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Orientational Effect of the In-Plane Magnetic Field on the FFLO
Modulation in Layered Superconductors

M.D. Croitoru · A.I. Buzdin

Abstract We present the analysis of the Fulde–Ferrell–
Larkin–Ovchinnikov phase in an s-wave superconducting
layered system in parallel magnetic field. We show that in
the close vicinity of the tricritical point in the system with el-
liptical Fermi surface the orbital effect pins the FFLO mod-
ulation vector perpendicular to the applied magnetic field.
At low temperatures, the FFLO modulation can acquire dif-
ferent directions.

Almost five decades ago, Larkin and Ovchinnikov [1], at the
same time as Fulde and Ferrell [2], suggested that in clean
superconductors at T < 0.56Tc0 a paired state described by
the spatially modulated order parameter becomes favorable
when the spin effect of the magnetic field dominates over
the orbital effect of the magnetic field. Usually, it is an or-
bital effect, which is a most important and this made diffi-
cult the experimental observation of the FFLO phase. More-
over, the superconductor must be in the clean limit because
electron scattering is detrimental for the FFLO phase [3].
The orbital effect may be weakened in heavy fermion super-
conductors or in quasi-2D superconductors when external
magnetic field is aligned along the conducting planes. In-
deed, there have been observed several hints indicating the
experimental realization of the FFLO state in organic super-
conductors and in heavy fermion superconductors [4–16].
In particular, the anomaly in the thermal conductivity for
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the clean organic sample λ-(BETS)2GaCl4, [5] the calori-
metric and magnetic torque evidence for the appearance
of an additional first-order phase transition line within the
superconducting phase in the in-plane high field regime
for organic sample κ-(BEDT-TTF)2Cu(NCS)2 [10, 13], as
well as an anomalous in-plane anisotropy of the onset of
superconductivity in (TMTSF)2ClO4 conductor [17] have
been interpreted as related to a stabilization of the su-
perconducting phase with the modulated order parame-
ter in real space. A second specific heat anomaly within
the superconducting state evidences the signature of the
FFLO modulated superconducting phase in the high-field
low-temperature regime in the heavy-fermion compound
CeCoIn5 [6, 7].

In [18, 19, 21], we have demonstrated that the FFLO
modulation strongly interferes with the orbital effect and
provides the main source of the in-plane critical field
anisotropy. Our subsequent analysis of the properties of the
organic superconductors, which are the candidates to the
FFLO phase realization, revealed that in some of them the
resonance between the period of the FFLO modulation and
the period of the interlayer coupling modulation induced by
the external field is possible [20]. The obtained results pre-
dict the anomalous cusps in the temperature and angular de-
pendencies of the in-plane critical field. Their experimental
observation may serve as an unambiguous evidence for the
appearance of the FFLO phase in layered superconductors.
In these studies, we assumed that small deviations of the
Fermi surface from elliptical form pins the direction of the
FFLO vector. In reality, the FFLO vector can be changed by
orbital effects, also. Therefore, in this work, we investigate
the opposite situation, when deviation of the Fermi surface
from the ellipticity is negligible and find the direction of the
vector q.
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Fig. 1 Scheme of the quasi-2D layered metal

The single-electron spectrum is approximated by

Ep = p2
x

2mx

+ p2
y

2my

+ 2t cos(pzd), (1)

where p = (px,py,pz) is the electron momentum. The cor-
rugation of the Fermi surface due to the coupling between
adjacent layers (interlayer distance d , see Figs. 1 and 2)
is assumed to be small, i.e., t � Tc0, but sufficiently large
to make the mean-field treatment valid, | ln(Tc0/t)|Tc0/

EF � 1 [22]. Here, Tc0 is the critical temperature of the
system at zero magnetic field and EF is the Fermi en-
ergy. We choose a gauge for which the vector potential
A = H × r [r = (x, y,0) is a coordinate in xy-plane], i.e.,
Az = −xH sinα + yH cosα, where α is the angle between
the applied field, with amplitude H , and x-axis. As was
demonstrated in [22,23], the anisotropic model with effec-
tive masses can be reduced to the isotropic one by a scal-
ing transformation and corresponding renormalization of
the magnetic field. Performing this scaling transformation,
we will thus consider from now on an isotropic in-plane
spectrum, with mass m = mx , and a magnetic field H =
H [(mx/my)

1/2 cosα, sinα,0]. Taking into account that the
system is near the second-order phase transition, the lin-
earized Eilenberger equation on the anomalous Green func-
tion fω(n, r,pz) describing layered superconducting sys-
tems acquires the form (for positive Matsubara frequency
ω at temperature T ) [25]
[
ω + ih + 1

2
vF .∇ + 2it sin(pzd) sin(Q.r)

]
fω(n, r,pz)

= �(r). (2)

Here, h = μBH is the Zeeman energy, vF = vF n is
the in-plane Fermi velocity, and Q = (πdH/φ0)[− sinα,

(mx/my)
1/2 cosα,0] with φ0 = πc/e. The order parameter

is defined self-consistently as

1

λ
�(r) = 2πT �

∑
ω>0

〈
fω(n, r,pz)

〉
, (3)

where λ is the BCS pairing constant and the brackets denote
averaging over pz and n. Here, we considered a layered su-
perconductor in the clean limit, meaning that the in-plane

Fig. 2 The Fermi surface of the layered metal in the form of a corru-
gated cylinder

mean free path is much larger than the corresponding co-
herence length, ξ0 = vF /(2πTc0). The upper critical field
corresponds to the values of H for which the system of Eqs.
(2) and (3) can be solved.

The solution of the Eilenberger equation (2) can be cho-
sen without loss of generality as

fω(n, r,pz) = eiqr
∑
m

eimQ.rfm(ω,n,pz). (4)

Equation (4) takes into account the possibility for the for-
mation of the pairing state (k + q

2 ,↑;−k + q
2 ,↓) with finite

center-of-mass momentum. At the same time, the order pa-
rameter can be expanded as

�(r) = eiqr
∑
m

ei2mQ.r�2m. (5)

Retaining terms up to the second order in t/Tc0, we obtain

ln
Tc0

Tc

= 2πTc�
∑
ω>0

{
1

ω
− 1

L(q)

〉

+ t̃2

L2(q)

(
1

L(q + Q)
+ 1

L(q − Q)

)〉}
, (6)

where Ln(x) = ωn + ih + ivF x/2. This equation defines
the magnetic field dependence of the superconducting on-
set temperature Tc in layered superconductors, when both
the paramagnetic and orbital effects are accounted for. The
magnitude of the FFLO modulation vector q is determined
by the condition of the maximum value of the upper critical
field in the Pauli limited regime via equation

ln

(
Tc0

TcP

)
= πTcP

∑
n

1

ω
− 1

L(q)

〉
, (7)

where we introduced TcP , the corresponding superconduct-
ing onset temperature.

In the close vicinity of the tricritical point (TCP, T ∗ �
0.56Tc0 or H ∗ � 1.06Tc0/μB ), the contribution of the or-
bital part can be found analytically. Expanding Eq. (6) up
to the fourth order in q and Q and performing summation
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over ωn, one obtains the following equation:

ln
Tc0

Tc

= ln(4γ ) + ψ(0)

(
1

2
+ ih

2πT

)

− 1

8(2πT )2

[〈
(vF q)2〉 + 4t2]ψ(2)

(
1

2
+ ih

2πT

)

+ 1

384(2πT )4

[〈
(vF q)4〉 + 24t2〈(vF q)2〉

+ 4t2〈(vF Q)2〉]ψ(4)

(
1

2
+ ih

2πT

)

− t2

11520(2πT )6

[
15

〈
(vF q)4〉

+ 15
〈
(vF q)2(vF Q)2〉

+ 〈
(vF Q)4〉]ψ(6)

(
1

2
+ ih

2πT

)
.

This can be written as

ln
Tc0

Tc

= ln(4γ ) + ψ(0)

(
1

2
+ ih

2πT

)
− q2

8(2πT )2

×
[〈

v2
Fx

〉
cos2(φ) + 〈

v2
Fy

〉
sin2(φ) + 4

t2

q2

]

× ψ(2)

(
1

2
+ ih

2πT

)
+ q4

384(2πT )4

×
{〈

v4
Fx

〉
cos4(φ) + 6

〈
v2
Fxv

2
Fy

〉
cos2(φ) sin2(φ)

+ 〈
v4
Fy

〉
sin4(φ)

+ 24
t2

q2

[〈
v2
Fx

〉
cos2(φ) + 〈

v2
Fy

〉
sin2(φ)

]

+ 4
t2

q4
K2[〈v2

Fx

〉
sin2(ϑ) + 〈

v2
Fy

〉
cos2(ϑ)

]}

× ψ(4)

(
1

2
+ ih

2πT

)
− q4t2

768(2πT )6

×
{〈

v4
Fx

〉
cos4(φ) + 6

〈
v2
Fxv

2
Fy

〉
cos2(φ) sin2(φ)

+ 〈
v4
Fy

〉
sin4(φ) + K2

q2

[〈
v4
Fx

〉
cos2(φ) sin2(ϑ)

+ 〈
v4
Fy

〉
sin2(φ) cos2(ϑ)

+ 〈
v2
Fxv

2
Fy

〉[
sin2(φ) sin2(ϑ) + cos2(φ) cos2(ϑ)

− 4 cos(φ) sin(φ) cos(ϑ) sin(ϑ)
]]

+ K4

15q4

[〈
v4
Fx

〉
sin4(ϑ) + 6

〈
v2
Fxv

2
Fy

〉

× sin2(ϑ) cos2(ϑ) + 〈
v4
Fy

〉
cos4(ϑ)

]}

× ψ(6)

(
1

2
+ ih

2πT

)
.

where K2 = π2d2H 2/φ2
0 , and ψ(z) = ∑∞

n=0(n + z)−1.
In the case of elliptical Fermi surface, we can cal-

culate 〈v4
Fx〉 = 〈v4

Fy〉 = v4
F

∫ 2π

0 cos4(ϕ)
dϕ
2π

= 3
8v4

F , and

〈v2
Fxv

2
Fy〉 = 1

8v4
F , where ϕ is the angle between the x-

axis and the direction of the vF vector. Then 〈(vF Q)2〉 =
1
2K2v2

F , 〈(vF Q)4〉 = 3
8K4v4

F , 〈(vF q)2〉 = 1
2q2v2

F and
〈(vF q)4〉 = 3

8v4
F q4, and finally

〈
(vF q)2(vF Q)2〉 = 1

8
K2q2v4

F

[
2 − cos(2φ − 2ϑ)

]
. (8)

Therefore,

ln
Tc0

Tc

= ln(4γ ) + ψ(0)

(
1

2
+ ih

2πT

)

− 1

16(2πT )2

[
q2v2

F + 8t2]ψ(2)

(
1

2
+ ih

2πT

)

+ v4
F

1024(2πT )4

[
q4 + 32t2 q2

v2
F

+ 16t2 K2

3v2
F

]

× ψ(4)

(
1

2
+ ih

2πT

)
− t2v4

F

6144(2πT )6

×
[

3q4 + K2q2[2 − cos(2φ − 2ϑ)
] + 1

5
K4

]

× ψ(6)

(
1

2
+ ih

2πT

)
.

We see that the largest onset temperature is for q‖Q, i.e.,
the FFLO modulation vector is directed perpendicular to the
external field H. Thus, for the s-wave pairing and for the
isotropic (elliptical) Fermi surface the magnetic field pro-
vides an orientational effect.

To make a definitive conclusion about the direction of the
modulation, when external magnetic field is beyond the TCP
region, we have to perform the summation over the Matsub-
ara frequencies in Eq. (6) numerically. We used N = 104

terms in the summation and this number suffices for conver-
gency at T/Tc0 > 10−2. The calculations were performed
for different values of the dimensionless Fermi velocity pa-
rameter η = �vF πd/φ0μB (η = 2.76 corresponds to the
Fermi velocity vF = 1.0 × 107 cm/ sec and the interlayer
distance d = 1.31 nm).

Figure 3 shows the magnetic field angular dependence
of the normalized superconducting transition temperature,
Tc(α)/TcP , at constant modulus of the in-plane magnetic
field and t/Tc0 = 0.2. In the polar plot, the direction of each
point seen from the origin corresponds to the magnetic-field
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Fig. 3 The in-plane field-direction dependence of Tc/TcP at TcP /Tc0 = 0.9 (upper panel) and TcP /Tc0 = 0.96 (lower panel) for η = 2.9 and
η = 5.5

Fig. 4 The in-plane field-direction dependence of Tc/TcP at
TcP /Tc0 = 0.96 for η = 1.76 and η = 2.09

direction and the distance from the origin corresponds to the
normalized critical temperature, when the orbital destruc-
tive effect is taken into account. For a magnetic field be-
low H/HP 0 � 0.9 that corresponds to TcP /Tc0 � 0.10, the
largest upper critical field is for angle α = ±90◦ that mag-
netic field makes from the x-axis. So, we get the same result
q ⊥ H. Here, HP 0 = �0/μB is the critical magnetic field
at T = 0 in Pauli limited two-dimensional superconductors
[26]. For higher magnetic fields, there can develop a situa-
tion when the FFLO modulation vector is tilted, as shown
in the lower panel of Fig. 3 for η = 2.9. In this particular
case, the angle between the q and H can be α � ±37◦ or
α � ±143◦.

There can be also a resonance situation when the period
of the modulation of the interlayer coupling λH = 2φ0/dH

becomes equal to the period of FFLO modulation λFFLO (for
T = 0 λ0

FFLO = π�vF /�0 = π2ξ0) [20, 21]. In the reso-

nance, the direction of the FFLO modulation vector can be
further tilted from its direction in the out of the resonance
case. Since the resonance position depends on the strength
of the external magnetic field, we can find situations when
the direction of the FFLO modulation vector is also field
dependent. Figure 4 exhibits the field direction dependence
of the normalized superconducting transition temperature,
Tc(α)/TcP for η = 1.75 and η = 2.07, when the resonance
conditions are possible. The direction of the modulation vec-
tor is fixed by the cusps in the angle dependence of the onset
superconducting temperature.

In this work, we have studied the effect of the applied in-
plane magnetic field on the orientation of the FFLO modu-
lation vector in s-wave paired layered superconductors. We
showed that in the vicinity of TCP the orbital effect keeps
the direction of the modulation perpendicular to the direc-
tion of the field. In the low temperature regime, the FFLO
modulation can acquire different direction when the abso-
lute value of the Fermi velocity is changed or when the res-
onance between the modulation and the field-induced inter-
layer coupling develops.
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