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A large number of models have been proposed in the field of nonlinear elastic wave propagation in damaged solids to
validate experimental observations with theoretical predictions. In this contribution, we distinguish between "distributed"
and "interface" implementations of nonlinearity, and deduce particular properties for the differing models. For the models
of distributed damage, we prove that many of the currently suggested models can be seen as particular cases of the
PM-model for specific protocols and parameters. In addition, we illustrate the potentiality of interface models to validate
experimental results reported by other research groups.



I. Introduction:

The investigation of nonlinear and non-unique stress-strain relations at the zone of damage
constitutes the basics of ultrasonic Non-Destructive Testing (NDT) and modeling of nonlinear wave
propagation in damaged solids. A large number of differing models have been proposed and used in
the past to validate experimental observations with theoretical predictions, and vice-versa, in the
field of nonlinear elastic wave propagation in damaged solids [1-23]. The state relations are usually
defined at the microscopic or mesoscopic level, and their influence on the wave propagation is
investigated on the macroscopic level by way of analytical models or finite difference and finite

element models.

Models for nonlinear state relations generally include contributions known as classical stress-strain
nonlinearity or atomic anharmonicity (mainly for mono-crystalline solids) [1], and a hysteretic
contribution of the strain with respect to the stress variations attributed to the presence of soft
inclusions in a stiff matrix [2,4,5,3,6,12,13,14,15,17]. The classical nonlinear contribution is
commonly described by a perturbation expansion of stress in terms of strain (or vice-versa) in which
only the first two or three terms are considered. To introduce hysteretic behavior, non-classical
terms have to be added to the model, accounting for history and memory effects, such as the quite
general Preisach-Mayergoysz (PM) model and derivatives of this model [13-20]. Most hysteretic
models only account for fast/immediate stress-strain variations. Moreover, only the variations
matter, not the rate at which the variations occur. Some exclusive extensions of these models make
use of stochastic processes to account for experimentally observed features such as slow dynamics

[24-27].

Depending on the nature of the damage, globally distributed or highly localized, the implementation
of the nonlinear and hysteretic relations occurs at the level of a "representative volume" or at an
"interface". In the first case, the damage zone can be considered as an ensemble of tiny nonlinear
features (microcracks or dislocations), statistically spread over a certain volume. In the "interface

model", single crack or delamination clapping behavior is insinuated [28-42].

In the next sections, we will discuss several state-of-the-art models that have been proposed in the
past to validate experimental observations of nonlinear wave propagation in damaged solids. We will
distinguish between "distributed" and "interface" implementation, and deduce particular properties
for each of them. For the models of distributed damage, we prove that many of the currently
suggested models can be seen as particular cases of the PM-model for specific protocols and

parameters.



II. Models for distributed damage:

1. Preisach-Mayergoysz model
One of the most generic and most flexible models for the description of a nonlinear and hysteretic
stress-strain relation at the mesoscopic level (representative volume level) is certainly the Preisach-
Mayergoysz model (introduced by Ortin et al for shape memory alloys [13] and by Guyer et al. for
rock mechanics [15], based on the original Preisach-Mayergoysz formalism for magnetism). In short,
the formalism makes use of a statistical distribution of elementary hysteretic units that can be in two
states, say state "0" and "1". The driving variable, say "x", determining the unit's state, can be either
the stress or the strain. For each unit, the switch between the two states occurs at two parameter
values of the driving variable, say x, for a change from state 0 to state 1 upon increasing x, and x;, for
a change from state 1 to state 0 when reducing x. These switching values are characteristic for each
unit individually. A large amount of such units defines a density, expressed as function of the two
switching parameters: o, (xo,xl). Based on physical arguments one can state that the density is
only non-zero for x, 2 x;. Apart from the hysteretic units, the representative volume also consists of
elastic units which have a reversible (non-hysteretic) nonlinear state relation. Their behavior is
characterized by the acousto-elastic effect (dynamic modulus, or wavespeed, versus drive
parameter) and can be expressed as K, (x) The knowledge of the density, together with the

acousto-elastic effect is sufficient to determine the stress-strain equations for any kind of protocol

"h(x)" of the drive parameter.

As such, we obtain the following expressions for the incremental variation of strain as function of

stress, when the drive parameter is the stress:

Op

[de], . = I%dc + y[ £, (0s:h)- 1, (o4:h)] (1)

or for the incremental stress variation as function of strain, when the drive parameter is the strain.:

&p

[do], ., = [Ku(ede + Ky[f(e5:h)~F.(54:h)] (2)

Here the function f (xj;h) represents the fraction of hysteretic units within the representative
volume that are in state 1 at the value of the drive parameter corresponding to the function's
argument, given the past history (h) of the protocol. Hysteresis comes into play by the fact that the
fraction of units in state 1 depends on the history of the protocol of the drive parameter, and not
only on its current value. The parameter ¥, introduced above is the strain contribution from

hysteresis when all hysteretic units are in state 1. Likewise, Ky is the stress contribution occurring



when all hysteretic units are in state 1. Here K, denotes the linear modulus (first term in the series

expansion of K, (x) ).

In order to rewrite the hysteretic contributions in terms of the PM density, we introduce the notation
N_, representing the total number of hysteretic units (i.e. the number of hysteretic units in state 1 at

extreme values of the drive parameter x), and N, for the number of units in state 1 at the start of

the protocol (usually in the rest state). Considering the strain as driving parameter we then obtain:

]
[do], . = I K, (¢)de + K, ﬁ H p, (&€ )dede, —” P, (&€ )dede, (3)
£y © 0| Q, Q,
The contribution thus generally consists of a classical nonlinear part and a hysteretic part. Here, the
double integrals are calculated over the 2D areas Qj in the PM space covering the hysteretic units
which are in state 1 at the drive parameter &;, given the past history of £(¢). It is exactly this history
dependence that is responsible for the appearance of hysteresis in the quasi-static stress-strain
relation, hysteresis and discontinuities in the modulus-strain relation, and effects such as end-point

memory.

After renormalisation, and explicit introduction of a series expansion for K, (6‘) :

[d O']SA_MB =[d0 ]gﬁgﬂ + [da Hyst L%E

o ()

=K, I (1+2B&+30e" +...)de + .U.[)s (&, )dede, —.”[)g (&, )dede,

&4 Qp Q,
A strong advantage of the PM model is that it can be implemented and used for arbitrary protocols.
Besides, even though the model is phenomenological, several studies have shown that there is
evidence of physical mechanisms that support the framework [43-49]. Examples of particular
macroscopic features in the wave propagation for hysteretic materials have been considered in many

earlier publications [6-12,17-23,50].

Apart from the property of end-point memory, a PM system has an additional important property
that is related to the drive parameter. Internal loops between two identical drive parameter values
on any increasing or decreasing branch of the stress-strain relation, should be congruent. The
congruency also implies (in the limit of infinitesimal internal loops) that the value of the dynamic
modulus as function of the drive parameter is independent of the history of the drive parameter, i.e.
identical for increasing or decreasing branches. Experimental work on rocks, probing the wavespeed
of longitudinal waves during uniaxial quasi static loading, has shown that hysteresis persists in the

velocity versus stress, whereas it vanishes when plotting the velocity versus strain. An example is



shown in Figure 1 for Serena Sandstone. Based on similar experiments conducted on a large variety
of rocks, all supporting the above observation, we conclude that it is more appropriate to use the

strain-strain PM space formalism than the stress-stress PM space.
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Figure 1: Acousto-elastic effect showing the path-dependence of wavespeed versus stress and versus
strain during uniaxial compression experiments. Top: experimental set-up and typical protocol used
in the experiments identifying 4 subsections. Bottom: a) wavespeed versus applied stress for
subsection 3; b) wavespeed versus applied stress for subsection 4; c) wavespeed versus induced

strain for subsection 3; d) wavespeed versus induced strain for subsection 4.



As mentioned above, the PM space formalism can be used for arbitrary protocols. In many cases
when continuous monofrequency drives are considered (as in long burst propagation, or discrete
step resonance experiments), the drive parameter basically oscillates between two values,
symmetric with respect to zero, without any intermediate maxima or minima. If we call Ag the
amplitude of the oscillation, then the excitation consists of an alternating sequence of a
monotonically increasing branch from —Ag to A&, and a monotonically decreasing branch from
A& to-—Ag . The PM-space formalism allows us to easily calculate the corresponding stress-strain
relations for any given density. We call o (&) the "upgoing" stress branch corresponding to the
increasing strain, and o (&) the "downgoing" stress corresponding to the decreasing strain. These
two branches will be different if hysteresis is present (non-zero PM space density). Furthermore, due

to the end-point memory property, the complete stress-strain loop will be closed.

If we assume cyclic excitation, and an initial situation (after rest) such that all hysteretic units with
|€0|S—8] (i.e. below the anti-diagonal) are in state 1, we can deduce the following general
expressions for the up- and downgoing branches of the stress-strain relation, assuming the

contribution of the classical nonlinearity and the PM space density are known:

+ +
o (8) = UC/U.YSNL (8) + GHyst (8) = GC[assNL (g) + [O-Hyst :'_

Ae—e

0 4 ~ & o _ (5)

= UClassNL(g)+KO J‘ j p£ (gO’gl)ngdgl - J. J. p£ (g()’gl)dgldgo
—Ae g —Ag —Ae
o (8) = O-ClassNL (8) + G;Iyst (5) = GCI&SSNL (8) + I:O-Hyst :|Ag—>5

As €0 Ag Ag (6)

= O-ClastL ([;') + KO _.[ J Iba (80’ 81 )dgldg() + I I ﬁs (80’ 81 )dgodgl
0 —¢& ¢ g

Inversely, if the up- and downgoing curves are known (e.g. from experiments or -as assumed later-
from simple analytic models), we can easily derive the associated PM space density, the classical

nonlinearity contribution, the mean modulus change and the nonlinear attenuation.

The PM space density can be derived by considering the above expressions as functions of & and

Ag and by subtracting double derivatives of the up- and downgoing curves as follows:

(7)

Pt = aCas) | o Tlaae) | oe

o d(-Ag)=¢, ¢ lAe=¢,

1 0 {O‘+(€,A8):| 0 |:G(8,A8):|

When the up- and downgoing curves are known and the density is calculated according to the above

expression, we can also find the contribution of the classical nonlinearity as follows



O-ClastL (g) = O-+ (E) - Glirlyst (8)

0 ~& & (8)
=o'(¢)-K, I jpg go,gl)dgodgl—J jpg (&), )dede,
-As g —Ag -As

or equivalently by

O-Cla.vaL ([;') = O-_ (8) - O-;]yg (8)

Ae %0 ~ Ag Ae _ (9)
=0 (¢)-K, —I J. 2, (go,gl)dgldgoJrj J.pg(go,el)deodgl
0 —g £ &

Under the above mentioned assumptions, we can calculate the mean modulus change during a full

excursion. In the most general form, this can be expressed as:

I— I—dg
K,-K _&_1_Lﬂg o¢ ., 0¢& (10)
K, K, K, 4As

Finally, the hysteretic losses (nonlinear attenuation) from the ratio of the loop area to the strain

energy amount to:

Ag

“_o7)d
L a1 LT o
0 0 nm 2 ;KO(Ae)z

Read introduced the ratio of nonlinear attenuation to mean modulus change as the "Read"
parameter [22,23], expressing the relative importance of nonlinear attenuation over nonlinear

elasticity. In general this yield:

4 T (c"-07)de

R= KOA_&K S (12)
o 4KAe- j j

-Ag

The read parameter has been calculated from experimental data by several people [3,6,18,21,24].

Typical values range between 0.3 and 3.

Using the generic PM-formalism, the Read parameter can be calculated for any type of PM density
distribution, following equations (5-12). As we will illustrate further, the theoretical value of the Read

parameter is a constant only for particular density distributions (e.g. for powerlaw dependence of



the density away from the diagonal in the PM space), and will not be constant at all with amplitude

for general distributions.

2. Quadratic nonlinear hysteretic model.
The most inconvenient disadvantage about the general PM-space formalism is that there are too
many free parameters by which the density can be described. Any function can be used for the
density. Likewise, for the inversion of the PM-space density from experimental data, a discretisation
of the drive parameter range into N intervals, leads to N(N+1)/2 degrees of freedom for the PM-
space. This is for most cases impractical. A more workable manner, which can be especially helpful
for dynamic wave propagation (small but finite amplitude), is to assume a formal expression for the
density using a low number of parameters. For example, McCall et al. [14] and Van Den Abeele et
al.[20] have deduced closed form expressions for the upgoing and downgoing branches of the stress-
strain loops when the density of the PM-space is constant, say "a", and when the drive parameter is
simply oscillating with amplitude A& (no intermediate extrema). In this case only one parameter
determines the hysteretic contribution. Additional parameters (e.g. f and d) may be introduced to
account for the contribution of classical nonlinearity. The closed form expressions for a constant PM-

density then read:

o'(e)=K, (6‘ + pe’ + 08’ +...—a(A3)g+%((A5)2 —gz)j
(13)
o (¢)=K, (5+ﬂ52 +0’ +...—a(Ae)e —%((Ag)2 —gz)j

In the case when &=0, and all higher order terms in the series expansion are neglected, the model is

called the quadratic nonlinear hysteretic model. In this model

o' (e)=K, [6‘ + pe’ +0{(A£)2 —%(Ag + E)ZD
(14)
o (¢)=K, (8+ g2 —a((Ag)2 —%(Ag —S)ZD

In accordance to the general scheme discussed in Egs. 7-8, assuming an initial situation (after rest)
where all hysteretic units with |€0| < —¢, (i.e. below the anti-diagonal) are in state 1, we can easily
identify that:



p.(&,.6)=a
(15)
GClassNL ((C,') = KO (8 + ﬂgz)

Indeed, in a steady cyclic excitation between —A¢g and Ag' the PM space contribution to the

upgoing stress-strain curve at a strain value & will be

0 —& e %
O';yst(g)z[a,w]_AHS=KO I Iﬁg(so,gl)dgodgl—j J.,bg(go,gl)dgldeo
-Ag g —Ag —Ag (16)

=K, ((Ag)2 —%(Ae + 8)2j

Likewise, the PM space contribution to the downgoing stress-strain curve at a strain value ¢ will be

Ae €0 As As
=K, —J j 2, (go,gl)dgldgoJrJ. Iﬁg (&).6)de,de,
0 -¢, £ g (17)

=K, ((Ag)2 —%(Ag — 5)2]

O iyt (&)= [O'Hyst:'

Ae—>¢

The curve connecting the maxima and minima of the stress-strain loops for increasing excursion

amplitudes A&, also called the 'initial' curve, is:

0, (M) = K, (Ae + B(Ae) —sign(£)a(Ae)) (18)

with sign(x)=1 if x>0 and -1 if x<0. The curve corresponds to the trajectory that is followed each time
the absolute value of the excitation strain is exceeding the maximum absolute value of the strain
within the preceding time history of the strain. Thus, starting from a situation at rest, the initial curve
is followed until a certain maximum or minimum is reached, say at &, . When the strain rate changes
sign, the stress-strain curve corresponds to an up- or downgoing curve (cfr Eq. 13) until |8| > |<£‘l | For
the particular 'initial' curve expressed by Eq.18, and assuming cyclic excursions with amplitudes Ag,
the tangent of the upgoing branch equals the tangent of o, at A& . At the same time, the tangent

of the downgoing branch equals the tangent of o

i @t —AE . This assures end-point memory for any

protocol.

From Eq.(14), an expression for the modulus can be deduced, which can be written in the following

form:

K(¢)=K,(1+2fc—a(Ae +sign(£)e)). (19)



This is a typical butterfly behavior as function of the strain, which is slanted when £#0. In this model,

the mean modulus relative change (cfr Eq.10), which is the quantity that can be derived from a

standard resonance experiment, is @ Ag , whereas the nonlinear attenuation (cfr Eq.11) amounts to
da Ae

4
, yielding a Read parameter of —.

Typical results of the quadratic hysteretic model are illustrated in Figure 2.
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Stress-Strain: Quadratic Nonlinear PMspace approximation
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Figure 2: The quadratic nonlinear hysteretic model (Eq.(13), with K, =1; 8 =-0.05;a =0.15):

a) stress-strain curves for two amplitudes (low amplitude: black-blue; high amplitude: red-green); b)
Initial curve (orange, Eq.18) and classical nonlinear stress-strain contribution (dashed cyan, Eq. 15b)
on top of the stress-strain curves; c) Modulus-strain curves for two amplitudes (Eq. 19) and classical
nonlinear modulus-strain contribution (dotted cyan).
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3. Adapted quadratic model of Nazarov et al.
A variation on the closed form expressions presented in Eq.13 was proposed by Nazarov et al. [12],

who proposed the following form:

o' (&) =K, [3 —a(Ae)e +(% (Ag)? —%gzjj

(20)
(7(5):K0(g—a(A5)g—(’B‘Zﬂ2(A) B 2 D

Compared to Eq.13, the original (classical nonlinear) parameters S and J are set to zero, whereas the
nonlinear terms in the state relation are quadratic in nature and described by three parameters: «,

B;and B, Note that

o if §, = f,= o, the model of Nazarov is exactly the same as the above discussed quadratic
nonlinear hysteretic model, without the quadratic term in the classical nonlinearity
contribution.

o if B, = f,= 0, the model of Nazarov is a nonlinear model without hysteresis. The up- and
downgoing loops are identical but the slope (modulus) reduces with increasing excitation
amplitude: o (¢) =0 (&) =K, (l—a(A&‘)) &. Thus there is no hysteresis in the system,
nevertheless, the system has memory, in particular related to its largest level of excitation.

The model of Nazarov can be rewritten in the following form (in accordance to Eq. 14) which makes it
easier to identify the classical nonlinear term, the hysteretic term and an additional non-hysteretic

but memory dependent term:

0*(8):K0( bk ’82 —(a— ’B‘+ﬂ2)(A5)5+’B b ((A )’ ;(A8+8)2D

(21)
O'_([;'):KO( ﬂl ﬂ2 (a_ﬂl_;ﬂZ)(Ag)g_ﬂl;ﬂz((Ag)Z_%(Ag_g)ij

Due to the non-hysteretic memory term in this expression, this model can not correspond to a true

PM-space. Still, using a superposition of contributions such as:

12



O-+ (8) = O-ClastL (8) + o-MemoryNL (8’ Ag) + O-;Iyst (8)

0 & e ©
= O-ClassNL (S) + UMemoryNL (8’ AS) + KO I I ﬁs (gO’ Sl )dgodgl - I j ﬁs (80 ’ gl ) dgldgo
—Ag g —-Ag —Ae

o (8) = O-ClassNL (8) + GMemDryNL (6‘, Ag) + O-I;\’st (g)

Ag ©0 Ae Ae
= O cpassnr (€) * O pemoryniL (e,Ae)+ K, _I J. o (‘90’51 )dgldgo + J. J. i (‘90’51 )dgodgl
0 —g & &
(22)
we can identify that:
GClassNL (8) = K() (8 _¥82]
O-MemoryNL (8, Aé') = _KO ((l _wj (Ag)g (23)
~ +
polene)=Ltle
2
The "initial curve" (as defined above) in this case is
o, (Ag)=K Ae—M(Ag)z—si 3 Ag)’ 24
Init =Ky 4 gn(¢) a(Ag) (24)
while the modulus reads:
K'(e)=K,(1-Bc—a Ac
(1= ) . (25)

K (&)=K,(1+ B,e—a A¢)

The mean modulus relative change is again a Ag . The nonlinear attenuation originating from the

2(ﬂ1+ﬁ2)A8 2(ﬁ1+182)_
3

hysteresis loop is . This provides a Read parameter of —

o
Note that for the model of Nazarov:

e The Read parameter is larger than 4/3 when S + 8, >2a and smaller than 4/3 when
B+ B, <2a . It can take any value between 0 (for £, = 8, =0) and infinity (for & =0).
e Strictly speaking the model can only be deduced from a PM-space model when

ﬂl +ﬂ2 =2a . In this case, the non-hysteretic memory term contributing to a reduction of

the modulus is zero.

Illustrations of the adapted quadratic hysteretic model according to Nazarov can be found in Figure

3.

13



Stress-Strain: Quadratic Nonlinear Nazarov Model
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Figure 3: The adapted quadratic nonlinear model following Nazarov et al. (Eq.(15): Left hand side for

K,=La=0.1;4 =0.3; 8, =0.1 (hysteretic case); Right hand side for
K,=La=0.1;4 =0.0; 8, =0.0 (non-hysteretic case).

Top) stress-strain curves for two amplitudes (low amplitude: black-blue; high amplitude: red-green);
Middle) Initial curve (orange, Eq. 24) and classical nonlinear stress-strain contribution (dashed cyan,
Eg. 23a) on top of the stress-strain curves; Bottom) Modulus-strain curves for two amplitudes (Eq.
25) and classical nonlinear modulus-strain contribution (dotted cyan).
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4. The original and adapted model of Davidenkov et al.
The adapted Davidenkov model [2,3,12] assumes the following expressions for the stress-strain

curves:

o' (e)=K, (8 +ﬁ(2’”'1 (A&)" —(Ag+&)" )j
" (26)
o (¢)=K, (g ~L (2" de)" ~(he—e)" )j
m

It contains two parameters: o and m. The original model corresponds to the case when m=2, and
thus coincides with the quadratic nonlinear hysteretic model discussed above (without contribution

from classical nonlinearity).

Even though the model is introduced only for cyclic excitation, it is instructive to investigate the
nature of the PM-space that might be associated with these equations, especially for m>2.

If we again assume as initial situation (after rest) that all hysteretic units with |€0| < —¢& (i.e. below

the anti-diagonal) are in state 1, and apply the derivation discussed in Egs. 7 to 9, we obtain that:

p.(ey8)=a(m-1) (g —¢ )m_2
(27)

O-ClassNL (8) = Kog

Note that the density is indeed constant (and equal to &) when m=2, as in the quadratic nonlinear
hysteretic model. For m#2, the density assumes a powerlaw relation with the argument being the
distance from the diagonal in the PM-space. For m=3 for instance, we obtain a linear increase of the
density distribution away from the diagonal, etc. Finally, it should be mentioned that m should be

larger than unity, since otherwise the PM density becomes negative for any positive value of a.

The "initial curve" connecting the maxima and minima of the stress-strain loops for increasing

excursion amplitudes Ag, in this case is

0, (Ag) =K, (Ag —g(sign(é) 2! (Ag)’"j (28)
m

Starting from Eq. 26, a simple expression for the modulus can be derived:

K(¢)=K,(1-a (Ae+sign(&)e)"") (29)

15



AK 2m—l A m—1
and results in —=w

0

for the mean modulus relative change. The losses (AJ ) due to
m

2" o (m—1)(Ag)™"
the hysteresis are ;nz )1() ) . The ratio of these two quantities gives rise to a Read
m+

parameter of m
(m+1)
Note that for the (adapted) model of Davidenkov:
e The Read parameter can vary between 0 (for m=1, no nonlinearity at all) and 4 (for m large),
with the above mentioned value of 4/3 for the quadratic case (m=2).
e In the special case when m=1, the system performs linearly, independent on the amplitude,

with a modulus equal to K (1—a ).

As mentioned above, the Davidenkov model corresponds to a PM-space density that is uniformly
changing away from the diagonal according to a single powerlaw relation for the quantity (80 —8,)
(cfr Eg. 27). As an extension, one could equally well assume a more complicated density distribution,
which is still a function of (6‘0 —81), and approximate this distribution by means of a truncated

Taylor series:

ﬁg(go,gl)zf(go—gl)zZam (m—1) (‘90_‘91)’"_2 (30)
m=2
with ¢, (m—1) = ! {d’" f(zx)} for m=2..M.
(m=2)!| dx" o

As a result of the superposition of integer exponent powerlaws within the Taylor expansion, the
corresponding up- and downgoing stress-strain curves in this case can also be written as a
superposition of individual hysteretic contributions with integer exponents as introduced in Eq. 26,

yielding

M
a _
o' (e)=K, [5+Z—m(2m '(Ag)” —(Ae+5)"’)j
s m
’ (31)
I o
o (&)=K,| - Zi(Z’"‘l(Aa‘)’” —(As— g)"’)
m=2 m
Similarly, we can simply rewrite the initial curve and the modulus-strain relation as a superposition.
The Read parameter, however, becomes more complicated due to the superposition of contributions
with different exponents. The general expression clearly illustrates that the Read parameter may not
longer be a constant any more. On the contrary, as soon as more than one power is involved, the

ratio between losses and elasticity reduction becomes amplitude dependent:
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i 2" (m—-1)(Ag)""

R = 2 M 3}1(1T+1) m—1 (32)
m=2 m

Typical results of the original and the extended Davidenkov model are displayed in Figure 4.
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Stress-Strain: Davidenkov Model {m=3) Stress-Strain: Extended Davidenkov Model
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Figure 4: The original and extended Davidenkov model (Left hand side: Eq.(26) with

K, =1;m=3;a =0.04; Right hand side Eq.(31) with K, =1;a, =0.008; ¢, = 0.00008 .

Top) stress-strain curves for two amplitudes (low amplitude: black-blue; high amplitude: red-green);
Middle) Initial curve (orange) and classical nonlinear stress-strain contribution (dashed cyan) on top
of the stress-strain curves; Bottom) Modulus-strain curves for two amplitudes and classical nonlinear
modulus-strain contribution (dotted cyan).
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5. The (adapted) Granato-Liicke model
The stress-strain curves according to the (adapted) Granato-Liicke model contains four branches, and

can be expressed as follows [5,6,12]:

Ki(e-Lrem) if £20,620

m
Kie+D2em D (Agymigy  if 620,620

o(e) = n " (33)

K, (e + 22 if £<0,6<0

n

n + . .

Ko’(g—&|g —M(Ag)”’lg) if £<0,620

n n

Apart from the possibility to account for different moduli in tension and compression (KO* and K ),
the model contains four nonlinear parameters and two exponents: 7,,7, 7; 7, and m and n. The
original model corresponds to the case when m=n=2, and when 7, =y,=0. In the case when
¥, =—7,, together with ¥, =-y,, the system is not hysteretic anymore and act as a classical

nonlinear system with a possible discontinuity in the modulus-strain relation at the origin.

We again investigate the nature of the PM-space that might be associated with these equations.
Remark that the stress-strain loops always go through the origin at zero strain. Independent of the
protocol that was followed, the system assumes zero stress when the strain is zero. This property
implies that the PM-space should be empty in the quadrant defined by &, =20 and & <O0.
Furthermore, the initial state corresponds to the situation when all units in the triangle & <¢&, <0
are in state 1, and the units in the triangle &, 2 & =0 are in state 0. This observation really helps in
finding the classical nonlinear contribution and the PM density associated with the Granato-Liicke
model since it allows us to perform the calculations separately for loops in the € >0 quadrant and in

the £ £0 quadrant.

After some tedious calculations, we find that

GC/assNL(g)ZK(-; [‘94—(%_%)5’”) fOV SZO

(34)

p.(&,€) =%(m—l) (&))" for &2620
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GClas.vNL(g) = K(; (5‘ —(%_Lﬁ} P n

n

j for <0

(35)

for & <¢g,<0

~ + n
pg(gmg]):%(n—l”é‘] 2

Note that the density within the upper and lower triangular areas is constant when m=n=2. For m#2
and/or n#2, the density assumes a powerlaw relation as function of the strain value &, for & >0
and as function of &, for &< 0. The powerlaw can be different in both cases. Again, it should be
mentioned that both m and n should be larger than unity, since otherwise the PM density becomes

negative for any positive values of y, + ), and 7, +7,.

The "initial curve" of the stress-strain loops is split in two curves, one connecting the maxima (found

when & > 0) and another connecting the minima, i.e. for £ <0:

Kg(g—ﬁg’”j for £20
m

0, (€)= (36)

K, (5+—|g|] for <0

Note that the two pieces of the initial curve exactly correspond to branch 1 and 3 of the stress-strain
expression given in Eq. (33).
Likewise, the mean modulus and the total hysteresis loop area over a full excursion are also

composed of two parts (£ >0 and & <0), and amount respectively to

K (1 ~7(Ag)y™ j +K; (1 el (Ag)”‘lj
mmn (AS) = n n (37)
2
and
Area(A8)= (}/]+7/2)m I(A )m1+K7(}/3+7/4)n I(A )Vll (38)
2m  m+1 2n  n+l1

For equal values of the moduli in tension and compression (i.e. K; =K, =K,), and equal

powerlaw exponents (i.e. m=n), the Read parameter becomes amplitude independent and yields:
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:(71+}/2+}/3+74)m—1 (39)
(7 +73) m+1

Note that for the original Granato-Liicke model (with m=n=2, and ¥, =y, =0), the value of the R
reduced to 1/3.
As in the Davidenkov model, we can extend the complexity by assuming a more general density

), that can be approximated by means

distribution in both triangles, respectively f*(g,) and f7(|51

of a truncated Taylor series. If we assume

}/ m ]/ m m—
p(e.8)=f (&)~ Z L — 2 (m-1) (&))" for & 2820
(40)
~ — 7 n }/ n
P, (&.6)=f (e~ Z L (-1 g for &<g<0
n=2
+ dm—Z +
with M(m—l)z ! / gx) for m=2..M.
m (m=-2)! dx™ -
+ df
d Yan2 T Fanz (n-1)= ! f gx) for n=2..N
n (n-2)! dx" o
then the extended Granato-Liicke model can be written as:
< 7
K;(e=> =" e™) if €20,620
m=2 m
Y < Vin TV
K+((9+z 2,m r z 1,m 2m(A8)m—18) l]p SZO,ESO
6(5) — m=2 m=2 (41)
K(g+zy3” " if £<0,6<0
n=2
N
n + )
Ky (e- S Lanlop -5 Ln Tan agyigy i 220,620
n=2 n n=2 n

with moduli given by
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M
Ky (=2 7,6"") if £20,6>0

m=2

M M

+

K+ gy, = Do (n gty ip p20,6<0

m= ' m= m
K(s)= . ’ (42)
K=Yy, le[™ if £<0,6<0

n=2

g

N
n—. + 3
Y Lt (neyy i <0620
n

n=2

N
KO_ (1 + z 7/4,n |€
n=2

As can be expected, the Read parameter becomes even more complicated in this case. After some

routine calculations, we find, for Kg = K, = K, and assuming M=N, that R reads:

i (7/1,m + }/Z,mz-:rf/lm + 74,m) Z;i (Ag)m—l
m=2
o L ot i) oy (43)
2MLm D F3mZ (A 2\
2 (ae)

Similarly as for the extension of the Davidenkov model, the Read parameter results in a
superposition of contributions with different exponents, and a general expression that clearly
illustrates that the non-constant behavior of the Read parameter. The ratio between losses and

elasticity reduction becomes amplitude dependent.

Illustrations of the original and the extended Granato-Liicke model can be found in Figures 5 and 6.
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Stress-Strain: Original Granato-Lucke model Stress-Sirain: Original Granato-Lucke model
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Figure 5: The original Granato-liicke model (Eq.(33) with K; =K, =lim=n=2; y,=0.4;y,=0;
7, =0.2;7, =0) for two amplitudes (left, low amplitude: black-blue; right , high amplitude: red-

green)

Top) stress-strain curves; Middle) Initial curve (orange) and classical nonlinear stress-strain
contribution (dashed cyan) on top of the stress-strain curves; Bottom) Modulus-strain curves for two
amplitudes and classical nonlinear modulus-strain contribution (dotted cyan).
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Stress-Strain: Extended Granato-Lucke model Stress-Strain: Extended Granato-Lucke model
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Figure 6: The extended Granato-licke model (Eq.(41-42) with K; =1;K, =1.3;
715 =0.08;7,,=0.06; y,,=0.06;7,, =0.04; y,, =0.06;7,,=0.04; y,,=0.06,7,,=0.02)

for two amplitudes (left, low amplitude: black-blue; right , high amplitude: red-green)

Top) stress-strain curves; Middle) Initial curve (orange) and classical nonlinear stress-strain
contribution (dashed cyan) on top of the stress-strain curves; Bottom) Modulus-strain curves for two
amplitudes and classical nonlinear modulus-strain contribution (dotted cyan).
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6. Summary of Section II

For most of the semi-analytical models used to interpret hysteretic nonlinear wave propagation in
damaged materials, we have identified the underlying PM-space formulation. In the simplest cases
the PM-space density is constant, either over the entire PM-space or over distinct parts of the PM-

space. In the Nazarov quadratic model with 3, + 3, # 2¢ , an additional non-hysteretic memory

dependent contribution is required to be taken into account.

Despite the ease of use, it is important to note that the semi-analytical formulations are only valid for
simplex waves with only one minimum (-Ag) and one maximum (Ag) per excitation cycle. The more
general PM-space formalism can extend these semi-analytical formulations to any arbitrary protocol.

The above analysis also shows that for a general PM-density (e.g. a superposition of the Granato-
Licke "split" density, the quadratic nonlinear hysteretic "constant" density, and the Davidenkov
"powerlaw" increase of density from the diagonal),
e the modulus change will not be linear in the strain, but its dependence may be more
complex, involving Ag, (Ag)?, etc.,
e the change in the attenuation will not be linear in the strain, but its dependence may be
more complex, involving Ag, (Ag)?, etc.
e the theoretical Read parameter, providing information regarding the importance of
nonlinear attenuation versus nonlinear modulus reduction, can take on a large range of
values depending on the model parameters. In more complex cases (extended models) it is

even possible for the Read parameter to become amplitude dependent.
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III. Models for localized damage:

1. Clapping nonlinearity at the interface

For the description of interface or contact nonlinearity, the nonlinear stress-strain relations are
implemented at the interface between two neighboring parts of the sample. Several research teams
have realized this by introducing virtual spring elements and dampers at both sides of the interface
[37-42]. In this contribution we illustrate the effect of local nonlinearity at delaminations and surface
cracks following the method introduced by Sarens et al and Delrue et al. (Figure 7 and 8) [41,42]. The
spring elements are only active when the interfaces are within a certain characteristic gap distance
bZ,, with Z, the common rest distance between molecules, and b>1. When the gap distance is
smaller than Z,, a repulsive force is exerted on both interfaces. When the gap distance is between Z,
and bZ,, the forces are attractive. No force and thus stress-free contacts are assumed when the gap
distance is larger than bZ,. The damping forces are defined in such a way that they always counteract
the gap decrease or increase.

To verify the effect of the localized clapping nonlinearity on the macroscopic wave propagation, we
implemented the spring and damper forces as boundary conditions in the commercial FEM software
Comsol. As an example we consider a beam with a semi-circular surface-breaking crack (Figure 9).
The spring and damper elements are only introduced at the interface. Figure 9 shows the in-plane x
displacement for two points at either side of the interface, and illustrates the clapping effect (at
certain periods during one cycle, the interfaces either loose contact or move along). Due to the
clapping, nonlinearity is generated at the interface which is evidenced by the frequency analysis of

the time signals through the creation of higher harmonics.

Boundary conditions: virtual spring elements

l'(‘I{Zn_A:'} ’)‘ A:<2n
k\(Z,—Az) if Z,<Az<aZ,

F, =-F _={1-a . - ; .
' ky(bZ,—Az) if aZ,<Az<bZ,
—-a
0 if Az 2 b2,
with Az = gap between nodes, Z, = characteristic distance.

Repulsion
il 1 l . — Spring force top intorfaco
é Spring force bottom interace
2
& 0 Attraction
j No force .
.E Ful [Fa
= =
= 1 =0

0 1 a b r.ﬂr.,

Figure 7: Definition of the nonlinear virtual spring elements at the interface of a delamination/crack.
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Boundary conditions: virtual damper elements

Definition

=y, —=v.) if Az<bZ,
0 if Az=bZ,
with v,-v, =rate of change of gap Az.

-

— Damping force iop interface
~-Damping force bottom interface |

MNormalized Damping Force
o

, -
—

Decreasing gap distance 0 Increasing tjap distance *

-V te
Vo Vo z Ful |Fa
x o
f.,”r.

Figure 8: Definition of the virtual damper elements at the interface of a delamination/crack.

Harmonic generation by surface breaking crack
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Figure 9: Surface breaking crack simulation, illustrating the clapping effect and the generation of

harmonics.
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The amplitudes of the generated harmonics can be scanned over the top surface of the beam. Figure
10 illustrates the distribution of the harmonic energy, which appears to be highly localized around

the crack location.

Crack localization

Single frequency excitation

2 3 4 [ ]
2nd HarnoncI I I I S5th Harmonic
s 1% s 55 |.| 3 & 15 3
x10 x 10 x10

%10

3rd Harmonic  4th Harmonic

Figure 10: Interface scans of selected harmonics along the top surface of the beam. Excitation

frequency is 22 kHz.

2. Nonlinear Air Coupled Emission

Solodov et al. exploited the high localisation of nonlinear energy for surface breaking cracks and
delaminations close to the surface by investigating the nonlinear air-coupled emission of such
defects using an acousto-optic measurement or an air-coupled transducer [33,34,35,36]. As
illustrated in Figure 11, the interaction of leaky lamb waves with the defects produces a distinctive
diffraction pattern for the various harmonics starting at the crack location, whereas this is not visible
in the pattern of the fundamental frequency.

Using the Comsol code with implementation of the above discussed nonlinear interaction forces at
the crack interfaces, we performed a qualitative simulation of the experiments reported by Solodov
et al. [35]. The procedure for the coupled solid-air model is as follows: 1) 3D time domain simulation
of the nonlinear wave propagation within the solid structure providing the 3D displacement at all
points, 2) selection of the out of plane boundary signals at a line along the top interface and filtering
around the fundamental or around one of the harmonics, and 3) calculation of the radiation pattern

into the air using a frequency domain solver for the pressure in 2D.
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Nonlinear Air Coupled Emission
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2009 g
3rd Harmonic  4th harmonic

Fundamental

Figure 11: Principle and results of nonlinear air-coupled emission experiments at a surface breaking

crack (from Solodov et al. [35]).
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Figure 12: Simulation procedure for nonlinear air-coupled emission at a surface breaking crack.
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The results of the coupled model are displayed in Figures 13-16. In all figures, as indicated in Figure
13, the analysis zone concerns a 2D zone in air perpendicularly above the plate, either across the
surface breaking crack, or at the side of the crack location. When selecting the fundamental
frequency component (Figure 14), the results show no evidence of the crack location in the emission
pattern. Both positions give qualitatively the same results. For the second harmonic (Figure 15),
there is clear evidence of a diffraction pattern at the crack location. For a position aside the crack the
particular radiation pattern disappears. Similar results hold for the third harmonic (Figure 16). These
results are qualitatively in agreement with the experimental observations reported by Solodov et al.

[35].

Analysis zone

F

air
Z * plate

_— air > =

Figure 13: Analysis zone for the air-coupled emission simulation, and the two considered positions on

the beam top surface
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Away from crack position (x = 0.01 m) Fundamental

0.1
y [m]

At crack position (x = 0.02 m)

Solodov et al. 2009

Figure 14: Radiation pattern for the fundamental frequency within the analysis zone above and aside

the crack position. Qualitative comparison with the experiment of Solodov et al. [35].

Away from crack position (x = 0.01 m) 2nd Harmonic

0.05 0.1

y [m]
At crack position (x = 0.02 m)

0.15

0.05 | cE_

Solodov et al. 2009

Figure 15: Radiation pattern for the second harmonic within the analysis zone above and aside the

crack position. Qualitative comparison with the experiment of Solodov et al. [35].
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0.1 0.15 DR T
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Figure 16: Radiation pattern for the third harmonic within the analysis zone above and aside the

crack position. Qualitative comparison with the experiment of Solodov et al. [35].

3. Extension to hysteretic clapping

The above model assumes a perfect reversible force displacement relation. Due to friction and stick-

clip effects, one can imagine that hysteresis should be accounted for. As an extension of the model

we are currently adapting the simulation tool to accommodate hysteresis effects in the spring

elements. Figure 17 provides an illustration of how this might be possible. Results of this model are

forthcoming.
Force

Gap distance

Increasing Gap Distance

Figure 17: Potential extension of the local interface model to accommodate effects of hysteresis.

32



4. Summary of Section III
In contrast to distributed models, local interface models introduce nonlinearity at the level of the
interface. Simple models can account for the experimentally observed clapping behavior of surface
breaking cracks and delaminations. By coupling the time domain nonlinear model to a frequency
domain linear radiation model, we have been able to make a qualitative comparison between the
nonlinear air-coupled emission seen in experiments and predicted by our simulations. The models

have the potential to be extended to accommodate effects of hysteresis due to friction and stick-slip.
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