N

N

On the unsteady Stokes problem with a nonlinear open
artificial boundary condition modelling a singular load
Philippe Angot

» To cite this version:

Philippe Angot. On the unsteady Stokes problem with a nonlinear open artificial boundary condition
modelling a singular load. 2013. hal-00820404

HAL Id: hal-00820404
https://hal.science/hal-00820404

Preprint submitted on 4 May 2013

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00820404
https://hal.archives-ouvertes.fr

On the unsteady Stokes problem with a nonlinear open artificial boundary
condition modelling a singular load

Philippe Angot

Aix-Marseille Université, Laboratoire d’Analyse, Topologie, Probabilités - CNRS UMR7353, Centre de Mathématiques et Informatique, 13453
Marseille Cedex 13 - France.

Abstract

We propose a practical nonlinear open boundary condition of Robin type for unsteady incompressible viscous flows
taking account of the local inflow/outflow volume rate at an open artificial boundary with a singular load. The in-
flow/outflow parameters introduced in the modelling can be connected to the coefficient of singular head loss through
Bernouilli’s theorem of energy balance in a curl-free viscous flow. Then, we prove that this boundary condition leads
to a well-posed unsteady nonlinear Stokes problem, i.e. global in time existence of a weak solution in dimension
d < 3 with no restriction on the data. The proof is carried out by passing to the limit on a sequence of consistent
discrete solutions of a non linear numerical scheme which approximates the original problem. The main ingredients
are Schauder’s fixed-point theorem and Aubin-Lions compactness argument.

Keywords: Open boundary condition, inflow/outflow boundary condition, artificial boundary, singular head loss,
non stationary Stokes problem, unsteady incompressible viscous flow.
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1. Introduction

Let Q be a bounded and connected open set of RY, for d = 2 or 3, with a Lipschitz continuous boundary I' = 9Q
and v be the outward unit normal vector on I. We study the non stationary Stokes problem associated with the
following non linear Robin boundary condition for the traction on the whole boundary I':

ov . .
5 divuD(») +Vp=f in Qx(0,T),
divv=0 in Qx(0,T), (1
vit=0)=vy in Q.
1
(OBC\I‘){O'(V, p) v+ Ea(v -v)v=0 on I'x(0,T), with av- V) =a_(v-v) +a.(v-v). )
We recall that the positive and negative parts of any real number x € R are defined by
x" = max(x,0), x =-min(x,0) = max(-x,0) = (-x)*, x=x"-x7, |x =max(x,—x) =x" +x".

Here, the tensor D(v) denotes the symmetic part of Vv and o°(v, p) - v = —pv + 2u D(v) - v is the stress vector on I', the
viscosity u satisfying 0 < u,, < u(x) < uy a.e. in Q. The given dimensionless parameters 0 < @_, @, < 1 represent the
local rates of kinetic energy transfer for the inflow/outflow on I" due to a singular load downstream from the artificial
boundary. So, by the generalized Bernouilli’s theorem of energy balance in a curl-free incompressible viscous flow
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[12], they are connected to the coefficient of singular head loss for which there exist many tables in experimental fluid
mechanics; see [13, Chap. XII]. Indeed, a part of the kinetic energy on the artificial boundary can be locally absorbed
(for outflow) or provided (for inflow) by the singular load and the other part of the head loss being controlled by the
exterior pressure p, included in the given traction force on I', for instance g = —p, v, which is taken to zero here. By
introducing these inflow/outflow parameters «_, @, we generalize Bruneau & Fabrie’s outflow boundary condition
which needs a reference solution [10, 11]; see also [6, 22]. Moreover, by choosing @- = e, = 0, the famous free
outflow or do nothing condition, see e.g. [19, 20, 21, 2, 5], is still available although it only gives local existence in
time or global existence with small data for Navier-Stokes problems; see [25, 20, 23] and also [14, 15] for related
problems.

It is also possible to penalize the Robin condition by taking a(v - v)r, = 1/€ on a part I'p of I' to reach a velocity
Dirichlet condition at the limit when the penalty parameter £ > 0 tends to zero; see [21, 2, 7]. Finally, such a condition
(OBCyr) can be a basis towards some fluid-porous transmission problems like in [1, 2, 3] or [4].

We use below the usual Sobolev functional setting and notations for Navier-Stokes equations; see [9, 26, 8]. Since
we have a traction condition on the whole boundary I', we work in the Hilbert space W defined by

W ={weH'(Q) divw=0 in Q|

equipped with the natural inner product and associated norm in H'(Q). Then, we have the continuous imbeddings:

() WcL*Q)=L*Q) cwW
3)

(i)  H() c LAT) = LATY c H (D).

We use throughout the paper the notation ¢(Q2) or C(2) to denote a generic positive “constant” depending only on Q.

We associate to the Stokes problem (1,2) the weak problem below stated using usual integrations by part with

Green’s formula. For vy € L?(Q) and f € L? (O, T; LZ(Q)) given, find v in L*(0, T; L*(Q)) N L*(0, T; W) such that
% € L'(0,T; W’), v(t = 0) = vy and satisfying in 27 (]0, T[):

d 1
— v-godx+f2,uD(v):D(tp)dx+—fa(v-v)v-tpds=ff-godx, VoeW. @)
dt Jo Q 2 Jr Q
Then, we have the main result of this paper which is proved in several steps detailed in Sections 2 and 3.
Theorem 1.1 (Existence of weak solution to the nonlinear Stokes problem (1,2) for d < 3). For all vy € L*(Q),
fe L*0, T; LA(Q)) and for a(.) > 0 a.e. onT given, the problem (1,2) admits at least a weak solution (v, p) satisfying
d
(4) with v € L*(0, T;L*(Q)) N L*(0, T; W), d_: € L3 (0, T; W) and p € W=1=(0, T:; L*(Q)). Moreover, v is weakly

continuous from [0, T] into L>(Q) with v(0) = vy in L>(Q) weakly and satisfies the energy inequality for all t € [0, T]:
1 ' 1 (" 1 !
— f ()| dx+f j‘ZplD(v)I2 dxdr + —f fa/(v - V) W dsdr < = f [vol? dx+f ff(‘r) -v(t)dxdr.
2 Ja o Jo 2Jo Jr 2 Ja 0 Jo

2. Solvability of discrete Stokes problems with (OBCr)

&)

In this section, we prove the existence of weak solution to a non linear semi-discretization scheme in time which
approximates the Stokes problem (1,2). The proof is carried out using Schauder’s fixed-point theorem, e.g. [17], with
some compactness argument.

For a given time step 0 < 6t < T, possibly sufficiently small, " denotes a desired approximation of any function
u(.) at the time t, = ndt for all n € N such that (n + 1)6t < T. More precisely, we have for f € L*(0, T; L*(Q)):

1 (n+1)5t n 5 n (k+1)61 5 T )
fh= < f foydt eXX(Q), suchthat > ot FM < > f £l q dr < f [FAG) iz
k=0 k=0 kot 0

not



Let us consider the backward-Euler semi-discretization of the problem (1,2). Here, the non linear term over
the boundary is treated fully-implicitly in time. With the initial data V' = vy € L?(Q), the time discrete solution
("1, pt1) satisfies the scheme below for all # € N such that (n + 1)6t < T

n+l _ \n
VT —div (211 D(vn+l)) + Vpn+l — fn+1 in Q
div Vn+1 = 0 in Q (6)
1
a0 " v+ Za(" =0 on T.

Then, the weak problem associated to the discrete scheme (6) and corresponding to the time discretization of the

weak problem (4) reads as follows. For vy € L>(Q) and f € L*(0, T; L*(Q)) given, find ("*!, p"*) in W x L*(Q) with

W = v and satisfying for all n € N such that (n + 1)6t < T

n+l _ .n 1
f A ~pdx + f 2u DOV D(@)dx + = fa(v'”rl VT pds = ff"“ - pdx, Yo e W. @)
Q 6[ Q 2 I Q

2.1. A priori energy estimates of discrete solutions

Assuming that discrete solutions exist for the previous numerical scheme (6), at least with a time step 67 small
enough, we prove some energy bounds showing the unconditional stability of this scheme.

Theorem 2.1 (Stability of the discrete scheme (6,7)). For vy € L*(Q), f € L*0,T;L*(Q)) and for all a(.) > 0
a.e. on T given, let us assume that there exists, at least for 5t small enough, a time discrete solution (V'*', p™*1) in
W x L*(Q) to the numerical scheme (6,7). Then, there exists a bound Cy = Co(Q, T, vo, ) > 0 depending only on the
data such that, for all 0 < 6t < min(1, T), the following energy estimate holds for all n € N such that (n + 1)6t < T:

[ g+ D7 R+ 4 Y s NEDOF D+ [N e < @ ®)
k=0 k=0 k=0

Proof. By choosing the test function ¢ = 267v"™*! € W in (7), we get through classical calculations:

7" o= I+ 77! = vl 401 VB DO Dl + 0 VG T [ = 200 [ et

Using the Cauchy-Schwarz and Young inequalities, the right-hand side term can be bounded as below:

I T N e e T T v
) all , ,

Using this bound and then summing up, we get the desired estimate thanks to an implicit version of the discrete
Gronwall inequality which holds for 67 < 1 with }}}_, 6t < T, together with the initial condition v = v,. O

2.2. Existence result of the time discrete solution to the scheme (6,7)

We begin by the following preliminary technical lemmas.

Lemma 2.2 (Lipschitz continuity of a(.)). For 0 < a_,a; < 1, let us define the positive function a : R — R* by
av-v)y=a_(v-v) +a.(v-v) forallve R9. Then, we have for all u,v € Ré:

O<alv-v) < W, and |la(u-v)—a(v-v)|<|(u—-v)-v|<|lu—-vl,
where |.| denotes the absolute value of a real number or the Euclidean norm in R?, as far as there is no confusion.

Proof. Tt is an easy matter using the properties of positive and negative parts of any real number and |v| = 1. O



Lemma 2.3 (Estimates for the non linear boundary term for d < 3). There exists c(Q) > 0 (different for each
inequality) such that for all u,v,w € H'(Q), the estimates below hold for d < 3:

@ fuvwas <@l o o llial e

1 3 1 3
(id) fr|“|V‘WdSSC(Q)||M||S,Q el [, 2 Il I

Proof. We use Holder inequalities combined with Sobolev imbeddings [9] as well as refined trace inequalities from
[8, Lemma V.2.2]. For (i), we take for instance u € L*("), v € L*(I') and w € L*(T"). For (ii), we choose for example
u, we L3 (I') and v € L*("). Then, the results follow with trace and interpolation inequalities [8, Proposition 11.3.7 &
Lemma V.2.2]. O

Lemma 2.4 (Compact set in L2(Q)). For all 5t > 0, u,, > 0 and R > 0, let us define the subset of H'(Q)

K@ = {we W, |

Wi <R and 6t [DW); , < R}.

Then, Kr(Q) C W is a compact and convex subset in L?(Q).

Proof. The proof is immediate using Korn’s first inequality [18, Chap. 1.5] and the compact injection of H'(Q) into
L?(Q) thanks to Rellich’s compactness theorem, see e.g. [9]. O

For any v given in H'(Q), let us first consider the following linear discrete scheme. For vy € L*(Q), f €
L*(0, T;L*(Q)) given, find (V' = v(®), p™*!' = p(¥)) in W x L*(Q) with 0 = vy and satisfying for all n € N
such that (n + 1)0r < T:

n+l _ \n 1
f¥-<pdx+f2pD(v”+1):D(<p)dx+—fa(§-v)v”+1 -godszj‘f”+1 -pdx, YoeW. (9)
o Ot Q 2 Jr Q

Then, we have the following well-posedness and energy estimate results for the linear problem.

Theorem 2.5 (Existence and uniqueness of solution to discrete Stokes problem (9)). Let v be given in H'(Q).
Then, with vy € L2(Q), fe L*(0,T;L*(Q)) and a(.) = 0 a.e. onT given, and for all 6t > 0, there exists for alln € N
such that (n + 1)6t < T a unique solution WV = (@), P = p(¥) in W x L*(Q) to the discrete Stokes problem (9).

Moreover, there exists a bound Cy = Co(Q, T, vy, f) > 0 depending only on the data such that, for all 0 < 6t <
min(1, T'), the following energy estimate holds for all n € N such that (n + 1)6t < T:

”v"””éﬂ + Z [ - v’<||§’Q + 42 ot | \/IL_JD(VkH)”zQ n Z 5t || Va@-v vk””;r < Co(Q, T, vo, f). (10)
k=0 k=0 k=0

Proof. The proof is made by an easy induction. We first apply at each time step #, = ndt the Lax-Milgram theorem
[9] in the Hilbert space W to solve the weak problem (9) for v'*! € W. The continuity of the bilinear form is obtained
using Lemma 2.2 and (i) in Lemma 2.3 whereas the coercivity in H' (Q) is ensured thanks to Korn’s classical inequality
and a(.) > 0. Then, the estimate (10) holds similarly as (8) in Theorem 2.1 with the same bound Cj.

Conversely, by taking in (9) a smooth and compactly supported test function ¢ € C¥(Q)? = D(Q)? such that
divp = 0in Q, we get using De Rham’s theorem in H™'(Q) [18, Lemma 1.2.1] that there exists pi*' € L(Q), which
is unique if Q is connected, and such that the Stokes equation in (6) is satisfied in H™'(2). Then, using [18, Lemma
1.2.2] we construct an ad hoc divergence-free extension in W of any function in H: (T'). Thanks to that with ¢ € W in
(9) and adapting the proof given in [8, Chap. II1.5.2] for the Stokes problem with a Neumann boundary condition, it
turns out that the open condition (OBCyr) is satisfied in H‘%(F) with the pressure field, unique as soon as v**! and v
are given, p"™'(v) = pg“ + CI’i“(V) € L*(Q) where the constant CI’ZH(V) is given by, |['] being the measure of T":

1 1
C1'1+1(V) = T <(0’(v”+1, pﬁ”) v+ 3 a(v-v) v"”) , v> )
,l’r



Theorem 2.6 (Existence of solution to discrete Stokes scheme (6,7) for d < 3). Let us give vo € L*(Q), f €
L*0,T;L*(Q)), a() > 0a.e. onT and 0 < 6t < min(1, T).

Then for all n € N such that (n + 1)6t < T, there exists at least one solution (V**', p"*) in W x L*(Q) to the non
linear discrete scheme (6,7). Moreover, this solution satisfies the stability estimate (8) stated in Theorem 2.1.

Proof. Let us choose R = Cy where Cy = Co(€2, T, vy, f) > 0 is the bound given in (10) stated by Theorem 2.5. We
consider the set Kr(Q2) € W, as defined in Lemma 2.4, which is a convex and compact subset of L2(Q). Let us now
define the application S : Kr(Q) — Wby S(¥) = vi*1 for all v € Kr(Q), where v'*! = v(¥) € W is the solution of
the linear discrete Stokes problem (9) as stated in Theorem 2.5. First, we notice that the range of S, S (Kz(Q2)) with
R = Cy, is included in Kx(Q). Indeed, whatever v in H'(Q) and in particular for all v € Kx(Q2) ¢ W, the solution
vi*1 = y(¥) € W of (9) satisfies the energy estimate (10) given in Theorem 2.5. With u(.) > p,,, this implies that for
all n € N such that (n + 1)6t < T, v"*! = S (¥) belongs to Kr(Q) with R = Cy and we have § (Kz(Q)) € Kz(Q).

Let us now prove that the application S is a continuous map on Kz(€2). For any v € Kr(Q), let us consider a
sequence (V;)ey in Kr(2) which converges to v, i.e. ||\7/ - v”LQ — 0 when [ — +00. We define w'*! = S@) -S@) =

!
vitt — vl e W with w! = 0. Then, the weak problem satisfied by wi*! for all ¢ € W reads:

W;Hl - W;Z n+ly . 1 - n+1 _ 1 - n+1
———@dx+ | 2uDW/") : D(p)dx+ = | a(v;-v)W c@ds=—= | (a(v;-v)—a(v- V)V -@ds.
Q ot Q 2 T 2 T

We now choose the test function ¢ = 26t w’l”1 € W and bound the right-hand side term as below. For that, we use the

Lipschitz continuity of a(.) from Lemma 2.2 and the estimate (i) in Lemma 2.3. Then, we get

ot

f(a/(\_/l V) —a@ - vV owit ds
r

< c@or v =l o "l o 05, 0

Using this bound and summing up similarly as in the proof of Theorem 2.1 with w? =0, it yields:
= Db il + 4 D ot [ NE DO+ Yl et
k=0 k=0 k=0

< Q) Hvl - ‘7”1,9 Z ot ||Vk+l “1,9 HW;MHI,Q'
k=0

We now observe that the sequence ||[wi*!||, , = |[v&*! — v**1||, , is bounded independently of / since v/*! = S(v)
belongs to Kz(Q) with R = Cy foralln € N such that (n+1)ot < T, whatever [. Then, passing to the limit for / — +oo
in the previous inequality, we get since ||V, - ?Hl o — 0 that Hw;"rl ||1 o= ||S ) - S@)“l o — 0. This shows that § is
a continuous map from Kr(Q) onto Kz(Q). ’ ’ ’

Then, as a consequence of Schauder’s fixed-point theorem, e.g. [17], the application S has a fixed point in
Kr(Q), still denoted by v+l e W. Hence, for this fixed point with v = V*L the corresponding solution v+l pmlin
W x L*(Q) to the scheme (9) is a solution to the discrete Stokes problem (6,7) and satisfies the energy estimate (8)
stated in Theorem 2.1. This concludes the proof. O

Lemma 2.7 (Bound for the time derivative for the discrete problem (6,7) with d < 3). For vo € L*(Q), f €
L*(0, T; L2(Q)) and for all a(.) > 0 a.e. on T given, let us consider a solution (v'*', p"*') in W x L*(Q) to the discrete
Stokes problem (6,7) as stated in Theorem 2.6 with O < 6t < min(1, T'). Then, there exists C; = C1(Q, T, uy, vo, f) >0
depending only on the data such that the following bound holds for all n € N such that (n + 1)6t < T

S
k=0

Proof. From the weak form (7) with (i) in (3), we have for all ¢ € W:

PREL Pl K 1
<—,ga> = f ——— cpdx = ffk” ~@dx — f 2u DY - D(p)dx — = fa/(vk“ VL pds.
ot ww Ja o o o 2 Jr

5

3

< CI(Q, T,/'le‘)Osf)' (11)

vk+] _ Vk
ot |l




Let us give a bound for each term in the right-hand side for d = 3.
Jorteas <1 la el = 17 log el

[ 2462 DY < 23 D6+ [

< 2uy [0~y llel], o
Using Lemma 2.2 and the bound (ii) in Lemma 2.3 with the symmetry of the scalar product in R?, we have:
1 Q 1 3
5 [aot et pas < SR I I el
r
With these bounds and [¢]|y, = [[¢]|, , for all ¢ € W, we get for all k € N such that (k + 1)57 < T for d < 3:

PRk

ot

c(€2) 4+ : ||Vk+1||%
) 0.0 Lo

s ”kaHO,Q + 2m “D(VkH)HO,Q +
W

4
From the convexity of the function x :— x3 on R, we have for all a,b > 0

RS

4
b\3 1 4 4
(“; ) sz(a5+b§), andthus  (a+b)

Then, we get using the first Korn inequality:

<27 (a% +b3).

S k1S it . PRNIE SSHE RN ISTIE
o, = el I @ 10Dl + en @ g 4

< (Il 5a+ @t [P0F s+ ex@ 14 5o (190 + 1P6*D]5)):

Hence, after multiplying by ¢6f, summing up over k = 0 to n and using Holder’s inequality with the stability
estimate (8) from Theorem 2.1, we get the desired bound. O

3. Global solvability of the Stokes problem with (OBCr) and uniqueness for d < 3

In this section, we pass to the limit on the sequence of time consistent approximate solutions of our problem when
the time step ot tends to zero using Aubin-Lions sequential compactness theorem [24, Chap. 1.5].

3.1. Convergence of approximate solutions for 6t — 0

For any integer N € N, we set 6¢ = 6ty = T /(N + 1) such that 5t —» 0" when N — +co; further, we omit the index
N for sake of simplicity in the notations and just say 6t — 0. Let us consider the partition of the interval [0, T'] formed
by the points #; = kot for k = 0,--- , N + 1. By considering the solutions of the discrete scheme (6,7), let us construct
the sequences of approximate solutions (vs;) and (vs,) (for 8¢ = 6ty, N = 0, 1,2, ---) which are functions from [0, 7]
into W defined by:

V(0) =0 = vy, Vu(t) =V, Viely ], k=0, N

et 71 g T T e

)= —V'+ —— , VYtelt,tt1], k=0,---,N.
Ve (1) 57 5 (7> tre1]
Thus, v, is piecewise constant on [0, T'], vs, is piecewise linear such that v () = Ve forallk =0,---,N+1, continuous
in [0, T'], differentiable almost everywhere in [0, 7] and we have:
dv(;, vk+l _ Vk
— ()= ———, Vtelt,tgnl, k=0,---,N.
7 () o 106t [

We also define the sequence (]_‘6,) of functions in L2(0, T; L*(Q)) by: J_‘&(t) = M forall 1 €ltg, trsn], k = 0,--- | N,
which are piecewise constant on [0, T'].
Then, from the bounds (8) and (11), we have below the convergence results for these sequences.

6



Theorem 3.1 (Convergence results for the sequences of approximate solutions (vs,), (vs;)). The sequences (vs;) and
(vs)) (6t =6ty = T/(N+1), N € N) are both boun4ded, independently of 6t, in the space L*(0, T; L>(€)) N L*(0, T; W)
and the sequence (%) is bounded in the space L3(0,T,W’) for d < 3. We have also:

— 0  when 6t — 0.

”"5’ = Votll 200,112 @)

Hence, there exists v € L0, T;L*(Q)) N L*(0, T; W) with % € L%(O, T,W’) and v € C([0,T]; W), v weakly
continuous from [0,T] into L>(Q) such that, up to subsequences still denoted by the same notations, we have as

ot = 0ty — 0 when N — +oo:

() Vg—v and vg—v in L®0,T;L*(Q)) weak-*
(i) ve—v and vs—vVv in LZ(O,T;W) weakly

d d
(i) % - d—: in L3(0,T;W’) weakly

(iv) vss—vVv and vsg—vVv in LZ(O,T;LZ(Q)) strongly

W Gs)r —vr  and  s)r — v in L0, T; L) strongly

(i) J_‘(;, — f in L*(0, T; L*(Q)) strongly.

Proof. The proof is standard from the works of [24, Chap. 4.1] and [26, Chap. IIL.4]. So, we just recall here the
main arguments and for more details, we refer the reader to [16, Chap. 8.7] where a similar situation is studied for
Navier-Stokes equations with homogeneous Dirichlet boundary conditions. Let us give some crucial hints in our case.

The boundedness of the sequences (Vs;) and (v5;) in the spaces L=(0, T; L*(Q)) and L2(0, T; W) is an immediate

consequence of their definitions using the estimates from (8). The boundedness of the sequence (%) in the space

L3 (0, T, W’) comes immediately from the estimate (11) in Lemma 2.7.
Moreover, we easily get using the estimate (8):

g 5t + Co6
fo v (t) = T O|[o it = g S Aoy < OT’
k=0

This shows that (v, — vs;) — 0 in L*(0, T; L?(Q)) as 6t — 0 and thus (vs,) and (vs,) have the same limit v.

Then, from the boundedness of the sequences (vs;) and (vs;), the weak convergence follows, up to subsequences
with possibly two extractions, from the Banach-Alaoglu theorem [9]. Since the weak convergence implies conver-
gence in the sense of distributions in 9’ (]0, T[xQ), the same weak weak limit is reached for each subsequence thanks
to the uniqueness of the limit of a sequence in the sense of distributions. Since the time derivative operator is contin-
uous in the distribution sense, the weak limit of % is necessarily % in L%(O, T;W").

Finally, the strong convergence of the sequence (vs) towards v in L0, T; L%(€)), and thus also the strong con-
vergence of the sequence (vs), follows from what precedes using Aubin-Lions compactness theorem [8, Theorem
I1.5.15] since the injection of H!'(Q) into L?(Q) is compact.

Besides, from a trace inequality which holds for d < 3, we get with the Holder inequality:

T ) (T 5 ST 5 3
N ey A e N | R e

The first integral in the right-hand side tends to zero with the strong convergence of v, in L>(0, T; L(€2)) whereas the
second one remains bounded. Hence we have: (vs;)r — v in L0, T;L*D)) strongly. ]

3.2. Proof of Theorem 1.1

3.2.1. Passing to the limit in the approximate problem (6,7) and existence result for the problem (1,2)
By using the definitions of (vs), (Vs;) and (fs,), we can interpret the weak form (7) of the scheme (6) with a
time-dependent test function. With the regularity properties of (vs), (Vs;) and (f5,) in Theorem 3.1, it makes sense to

7



integrate in time over [0, 7] since we have v € C([0, T]; W’) from [8, Proposition 11.5.10]. Hence, we have for all
Y € C2(]0, T[; W) since ¢ is smooth in time:

T | dv T 1 (7 T o~
f <—§t, l//(t)> dt + f f 2uD@s;) : D) dxdt + = f fa(ﬁl;, V)V - Wdsdt = f ff5,(t) -Wdxdt.
0 \ dt WW 0 Ja 2Jo Jr 0 Ja

Now, using the convergence results in Theorem 3.1, we can pass to the limit of each term in the above equation as
ot — 0. The convergence is immediate in the linear terms using the weak limits. Let us deal with the non linear term
which is non standard and requires compactness. More precisely, we have with the triangular inequality

T
f f (@(vs - V) Vo - (1) — v - v) v - Y(D)) ds dt
0 r

T T
< f f le(v - v) @5 —v) - (0)| dsdt + f f | (@5 - v) = (v - ) Vi - ()| ds dt.
0 r 0 r

Let us prove that each term in the right-hand side of this inequality tends to zero. For the first term, we use the
continuity of a(.) from Lemma 2.2 and the estimate (i) in Lemma 2.3. Then, by using Holder’s inequality with

[l € L2310, TD, it yields:

12(0,T;H! (Q)) “V‘” - V“LZ(O,T;LZ(Q)) “V(” - VHLZ(O,T;HI(Q))'

T
j; jl:ia(v V) (Ve — V) - Y(0)| ds dt < e(Q) ”w“Lw(O,T;H'(Q)) [

It shows that this term tends to zero since ||\75, — 0 thanks to the strong convergence of vy in

- V”LZ(O,T;LZ(Q))
L*(0, T; L?*(Q)) from Theorem 3.1, the other norms being bounded. For the second term, we use the Lipschitz conti-
nuity of a(.) from Lemma 2.2 and the estimate () in Lemma 2.3; we get

T T 1 1
[ [ @G 1=at- ) 7o vl dsdr < @ [ =l =l g [l o ool g .

Then with Holder’s inequality and similarly as for the previous term, this term also tends to zero for the same argu-
ments. Hence, it follows that

T T
f fa/(%t-v)%, . w(t)dsdt—f fa(v-v)v-gb(t)dsdt
o Jr o Jr

Since, for y(¢) € H'(Q) we have the trace Y(t)r in L*(T') for d < 3, this implies that: (a(Vs, - v) Vsor — a(v-v)vrin
L*0,T; L%(F )) weakly. Hence, we can pass above to the limit as 6 — 0 and it yields for all ¢ € C°(]0, T[; W):

T dV T 1 T T
f <—, ¢(t)> dt + f f 2uD®) : D((t))dxdt + = f fa/(v “V)v-y(t)dsdt = f ff(t) -Y(t)dxdt.
o \dt W W 0 Ja 2Jo Jr 0 Ja

(12)
d
This shows that v € L®(0, T; L*(Q)) N L2(0, T; W), with d_‘; €Ls (0, T,W’)and v € C([0, T]; W’), is a weak solution
to the nonlinear Stokes problem (1,2) for d < 3 and we have v(0) = vy in W’ and weakly in L*(Q).

—> 0 when ot — 0.

3.2.2. Energy inequality

To obtain the energy inequality, the usual technique consists in taking the lower limit as 6t — 0 of the energy
estimate of the discrete scheme using the fact that the norm is lower semi-continuous for the weak topology in a
Banach space which is a consequence of the Banach-Steinhaus theorem; see [9].

By choosing the test function ¢ = §tv**! € W in (7), we get through classical calculations:

1

37 o = 5 7o+ 5 177! =l + 20t N Dl 4 5 ot NG v o =t [ gt
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For any ¢ € [0, T'], let us choose the sequence of mesh steps defined by 6t = 6ty = ¢/(N + 1) for N € N. Then, after
summing up the above equality for n = 0 to N and dropping the positive term Hv”“ - v"“i o> We get the inequality:

1 o 1< 1 o
1+ 2 Dot NE DO+ 5 S lNaGTT < 5 ol + Do [
Now using the definition of f"*! and the sequence (Vs,), we can interpret the previous inequality as below:

1 ’ 1 1 '
E||v,5,(z)||§’9+2 fo ”\/ﬁD(Vg,)Hé’QdT+§ fo [ Vs ) ol dr < E||v0||§’g+ fo fg f(@) - Vs dxdr.

Then, using the weak convergence results stated above in Theorem 3.1, we can take the lower limit of the previous
inequality which gives using the lower weak semi-continuity of the norm in a Banach space:

1 ! 1 1 !
S0l 2 [ INaDIEgar+ 5 [ NG e < Sl + [ [ s vemyavar

This is the desired energy inequality (5) and for more details, we refer the reader to the proof in [8, Chap. IV.1.9] for
a similar situation.

3.2.3. Existence and regularity of the pressure field

The recovering of the pressure field in Q is carried out in two steps. The first step is classical by using De
Rham’s theorem in H™!(Q) at each time ¢ € [0, T]. We follow with minor modifications the detailed proof given in
[8, Chap. IV.1.10] for the Navier-Stokes equations with homogeneous Dirichlet boundary condition. Hence, it gives
the existence of py € W=1=(10, T[; L%(Q)) such that the Stokes equation is satisfied in (0,7) X Q in the sense of
distributions, i.e. we have:

% —divuD) + Vpo = in D (10, T[xQ).

Moreover, the domain Q being connected, the pressure field pg is unique as soon as the velocity field v is determined.
Second, we proceed similarly as in the proof of Theorem 2.5 for the stationary Stokes problem by using an ad hoc
divergence-free extension in W of any function in H: (). Then, by testing the weak problem with any test function
Y € CZ(]0, T[; W) and taking account of the previous equation, we get the time-dependent function Cr € L*(10,TD
such that the open boundary condition (2) is satisfied in the weak sense of L*(0, T H‘%(F)) with the pressure field
p = po+Cr € W=(10, T[; L(Q).
This completes the proof of Theorem 1.1.

Remark 1 (On the uniqueness for the Stokes problem with (OBCyr) for d = 2). In dimension d = 2, we can show using
a refined trace estimate in Lemma 2.7 that the velocity time derivative % only belongs to the space L>=¢(0, T; W’) for
any 0 < € < 1. This is due to the kinetic energy term on the boundary and, roughly speaking, because H'(Q) is only
embedded in L1(Q) for all 2 < g < +00 and not in L*(Q), for d = 2. It follows that the uniqueness in 2-D, except for
the linear case when a(.) = 0, is not a priori ensured for this class of weak solutions.

Nevertheless, if v is a little bit more regular such that % € L*(0,T; W), then the solution v € C ([O, TI; LZ(Q)) is
unique and does satisfy the so-called energy equality. But the existence of such a solution is not guaranteed and needs
a deeper analysis of this case.
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