1 K + ZiT=2 gK;—€¢" +Ky=
Ky + EiTzz giK; — €. Because g; = Hi, then, go # Hs.
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Then, if g5 # Hs, L = (g2 + 1)Ka + g3K3 + Y./, :Ki — €’. QED

If g3 = Hj, then, go = 0 and g2 + 1 = 1 and the above decomposition does not check the
imposed conditions.

Then, let s be the integer checking go; 41 = hoi+1 , go; = 0 for i=1,2,....;s, and gos43 7# hast3-

Then, L = Ko + Y000 giKi + 1o 0 giKi — €,

and therefore, L = (ggs+2+1)K25+2+Z?:25+3 giK; —€” because Ko+ H3 K3 = K4 for example.

Then, on check easily that this decomposition of L is in accordance with the hypotheses. B

We will now proceed to the study of any rectangle, and for that we are reducing to the already
studied case by dividing it horizontally.

Notations 2.7.2 Let z, y, L, L’ € NN[0,m] and let R be the rectangle R = [x,x+ L{x[y,y+ L'[.

We denote by r. the most big v, n € Jay1 such that r. < L' and by ko, the most big ky,
n € Jqp1 such that ke < L.

Then, we set ¢’=c+p and we assume that p € N*.

Let L =370 Nikeqi + € and L' = 30 pyreqj—1 + € be the decomposition of L and L’ ac-
cording to lemma 2.7.1 .

1000

900 — -
y+L
800 - -
RO
psilon
700 VB R'p i
R0
600 - y+2 R"2 |
500 V -
y+I1
400 — R" _
300 y -
200 — -
1 00 [ X X+L 1
0 | | | | | | | | |
0 100 200 300 400 500 600 700 800 900 1000

Figure 2.7: Iy = pire, lo = p1re + porer1, I3 = pire + paTeq1 + paret2
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In order to simplify the notations, we admit that [x,x+£[ denote [z, z+¢[ if £ > 0 and [+, 2]
if £ <0.
Then, we denote by R;, (resp R, R”;) the rectangles

Jj—1
I'x {y"‘ZMtchrt 15, y+ZMtrc+t 1{
t=1 t=1

where I denotes the interval [x,x + L[, (resp [z,x+ L —¢[, [t + L — ¢,z + L[).
At last, Ry and R{, denote the rectangles I x [y+L' —¢ ,y+L'[ and [x+ L+¢€,x+ L{x[y,y+ L[
if € < 0.

We continue to denote by Nr and Sg respectively, the number of points of FEs included in R
and the area of R.
At last, we set h® = sup;(h;).

We shall study the different horizontal sections of R, i.e. to the study of the R;’s.

Reminder 2.7.3 We remind that, any rectangle included in a rectangle height r. and width k.41
contains 1 or 0 points of Ey : cf corollary 2.6.13.

Lemma 2.7.4 For all j € {1,2,...,p}, we have

Sk,
‘NRj_i’SNj_Fl?

i e >MJ{Z)\15Q§H ]1] -

t=j
Proof Each rectangle R;, is written in the form

Jj—1
[z, x + L[x {y+Zutrc+t 1, y+Zutrc+t 1{= [z, 2+ L[xX[y", y" + pjretrj—1]

= [‘1‘17:E_'—L[><[y777y77 +:ujrcj[ 5

where ¢/ = c+j—1. Then, L = L7 +¢; where L’ = Zil Nikei i and —ko < €; < keiqq according
the writing of L in lemma 2.7.1. <

Then, for the rectangle Ré = [z, 2+ LI [x[y",y” + pjre| we have ‘NR{; - %{]
2.6.14. ‘

For each rectangle R} = [z + Li,x + L7 + ¢j[x[y" + (t — Dro,y” + trail, t = 1,2, .5, we
have R{ C Re{ =[x+ Lo+ LI £k [x[y" + (t — Dre,y” + tre|. Now, for this rectangle
Re{, QY = Q‘lj"' = 1 with the notations of proposition 2.6.15. By reminder 2.7.3 (cf also corollary
2.6.13), card(R° N Ey) = Q% =1or Q% —1=10 With the notations of proposition 2.6.15. Then,

s
0< Ret <1 by propomtlon 2.6.15. Then, 0 < ’ < 1. Moreover, NRJ = 0 or 1 by reminder

2.7.3. Then, RS <1.

Because R; = UéﬁOR{, then,

S, 1 Sps
[N, = 22| <30 Ny = 4 <y +1. QED
=0

m | =
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s 4
By proposition 2.6.15, 7:-3 > fQ—-1=fQH1 1= ,uj{Zf:j /\thj_{:ﬂ — 1 with the
notations 2.4.1. Moreover, we should also take into account the surface of Rs? = [z + L7, x + L7 +
€;[x[y",y” + w;re | which is positive if €; > 0. In this case, the third inequality is proved
If ¢; < 0, we must subtract the area of the rectangle Rs’ included in a rectangle [xq,zo +

; S i ..
Eei[%[yo,yo + wjreqj—1[C [To, 2o + Keyj—1[X[Y0, Yo + Teyj—2[= R* where =E~ < 1 by proposition
2.6.15 and reminder 2.7.3 as we have seen above. B

Lemma 2.7.5 We have

Sr
’NRO B )
m

Shepp+1<h +1.

Proof We know that Ry = [z,z + L{x[y + L' — €¢/,y + L'[ where |¢/| < rcyp_1. Moreover,
L< kc+p+1 < (hc+p + l)kc+p. Then,

hetp
Ry C [z, 2+ (heap+D)kerp[ X [y1, y1+resp-1[= UpZy +1[334'(75_1)]%-&-%x“'tkc-i-p[x[ylvyl +7etp-1]-

Then, RS; = [z + (t — 1)keyp, @ + thesp[X[y1,y1 + Tetp—1[ has a area less than m : % <1
by proposition 2.6.15 and reminder 2.7.3 as we have seen above in the proof of lemma 2.7.4.

Moreover, by reminder 2.7.3, Ngg, = 0 or 1. Then, ‘NRO _ Sry ‘ <heyp+1. 0

m

Lemma 2.7.6 We set p’ = card{i|\; # 0} , p” = card{j|n; # 0} and p°® =inf(p’,p”). Then,

d
Sk P
N——‘< 4 he 1<S h+2<dh®+2,
[N A <Yyt hery+p+ 1S Y hi+2 < dht +

j=1 i=1
SR 0(1,8 S S
[Ne = 2B <p (e + 1) + 1+ 1< @+ (" + 1)

Proof It is enough to remark that p; < heqj—1 and that if p; = heqj—1, pj41 =0. B

Lemma 2.7.7 We suppose that m > 377 and that T is a congruence of Fibonnacci : h; = 1 if
1<i<dandhg=hy =2 (cf proof of lemma 2.6.16). Then,

‘NR— %’ < 2(d—1).

Proof It is enough to use the proof of lemma 2.7.4. Then,

Sk L Sg,
Np— 28| < _2E
‘ R m‘ Z‘NRJ m |’
7=0
where s
'NRO_ Ro Shepp+1,
m
and for all rectangle R;, j > 1,
Sr;
‘NRJ-— - <pit+1<hepja+1.

Now, in lemma 2.7.1, L = Y7 | X\ikcy; + € where ¢ > 1. Then, A\; < hct1. Because ¢ > 1,
het1 < 1. Then, Ay < 1. Then, A\; = 0.
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Moreover, A\;_1 =0if \; =1 for h; <1,ie. i <d—1.

At last, \; < 2 if c+i=d. In this case, if \; =2, \;_1 = 0.

At last, ¢+ p < d because lemma 2.6.5. Then, p < d — 1.

Then, 327 [Aj + 1] + herp + 1 < S0 [N + 1] +3 < S92HA; + 1] + 3 = O(2d/3). Then, a
fortiori, it is easy to understand that Z?Zl[/\j +1]+3<2(d—1) if m > 377 = fiys (ie. d > 13).

Of course, the same result holds for the p; : if m > 377, Z?:I[,uj +1]4+3<2(d-1). 1

We recall that by proposition 1.3.3, if T is the congruence of Fibonsacci, then, r§ = m and
r$ = fig—iy2. Moreover, T is invertible.

Proposition 2.7.8 We have
2log(m) — 2log(2)
log(2)

Moreover, for all rectangle R checking the assumptions of notations 2.7.2,

d<

4log(m) — log(2)
log(2)

Proof Let |b] is the integer part of b. We know that r; < m/2. By the same way rq > ro+rs3.
Therefore, 13 < r1/2 < m/4.

By the same way 73 > r4 + r5. Therefore, r5 < r3/2 < m/8. And so on.....

Then, ro,41 < m/2"1.

Then, if 2n4+1=d, 2 < rq < m/2L81+1.

Then, log(2) < log(m) — [|£] + 1]log(2).

Then, n— \_%J < log(m)—2log(2).

ﬂNRf%\s(hSH)

log(2)

Then, 2n < %ﬁ)@l@).
o 2log(m)—3log(2)
Then, d=2n+1< B YT

Now, Top12 < Topy1 < m/27HL.
Then, if 2n4+2=d, 2 < rqy < m/22).
Then, log(2) l< log(nll) — [4]log(2).
og(m)—log(2

Then, [4] < 79(10)9(2)9( ).

2log(m)—2log(2)
Then, d < B FYTC) B
Then, d +1 < %&l;’g(z). Then, it is enough to use lemma 2.7.7. W
Now, we give sufficient conditions in order that the hypothesis contained in the notation 2.7.2

is checked.

Lemma 2.7.9 We suppose that T is the Fibonacci congruence. Suppose that card(R N Eg) > 3.
Then, with the notations 2.7.2, p € N* .

Proof By the notations 2.7.2, ¢’ is the geatest n such that k, < L. Moreover c is the smallest n
such that r,, < L. The assumption contained in notations 2.7.2 is ¢’=c+p where p € N*, i.e. there
exists [,z + key1[X[y,y + rc[C R.

If this is not the case, we can write any rectangle [zq, 2o + ke [X[Y0, Yo + 7<[C R in the form
[0, x0 + ke [X[Y0, Yo + Te[= [To, %o + ke [X[Yo, Yo + retq where ¢ € N, ie. c=c+q. Then,
[0, To + ke [X [0, Yo + Ter+q[C [T, To + ket [X[Y0, Y0 + e[

Now suppose ¢ € N and R C [z9, 2o+ ke 1[X[Y0, Yo +Ter+q—1[C [T0, To+ker1[X[yo, Yo +7e —1]-
Then, the rectangle [zq, 2o + ke +1[X [0, Yo + 7e[C [To, To + ker+1[X[Yo, Yo + 7| contains at most
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one point Es by corollary 2.6.13. By the same way, if he <1 (ie. re1 = 7¢ + Tet1), [0, To +
ke 1 [X[yo 4+ 7ers Yo + 1 —1[C [xo, o + ker41[X [Yo + 7o, Yo + 27 [ contains at most one point Ey by
corollary 2.6.13. Then, if si h < 1, there exists two rectangles Recy = [x1, x1 + ke 41X [y1, y1+7¢ |
and Recy = [z1,21 + ker1[X[y1 + 7o, 41 + 2re | such that R C [z1,21 + ke v1[X[y1, 1 + 7o —1[C
Recy U Reca = [x1, @1 + kerp1[X[y1, Y1 + 27| which contains at most one point Fs.

Now, because T is the Fibonnacci congruence hy =2 > 1if ¢/ =d or if ¢’=1. If not, he = 1.

If &=d, kw41 = m (cf Lemma 2.6.5) and r» = 1, roo—1 = 2. Then, [zo, zo+ke+1[X[Yo, Yo+7c[C
[0, 2o + ke +1[X [Yo, Yo + Ter—1[= [®0, o +m[X [yo, Yo + 2] which contains at most two points of Fy
because T is invertible (ry = 1 and cf Lemma 2.6.3 or proposition 1.3.3).

If =1, key1 = ke = 2and ro = inf(a,m—a), reo—1 = m. Then, [xg, 2o+ ke 11[X[Y0, Yo +7c[C
[0, To + ke +1[X[Y0, Yo + Ter—1[= [®0, To + 2[X [y0, Yo + m[ which contains at most two points of Es
because T is invertible (ry = 1).

Therefore, the rectangle [xg,z¢ + ke 41[X[yo, Y0 + Tc—1] contains at most two points of FEs.
Therefore, if the assumption contained in notations 2.7.2 does not hold, the rectangle R =
[z,x + L[X[y,y + L'[ contains at most two point Es.

Then, any rectangle R = [z, + L[x [y, y + L'[ which contains three points of E5 checks p € N*. B

We prove in the same way the following property.
Lemma 2.7.10 We suppose that card(RN Es) > h® + 1. Then, with the notations 2.7.2, p € N*.

Proof We takes the same beginning of the proof as in lemma 2.7.9 : we suppose p ¢ N*. Then,
each rectangle [xg,zo + ker1[X[yo + (t — 1)7¢, Yo + tre| contains at most one point of Ey . Then,
the rectangle [zo, 70 + ke 11[X[Y0, Yo + rer—1[C [0, Zo + kery1[X[yo, Yo + (her + 1)re[ contains at
most he + 1 points of Fs.

We deduce the result. B

Lemma 2.7.11 We suppose that T is the Fibonacci congruence. Let R such that Sp/m > 3.
Then, with the notations 2.7.2, p € N*.

Proof One can write R = [z,2 + L[X[y,y + L'[. Then, one can assume k- < L < ko471 and
7o < L' <7re_y. Then, ¢/ > c+1.

If not by corollary 2.6.13, Ry = [, + key1[X[y,y + rc[ contains at most 1 point of Ey. As
a matter of fact, with the notations of corollary 2.6.13 and proposition 2.6.15, Q=1 and 6 = —1
by the proof of corollary 2.6.13 . Then, by proposition 2.6.15, Sg,/m < 1. Moreover R C Ry.
Now, if hp = 1, Ry = [Cﬂ,l’ + kc—&-l[x[y + 7T,y + 7ﬂc—l[c Ry = [Z,ZL' + kc+1[><[y +7re,y + QTC[ Lwe
deduce as previously Sgr,/m < 1 (Q=1, § = —1). Then Sr,ur,/m < 2. Then Sg,ur,/m < 2.
Ifth.=2andc=d, [y+re,y+re-1[= [y + 74,y +ri-1[= [y + 74,y + 274 because r4_1 = 2r4.
Then, as previously by proposition 2.6.15 and the proof of corollary 2.6.13 , Sg,/m < 1. Then
SRoUR, /M < 2.

Moreover, R = [z, + L[x[y,y + L'[C [z, 2 + ket1[X[y,y + Te—1[= Ro U R;. Then, Sg/m < 2.
It is impossible.

Ifhe.=2,¢c=1and ¢ <c¢c=1 Then, ke <L < kg1 < ko = 2. Then, L < 1. Then,
Sr/m < 1. It is impossible.

Then, ¢’ > ¢+ 1. Then, with the notations 2.7.2, p € N*. B

We deduce the following lemma .
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Lemma 2.7.12 We suppose that T is the Fibonacci Congruence. Let R such that, with the nota-
tions 2.7.2, p ¢ N*. Then, if m > 5,

log(m) — log(2)
log(2)
Proof By lemma 2.7.9 and 2.7.11, 0 < Ng < 3 and 0 < Sg/m < 3. Then, [N — Se| < 3.

~ plog(5)—log(2) log(m)—log(2)
Then, 3 < 5.2877 ~ 4120001002 < ylostm)loo) g

\NR—S—R|g3g4
m

Now we have another way to prove the lemma 2.7.10

Lemma 2.7.13 Let R such that, with the notations 2.7.2, p ¢ N*. Then, SWR < h.+1 and
NR < hc +1

Proof With the notations 2.7.2, L < k41 and L' < r._1 where ¢’ <c¢. Then, L < keyq.
By the proof of corollary 2.6.13, if R’ = [z, + kep1[X[y,y + re—1] , Nrr = hge—1)41 or
Ngrr = h(c_1)41 + 1 with § = 1 with the notations of proposition 2.6.15.

Then, h. < Sf;' < h. + 1 by proposition 2.6.15. Now R C R’. We deduce the result. B

We deduce the following properties.
Corollary 2.7.14 Let R such that, with the notations 2.7.2, p ¢ N*. Then,

N~ 2B <ho+1.

Corollary 2.7.15 Let R = [z,x + L[x[y,y + L[ such that x, y, L, L' ¢ {0,1,.....,m}. Then,

d
Sr
N——‘< hy+2<dh®+2.
‘ m _; tas +

Proposition 2.7.16 We suppose that T is the Fibonacci congruence with m > 377. Soit I =
[C,C'[, C, C" €N, and N(I)=C"-C. Let k™ be the permutation of {C,C +1,....,C" — 1} such that

T(kY) <T(k?) < ........ <T(k°'=C) . Then, for allr € {1,2,...,N(I) — 1},
‘T(kr) T < ¢'(m)
m  N(I)' = N(I)’

4Log(m)—2Lo
ou ¢/ (m) = HetlipREea),

Proof Let r € {1,2,..., N(I) = 1}. Let D = 412407 200C),

Let L; = |U=2-Dm | _ (=D_U-m _ o where 0 < e < 1. Let Ry = I x [Ly,m[. Then,

N(I) N(I)
S::il = w :N(I)7%¥+%m :N(I)—T+D+1+E’ where e/ = “\anﬂ
If > 0, then, [Li,m[ contains t; = Ng, points T(k*) of T(I) : T(kC'~C—ttly ... ,

1
T (kS 1), T(k% ~C) where t; = Ng, = card(R; N Es) .

Sg,

Now, D = 4%%9(2) > 2.3399 because m > 3. Then, > 3 because N(I)—r+D+1+
e/ > D+ 1 > 3. Then, by lemma 2.7.11, with the notations 2.7.2, p € N*. Now, by proposition
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2.7.8, we know that, for all rectangle R checking p € N*,

Ngr

Then, |Ng, — 28| < D,ie. =D <t, — [N(I) =7+ D+1+¢]< D,

ie. NI)—r<-D+N({)—r+D+1+¢ <ty <NI)—r+D+1+¢ +D,

ie. C'—C—t1+1 = N(I)—t;+1 < r+1, i.e. C'—C—t1+1 < r. Then, T(kC'~C~t+1) < T(k'r).
Then, L; < T(kC'~C~t+1) <T(ktr).

Si Ly < 0, then, obviously L; < T(k'r).

Let L, = U”ﬁg?-m = <’”+J’3(+I§ — f where 0 < f < 1. Let Ry = I x [0, Lo[.

Suppose Ly < m. Then, % = LQN(I) (HDB) n NS) fN(I) =7r+D+1— f where

fr =20 Now, D = 4% > 2.3399. Then, 282 > 3. Then, by lemma 2.7.11 we
know that p € N*. Then, by proposition 2.7.8, we know that, for all rectangle R checking p € N*,
|NVe - 2| < D,

Now, [0, Lo[ contains to = Ng, points T'(k*) of T(I) : T(k'),T(k?),T(k?)
|Ng, — SR2| <Die |[Ng,—[r+D+1-f] <D.
Then, r <r+1—f <r+D+1—f —D<Np,=t2<r+D+1-f'+D.
Then, T(k**) < T(k'?). Then, T(k*") < Lo.

yoeeeny T(K'2) where

If Ly > m, obviously T(kr) < Ls.

Therefore, L; < T(k'") < Ly. Then,

(r—=D-1)m —— (r+D+1)
_e< < _
oo =TEETN
Therefore,
r  D+1 e T(ktT)< r D+1 f
N({I) NI) m~ m ~— N{I) NI m
Therefore,
D+2 T(k') T D+1
N(I) m  N{I) = N()
Therefore,

Now, D = 4%&09(2). Therefore,

— Log(m)—Log(2) 4Log(m)—2Log(2)
IT(’f’") - < T T2 T 4Log(m) —2Log(2) [ |
m N~ N(I) N(I) log)N(I)
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Remark 2.7.17 There are ways in order to improve these inequalities in the previous proofs.

S .
For example, to use all the inequalities |Npi; i
t

< 1 seems too rough and can proba-
Moreover, if we use simulations, we find that |% —

¢(m) = O(Log(Log(m))) : cf [15] and [16].

bly be improve.

ol < '1;\,((7?)) where

ol



Chapter 3

Study of the Conjecture

3.1 First inequality of the conjecture

The first inequality of the conjecture give a lower bound to D?, :

Maxiy,. . 40 (h§) < 4Supr(|Nr — fni )

In fact this first inequality can be proved. In order to do it we recall the following theorem (cf
[15]).
Theorem 3.1.1 Let (x0,y0) € Ez. Letn € {1,2,....,d* + 1}.
If n is even, let R® = [zg, 70 + k2] ® [yo, Y0 + 12_5[C [0,m[*. Then,
EsnN RY = {(ZL‘O + k‘%flg , Yo+ T%ilf)’f =0,1,2,.... %71}.
Moreover the points (xo + k%_1€ , yo +r%_1£) are lined up modulo m .
If nis odd, let R® =[x, 7o + k2] @ [yo — 1% _s, yo[C [0,m[>. Then,
EsNRY = {(zo+ki_0, yo—ri_10)|0=0,1,2,....h%_}.
Moreover, the points (xo + k2_1€ , yo — r2_1¢) are lined up modulo m.

Then, one can prove the following theorem.

Lemma 3.1.2 We keep the notations of theorem 8.1.1 . Then, there exists a rectangle Rv C R
such that Sg, > wf“*z and RvN Ey = 0.

Proof Suppose that n is even. We set 1 = zo + k% and y; = yo +r2_5.

Then, 2’ = 29 + k% _h% | = xo + k% — k% 5 = 27 — k% 5. In this point ¢/ = T(2') =
Yo+ rp_1hn 1 =Yo+rn_o—Tp =Y1— Ty

Therefore, one of the rectangles Rv; or Rvs does not contain points of Ey where

Ruvq :]xo + k??L/Q, o + IZZ[X]T(JJQ), T(.rol—I— T%72/2[,
Rvy =|xo, 20 + kpy /2[X]|T (z0) + 15 _2/2,T(w0) + 15 o[ -

If n is odd, one uses the same way.

Now one can prove the first part of the conjecture.

Lemma 3.1.3 We have

Maxi—1,.. ge (hg)
4

Proof By lemma 3.1.2 , Rv N Ey = (). Then, Ny, = 0.
Moreover, Nro = h%_; or Ngo = h%_; + 1 by corollary 2.6.13, i.e., by proposition 2.6.15,
o ;<5 < pe 41 Then, he_,/4 < Smx

n—1 =

< s )
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Then, | N, — $2¢| = S5 > ha_, /4.
Now, this result holds for n-2=0 as far as n = d* + 1. Then it holds for h%_; such that
n-1=1,2,..,d ®

3.2 Secund inequality of the conjecture : comparison with
T([e,c])

In order to have a better increase of D2, we are going to compare to results which we had obtained
on the distribution of the points of T'([c, ¢[) in [16].

Notations 3.2.1 We suppose that T is the Fibonacci congruence. Let I = [c,c'[, ¢,c’ € {0,1,....,;m—
1} and let N(I)=c’-c. Let g™ be the permutation of {¢,c+1,....,¢ — ¢} such that T(g") < T(g?) <
T(g%) < ... <T(g°~°) .

This result is equivalent to know the distribution of the points of T~!([e, c/[) because, T? = +1d,
T~ = 4T (cf lemma 2.6.16).

Now, in [15] and [16], we have proved that

‘T( ) ‘<<p(m)

m N({I)I— NI)~’

where o(m) << Log(m) : as a matter of fact, it seems that ¢(m) is the order of Log(Log(m)).
Moreover,

Maz,—o 1. .nn-1(|[NTHg")/m —r|)

seems maximum when I is large enough : ¢/ — ¢ = O(m/2).

We thus had an increase of T(TZT) - NEI){ sharper than the one that we had obtained in

proposition 2.7.16. That was obtained thanks to the increase of |NR — SWR| of lemma 2.7.6. As
T(g") r ’

m N(I)

a matter of fact, we shall see that we have the inverse implication: the increase of ‘

can give us informations about the increase of |N R — Sﬁ |

Lemma 3.2.2 We have _ L _
T("™') T™)
m m

Proof Suppose r. < N(I) < re_1.

The points T(I) are the points with abscissa 1 < x < g + L. Therefore, they are the points
(2, T(x)), z1 <2 < 20 + L, of the rectangle I x [0, m].

Now, in order to study the points of I x [0,m], one can also study the points of [0, m[xI
because T = +T~1.

The points (x,ax + b) such that y < az+b < y + L are the points = X + x( such that
y < a(X +x9) +b < y+ L. Therefore, if axg + b = y, they are the points 0 <z =X + 29 < m
such that y <aX +y <y + L.

If aX +y < m, they are the points 0 < z = X 4+ 29 < m such that y < aX +y <y + L, i.e.
the points such that 0 < azx < L.

Si aX +y > m, they are the points 0 < 2 = X + ¢ < m such that y < aX +y —m <y + L,
i.e. the points such that 0 < az —m < L. Now, it is impossible.
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Therefore, the points (z, az + b) such that y < ax + b < y+ L are the points 0 < 2 = X +x9 <
m such that 0 < aX < L.

Therefore, if L = r., the points (z,ax + b) such that y < ax +b < y + L are the points of M
for intervals X € [—x,0[ and X € [0,m — z¢].

By corolary 2.2.6, if L = r., these successive points which we shall denote ¢,, check ¢,, 11 — ¢, =
kc+1 + k. or £n+1 — by = kc+1

By corollary 2.2.6, if L = r._1, these successive points ¢,, check for n=d+1, ¢, 11—, = ke_1+k.
or £n+1 — fn = kcfl.

Finally (because k.1 + ke = kep1 (hy = 1) ), if ro. < L < r._1, the successive points ¢, check
én—&-l — Ly = ke1 + ke or En—&-l — Ay = ke_q or €n+1 — Ay = kc+1 or én—&-l — Ay = kc-{-l +k. < kc+2-
Therefore, |T(g" 1) = T(g")| < ke

Therefore, it is necessary that N(I) check N(I)k.—1 < m < N(I)kc12. Moreover, keio < 3k._1.
Then ko1 < N(I) < kc+2. Therefore kc+2 < kc 1 < < kc+2.

Therefore, |T(g" 1) —T(g" )’ < k’c+2 < N(I) u

N(I)

Let us remark that we saw in the proof of this lemma how the points of T(I) are distributed
by using for example the proposition 2.3.9 in the case where L = r. or L = r._;. We can thus
have a more precise idea of the distribution of these points and we shall can maybe improve the
result of the proposition 2.7.16.

Now, one can prove the following proposition.

Lemma 3.2.3 Let R =1 x [y,y + L'[C [0,m[?. Then, under the previous assumptions, we have
Np — 58| <9+ 2p(m).

Proof Let r; and rg such that T(¢g™ ') <y <T(g™) and T(g™2) <y + L' < T(gm*1).
Then, Ng =ro —71 + 1 and Sg = (¢/ —¢)L'.

Now, there exists r; and 75 such that mN( ) <y< mN(I and mN(I) <y+L < mTQ(JrI%.
ry—r] r' —r] 42

Then, m Jf[( < L' < QN(}) .

Then, L' = %2})0}’(1)' where Ob(a) is the classical ?O” with |Ob(a)| < a.

Then, 74 — rf = XD _910p(1)]

o — Ob m
Now, T(g" 1) /m = iy + 22belm),

Moreover by lemma 3.2.2, y/m—T(g"l_l)/mg 3 . And, vt~ —y/m < . Then,

(I) » N(I) D
wig —Tlom =) m| <
N~ N0 S WO + ((1))
By the same way, % — N(’ ) <% (I) + %rrjz)).
Then |% _reony < N(I) 2%0(77;)
Then |(ry — 1) — (rh — 74)| = |(Ng — 1) — [FX2E —2(0b(1)][]| < 8+ 2¢(m).

Then ’NR - %)L,| < 94 2p(m).
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Then |Ng — %ﬂ <94 2p(m). B

The proof of this lemma shows that the increase of |N R — Sﬁ’ et p(m) are connected. That
Sz | Tt is thus

means that, if ¢(m) = O(log[log(m)]), it will be probably the same for |[Np — 2£|.
logical to think that D2, = O(p(m)). It allows to have thus a more precise idea of D2,.

3.3 Secund inequality of the conjecture : numerical study

In order to understand how the points in rectangles R are distributed, we made simulations, for
example, for a=3243, m=12493, h; =3, 1,5, 1, 3, 2, 1, 4, 1, 1, 3, we have figure 3.1.

2000 . . & . 5

o
o
L o
1800 o o o o
3 ¢ 3
1600 o o
¢ o ¢ o
o
14007 I o © o
o © o
o
1200} o © o
o
o o
o © o
1000, o —
3 ¢ 3
© 3
800} o o o
o ¢ o
o
6001 o o o o N
o
3 ¢ 3
400+ <o o
o o
¢ o
200f ¢ o o © q
0 <> L L <> L L L \Q L \<>
0 50 100 150 200 250 300 350 400 450 500

Figure 3.1: a=3243, m=12493, h; =3, 1, 5,1, 3,2, 1, 4,1, 1, 3.

We understand well on this figure that the distribution of the points of E5 is made well. It
will be thus difficult to find rectangles R such as |Ng — %" is big. We can try for example to
draw them with a ruler or to study all the possible cases by computers. We see well that the
distribution is good and that the breaks of the independence will be difficult to find on rectangles

except the small ones : but it is normal.

In order to try to compute D2 | i.e. Sup|NR — i—ﬂ, simulations were also done.
Let us notice well that the results are obtained by simulations. We contented ourselves with

estimations because as soon as m is a little big, the number of rectangles which we have to study
s

is too much big because it is necessary to take the sup for any rectangle R : supgr|N, el B
We thus chose the width of rectangles at random and we have done again the operation a large
number of time: for example for m =1711 we have done again it 400.000 times.

At first we studied discrepances D2, for Fibonacci congruences. These results are summarized

in the following table.

m 144 1597 | 17711 | 121393 | 1346269 | 14930352
a 89 987 10946 | 75025 | 832040 | 9227465
log(log(m)) || 1.6034 | 1.9982 | 2.2805 | 2.4602 | 2.6471 | 2.8045
DZ, 3.8958 | 4.1058 | 4.8353 | 5.1334 | 5.2338 | 5.2993

These results seem well to show that for the congruences of Fibonacci, ﬁfn = ¢(m) <
O(Log[Log(m)]). In fact, it is possible that this increase can be again improved: maybe ¢(m)
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converges even more slowly to infinity, even ¢(m) can be bounded. But, it is rather difficult to
see in the present state of power of computers.

We also studied the other congruences and we saw that we do not find an increase of the type
D2, < h*O(Log[Log(m)]) where h* = sup(h¢). In fact we notice that the increase depends rather
on ), h$ than of h* (it is not the case of the decrease of the lemma 3.1.3 which depends effectively
directly on h®).

N2 ~
More exactly, when there exists ng such that m = fiy,,, we set Rpp = z?’;;q. Let AY,

i=1,2,...,d% be the sequence h¢ in the case of Fibonacci congruence. Then, we find a relation

cey gy

of the type D2, < Rpy (Y, h*) = %g@(m) where ¢(m) = O(Log[Log(m))).

Thus, for m=1597 , we have the following table.

a 987 | 983 985 | 986 | 988 | 900 | 901 | 902 | 903 | 42 41 11
>, he |16 |49 17 18 19 20 20 25 21 80 62 92
D?, 4.2 | 1312 | 483 | 488 | 5.04 | 5.25 | 5.04 | 6.62 | 5.46 | 19.9 | 15.07 | 41.47
D? ~ [ 42 | 12.86 | 44 | 4.72 ] 4.98 ] 5.25 | 5.25 | 6.56 | 5.51 | 21 15.75 | 39.9

For m=17711 , we have the following table.

a 10946 | 10940 | 10941 | 9877 | 122 | 1421 | 9874 | 6874 | 20

> h¢ 21 37 27 42 159 | 44 34 31 893
D2, 4.9 8.5 6.4 9 41 9.4 7.8 6.9 230
RFib(Zi h;‘) ~ || 4.9 8.63 6.3 9.8 37.1 1 10.27 | 7.93 | 7.23 | 208.36

In fact the situation is a little more complicated than that. We can see it if m is small: we
indeed see that there is another parameter which we have to take in account if T is not invertible:
r5.. Indeed, there is then differences between Dfn and Rpib( Zz hf)

In that way for m=144, we have the following table.

a 89 |88 87 86, 25 37 35 52

e, 1 |8 3 2 1 1 1 4

> h m |7 13 18 15 16 16 9

D?, 3.6 |96 6.7 6.5 6.5 5.5 4.9 6.4
Rpin (>, hd) ~ || 3.6 [ 2.2909 | 4.2545 | 5.8909 | 4.9091 | 5.2364 | 5.2364 | 2.9455

Then, we find an inequality of the same type as that of the lemma 2.7.6. Indeed, let us recall

that Y°7 ) hY < dh® and d < 21 ed®),

As a matter of fact, Z?zl h¢ is generally smaller than dh® (cf example above) . It is translated
by the fact that, in a concrete way, the invertible congruences such as h® < 10 for example are
generally good ! congruences as soon as m > 10°.

Then, the increase D2 < h®log(m) can be improved and it seems that it is by D2, <
%;:ZZ Log(log(m)) when m = fi,, (if m # fin,, one compares with the case of the nearest
number fi,, ).

3.4 Conclusion

According to the simulations that we made we find that D2, <
Log[Log(m).

Lfrom the point of view of the independence of two successive simulated numbers
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It is an increase much more accurate than those of Zaremba, Knuth, Niederreiter and even as
that of the theorem 1.2.5. It shows that there are many possibilities on the choices of a and m. We
can thus impose with no problem the independences required in order to have the best possible
simulation.

Then, it is necessary that (T%(zg),T?"*(x)) behave as independent, but also, for exam-
ple, (T*(zq), (T**2(z0)) : a sequence of IID random variables {X,} check also that the pairs
(Xon, Xony2) are independent. That means that 2 can be written as a continued fraction with

a2
the h?’s not too big:

m 1
— =y —_
1
a2 h% + ﬁ
S Ea

Let us remark that it is also necessary that (Xun, Xan11, Xan+2,, Xan+3) behave as indepen-
dent. But we know that this result must be checked on hypercubes of width wider in order to
have enough points of the sample (T4 (zq), T4+ (xg), T* 2 (xg), T4*3(z0)), i=0,1,....,m, in the
hypercubes. So, for the bidimensional dependence, we can consider the squares of width 1/29
where 49 = O(m). In dimension 4, it is necessary that q checks 167 = O(m).

After, it is necessary that ;”:3 has an expansion in continued fraction with the h3’s not too large:

m 1
==
1 .
a3 hg + h3 L
37 hi4.

And so on.

Obviously, it will be necessary to check these conditions if we use the congruences in order to
make simulations.

If we want to calculate double integrals by using the congruences, Zaremba studied the most
favorable case, that of the congruences of Fibonacci. In the same way, if we want to do IID a
noise, we saw that the best way was also to use the congruences of Fibonacci. On the contrary,
these are very bad pseudo-random generator because T2 = +Id.
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