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✐♥ ❛ ❣❡♥❡r✐❝ ❇❧❛❝❦ ✫ ❙❝❤♦❧❡s ❢r❛♠❡✇♦r❦✱ ✇✐t❤ ♦♥❡ ❡q✉✐t② s❡❝✉r✐t②✱ ❛♥❞ ✉♥❞❡r ■❋❘❙
r✉❧❡s✳ ❲❡ ❞❡r✐✈❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ✐♠♣❛✐r♠❡♥t ❡✈❡♥t ❢♦r ❛♥ ❡q✉✐t②✲
s❡❝✉r✐t② r❡❝♦❣♥✐③❡❞ ✐♥ t❤❡ ❛✈❛✐❧❛❜❧❡✲❢♦r✲s❛❧❡ ✭❆❋❙✮ ❝❛t❡❣♦r②✳ ❖✉r ❞❡❝♦♠♣♦s✐t✐♦♥
♦❢ t❤✐s ❡✈❡♥t ✐s ❛❧s♦ ✉s❡❢✉❧ t♦ r❡tr✐❡✈❡ ❜❛rr✐❡r ♦♣t✐♦♥s ✈❛❧✉❛t✐♦♥ ♠❡t❤♦❞s✳ ❋r♦♠
t❤❡r❡✱ ✇❡ ♦❜t❛✐♥ ❛♥ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛ ❢♦r t❤❡ ✜rst ♠♦♠❡♥t ♦❢ ✐♠♣❛✐r♠❡♥t ✈❛❧✉❡ ❛♥❞
✐ts ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✱ ❛s ✇❡❧❧ ❛s s❡♥s✐t✐✈✐t✐❡s✳ ◆✉♠❡r✐❝❛❧ st✉❞✐❡s ❛r❡
❝❛rr✐❡❞ ♦✉t ♦♥ ❝♦♥❝r❡t❡ s❡❝✉r✐t✐❡s✳ ❲❡ ❛❧s♦ st✉❞② ❛ ♠❡❛♥✲♣r❡s❡r✈✐♥❣ ♦♥❡✲❝r✐t❡r✐♦♥
♣r♦①② ✉s❡❞ ❜② s♦♠❡ ✐♥s✉r❛♥❝❡ ♣r❛❝t✐t✐♦♥❡rs ❢♦r t❤❡ ♥❡①t✲②❡❛r ✐♠♣❛✐r♠❡♥t ❧♦ss❡s
❛♥❞ ❞✐s❝✉ss ✐ts r❡❧❡✈❛♥❝❡✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ♦✉r st✉❞② ♣❛✈❡s t❤❡ ✇❛② ❢♦r ❛♣♣❧✐❝❛t✐♦♥s
♦❢ ✜♥❛♥❝✐❛❧ ♠❛t❤❡♠❛t✐❝s t❡❝❤♥✐q✉❡s t♦ ❛❝❝♦✉♥t✐♥❣ ✐ss✉❡s r❡❧❛t❡❞ t♦ ✐♠♣❛✐r♠❡♥ts
✐♥ t❤❡ ■❋❘❙ ❢r❛♠❡✇♦r❦✳
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▼♦st ♦❢ ✜♥❛♥❝✐❛❧ ✐♥st✐t✉t✐♦♥s ♣✉❜❧✐s❤ t❤❡✐r ✜♥❛♥❝✐❛❧ r❡♣♦rt✐♥❣ ✉♥❞❡r t❤❡ ■♥t❡r♥❛✲
t✐♦♥❛❧ ❋✐♥❛♥❝✐❛❧ ❘❡♣♦rt✐♥❣ ❙t❛♥❞❛r❞s ✭■❋❘❙✮✳ ■t ✐s ❡✈❡♥ ♠❛♥❞❛t♦r② ❢♦r ❝♦♠♣❛♥✐❡s
✇❤✐❝❤ ❛r❡ ❧✐st❡❞ ❛t st♦❝❦ ❡①❝❤❛♥❣❡ ♦r ❤❛✈❡ ✐ss✉❡❞ ❜♦♥❞s ✇✐t❤✐♥ t❤❡ ❊✉r♦♣❡❛♥
❯♥✐♦♥✳

❉✉❡ t♦ t❤❡ ♣r❡s❡♥t st❛♥❞❛r❞s✱ t❤❡s❡ ❝♦♠♣❛♥✐❡s ♠❡❛s✉r❡ ✜♥❛♥❝✐❛❧ ❛ss❡ts ❛t ❢❛✐r
✈❛❧✉❡✳ ❆s ❛ ♠❛tt❡r ♦❢ ❢❛❝t✱ ❡✈❡♥ ✐❢ ❜♦♥❞s ❛r❡ ❡❧✐❣✐❜❧❡ t♦ t❤❡ ❛♠♦rt✐③❡❞ ❝♦st t❤r♦✉❣❤
t❤❡ ❍❡❧❞✲❚♦✲▼❛t✉r✐t② ✭❍❚▼✮ ❝❛t❡❣♦r②✱ t❤❡ r❡str✐❝t✐♦♥s ♦♥ t❤✐s ❝❛t❡❣♦r② ❤❛✈❡ ❧❡❞
✜♥❛♥❝✐❛❧ ✐♥st✐t✉t✐♦♥s ✭❛♥❞ ❡s♣❡❝✐❛❧❧② ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥②✮ t♦ ♣❛rs✐♠♦♥✐♦✉s❧② ✉s❡
t❤✐s ❛❜✐❧✐t②✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♠♦st ♦❢ ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥✐❡s ✜♥❛♥❝✐❛❧ ❛ss❡ts ❛r❡
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■♥ t❤✐s ❝❛t❡❣♦r②✱ ✜♥❛♥❝✐❛❧ ❛ss❡ts ❛r❡ ♠❡❛s✉r❡❞ ❛t ❢❛✐r ✈❛❧✉❡ ✐♥ t❤❡ ❜❛❧❛♥❝❡ s❤❡❡t✳
◆❡✈❡rt❤❡❧❡ss ♣❛r❛❣r❛♣❤ ✺✺ ♦❢ ■❆❙ ✸✾ st❛t❡s t❤❛t ❛ ❣❛✐♥ ♦r ❧♦ss ♦♥ ❛♥ ❛✈❛✐❧❛❜❧❡✲❢♦r✲
s❛❧❡ ✜♥❛♥❝✐❛❧ ❛ss❡t s❤❛❧❧ ❜❡ r❡❝♦❣♥✐③❡❞ ✐♥ ♦t❤❡r ❝♦♠♣r❡❤❡♥s✐✈❡ ✐♥❝♦♠❡ ✭❖❈■✮✱ ❡①❝❡♣t
❢♦r ✐♠♣❛✐r♠❡♥t ❧♦ss❡s ❛♥❞ ❢♦r❡✐❣♥ ❡①❝❤❛♥❣❡ ❣❛✐♥s ❛♥❞ ❧♦ss❡s✱ ✉♥t✐❧ t❤❡ ✜♥❛♥❝✐❛❧
❛ss❡t ✐s ❞❡✲r❡❝♦❣♥✐③❡❞✳ ❚❤✐s ❝♦♥st✐t✉t❡s t❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✇✐t❤ t❤❡ ❍❡❧❞✲❋♦r✲
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♣r♦✜t ♦r ❧♦ss✳ ❚❤✐s ❧❛t❡st ❝❛t❡❣♦r② ✐s ♠✉❝❤ ❧❡ss ✉s❡❞ ❜② ✜♥❛♥❝✐❛❧ ✐♥st✐t✉t✐♦♥s ❞✉❡
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❆s ❛❧♦♥❣ ❛s ❛ ✜♥❛♥❝✐❛❧ ❛ss❡t ❝❧❛ss✐✜❡❞ ❛s ❆❋❙ ❜❡❧♦♥❣s t♦ ❛ ❝♦♠♣❛♥②✱ ❛♥② ❣❛✐♥s
♦r ❧♦ss❡s ♦♥ t❤✐s ❛ss❡t ❛r❡ ♥♦t r❡❝♦❣♥✐③❡❞ ✐♥ ♣r♦✜t ♦r ❧♦ss✳ ❯♥❧❡ss ❛♥② ✐♠♣❛✐r♠❡♥t
❧♦ss❡s ♦❝❝✉r✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱ ■❆❙ ✸✾ st❛t❡s t❤❛t t❤❡ ❛♠♦✉♥t ♦❢ t❤❡ ❝✉♠✉❧❛t✐✈❡ ❧♦ss
t❤❛t ✐s r❡❝❧❛ss✐✜❡❞ ❢r♦♠ ❡q✉✐t② t♦ ♣r♦✜t ♦r ❧♦ss ✭✳✳✳✮ s❤❛❧❧ ❜❡ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥
t❤❡ ❛❝q✉✐s✐t✐♦♥ ❝♦st ✭♥❡t ♦❢ ❛♥② ♣r✐♥❝✐♣❛❧ r❡♣❛②♠❡♥t ❛♥❞ ❛♠♦rt✐③❛t✐♦♥✮ ❛♥❞ ❝✉rr❡♥t
❢❛✐r ✈❛❧✉❡✱ ❧❡ss ❛♥② ✐♠♣❛✐r♠❡♥t ❧♦ss ♦♥ t❤❛t ✜♥❛♥❝✐❛❧ ❛ss❡t ♣r❡✈✐♦✉s❧② r❡❝♦❣♥✐③❡❞
✐♥ ♣r♦✜t ♦r ❧♦ss✳

P❛r❛❣r❛♣❤ ✺✾ ♦❢ ■❆❙ ✸✾ st❛t❡s t❤❛t ❆ ✜♥❛♥❝✐❛❧ ❛ss❡t ✭✳✳✳✮ ✐s ✐♠♣❛✐r❡❞ ❛♥❞
✐♠♣❛✐r♠❡♥t ❧♦ss❡s ❛r❡ ✐♥❝✉rr❡❞ ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ t❤❡r❡ ✐s ♦❜❥❡❝t✐✈❡ ❡✈✐❞❡♥❝❡ ♦❢ ✐♠✲
♣❛✐r♠❡♥t ❛s ❛ r❡s✉❧t ♦❢ ♦♥❡ ♦r ♠♦r❡ ❡✈❡♥ts t❤❛t ♦❝❝✉rr❡❞ ❛❢t❡r t❤❡ ✐♥✐t✐❛❧ r❡❝♦❣♥✐t✐♦♥
♦❢ t❤❡ ❛ss❡t ✭❛ ✧❧♦ss ❡✈❡♥t✧✮ ❛♥❞ t❤❛t ❧♦ss ❡✈❡♥t ✭♦r ❡✈❡♥ts✮ ❤❛s ❛♥ ✐♠♣❛❝t ♦♥ t❤❡
❡st✐♠❛t❡❞ ❢✉t✉r❡ ❝❛s❤ ✢♦✇s ♦❢ t❤❡ ✜♥❛♥❝✐❛❧ ❛ss❡t ✭✳✳✳✮ t❤❛t ❝❛♥ ❜❡ r❡❧✐❛❜❧② ❡st✐♠❛t❡❞✳
❚❤✐s ♣r✐♥❝✐♣❧❡ ✐s ❝♦♠♣❧❡t❡❞ ✐♥ ♣❛r❛❣r❛♣❤ ✻✶ ❢♦r ❡q✉✐t② ✐♥str✉♠❡♥ts ✿ ❆ s✐❣♥✐✜❝❛♥t
♦r ♣r♦❧♦♥❣❡❞ ❞❡❝❧✐♥❡ ✐♥ t❤❡ ❢❛✐r ✈❛❧✉❡ ♦❢ ❛♥ ✐♥✈❡st♠❡♥t ✐♥ ❛♥ ❡q✉✐t② ✐♥str✉♠❡♥t
❜❡❧♦✇ ✐ts ❝♦st ✐s ❛❧s♦ ♦❜❥❡❝t✐✈❡ ❡✈✐❞❡♥❝❡ ♦❢ ✐♠♣❛✐r♠❡♥t✳

❚♦ r❡s✉♠❡✱ ✐❢ ❢♦r ❞❡❜t ✐♥str✉♠❡♥ts ❝❧❛ss✐✜❡❞ ❛s ❆❋❙✱ t❤❡ ✐♠♣❛✐r♠❡♥t ❝r✐t❡r✐♦♥ ✐s
❜❛s❡❞ ♦♥ ❛ ❧♦ss ❡✈❡♥t ✭t❤✐s ❧❡❛❞s t♦ ❝♦♥s✐❞❡r t❤❡ ♣r❡s❡♥t ✐♠♣❛✐r♠❡♥t ♠❡t❤♦❞♦❧♦❣②
❢♦r s✉❝❤ ✐♥str✉♠❡♥ts ❛s ✧✐♥❝✉rr❡❞ ❛♣♣r♦❛❝❤✧ ❜② ♦♣♣♦s✐t✐♦♥ ♦❢ ❛♥ ✧❡①♣❡❝t❡❞ ❛♣✲
♣r♦❛❝❤✧✮✱ ■❆❙ ✸✾ ❣✐✈❡s ❛ ♠♦r❡ ♣r❡❝✐s❡ ❞♦✉❜❧❡✲❝r✐t❡r✐♦♥ ❢♦r ❝♦♥s✐❞❡r✐♥❣ ✐♠♣❛✐r♠❡♥t
❧♦ss❡s ❢♦r ❛♥ ❡q✉✐t② ✐♥str✉♠❡♥t✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t t❤❡ t✇♦ ❝♦♥❞✐t✐♦♥s
❞♦ ♥♦t ♥❡❝❡ss❛r✐❧② t♦ ❜❡ ❝♦♥❝♦♠✐t❛♥t❧② ♠❡t ✐♥ ♦r❞❡r t♦ ❧❡❛❞ t♦ ❛♥ ✐♠♣❛✐r♠❡♥t ❧♦ss
✭✐t ✐s t❤❡ ❝❛s❡ ✐♥ s♦♠❡ ❧♦❝❛❧ ❛❝❝♦✉♥t✐♥❣ st❛♥❞❛r❞s s✉❝❤ ❛s t❤❡ ❋r❡♥❝❤ ♦♥❡s✮✳ ❚❤✐s
❤❛s ❜❡❡♥ ❝♦♥✜r♠❡❞ ❜② ❛♥ ■❋❘■❈✶ ❯♣❞❛t❡ ♦❢ ❏✉❧② ✷✵✵✾✳ ▼♦r❡♦✈❡r ❢♦r t❤♦s❡ ✐♥✲

✶ ■♥t❡r♥❛t✐♦♥❛❧ ❋✐♥❛♥❝✐❛❧ ❘❡♣♦rt✐♥❣ ❙t❛♥❞❛r❞s ■♥t❡r♣r❡t❛t✐♦♥s ❈♦♠♠✐tt❡❡✳



❙♦♠❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❛♥ ❡q✉✐t② s❡❝✉r✐t② ♥❡①t✲②❡❛r ✐♠♣❛✐r♠❡♥t ✸

str✉♠❡♥ts✱ ❛♥② ✐♠♣❛✐r♠❡♥t ❧♦ss❡s s❤❛❧❧ ♥♦t ❜❡ r❡✈❡rs❡❞ t❤r♦✉❣❤ ♣r♦✜t ♦r ❧♦ss ✭s❡❡
P❛r❛❣r❛♣❤ ✻✾✮✳

❚❤✐s s✐t✉❛t✐♦♥ ✐s s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✷✳

❚❛❜❧❡ ✷ ❖✈❡r✈✐❡✇ ♦❢ ■❆❙ ✸✾ ✐♠♣❛✐r♠❡♥t ❞✐s♣♦s❛❧s✳

❈❛t❡❣♦r② ❍❚▼ ❆❋❙ ❍❋❚

❊❧✐❣✐❜❧❡ s❡❝✉r✐t✐❡s ❇♦♥❞s ❇♦♥❞s ❖t❤❡rs ✭st♦❝❦✱ ❢✉♥❞s✱
❡t❝✳✮

❊✈❡r②t❤✐♥❣

❱❛❧✉❛t✐♦♥ ❆♠♦rt✐③❡❞ ❝♦st ❋❛✐r ❱❛❧✉❡ ✭t❤r♦✉❣❤ ❖❈■✮ ❋❛✐r ❱❛❧✉❡
t❤r♦✉❣❤
P✫▲

■♠♣❛✐r♠❡♥t ♣r✐♥❝✐✲
♣❧❡

❊✈❡♥t ♦❢ ♣r♦✈❡♥ ❧♦ss ❊✈❡♥t ♦❢
♣r♦✈❡♥ ❧♦ss

❙✐❣♥✐✜❝❛♥t ♦r ♣r♦✲
❧♦♥❣❡❞ ❢❛❧❧ ✐♥ t❤❡ ❢❛✐r
✈❛❧✉❡

◆❆

■♠♣❛✐r♠❡♥t tr✐❣❣❡r ❖❜❥❡❝t✐✈❡ ❡✈✐❞❡♥❝❡ r❡s✉❧t✐♥❣ ❢r♦♠ ❛♥ ✐♥✲
❝✉rr❡❞ ❡✈❡♥t ✭❝❢✳ ■❆❙ ✸✾ ➓✺✾✮

❚✇♦ ❝r✐t❡r❛ ✭♥♦♥✲
❝✉♠✉❧❛t✐✈❡❀ ❈❢✳
■❋❘■❈ ❯♣❞❛t❡ ♦❢ ❏✉❧②
✷✵✵✾✮ ✿ s✐❣♥✐✜❝❛♥t ♦r

♣r♦❧♦♥❣❡❞ ❧♦ss ✐♥ t❤❡
❋❱

◆❆

■♠♣❛✐r♠❡♥t ❱❛❧✉❡ ❉✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥
t❤❡ ❛♠♦rt✐③❡❞ ❝♦st
❛♥❞ t❤❡ r❡✈✐s❡❞
✈❛❧✉❡ ♦❢ ❢✉t✉r❡
✢♦✇s ❞✐s❝♦✉♥t❡❞ ❛t
t❤❡ ♦r✐❣✐♥❛❧ ✐♥t❡r❡st
r❛t❡

■♥ r❡s✉❧t ✿ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ r❡♣♦rt❡❞
✈❛❧✉❡ ✭❜❡❢♦r❡ ✐♠♣❛✐r♠❡♥t✮ ❛♥❞ t❤❡ ❋❱

◆❆

❘❡✈❡rs❛❧ ♦❢ t❤❡ ✐♠✲
♣❛✐r♠❡♥t

P♦ss✐❜❧❡ ✐♥ s♣❡❝✐✜❝
❝❛s❡s

P♦ss✐❜❧❡
✐♥ s♣❡❝✐✜❝
❝❛s❡s

■♠♣♦ss✐❜❧❡ ◆❆

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ✇✐t❤ t❤❡ ♣r❡s❡♥t st❛♥❞❛r❞✱ ♠♦st ♦❢ ✐♠♣❛✐r♠❡♥t ❧♦ss❡s ♦♥ ❆❋❙
✜♥❛♥❝✐❛❧ ❛ss❡ts ❝♦♠❡ ❢r♦♠ ❡q✉✐t② ✐♥str✉♠❡♥ts✳

❚❛❜❧❡ ✸ ❝♦♠♣❛r❡s✱ ❢♦r s♦♠❡ ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥✐❡s✱ t❤❡✐r ✷✵✶✶ r❡s✉❧t ❛♥❞ t❤❡
❧♦ss❡s ❢r♦♠ ❆❋❙ ❢✉♥❞s ❛♥❞ ❡q✉✐t② s❡❝✉r✐t✐❡s ✐♠♣❛✐r♠❡♥t✳ ❚❤❡ ✜❣✉r❡s ❛r❡ ❡①tr❛❝t❡❞
❢r♦♠ t❤❡ ✷✵✶✶ r❡❢❡r❡♥❝❡ ❞♦❝✉♠❡♥t ♦❢ ❡❛❝❤ ❝♦♠♣❛♥②✳

❚❛❜❧❡ ✸ ❙♦♠❡ ✜❣✉r❡s ❛❜♦✉t ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥✐❡s ✐♥✈❡st♠❡♥ts ✐♥ ✷✵✶✶ ✭❝♦♥t✐♥✉❡❞✮✳

✭▼e✮ ❆❧❧✐❛♥③ ❆①❛ ❈◆P ❆ss✉r❛♥❝❡s ●❡♥❡r❛❧✐

❘❡s✉❧t ✷✽✵✹ ✹✺✶✻ ✶✶✹✶ ✶✶✺✸
■♠♣❛✐r♠❡♥t ❧♦ss❡s ♦♥ ❆❋❙ ❢✉♥❞s
❛♥❞ ❡q✉✐t② s❡❝✉r✐t✐❡s

✲✷✹✽✼ ✲✽✻✵ ✲✶✻✵✵ ✲✼✽✶



✹ ❏✉❧✐❡♥ ❆③③❛③ ❡t ❛❧✳

❲❡ s❡❡ t❤❛t t❤❡s❡ ✐♠♣❛✐r♠❡♥t ❧♦ss❡s ❛r❡ ❢❛r ❢r♦♠ ❜❡✐♥❣ ♥❡❣❧✐❣✐❜❧❡ ❝♦♠♣❛r❡❞
t♦ t❤❡ r❡s✉❧t ♦❢ t❤❡s❡ ✐♥s✉r❡rs✳ ❆❧s♦ ✐♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❢♦❝✉s ♦♥ ❡q✉✐t② ✐♥str✉♠❡♥ts
❝❧❛ss✐✜❡❞ ❛s ❛✈❛✐❧❛❜❧❡ ❢♦r s❛❧❡✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ q✉❡st✐♦♥s ❛r❡ ♦❢ ✐♥t❡r❡st ❢♦r ❛ ❝♦♠♣❛♥② ✇❤✐❝❤ ❤♦❧❞s ❡q✉✐t② ✐♥✲
str✉♠❡♥ts ❝❧❛ss✐✜❡❞ ❛s ❆❋❙✿ ✇❤❛t ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛♥ ✐♠♣❛✐r♠❡♥t ♦❝❝✉rs
❜❡❢♦r❡ t❤❡ ♥❡①t ✜♥❛♥❝✐❛❧ r❡♣♦rt✐♥❣❄ ❲❤❛t ✐s t❤❡ ❡①♣❡❝t❡❞ ❛♠♦✉♥t ♦❢ s✉❝❤ ❛♥
✐♠♣❛✐r♠❡♥t ❧♦ss❄ ❲❤❛t ✐s ✐ts ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥❄ ❚♦ ✇❤✐❝❤ ♣❛r❛♠❡t❡rs ✐s t❤✐s
❛♠♦✉♥t t❤❡ ♠♦st s❡♥s✐t✐✈❡❄ ❚❤❡s❡ q✉❡st✐♦♥s ❤❛✈❡ ❜❡❡♥ ❧✐tt❧❡ ❛❞❞r❡ss❡❞ s♦ ❢❛r ❜②
♣r❛❝t✐t✐♦♥❡rs ❛♥❞ r❡s❡❛r❝❤❡rs✳ ❆s ❛ ♠❛tt❡r ♦❢ ❢❛❝t✱ ✐♠♣❛✐r♠❡♥t r✉❧❡s ♦❢ ✜♥❛♥❝✐❛❧
❛ss❡ts ✭❛♥❞ ❡s♣❡❝✐❛❧❧② t❤❡✐r ❧❡✈❡❧ ♦❢ str✐❝t♥❡ss ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ❢r❛♠❡✇♦r❦s ❛♥❞
❡❝♦♥♦♠✐❝ s✐t✉❛t✐♦♥s✮ ❛♥❞ t❤❡✐r ✐♠♣❛❝t ❤❛✈❡ ❜❡❡♥ ♣♦✐♥t❡❞ ♦✉t ✐♥ st✉❞✐❡s ❛❜♦✉t ❋❛✐r
❱❛❧✉❡ ❆❝❝♦✉♥t✐♥❣ ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✶✸❪ ❢♦r ❛♥ ❛♥❛❧②s✐s ♦❢ t❤❡ r♦❧❡ ♦❢ ❋❛✐r ❱❛❧✉❡
❛❝❝♦✉♥t✐♥❣ ✐♥ t❤❡ r❡❝❡♥t ✜♥❛♥❝✐❛❧ ❝r✐s✐s ♦r ❬✷❪ ❢♦r ❛♥ ❡①❛♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❡❝♦♥♦♠✐❝
❝♦♥s❡q✉❡♥❝❡s ♦❢ r❡❧❛①✐♥❣ ❢❛✐r ✈❛❧✉❡ ❛❝❝♦✉♥t✐♥❣ ❛♥❞ ❡s♣❡❝✐❛❧❧② ✐♠♣❛✐r♠❡♥t r✉❧❡s
❞✉r✐♥❣ t❤❡ ✜♥❛♥❝✐❛❧ ❝r✐s✐s✮✳ ◆❡✈❡rt❤❡❧❡ss t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ t❤❡ r❡♣♦rt✐♥❣ ❡♥t✐t②
❤❛s ❜❡❡♥ ❧✐tt❧❡ ❛❞❞r❡ss❡❞ ✭s❡❡ ❬✶❪ ❢♦r ❛ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ✐♠♣❛✐r♠❡♥t
❧♦ss❡s ♦✈❡r ❛♥ ❡q✉✐t② s❡❝✉r✐t✐❡s ♣♦rt❢♦❧✐♦✮✳ ❆s ✐♠♣❛✐r♠❡♥t ❧♦ss❡s ❝❛♥ ❤❛✈❡ ♠❛❥♦r
❝♦♥s❡q✉❡♥❝❡s ❢♦r ✜♥❛♥❝✐❛❧ r❡♣♦rt✐♥❣✱ ✐t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ ❢♦r ❞❡❝✐s✐♦♥ ♠❛❦❡rs
t♦ ❤❛✈❡ s♦♠❡ q✉❛♥t✐t❛t✐✈❡ ✐♥❞✐❝❛t♦rs ♦❢ ✐♠♣❛✐r♠❡♥t r✐s❦✳ ❚❤❡② ❝♦✉❧❞ s♦♠❡t✐♠❡s
❝❤❛♥❣❡ t❤❡✐r ❛ss❡t ❛❧❧♦❝❛t✐♦♥ ❛❢t❡r ❛♥❛❧②③✐♥❣ ✐♠♣❛✐r♠❡♥t ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡✐r
✐♥✐t✐❛❧ ✐♥✈❡st♠❡♥t str❛t❡❣②✳

❆❢t❡r ❣✐✈✐♥❣ ❛♥ ♦✈❡r✈✐❡✇ ♦❢ ♣r❛❝t✐❝❡s ♦❢ ✜♥❛♥❝✐❛❧ ✐♥st✐t✉t✐♦♥s t♦ ❝♦♥s✐❞❡r ✇❤❛t
❦✐♥❞ ♦❢ ❞❡❝❧✐♥❡ ❧❡❛❞s t♦ ❛♥ ✐♠♣❛✐r♠❡♥t ❧♦ss✱ t❤❡ ❛✐♠ ♦❢ ♦✉r ♣❛♣❡r ✐s t♦ ♣r♦✈✐❞❡
s♦♠❡ ❛♥s✇❡rs t♦ t❤❡ ❛❜♦✈❡ q✉❡st✐♦♥s ✐♥ t❤❡ ❇❧❛❝❦ ✫ ❙❝❤♦❧❡s ♠♦❞❡❧✳ ❊✈❡♥ ✐❢ t❤✐s
♠♦❞❡❧ ✐s ❢❛r ❢r♦♠ ❜❡✐♥❣ ♣❡r❢❡❝t ✭s❡❡ ❬✶✹❪ ❢♦r ❡①❛♠♣❧❡✮✱ ✐t ✐s st✐❧❧ ✇✐❞❡❧② ✉s❡❞ ❜②
✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥✐❡s✱ s♦♠❡t✐♠❡s ✇✐t❤ ♠♦❞✐✜❝❛t✐♦♥s ❧✐❦❡ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② ♦r
st♦❝❤❛st✐❝ ✐♥t❡r❡st r❛t❡s✳ ▼❛♥② ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥✐❡s st✐❧❧ ✉s❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ♠♦❞❡❧
❢♦r ✜♥❛♥❝✐❛❧ ♣❧❛♥♥✐♥❣✳ ❆s ♦✉r ❣♦❛❧ ✐s t♦ st✉❞② ✐♠♣❛✐r♠❡♥ts ✐♥ t❤❡ ■❋❘❙ ❢r❛♠❡✇♦r❦
❛♥❞ ♥♦t t♦ ❜✉✐❧❞ ❛ ♠♦r❡ r❡❧✐❛❜❧❡ r✐s❦② ❛ss❡t ♠♦❞❡❧✱ ✇❡ ❜❡❧✐❡✈❡ t❤❛t t❤❡ ❇❧❛❝❦✲
❙❝❤♦❧❡s ❛♣♣r♦❛❝❤ ✐s r❡❛s♦♥❛❜❧❡ ❤❡r❡ ❛♥❞ ❡♥❛❜❧❡s ✉s t♦ ❞❡r✐✈❡ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ❢♦r
s♦♠❡ ✐♠♣❛✐r♠❡♥t ❝❤❛r❛❝t❡r✐st✐❝s✳ ■♥tr♦❞✉❝✐♥❣ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ ▲é✈② ♣r♦❝❡ss❡s✱
r❡❣✐♠❡ s✇✐t❝❤✐♥❣✱ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② ♦r ✐♥t❡r❡st r❛t❡s ✇♦✉❧❞ r❡q✉✐r❡ ♠✉❝❤ ♠♦r❡
✜♥❛♥❝✐❛❧ ❡♥❣✐♥❡❡r✐♥❣ ❛♥❞ ✐s ❧❡❢t ❢♦r ❢✉t✉r❡ r❡s❡❛r❝❤✳ ❈♦♠♣✉t❛t✐♦♥s ✇♦✉❧❞ ❜❡ ♠♦r❡
❝♦♠♣❧✐❝❛t❡❞ ❛♥❞ ❧❡ss tr❛❝t❛❜❧❡✱ ❜✉t t❤❡ s❛♠❡ ❛♥❛❧②s✐s ✇♦✉❧❞ ❛♣♣❧② ❛s ✇❡ ✇♦r❦ ✐♥
t❤❡ r❡❛❧✲✇♦r❧❞ ✉♥✐✈❡rs❡✳

❚❤❡ t✇♦ ❝r✐t❡r✐❛ ❛♥❞ t❤❡ ❢♦r♠ ♦❢ t❤❡ ✐♠♣❛✐r♠❡♥t ❧♦ss❡s ❛r❡ s✐♠✐❧❛r t♦ t❤♦s❡ ♦❢
t❤❡ ✭♣r♦❜❛❜✐❧✐st✐❝✮ ♣❛②♦✛ ♦❢ ❛ s✉♠ ♦❢ t❤r❡❡ ✜♥❛♥❝✐❛❧ ♦♣t✐♦♥s✳ ❆♠♦♥❣ t❤❡♠ t❤❡ ✜rst
♦♥❡ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❝❧❛ss✐❝❛❧ ❊✉r♦♣❡❛♥ ♣✉t ♦♣t✐♦♥ ✭s❡❡ ❬✶✶❪✮✳ ❚❤❡ t✇♦ ♦t❤❡rs ❛r❡
✐♥ t❤❡ ❢❛♠✐❧② ♦❢ t❤❡ ❜❛rr✐❡r ♦♣t✐♦♥s✿ t❤❡ r❡❛r✲❡♥❞ ✉♣✲❛♥❞✲♦✉t ♣✉t ♦♣t✐♦♥ ✭s❡❡ ❬✶✵❪✮✳
❲❡ ♠❛② ♦❜s❡r✈❡ t❤❛t ❜❛rr✐❡r ♦♣t✐♦♥s ❛r❡ ✉s❡❢✉❧ ❢♦r s♦♠❡ ❛❝❝♦✉♥t✐♥❣ ❛♥❞ t❛① ✐ss✉❡s✳
❋♦r ❡①❛♠♣❧❡✱ ❬✶✺❪ ♣r❡s❡♥t ♣r❛❝t✐❝❛❧ ✈❛❧✉❛t✐♦♥ ❢♦r♠✉❧❛s ❢♦r t❛① s❤✐❡❧❞s ♦❢ ✐♥t❡r❡st
❡①♣❡♥s❡✳

❯s✐♥❣ r❡s✉❧ts ❛❜♦✉t ❜❛rr✐❡r ♦♣t✐♦♥s ❢r♦♠ ❬✶✵❪✱ ❬✺❪ ❛♥❞ ❬✹❪✱ ✇❡ ❣✐✈❡ ❛♥ ❛♥❛❧②t✐✲
❝❛❧ ❢♦r♠✉❧❛ ♦❢ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ♥❡①t✲②❡❛r ✐♠♣❛✐r♠❡♥t ❧♦ss❡s ❢♦r ❛♥② ❡q✉✐t②
s❡❝✉r✐t② ✭❡✈❡♥ ♣r❡✈✐♦✉s❧② ✐♠♣❛✐r❡❞✮ ✐♥ t❤❡ ❇❧❛❝❦ ✫ ❙❝❤♦❧❡s ♠♦❞❡❧✳ ▼♦r❡♦✈❡r ✇❡
❝♦♠♣✉t❡ t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥❡①t ②❡❛r ✐♠♣❛✐r♠❡♥t ❧♦ss❡s
✇❤✐❝❤ ❡♥❛❜❧❡s ❛ ❈❤✐❡❢ ❋✐♥❛♥❝✐❛❧ ❖✣❝❡r ✭❈❋❖✮ ❛♥❞ ❛ ❈❤✐❡❢ ❘✐s❦ ❖✣❝❡r ✭❈❘❖✮ t♦
♠❡❛s✉r❡ t❤❡ r✐s❦ ♦❢ ❛♥② ❞❡✈✐❛t✐♦♥ ✐♥ t❤❡ ♣r♦✜t ♦r ❧♦ss r❡s✉❧t✐♥❣ ❢r♦♠ ❛♥② ✐♠♣❛✐r♠❡♥t
♦❢ s✉❝❤ ❛ s❡❝✉r✐t②✳ ❋♦r ❡❛❝❤ ❝❤❛r❛❝t❡r✐st✐❝✱ ✇❡ ❣✐✈❡ s❡♥s✐t✐✈✐t✐❡s ♦♥ ♣❛r❛♠❡t❡rs✳ ❲❡



❙♦♠❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❛♥ ❡q✉✐t② s❡❝✉r✐t② ♥❡①t✲②❡❛r ✐♠♣❛✐r♠❡♥t ✺

❛❧s♦ ✜♥❞ ❛ ♠❡❛♥✲♣r❡s❡r✈✐♥❣ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ✐♠♣❛✐r♠❡♥t ❝r✐✲
t❡r✐❛ ❛♥❞ t❤♦s❡ ♦❢ ❛ s✐♠♣❧✐✜❡❞ ✈❡rs✐♦♥ ✭✉s✐♥❣ ♦♥❧② t❤❡ s✐❣♥✐✜❝❛♥t ❞❡❝❧✐♥❡ ❝r✐t❡r✐♦♥✮
t❤❛t ✐s ❡❛s✐❡r t♦ ❝♦♠♣✉t❡✳ ❚❤❡s❡ r❡s✉❧ts ❛r❡ t❤❡♥ ✐❧❧✉str❛t❡❞ ♦♥ r❡❛❧ s❡❝✉r✐t✐❡s ❢r♦♠
t❤❡ ❋r❡♥❝❤ st♦❝❦ ♠❛r❦❡t✳ ❙♦♠❡ ♣r❛❝t✐t✐♦♥❡rs ❛r❣✉❡ t❤❛t s✉❝❤ t❤❡ ❛❜♦✈❡✲♠❡♥t✐♦♥❡❞
♣r♦①② ❝♦✉❧❞ ❜❡ ✉s❡❞ ✐♥ ♦r❞❡r t♦ ❣❡t ❛ s✐♠♣❧❡r ❢♦r♠✉❧❛✳ ❲❡ s❤♦✇ t❤❛t s✉❝❤ ❛ ♣r♦①②
✐s ♦♥❧② r❡❧❡✈❛♥t ✇❤❡♥ ❧❛r❣❡ ✐♠♣❛✐r♠❡♥t ❧♦ss❡s ❛❧r❡❛❞② ♦❝❝✉rr❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s
✜♥❛♥❝✐❛❧ r❡♣♦rt✐♥❣ st❛t❡♠❡♥ts✱ ❜❡❝❛✉s❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ r❡s✉❧ts ♦❢ t❤❡ t✇♦
♠❡t❤♦❞s ❛r❡ ✐♠♣♦rt❛♥t ✇❤❡♥ ♥♦ ❧❛r❣❡ ✐♠♣❛✐r♠❡♥t ❤❛s ♦❝❝✉rr❡❞ ②❡t✳ ■♥ ♦r❞❡r t♦
❣❡t ❛ ♠♦r❡ r❡❛❞❛❜❧❡ ♣❛♣❡r✱ t❤❡ ♣r♦♦❢s ♦❢ t❤❡ r❡s✉❧ts ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✳
❆♣❛rt ❢r♦♠ s♦❧✈✐♥❣ t❤✐s ♣❛rt✐❝✉❧❛r ✐ss✉❡✱ ❛♥♦t❤❡r ❣♦❛❧ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ❞❡♠♦♥✲
str❛t❡ ❤♦✇ ✜♥❛♥❝✐❛❧ ♠❛t❤❡♠❛t✐❝s t❡❝❤♥✐q✉❡s ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ■❋❘❙ ❛❝❝♦✉♥t✐♥❣
♣r♦❜❧❡♠s✱ ✐♥❝❧✉❞✐♥❣ ✐♠♣❛✐r♠❡♥t r❡❧❛t❡❞ ♦♥❡s✳

✷ ■♠♣❛✐r♠❡♥t ♦❢ ❡q✉✐t② s❡❝✉r✐t✐❡s

❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ❣✐✈❡ ❛♥ ♦✈❡r✈✐❡✇ ♦❢ ❤♦✇ ✜♥❛♥❝✐❛❧ ✐♥st✐t✉t✐♦♥s s✉❝❤
❛s ❜❛♥❦s ❛♥❞ ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥✐❡s ✐♥t❡r♣r❡t P❛r❛❣r❛♣❤ ✻✶ ♦❢ ■❆❙ ✸✾ ✐♥ ♦r❞❡r t♦
❞❡t❡r♠✐♥❡ t❤❡ ♣❛r❛♠❡t❡rs t♦ ❝♦♥s✐❞❡r ❛ s✐❣♥✐✜❝❛♥t ♦r ♣r♦❧♦♥❣❡❞ ❞❡❝❧✐♥❡ ✇❤✐❝❤ ❧❡❛❞s
t♦ ❛♥ ✐♠♣❛✐r♠❡♥t ❧♦ss ❢♦r ❛♥ ❡q✉✐t② s❡❝✉r✐t②✳

❆ st✉❞② ♦❢ t❤❡ ❛✉❞✐t✐♥❣ ❝♦♠♣❛♥② ❬✼❪ ✐♥❞✐❝❛t❡s t❤❛t t❤❡s❡ ❝r✐t❡r✐❛ ❤❛✈❡ ❢❛❧❧❡♥
✇✐t❤✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❛♥❣❡s✿

✕ s✐❣♥✐✜❝❛♥t ❜❡t✇❡❡♥ ✷✵✪ ❛♥❞ ✸✵✪
✕ ♣r♦❧♦♥❣❡❞ ❜❡t✇❡❡♥ ✾ ❛♥❞ ✶✷ ♠♦♥t❤s✳

◆❡✈❡rt❤❡❧❡ss✱ ❛s ✇❡ ❝❛♥ s❡❡ ✐♥ ❚❛❜❧❡ ✹✱ t❤❡s❡ ♣❛r❛♠❡t❡rs ❛r❡ ✈❡r② ✈♦❧❛t✐❧❡ ❛♠♦♥❣
✜♥❛♥❝✐❛❧ ✐♥st✐t✉t✐♦♥s✳ ▼♦r❡♦✈❡r s♦♠❡ ♦❢ t❤❡♠ ❝♦♥s✐❞❡r ❛ t❤✐r❞ ❝r✐t❡r✐♦♥ ✇❤✐❝❤ ❡♠✲
❜r❛❝❡ ❜♦t❤ s✐❣♥✐✜❝❛♥t ❛♥❞ ♣r♦❧♦♥❣❡❞ ❞❡❝❧✐♥❡✿ ❛ ♣r♦❧♦♥❣❡❞ ❞❡❝❧✐♥❡ ✉♥❞❡r ❛ s✐❣♥✐✜✲
❝❛♥t ❢❛❧❧ ✐♥ ❢❛✐r ✈❛❧✉❡ s✐♥❝❡ t❤❡ ❛❝q✉✐s✐t✐♦♥ t✐♠❡✳ ❲❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t ❛ ✇✐❞❡ r❛♥❣❡
♦❢ ❝r✐t❡r✐♦♥ ❛r❡ ♣r❛❝t✐❝❛❧❧② ✉s❡❞✳ ❖❜✈✐♦✉s❧② t❤❡ ❣r❡❛t❡r t❤❡ s✐❣♥✐✜❝❛♥t ✭r❡s♣✳ t❤❡
♣r♦❧♦♥❣❡❞✮ ♣❛r❛♠❡t❡r ✐s✱ t❤❡ ❧❛t❡r ❛♥ ✐♠♣❛✐r♠❡♥t ❧♦ss ♦❝❝✉rs ❛♥❞ t❤❡ ❣r❡❛t❡r t❤❡
♣♦t❡♥t✐❛❧ ✐♠♣❛✐r❡❞ ❛♠♦✉♥t ♠❛② ❜❡✳ ■❢ ♦♥❡ ♣♦s✐t✐♦♥s ✐♠♣❛✐r♠❡♥t r✐s❦ ✐♥ ❛ r✐s❦ ♠❛♣
✭✇❤♦s❡ ❛①❡s ❝♦rr❡s♣♦♥❞ t♦ ♣r♦❜❛❜✐❧✐t② ♦❢ ♦❝❝✉rr❡♥❝❡ ❛♥❞ ❡①♣❡❝t❡❞ s❡✈❡r✐t② ✐❢ ❡✈❡♥t
♦❝❝✉rs✮✱ ✐t ✐s ❣♦✐♥❣ t♦ ❧✐❡ ❝❧♦s❡ t♦ ❞✐✛❡r❡♥t ❛①❡s ❢♦r ❞✐✛❡r❡♥t ✐♥s✉r❡rs ✭❢♦r ❡q✉✐✈❛❧❡♥t
♣r❡✈✐♦✉s ✐♠♣❛✐r♠❡♥ts✮✿ ❢♦r ❆❳❆ ✐t ✇♦✉❧❞ ❜❡ ❝❧♦s❡r t♦ t❤❡ ✜rst ❛①✐s✱ ❜❡❝❛✉s❡ t❤✐s
❝♦♠♣❛♥② t❡♥❞s t♦ r❡❝♦❣♥✐③❡ ✐♠♣❛✐r♠❡♥ts ♠✉❝❤ ❢❛st❡r ✭❛❢t❡r ❛ 20% ❞❡❝r❡❛s❡ ♦r ❛ ✻✲
♠♦♥t❤ ♣r♦❧♦♥❣❡❞ ❞❡❝❧✐♥❡✮ t❤❛♥ ●❡♥❡r❛❧✐✱ ✇❤♦ r❡❝♦❣♥✐③❡s ✐♠♣❛✐r♠❡♥ts ♦♥❧② ❛❢t❡r ❛
50% ❞❡❝r❡❛s❡ ♦r ❛ ✸✲②❡❛r ♣r♦❧♦♥❣❡❞ ❞❡❝❧✐♥❡✳ ■♥ ●❡♥❡r❛❧✐ r✐s❦ ♠❛♣✱ ✐♠♣❛✐r♠❡♥t r✐s❦
✇♦✉❧❞ ❜❡ ❝❧♦s❡r t♦ t❤❡ s❡❝♦♥❞ ❛①✐s✱ ❜❡❝❛✉s❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ✐♠♣❛✐r♠❡♥t ✐s ♠✉❝❤
s♠❛❧❧❡r✱ ❜✉t ✐❢ t❤✐s ❤❛♣♣❡♥❡❞✱ t❤❡ ✐♠♣❛✐r♠❡♥t ❛♠♦✉♥t ✇♦✉❧❞ ❜❡ ♠✉❝❤ ❤✐❣❤❡r✳

❉❡❝✐s✐♦♥ ♠❛❦❡rs ♥❡❡❞ s♦♠❡ q✉❛♥t✐t❛t✐✈❡ ❛♥❛❧②s✐s t♦ ❝♦♠♣❧❡♠❡♥t t❤✐s q✉❛❧✐t❛t✐✈❡
❛♥❛❧②s✐s ✐♥ ♦r❞❡r t♦ s❡t ✉♣ t❤❡✐r tr✐❣❣❡r ♣❛r❛♠❡t❡rs✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥s ✇❡ ♣r❡s❡♥t
✐♥ t❤✐s ♣❛♣❡r ❡♥❛❜❧❡ ❈❋❖✬s ❛♥❞ ❈❘❖✬s t♦ q✉❛♥t✐❢② ✐♠♣❛✐r♠❡♥t r✐s❦ ❛♥❞ t♦ ❝❤♦♦s❡
t❤❡✐r ❛♣♣r♦♣r✐❛t❡ t❤r❡s❤♦❧❞s✳ ■♥ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s s❡❝t✐♦♥✱ ✇❡ ❝❛rr② ♦✉t
s♦♠❡ s❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s ❛♥❞ ❛❧s♦ ♣r♦✈✐❞❡ ❝♦♥❝r❡t❡ ♥✉♠❜❡rs ❢♦r ♣r♦❜❛❜✐❧✐t② ♦❢
✐♠♣❛✐r♠❡♥t ❛♥❞ ❡①♣❡❝t❡❞ s❡✈❡r✐t② ❣✐✈❡♥ t❤❛t ❡✈❡♥t ♦❝❝✉rs ❢♦r ❆①❛ ❛♥❞ ●❡♥❡r❛❧✐
tr✐❣❣❡r ♣❛r❛♠❡t❡rs ✐♥ ❞✐✛❡r❡♥t st♦❝❦ ♣r✐❝❡ ❡✈♦❧✉t✐♦♥ ❛♥❞ ♣❛st ✐♠♣❛✐r♠❡♥t s❝❡♥❛r✐♦s✳
❚❤❡ ❛❞❞✐t✐♦♥❛❧ ❝r✐t❡r✐♦♥ t❤❛t s♦♠❡ ❝♦♠♣❛♥✐❡s ❝♦♥s✐❞❡r s❡❡♠s ❧✐❦❡ t❤❡ tr✐❣❣❡r ❣✐✈❡♥



✻ ❏✉❧✐❡♥ ❆③③❛③ ❡t ❛❧✳

❚❛❜❧❡ ✹ ■♠♣❛✐r♠❡♥t ♣❛r❛♠❡t❡rs ✉s❡❞ ❜② s♦♠❡ ✐♥s✉r❛♥❝❡ ❝♦♠♣❛♥✐❡s ✐♥ ✷✵✶✶✳

❈♦♠♣❛♥② ❙✐❣♥✐✜❝❛♥t
♣❛r❛♠❡t❡r

Pr♦❧♦♥❣❡❞ ♣❛r❛♠❡t❡r
✭♠♦♥t❤s✮

❙✉♣♣❧❡♠❡♥t❛r②
❝r✐t❡r✐♦♥✸

❆❧❧✐❛♥③ ✵✳✷ ✾
❆①❛ ✵✳✷ ✻
❇◆P P❛r✐❜❛s ✵✳✺ ✷✹ ✵✳✸ ⑤ ✶✷ ♠♦♥t❤s
❈◆P ✵✳✺ ✸✻
❈ré❞✐t ❆❣r✐❝♦❧❡ ✵✳✹ ∅ ✵✳✷ ⑤ ✻ ♠♦♥t❤s
●❡♥❡r❛❧✐ ✵✳✺ ✸✻
●r♦✉♣❛♠❛ ✵✳✺ ✸✻
■◆● ✵✳✷✺ ✻
❙❝♦r ✵✳✺ ✷✹ ✵✳✸ ⑤ ✶✷ ♠♦♥t❤s
❙♦❝✐été ●é♥ér❛❧❡ ✵✳✺ ✷✹

❜② s♦♠❡ ❧♦❝❛❧ ●❆❆P ✭❋r❡♥❝❤ ●❆❆P ❢♦r ❡①❛♠♣❧❡ ❢♦r ✇❤✐❝❤ ❛ ❝♦♥t✐♥✉♦✉s❧② ❢❛❧❧ ♦❢
✷✵ ✪ ♦r ✸✵ ✪ ❞✉r✐♥❣ t❤❡ ❧❛st ✻ ♠♦♥t❤s ❧❡❛❞s t♦ ❛♥ ✐♠♣❛✐r♠❡♥t ❧♦ss✮✳

❋✐❣✉r❡s ❛r❡ ❡①tr❛❝t❡❞ ❢r♦♠ t❤❡ ✷✵✶✶ r❡❢❡r❡♥❝❡ ❞♦❝✉♠❡♥t ♦❢ ❡❛❝❤ ❝♦♠♣❛♥②✳

✸ ❚❤❡♦r❡t✐❝❛❧ r❡s✉❧ts

✸✳✶ ◆♦t❛t✐♦♥ ❛♥❞ ♠♦❞❡❧

❲❡ ✜rst ❣✐✈❡ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ❢r❛♠❡✇♦r❦ ✐♥ ♦r❞❡r t♦ ❞❡❛❧ ✇✐t❤ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡
✭♣r♦❜❛❜✐❧✐st✐❝✮ ♥❡①t✲②❡❛r ✐♠♣❛✐r♠❡♥t ❧♦ss ♦❢ ❛♥ ❡q✉✐t② s❡❝✉r✐t② ❝❧❛ss✐✜❡❞ ❛s ❆❋❙✳

✸✳✶✳✶ ◆♦t❛t✐♦♥

▲❡t ✉s ❞❡♥♦t❡ ❜② S = (St)0≤t t❤❡ st♦❝❦ ♣r✐❝❡ ❛t t✐♠❡ t✳ ❲❡ ❞❡♥♦t❡ t❤❡ ❛❝q✉✐s✐t✐♦♥
❞❛t❡ ❜② ta ≥ 0✳ ❲❡ ❛ss✉♠❡ t❤❛t ✇❡ ✇❛♥t t♦ ❢♦r❡❝❛st ♥❡①t ②❡❛r ✐♠♣❛✐r♠❡♥ts ❛t s♦♠❡
t✐♠❡ t ≥ ta✳ ❍❡r❡❛❢t❡r✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛❧❧ q✉❛♥t✐t✐❡s t❤❛t ❝♦♥st✐t✉t❡ t❤❡ ✐♥❢♦r♠❛t✐♦♥
♦❢ t❤❡ ❈❤✐❡❢ ❋✐♥❛♥❝✐❛❧ ❖✣❝❡r ❛t t✐♠❡ t ✭♣r❡s❡♥t✮✳

❲✐t❤ t❤❡s❡ ♥♦t❛t✐♦♥✱ Sta ✐s t❤❡ ❛❝q✉✐s✐t✐♦♥ ❝♦st ♦❢ t❤❡ st♦❝❦ ❛♥❞ St ✐s t❤❡ ❢❛✐r
✈❛❧✉❡ ♦❢ t❤❡ st♦❝❦ ❛t t✐♠❡ t✳

▲❡t ✉s ❞❡♥♦t❡ ❜② Λ(S, ta, t) t❤❡ ❝✉♠✉❧❛t✐✈❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ t❤❡ s✉♠
♦❢ ♣r♦✜t ❛♥❞ ❧♦ss st❛rt✐♥❣ ❛t t✐♠❡ ta ✉♥t✐❧ ♥♦✇✿

Λ(S, ta, t) =
t∑

s=⌊ta⌋+1

λ(S, ta, s). ✭✶✮

❘❡♠❛r❦ ✶ ❚❤❡ ❛❜♦✈❡ s✉♠ st❛rts ❛t t❤❡ ✜rst ✐♥t❡❣❡r ✈❛❧✉❡❞ ❞❛t❡ ❛❢t❡r t❤❡ ❛❝q✉✐s✐✲
t✐♦♥✳ ■♥ ❢❛❝t ✐t ✐s ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ t❤❛t ❜❡❝❛✉s❡ t✐♠❡s ♦❢ ❛♥♥✉❛❧ ❛❝❝♦✉♥ts ❛r❡ ♥♦t
♥❡❝❡ss❛r② ✐♥t❡❣❡rs✳ ❚❤✐s ❞❡t❛✐❧ ❤❛s ♥♦ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ r❡s✉❧ts✳

✸ ❚❤✐s s✉♣♣❧❡♠❡♥t❛r② ❝r✐t❡r✐♦♥ ❤❛s t♦ ❜❡ r❡❛❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛♥♥❡r✿ x✪⑤y ♠❡❛♥s t❤❛t
t❤❡r❡ ✐s ❛♥ ✐♠♣❛✐r♠❡♥t ♣r❡s✉♠♣t✐♦♥ ✐❢ t❤❡ ❢❛✐r ✈❛❧✉❡ ✐s ♠♦r❡ t❤❛♥ x ✪ ❜❡❧♦✇ t❤❡ ❝❛rr②✐♥❣
❛♠♦✉♥t ❢♦r ♠♦r❡ t❤❛♥ y ❝♦♥s❡❝✉t✐✈❡ ♠♦♥t❤s ❜❡❢♦r❡ t❤❡ ✜♥❛♥❝✐❛❧ r❡♣♦rt✐♥❣ ❞❛t❡✳



❙♦♠❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❛♥ ❡q✉✐t② s❡❝✉r✐t② ♥❡①t✲②❡❛r ✐♠♣❛✐r♠❡♥t ✼

❆s t❤❡r❡ ✇✐❧❧ ❜❡ ♥♦ ♣♦ss✐❜❧❡ ❝♦♥❢✉s✐♦♥✱ ✇❡ ❝❤♦♦s❡ t♦ ✉s❡ Λt✳
▲❡t ✉s ❞❡♥♦t❡ ❜② Ω(S, ta, t) t❤❡ ❝✉♠✉❧❛t✐✈❡ ✉♥r❡❛❧✐③❡❞ ❣❛✐♥s ❛♥❞ ❧♦ss❡s ❞❡❢❡rr❡❞

✐♥ ❖t❤❡r ❈♦♠♣r❡❤❡♥s✐✈❡ ■♥❝♦♠❡s ✭❖❈■✮ s✐♥❝❡ ta✳
❲❡ ❤❛✈❡ t❤❡ ❜❛❧❛♥❝❡ s❤❡❡t ❡q✉✐❧✐❜r✐✉♠ ♣r♦♣❡rt②✿

St − Sta = Ω(S, ta, t) + Λt. ✭✷✮

❚❤❡ ✉♥r❡❛❧✐③❡❞ ❣❛✐♥s ❛♥❞ ❧♦ss❡s ❤❛✈❡ t♦ ❜❡ r❡♣♦rt❡❞ ❡✐t❤❡r ♦♥ ♣❛st ♣r♦✜t ❛♥❞ ❧♦ss
♦r ♦♥ ❖❈■✱ s✐♥❝❡ t❤❡ ✜♥❛♥❝✐❛❧ ❛ss❡t ✐s ♠❡❛s✉r❡❞ ❛t ❢❛✐r ✈❛❧✉❡ ✐♥ t❤❡ ❜❛❧❛♥❝❡ s❤❡❡t✳

❚♦ s✉♠♠❛r✐③❡✱ ❛t t✐♠❡ t✱ ✐♥❢♦r♠❛t✐♦♥ ❛✈❛✐❧❛❜❧❡ ❢♦r t❤❡ ❈❋❖ ❝♦rr❡s♣♦♥❞s t♦ Ft =
{Sta , St, Λt}✳ ❯s✐♥❣ t❤✐s✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❢♦r❡❝❛st t❤❡ ❢♦❧❧♦✇✐♥❣ ②❡❛r ✐♠♣❛✐r♠❡♥ts✳
❆❝❝♦r❞✐♥❣ t♦ ✇❤❛t t❤❡ ❈❋❖ ❦♥♦✇s✱ ♣r♦❜❛❜✐❧✐t✐❡s ❤❛✈❡ t♦ ❜❡ ❡✈❛❧✉❛t❡❞ ❝♦♥❞✐t✐♦♥❛❧❧②
t♦ ✐♥❢♦r♠❛t✐♦♥ Ft ❛t t✐♠❡ t✳

✸✳✶✳✷ ▼♦❞❡❧✐♥❣ t❤❡ ✐♠♣❛✐r♠❡♥t tr✐❣❣❡rs ❛♥❞ ❧♦ss❡s

❚❤❡ ❛✐♠ ♦❢ t❤✐s s✉❜s❡❝t✐♦♥ ❝♦♥s✐sts ✐♥ ♠♦❞❡❧✐♥❣ t❤❡ ✐♠♣❛✐r♠❡♥t tr✐❣❣❡r ❛♥❞ t❤❡
r❡s✉❧t✐♥❣ ❧♦ss❡s ✐❢ ❛♥②✳ ❲❡ ❞✐✈✐❞❡ ❡❛❝❤ ✐♠♣❛✐r♠❡♥t ♣r♦❝❡ss ✐♥t♦ t✇♦ st❡♣s✳ ❚❤❡ ✜rst
♦♥❡ ❞❡❛❧s ✇✐t❤ t❤❡ ✭♥♦♥✲❝✉♠✉❧❛t✐✈❡✮ ❝♦✉♣❧❡ ♦❢ ❝r✐t❡r✐❛ ♦♥ t❤❡ ❢❛❧❧ ✭s✐❣♥✐✜❝❛♥t ♦r
♣r♦❧♦♥❣❡❞✮✳

❚❤❡ tr✐❣❣❡r ❢♦r ❛♥ ✐♠♣❛✐r♠❡♥t ❛t t✐♠❡ t+ 1 ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿
{
St+1 ≤ (1− α)Sta , or;

∀u ∈ ]t+ 1− s, t+ 1] , Su ≤ Sta ,
✭✸✮

✇❤❡r❡ t❤❡ ♣❛r❛♠❡t❡rs α ❛♥❞ s ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❝♦♠♣❛♥②✳

✕ P❛r❛♠❡t❡r α ∈ ]0, 1[ r❡♣r❡s❡♥ts t❤❡ r❡❧❛t✐✈❡ ❧❡✈❡❧ ♦❢ ❢❛❧❧ ✐♥ ❢❛✐r ✈❛❧✉❡ s✐♥❝❡ t❤❡
❛❝q✉✐s✐t✐♦♥ ❞❛t❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ s✐❣♥✐✜❝❛♥t ❞❡❝❧✐♥❡✳

✕ P❛r❛♠❡t❡r 0 < s < 1 r❡♣r❡s❡♥ts t❤❡ ♠✐♥✐♠✉♠ ♣❡r✐♦❞ ❜❡❢♦r❡ t❤❡ ✜♥❛♥❝✐❛❧
r❡♣♦rt✐♥❣ ❞❛t❡ t❤❛t ❧❡❛❞s t♦ ❝♦♥s✐❞❡r t❤❛t t❤❡ ❞❡❝❧✐♥❡ ✐s ♣r♦❧♦♥❣❡❞✳

❚❤❡ s❡❝♦♥❞ st❡♣ ✐s t♦ ❞❡t❡r♠✐♥❡ ✐❢ ❛♥ ✐♠♣❛✐r♠❡♥t r❡❛❧❧② ♦❝❝✉rs✳ ❋♦r t❤❛t✱ ✇❡
❤❛✈❡ t♦ t❡st t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥✿ St+1 ≤ Sta −Λt✳ ❋✐♥❛❧❧②✱ ❢♦r ❡❛❝❤ t✱ ✇❡ ❞❡✜♥❡
Jt+1 ❛s t❤❡ ❇❡r♥♦✉❧❧✐ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ t❤❛t t❛❦❡s ✈❛❧✉❡ 1 ✐❢ s♦♠❡ ✐♠♣❛✐r♠❡♥t
♦❝❝✉rs ❛t t✐♠❡ t + 1✳ ❚❤✐s ♦❝❝✉rs ✐❢ ❜♦t❤ t❤❡ tr✐❣❣❡r ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞ ❛♥❞
{St+1 ≤ Sta − Λt}✳

❚❤❡♥✱ ✐❢ ❛♥ ✐♠♣❛✐r♠❡♥t ✐s r❡❝♦❣♥✐③❡❞✱ ✐ts ✈❛❧✉❡ ✐s ❞❡♥♦t❡❞ ❜② λt+1 ❛♥❞ ✐s ❡q✉❛❧
t♦ Sta −Λt −St+1✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❤❛✈❡ λt+1 = (Sta −Λt −St+1)

+

♦r✱ ❛s ❢♦r ❛ ❊✉r♦♣❡❛♥ ♣✉t ♦♣t✐♦♥✱ λt+1 = (Kt − St+1)
+✱ ✇✐t❤ Kt = Sta − Λt✳

✸✳✶✳✸ ❙t♦❝❦ ♣r✐❝❡ ❡✈♦❧✉t✐♦♥

▲❡t (Wt)0≤t ❜❡ ❛ st❛♥❞❛r❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ▲❡t (St)0≤t ❜❡ t❤❡ ♣r✐❝❡ ♣r♦❝❡ss ♦❢
s♦♠❡ ❛ss❡t ✐♥ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ♠♦❞❡❧ ✭s❡❡ ❬✶✹❪ ❢♦r ❛ r❡❝❡♥t ❝♦♠♣❛r❛t✐✈❡ ❛♥❛❧②s✐s
♦❢ t❤❡ ❝❛❧✐❜r❛t✐♦♥ ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❛ ✈❛r✐❡t② ♦❢ ♦♣t✐♦♥s ♣r✐❝✐♥❣ ♠♦❞❡❧s✮ ✿ ❢♦r
0 ≤ t✱ ✇❡ ❤❛✈❡✱ ✉♥❞❡r t❤❡ r❡❛❧✲✇♦r❧❞ ♣r♦❜❛❜✐❧✐t②✱

dSt

St
= µdt+ σdWt, ✭✹✮

✇❤❡r❡ (Wt)t≥0 ✐s ❛ st❛♥❞❛r❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ❲❡ ❞❡♥♦t❡ t❤❡ r✐s❦✲❢r❡❡ ✐♥t❡r❡st
r❛t❡ ❜② r✳



✽ ❏✉❧✐❡♥ ❆③③❛③ ❡t ❛❧✳

✸✳✷ ❈❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ♥❡①t✲②❡❛r ✐♠♣❛✐r♠❡♥t

❲❡ ♥♦✇ ♣r♦✈✐❞❡ ✐♥ t❤❡ ❇❧❛❝❦ ✫ ❙❝❤♦❧❡s ❢r❛♠❡✇♦r❦ t❤❡ ♠❛✐♥ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡
✭♣♦t❡♥t✐❛❧✮ ♥❡①t ②❡❛r ✐♠♣❛✐r♠❡♥t ❧♦ss❡s✳ ❚❤❡ ♠❛✐♥ r❡s✉❧ts ❛r❡✱ ❢♦r t❤❡ ♥❡①t ②❡❛r
r❡♣♦rt✐♥❣✿

✕ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t s♦♠❡ ✐♠♣❛✐r♠❡♥t ♦❝❝✉rs✱
✕ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ ✐♠♣❛✐r♠❡♥t ❧♦ss❡s✱
✕ t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✭❝✳❞✳❢✳✮ ♦❢ ✐♠♣❛✐r♠❡♥t ❧♦ss❡s✳

❚❤❡s❡ r❡s✉❧ts ❡♥❛❜❧❡ ❛ ❈❋❖ t♦ ❛♥❛❧②③❡ ❜♦t❤ t❤❡ ♥❡①t ②❡❛r ❧♦ss❡s r❡s✉❧t✐♥❣ ❢r♦♠
❤♦❧❞✐♥❣ s✉❝❤ ❛♥ ✐♥✈❡st♠❡♥t ❝❛t❡❣♦r✐③❡❞ ❛s ❆❋❙ ❛♥❞ t♦ ❞❡t❡r♠✐♥❡ s♦♠❡ r✐s❦ ✐♥❞✐✲
❝❛t♦rs ✐♥ ♦r❞❡r t♦ ♠❛♥❛❣❡ t❤❡ r✐s❦ ♦❢ ❛♥ ✐♠♣❛✐r♠❡♥t ❧♦ss r❡s✉❧t✐♥❣ ❢r♦♠ t❤✐s ❡q✉✐t②
s❡❝✉r✐t✐❡s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ t✇♦ ✜rst ✐♥❞✐❝❛t♦rs ❡♥❛❜❧❡ t❤❡ ❈❋❖ ❛♥❞ t❤❡ ❈❘❖
t♦ ♣♦s✐t✐♦♥ ✐♠♣❛✐r♠❡♥t r✐s❦ ♦♥ ❛ r✐s❦ ♠❛♣ ✭❝❤❛rt ✇❤♦s❡ ❝♦♦r❞✐♥❛t❡s ❝♦rr❡s♣♦♥❞
t♦ ♣r♦❜❛❜✐❧✐t② ♦❢ ♦❝❝✉rr❡♥❝❡ ❛♥❞ ❡①♣❡❝t❡❞ s❡✈❡r✐t② ♦❢ ❡✈❡♥ts✮✳ ❚❤❡ ❧❛st ✐♥❞✐❝❛t♦r
❡♥❛❜❧❡s t❤❡♠ t♦ t❛❦❡ ✐♠♣❛✐r♠❡♥t r✐s❦ ✐♥t♦ ❛❝❝♦✉♥t ✐♥ ✐♥t❡r♥❛❧ r✐s❦ ♠♦❞❡❧s✱ ♦r t♦
❞❡❛❧ ✇✐t❤ t❤❡ ♠✉❧t✐✲♣❡r✐♦❞ ❝❛s❡ ❜② ✐♥❞✉❝t✐♦♥✳ ❖❢ ❝♦✉rs❡✱ ✐❢ ♦♥❡ ❦♥♦✇s t❤❡ ❝✳❞✳❢✳✱
♦♥❡ ❦♥♦✇s ❡✈❡r②t❤✐♥❣✱ ✐♥❝❧✉❞✐♥❣ t❤❡ t✇♦ ✜rst ✐♥❞✐❝❛t♦rs✳ ❇✉t ✐t ✐s ♠✉❝❤ ❧♦♥❣❡r t♦
❝♦♠♣✉t❡ t❤❡ ❝✳❞✳❢✳ t❤❛♥ t❤❡ t✇♦ ✜rst q✉❛♥t✐t✐❡s✱ ❛♥❞ ✐t ✇♦✉❧❞ ❜❡ ♣❛✐♥❢✉❧✱ ❛♥❞ ♥✉✲
♠❡r✐❝❛❧❧② ❝♦♠♣❧❡① t♦ r❡tr✐❡✈❡ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ ✐♠♣❛✐r♠❡♥ts ❜② ✐♥t❡❣r❛t✐♦♥ ♦❢
t❤❡ s✉r✈✐✈❛❧ ❢✉♥❝t✐♦♥✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❛♥❛❧②③❡ t❤❡ t❤r❡❡ r✐s❦ ✐♥❞✐❝❛t♦rs s❡♣❛r❛t❡❧②
❛♥❞ ♣r♦✈✐❞❡ ❢♦r♠✉❧❛s ❛♥❞ ❝♦♠♣✉t❛t✐♦♥ s❝❤❡♠❡ ❢♦r ❡❛❝❤ ♦❢ t❤❡♠✳

✸✳✷✳✶ ■♠♣❛✐r♠❡♥t ♣r♦❜❛❜✐❧✐t②

❆s ✇❡ s❤❛❧❧ s❡❡ ✐♥ t❤❡ s❡q✉❡❧✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t♦ r❡❝♦❣♥✐③❡ ❛♥ ✐♠♣❛✐r♠❡♥t ❛❢t❡r ♦♥❡
②❡❛r ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ ❝♦♠♣❧❡① ♦♣t✐♦♥ ✭✐♥✈♦❧✈✐♥❣ ❜♦t❤
t❤❡ ✜♥❛❧ ♣r✐❝❡ ❛♥❞ t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ ♣r✐❝❡ ❞✉r✐♥❣ t❤❡ ❡♥❞ ♦❢ t❤❡ ♣❡r✐♦❞✮ ✐s ✐♥
t❤❡ ♠♦♥❡② ❛t ♠❛t✉r✐t②✳

❲❡ ❡①♣r❡ss t❤❡ ♣r♦❜❛❜✐❧✐t② t♦ r❡❝♦❣♥✐③❡ ❛♥ ✐♠♣❛✐r♠❡♥t ✐♥ ♦♥❡ ②❡❛r ❝♦♥❞✐t✐♦♥❛❧❧②
t♦ Ft✱ P [Jt+1|Ft] = Pt [Jt+1]✳ ▲❡t ✉s st❛rt ❜② r❡✲✇r✐t✐♥❣ Jt+1✿

Jt+1 = (St+1 ≤ (1− α)Sta , St+1 ≤ Kt)
⋃(

max
t+1−s≤u≤t+1

Su ≤ Sta , St+1 ≤ Kt

)
.

❚❤❡♥✱ ✐t ✐s ❡❛s② t♦ ♦❜t❛✐♥✱ ✐♥tr♦❞✉❝✐♥❣ mt = min ((1− α)Sta ,Kt) ✿

Pt [Jt+1] = Pt [St+1 ≤ mt] + Pt

[
max

t+1−s≤u≤t+1
Su ≤ Sta , St+1 ≤ Kt

]

− Pt

[
max

t+1−s≤u≤t+1
Su ≤ Sta , St+1 ≤ mt

]
.

❚❤❡ ♥❡①t st❡♣ ✐s t♦ r❡tr✐❡✈❡ ❛♥ ❡①♣r❡ss✐♦♥ ✉s✐♥❣ t❤❡ ❞r✐❢t❡❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥
❛♥❞ t❤❡ ❥♦✐♥t ❧❛✇ ♦❢ ✐ts ❝✉rr❡♥t ♠❛①✐♠✉♠ ❛♥❞ ✐ts ✈❛❧✉❡✳ ❉❡t❛✐❧s ❛r❡ ♣r♦✈✐❞❡❞ ✐♥
❆♣♣❡♥❞✐① ❆✳ ❲❡ ❛r❡ t❤❡♥ ❛❜❧❡ t♦ ❡♥✉♥❝✐❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✿

❚❤❡♦r❡♠ ✶ ✭■♠♣❛✐r♠❡♥t ♣r♦❜❛❜✐❧✐t②✮ ❚❤❡ ♣r♦❜❛❜✐❧✐t② t♦ r❡❝♦❣♥✐③❡ ❛♥ ✐♠♣❛✐r✲
♠❡♥t ❛t ❢✉t✉r❡ t✐♠❡ t+ 1✱ ❣✐✈❡♥ t❤❡ ✐♥❢♦r♠❛t✐♦♥ Ft ❛t t✐♠❡ t✱ ✐s ❣✐✈❡♥ ❜②

Pt [Jt+1] =

(
Sta

St

)k1−1

[Ψρ (C,D(Kt))− Ψρ (C,D(mt))]

+ Φ (−A(Kt)) + Ψρ (B,A(Kt))− Ψρ (B,A(mt)) ,

✭✺✮



❙♦♠❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❛♥ ❡q✉✐t② s❡❝✉r✐t② ♥❡①t✲②❡❛r ✐♠♣❛✐r♠❡♥t ✾

❋✐❣✳ ✶ Pr♦❜❛❜✐❧✐t② t♦ r❡❝♦❣♥✐③❡ ❛♥ ✐♠♣❛✐r♠❡♥t ♥❡①t ②❡❛r ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ µ ❛♥❞ σ ✭❧❡❢t✮✱ ❛♥❞
♦❢ Λ ❛♥❞ α ✭r✐❣❤t✮✳

✇❤❡r❡✱ ❢♦r x ∈ {mt,Kt}✱
✕ A(x) = ln(St/x)+µ

σ − σ
2 ✱ A

′(x) = A(x) + σ✱

✕ B =
ln(St/Sta )+µ(1−s)

σ
√

(1−s)
− σ

√
(1−s)

2 ✱ B′ = B + σ
√
(1− s)✱

✕ C =
ln(Sta/St)+µ(1−s)

σ
√

(1−s)
− σ

√
(1−s)

2 ✱ C′ = C + σ
√
(1− s)✱

✕ D(x) =
ln(S2

ta
/Stx)+µ

σ − σ
2 ✱ D

′(x) = D(x) + σ✱

✕ k1 = 2µ
σ2 ✱

Φ ❞❡♥♦t❡s t❤❡ ❝✳❞✳❢✳ ♦❢ ❛ st❛♥❞❛r❞ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥✱ ❛♥❞ Ψρ ✐s t❤❡ ❜✐✈❛r✐❛t❡ ♥♦r✲
♠❛❧ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✿ ❢♦r ❛❧❧ x, y✱ Ψρ(x, y) = Pt [X ≤ x, Y ≤ y] ✇❤❡r❡ (X,Y )
✐s ❛ ●❛✉ss✐❛♥ ✈❡❝t♦r ✇✐t❤ st❛♥❞❛r❞ ♠❛r❣✐♥❛❧s ❛♥❞ ❝♦rr❡❧❛t✐♦♥ ρ✳

❚❤❡ ♣r♦♦❢ ✐s ❣✐✈❡♥ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✳

❘❡♠❛r❦ ✷ ❚❤✐s ✐s ❛❧s♦ t❤❡ ♣r♦❜❛❜✐❧✐t② t♦ ❤❛✈❡ ♥♦♥✲♥✉❧❧ ✐♠♣❛✐r♠❡♥t✿

Pt [Jt+1] = Pt [λt+1 6= 0] .

❚❤❡♦r❡♠ ✷ ✭Pr♦❜❛❜✐❧✐t② s❡♥s✐t✐✈✐t✐❡s✮ ❚❤❡ ✐♠♣❛✐r♠❡♥t ♣r♦❜❛❜✐❧✐t② ✐s ❞❡❝r❡❛s✲
✐♥❣ ✐♥ α✱ µ✱ Λ ❛♥❞ s✳ ▼♦r❡♦✈❡r✱ ✐t ✐s ❝♦♥✈❡① ✐♥ α✱ µ ❛♥❞ s✳

❘❡♠❛r❦ ✸ ■♥ ❋✐❣✉r❡ ✶✱ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ♣r♦❜❛❜✐❧✐t② t♦ r❡❝♦❣♥✐③❡ ❛♥ ✐♠♣❛✐r♠❡♥t
♥❡①t ②❡❛r ✐s ♥❡✐t❤❡r ❣❧♦❜❛❧❧② ❝♦♥✈❡① ✐♥ σ✱ ♥♦r ❣❧♦❜❛❧❧② ❝♦♥❝❛✈❡✳ ❆❝t✉❛❧❧②✱ ✇❡ ♦❜s❡r✈❡
s♦♠❡ ✭❧♦❝❛❧✮ ❝♦♥✈❡①✐t② ✐♥ σ ✇❤❡♥ µ ✐s ❝❧♦s❡ t♦ 0✱ ❛♥❞ s♦♠❡ ✭❧♦❝❛❧✮ ❝♦♥❝❛✈✐t② ❢♦r ❧❛r❣❡
✈❛❧✉❡s ♦❢ µ✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ✐s ❛♥ ❛r❡❛ ✇❤❡r❡ t❤❡ ✜rst ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ s❡♥s✐t✐✈✐t②
✐s ♥♦t ♠♦♥♦t♦♥♦✉s✳

✸✳✷✳✷ ❊①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ♥❡①t✲②❡❛r ✐♠♣❛✐r♠❡♥t ❧♦ss

❚❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ♥❡①t✲②❡❛r ✐♠♣❛✐r♠❡♥t ❧♦ss ❧♦♦❦s ❧✐❦❡ t❤❡ ♣r✐❝❡ ♦❢ ❛ ❝♦♠♣❧❡①
♦♣t✐♦♥✱ ✇✐t❤♦✉t ❞✐s❝♦✉♥t✐♥❣✳ ◆♦t❡ t❤❛t ❤❡r❡ ❤♦✇❡✈❡r ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❡①✲
♣❡❝t❛t✐♦♥ ✉♥❞❡r t❤❡ r❡❛❧✲✇♦r❧❞ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✳ ❈♦♥s❡q✉❡♥t❧②✱ ✐♥ t❤❡ s❡q✉❡❧✱
✇❡ ❞❡❝♦♠♣♦s❡ t❤❡ ♣❛②♦✛✱ ✐♥ ♦r❞❡r t♦ r❡tr✐❡✈❡ s♦♠❡ s✐♠♣❧❡r ❛♥❞ ❦♥♦✇♥ ❡①♣r❡ss✐♦♥s✳
❲❡ ❞❡♥♦t❡ Et ✐♥st❡❛❞ ♦❢ E [.|Ft] ❢♦r s✐♠♣❧✐❝✐t②✱ ❛s ✇❡ ❤❛✈❡ ❞♦♥❡ ❢♦r ♣r♦❜❛❜✐❧✐t✐❡s✳



✶✵ ❏✉❧✐❡♥ ❆③③❛③ ❡t ❛❧✳

Pr♦♣♦s✐t✐♦♥ ✶ ❚❤❡ ♣❛②♦✛ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ✐s

λt+1 = (Kt − St+1)
+ ✶

{
max

t+1−s≤u≤t+1
Su ≤ Sta ∪ St+1 ≤ (1− α)Sta

}
, ✭✻✮

✇✐t❤ Kt = Sta − Λt✳ ❲❡ ❤❛✈❡

λt+1 = Xt+1 + Yt+1 − Zt+1,

✇✐t❤

✕ Xt+1 = (Kt − St+1)
+ ✶ {maxt+1−s≤u≤t+1 Su ≤ Sta}✱

✕ Yt+1 = (Kt − St+1)
+ ✶ {St+1 ≤ (1− α)Sta}✱

✕ ❛♥❞ Zt+1 = (Kt−St+1)
+ ✶ {maxt+1−s≤u≤t+1 Su ≤ Sta} .✶ {St+1 ≤ (1− α)Sta}✳

❘❡♠❛r❦ ✹ ❚❤❡s❡ t❤r❡❡ t❡r♠s ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ♣❛②♦✛s ♦❢ ♦♣t✐♦♥s ✇✐t❤ ✉♥❞❡r✲
❧②✐♥❣ ❛ss❡t S✳ ❚❤❡ ✜rst ♦♥❡ ❝♦rr❡s♣♦♥❞s t♦ ❛ r❡❛r✲❡♥❞ ✉♣✲❛♥❞✲♦✉t ♣✉t ♦♣t✐♦♥ ✭❛s
✐t ❛♣♣❡❛rs ✐♥ ❬✶✵❪✮✱ t❤❡ s❡❝♦♥❞ ♦♥❡ t♦ ❛ ❝❧❛ss✐❝ ❊✉r♦♣❡❛♥ ♣✉t ♦♣t✐♦♥✱ ❛♥❞ t❤❡ t❤✐r❞
♦♥❡ ✐s ❛ ❜✐t ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✿ Zt+1 ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s✉♠ ♦❢ t❤❡ ♣❛②♦✛ ♦❢ ❛
r❡❛r✲❡♥❞ ✉♣✲❛♥❞✲♦✉t ♣✉t ♦♣t✐♦♥ ❛♥❞ ♦❢ ❛ ❝♦♠♣❡♥s❛t✐♥❣ q✉❛♥t✐t②✳ ❆❧❧ t❤❡ ❞❡t❛✐❧s
❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❆♣♣❡♥❞✐① ❇✳

❋✐♥❛❧❧②✱ ❛❣❛✐♥ ✇✐t❤ mt = min ((1− α)Sta ,Kt)✱ ♦♥❡ ♠❛② ♦❜t❛✐♥ t❤❡ ❡①♣❡❝t❡❞
✈❛❧✉❡ ♦❢ ♥❡①t ②❡❛r ✐♠♣❛✐r♠❡♥t✳

❚❤❡♦r❡♠ ✸ ✭■♠♣❛✐r♠❡♥ts ❡①♣❡❝t❛t✐♦♥✮ ❚❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ ♥❡①t✲②❡❛r ✐♠♣❛✐r✲
♠❡♥t✱ ❣✐✈❡♥ t❤❡ ✐♥❢♦r♠❛t✐♦♥ Ft ❛t t✐♠❡ t✱ ✐s ❣✐✈❡♥ ❜②

Et [λt+1] = Ste
µ

(
Sta

St

)k1−1 [
Ψ−ρ

(
C′,−D′(Kt)

)
− Ψ−ρ

(
C′,−D′(mt)

)]

+ Ste
µ [

Ψρ

(
−B′,−A′(mt)

)
− Φ

(
−A′(mt)

)
− Ψρ

(
−B′,−A′(Kt)

)]

+Kt [Ψρ (−B,−A(Kt)) + Φ (−A(mt))− Ψρ (−B,−A(mt))]

+ (Kt −mt)

(
Sta

St

)k1−1

[Φ (−D(mt))− Ψρ (−C,−D(mt))]

−Kt

(
Sta

St

)k1−1

Ψ−ρ (C,−D(Kt)) +mt

(
Sta

St

)k1−1

Ψ−ρ (C,−D(mt)) ,

✭✼✮

✇❤❡r❡ ❛❧❧ ❝♦♥st❛♥t ♥✉♠❜❡rs✱ ✈❛r✐❛❜❧❡s ❛♥❞ ♣❛r❛♠❡t❡rs ❛r❡ ❞❡✜♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✶
P❛❣❡ ✽✳

❈♦r♦❧❧❛r② ✶ ❲❡ ❝❛♥ ✐♥t❡r♣r❡t t❤❡ ✐♠♣❛✐r♠❡♥t ❛s ❛ ✜♥❛♥❝✐❛❧ ♣r♦❞✉❝t✳ ❈♦♥s❡✲
q✉❡♥t❧②✱ t❤❡ ✧♣r✐❝❡✧ ♦❢ t❤✐s ♦♣t✐♦♥ ✲ ♥❛♠❡❧② t❤❡ ❡①♣❡❝t❛t✐♦♥ ✉♥❞❡r r✐s❦ ♥❡✉tr❛❧
♣r♦❜❛❜✐❧✐t② Q ✭❝❢✳ ❬✶✶❪✮ ♦❢ ❞✐s❝♦✉♥t❡❞ ✈❛❧✉❡ ♦❢ t❤❡ ♥❡①t✲②❡❛r ✐♠♣❛✐r♠❡♥t ❧♦ss ✲ ✐s



❙♦♠❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❛♥ ❡q✉✐t② s❡❝✉r✐t② ♥❡①t✲②❡❛r ✐♠♣❛✐r♠❡♥t ✶✶

❋✐❣✳ ✷ ❆✈❡r❛❣❡ ♥❡①t✲②❡❛r ✐♠♣❛✐r♠❡♥t ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ µ ❛♥❞ σ ✭❧❡❢t✮✱ ❛♥❞ ♦❢ α ❛♥❞ Λ ✭r✐❣❤t✮✳

❣✐✈❡♥ ❜② ✿

E
Q
t

[
e−rλt+1

]
= St

(
Sta

St

)k̃1−1 [
Ψ−ρ

(
C̃′,−D̃′(Kt)

)
− Ψ−ρ

(
C̃′,−D̃′(mt)

)]

+ St

[
Ψρ

(
−B̃′,−Ã′(mt)

)
− Φ

(
−Ã′(mt)

)
− Ψρ

(
−B̃′,−Ã′(Kt)

)]

+Kte
−r

[
Ψρ

(
−B̃,−Ã(Kt)

)
+ Φ

(
−Ã(mt)

)
− Ψρ

(
−B̃,−Ã(mt)

)]

+ (Kt −mt)e
−r

(
Sta

St

)k̃1−1 [
Φ
(
−D̃(mt)

)
− Ψρ

(
−C̃,−D̃(mt)

)]

−Kte
−r

(
Sta

St

)k̃1−1

Ψ−ρ

(
C̃,−D̃(Kt)

)

+mte
−r

(
Sta

St

)k̃1−1

Ψ−ρ

(
C̃,−D̃(mt)

)
,

✭✽✮

✇❤❡r❡✱ ❢♦r x ∈ {mt,Kt}✱
✕ Ã(x) = ln(St/x)+r

σ − σ
2 ✱ Ã

′(x) = Ã(x) + σ✱

✕ B̃ =
ln(St/Sta )+r(1−s)

σ
√

(1−s)
− σ

√
(1−s)

2 ✱ B̃′ = B̃ + σ
√
(1− s)✱

✕ C̃ =
ln(Sta/St)+r(1−s)

σ
√

(1−s)
− σ

√
(1−s)

2 ✱ C̃′ = C̃ + σ
√
(1− s)✱

✕ D̃(x) =
ln(S2

ta
/Stx)+r

σ − σ
2 ✱ D̃

′(x) = D̃(x) + σ✱

✕ k̃1 = 2r
σ2 ✱

Φ ✐s t❤❡ ❝✳❞✳❢✳ ♦❢ ❛ st❛♥❞❛r❞ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥✱ ρ =
√
1− s ❛♥❞ Ψρ ✐s ❛s ❛❜♦✈❡✳

❚❤❡♦r❡♠ ✹ ✭❊①♣❡❝t❛t✐♦♥ s❡♥s✐t✐✈✐t✐❡s✮ ❚❤❡ ✐♠♣❛✐r♠❡♥t ✈❛❧✉❡ ✐s ❞❡❝r❡❛s✐♥❣
✐♥ α✱ µ✱ Λ ❛♥❞ s✱ ❛♥❞ ✐♥❝r❡❛s✐♥❣ ✐♥ σ✳ ▼♦r❡♦✈❡r✱ ✐t ✐s ❝♦♥✈❡① ✐♥ α✱ µ✱ σ ❛♥❞ Λ✱
❛♥❞ ❝♦♥❝❛✈❡ ✐♥ s✳

❚❤❡ ❡①♣❡❝t❡❞ ♥❡①t ②❡❛r ✐♠♣❛✐r♠❡♥t ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢
s♦♠❡ ❦❡② ♣❛r❛♠❡t❡rs✳ ❖♥❡ ❝❛♥ ♥♦t✐❝❡ t❤❛t ✐ts str✉❝t✉r❡ ✐s q✉✐t❡ s✐♠♣❧❡ ✐♥ t❡r♠s
♦❢ µ ❛♥❞ σ✱ ❜✉t ♠♦r❡ ❝♦♠♣❧❡① ✐♥ t❡r♠s ♦❢ Λ ❛♥❞ α ❛s ♥♦♥✲❧✐♥❡❛r✐t② ❝♦♠❡s ❢r♦♠
❡①♦t✐❝ ♦♣t✐♦♥❛❧✲t②♣❡ ❜❡❤❛✈✐♦r✳



✶✷ ❏✉❧✐❡♥ ❆③③❛③ ❡t ❛❧✳

✸✳✷✳✸ ❉✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♥❡①t✲②❡❛r ✐♠♣❛✐r♠❡♥t

❚❤✐s ❛♥❛❧②s✐s ♦❢ t❤✐s t❤✐r❞ ✐♠♣❛✐r♠❡♥t ❝❤❛r❛❝t❡r✐st✐❝ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ♣r♦✜t✲
❛♥❞✲❧♦ss ❛♥❛❧②s✐s ♦❢ s♦♠❡ ❝♦♠♣❧❡① ♦♣t✐♦♥✳ ■♥ ♦r❞❡r t♦ ❣✐✈❡ ❛ ♠♦r❡ ❝♦♠♣❧❡t❡ ♣❛♥❡❧
♦❢ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ♥❡①t✲②❡❛r ✐♠♣❛✐r♠❡♥t✱ ✇❡ ❤❛✈❡ t♦ st✉❞② t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢
✐ts ✈❛❧✉❡✳ ❚❤✐s ✐s ♣❛rt✐❝✉❧❛r❧② ✐♠♣♦rt❛♥t ❢♦r ❢✉t✉r❡ ❡①t❡♥s✐♦♥s t♦ ♠✉❧t✐✲②❡❛r ♠♦❞❡❧s✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❣✐✈❡ t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥
♦❢ ♥❡①t✲②❡❛r ✐♠♣❛✐r♠❡♥t✳

❚❤❡♦r❡♠ ✺ ✭❉✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ ✐♠♣❛✐r♠❡♥ts✮ ❚❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐✲
❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥❡①t✲②❡❛r ✐♠♣❛✐r♠❡♥ts✱ ❣✐✈❡♥ t❤❡ ✐♥❢♦r♠❛t✐♦♥ Ft ❛t t✐♠❡ t✱
✐s ❣✐✈❡♥ ❜②

Pt [λt+1 ≤ l] =





(1− Pt [Jt+1]) + Φ (A(Kt − l))− Φ (A(Kt))

+
(

Sta

St

)k1−1
[Ψρ (C,D(Kt))− Ψρ (C,D(Kt − l))]

+Ψρ (B,A(Kt))− Ψρ (B,A(Kt − l)) , 0 ≤ l ≤ Kt −mt,

Φ (A(Kt − l)) ,Kt −mt < l ≤ Kt,

✭✾✮
✇❤❡r❡ ❛❧❧ ❝♦♥st❛♥t ♥✉♠❜❡rs✱ ✈❛r✐❛❜❧❡s ❛♥❞ ♣❛r❛♠❡t❡rs ❛r❡ ❞❡✜♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✶
P❛❣❡ ✽✳

■♥ ❛♥♦t❤❡r ✇❛②✱ ✇❡ ❤❛✈❡

Pt [λt+1 ≤ l] =





Φ (A(Kt − l)) + Ψρ (B,A(mt))− Ψρ (B,A(Kt − l))

+
(

Sta

St

)k1−1
[Ψρ (C,D(mt))− Ψρ (C,D(Kt − l))] , 0 ≤ l ≤ Kt −mt,

Φ (A(Kt − l)) ,Kt −mt < l ≤ Kt.

✭✶✵✮

❚❤❡ ♣r♦♦❢ ✐s ❣✐✈❡♥ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✳

✸✳✸ ❆ ♣r♦①② ♠❡t❤♦❞ ❢♦r ❛❧r❡❛❞② ✐♠♣❛✐r❡❞ ❡q✉✐t② s❡❝✉r✐t✐❡s

❲❡ ❤❛✈❡ ❣✐✈❡♥ ❝❧♦s❡❞ ❢♦r♠✉❧❛ ❢♦r t❤❡ ♣r♦❜❛❜✐❧✐t②✱ t❤❡ ❡①♣❡❝t❛t✐♦♥ ❛♥❞ t❤❡ ❞✐str✐✲
❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥❡①t✲②❡❛r ✐♠♣❛✐r♠❡♥t ❧♦ss❡s ❢♦r ❛♥ ❡q✉✐t② s❡❝✉r✐t✐❡s ✐♥ ❛
♣❛rt✐❝✉❧❛r ♠♦❞❡❧✳ ❍♦✇❡✈❡r✱ t❤❡s❡ ❢♦r♠✉❧❛s ❛r❡ q✉✐t❡ ❝♦♠♣❧❡① ❛♥❞ ♠❛② ❜❡ ❤❛r❞
t♦ ❡①t❡♥❞ t♦ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ ♠♦❞❡❧✱ ♦r t♦ ❡♠❜❡❞ ✐♥t♦ s♦♠❡ r✐s❦ ♠❛♥❛❣❡♠❡♥t
♦r ✐♥✈❡st♠❡♥t ♦♣t✐♠✐③❛t✐♦♥ s♦❢t✇❛r❡✳ ❙♦♠❡ ✐♥s✉r❛♥❝❡ ♣r❛❝t✐t✐♦♥❡rs t❤❡r❡❢♦r❡ ✉s❡ ❛
s✐♠♣❧✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦❛❝❤ ♣r❡s❝r✐❜❡❞ ❜② t❤❡ ■❋❘❙ st❛♥❞❛r❞s✳ ■♥ t❤✐s s❡❝t✐♦♥✱
✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ r❡❧❡✈❛♥❝❡ ♦❢ ❝♦♥s✐❞❡r✐♥❣ ♦♥❧② t❤❡ ♣r♦❧♦♥❣❡❞ ❝r✐t❡r✐♦♥ ✭✇✐t❤ ❛♥
✉♣❞❛t❡❞ ♣❛r❛♠❡t❡r✮ ❛s ❛ ♣r♦①②✳ ❚♦ ❞♦ t❤❛t✱ ✇❡ ❧♦♦❦ ❢♦r ❛ ♥❡✇ α1✱ ♣❛r❛♠❡t❡r ♦❢
t❤❡ s✐❣♥✐✜❝❛♥t ❝r✐t❡r✐❛✱ t❤❛t ❣✐✈❡s ✉s t❤❡ s❛♠❡ ✐♠♣❛✐r♠❡♥t ❡①♣❡❝t❛t✐♦♥ ✭❝❢✳ ❚❤❡✲
♦r❡♠ ✸✮ ❜✉t ✇✐t❤♦✉t t❤❡ ♣r♦❧♦♥❣❡❞ ❝r✐t❡r✐❛✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ♥❡✇ ✐♠♣❛✐r♠❡♥t
❡①♣❡❝t❛t✐♦♥ ✐s

Et

[
λ̃α1
t+1

]
= Et

[
(Kt − St+1)

+
✶ {St+1 ≤ (1− α1)Sta}

]

= −Ste
µΦ

(
−A′(mα1

t )
)
+KtΦ (−A(mα1

t )) ,



❙♦♠❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❛♥ ❡q✉✐t② s❡❝✉r✐t② ♥❡①t✲②❡❛r ✐♠♣❛✐r♠❡♥t ✶✸

✇✐t❤ mα1
t = min (Kt, (1− α1)Sta)✳

❙♦ ✇❡ ❤❛✈❡ t♦ s♦❧✈❡✿

Et

[
λ̃α1
t+1

]
= Ste

µ

(
Sta

St

)k1−1 [
Ψ−ρ

(
C′,−D′(Kt)

)
− Ψ−ρ

(
C′,−D′(mt)

)]

+ Ste
µ [

Ψρ

(
−B′,−A′(mt)

)
− Φ

(
−A′(mt)

)
− Ψρ

(
−B′,−A′(Kt)

)]

+Kt [Ψρ (−B,−A(Kt)) + Φ (−A(mt))− Ψρ (−B,−A(mt))]

+ (Kt −mt)

(
Sta

St

)k1−1

[Φ (−D(mt))− Ψρ (−C,−D(mt))]

−Kt

(
Sta

St

)k1−1

Ψ−ρ (C,−D(Kt)) +mt

(
Sta

St

)k1−1

Ψ−ρ (C,−D(mt))

✭✶✶✮

❘❡♠❛r❦ ✺ ❖♥❡ ❝❛♥ ♥♦t❡✱ t❤❛♥❦s t♦ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ✐♠♣❛✐r♠❡♥t ❡①♣❡❝t❛t✐♦♥✱
✇❤❡♥ t❤❡ ❛❣❡♥t ❝❤♦♦s❡s α0 ≤ Λ/Sta ❛s t❤❡ ✐♥✐t✐❛❧ ♣❛r❛♠❡t❡r✱ t❤❡♥ mt = Kt ❛♥❞
s♦ t❤❡ ❡①♣❡❝t❛t✐♦♥ Et [λt+1] ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ s ♥♦r α0 ❛♥②♠♦r❡✳ ■t ❢♦❧❧♦✇s
t❤❛t t❤❡ ♥❡✇ α1 ❝❛♥ ❜❡ t❛❦❡♥ ❜❡t✇❡❡♥ 0 ❛♥❞ Λ/Sta ✳ ■♥❞❡❡❞✱ ∀α1 ≤ Λ/Sta t❤❡♥

Et

[
λ̃α1
t+1

]
= Et [λt+1]✳ ❆♥❞ s♦ ❛❧❧ t❤♦s❡ ✈❛❧✉❡s ❝❛♥ ❜❡ s♦❧✉t✐♦♥s✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ✇✐❧❧ ✐♠♣♦s❡ ✐♥ t❤❡ s❡q✉❡❧ t❤❛t ✐❢ α0 ≤ Λ/Sta ✱ α1 = α0✳
▼♦r❡♦✈❡r✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✈❡r✐❢② t❤❛t✱ ✐❢ α0 > Λ/Sta ✱ α1 > Λ/Sta t♦♦✳

❊①♣❡❝t❛t✐♦♥ s❡♥s✐t✐✈✐t✐❡s ❣✐✈❡♥ ♣r❡✈✐♦✉s❧② ♣❡r♠✐t ✉s t♦ ❦♥♦✇ t❤❛t t❤❡r❡ ✐s ❛
✉♥✐q✉❡ s♦❧✉t✐♦♥✳

❆s ❢♦r t❤❡ ✐♠♣❧✐❝✐t ✈♦❧❛t✐❧✐t②✱ ✐t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ ❣✐✈❡ ❛ t❤❡♦r❡t✐❝❛❧ ❢♦r♠✉❧❛✳

❚❤❡♦r❡♠ ✻ ❋♦r ❛❧❧ s❡ts ♦❢ ♣❛r❛♠❡t❡rs✱ ✇❡ ❤❛✈❡

α1 = 1− St

Sta

exp

(
(µ− σ2

2
) + σ2(Eξ − 1)

)
, ✭✶✷✮

✇✐t❤✿

✕ Eξ = ∂|C(2)−C(1)|
∂ lnSt

❀

✕ C(1) =
∂Et[λt+1]
∂ lnSt

❀

✕ C(2) =
∂2Et[λt+1]
∂(lnSt)2

✳

❲❡ ♦❜t❛✐♥ ❛ ❝❧♦s❡❞✲❢♦r♠ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ♥❡✇ ♣❛r❛♠❡t❡r α1✱ ❛s ❛ ❢✉♥❝t✐♦♥
♦❢ t❤❡ ♣❛r❛♠❡t❡rs✱ ❛♥❞ ♦❢ Eξ✳ ❚❤✐s ❧❛st q✉❛♥t✐t② ❞❡♣❡♥❞s ♦♥ ✜rst ❛♥❞ s❡❝♦♥❞
❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ✐♠♣❛✐r♠❡♥t ✈❛❧✉❡ ✇✐t❤ r❡s♣❡❝t t♦ St ✭✐♥ ❢❛❝t ✐ts ❧♦❣❛r✐t❤♠✮✱ t❤❡
❛ss❡t ♣r✐❝❡ ❛t t✐♠❡ t✳ ❙♦✱ ✐❢ t❤❡ ❛❣❡♥t ♦✇♥s ❛ s✉✣❝✐❡♥t q✉❛♥t✐t② ♦❢ ✐♥❢♦r♠❛t✐♦♥ t♦
❡st✐♠❛t❡ ✭♦r t♦ ❦♥♦✇✮ Eξ✱ s❤❡ ❝❛♥ ❡①♣❧✐❝✐t❧② ❞❡t❡r♠✐♥❡ α1✳

❇✉t t❤✐s ❢♦r♠✉❧❛ ✐s ✈❡r② ❤❛r❞ t♦ ✉s❡ ✐♥ ♣r❛❝t✐❝❡✱ ❜❡❝❛✉s❡ ✇❡ ♥❡❡❞ t❤❡ ❦♥♦✇❧❡❞❣❡
♦❢ t❤❡s❡ ❞❡r✐✈❛t✐✈❡s✳ ❚❤❛t ✐s ✇❤② ✇❡ s❤❛❧❧ ✉s❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧
✐❧❧✉str❛t✐♦♥ s❡❝t✐♦♥✱ ❛s ❢♦r t❤❡ ✐♠♣❧✐❝✐t ✈♦❧❛t✐❧✐t②✳

✹ ◆✉♠❡r✐❝❛❧ ✐❧❧✉str❛t✐♦♥s ❛♥❞ ❡♠♣✐r✐❝❛❧ st✉❞②

❲❡ ♥♦✇ ✇❛♥t t♦ st✉❞② ♥✉♠❡r✐❝❛❧❧② ♥❡①t ②❡❛r ✐♠♣❛✐r♠❡♥t ❝❤❛r❛❝t❡r✐st✐❝s ✐♥ ❝♦♥❝r❡t❡
❝❛s❡s✳



✶✹ ❏✉❧✐❡♥ ❆③③❛③ ❡t ❛❧✳

✹✳✶ ❉❛t❛ ❞❡s❝r✐♣t✐♦♥

❲❡ ❤❛✈❡ ❝❤♦s❡♥ st♦❝❦s ♦❢ ❋r❡♥❝❤ ♠❛r❦❡t ❈❆❈✹✵✿ ❇◆P P❛r✐❜❛s✱ ❇♦✉②❣✉❡s✱
❈❛rr❡❢♦✉r✱ P❡r♥♦❞ ❘✐❝❛r❞ ❛♥❞ ❚♦t❛❧✳

❚❤❡ ❞❛t❛s❡t ❝♦♥s✐sts ♦❢ ❞❛✐❧② q✉♦t❛t✐♦♥s st❛rt✐♥❣ ❛t t❤❡ ❢♦✉rt❤ ♦❢ ❏❛♥✉❛r②✱ ✷✵✶✵✱
❛♥❞ ❡♥❞✐♥❣ ❛t t❤❡ t❤✐rt②✲✜rst ♦❢ ❉❡❝❡♠❜❡r✱ ✷✵✶✷✳ ■t ❛❧♠♦st ❝♦rr❡s♣♦♥❞s t♦ ✸ ❡♥t✐r❡
②❡❛rs ♦❢ ❞❛t❛✳ ❚❤❡s❡ q✉♦t❛t✐♦♥s ❛r❡ ✉s❡❞ ✐♥ ♦r❞❡r t♦ ❝❛❧✐❜r❛t❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs
✭✈♦❧❛t✐❧✐t② ❛♥❞ ❞r✐❢t✮ ❛♥❞ ❣✐✈❡ ✐♥✐t✐❛❧ ❛♥❞ t❡r♠✐♥❛❧ ✈❛❧✉❡s✳ ❚❤✐s ♣❡r✐♦❞ ✇❛s ✐♠♣❛❝t❡❞
❜② t❤❡ ✜♥❛♥❝✐❛❧ ❝r✐s✐s✳ ❆s ✈♦❧❛t✐❧✐t✐❡s ♠❛② ❜❡ ❤✐❣❤❡r t❤❛♥ ✐♥ ♥♦r♠❛❧ ♣❡r✐♦❞s✱ ✇❡
❡①♣❡❝t t♦ ♦❜s❡r✈❡ ♠♦r❡ ✐♠♣♦rt❛♥t ✐♠♣❛✐r♠❡♥ts✳ ❆♥♥✉❛❧ ✈♦❧❛t✐❧✐t✐❡s ❛r❡ ♣r♦✈✐❞❡❞
❜② t❤❡ ✇❡❜s✐t❡ ❙♠❛❧❧ ❈❛♣s ❱✐s✐♦♥✳ ❚❤❡ ✈❛❧✉❡ ♦❢ µ ✐s ♦❜t❛✐♥❡❞ ❜② ❛❞❞✐♥❣ ❛ ❝♦♥st❛♥t
❞r✐❢t ✭3%✮ t♦ t❤❡ ✈♦❧❛t✐❧✐t②✿ ✐❢ t❤❡ ✈♦❧❛t✐❧✐t② ✐s σ✱ t❤❡♥ µ = log(1 + 3%) + σ2/2✳
❚❤❡ ❜✉②✐♥❣ ✈❛❧✉❡ Sta ✐s t❤❡ q✉♦t❛t✐♦♥ ♦❢ t❤❡ st♦❝❦ ❛t t❤❡ ❞❛t❡ 01/4/2010✳ ❚❤♦s❡
✜❣✉r❡s ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✺✳

❚❛❜❧❡ ✺ ❯s❡❞ ❞❛t❛✳

Sta ✭e✮ ❆♥♥✉❛❧ ✈♦❧❛t✐❧✐t② µ

❇◆P P❛r✐❜❛s 57.24 48.92% 14.92%
P❡r♥♦❞ ❘✐❝❛r❞ ◆❱ 60.83 22.80% 5.56%

❇♦✉②❣✉❡s 37.02 31.56% 7.94%
❈❛rr❡❢♦✉r 29.7016 33.80% 8.67%
❚♦t❛❧ 45.795 22.61% 5.51%

❚❤❡ ✜rst st❡♣ ✐♥ t❤✐s st✉❞② ✐s t♦ st✉❞② r❡❛❧✐③❡❞ ✐♠♣❛✐r♠❡♥ts ✐♥ ❚❛❜❧❡ ✻✳ ■♥❞❡❡❞✱
✇❡ ❛♣♣❧② ♦✉r ✐♠♣❛✐r♠❡♥t ❝r✐t❡r✐♦♥ ♦♥ t❤❡ ❝❧♦s❡ ✈❛❧✉❡s ♦❢ t❤❡ st♦❝❦s✳ ❘❡♠❛r❦ t❤❛t
t❤✐s ✐s ♥♦t ♣❡r❢❡❝t✱ ❜❡❝❛✉s❡ ✇❡ ❛r❡ ♣r♦❝❡ss✐♥❣ ♦♥ ❞✐s❝r❡t❡ ✈❛❧✉❡s ❛♥❞ t❤❡ ❜❛rr✐❡r
✭✐♥ t❤❡ ♣r♦❧♦♥❣❡❞ ❝r✐t❡r✐❛ ♦❢ ✐♠♣❛✐r♠❡♥t✮ ❤❛s t♦ ❜❡ ❝♦♥t✐♥✉♦✉s✱ ❜✉t t❤✐s ❤❛s ♠✐♥♦r
❡✛❡❝t ♦♥ ♦✉r r❡s✉❧ts✳ ◆♦t❡ t❤❛t s♦♠❡ st♦❝❦s ❧✐❦❡ ❇◆P P❛r✐❜❛s ❛♥❞ ❈❛rr❡❢♦✉r ❢❡❛t✉r❡
❝♦♥s❡q✉❡♥t ✐♠♣❛✐r♠❡♥ts✱ ✇❤✐❧❡ s♦♠❡ ♦t❤❡rs ❧✐❦❡ P❡r♥♦❞ ❘✐❝❛r❞ ❞♦ ♥♦t ❢❡❛t✉r❡ ❛♥②
✐♠♣❛✐r♠❡♥t ✐♥ t❤✐s ♣❛rt✐❝✉❧❛r ❝❛s❡✳ ❆s ✐♠♣❛✐r♠❡♥ts ❤❛✈❡ t♦ ❜❡ r❡❝♦❣♥✐③❡❞ s❡❝✉r✐t✐❡s
❜② s❡❝✉r✐t✐❡s✱ ♣❛rt ♦❢ t❤❡ ✐♥✈❡st♠❡♥t ❞✐✈❡rs✐✜❝❛t✐♦♥ ❡✛❡❝t ✐s ♥♦t ❢✉❧❧② r❡❝♦❣♥✐③❡❞ ✐♥
t❤❡ ■❋❘❙ ❢r❛♠❡✇♦r❦✳

❚❛❜❧❡ ✻ P❛st ✐♠♣❛✐r♠❡♥t ❧♦ss❡s✳

■♠♣❛✐r♠❡♥ts ❢♦r t❤❡ ②❡❛r ✿ ✷✵✶✵ ✷✵✶✶ ✷✵✶✷ ❚♦t❛❧

❇◆P P❛r✐❜❛s 9.63 17.26 0 26.89
P❡r♥♦❞ ❘✐❝❛r❞ ◆❱ 0 0 0 0

❇♦✉②❣✉❡s 4.76 7.92 1.94 14.62
❈❛rr❡❢♦✉r 0 12.0916 0 12.0916
❚♦t❛❧ 6.145 0.15 0.49 6.785



❙♦♠❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❛♥ ❡q✉✐t② s❡❝✉r✐t② ♥❡①t✲②❡❛r ✐♠♣❛✐r♠❡♥t ✶✺

✹✳✷ ◆❡①t ②❡❛r ✐♠♣❛✐r♠❡♥t ❢♦r ✈❛r✐♦✉s ♣❛st ✐♠♣❛✐r♠❡♥t ❝❛s❡s

❆❢t❡r t❤✐s st❡♣✱ ❛t t✐♠❡ t = 12/31/2012✱ ✇❡ ♥♦✇ ❝♦♠♣✉t❡ t❤❡ ♣r♦❜❛❜✐❧✐t② Pt [Jt+1]
t♦ r❡❝♦❣♥✐③❡ ❛♥ ✐♠♣❛✐r♠❡♥t ♥❡①t ②❡❛r✱ t❤❡ ❡①♣❡❝t❛t✐♦♥ Et [λt+1] ♦❢ ♥❡①t ②❡❛r ✐♠✲
♣❛✐r♠❡♥t✱ ❛s ✇❡❧❧ ❛s ❞✐✛❡r❡♥t ❱❛❧✉❡✲❛t✲❘✐s❦s ❛t ❧❡✈❡❧s 80%✱ 95% ❛♥❞ 99.5%✳ ❋♦r
t❤❡ s❛❦❡ ♦❢ ❜r❡✈✐t② ✇❡ ♦♥❧② ♣r❡s❡♥t r❡s✉❧ts ❢♦r ❚♦t❛❧ ✐♥ ❚❛❜❧❡ ✼✳ ❲❡ ✉s❡ st❛♥❞❛r❞
tr✐❣❣❡r ❝r✐t❡r✐❛✱ ✐✳❡✳ α = 0.3 ❛♥❞ s = 0.5✳ ❲❡ ❛❧s♦ ✉s❡ ♠❛r❦❡t ♣❛r❛♠❡t❡rs ❣✐✈❡♥
♣r❡✈✐♦✉s❧② ❛♥❞ t❤❡ ❤✐st♦r✐❝❛❧ ❜✉②✐♥❣ ✈❛❧✉❡ Sta ✳ ❲❡ ❛rt✐✜❝✐❛❧❧② ✈❛r② Λ✱ s❡t t♦ 5%✱
10%✱ 50% ❛♥❞ 75% ♦❢ t❤❡ ❜✉②✐♥❣ ✈❛❧✉❡ Sta ✭t❤❛t ❞♦ ♥♦t ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❤✐st♦r②
♦❢ r❡❛❧✐③❡❞ ✐♠♣❛✐r♠❡♥t ❜❡t✇❡❡♥ ta ❛♥❞ t✮ ✐♥ ♦r❞❡r t♦ st✉❞② ♥❡①t ②❡❛r ✐♠♣❛✐r♠❡♥ts
✐♥ ❞✐✛❡r❡♥t s✐t✉❛t✐♦♥s✳ ❲❤❡♥ Λt = 2.28975✱ ❛t ❧❡❛st ♦♥❡ s♠❛❧❧ ✐♠♣❛✐r♠❡♥t ♦❝❝✉rr❡❞
❜❡❝❛✉s❡ ♦❢ t❤❡ ♣r♦❧♦♥❣❡❞ ❞❡♣r❡❝✐❛t✐♦♥ ❝r✐t❡r✐♦♥✳ ❚❤❡ ❝✉rr❡♥t ♣r✐❝❡ St ✐s ♥♦✇ ♠✉❝❤
❧♦✇❡r t❤❛♥ Sta ❛♥❞ Sta − Λt✱ ❜✉t st✐❧❧ ❛❜♦✈❡ 0.7Sta ✳ ■t ♠❡❛♥s ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t
t❤❡ st♦❝❦ ♣r✐❝❡ ❝r♦ss❡❞ ❧❡✈❡❧ Sta ✐♥ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [t − 0.5; t)✿ t❤❡ st♦❝❦ ♣r✐❝❡
✇❡♥t s❡✈❡r❡❧② ❞♦✇♥ ❞✉r✐♥❣ t❤❡ ❧❛st s✐①✲♠♦♥t❤ ♣❡r✐♦❞ ❜❡❢♦r❡ t✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡
♣r♦❜❛❜✐❧✐t② t♦ r❡❝♦❣♥✐③❡ ❛♥ ✐♠♣❛✐r♠❡♥t ❛t t✐♠❡ t + 1 ✐s ❧❛r❣❡r t❤❛♥ 1/2✱ ❛♥❞ t❤❡
❛✈❡r❛❣❡ ✐♠♣❛✐r♠❡♥t Et [λt+1] ✐s ❛♣♣r♦①✐♠❛t❡❧② ❡q✉❛❧ t♦ 4✳ ❲❤❡♥ Λt = 22.8975✱
t❤❡ ♣r♦❜❛❜✐❧✐t② t♦ r❡❝♦❣♥✐③❡ ❛♥ ✐♠♣❛✐r♠❡♥t ♥❡①t ②❡❛r ✐s ✈❡r② ❧♦✇ ✭s♠❛❧❧❡r t❤❛♥
✽✵❜♣s✮✱ ❛♥❞ Et [λt+1] ✐s ✈❡r② s♠❛❧❧ t♦♦✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ❛t ❧❡❛st ♦♥❡ ✐♠♣❛✐r♠❡♥t
❤❛s ❜❡❡♥ r❡❝♦❣♥✐③❡❞ ✐♥ t❤❡ ♣❛st ❞✉❡ t♦ t❤❡ s✐❣♥✐✜❝❛♥t ❞❡♣r❡❝✐❛t✐♦♥ ❝r✐t❡r✐♦♥✳ ❚❤❡
❧❛st ✐♠♣❛✐r♠❡♥t ♦❝❝✉rr❡❞ ✇❤❡♥ t❤❡ st♦❝❦ ♣r✐❝❡ ✇❛s ♠✉❝❤ ❧♦✇❡r ✭❜❡❧♦✇ ✷✸✮ t❤❛♥
t❤❡ ❝✉rr❡♥t ♣r✐❝❡ St✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t St+1 ❢❛❧❧s ❛❣❛✐♥ ❜❡❧♦✇ ✷✸ ✐s ✈❡r② s♠❛❧❧✳

❚❛❜❧❡ ✼ ❘❡s✉❧ts ❢♦r ❚♦t❛❧✳

❚♦t❛❧✳ Sta = 45.795

St Λ Pt [Jt+1] Et [λt+1] V aR(80%) V aR(95%✮ V aR(99.5%)

✸✽✳✹✷ ✷✳✷✽✾✼✺ ✵✳✺✺✵✾ ✹✳✵✻✾✾ ✶✵✳✼✻✾✼ ✶✻✳✷✷✸✻ ✷✶✳✹✵✷
✹✳✺✼✾✺ ✵✳✺✵✼✺ ✸✳✸✵✵✼ ✽✳✹✼✾✾ ✶✸✳✾✸✸✽ ✶✾✳✶✶✷✸
✷✷✳✽✾✼✺ ✵✳✵✵✼✽ ✵✳✵✶✷✹ ✵ ✵ ✵✳✼✾✹✸
✸✹✳✸✹✻✷✺ ✵ ✵ ✵ ✵ ✵

✹✳✸ ◆❡①t ②❡❛r ✐♠♣❛✐r♠❡♥ts ❢♦r ❞✐✛❡r❡♥t ❛❝q✉✐s✐t✐♦♥ ❞❛t❡s

■♥ ❚❛❜❧❡ ✽✱ ✇❡ ✜① t = 12/31/2008 ❛♥❞ ✇❡ ✈❛r② ❛❝q✉✐s✐t✐♦♥ ❞❛t❡s ♦❢ st♦❝❦ P❡r♥♦❞
❘✐❝❛r❞ ✭✇❤♦s❡ ✈❛❧✉❡ ✐s St = 49.26 ❛t t✐♠❡ t✮✳ ❲❡ ❣❡t t❤❡♥ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ Sta

❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛❧✉❡s ♦❢ Λt ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r❡❛❧ ❡✈♦❧✉t✐♦♥ ♦❢ st♦❝❦ P❡r♥♦❞
❘✐❝❛r❞ ❜❡t✇❡❡♥ ta ❛♥❞ t✳ ❋♦r t❤❡ ✜rst ❛❝q✉✐s✐t✐♦♥ ❞❛t❡✱ Sta = 41.98 ❛♥❞ Λt = 0✳
❚❤❡ ♣r♦❜❛❜✐❧✐t② t♦ r❡❝♦❣♥✐③❡ ❛♥ ✐♠♣❛✐r♠❡♥t ✐♥ t❤❛t ❝❛s❡ ✐s ❜❡❧♦✇ 10%✱ ❜❡❝❛✉s❡
♣r✐❝❡ ✇❡♥t ✉♣ ❜❡t✇❡❡♥ ta ❛♥❞ t✳ ❋♦r t❤❡ s❡❝♦♥❞ ❛❝q✉✐s✐t✐♦♥ ❞❛t❡✱ ❛s Sta = 71.60 ❛♥❞
Λt = 22.34✱ st♦❝❦ ♣r✐❝❡ ❤❛s ❣♦♥❡ ❞♦✇♥ ❛♥❞ t❤❡ ❧❛st ✐♠♣❛✐r♠❡♥t ♦❝❝✉rr❡❞ ❞✉❡ t♦
t❤❡ s✐❣♥✐✜❝❛♥t ❞❡♣r❡❝✐❛t✐♦♥ ❝r✐t❡r✐♦♥✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② t♦ r❡❝♦❣♥✐③❡ ❛♥ ✐♠♣❛✐r♠❡♥t
♥❡①t ②❡❛r ✐s ✈❡r② ❤✐❣❤ ✭❛❜♦✈❡ 46%✮✳ ◆♦t❡ t❤❛t t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ✭µ
❛♥❞ σ✮ ❡st✐♠❛t✐♦♥ ♣❡r✐♦❞ ✐s ❝r✉❝✐❛❧✱ ❜❡❝❛✉s❡ ✐t str♦♥❣❧② ❛✛❡❝ts t❤❡ ♣r♦❜❛❜✐❧✐t② t♦
r❡❝♦❣♥✐③❡ ❛♥ ✐♠♣❛✐r♠❡♥t ♥❡①t ②❡❛r✳



✶✻ ❏✉❧✐❡♥ ❆③③❛③ ❡t ❛❧✳

❚❛❜❧❡ ✽ ❘❡s✉❧ts ❢♦r P❡r♥♦❞ ❘✐❝❛r❞✱ ✇✐t❤ σ = 31.38% ❛♥❞ µ = 7.88%✱ ✐♥ ❞✐✛❡r❡♥t s❝❡♥❛r✐♦s✳

P❡r♥♦❞ ❘✐❝❛r❞✳ St = 49.26 ❛t t = 12/31/2008

Sta Λt Pt [Jt+1] Et [λt+1] V aR(80%) V aR(95%✮ V aR(99.5%)

✹✶✳✾✽ ✵ ✵✳✵✾✶✷ ✶✳✽✾✹✹ ✵ ✶✵✳✾✾✸✷ ✶✾✳✸✼✵✹
✼✶✳✻✵ ✷✷✳✸✹ ✵✳✹✻✷✺ ✹✳✺✼✷✽ ✶✵✳✷✾✽✻ ✶✽✳✾✼✾✶ ✷✻✳✻✺✵✹
✹✹✳✺✸ ✵ ✵✳✶✸✹✾ ✷✳✸✻✺✸ ✵ ✶✹✳✷✹✾✶ ✷✶✳✾✷✵✹

✹✳✹ ◆❡①t ②❡❛r ✐♠♣❛✐r♠❡♥ts ✇✐t❤ ❞✐✛❡r❡♥t tr✐❣❣❡r ❧❡✈❡❧s

❲❡ ♥♦✇ ❝♦♠♣❛r❡ ✐♠♣❛✐r♠❡♥t ♣r♦❜❛❜✐❧✐t✐❡s ❛♥❞ ♣♦t❡♥t✐❛❧ s✐③❡s ❢♦r t✇♦ ✐♥s✉r❡rs✱
❆❳❆ ❛♥❞ ●❡♥❡r❛❧✐✱ ✇❤✐❝❤ ❢❡❛t✉r❡ ✈❡r② ❞✐✛❡r❡♥t ✐♠♣❛✐r♠❡♥t tr✐❣❣❡rs✿ ❢♦r ❆❳❆✱ ✇❡
❤❛✈❡ α = 0.2 ❛♥❞ s = 6 ♠♦♥t❤s✱ ✇❤❡r❡ ❢♦r ●❡♥❡r❛❧✐ ✇❡ ❤❛✈❡ α = 0.5 ❛♥❞ s = 36
♠♦♥t❤s✳ ❲❡ ❝❛♥ s❡❡ ✐♥ ❚❛❜❧❡ ✾ t❤❛t t❤❡ ♣r♦❜❛❜✐❧✐t② t♦ r❡❝♦❣♥✐③❡ ❛♥ ✐♠♣❛✐r♠❡♥t
✐s ♠✉❝❤ s♠❛❧❧❡r ❢♦r ●❡♥❡r❛❧✐ t❤❛♥ ❢♦r ❆❳❆✳ ❍♦✇❡✈❡r✱ ❣✐✈❡♥ t❤❛t ❛♥ ✐♠♣❛✐r♠❡♥t
✐s r❡❝♦❣♥✐③❡❞✱ t❤❡ ❛✈❡r❛❣❡ ✐♠♣❛✐r♠❡♥t ✐s ❧✐❦❡❧② t♦ ❜❡ ❧❛r❣❡r ❢♦r ●❡♥❡r❛❧✐ t❤❛♥ ❢♦r
❆❳❆✳

❘❡♠❛r❦ ✻ ❋♦r t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ st✉❞✐❡❞ ❛♣♣❡❛r✐♥❣ ✐♥ ❚❛❜❧❡ ✾✱ ❜♦t❤ ❝♦♠♣❛♥✐❡s
❤❛✈❡ ❜♦✉❣❤t ❛ss❡ts t♦❞❛② ✭t✐♠❡ t✮✳ ■♥ t❤✐s ❢r❛♠❡✇♦r❦✱ t❤❡ ✐♠♣❛✐r♠❡♥t ❡✈❡♥t ♦❢
●❡♥❡r❛❧✐ ✐s ✈❡r② ❡❛s② t♦ ✇r✐t❡✱ ❛♥❞ s♦ t❤❡ ♣r♦❜❛❜✐❧✐t② ❛♥❞ ❡①♣❡❝t❛t✐♦♥✳

■♥❞❡❡❞✱ ✇❡ ❤❛✈❡ St = Sta ✱ Λt = 0✱

Jt+1 = (St+1 ≤ (1− α)Sta) ,

Pt [Jt+1] = Φ

(
ln(1− α)− µ

σ
+

σ

2

)
,

❛♥❞

Et [λt+1] = −Ste
µΦ

(
ln(1− α)− µ

σ
− σ

2

)
+ StΦ

(
ln(1− α)− µ

σ
+

σ

2

)
.

❚❛❜❧❡ ✾ ❈♦♠♣❛r✐s♦♥ ♦❢ ❆❳❆ ❛♥❞ ●❡♥❡r❛❧✐ ✐♠♣❛✐r♠❡♥t tr✐❣❣❡rs✿ ✐♠♣❛✐r♠❡♥t ♣r♦❜❛❜✐❧✐t② ❛♥❞
♣♦t❡♥t✐❛❧ s❡✈❡r✐t② ❢♦r ✺ ❞✐✛❡r❡♥t st♦❝❦s✳

❆①❛ ●❡♥❡r❛❧✐

Pt [Jt+1] Et [λt+1 | Jt+1] Pt [Jt+1] Et [λt+1 | Jt+1]
❇◆P P❛r✐❜❛s ✵✳✸✸✸✶ ✷✶✳✸✺✹✺ ✵✳✵✻✾✽ ✸✸✳✽✵✵✷
❇♦✉②❣✉❡s ✵✳✷✼✻✷ ✶✵✳✸✸✸✻ ✵✳✵✶✶ ✷✵✳✸✷✽✸
❈❛rr❡❢♦✉r ✵✳✷✽✺✶ ✽✳✼✵✾✺ ✵✳✵✶✻✷ ✶✻✳✹✻✼✸

P❡r♥♦❞ ❘✐❝❛r❞ ✵✳✷✸✼✹ ✶✸✳✶✵✷✼ ✵✳✵✵✵✼✻ ✸✷✳✶✾✸✽
❚♦t❛❧ ✵✳✷✸✻✺ ✾✳✼✾✸✺ ✵✳✵✵✵✻✾ ✷✹✳✷✶✽✶

◆♦t❡ t❤❛t ✐♥ s♦♠❡ ♦t❤❡r ❝❛s❡s✱ ✐♥ ♣❛rt✐❝✉❧❛r ✇❤❡♥ ♣❛st ✐♠♣❛✐r♠❡♥ts ❛r❡ ❞✐✛❡r❡♥t
❢♦r ❆❳❆ ❛♥❞ ●❡♥❡r❛❧✐✱ ♦♥❡ ♠✐❣❤t ❣❡t ❞✐✛❡r❡♥t r❡s✉❧ts✳



❙♦♠❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❛♥ ❡q✉✐t② s❡❝✉r✐t② ♥❡①t✲②❡❛r ✐♠♣❛✐r♠❡♥t ✶✼

✹✳✺ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ♣r♦①②

❲❡ ❤❛✈❡ ✉s❡❞ t❤❡ ♥✉♠❡r✐❝❛❧ ▼❆❚▲❆❇ s♦❧✈❡r ❢③❡r♦ ✐♥ ♦r❞❡r t♦ ✜♥❞ α1✳ ❚❤❡ ♣r❡✲
❝✐s✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞ ✇❛s t❤❡ ❞❡❢❛✉❧t ♣r❡❝✐s✐♦♥ ♦❢ t❤❡ s♦❢t✇❛r❡ ✭✐✳❡✳ 10−6✮✿ ✇❡ ❤❛✈❡
❝r❡❛t❡❞ ❛ ❢✉♥❝t✐♦♥ t❤❛t r❡t✉r♥s ✭♦r✐❣✐♥❛❧✮ ✐♠♣❛✐r♠❡♥ts ❡①♣❡❝t❛t✐♦♥ ❢♦r ❛ ♣❛r❛♠❡t❡rs
s❡t ❛♥❞ ❛♥♦t❤❡r ♦♥❡ t❤❛t r❡t✉r♥s ♥❡✇ ✐♠♣❛✐r♠❡♥ts ❡①♣❡❝t❛t✐♦♥ ❢♦r ❛ ♣❛r❛♠❡t❡rs
s❡t✳ ■♥ ❋✐❣✉r❡ ✸✱ ✇❡ s❤♦✇ ❤♦✇ t❤✐s ♥❡✇ ♣❛r❛♠❡t❡r α1 ❞❡♣❡♥❞s ♦♥ ✈❛❧✉❡s ♦❢ s
❛♥❞ ✭♦r✐❣✐♥❛❧✮ α0✳ ■t ✐s ♦❢ ❝♦✉rs❡ ✐♥❝r❡❛s✐♥❣ ✐♥ α1 ❛♥❞ s✱ ✇✐t❤♦✉t ❛♥② s②st❡♠❛t✐❝
❝♦♥❝❛✈✐t② ♦r ❝♦♥✈❡①✐t②✳

❋✐❣✳ ✸ α1 ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ α0 ✇❤❡♥ s = 0.3 ✭t♦♣ ❧❡❢t✮✱ s = 0.5 ✭t♦♣ r✐❣❤t✮✱ ❛♥❞ s = 0.75
✭❜♦tt♦♠ ❧❡❢t✮✳ α1 ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ s ✇❤❡♥ α0 = 0.3 ✭❜♦tt♦♠ r✐❣❤t✮✳

✹✳✻ ◗✉❛❧✐t② ♦❢ t❤✐s ♣r♦①② ♠❡t❤♦❞

❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❝♦♥s✐sts ✐♥ ♠❛❦✐♥❣ ❛✈❡r❛❣❡ ✐♠♣❛✐r♠❡♥ts ✐❞❡♥t✐❝❛❧ ✐♥ ❜♦t❤ ❛♣✲
♣r♦❛❝❤❡s✳ ❍❡r❡ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ✐♥✈❡st✐❣❛t❡ ✐ts q✉❛❧✐t②✱ t❤r♦✉❣❤ ❝♦♠♣❛r✐s♦♥ ♦❢ ♥❡①t
②❡❛r ✐♠♣❛✐r♠❡♥t ❞✐str✐❜✉t✐♦♥s✳

◗✉❛♥t✐❧❡s ♦❢ ♥❡①t ②❡❛r ✐♠♣❛✐r♠❡♥ts ❝♦♥❞✐t✐♦♥❡❞ t♦ ❜❡ ♣♦s✐t✐✈❡ ❛r❡ ❣✐✈❡♥ ✐♥
❚❛❜❧❡ ✶✵ ❢♦r t❤❡ ♣r♦①② ❛♥❞ ❢♦r t❤❡ r✐❣♦r♦✉s ❛♣♣r♦❛❝❤✳

❖♥❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛♥ ✐♠♣❛✐r♠❡♥t ♦❝❝✉rs ✐s ❛❧✇❛②s s✐❣♥✐❢✲
✐❝❛♥t❧② s♠❛❧❧❡r ✇✐t❤ t❤❡ ♣r♦①② t❤❛♥ ✇✐t❤ t❤❡ r✐❣♦r♦✉s ❛♣♣r♦❛❝❤✱ ❛♥❞ t❤❛t ❝♦♥✲
s❡q✉❡♥t❧②✱ ✐❢ ❛♥ ✐♠♣❛✐r♠❡♥t ♦❝❝✉rs✱ ✐t ✐s ❧✐❦❡❧② t♦ ❜❡ ❧❛r❣❡r ✇✐t❤ t❤❡ ♣r♦①② t❤❛t
✇✐t❤ t❤❡ r✐❣♦r♦✉s ❛♣♣r♦❛❝❤✳ ❚❤✐s ✐s ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ ✇❤❛t ✇❡ ♦❜s❡r✈❡❞ ✐♥ ❙✉❜✲



✶✽ ❏✉❧✐❡♥ ❆③③❛③ ❡t ❛❧✳

❚❛❜❧❡ ✶✵ ◗✉❛♥t✐❧❡s ♦❢ ♥❡①t ②❡❛r ✐♠♣❛✐r♠❡♥t ✭❝♦♥❞✐t✐♦♥❡❞ t♦ ❜❡ ♣♦s✐t✐✈❡✮ ✇✐t❤ ❝❧❛ss✐❝❛❧ ❝r✐✲
t❡r✐♦♥ ❛♥❞ ♣r♦①② ❝r✐t❡r✐♦♥✱ ✐♥ t❤❡ ❝❡♥tr❛❧ s❝❡♥❛r✐♦ ✭St = 95✱ µ = ln 0.08✱ σ = 0.25✱ Sta = 100✱
Λ = 5✮✳

α0 = 0.3 s = 0.3 s = 0.5 s = 0.75

qα0,s(0.05) 2.80 3.20 3.65
qα1 (0.05) 12.83 16.82 21.33

qα0,s(0.5) 16.83 18.25 20.15
qα1 (0.5) 21.13 24.05 27.51

qα0,s(0.95) 36.73 37.66 38.84
qα1 (0.95) 38.57 40.04 41.89

s❡❝t✐♦♥ ✹✳✹ ✇❤❡♥ ✇❡ ❝♦♠♣❛r❡❞ ❆①❛ ❛♥❞ ●❡♥❡r❛❧✐ ✐♠♣❛✐r♠❡♥t tr✐❣❣❡r ❧❡✈❡❧s✳ ❚❤❡
❞✐✛❡r❡♥❝❡s ❛r❡ ✐♠♣♦rt❛♥t ❛t ❛❧❧ ✐♥t❡r❡st✐♥❣ q✉❛♥t✐❧❡ ❧❡✈❡❧s ❢♦r t❤✐s ♣❛rt✐❝✉❧❛r ✈❛❧✉❡
♦❢ Λ = 5 t❤❛t ❝♦rr❡s♣♦♥❞s t♦ ♦♥❡ s✐①t❤ ♦❢ t❤❡ ❞✐st❛♥❝❡ α0Sta ❜❡t✇❡❡♥ ❛❝q✉✐s✐t✐♦♥
♣r✐❝❡ Sta ❛♥❞ t❤❡ s✐❣♥✐✜❝❛♥t ❞❡♣r❡❝✐❛t✐♦♥ t❤r❡s❤♦❧❞ (1 − α0)Sta ✳ ❲❡ ❤❛✈❡ t❡st❡❞
♠❛♥② s✐t✉❛t✐♦♥s✱ ♥♦t ♣r❡s❡♥t❡❞ ❤❡r❡ ❢♦r t❤❡ s❛❦❡ ♦❢ ❜r❡✈✐t②✳ ■♥ ❛❧❧ ❝❛s❡s✱ t❤❡ ❝♦♥❝❧✉✲
s✐♦♥ ✐s t❤❡ s❛♠❡✿ t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ♣r♦①② ✐s ✈❡r② ❜❛❞✱ ❡①❝❡♣t ✐❢ ♣❛st ✐♠♣❛✐r♠❡♥ts
❛r❡ ✈❡r② ❧❛r❣❡✳ ❲❡ ❞♦ ♥♦t r❡❝♦♠♠❡♥❞ t♦ ✉s❡ ✐t ✐❢

Λ

α0Sta

≤ 90%.

❈♦♥s❡q✉❡♥t❧②✱ t❤✐s ♣r♦①② ♠✐❣❤t ❜❡ ❛❝❝❡♣t❛❜❧❡ ♦♥❧② ❛♥❞ ✐♥t❡r❡st✐♥❣ ✇❤❡♥ Λ
α0Sta

∈
(0.9; 1)✱ ✇❤✐❝❤ ✐s ♥♦t ❣♦✐♥❣ t♦ ❤❛♣♣❡♥ ✈❡r② ♦❢t❡♥✳ ❇❡s✐❞❡s✱ ✐❢ t❤✐s ❝♦♥❞✐t✐♦♥ ✇❡r❡
tr✉❡ ❢♦r ♦♥❡ ❛ss❡t✱ ✐t ✇♦✉❧❞ ❜❡ ✉♥❧✐❦❡❧② t♦ ❜❡ s❛t✐s✜❡❞ ❢♦r ❛❧❧ ❛ss❡ts✱ ❛♥❞ ✐t ✇♦✉❧❞
❜❡ ❤❛r❞ t♦ ❥✉st✐❢② t❤❡ ✉s❡ ♦❢ t❤❡ ♣r♦①② ❢♦r s♦♠❡ ❛ss❡ts ❜✉t ♥♦t ❢♦r t❤❡ ♦t❤❡r ♦♥❡s✳
❚❤❡ ❝♦♥❝❧✉s✐♦♥ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t❤❛t t❤❡ ♣r♦①② ✐s ♥♦t s✉✐t❛❜❧❡ ❢♦r t❤✐s ❝♦♥❝r❡t❡
✐♠♣❛✐r♠❡♥t st✉❞②✱ ❛♥❞ t❤❛t ♦♥❡ ❝❛♥♥♦t ❛✈♦✐❞ ❝♦♠♣❧❡①✐t② ❜r❡❞ ❜② t❤❡ t✇♦ ✐♠♣❛✐r✲
♠❡♥t ❝r✐t❡r✐❛ ✐♥ t❤❡ ■❋❘❙ ❢r❛♠❡✇♦r❦✳ ❚❤✐s ❝♦♥✜r♠s t❤❛t s♦♣❤✐st✐❝❛t❡❞ ✜♥❛♥❝✐❛❧
❛♥❛❧②s✐s ✐s ♥❡❡❞❡❞ t♦ ❝♦rr❡❝t❧② ❛♥❛❧②③❡ ✐♠♣❛✐r♠❡♥t r✐s❦✳

✺ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❤❛✈❡ ❣✐✈❡♥ t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ♥❡①t✲②❡❛r ✐♠♣❛✐r✲
♠❡♥t ❧♦ss ♦❢ ❛♥② ❡q✉✐t② s❡❝✉r✐t②✱ ✐♥ t❤❡ ❇❧❛❝❦ ✫ ❙❝❤♦❧❡s ❢r❛♠❡✇♦r❦✳ ❲❡ ❤❛✈❡ ❛❧s♦
st✉❞✐❡❞ ❛ ♣r♦①② t❤❛t ✐s ♦❢t❡♥ ✉s❡❞ ❜② ♣r❛❝t✐t✐♦♥❡rs✱ ❛♥❞ ❢♦✉♥❞ t❤❛t t❤❡ q✉❛❧✐t② ♦❢
t❤✐s ♣r♦①② ✐s ♥♦t ❣♦♦❞✱ ❡①❝❡♣t ✇❤❡♥ ♣❛st ✐♠♣❛✐r♠❡♥ts ❛r❡ ❧❛r❣❡✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱
♦✉r ✇♦r❦ s❤♦✇s ❤♦✇ ✜♥❛♥❝✐❛❧ ❡♥❣✐♥❡❡r✐♥❣ t❡❝❤♥✐q✉❡s ❛♥❞ ❝♦♠♣❧❡① ✜♥❛♥❝✐❛❧ ♦♣t✐♦♥
♣r✐❝✐♥❣ ♥❛t✉r❛❧❧② t❛❦❡ ♣❧❛❝❡ ✐♥ ♠♦❞❡r♥ ❛❝❝♦✉♥t✐♥❣ ♣r♦❜❧❡♠s✳ ■♥ ❢✉t✉r❡ ✇♦r❦✱ ✇❡
♣❧❛♥ t♦ ❡①t❡♥❞ ♦✉r r❡s✉❧ts ✐♥ t❤r❡❡ ❞✐✛❡r❡♥t ✇❛②s✿ st✉❞②✐♥❣ t❤❡ s✉♠ ♦❢ ❞✐s❝♦✉♥t❡❞
✐♠♣❛✐r♠❡♥ts ✐♥ ❛ ♠✉❧t✐✲♣❡r✐♦❞ s❡tt✐♥❣✱ ❝♦♥s✐❞❡r✐♥❣ ❛ ♣♦rt❢♦❧✐♦ ♦❢ ❡q✉✐t② s❡❝✉r✐t✐❡s
✇✐t❤ ❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ st♦❝❦ r❡t✉r♥s ✭s❡❡ ❬✶❪✮✱ ❛♥❞ t❡st✐♥❣ ✇❤❡t❤❡r ♠♦r❡ s♦♣❤✐s✲
t✐❝❛t❡❞ st♦❝❦ ♣r✐❝❡ ♠♦❞❡❧s ❧❡❛❞s t♦ ❛♥ ❡✛❡❝t✐✈❡ ✐♠♣r♦✈❡♠❡♥t ✐♥ t❤❡ q✉❛❧✐t② ♦❢ t❤❡
✐♠♣❛✐r♠❡♥t ❧♦ss❡s ♣r❡❞✐❝t✐♦♥ ❛♥❞ ♣r♦❜❛❜✐❧✐st✐❝ r❡♣r❡s❡♥t❛t✐♦♥✳



❙♦♠❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❛♥ ❡q✉✐t② s❡❝✉r✐t② ♥❡①t✲②❡❛r ✐♠♣❛✐r♠❡♥t ✶✾

❆♣♣❡♥❞✐①
■♥ t❤❡ s❡q✉❡❧✱ Φ ❞❡♥♦t❡s t❤❡ ❝✳❞✳❢✳ ♦❢ ❛ st❛♥❞❛r❞ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥✱ ❛♥❞ Ψρ ✐s t❤❡ ❜✐✈❛r✐✲

❛t❡ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✿ ❢♦r ❛❧❧ x, y✱ Ψρ(x, y) = Pt [X ≤ x, Y ≤ y] ✇❤❡r❡ (X,Y ) ✐s ❛
●❛✉ss✐❛♥ ✈❡❝t♦r ✇✐t❤ st❛♥❞❛r❞ ♠❛r❣✐♥❛❧s ❛♥❞ ❝♦rr❡❧❛t✐♦♥ ρ✳

❆ Pr♦♦❢ ♦❢ r❡s✉❧ts ❛❜♦✉t t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛♥ ✐♠♣❛✐r♠❡♥t ♦❝❝✉rs
♥❡①t ②❡❛r

❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❡✈❛❧✉❛t❡✱ ❢♦r Sta ✱ mt ❛♥❞ Kt✱ t❤✐s ❢♦❧❧♦✇✐♥❣ q✉❛♥t✐t②✿

P = Pt [St+1 ≤ mt] + Pt

[

max
t+1−s≤u≤t+1

Su ≤ Sta , St+1 ≤ Kt

]

− Pt

[

max
t+1−s≤u≤t+1

Su ≤ Sta , St+1 ≤ mt

]

.

■t ✐s ♣♦ss✐❜❧❡ t♦ q✉✐❝❦❧② r❡tr✐❡✈❡ ❛♥ ❡①♣r❡ss✐♦♥ ✉s✐♥❣ t❤❡ ❞r✐❢t❡❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ (Bt)t =
(

ln St

S0

)

t
✳ ■♥❞❡❡❞✱ ✇❡ ❛♣♣❧② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ♦❜t❛✐♥

❚❤❡♦r❡♠ ✶

Pr♦♣♦s✐t✐♦♥ ✷ ❋♦r ❛❧❧ r❡❛❧ z ≤ a✱ ❢♦r ❛❧❧ t✐♠❡s 0 < s < t✿

Pt

[

max
t+1−s≤u≤t+1

Bu ≥ a, Bt+1 ≤ z

]

=

exp





2(µ− σ2

2
)a

σ2





[

Φ

(−2a+ z − µ

σ
+

σ

2

)

−Ψρ

(−a− (1− s)µ

σ
√
1− s

− σ
√
1− s

2
,
−2a+ z − µ

σ
+

σ

2
)

)]

+

[

1− Φ

(

a− (1− s)µ

σ
√
1− s

+
σ
√
1− s

2

)]

− Ψρ

(−a+ (1− s)µ

σ
√
1− s

− σ
√
1− s

2
,
−z + µ

σ
− σ

2

)

,

✭✶✸✮

✇✐t❤ ρ =
√
1− s✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ s✉❜s❡❝t✐♦♥s✱ ✇❡ s❤❛❧❧ ♣r♦✈❡ t❤✐s ♣r♦♣❡rt②✳

❆✳✶ Pr♦♣♦s✐t✐♦♥ ✷

▲❡t Xt = vt + σWt✱ t ≥ 0 ❜❡ ❛ ❞r✐❢t❡❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ❋♦r t✐♠❡ t✱ ❢♦r s♦♠❡ 0 < s < 1✱ ❢♦r
❛❧❧ a ❛♥❞ z✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❡①♣r❡ss t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛♥t✐t②✿

Pt

[

max
t+1−s≤u≤t+1

Xu ≥ a, Xt+1 ≤ z

]

✭✶✹✮

❚❤❡ ❥♦✐♥t ❧❛✇ ♦❢ ❛ ❞r✐❢t❡❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛♥❞ ✐ts r✉♥♥✐♥❣ ♠❛①✐♠✉♠ ✐s ✇❡❧❧ ❦♥♦✇♥✳ ❋♦r
❡①❛♠♣❧❡ ✐t ❝❛♥ ❜❡ ✜♥❞ ✐♥ ❬✶✶❪✱ ❬✶✻❪✱ ❬✽❪✳

❲❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛ss✐❝❛❧ r❡s✉❧t ❛❜♦✉t ❥♦✐♥t ❧❛✇ ♦❢ ❛ ❞r✐❢t❡❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛♥❞ ✐ts
r✉♥♥✐♥❣ ♠❛①✐♠✉♠ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ r❡s✉❧t✿



✷✵ ❏✉❧✐❡♥ ❆③③❛③ ❡t ❛❧✳

▲❡♠♠❛ ✶ ▲❡t Xt = vt + σWt✱ t ≥ 0 ❜❡ ❛ ❞r✐❢t❡❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ❋♦r ❛❧❧ a > 0 = X0 ✇❡
❤❛✈❡✿

P

[

max
0≤u≤t

Xu ≥ a, Xt ≤ z

]

=







e
2µa

σ2 Φ
(

z−2a−vt
σ
√
t

)

, z ≤ a

Φ
(

z−vt
σ
√
t

)

− Φ
(

a−vt
σ
√
t

)

+ e
2µa

σ2 Φ
(

−a−vt
σ
√
t

)

, z > a.
✭✶✺✮

❚❤❡ ❝❛s❡ a ≤ 0 ✐s s✐♠♣❧❡ ❜❡❝❛✉s❡ X0 = 0✱ s♦✱ ∀z ∈ R ✿

P

[

max
0≤u≤t

Xu ≥ 0, Xt ≤ z

]

= P [Xt ≤ z] = Φ

(

z − vt

σ
√
t

)

. ✭✶✻✮

❆✳✶✳✶ ❆♣♣❧✐❝❛t✐♦♥ t♦ ♦✉r ♣r♦❜❧❡♠

■♥ ♦✉r ♣r♦❜❧❡♠✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ♠❛①✐♠✉♠ ♦✈❡r ❛ ♣❡r✐♦❞ ]t + 1 − s, t + 1]✱ ❢♦r s♦♠❡ ❣✐✈❡♥ s
❛♥❞ t✳ ❚♦ r❡tr✐❡✈❡ t❤❡ ❛❜♦✈❡ ♣r♦❜❧❡♠✱ ♦♥❡ ❝❛♥ t❛❦❡ ♣r♦❜❛❜✐❧✐t✐❡s ❝♦♥❞✐t✐♦♥❡❞ t♦ Xt+1−s✱ ✐t ✐s
s✐♠✐❧❛r t♦ s❤✐❢t t✐♠❡ ❛♥❞ s♣❛❝❡ ❛①✐s ✐♥ ♦r❞❡r t♦ ♠❛❦❡ Xt+1−s t❤❡ ♥❡✇ ♦r✐❣✐♥✳ ❚❤❡♥ t❤❡ ❜❛rr✐❡r
✈❛❧✉❡ 0 t❤❛t ❛♣♣❡❛rs ✐♥ ❊q✉❛t✐♦♥ ✭✶✻✮ ❛❜♦✈❡ ✐s ❢r♦♠ ♥♦✇ t❤❡ ✈❛❧✉❡ ♦❢ Xt+1−s✳

❘❡♠❛r❦ ✼ ✭◆♦t❛t✐♦♥s✮ ❍❡r❡ ❛❜♦✈❡✱ ✇❡ ❛ss✉♠❡ t❤❛t ✇❡ ❦♥♦✇ t❤❡ ✈❛❧✉❡ ♦❢ Xt+1−s✳ ❋♦r ❝❧❛r✐t②✱
✇❡ ❞❡♥♦t❡✿

Ps[A] = Pt [A/Xt+1−s] , A ⊂ Ω

❛♥❞ ✇❡ s❤❛❧❧ ✉s❡

Ps[A]|Xt+1−s=x = Pt [A/Xt+1−s = x] , A ⊂ Ω.

❖♥❡ ❝❛♥ t❤❡♥ ❡❛s✐❧② ❣❡t

✕ ❢♦r a > Xt+1−s✱

Ps

[

max
t+1−s≤u≤t+1

Xu ≥ a, Xt+1 ≤ z

]

=



































e
2µ(a−Xt+1−s)

σ2 Φ
(

z−2a+Xt+1−s−vs

σ
√
s

)

, z ≤ a

Φ
(

z−Xt+1−s−vs

σ
√
s

)

−Φ
(

a−Xt+1−s−vs

σ
√
s

)

+e
2µ(a−Xt+1−s)

σ2 Φ
(−a+Xt+1−s−vs

σ
√
s

)

, z > a.

✭✶✼✮

✕ ❋♦r a ≤ Xt+1−s✱ ∀z ∈ R✱ ✇❡ ❤❛✈❡

Ps

[

max
t+1−s≤u≤t+1

Xu ≥ a, Xt+1 ≤ z

]

= Ps

[

max
t+1−s≤u≤t+1

Xu ≥ Xt+1−s, Xt+1 ≤ z

]

= Φ

(

z −Xt+1−s − vs

σ
√
s

)

.

✭✶✽✮

❇✉t ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❣❡t r✐❞ ♦❢ t❤✐s ❝♦♥❞✐t✐♦♥✐♥❣✳ ❙♦ t❤❡ ♥❡①t st❡♣ ✐s t♦ t❛❦❡ t❤❡ ✐♥t❡❣r❛❧
❛♠♦♥❣ ❛❧❧ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ♦❢ Xt+1−s✳

❆✳✶✳✷ ❈♦♥❞✐t✐♦♥❛❧ ❧❛✇ ❛♥❞ ✐♥t❡❣r❛t✐♦♥

❊①♣❧✐❝✐t❧②✱ ✇❡ ❤❛✈❡ t♦ ❡✈❛❧✉❛t❡✱ ❢♦r ❛❧❧ a ∈ R ❛♥❞ z ≤ a ✿



❙♦♠❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❛♥ ❡q✉✐t② s❡❝✉r✐t② ♥❡①t✲②❡❛r ✐♠♣❛✐r♠❡♥t ✷✶

Pt

[

max
t+1−s≤u≤t+1

Xu ≥ a, Xt+1 ≤ z

]

=

∫ +∞

x=−∞
Ps

[

max
t+1−s≤u≤t+1

Xu ≥ a, Xt+1 ≤ z

]

|Xt+1−s=x

dPt [Xt+1−s ≤ x]

=

∫ a

x=−∞
Ps

[

max
t+1−s≤u≤t+1

Xu ≥ a, Xt+1 ≤ z

]

|Xt+1−s=x

dPt [Xt+1−s ≤ x]

+

∫ +∞

x=a
Ps

[

max
t+1−s≤u≤t+1

Xu ≥ a, Xt+1 ≤ z

]

|Xt+1−s=x

dPt [Xt+1−s ≤ x]

= Ξ1(a, z) + Ξ2(a, z),

✭✶✾✮

✇❤❡r❡ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ dP [Xt+1−s ≤ x]✱ x ∈ R ✐s ❛s ❢♦❧❧♦✇s✿

dPt [Xt+1−s ≤ x] =
1

σ
√
1− s

ϕ

(

x− v(1− s)

σ
√
1− s

)

dx.

❚❤❡♥ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✉s❡ Pr♦♣♦s✐t✐♦♥ ✷✳✶ ✐♥ ❬✺❪ ✭♣✳✽✸✮ t♦ ❡✈❛❧✉❛t❡ ❜♦t❤ ✐♥t❡❣r❛❧s✳ ❉❡✜♥❡
ρ =

√
1− s✳ ❲❡ ✜rst ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡r♠❡❞✐❛t❡ ✈❛r✐❛❜❧❡s✿

✕ c = −2µ/σ2✱

✕ δ1 = v(1− s)✱

✕ η1 = σ
√
1− s✱

✕ δ2 = 2a+ vs− z✱

✕ ❛♥❞ η2 = σ
√
s✳

❲❡ ❝❛♥ ♥♦✇ r❡❝♦❣♥✐③❡ t❤❡ r❡s✉❧t ♦❢ ❬✺❪✿

Ξ1(a, z) = exp

(

2va

σ2

)[

Φ

(−v − 2a+ z

σ

)

−Ψρ

(−a− v(1− s)

σ
√
1− s

,
−v − 2a+ z

σ

)]

.

❲❡ ❞♦ t❤❡ s❛♠❡ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡r♠❡❞✐❛t❡ ✈❛r✐❛❜❧❡s✿

✕ c = 0✱

✕ δ1 = v(1− s)✱

✕ η1 = σ
√
1− s✱

✕ δ2 = z − vs✱

✕ ❛♥❞ η2 = σ
√
s✳

❲❡ ♦❜t❛✐♥✿

Ξ2(a, z) =

[

1− Φ

(

a− v(1− s)

σ
√
1− s

)]

− Ψρ

(−a+ v(1− s)

σ
√
1− s

,
v − z

σ

)

.

❇ Pr♦♦❢ ♦❢ r❡s✉❧ts ❛❜♦✉t ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ ♥❡①t ②❡❛r ✐♠♣❛✐r♠❡♥t

❚❤❛♥❦s t♦ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ Pr♦♣❡rt② ✶ ♣✳✶✵✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ✉s❡ r❡s✉❧ts
❛❜♦✉t s♦♠❡ ❡①♦t✐❝ ♦♣t✐♦♥✱ t❤❡ ❘❡❛r✲❊♥❞ ✉♣✲❛♥❞✲♦✉t P✉t ❖♣t✐♦♥✳ ❚❤✐s ♦♣t✐♦♥ ✐s st✉❞✐❡❞ ✐♥ ❬✹❪✱
❬✻❪✱ ❬✸❪✱ ❬✶✵❪ ❢♦r ❡①❛♠♣❧❡✳ ❍❡r❡ ❛❢t❡r✱ ✇❡ ♣r❡s❡♥t s♦♠❡ ♦❢ ✐ts ❝❤❛r❛❝t❡r✐st✐❝s✳



✷✷ ❏✉❧✐❡♥ ❆③③❛③ ❡t ❛❧✳

❇✳✶ ❘❡❛r✲❊♥❞ ✉♣✲❛♥❞✲♦✉t P✉t ❖♣t✐♦♥

❚❤❡ ❜❛rr✐❡r ♦❢ ❛ r❡❛r✲❡♥❞ ♣✉t ♦♣t✐♦♥ ❡①✐sts ❢r♦♠ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ t✐♠❡ t ❜❡t✇❡❡♥ t❤❡ ♦♣t✐♦♥
t✐♠❡ st❛rt 0 ❛♥❞ t❤❡ ♦♣t✐♦♥ ♠❛t✉r✐t② T ✳ ❚❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♦♣t✐♦♥ ❛t t❤✐s ✐♥t❡r♠❡❞✐❛t❡ t✐♠❡ ✐s t❤❡
✈❛❧✉❡ ♦❢ ❛ ✉♣✲❛♥❞✲♦✉t ♣✉t ♦♣t✐♦♥ ✇✐t❤ ♠❛t✉r✐t② t❤❡ t✐♠❡ t❤❛t ❧❡❢t T−t ✭✐t ✇✐❧❧ ❜❡ s ✐♥ ♦✉r st✉❞②✮✳

• ■ts ♣r✐❝❡ ✐s ❣✐✈❡♥ ❜②

P2uo = Ke−rTΨρ (−B(1− s),−A(T ))− S0Ψρ
(

−B′(1− s),−A′(T )
)

−
(

b

S0

)k1−1

Ke−rTΨ−ρ (C(1− s),−D(T ))

+

(

b

S0

)k1−1

S0Ψ−ρ

(

C′(1− s),−D′(T )
)

,

✇❤❡r❡
✕ A(t) =

ln(S0/K)+rt

σ
√
t

− σ
√
t

2
✱ A′(t) = A+ σ

√
t✱

✕ B(t) =
ln(S0/b)+rt

σ
√

t
− σ

√
t

2
✱ B′(t) = B + σ

√
t✱

✕ C(t) =
ln(b/S0)+rt

σ
√
t

− σ
√

t
2

✱ C′(t) = C + σ
√
t✱

✕ D(t) =
ln(b2/S0K)+rt

σ
√
t

− σ
√

t
2

✱ D′(t) = D + σ
√
t✱

✕ k1 = 2µ
σ2 ✱

❛♥❞ ρ =
√

t/T ✳

• ❊①♣❡❝t❛t✐♦♥ ♦❢ ✐ts ♣❛②♦✛ ✉♥❞❡r P ♠❡❛s✉r❡ ✐s

P2uo = KΨρ (−B(1− s),−A(T ))− S0e
µTΨρ

(

−B′(1− s),−A′(T )
)

−
(

b

S0

)k1−1

KΨ−ρ (C(1− s),−D(T ))

+

(

b

S0

)k1−1

S0e
µTΨ−ρ

(

C′(1− s),−D′(T )
)

,

✇❤❡r❡
✕ A(t) =

ln(S0/K)+µt

σ
√
t

− σ
√
t

2
✱ A′(t) = A+ σ

√
t✱

✕ B(t) =
ln(S0/b)+µt

σ
√
t

− σ
√

t
2

✱ B′(t) = B + σ
√
t✱

✕ C(t) =
ln(b/S0)+µt

σ
√
t

− σ
√

t
2

✱ C′(t) = C + σ
√
t✱

✕ D(t) =
ln(b2/S0K)+µt

σ
√
t

− σ
√
t

2
✱ D′(t) = D + σ

√
t✱

✕ k1 = 2µ
σ2 ✱

❛♥❞ ρ =
√

t/T ✳

❇✳✷ ❆♣♣❧✐❝❛t✐♦♥

❲❡ ❝❛♥ ♥♦✇ ❞✐r❡❝t❧② ❞❡r✐✈❡ ❛♥ ❡①♣r❡ss✐♦♥ ♦❢

Et [Xt+1] = Et

[

(Kt − St+1)
+
✶

{

max
t+1−s≤u≤t+1

Su ≤ Sta

}]

. ✭✷✵✮

Pr♦♣♦s✐t✐♦♥ ✸ ❲❡ ❤❛✈❡

Et [Xt+1] = KtΨρ (−B,−A(Kt))− Ste
µΨρ

(

−B′,−A′(Kt)
)

−
(

Sta

St

)k1−1

KtΨ−ρ (C,−D(Kt)) +

(

Sta

St

)k1−1

Ste
µΨ−ρ

(

C′,−D′(Kt)
)

,

✇❤❡r❡



❙♦♠❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❛♥ ❡q✉✐t② s❡❝✉r✐t② ♥❡①t✲②❡❛r ✐♠♣❛✐r♠❡♥t ✷✸

✕ A(Kt) =
ln(St/Kt)+µ

σ
− σ

2
✱ A′(Kt) = A(Kt) + σ✱

✕ B =
ln(St/Sta )+µ(1−s)

σ
√

(1−s)
− σ

√
(1−s)

2
✱ B′ = B + σ

√

(1− s)✱

✕ C =
ln(Sta/St)+µ(1−s)

σ
√

(1−s)
− σ

√
(1−s)

2
✱ C′ = C + σ

√

(1− s)✱

✕ D(Kt) =
ln(S2

ta
/StKt)+µ

σ
− σ

2
✱ D′(Kt) = D(Kt) + σ✱

✕ k1 = 2µ
σ2

❛♥❞ ρ =
√

(1− s)✳

❚❡r♠s Yt+1 ❛♥❞ Zt+1 ❛r❡ ❜♦t❤ ❡❛s② t♦ ❝♦♠♣✉t❡✳ ■♥ ❢❛❝t ✇❡ ♦♥❧② ❤❛✈❡ t♦ ❣❡t r✐❞ ♦❢ t❤❡
✐♥❞✐❝❛t♦r ♦♥ {St ≤ (1−α)Sta} t♦ ♠❛❦❡ ❦♥♦✇♥ ❡①♣r❡ss✐♦♥s ❛♣♣❡❛r✳ ❚❤❡ ♣r❡✈✐♦✉s❧② ✉s❡❞ ✈❛r✐❛❜❧❡
mt = min(Kt, (1− α)Sta ) ✐s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ♥❡①t ❝♦♠♣✉t❛t✐♦♥s✳

❋♦r Yt+1✱ ∀Kt, α✱ ✇❡ ❤❛✈❡

Yt+1 = (Kt − St+1)
+
✶ {St+1 ≤ (1− α)Sta} = (mt − St+1)

+ + (Kt −mt)✶ {St+1 ≤ mt}

❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✹ ❲❡ ❤❛✈❡

Et [Yt+1] = P (St, t+ 1,mt) + Et [(Kt −mt)✶ {St+1 ≤ mt}]
= −Ste

µΦ
(

−A′(mt)
)

+KtΦ (−A(mt)) .
✭✷✶✮

❋♦r t❤❡ ❧❛st t❡r♠✱ ✇❡ ❤❛✈❡

Zt+1 = (K − St+1)
+
✶

{

max
t+1−s≤u≤t+1

Su ≤ Sta

}

✶ {St+1 ≤ (1− α)Sta}

= (m− St+1)
+
✶

{

max
t+1−s≤u≤t+1

Su ≤ Sta

}

+ (K −m)✶

{

max
t+1−s≤u≤t+1

Su ≤ Sta

}

✶ {St+1 ≤ m} ,

❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✺ ❲❡ ❤❛✈❡

Et [Zt+1] = KtΨρ (−B,−A(mt))− Ste
µΨρ

(

−B′,−A′(mt)
)

−
(

Sta

St

)k1−1

mtΨ−ρ (C,−D(mt)) +

(

Sta

St

)k1−1

Ste
µΨ−ρ

(

C′,−D′(mt)
)

− (Kt −mt)

(

Sta

St

)k1−1

{Φ (−D(mt))− Ψρ (−C,−D(mt))} ,

✭✷✷✮

✇❤❡r❡

✕ A(mt) =
ln(St/mt)+µ

σ
− σ

2
✱ A′(mt) = A(mt) + σ✱

✕ B =
ln(St/Sta )+µ(1−s)

σ
√

(1−s)
− σ

√
(1−s)

2
✱ B′ = B + σ

√

(1− s)✱

✕ C =
ln(Sta/St)+µ(1−s)

σ
√

(1−s)
− σ

√
(1−s)

2
✱ C′ = C + σ

√

(1− s)✱

✕ D(mt) =
ln(S2

ta
/Stmt)+µ

σ
− σ

2
✱ D′(mt) = D(mt) + σ✱

✕ k1 = 2µ
σ2 ✱

❛♥❞ ρ =
√

(1− s)✳



✷✹ ❏✉❧✐❡♥ ❆③③❛③ ❡t ❛❧✳

❈ ❙❡♥s✐t✐✈✐t✐❡s ♦❢ ✐♠♣❛✐r♠❡♥t ♣r♦❜❛❜✐❧✐t② ❛♥❞ ❡①♣❡❝t❛t✐♦♥

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛♥❞ ❛r❡ ✉s❡❞ ✐♥ t❤❡ ❛♥❛❧②s✐s✿

∂

∂x
Ψρ (x, y) = exp

(

− x2

2
√

1− ρ2

)

Φ

(

y − ρx
√

1− ρ2

)

, ✭✷✸✮

∂

∂y
Ψρ (x, y) = exp

(

− y2

2
√

1− ρ2

)

Φ

(

x− ρy
√

1− ρ2

)

, ✭✷✹✮

∂

∂a
Ψρ (x(a), y) = exp

(

− x(a)2

2
√

1− ρ2

)

Φ

(

y − ρx(a)
√

1− ρ2

)

× x′(a), ✭✷✺✮

∂

∂a
Ψρ (x, y(a)) = exp

(

− y(a)2

2
√

1− ρ2

)

Φ

(

x− ρy(a)
√

1− ρ2

)

× y′(a), ✭✷✻✮

∂

∂a
Ψρ (x(a), y(a)) = exp

(

− x(a)2

2
√

1− ρ2

)

Φ

(

y(a)− ρx(a)
√

1− ρ2

)

× x′(a)

+ exp

(

− y(a)2

2
√

1− ρ2

)

Φ

(

x(a)− ρy(a)
√

1− ρ2

)

× y′(a),

✭✷✼✮

∂

∂ρ
Ψρ (x, y) =

ρ

1− ρ2
[Ψρ (x, y)− 1] , ✭✷✽✮

❛♥❞

∂

∂ρ
Ψρ (x(ρ), y(ρ)) =

ρ

1− ρ2
[Ψρ (x(ρ), y(ρ))− 1]

+ exp

(

− x(ρ)2

2
√

1− ρ2

)

Φ

(

y(ρ)− ρx(ρ)
√

1− ρ2

)

× x′(ρ)

+ exp

(

− y(ρ)2

2
√

1− ρ2

)

Φ

(

x(ρ)− ρy(ρ)
√

1− ρ2

)

× y′(ρ).

✭✷✾✮

❉ Pr♦♦❢ ♦❢ r❡s✉❧ts ❛❜♦✉t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♥❡①t ②❡❛r ✐♠♣❛✐r♠❡♥t

❲❡ ❞❡❝♦♠♣♦s❡ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ t♦ ♦❜t❛✐♥✿

Pt [λt+1 ≤ l] =Pt [λt+1 ≤ l, λt+1 = 0] + Pt [λt+1 ≤ l, λt+1 6= 0]

= Pt [λt+1 = 0] + Pt [λt+1 ≤ l, λt+1 6= 0] .
✭✸✵✮

❚❤❡♥✱ ✇❡ ❤❛✈❡✱ ❢♦r Kt − l < mt✱

Pt [λt+1 ≤ l, λt+1 6= 0] = Pt [Jt+1]− Pt [St+1 ≤ Kt − l] .

❈♦♥s❡q✉❡♥t❧②✱ ∀Kt −mt < l ≤ Kt✱ ✇❡ ❤❛✈❡

Pt [λt+1 ≤ l] = Φ (A(Kt − l)) . ✭✸✶✮

❚❤❡ s❡❝♦♥❞ st❡♣ ✐s t♦ st✉❞② ✇❤❛t ❤❛♣♣❡♥s ✇❤❡♥ l ≤ Kt −mt✳ ❖❜✈✐♦✉s❧②✱ ✐❢ mt = Kt✱ t❤❡♥
l ❝❛♥ ♦♥❧② ❜❡ ❡q✉❛❧ t♦ ③❡r♦✱ ❛♥❞ t❤❡♥ Pt [λt+1 ≤ l] = 1 − Pt [Jt+1]✳ ❊❧s❡✱ ✐❢ mt = (1 − α)Sta ✱
t❤❡♥ ✇❡ ❤❛✈❡

{Kt − l ≤ St+1} ∩ {St+1 ≤ (1− α)Sta} = ∅



❙♦♠❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❛♥ ❡q✉✐t② s❡❝✉r✐t② ♥❡①t✲②❡❛r ✐♠♣❛✐r♠❡♥t ✷✺

❛♥❞

Pt [λt+1 ≤ l, λt+1 6= 0] = Pt

[

Kt − l ≤ St+1 ≤ Kt, max
t+1−s≤u≤t+1

Su ≤ Sta

]

= Pt [St+1 ≤ Kt]− Pt [St+1 ≤ Kt − l]

+ Pt

[

max
t+1−s≤u≤t+1

Su > Sta , St+1 ≤ Kt − l

]

− Pt

[

max
t+1−s≤u≤t+1

Su > Sta , St+1 ≤ Kt

]

.

❲❡ t❤❡♥ ✉s❡ ♣r❡✈✐♦✉s r❡s✉❧ts ❛❜♦✉t ❡①♦t✐❝ ♦♣t✐♦♥s t♦ ❝♦♥❝❧✉❞❡✿

Pt [λt+1 ≤ l, λt+1 6= 0] =Φ (A(Kt − l))− Φ (A(Kt))

+

(

Sta

St

)k1−1

[Ψρ (C,D(Kt))− Ψρ (C,D(Kt − l))]

+ Ψρ (B,A(Kt))− Ψρ (B,A(Kt − l)) .
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