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Abstract

We study the existence of weak solutions to (E) (—A)*u+g(u) = v
in a bounded regular domain € in RV (N > 2) which vanish in RV \ Q,
where (—A)* denotes the fractional Laplacian with a € (0,1), v is a
Radon measure and g is a nondecreasing function satisfying some extra
hypotheses. When ¢ satisfies a subcritical integrability condition, we
prove the existence and uniqueness of a weak solution for problem (E)
for any measure. In the case where v is Dirac measure, we characterize
the asymptotic behavior of the solution. When g(r) = |r|*~1r with
k supercritical, we show that a condition of absolute continuity of
the measure with respect to some Bessel capacity is a necessary and
sufficient condition in order (E) to be solved.
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1 Introduction

Let © c RY be an open bounded C? domain and g : R — R be a continuous
function. We are concerned with the existence of weak solutions to the
semilinear fractional elliptic problem

(=A)*u+g(u)=v in Q,

1.1
u=0 in €°, (1)
where o € (0,1), v is a Radon measure such that [, p’d|v| < co for some
B € [0,a] and p(z) = dist(z,2°). The fractional Laplacian (—A)® is defined
by
(~A)u(z) = lim (~A)u(z),

€

e—0t
where for € > 0,
o u(z) — u(z)
(=A)du(z) = — /RN m)&(’x — z|)dz (1.2)
and
0 0, if te]l0,¢,
() =
X 1, if t>e

When a = 1, the semilinear elliptic problem

—Au+g(u)=v in €,

1.3
u=0 on 01, 13

has been extensively studied by numerous authors in the last 30 years. A
fundamental contribution is due to Brezis [7], Benilan and Brezis [2], where
v is a bounded measure in §2 and the function g : R — R is nondecreasing,
positive on (0, 4+00) and satisfies the subcritical assumption:

_oN—-1

400
[0 s s < .

They proved the existence and uniqueness of the solution for problem (1.3).
Baras and Pierre [1] studied (1.3) when g(u) = |u[P~!u for p > 1 and v is
absolutely continuous with respect to the Bessel capacity Cy . to obtain a
solution. In [37] Véron extended Benilan and Brezis results in replacing the
Laplacian by a general uniformly elliptic second order differential operator
with Lipschitz continuous coefficients; he obtained existence and uniqueness
results for solutions, when v € M(Q, p?) with B € [0,1] where M(, p?)

denotes the space of Radon measures in () satisfying
/ pPdv| < +oo, (1.4)
Q
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IM(Q, p°) = MP(Q) is the set of bounded Radon measures and g is nonde-
creasing and satisfies the g-subcritical assumption:

_oN+p—1

400
/1 (g(s) —g(—s))s “N+Fi=2ds < 4o0.

The study of general semilinear elliptic equations with measure data have
been investigated, such as the equations involving measures boundary data
which was initiated by Gmira and Véron [20] who adapted the method
introduced by Benilan and Brezis to obtain the existence and uniqueness
of solution. This subject has been vastly expanded in recent years, see the
papers of Marcus and Véron [25, 26, 27, 28], Bidaut-Véron and Vivier [5],
Bidaut-Véron, Hung and Véron [4].

Recently, great attention has been devoted to non-linear equations in-
volving fractional Laplacian or more general integro-differential operators
and we mention the reference [8, 9, 10, 14, 15, 24, 30, 32]. In particular, the
authors in [23] used the duality approach to study the equations of

(=AY =p in RY,

where p is a Radon measure with compact support. In [14] the authors
obtained the existence of large solutions to equation

(—A)*u+gu)=f in Q, (1.5)

where (2 is a bounded regular domain. In [13] we considered the properties of
possibly singular solutions of (1.5) in punctured domain . It is a well-known
fact [36] that for & = 1 the weak singular solutions of (1.5) in punctured
domain are classified according the type of singularities they admits: either
weak singularities with Dirac mass, or strong singularities which are the
upper limit of solutions with weak singularities. One of our interests is to
extend these properties to any a € (0, 1) and furthermore to consider general
Radon measures.

In this paper we study the existence and uniqueness of solutions of (1.1)
in a measure framework. Before stating our main theorem we make precise
the notion of weak solution used in this article.

Definition 1.1 We say that u is a weak solution of (1.1), if u € L*(Q),
g(u) € LY(Q, p*dx) and

/ (u(—A)*¢ + g(u)elde = / cdv, VEEX, (1.6)
Q Q

where X, C C(RN) is the space of functions & satisfying:

(i) supp(¢) € €,

(17) (—A)*¢(x) exists for all x € Q and |(—A)*¢(z)| < C for some C > 0,
(i) there exist ¢ € L1(Q, p*dx) and ey > 0 such that |(—=A)%€| < ¢ a.e. in
Q, for all € € (0, €o].



We notice that for a = 1, the test space X, is used as Cy"(£2), which
has similar properties like (i) and (#i). The counter part for the Lapla-
cian of assumption (ii7) would be that the difference quotient V., n[u](.) :=
h~ [0, u(.+he;) — 0y, u(.)] is bounded by an L'-function, which is true since

h
Vo, nlul(z) = h_l/o aij@ju(x + se;)ds.

We denote by G the Green kernel of (—A)® in 2 and by G[.] the Green
operator defined by

Glfiw) = [ Glenf)ds, WL @prd). (L)
For N >2,0<a<1and f € [0,a], we define the critical exponent

{%’ if 5 € [Oa N&Qaa],
kap =

N . N—2
W—Zﬁ[p it pge(~y%a,al

(1.8)

Our main result is the following:

Theorem 1.1 Assume Q C RN (N > 2) is an open bounded C? domain,
€ (0,1), B € [0,a] and kqp is defined by (1.8). Let g : R — R be a
continuous, nondecreasing function, satisfying

g(r)r>0, VreR and /100(9(8) — g(—s))s_l_kaﬁds <oo. (1.9

Then for any v € M(Q, p?) problem (1.1) admits a unique weak solution u.
Furthermore, the mapping: v — u is increasing and

—G(v-) <u<G(ry) ae inQ (1.10)

where vy and v_ are respectively the positive and negative part in the Jordan
decomposition of v.

We note that for « =1 and 5 € [0,1), we have

N+8

k - =
1,B>N_2+/85

(1.11)
where k; g is given in (1.8) and the number in right hand side of (1.11) is
from Theorem 3.7 in [37]. Inspired by [20, 37], the existence of solution could
be extended in assuming that g : 2 x R — R is continuous and satisfies the
(N, a, B)-weak-singularity assumption, that is, there exists rg > 0 such that

glx,r)r >0, VY(z,r) € Qx R\ (=ro,10)),



and
lg(z, )| < g(|rl), V(z,7) € Q xR,

where ¢ : [0,00) — [0,00) is continuous, nondecreasing and satisfies

o
/ G(s)s 17kasds < 0.
1

We also give a stability result which shows that problem (1.1) is weakly
closed in the space of measures M(Q, p°). In the last section we characterize
the behaviour of the solution u of (1.1) when v = ¢, for some a € Q. We also
study the case where g(r) = |r[*~!r when k > k, g, which doesn’t satisfy
(1.9). We show that a necessary and sufficient condition in order a weak

solution to problem
(=A)u+|ulf'u=v in Q
(1.12)
u=0 in °,

to exist where v is a positive bounded measure is that v vanishes on compact
subsets K of €0 with zero Cyq iy Bessel-capacity.

The paper is organized as follows. In Section 2 we give some properties of
Marcinkiewicz spaces and obtain the optimal index k for which there holds

1GW)lark@,prdzy < ClIvllonee,p)- (1.13)

We also gives some integration by parts formulas and prove a Kato’s type
inequalities. In Section 3, we prove Theorem 1.1. It Section 4 we give
applications the cases where the measure is a Dirac mass and where the
nonlinearity is a power function.

2 Linear estimates

2.1 The Marcinkiewicz spaces

We recall the definition and basic properties of the Marcinkiewicz spaces.

Definition 2.1 Let Q C RN be an open domain and p be a positive Borel
measure in Q. For k > 1, k' = k/(k — 1) and u € L} _(Q,du), we set

loc

=

K

1wl ars(@,au) = inf{c € [0,00] : / luldp < ¢ </ d,u) , VE C 2 Borel set}
E E

(2.1)
and
MAQdp) = {u € Loo(dp) : [ullamogy < o0} (2:2)

M*(Q,dp) is called the Marcinkiewicz space of exponent k or weak LF
space and |[.|[y7=(q,du) 18 @ quasi-norm. The following property holds.



Proposition 2.1 /3, 16] Assume 1 < ¢ < k < oo and u € L}, (2, dp).
Then there exists C(q,k) > 0 such that

1—q/k
[ttt < Claclulean ( [an)
E E

for any Borel set E of €.
For a € (0,1) and 3,7 € [0, a] we set
v N—(N-2a)2

/<:1(t):a+ N_2att ko(t) =~ +

and

ko(t
tap, = min{t € [0,0] : 2(0)
Remark 2.1 The quantity t, g~ is well defined, since

N—(N—2a)X
ka(a) w+-—%:#&

k:l(oz) N ’y+ (N*2a)% -

Remark 2.2 The function t — ki(t) is decreasing in [0, ] with the follow-
ing bounds
N+~

F(0) = N—a

and k(o) = > 1.

N — 2«

Remark 2.3 The function t — :?Eg is increasing in [0, «, since

ka(H)) _ [N = (N —20)2](N +7)
() - O -0
As a consequence (2.4) is equivalent to
ta,8,y = max{0,t3}, (2.5)
where

i BN — (N —2a)y
PTN-(N-3a+p5)2

is the solution of 228 = 4.

(2.6)

Proposition 2.2 Let Q C RY (N > 2) be an open bounded C? domain and
v € M(Q, p?) with B € [0,a]. Then

|mwmmwwmwmscwwmwp (2.7)

where v € [0,a], G = [ G(x,y)dv(y) where G is Green’s kernel of
(—A)* and

(2.8)
N]—VQON if not.

N+ ; N3
i - N—2a15’ if ¥ < 2
By =



Proof. For A > 0 and y € €2, we denote
M) = {2 € R\ {5} Glay) > A} and maly) = | P
Ay

From [11], there exists C' > 0 such that for any (z,y) € Q x Q, x # y,

G@w)SCmm{ ! po() ) } (2.9)

lx —y|N—207 |g — y|N=7 |z — y|N—e

and
Glz,y) < Cpa(x)\fc Ey;’Nza. (2.10)

Therefore, if v € [0,a] and z € A)(y), there holds

Cp(y)
Ao —y| (V20

(@) < (2.11)

Let t € [0,q]
then

C 50 Cpoly) \® Cp'(y)
< N — = .
Glo) = (\w—y!N20‘> <\x—y\N°‘> | — y| V2t

We observe that

where k1 (t) and ko(t) are given in (2.3),

Any) {m e\ [y} % > A} C Day)

where D) (y) = {x €Nz —y|< (Cp (y))N—Qla+t}; together with (2.11),

this implies

Cp? )
ma(y) < / £ (N) sy < Cply) N0,
Dy (y) Aa |z — y‘

For any Borel set E of 2, we have

| e @< | Gl @+ | 7

/ PECHRCES | sdmatw

= Imy(y / ms(y

Cp( )kg(t )\1 ki(t

and

IN



Thus,
[ Gaap @)de < oty ONHO 1\ [ (@i,
E E

1
By choosing A = [p(y) *2® [ pY (x)dz] M@ | we have

ko (t) ki(t)—1
/G x,y)p? (x)dz < Cp(y)F1® (/ p(z)dx) FO .
E

Therefore,

[ eh@p@iz = [ [ @)
¢ [ owHian >\(/Em<w>dm>?(5
o

oy kq(t)
Cllv ey /E (@) de ,
kg(t)

since by our choice of t, (0] > (B, which guarantees that

IN

IN

ko (t)
-8
/p(y)’“(”d!V( )| <mgxp’“l 5o /p(y)ﬁd!V(y)!-
Q Q
As a consequence,

HG(V)HMkl(t)(Q,p“/da:) < CH’/Hsm(Q,pﬁ)-
Therefore,
ko~ :=max{ki(t) : t € [0,a]} = ki(tas,),

where t, g - is defined by (2.4) and k, g, is given by (2.8). We complete the
proof. O

We choose the parameter v in order to make k, g, the largest possible,
and denote

ko = max k 2.12
6= max Ko (2.12)

Since 7y + kq g~ is increasing, the following statement holds.

Proposition 2.3 Let N > 2 and ko g be defined by (2.12), then

I o %’ if 5 € [Oa N&Qaa], 91
07 _Nta if Be (8322, q] (2.13)
N—-2a+03" N e



2.2 Non-homogeneous problem

In this subsection, we study some properties of the solution of the linear
non-homogeneous, which will play a key role in the sequel. We assume that
Q c RN, N >2is an open bounded domain with a C? boundary.

Lemma 2.1 (i) There exists C > 0 such that for any £ € X, there holds

[€llce@y < ClI(=A)*E|| e @ (2.14)
and
0™ %¢llcoy < CI(=A)*€| Lo (@) (2.15)
where 0 < 0 < min{a, 1 — a}. In particular, for x € Q
(@) < CI(=A)%¢E]| Lo @)p” (@) (2.16)

(ii) Let u be the solution of

(=A)*u=f in €,

u=0 in Q°,

(2.17)

where f € CY(Q) fory > 0. Then u € X,.

Proof. (i). Estimates (2.14) and (2.15) are consequences of [30, Prop 1.1]
and [30, Th 1.2] respectively. Furthermore, if 7; is the solution of (2.17)
with f =1 in Q, then 71 > 0 in ©Q and by follows [30, Th 1.2], there exists
C > 0 such that

cl<<c i Q (2.18)

p°

In this expression the right-side follows [30, Th 1.2] and the left-hand side
inequality follows from the maximum principle and [11, Th 1.2]. Since

—[[(=2)%¢][Lee() < (=A)*E < [(=A)*E[ ooy In £,
it follows by the comparison principle,
—[I(=A)%¢ Lo @ym (z) < &(x) < [[(=A)%E ]| Loo (@) ().

which, together with (2.18), implies (2.16).
(ii) For » > 0, we denote

Q. ={2€Q: dist(z,00) > r}.

Since f € C7(€2), then by Corollary 1.6 part (i) and Proposition 1.1 in [30],
for 6 € [0,min{c, 1 — «,v}), there exists C' > 0 such that for any r > 0, we
have

[ullcara,) < Cr=o?

9



and
[ullga@yy < C.

Then for = € Q, letting r = p(z)/2,
[6(u, z,y)| < Cr=~CyPP**?, vy € B,(0) (2.19)

and
0(u,z,y)| < Cly|*, VyeRY,

where §(u, z,y) = u(z + y) + u(x — y) — 2u(z). Thus,

2

1/ |0(u, 2, y)| 1/ |0(u, 2, y)|
< 1f PRy, 1[0 Py,
2 /) lyNt2 2 Jpeoy |ylV T2

L ot J RSy g
= 2 Jae WY T2 o Ve

< Cp(x)™*, =z€q,

aruol < g [ R ay

for some C' > 0 independent of e. Moreover, p~® is in L'(, p®dz). Finally,
we prove (—A)%u — (—A)%u as € — 01 pointwise. For z € Q, choosing
e € (0,p(x)/2), then by (2.19),

(-8)u() ~ (~Affu@)] < g [ (O)%@
< Cp(x)fafeee

— 0, e—0t.

The proof is complete. O

The following Proposition is the Kato’s type estimate for proving the
uniqueness of the solution of (1.1).

Proposition 2.4 Ifv € L'(Q, p®dx), there exists a unique weak solution u

of the problem
(-A)*u=v in Q,

2.20
u=0 in Q° ( )
For any € € X, € > 0, we have
/ lu|(—A)*¢dx < / ¢sign(u)vdr (2.21)
Q Q
and
/ ug (—A)*¢dx < / Esign, (u)vdx, (2.22)
Q Q

10



We note here that for o = 1, the proof of Proposition 2.4 could be seen
n [37, Th 2.4]. For a € (0,1), we first prove some integration by parts
formula.

Lemma 2.2 Assume u,§ € X, then

/ ) ede = / £(—A)udz. (2.23)

Proof. Denote

a u(z) — u(z)
) = - [ 2o —shas 224)
By the definition of (— A)O‘ we have
o z) Xe(lz — 2[)
(_A)eu / |Z x|N+2aX€(’x_Z’ dz—i—u / | x|N+2adZ
_ Xe(lz — =)

We claim that
/ &(x x)dx = / u(z)(=A)g L(x)dr, for u,§ € Xy (2.25)
Q

By usmg the fact of

// \z x’N+2a dzdﬂ:—// ]z x‘N+2a Xe(|x—z|)dzda:,

we have

[,

B __/ / \z — ﬂc\N+2a @ + (U(x)—_xull(\'f?gi&)]xﬁ(‘x — 2|)dzdx

|z

/ / ’N+2a_ g(m)]Xe(fﬂﬁ — z|)dzdx.

Similarly, by the fact that u € Xq,

/Qu(m)( // |N+2a_£(x)]xg(\x—z])dzdx.

Then (2.25) holds. In order to prove (2. 23) we first notice that by (2.25),
| ¢@
/g dx—i—/u / Xelle=2D) ) g0
Q o |z — a|NV+2e
Xe(lz — 2|)
/Qu(ac dx—i—/ﬂu / |z—x|N+20‘d zdx

- [ wle)-apea. (2:26)




Since u and & belongs to X,, (—A)?¢ — (—=A)*¢ and (—A)%u — (—A)%u
and |u(—A)%¢| + |€(=A)%u| < Cp for some C > 0 and ¢ € L'(Q, pdx). Tt
follows by the Dominated Convergence Theorem

Tim, /Q §(a) (—A)ule)de = /Q §(a) (—A) ula)da

and
tim [ (~A)g@u@d = [ (A€
Letting € — 07 of (2.26) we conclude that (2.23) holds. O
For 1 <p<ooand0<s <1, W*P(Q) is the set of £ € LP(Q2) such that
/Q ; %d@/d:ﬂ < 0. (2.27)

This space is endowed with the norm

e = ([ s [ [ D000 o

Furthermore, if €2 is bounded, the following Poincaré inequality holds [35, p
134].

1 1
v &) — ) >P
x)Pdx | <C / ——————"—dydz | , VEe C(Q).
</Q|£( ) > (Q o |z — gyt Y : )
(2.29)
Lemma 2.3 Letu € X, and vy be C? in the interval u(Q) and satisfy 7(0) =

0, thenu € W*2(Q), you € X, and for all x € Q, there exists z, € Q such
that

"ou(zy u(y) — u(x))?
(CA)* (o u)() = (v o u) (x) (—A)ulz) — L 20z) / (uly) —ule)”

2 |y _ x|N+2a
(2.30)

Proof. Since u € C(£) vanishes in Q¢, v ou shares the same properties. By
(2.14), for any = and y in Q

(u(@) — u(w))? < Clo = 5 (~A)ul e g
Then u € W*2(Q). Similarly v ou € W*2(Q2). Furthermore

u(y)
(vou)(y) — (vou)(x) = (v ou)(x) (u(y) — u(z)) + / ( )(u(y) — 1)y (t)dt.

12



By the mean value theorem, there exists some 7 € [0, 1] such that

u(y) "(ru —Tu(z
) oy = HEHD LRI 1) )

Since v is continuous and u is continuous in €2,

o OUHLOO(Q)

u(y)
[t - o wyin] < TS ) — g2

(z)
and by (2.14),

fyo IO e -
ly—z|>e Ju(x) ‘y - x’N-ﬁ-Qa

7" o ul . dy
< ()~ ) e

2

Notice also that Tu(y) + (1 — 7)u(z) € u(Q) := I, therefore

win Y'(t) <" (ruy) + (1 = T)u(r)) < max 7' (1),

thus

minges 7" (t) / (u(y) — u(x))? a
Q

2 ’y_x’N+2a

</ / ) - 007 ()2t —2
U _ - g
Ja u(x) Y K |y_x|N+2a

maxer Y (t uw(y) — u(z))?
= 217 ( )/Q (|;y_) x|N€r2)a) dy

Since +" is continuous, there exists tg € I such that
u(y) d " _ 2
y 7'(to) [ (uly) —u(z))
(u(y) — 07" (t)d - dy
Ll = al¥F% " 2 Jo [y — e

and since v is continuous in R and vanishes in ¢, there exists z, € Q such
that to = u(z,), which ends the proof. O

Proof of Proposition 2.4. Uniqueness. Let w be a weak solution of

(—A)*w =0 in Q

w=0 in Q¢ (2.31)
If w is a Borel subset of 2 and 7,,,, the solution of
— (e — 1
( A) Nw,n Cn m Q (232)

Nw,n =0 in Qf

13



where ¢, : Q2+ [0,1] is a C1() function such that
o — Xo in L®(Q) asn — oo.

Then by Lemma 2.1 part (i7), 1., € Xo and

/ wlpdz = 0.
Q

Then passing the limit of n — oo, we have
/ wdx = 0.
w

Ezistence and estimate (2.21). For § > 0 we define an even convex function

This implies w = 0.

¢s by
lt| =3, if |t| >4,
(2.33)
t—6 if |t| <0/2.
Then for any ¢,s € R, |¢5(t)] < s5(t) — |t| and ¢f5(t) — sign(t) when
§ — 0". Moreover
d5(s) — ¢s(t) = ¢5(t)(s — 1). (2.34)

Let {v,} be a sequence functions in C'*(Q2) such that

lim /|Vn —v|p*dz = 0.
Q

n—oo

Let u, be the corresponding solution to (2.20) with right-hand side vy,
then by Lemma 2.1, u, € X, and by Lemmas 2.2, 2.3, for any § > 0 and
£eXq £20,

/Q%(un)( §dw—/§ )% s (uy)da
< /Q €6 (1n) (— D) tunda (2.35)

Q

Letting 6 — 0, we obtain

/Q]un](—A)ofdxg/Qfsign(un)undxg/ﬂf\unldx. (2.36)

If we take & = 1y, we derive from Lemma 2.1
/ |t |dx < C’/ | |p%d. (2.37)
Q Q

14



Similarly
/ [y, — U |dz < C/ |Un — V| p®de. (2.38)
Q Q

Therefore {u,} is a Cauchy sequence in L' and its limit u is a weak solution
of (2.20). Letting n — oo in (2.36) we obtain (2.21). Inequality (2.22) is
proved by replacing ¢s by ¢s which is zero on (—o0, 0] and ¢s on [0,00). O

The next result is a higher order regularity result

Proposition 2.5 Let the assumptions of Proposition 2.2 be fulfilled and
0 < B <a. Then forp € (1, m) there exists ¢, > 0 such that for any

ve LY (Q,pldx)

IGE]llwze-r(@) < cpllvllLia,pran) (2.39)
where y = B+ 2 if >0 and vy > & if g =0.

Proof. We use Stampacchia’s duality method [33] and put v = G[v]. If

1 € C°(Q), then
< [ Wiivide
Q
<suplp 0] [ P
Q Q

/Q b(—A)udz

(2.40)

< [[¥lles @IVl 2 (,p8 de)-
By Sobolev-Morrey embedding type theorem (see e.g. [29, Th 8.2]), for any
pe(l, %) and p' = By,

1¥lles@) < ClliYllrv o
With7:ﬂ+%ifﬁ>0and7>%ifﬁ:(). Therefore,

/Q b(—A)udz

which implies that the mapping ¢ +— fQ Y (—A)*udz is continuous on WW’I(Q)
and thus

< Ol ey 1723 0y (2.41)

1(=A) ullw=r(0) < CllvliL1 (@ ppd)- (2.42)

Since (—A)~% is an isomorphism from W~=7?(Q) into W22=7P((Q), it follows
that

[ullwza—vp (@) < Clvip @ psde)- (2.43)

(]

Proposition 2.6 Under the assumptions of Proposition 2.5 the mapping
v G[v] is compact from LY(Q, pPdx) into LI(Q) for any q € [1, m)

Proof. By [29, Th 6.5] the embedding of W?22~7?(Q) into L4(f?) is compact,
this ends the proof. O
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3 Proof of Theorem 1.1

Before proving the main we give a general existence result in L'(Q, p®dz).

Proposition 3.1 Suppose that ) is an open bounded C? domain of RN (N >
2), a € (0,1) and the function g : R — R is continuous, nondecreasing and
rg(r) > 0 for all v € R. Then for any f € LY(Q,p%dx) there exists a
unique weak solution u of (1.1) with v = f. Moreover the mapping f — u
18 increasing.

Proof. Step 1: Variational solutions. If w € L?(f2), we denote by w its
extension by 0 in Q¢ and by W&?(Q) the set of function in L2(€) such that

2 . ~ 12 «@
Jlfyeay = [ 101+ ol < .

where w is the Fourier transform of w. For € > 0 we set

J(w) = %/RN <(—A)%w)2dx —i—/ﬂ(j(w) + ew?)dz,

with domain D(J) = {w € W&*@RN) s.t. j(w) € LYQ)} and j(s) =
s g(t)dt. Furthermore since there holds J(w) > anH?}VM for some o > 0,
the subdifferential 8.J of .J is a maximal monotone in the sense of Browder-
Minty (see [6] and the references therein) which satisfies R(0J) = L?(f).
Then for any f € L?(€) there exists a unique u, in the domain D(d.J) such
that 0.J(uc) = f. Since for any 1 € W2(Q)

/RN(—A)SQ(—A)SQCZ:U = (4m)“ /RNQ@xFO‘dx = /QT/J(—A)awd:E,

9J(uc) = (—A)%ue + g(ue) + 2eu = f,
with ue € W2*?(Q) such that g(u.) € L2(€). This is also a consequence of

[6, Cor 2.11]. If f is assumed to be bounded, then v € C*(2) by [30, Prop
1.1]. Note that more delicate variational formulations can be found in [21],
[22].

Step 2: L' solutions. For n € N* we denote by Up,e the solution of

(—A)%Up e + g(un,e) + 2€upc = fr in Q

Up,e =0 in Q° (3.1)

where f, = sgn(f)min{n, |f|}. By (2.36) with £ =,

(/wwwmmwwwm@mmmg/mmms/vmm,@m
Q Q Q

16



and, for ¢ > 0 and m € N*,

/ (|un,e - um,e’| + |g(un,e) - g(um,s’)ml) dz
@ (3.3)

< / (|fn - fm| + 2€|un,e| + 26/|um,e’|) 771d56-
Q

Since f, — f in LY(Q, p%dz), {un} and {g o u, .} are Cauchy filters in
LY(Q) and L'(Q, p“dz) respectively. Set u = limy,_yo0e0Un,e, we derive
from the following identity valid for any £ € X,

[ =86 + g€ do = [ (1 = ) i
Q

Q

that u is a solution of (1.1). Uniqueness follows from (2.36)-(3.3), since for
any f and f’in L'(Q, p®dz), the any couple (u,u) of weak solutions with
respective right-hand side f and f’ satisfies

/ (Ju— | + |g(ux) — g die < / - Plmde. (3.4)
Q Q

Finally, the monotonicity of the mapping f — u follows from (2.22) thanks
to which (3.4) is transformed into

[ (=tye+ (g = gtyem) do < [ (5= fomde. (35)
Q Q

O

Proof of Theorem 1.1. Uniqueness follows from (3.4). For existence we
define B B B
Cs(Q) ={¢ € C(Q) 1 pPC e C(Q)}

endowed with the norm
I<ley@ = P Cllew:

We consider a sequence {v,} C C1(Q) such that v, + — vy in the duality

sense with Cg(£2), which means

lim /Cun,idx:/gdui

for all ¢ € Cp(2). It follows from the Banach-Steinhaus theorem that
[vn llon,p#) is bounded independently of n, therefore

/ (Jun| + [g(un)Im) de g/ v |mdz < C. (3.6)
Q Q
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Therefore ||g(un)|lon(,p») i bounded independently of n. For € > 0, set

§e=(m+ 6)g - eg, which is concave in the interval n(w). Then, by Lemma

2.3 part (i7),

(A€ =l +9= (=A)n - W(m +e) e /
Q

@

Q

(m+e) =,

| ° |

>
o'

and & € X,. Since

/ (] (— A + lg(un)|€) de < / cudlunl.
Q Q

we obtain

[ (lnlZom+95" + lgtunle.) de < [ bl

If we let € — 0, we obtain

5 B—a 8 B
/ (|un|—m—a +|g<un>|nf)dxs [t
Q « Q

By Lemma 2.3, we derive the estimate

[ (lualo®=* + latua)16?) do < g oy < €

Since u,, = Glv, — g(uy)], it follows by (2.7), that

oty s gy < 1 = 90 )

(m(y) —m()?

|y _ x|N+2a

(3.7)

(3.8)

where k, g is defined by (2.13). By Corollary 2.6 the sequence {u,} is
relatively compact in the LI(Q2) for 1 < ¢ < % Therefore there exist

a sub-sequence {uy, } and some u € L'(Q) N L(2) such that
L9(Q) and almost every where in Q. Furthermore g(u,,) —

Up, — U in
g(u) almost

every where. Put g(r) = g(|r|) — g(—|r|) and we note that |g(r)| < g(|r|) for
r € R and g is nondecreasing. For A > 0, we set S\ = {z € Q : |uy, (z)] > A}

and w(\) = fSA pPdz. Then for any Borel set E C Q, we have

[lstw)bar= [ AgtwnloPar+ [ lgtun)loPds
E ENSS

S/\ ENSy

< Q(A)/Epﬁdx +/Sk (|tn, )" dz
<o) [ pdo- [ glerauts)
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But
00 T
/)\ g(s)dw(s) = lim g(s)dw(s).

Since uy,, € MFke8(Q, pPdr), w(s) < es™F8 and

[ ants) = - [g<s>w<s>rT v [t

T
< TN — FT)(T) + ¢ / ke dg(s
A

< NN = §T)w(T) + ¢ (T g(T) - x’wu))

C —1-k
+ S *Bg(s)ds.
ka,ﬁ 1 \/)\ g( )

By assumption (1.9) there exists {7,,} — oo such that T}, o 9(T,) — 0
when n — co. Furthermore §(A)w()\) < eA*«sg()), therefore

o0 B c o0 L B
- /A aled(s) < 1= A s~1kes(s)ds.

Notice that the above quantity on the right-hand side tends to 0 when
A — 00. The conclusion follows: for any € > 0 there exists A > 0 such that

c o
/ s ke i(s)ds <
A

kaﬁ +1

DO ™

and § > 0 such that

/pﬁdx§5=>§()\)/pﬁdx§5.
E E 2

This proves that {g o u,,} is uniformly integrable in L(Q, p?dz). Then
gou,, — gou in LY(Q,pldzr) by Vitali convergence theorem. Letting
ng — 00 in the identity

/(unk(_A)a§+§gounk)d$:/Vnkfdx
Q Q

where £ € X,,, it infers that u is a weak solution of (1.1).
The right-hand side of estimate (1.9) follows from the fact that v, 4 =
Glvp, 4| satisfies

(_A)avn,Jr + g(vn,Jr) =Up+ + g(vn,Jr) > Up

Therefore vy, 4+ > uy, by Proposition 3.1. Letting n — oo yields to (1.10).
The left-hand side is proved similarly.
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To prove the mapping v — u s increasing. Let vi,v9 € ?J)T(Q,pﬁ) and

v1 > vy, then there exist two sequences {vy,} and {vp,} in C°°(£2) such
that vy, > v, and

Vin —V; asn—oo, 1=12.

Let u; ,, be the unique solution of (1.1) with v; , and u; be the unique solution
of (1.1) with v; where ¢ = 1,2. Then u;, > us,. Moveover, by uniqueness
u;,, convergence to u; in L'(Q) for i = 1 and i = 2. Then we have u; > uo.
O

Corollary 3.1 Under the hypotheses of Theorem 1.1, we further assume
that {v,} is a sequence of measures in M(Q, p°) and v € M(Q, p°) such

that for any & € Cg(£2),

/gdun%/fdu as n — o0.
Q Q

Then the sequence {u,} of weak solutions to

(_A)aun +gou,=v, in Q,

— 1 C
Up =0 in Q°,

(3.9)

converges to the solution uw of (1.1) in LY(Q) for 1 < q < m and
{gou,} converges to gou in L'(Q, pPdx).

Proof. The method is an adaptation of [38]. Since v, — v in the duality

sense of Cg(2), there exists M > 0 such that
[vnllomea,pey < M, Vn € N.

Therefore (3.7) and (3.8) hold (but with w, solution of (3.9)). The above
proof shows that {g o u,} is uniformly integrable in L'(Q, p®dz) and {u,}
relatively compact in LI(Q) for 1 < ¢ < m Thus, up to a subsequence
{un, } C {un}, un, — u, and u is the weak solution of (1.1). Since u is
unique, 4, — 4 as N — OQ. O

Remark 3.1 Under the hypotheses of Theorem 1.1, we assume v > 0, then
G(v) = G(9(G())) <u<G(v). (3.10)
Indeed, since g is nondecreasing and v < G(v), then

u = G)—-G(g(u)
> G) - G(g(GW))).

0
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4 Applications

4.1 The case of a Dirac mass

In this subsection we characterize the asymptotic behavior of a solution near
a singularity created by a Dirac mass.

Theorem 4.1 Assume that Q is an open, bounded and C? domain of RN (N >
2) with 0 € Q, o € (0,1), v = dp and the function g : [0,00) — [0,00) is
continuous, nondecreasing and (1.9) holds for

N
N —2a°

ka0 = (4.1)

Then problem (1.1) admits a unique positive weak solution u such that

lim u(z)|z|N 2% = C, (4.2)

z—0
for some C > 0.
Remark 4.1 We note here that a weak solution w of (1.1) with v = o

satisfies

(=A)u+gu)=0 in Q\{0}, (4.3)
u=0 in RN \ Q.

The asymptotic behavior (4.2) is one of the possible singular behaviors of
solutions of (4.3) given in [13].

Before proving Theorem 4.1, we give an auxiliary lemma.

Lemma 4.1 Assume that g : [0,00) — [0,00) is continuous, nondecreasing
and (1.9) holds with ko > 1. Then

lim g(s)s Fes = 0.

§—00

Proof. Since

2s 2s
/ ()t~ Resdt > g(s)(25) 7! e / di = 271 R g(s)sRes
S S

and by (1.9),
2s
lim gyt Fasdt = 0.
5—00 s
Then
1 —ka’fg frg
Slggo g(s)s 0.
The proof is complete. O
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Proof of Theorem 4.1. Existence, uniqueness and positiveness follow
from Theorem 1.1 with f = 0. For (4.2), we shall use (1.10). From [12]
there holds,

C

C
_ — _ Q . 4.4
0< 2 G(m,0)<p(0)N_2a, z € Q\ {0} (4.4)
for some C' > 0 dependent of N and «. Since
G(50)(33) = G(CE,O) < Wa z € \ {0}’
then
0 < G(g(G(&)))(x) |z 2
1 C
< g dyla|N 2
/Q ‘.%' _y‘N72a (’y‘N72a) | |
<

1 C
d N
e e e

dz

1 C
2|V / — )
A P L (I E T
1 C
N
+.%' / — g —
N s ey Tex =P

1

= Aj(x) 4+ As(x), xze€Q\{0},

)dz

where e, = z/|z|. By Lemma 4.1,

2N72aC 1
M) < JaVgea) / S S
[N 727 B (en) lex — yIN T2
— 0 as |z|] =0,

and by (1.9),
As(e) < ClefN / o )i
2= Ba) - (z|lz)N=2

_ [° 1__N

< T T N2«

< CLI/(NM) g(Cs)s 2a (s
||

— 0 as |z|] =0,

where R > 0 such that Br(0) D Q. That is

i G(o(GE) @)l = 0. (45)
We plug (4.4) and (4.5) into (3.10), then (4.2) holds. O
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4.2 The power case

If g(s) = |s|*~Ls with k > 1, then (1.9) is satisfied if 1 < k < k, g where k, 3
defined by (2.13) is called the critical exponent with limit values koo =

and koo = %—i‘g If we consider the problem

N—2«a

(=A)u+ [ufffu=v in Q

4.6
u=20 in QF, (4.6)

then if 1 < k < ko it is solvable for any v € M(Q, p), but it may not
be the case if k > ko 3. As in the case o = 1, the sharp solvability of
(4.6) is associated to a concentration property of the measure v and this
concentration is expressed by the mean of Bessel capacities. If £k > 1 and
kK = %, we define for any compact set K C €2,

ot (1) = f {10 00 ) 0 € C(R),0< < 1,6 =10n K}.
(4.7)

Then Cy, p is an outer measure or capacity in {2 extended to Borel sets
by standard processes. Our result is the following in the case of bounded
measures

Theorem 4.2 Assume § is an open bounded C? domain in RN and k > 1.
Then problem (4.6) can be solved with a nonnegative bounded measure v if
and only if v satisfies on compact subsets K C €}

C 1 (K) = 0= v(K) = 0. (4.8)

Proof. 1-The condition is necessary. Assume u is a weak solution and let
K C Q be compact. Let ¢ € C°(RY) such that 0 < ¢ < 1 and ¢(x) =1 for
all z € K, and set £ = ¢¥', then € € X, and

o k —
/Q(u(—A) E+u 5) dr = /dil/.
Since & > x it follows from (2.30) that
/ (k’¢k’—1u(—A)a¢ + (bkluk) dz > v(K). (4.9)
Q

By Holder’s inequality

1

< </Q¢k/ukdx)% (/Q|(—A)a¢|” d;n>F (4.10)

By [29, Th 5.4], there exists ¢ € W2** (RN) such that ¢|o= ¢ and

/ O u(— A) b
Q

H&me,k’(RN) < CHQSHW?OMG'(Q)
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Then, by standard regularity result on the Riesz potential (—A)~® in RV,

s([ﬁwwwﬁi(AQK—Awm”mjé

1
Kl

f k ~
< Cl </Q (bk ukdm> H¢HW2Q,]€,(RN) (411)

1

/ K’
gc(/wwm>uwwwﬁ.
(9]

Therefore (4.11), yields to

/ O u(— A)
Q

ol o ubdz )" ¥ ukde > (K 412
W2ak (0) ; udr | + ng u dx > v(K). (4.12)

If Cga,k'(K) = 0, there exists a sequence {¢,,} C C°(Q2) such that 0 < ¢,, <
1 and ¢, =1 on K and H(ﬁn”wga’k/(ﬂ) — 0 as n — oo. Furthermore K has
zero Lebesgue measure and ¢,, — 0 almost everywhere. If we replace ¢ by
¢r, in (4.12) and let n — oo we obtain v(K) = 0.

2-The condition is sufficient. We first assume that v € W=2%%(Q)N9MY(Q);
for n € N, we denote by u,, the solution of

(=AU + | Ty, (w) |1 T (u) = v in Q

4.13
u=~0 in Q¢ ( )

where T),(r) = sign(r) min{n, |r|}. Such a solution exists by Theorem 1.1,
is nonnegative and the sequence {u,} is decreasing and converges to some
nonnegative u since {7, (r)} is increasing on R,. Furthermore

0 <u, <Gy,

by (1.10). This implies that the convergence holds in L'(f2). Since v €
W—2k(Q), Glv] € LF(Q), it infers that

’Tn(un)’kilTn(un) = (Tn(un))k < (G[V])k

Since for any ¢ € X, there holds

/Q (un(—A)“§+(Tn(un))k§) de = /Q Edv (4.14)

we can let n — oo and conclude that w is a solution of (4.6), unique by
(3.4). Next we assume that (4.8) holds. By a result of Feyel and de la
Pradelle [19] (see also [17]), there exists an increasing sequence {v,} C
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W22k(Q) N MY (€2) which converges to v in the weak sense of measures.
This implies that the sequence {u,} of weak solutions of

(—A)u, +uk =, in Q

Up =0 in QF°

(4.15)

is increasing with limit w. Taking n; := G[1] as a test function in the weak
formulation, we have

/(un—l—uﬁm) dx:/mdung/mdu.
Q Q Q

Therefore u, — u in LY(Q) N L*¥(Q, p*dz). Letting n — oo we deduce that
u satisfies (4.6). O

Remark 4.2 If v is a signed bounded measure a sufficient condition for
solving (4.6) is

O o (K) = 0= |v|(K) = 0. (4.16)
This can be obtained by using the fact that the solutions of (4.6) with right-

hand side vy and —v_ are respectively a supersolution and a subsolution of
(4.6). It is not clear whether it is also a necessary condition.
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