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Equivalences between blocks of p-local Mackey
algebras

Baptiste Rognerud
May 1, 2013

Abstract

Let G be a finite group and (K, O, k) be a p-modular system. Let R
be O or k. There is a bijection between the blocks of a group algebra
RG and the central primitive idempotents of the p-local Mackey algebra
(resp. cohomological Mackey algebra). These idempotents are called blocks.
We look at equivalences between these blocks. In the first part, we look
at the cohomological case and prove that a splendid derived equivalence
between blocks of group algebras can be lifted to an equivalence between
the corresponding cohomological blocks. We apply this to nilpotent blocks.
In the last part we look at the p-local case. For a block b of kG with
cyclic defect group P of order p, we see that the p-local Mackey algebra of
this block is derived equivalent to the p-local Mackey algebra of the Brauer
correspondent of b in Ng(P). Finally we prove that the principal block of
the p-local Mackey algebra of a p-nilpotent group is Morita equivalent to
the Mackey algebra of its Sylow p-subgroup.

Key words: Modular representation. Finite group. Mackey functor. Block theory
A.M.S. subject classification: 20C05, 18E30,16G10.
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1 Introduction and preliminaries

1.1 Introduction

The notion of Mackey functor, introduced by Green in [9], is a generalization of
linear representations of a finite group G. A Mackey functor, for Green, is the data
of a representation of Ng(H) for every subgroup H of G, together with relations
between these representations. A couple of years later, Dress gave a completely
different, but equivalent, definition using the formalism of categories. Twenty
years later Thévenaz and Webb introduced the Mackey algebra and proved that a
Mackey functor is nothing but a module over this algebra. Let R be a commutative
ring. The Mackey algebras pur(G) share a lot of properties of group algebras, for
example pugr(G) is R-free of finite rank and this rank is independent of the ring
R. Moreover if R is a field of characteristic which do not divide the order of G,
then pgr(G) is semi-simple. When (K, O, k) is a p-modular system, it is possible
to define a decomposition theory for puo(G), in particular the Cartan matrix of
the Mackey algebra is symmetric. However there are some differences with group
algebras: in particular, most of the time the determinant of the Cartan Matrix of
1r(G) is not a power of p, and the Mackey algebra over a field of characteristic p
is almost never (as soon as p?| |G]) a symmetric algebra.



Let R = O or k. In their paper, Thévenaz and Webb proved that there is a
bijection b — b* between the blocks of RG and the primitive central idempotents
of 1h(G), called the blocks of uk(G), where uk(G) is the so called p-local Mackey
algebra.

The blocks of RG are in bijection with the blocks of ukL(G), and this bijection
preserves the defect groups. So using the Brauer correspondence, we have the
following diagram: Let b a block of RG with defect group D and b’ the Brauer
correspondent of b in RNg(D).

be Z(RG) e Z(ukh(Q))

| |

V € Z(RNa(D)) — " € Z(uh(No(D))).

If D is abelian, it is conjectured by Broué that the block algebras RGO and
RNg (D) are deeply connected. It is a very natural question to ask if the same
can happen for the corresponding Mackey algebras. However, we should notice
that, since the Mackey algebra is (most of the time) not symmetric it is not pos-
sible to look at stable equivalences between Mackey algebras.

In this paper we will look at the following situation. Let G and H be two finite
groups. let b and ¢ be two block idempotents such that RGb and RH ¢ are Morita
or derived equivalent.

Question 1.1. Let G be a finite group and b be a block of OG with abelian defect
group D. Lett/ be the Brauer correspondant of b in ONg(D). Is there a derived
equivalence D°(ub(G)b") = D°(ub(Ng(D))V'™) ?

We will not answer this question in general, but we consider it in the following
two cases: first for the cohomological Mackey algebra, which is a quotient uk(G).
Then we will look at this question for the Mackey algebra of the principal blocks
of p-nilpotent groups, and for groups with Sylow p-subgroup of order p.

The main result of this paper is the following theorem which settles the question
for the cohomological Mackey algebra in the case of a splendid equivalence (see
15)):

Theorem 1.2. Let G and H be two finite groups, let b be a block of RG and
c be a block of RH. If RGb and RHc are splendidly derived equivalent, then
D¥{copn(G)")) = D¥(copn(H)ch).

where we abuse notation and denote also by v* the image of the block idem-
potent b* in the center of the cohomological Mackey algebra.
The first part of this paper is devoted to the definitions and basic results on Mackey
functors, and blocks of the Mackey algebra. We will see how the decomposition
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matrix of the Mackey algebra can be computed from the knowledge of some infor-
mation on the p-blocks of the group algebras of some p-local subgroup of G.

In the second section we will look at the cohomological case, using the Yoshida
equivalence for cohomological Mackey functors, we will see that a derived equiv-
alence between blocks of group algebras can be lifted to a derived equivalence
between the blocks of the corresponding cohomological Mackey algebras as soon
as this equivalence sends p-permutation modules to p-permutation modules. For
example splendid Morita equivalences, and splendid derived equivalences can be
lifted.

The last section of this paper deals about the non cohomological case. The
first example will be about principal blocks of p-nilpotent groups. Then we will
see that in the case of groups with cyclic Sylow p-subgroup of order p it is possible
to answer the question, using the fact the the Mackey algebras are Brauer tree
algebras in this situation.

N.B. We will denote by the same letter the block idempotents for the ring O and
the field k.

Notation: Let R be aring. We denote by R-Mod the category of (all) R-modules
and by R-mod the category consisting of the finitely generated R-modules. Let
G be a finite group and p a prime number. We denote by (K, O, k) a p-modular
system, i-e O is a complete discrete valuation ring with maximal ideal p, such that
O/p = k is a field of characteristic p and Frac(O) = K a field characteristic zero.
We denote by G-set the category of finite G-sets.

1.2 Basic results on Mackey functors.

Let G be a finite group, and R be a commutative ring. There are several definitions
of Mackey functors for G over a ring R, the first one was introduced by Green in

[9]:
Definition 1.3. A Mackey functor for G over R consists of the following data:
e For every subgroup H of G, an R-module M (H).

e For subgroups H C K of (G, a morphism of R-modules
th « M(H) — M(K) called transfert, or induction, and a morphism of
R-modules r% : M(K) — M(H) called restriction.

e For every subgroup H of G, and each element x of G, a morphism of R-
modules ¢, g : M(H) — M(*H) called conjugacy map.

such that:



1. Triviality axiom: For each subgroup H of G, and each element h € H, the
morphisms r#, t4 et ¢, i are the identity morphism of M (H).

2. Transitivity aziom: If H C K C L are subgroups of G, then tk otf = tL and
rifork =rk. Moreover if 2 and y are elements of G, then ¢, =y oc, iy = Cyunr-

3. Compatibility axioms: If H C K are subgroups of GG, and if x is an element
of G, then ¢, g o th = t:8c, et copork =rilioc, k.

4. Mackey axiom If H C K O L are subgroups of GG, then

K K _ H L
rgoly = § Uiner © Co,HoAL © T oL
z€[H\K/L]

where [H\K/L] is a set of representative of the double cosets H\ K /L.

In particular, for each subgroup H of G, the R-module M(H) is an Ng(H)/H-
module.

A morphism f between two Mackey functors M and N is the data of a R-linear
morphism f(H): M(H) — N(H) for every subgroup H of G. These morphisms
are compatible with transfer, restriction and conjugacy maps (see [9]). We denote
by Mackgr(G) the category of Mackey functors for G over R. The following example
is fundamental for the second section of this paper.

Example 1. Let V be an RG-module, the fixed point functor F' Py is the Mackey

functor for G over R defined as follows:

For H < G, then FPy,(H)=V#:={veV; w=vVheH} If H<K<QG,

we have VE C VH 5o the restriction map 7% is the inclusion map. The transfert

map ty : VI — VR is defined by t5;(v) = 3/ kv where [K/H] is a set of

representative of K/H. The conjugacy maps are induced by the action of G on V.
It is not hard to see that the construction V' +— F Py is a functor from RG-Mod

to Mackr(G).

Conversely we have an obvious functor ev; : Mackr(G) — RG-Mod given by the

evaluation at the subgroup {1}.

Proposition 1.4. [18] The functors (evy, FP_) are adjoint i-e:
HomMackR(G)(M, FP\/) = Hong(M(l), V)
for a Mackey functor M and an RG-module V.

An other definition of Mackey functors was given by Dress in [8]:



Definition 1.5. A bivariant functor M = (M*, M,) from G-set to R-Mod is a
pair of functors from G-set — R-Mod such that M* is a contravariant functor, and
M, is a covariant functor. If X is a G-set, then the image by the covariant and
by the contravariant part coincide. We denote by M (X) this image. A Mackey
functor for G over R is a bivariant functor from G-set to R-Mod such that:

e Let X and Y two finite G-sets, ix et iy the canonical injection of X (resp.
Y)in XUY, then (M*(ix), M*(iy)) et (M,(ix), M.(iy)) are inverse isomor-

phisms.
MX)e MY)2M(XUY).
o If
XY
v
74T

is a pull back diagram of G-sets, then the diagram

1S commutative.

A morphism between to Mackey functors is a natural transformation of bivariant
functors.

Ezample 2. [1] If X is a finite G-set, the category of G-sets over X is the category
with objects (Y, ¢) where Y is a finite G-set and ¢ is a morphism from Y to X.
A morphism f from (Y, ¢) to (Z,%) is a morphism of G-sets f : Y — Z such that
Yo f=6.

The Burnside functor at X is the Grothendieck group of the category of G-sets
over X, for relations given by disjoint union. This is a Mackey functor for G over
R by extending the scalars from Z to R. If no confusion is possible, we still denote
by B the functor after scalar extension.

If X is a G-set, the Burnside group B(X?) has a ring structure. The product of

(X &Y LA X)and (X & Z KN X) is given by pullback along /5 and ~.
P

NN
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The identity of this ring is X

/7 N\

X X

We need a last definition of Mackey functors which was given by Thévenaz and
Webb in [18], and uses the Mackey algebra.

Definition 1.6. The Mackey algebra pr(G) for G over R is the unital associative
algebra with generators ¢, ri and ¢, for H < K < G and g € G, with the
following relations:

i Zch tg = ]‘MR(G)'
o (M =rll=¢,yfor H<Gand h € H.
o thtl =t rBrl =L for HC K C L.
® CyonCon = Cygm, for H< G and ¢g,¢' € G.
o e =coxth and rofic, k = courl, H< K, g € G.
o ritll = D helI\H/K] g Chrhna T inayy for LS H > K.
e All the other products of generators are zero.
Definition 1.7. A Mackey functor for G over R is a left pug(G)-module.

Proposition 1.8. [1] The Mackey algebra ug(G) is isomorphic to B(Q2%,), where
QG’ = |—|L<GG/L'

We will make an intensive use of the connection between the different categories
of Mackey functors, so let us recall the following well known result:

Proposition 1.9. [18] The different definitions of Mackey functors for G over R
are equivalent.

Sketch of proof. e If M is a Mackey functor for G in the sense of Green. The
corresponding pig(G)-module is M := @, M(H), the action of the gen-
erators is given by applying the corresponding map.

e Conversely if N is a ur(G)-module, then one can define a Mackey functor
N for G for the Green definition by: N (H) = t4 N for all subgroups H < G.
If H < K are subgroups of G and z € G, n € N(H) we define the transfert
(resp. restriction, resp. conjugacy) by multiplying n by t& (resp. rE, resp.

C$7H).



o If M is a Mackey functor for G for the Dress definition, one can define a
Mackey functor M, for G for the Green definition by: M;(H) = M(G/H) for
all H < G. Let H < K subgroups of G, let 75 : G/H — G/K the canonical
map, let © € G, v,y : G/*H — G/H defined by v, n(¢"H) = gxH.
ri = M* (7)), t5 = M.(7%) and ¢, iy := M*(y,.1).

e Conversely if M is a Mackey functor for the Green definition one can define
a Mackey functor M, for the Dress definition as follows: let X be a finite
G-set, then My(X) := (@zex M(Gm))G, where G, is the stabilizer in G of
the element x. Let f: X — Y be a morphism of G-sets.

G Y

— Letu € (@,cx M(X))", then (Ms(f).(w) oy = cio 1) to Uy
G . Gila

— Let v € (B,ey M(Gy)) ", then (Ma(f)*(v)),x = rc! Vi)

One can check that this construction is well defined, and that it gives a
Mackey functor for GG over R for the Dress definition.
O

In the rest of the paper, if no confusion is possible, we denote by Mackg(G)
the category of Mackey functors for GG over R for one of these three definitions.

1.3 Blocks of Mackey algebras

Let G be a finite group and (K, O, k) be a p-modular system for G which is “big
enough” for all the Ng(H)/H for H < G. In [18] Thévenaz and Webb proved that
there is a bijection between the blocks of the group algebra OG and the blocks of
Macko (G, 1), where Macko(G, 1) is the full subcategory of Mackq(G) consisting
of Mackey functors which are projective relatively to the p-subgroups of G.

The category Macko(G,1) is equivalent to the category of uh(G)-modules
where 114,(G) is the subalgebra of jo(G) generated by the rf, i, cq. where
Q < HKG, z e G and Q is a p-group. This subalgebra is called the p-local
Mackey algebra of G over 0. The same definitions hold for K or k.

Theorem 1.10. The set of central primitive idempotents of the p-local Mackey
algebra puyH(G) is in bijection with the set of the blocks of OG, the bijection is
moreover explicit. If b is a block of OG then Bouc (Theorem 4.5.2 of [3]) gave an
explicit formula for the corresponding central idempotent of uy(G) denoted by b-.

[a¥)

Using the equivalence of categories Macko(G,1) = ub(G)-Mod, we have a
decomposition of Macke(G, 1) into a product of categories, which were called the
blocks of Mackeo(G, 1) by Thévenaz and Webb in [18] Section 17. The formula in
1.10 is rather technical but the action of a block idempotent b* on the evaluation
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at {1} of a Mackey functor M is given as follows: let m € M(1), writing the
idempotent b = > _,b(x)x where b(x) € O, we have

Pom =Y b(x)ce1(m). (1)

zelG

zeG

Proposition 1.11. Let R = k or O. The isomorphism classes of projective in-
decomposable modules in a block b* of Mackg(G,1) are in bijection with the set
of isomorphism classes of indecomposable p-permutation modules contained in the

block RGb.

Proof. By Corollary 12.8 of [18], we know that the projective indecomposable
Mackey functors of Macky (G, 1) are in bijection with the indecomposable p-permut-
ation kG-modules: if P is an indecomposable projective Mackey functor, then P(1)
is a indecomposable p-permutation module. Let ) be an other indecomposable
projective Mackey functor. Then P = @ if and only if P(1) = Q(1). The same
holds for the projective Mackey functors of Macko(G,1). A projective indecom-
posable Mackey functor P is in the block 0* if and only if b P # 0, but V*P is
projective so:

VW.P#0< (BH.P)(1)#0
< b.(P(1))#0
< P(1) is in the block b of RG by (1).
U

We will use the following notation: Mackg(b) (resp. ukL(b)) for the category
of Mackey functors which belong to the blocks b (resp. the algebra b*u}(G)) for
R=0ork.

1.4 Brauer construction for Mackey functors and decom-
position matrices.
Let R be a commutative ring. Let () be a p-subgroup of G. The Brauer construc-

tion for Mackey functors is a functor Mackr(G) — Mackr(Ng(Q)) denoted by
M — M@. If M € Mackg(G), then for N/Q a subgroup of Ng(Q),

MO(N/Q) = M(N)/ Y tx(M(R)).
QLR<N

This functor generalizes the Brauer construction for modules since the evaluation
at the subgroup {1} of Ng(@Q) is

M9(Q/Q) = M(Q) = M(Q)/ > t3(M(R)).

R<Q



Moreover, when R = k is a field and V is a kG-module, then F Py (Q) = V[Q),
where V[Q)] is the Brauer construction for modules.

Let us recall four classical functors between categories of Mackey functors (see
[19] for Green’s point of view). Let H be a subgroup of G, there is an induction
functor: Ind% : Mackp(H) — Mackr(G). Let M be a Mackey functor for H over
R in the sense of Dress. Let X be a G-set, then

(Ind$M)(X) = M(Res% X).

The restriction functor: Res$ : Marckr(G) — Mackr(G). Let M be a Mackey
functor for G over R, and let X be a H-set, then

(Res$G M) (X) = M(Ind$X).

Let N be a normal subgroup of GG, there is an inflation functor:
Inf&y + Mackp(G/N) — Mackg(G), which is defined by:

(Inf&nM)(X) = M(X™),

for M € Mackr(G/N) and for a finite G-set X.

Let D a finite G-set. The Dress construction (see [8] or [1]) at D is an endo-functor
of the Mackey functors category: Let M € Mackg(G) a Mackey functor for G in
the sense of Dress. Let X be a finite GG-set, the Dress construction of M, denoted
by Mp is:

Mp(X)=M(X x D).

Lemma 1.12. 1. The functor M — M@ is left adjoint to the functor
N —
Ind%G(Q)Ian;;Eg; : Mackr(Ng(Q)) — Mackr(G).

2. The functor M +— M9 sends projective functors to projective functors.

3. Let H be a subgroup of G, then (Ind%(M))? =0 if Q is not conjugate to a
subgroup of H.
Let (K, O, k) be a p-modular system, and R = O or k,

4. Let M € Mackg(G,1), then M@ € Mackr(Ng(Q),1).

5. Let P be a projective Mackey functor of Macky(G,1) and L be a projec-
tive functor of Macke (G, 1) which lifts P. Then L® is a projective Mackey
functor of Macke(G, 1) which lifts P9.

6. Let P be an indecomposable projective Mackey functor of Macky(G, 1), then
PQ/Q) = P(1)[Q].
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7. Let P be an indecomposable projective Mackey functor of Mackr(G, 1), then
the vertices of P are the maximal p-subgroups @ of G such that P2 # 0.

Sketch of proof. 1. Theorem 5.1 of [19] with a different notation.

2. Since M +— M is left adjoint to an exact functor, it sends projective objects
to projective objects.

3. By successive adjunction: for L € Mackr(Ng(Q)) and M € Mackg(H),

~ Na(Q
HomMackR(NG(Q))(([ndgM)Q, L) = Homprackp ) (M, Resgfnd%G(Q)Iang((QiL).

The result now follows from the Mackey formula.

4. The proof can be deduced from Section 8 and 9 of [18]: More precisely, with
notation of [18]. Let f& be the primitive idempotent of the Burnside ring

indexed by the trivial subgroup. Then (f%)? = flw ¢/% Tt can be viewed
by looking at f& as linear combination of primitive idempotents of QB(G)
denoted by €% for a p-subgroup P of G. Then,

(f)% = (ResS, i f )0 = D) (Res$0)e8)?,
Pelsp(G)]

where [s,(G)] denote a set of representative of the p-subgroups of G.

Then Reng(Q)eg =>.p egf(Q), where P; run through the set of subgroups
P’ of Ng(Q) up to Ng(Q)-conjugacy, such that P’ is G-conjugate to P.
Moreover, if P’ is a subgroup of Ng (@), then

NG(Q))Q:{ O_ ifQ%PI

(€P'

So (f&)9 = ING(Q). Now, if M is a Mackey functor for G, and z € B(G),
then
(2.M)9 = 29 M@,

Let M be an indecomposable Mackey functor in Mackg(G, 1), we have:
M2 = (fE.M)2 = (f£)2.M2 = [ M@,

5. Using successive adjunctions,

HomMackk(Ng(Q))(LQ/p(LQ)u M) = HomMackk(Ng(Q))<k ®o L, M)
= Homppgero (Na(Q) (L2, Homy,(k, M))
~ N
> Hompracko(c) (L, IndS, o) In fﬁgég))[{omk(k, M)).

11



However, IndG Inf G Homk(k M) = Homy,(k, Ind$
S0

Ng(Q)
Ng (Q)In‘fﬁg(Q) (M))a

Hom o, ooy (LY/P(LD), M) = Homgaeko) (L, Homy(k, IndS, gy In fNG(Q
= HomMaCkk(G)(L/pLa Inng(Q)IanG(Q) (M))

= Hom e, o)) (L/PL)?, M).

6. Lemme 5.10 of [2].

7. This is the first assertion of Theorem 3.2 of [6].
0

Proposition 1.13 (Decomposition matrix of u,(G)). Let G be a finite group, and
(K, O, k) be a p-modular system which is big enough for the groups Na(Q) where
Q@ runs through the p-subgroups of G.

The decomposition matriz of uyH(G) has rows indexed by the isomorphism classes
of indecomposable p-permutation modules of kG, the columns are indexed by the
ordinary irreducible characters of all the Ng(Q) where Q runs the p-subgroup of
G up to conjugacy.

Let x be an ordinary character of the group Ng(Q) and W be an indecomposable
p-permutation of OG, then the decomposition number d, w is equal to

dyw = dimgHomga(K @0 WIQ), x).

where m is the (unique) p-permutation OG-module which lifts W[Q)].
Proof. Since (K, O, k) is a splitting system for pu}(G), and since uk (G) is a semi-

simple algebra, the cartan matrix is symmetric. Let Sy, be a simple pj(G)-
module and Ppgy, be a projective pr(G) Mackey functor where L and H are
p-subgroups of G. Then V; is a simple kNg(H)-module and y; is a simple
KN ¢(L)-module. Moreover since K is a field of characteristic zero, we have
SL7Xi:IndG Inf FP
We will denote by Q HY; the projective indecomposable u(G)-module which
lifts Pp,y,, and by M an g (G)-lattice such that K ®o M = Sp,,,. then
dSL,XZwPH,V~ = d’LmkHOmul(G)(Pij k ®(9 M)

= ranko Hom,; G)(QHV, M)

= dimg Hom,, L @) (K ®0 Quy;, SLx,)

= dimyx Hom,: )(K ®0 Quy,, IndS, 1) In fNG(L)FP )

(

= dmeHom 1 (@) K@(’) (QH,VJ)L(L/L)aXz)

12
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The last equality comes from two successive adjunctions: (ev;, F/P_) and
Ne(L

(=5, IndS ) Infréip)-

Moreover, (K ®o Qpu,v,)"(L/L) = K ®0 ((Qmu,v,)"(L/L)). By Lemma 1.12, the

ON¢/(L)-module (Qp,v,)*(L/L) is the unique, up to isomorphism, p-permutation

module which lift (Pyv,)*(L/L) = Py,y,(1)[L]. O

Remark 1. By Section 4.4 of [5], the sub-matrix indexed by the ordinary characters
of G, and the (isomorphism classes of) indecomposable p-permutation £G-module
is the decomposition matrix of the cohomological Mackey algebra copup(G).

2 Equivalences between blocks of cohomological
Mackey algebras

In the first part of this section, R denotes an arbitrary commutative unital ring.

For basic results about cohomological Mackey functors see Section 16 of [18].
A Mackey functor M for G is cohomological if whenever K < H < G, one has
tirl = [H : K]. Let us denote by Comackgr(G) the full subcategory consisting of
cohomological Mackey functors. The category Comackgr(G) is equivalent to the
category of modules over the cohomological Mackey algebra, denoted by copr(G).
It is easy to check that the fixed point functors are cohomological.

If R = O or k, the cohomological Mackey functors form a full subcategory
of the category Mackgr(G,1) and cour(G) is a quotient of uk(G). The block
decomposition of Theorem 1.10 is compatible with the cohomological structure.
We will denote by Comackr(b) the category of cohomological Mackey functors
which belong to the block v, and copg(b) the corresponding direct summand of
the cohomological algebra.

2.1 Yoshida equivalence

One of the main results about the cohomological Mackey algebra is the Yoshida
equivalence (see [20]), which linearizes the definition of Mackey functors. Recall
that the center of a category C is given by the natural transformation of the identity
functor.

Let us denote by permpg(G) the full subcategory of RG-Mod consisting of the
permutation RG-modules, and by Fung(G) the category of contravariant functors
from permpg(G) to R-Mod.

Lemma 2.1. The idempotent completion of permpg(G) is equivalent to the category
of permutation projective RG-modules.
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Proof. Let us denote temporarily by A the category of permutation projective
RG-modules, and let perm(G) be the idempotent completion of permg(G). The
objects of this category are the pairs (V,7) where V' is a permutation module
and ™ € Hompermpc)(V,V) an idempotent. There is a natural functor F' from
perm}(G) to A defined by F(V,7) = (V). This functor is dense and fully
faithful. O

We denote by perm}(G) the category of permutation projective RG-modules
and by Fun},(G) the category consisting of contravariant functors from perm#(G)
to R-Mod. By general properties of the idempotent completion, the categories
Fun}(G) and Fung(G) are equivalent.

Recall that the Yoshida equivalence is given by two functors: Y and I'. The
first one is the Yoneda functor Y : Comacky(G) — Fung(G). The second one is
the linearization functor. More precisely:
if M is a Mackey functor, then Y (M)(RX) := Homurackn(c)(F Prx, M).
Conversely if F' € Fung(G), then I'(F)(X) := F(RX). If f: X — Y is a mor-
phism of G-sets, we have two morphisms between RX and RY. Let us denote by
m(f) : RY — RX the morphism defined by 7(3_, oy \yy) = >_,cx Asx)7, and by
m.(f) : RX — RY the morphism defined by m.(f)(Q_,cx Ae®) = D ,ex Aaf(2),
with z € X,y € Y and A\, € k, Vo € X. One can check that (I'(F'), Forn*, Fom,)
is a cohomological Mackey functor for G.

Then using the idempotent completion of permg(G), we have the following equiv-
alence:

Comackr(G) = Funk(G).
We still denote by Y and I the functors which give the equivalence after idempotent

completion.

Lemma 2.2. Let V' be a permutation projective RG-module, and let U be an
RG-module, then Y (FPy)(V) = Homcomackn(c)(F Py, FPy).

Proof. Since V' is a permutation projective module, there is a G-set X and a map
7 : RX — RX such that 72 = 7 and, 7(RX) = V. By definition of the idempotent
completion:

Y(FPy)(V) =Y (r)(Y(FPy)(RX)) = Y (7) (Homcomackn(c) (F Prx, FPy)).

The elements in Y (7) (H OMComackp(c)(F Prx, F PU)) are the morphisms:

FPrx — F Py of the form ao F'P; where F P, is the endomorphism of the Mackey
functor F' Pry induced by 7.

However, F'Prx = FPrrx) ® F'P14—=)(rx), s0 the morphisms of the form oo m
are exactly the morphisms from F'Prrx) to F'Py. O

The Yoshida equivalence is compatible with the action of central idempotents:
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Theorem 2.3 (Yoshida Equivalence, block version). There is a commutative di-
agram:
Z(Funj(G)) (2)

1%

Z(RG) r

1%

1%

Z(Comackg(G)).

Let 1 = e+ f € Z(RG) be a decomposition of 1 in sum of two orthogonal idempo-
tents. Then

Comackg(G) = ((e)(Comackr(G)) @ ¢(f)(Comackr(G)).

and

Funp(G) = n(e) (Fung(G)) & n(f)(Funk(G)).

The corresponding sub-categories are equivalent.
Sketch of proof. We see Z(RG@) as the center of the category RG-Mod.

1. Let a be an endomorphism of the identity functor of RG-Mod. The first map
n is defined as follow: let F' € Fun},(G) and V be a permutation projective
RG-module. Then

ne(a)(V) : F(V) = F(V)
x— F(ay)(x).

One can check that this gives a natural transformation of the identity functor
of Fun}(G). The map 7 is a unital ring homomorphism.

Conversely, if v is a natural transformation of the identity functor of Fun}(G),
let Yre be the Yoneda functor at the free RG-module of rank 1. It is
clear that vy,,(Idrc)(1l) is an element of the center of RG. The map
v = v(Yre)(Idrg)(1) is aring homomorphism from Z(Funk(G)) — Z(RG).
One can check that the above two maps are inverse isomorphisms.

2. Tt is well known that Z(RG) = Z(Comackr(G)) see [1], however this isomor-
phism is only explicit when Comackg(G) is viewed as the category cour(G)-
Mod, it is not so easy to have an explicit formula when we use the Dress def-
inition of cohomological Mackey functors. However, by the following lemma,
we have a natural map from Z(Comackgr(G)) — Z(RG-Mod) denoted by
evs.

15



Lemma 2.4 ([18]). Let G' be a finite group, then the full subcategory of
Comackr(QG) consisting of the fixed point functors is equivalent to RG-Mod.

Conversely, if a is an endomorphism of the identity functor of RG-Mod, by
Lemma 2.4 , we have an endomorphism ((a) = F'P, of the identity functor
of the full subcategory of Comackg(G) consisting of the fixed point functors.
The cohomological projective Mackey functors are in this subcategory (see
Theorem 16.5 in [18]). So if M is a cohomological Mackey functor, choose a
projective resolution P, of M. Denote by (y/(«) the map M — M induced by
(p, (), on the cohomology of P,. It is straightforward that this map doesn’t
depend of the choice of the resolution. Moreover ((«) is an endomorphism
of the identity functor of Comackr(G), and ¢ is a ring homomorphism.

Let o be an endomorphism of the identity functor of RG-Mod. If V' is an RG-
module, then evi(pp, (ay) = V. Conversely, if ¢ is an endomorphism of the
identity functor of Comackg(G), let M be a cohomological Mackey functor,
let P, be a projective resolution of M, we have the following commutative
diagram

P B M 0
op, l P, l dm lCJVI (ev1(Pnr))
P B M 0

So the two morphisms ¢y, and (y/(evi(par)) are equals.

. The equivalence between Z(Fun}(G)) and Z(Comackr(G)) comes from the
fact that the two corresponding categories are equivalent.

. The triangle (2) is commutative: let o be an endomorphism of the identity
functor of RG-Mod, let V' be an RG-module,
then the map ("' oT on(a)y : V — V is the map:

HOng(RG, V) — Hong(RG, V)
f = Qy O f

O

Let R be O or k, where O is a complete discrete valuation ring and k is the

residue field. Let 1 = by +by+- - -+ b, be a decomposition of 1 in orthogonal sum of
central primitive idempotent of RG. This decomposition induces a decomposition
of Comackr(G) = @;_, ((b;)Comackgr(G) and Fun}(G) = @B;_, n(b;)Funi(G).
We have the following straightforward lemma:
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Lemma 2.5. Let b is a block idempotent of RG. The category n(b)(Fun}(b)) is
equivalent to the category denoted by Funk(b), consisting of contravariant functors
from perm}(b) to R-Mod, where perm$(b) is the category consisting of the p-

permutation RG-modules which are in the block RGD.

Corollary 2.6. Let b be a block of RG, the Yoshida equivalence restricts to an
equivalence Comackg(b) = Fun}(b).

2.2 Morita equivalences

Let R = O or k as above. With the version of Yoshida’s equivalence of Corollary
2.6 it is not difficult to lift an equivalence between blocks of group algebras to an
equivalence of the corresponding blocks of the cohomological Mackey algebras.

Lemma 2.7. Let G and H be two finite groups, b be a block of RG, ¢ be a block
of RH. Let X be an RH-RG-bimodule such that

e X Q@py — 1is a functor from perm}(c) to permp(b).

Then X induces a functor, denoted by Lx : Comackg(b) — Comackg(c). More-
over this functor sends an arbitrary fized point functor to a fixed point functor.

Proof. We use the equivalence Comackr(b) = Funk(b) of Corollary 2.6. The
functor Lx : Fun}j(b) — Funfk(c) is defined by Lx(F)(V) = F(X ®gru V).
Clearly this construction gives a functor from Funj(b) — Funk(c). We will
denote by Lx the composite functor,

Lx

Fun}(b) Funi(c)

| |r

Comackg(b) > Comackg(c)
so if V' is a RG-module, and 7 is a H-set, then

Lx(FPy)(Z) =T(Lx(Y(FPv)))(Z)
=Y (FPy)(X ®ry RZ)
o HomcomackR(G)<FPX®RHRZa FPy) by Lemma 2.2
= Hompa(X @ruy RZ, V)
>~ Hompry(RZ, Hompa(X,V))
= FPHomRG(X,V)<RZ)-

This isomorphism is functorial in Z, so ¢(FPy) = F Phompe(x,v)- O
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Proposition 2.8. Let G and H be two finite groups, let b be a block of RG and ¢
be a block of RH. We suppose that:

1. There is an RH-RG-bimodule X such that:
X ®rag — : RGb-Mod — RHc-Mod is an equivalence.

2. X ®pa — induces a functor: permp(b) = permi(c).
Then Comackg(b) = Comackg(c).

Proof. By Lemma 2.7 we have a functor Lx : Funj(c) — Funk(b). By general
results about Morita equivalences, a quasi-inverse equivalence of X ®gq — is given
by X* @gg — where X* = Hompg(X, R). This functor satisfies the Condition of
Lemma 2.7: since X ®rg — is a dense functor, if V' is a RH-module, then V is
isomorphic to X ®,racW for some RG-module W. Moreover if V' is a p-permutation
RH-module, the module W has to be a p-permutation RG-module, so

X' QruW2X"@XV 2V

This gives a functor Ly« : Fun}(b) — Funj(c), which is obviously a quasi-inverse
equivalence to Lx. O

Remark 2. The second hypothesis of this proposition is a technical property, one
may ask if there exist Morita equivalences with this property. Let GG be a finite
group, and P be a Sylow p-subgroup of G and H = N¢(P) be the normalizer of the
Sylow. Let b a block of kG and ¢ the Brauer correspondent of this block in Ng(P).
If kGb-Mod is splendidly Morita equivalent to kHc-Mod, then the two conditions
are satisfied. For example if G is a p-nilpotent group and P is the Sylow p-subgroup
of G, let by be the principal block of kG. Then Comacky(by) = Comacky(P).

The equivalence Lx between blocks of cohomological Mackey algebras gener-
alizes the equivalence X ®gg — since the restriction of Lx to the subcategories of
fixed point functors is the functor X* ®grgy —.

2.3 Derived equivalences

Let R = O or k. A Morita equivalence between group algebras, with an extra prop-
erty, can be lifted to a Morita equivalence between blocks of cohomological Mackey
algebras. The next theorem will show that a derived equivalence between group
algebras, with some additional properties, can be lifted to a derived equivalence
for the cohomological Mackey algebras.

Lemma 2.9. Let G and H be finite groups, b be a block of RG and c be a block
of RH. Suppose that there is a complex X, of RG-RH -bimodules such that:
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P . For each term X; of X, the functor X; gy — sends p-permutation RH c-
modules to p-permutation RGb-modules.

Then there is an additive functor between the categories of complexes:
Lx, : Ch™(copr(b)-Mod) — Ch™(cour(c)-Mod),
which induces a triangulated functor at the level of derived categories:
Lx, : D~ (cour(b)-Mod) — D~ (copgr(c)-Mod).

Proof. We will work with the categories Funj(—). Let X, the bounded (upper
and lower bounded) two sided complex as in the hypothesis:

de Xs—l g e Xn 0

0 X
and F, a right bounded complex of functors € Fun}(b):

RN - LR A N F, 0.

By pre-composition of F, by X,, we have a double complex:

(1) Fi(dj+1) (=1 Fi_1(djt1)
n:(X5)
- ——F(X)) By (Xj) ——-
(=1)"Fi(dy) (=1 Fi_1(dy)
i (Xj-1)
= Fi(Xj1) Fa(Xjo1) —-

Where we denote by F;(X;) the functor F;(X; ®re —), by F;(d;) the morphism
F;(d; ®re Id_) and by 1;(X;) the natural transformation 7;(X; ®ge —). Then we
take the total complex of this double complex, which we denote by Lx(F):

Lx(F) = P F(X)).

i—j=k
Sk(wi ) = (—1)' Fi(djsr) (wij) + mi(X;) (ws ) € Fy(Xj1) © Fi(X;).

We will prove the following:
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1. Lx(F) is a complex.
2. Lx : Ch™(Fun/ (b)) — Ch™(Funj(c)) is an additive functor.
3. Lx : D= (Fun} (b)) = D~ (Funj (c)) is a well defined triangulated functor.

1. We have to check that 0y := Lx(F)r — Lx(F)r—1 is actually a differential.
This is formal: let w € Lx(F), (dg—1 0 6x(w))i—1 j+1 the component in F;_1(X,41).
A computation give:

(Ok—1 0 Ok (w))i—1j41 = (=) Fiy (dj )ni(X5) (wig) + (= 1) (Xj-1) (Fi(dj1))

= 0, since 7; is a natural transformation.

So Lx(F) is a complex.

2. Let (Fy,n,) and (G.,7.) two complexes of Ch™(Fun; (b)), and ® a morphism
form F, to G,. For each 1, j, ¢;(X;) is a morphism F;(X;) — G;(Xj). So it is clear
that we have a morphism ®; : Lx(F)r — Lx(G)y for all k& € Z. We just need to
check that these morphisms commute with the differentials. We will prove that all
the following diagrams commute:

@D E(X;) ——F1(X;)

i—j=k
lcb lq%'—l,j
G

fB:k (X)) = Gia (X))

where the horizontal arrow are just the restrictions of the differential maps to
F,_1(X;) and G;_1(X;) respectively. For w = (w; ;), one can compute that

D;_1 50 a(w) = i1 (0:(X;) (wi)) + (1)1 Dy Fi1(dy) (wimy j—1),
and
Bo®(w) = 7i(X;) (P 5(wi ;) + (=1)"Gia(d) (i j1 (wim1j-1)).

Equality holds because ® is a morphism of complexes, and for each i,j, ®;; is
a natural transformation of functors. It is then obvious that Ly is an additive
functor from Ch™(Fun}(b)) — Ch™ (Fung(c)).

3. Let (F.,n.) and (G.,7.) two quasi-isomorphic complexes of Ch~(Funk(b)).
We need to check that Lx(F) and Lx(G) are quasi-isomorphic functors. Let
¢ : F — G a quasi-isomorphism. We prove that the homology groups of Ly (F')
are subgroups of the homology groups of F, so it is clear that a quasi-isomorphism
from F' to G induce a quasi-isomorphism from Lx(F) — Lx(G). If k € Z,

Ker(8)ioy = Ker(n1(X;)) 0 Ker(Fioy(dj)) € Ker(ni(X;)).
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and
m(0k—1)i-1,; 2 Im(mi(X;)) U Im(Fi—1(d;)) 2 Im(n;(X;)).

so HM(Lx(F))i-1,; € HHF(X;)), and H*(Lx) € @,_;_, H'(F(X))). O
Lemma 2.10. Let G and H be two finite groups, let b be a block of RG and ¢ be a

block of RH. Let X andY be two complexes of RGb-RH c-bimodule with Property
P, then

e Lxgy = Lx ® Ly.

e [f the complex X is a contractible complex, then Lx is contractible in the fol-
lowing sense: the complex Lx (F) is contractible for every complex of functors
of Fun}(b).

Proof. The first part is clear. For the second part, let (X,,d,) be a contractible
complex. Let (s,) a chain homotopy i-e a family of maps s; : X; — X;_; such that
idx, = s;_1d; + diy15;. Let (Fy,n,) be a complex of Fun}(b). We will show that
Lx(F) is a contractible complex. Let

Then we have:

Dijor Fi(Xj) — Doy Fi(Xja) — -+
LED% /
692 —j= kF(XJ 1 —>®z —j= k ] —>®z —j=k ( j+1)

Let denote by S := @z;j:k S;j—1. We have to check that this is effectively an
homotopy. We will show that the component of Sy_1dx + 1S, which lands in
F;(X;) is the identity of F;(X;). This can be seen in the following diagram:

Do Fi(Xj) — Fy(Xj41)

//

Fin(X;) © Fi(Xj-1) — Fi(X))

where the maps are:

a =31 (Xj11) + (1) Fi(dj1a).
b= (1) Fia(sg) + (=1)'Fi(sj-1).
¢ =01 (X;) + (1) Fi(dy).

4= (~1)iFi(s;).
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Then,

da+ cb = Fi(dj15; + sj-1d;) + (=1 Fi(s7)mi41(Xj41) + (=1 i1 (X;) Figa ()

since 1;,1 is a natural transformation from F;,; to F;. ]

Lemma 2.11. Let G, H and K three finite groups and let b, ¢ and d blocks
of respectively RG, RH and RK. Let (X,,dX) be a bounded complex of RGb-
RKd-bimodules. Let (Y,,dY) be a bounded complex of RHc-RGb-bimodules and
let (Fv,me) be a right bounded complex of Funk(c). If the two compleres X andY
have Property P, then,

(LX O Ly) & LY@RGX'
Proof. We choose the following convention for tensor product of complexes :
(Y ®re X)r = P Yi® X;.
i+j=k
The differential is: A
D= P (-D1ed +d @1.
i—j=k

we prove that Lx oLy (F) is equal to the total complex of the following bi-complex:

m (Y RX)pm—

l(l)mFm(DmkH)

m (Y ®X)m—rk)
"'—>FM((Y®X)m—k+1) ! :

Eona (Y @ X)) ——
l(—l)m-lle(Dm_Hl)

Fna (Y @ X)op1) —= -+ -

To see this, we just need to change the order of summation, and remember that
our functors are additive functors and the direct sums over the index n are finite,
since our complexes X and Y are right and left bounded. Then we have to check
that the differentials are exactly the maps of the previous diagram.

(LX o LY(F))k = @ @ Fm(Ym—n Xra Xn—k)

n€eZ meZ

= P Fru( @B Vien @rc Xu-r))

meZ neL

= @ Fo((Y ®ra X)m—k)-

meZ

Let m,n € Z?, the differential on F,,(Y;,_, ® X,,_;) is:

Fm((_l)md%—n-i-l ®1+(-1)"1® df—k—f—l) + N (Yo @ X)),
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so the differential on @, Frn(Yin—n ® Xp—) is

@(Fm((_l)md%—n-i-l ®1+ (_l)nl ® df—k—f—l) + nm(Ym—n ® Xk—n)) -

nel

(Fu(EP i1 @ 1) P Fu@P (1" "1 @ dY 1)) + (Y @ X )

nez ne”L

= (=1)"Fn(Dm-ps1) + 1 ((X @ X))

since:

Dyptr1 = @ dm nt1 ® L+ @(_l)m_n+11 ® dﬁ—k

neZ nez
_@dm n+1®1+@(_ mnl@dn k+1-
nez ne”L

It is not difficult, but rather technical to check that this is functorial in F'.

k

O

We will apply Lemmas 2.9, 2.10 and 2.11 to the following situation. Let RGb
and RHc be two blocks of group algebras which are derived equivalent. By stan-
dard results about derived equivalences for block algebras, we can suppose that
the equivalence D?(RGb-Mod) = D*(RHc-Mod) is given by tensor product with
a split endomorphism two sided complex X,, a quasi-inverse equivalence is given

by tensor product with the R-linear dual X}.

Theorem 2.12. Let G and H be finite groups, b be a block of RG and c be a block

of RH. Suppose that:

1. There is a two sided tilting compler X, of RH-RG-bimodules, such that
X ®gpg X* = RGb and X* Qra X = RHc in the homotopy categories of

corresponding bimodules.

2. If V is a p-permutation RGb-module, then X; Qray V' is a p-permutation

RHc-module for all v € Z.

3. If W s a p-permutation RHc-module, then X} Q@pp. W is a p-permutation

RGb-module for all i € Z

Then the functor Lx induces an equivalence of triangulated categories
Lx : D™ (Comackgr(c)) = D™ (Comackg(b)).

Proof. We will prove that D~ (Fun; (b)) & D~ (Funj (c)).
Thanks to Lemma 2.9, we have two triangulated functors:

Lx : D~ (Funk(c)) = D™ (Fun}(b))
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and
Lx« : D™ (Fun}(b)) — D™ (Funk(c)).

Thanks to Lemma 2.11, we have Ly« o Lx = Lygx+.
By hypothesis the equivalence X ® X* = RGb is in the homotopy category, then
X ® X* = RGb @ C where C is a contractible complex. Thanks to Lemma 2.10,

Lx-oLx = Lxgx+ = Lravec = Lrey @ Lo

It is clear that Lray = Idp— (pynt ey and Lo = 0. Conversely Lx Lx+ = Idp pupnt (o))

As an immediate corollary, we have:

Corollary 2.13. Let b be a block of RG and ¢ be a block of RH such that RGb
and RHc are splendidly derived equivalent, then

D(copg(b)-Mod) = D*(copg(c)-Mod).

2.4 Application to nilpotent blocks

Although the determinant of the Cartan Matrix of a block b of kG is a power of p,
for the corresponding blocks of the Mackey algebra, it is much more complicated,
see [5]. By the results of [18] this determinant is non zero. However the determinant
of the blocks of cohomological Mackey algebra can be zero. Bouc in [5] proved that
this determinant is non zero if and only if the block b is a nilpotent block with
cyclic defect group. This proof is based on a combinatorial approached, and it
may be surprising that nilpotent blocks appear in that situation. We will apply
Theorem 2.12, and show that it is in fact very natural.

Let B be a block of kG, for an arbitrary finite group GG. If B is a nilpotent
block with defect group P, then by (see [14] or [12]), there is an isomorphism of
k-algebras,

B = Mat(m, kP),

for some m € N. This result is not true for the corresponding blocks of the
Mackey algebra (see remark 4). We will discuss the existence of Morita equivalence
between pi(b) and pui(P) in the next section. For the cohomological Mackey
algebra, we can lift an equivalence between blocks of group algebras, but for this we
need that the equivalence sends p-permutation modules to p-permutation modules.
Unfortunately it is not always the case:

Ezample 3. Let G = SLy(F3) = Qg x C3, and k be a field of characteristic 3. The
group G is 3-nilpotent, so the blocks of this group algebra are nilpotent. Let b the
block idempotent such that the block kGb = B contains the simple kG-module
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W, where W is the simple kQg-module of dimension 2 which is extended to kG
by Clifford theory. Then kGb-mod = kCs3-mod and a functor ® : kC3-mod —
kGb-mod can be given by:

X = Iso(¢)InfG o (X) @ W,

where the action of G is the diagonal action, and ¢ : G/Qgs = Cj3. In particular the
trivial p-permutation module is sent to W which is not a p-permutation module.
So we cannot apply Proposition 2.8. Moreover one can check that the Cartan

matrix of co,(b) is ( ; g ), and the Cartan matrix of couy(C3) is ( 1 :1)) )

By the results of sections 7.3 and 7.4 of [15] and results of [4] and [13], if p > 2,
or P is abelian (N.B. in fact one can ask weaker condition in case of p = 2), we
can replace the bimodule which gives the Morita equivalence between B and kP
by a splendid tilting complex of B-kP-bimodule.

Corollary 2.14. Let B = kGb a nilpotent block of defect p-group P. If p = 2
assume that P 1s abelian. Then

D(copur(b)-Mod) =2 D(copuy,(P)-Mod) as triangulated categories.

Since the determinant of Cartan matrices is invariant under derived equiva-
lences, the determinant of the cohomological Mackey algebra is non zero if and
only if the determinant of the cohomological Mackey algebra of the defect p-group
is non zero. However it is well know that this is the case if and only if the p-group
is cyclic: indeed the projective indecomposable cohomological Mackey functors for
a p-group P are FPIndg(k) for ) < P. By adjunction, the coefficient of the Cartan

matrix indexed by two projective I Pzndg(k) and F Plndg,(k) is:

Co.q = dimpHomyp(Indg(k), Indg, (k)
= dim,Homyp(k, Resg,Indgy k)
= Card([Q\P/Q).

By the main result of [17] this matrix is non degenerate if and only if P is cyclic.

3 Example of equivalences between blocks of p-
local Mackey algebras.

In this section we will give some examples of equivalences of blocks of p-local
algebras. We first look at the case of p-nilpotent groups. We will prove that
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the p-local algebra of the principal block of such a group is Morita equivalent to
the Mackey algebra of its Sylow p-subgroup. But as in [15] the case of the non-
principal block seems unexpectedly much more difficult. We will give an example
which proves that in general there is no Morita equivalence between the p-local
Mackey algebra of the block and the Mackey algebra of the defect. Then we will
look at the case of a finite group with p-Sylow subgroups of order p. In that
case the p-local Mackey algebra looks like a group algebra. It is a Brauer tree
algebra, so we can use the background which was developed for Broué’s conjecture
on blocks of algebras of groups with cyclic Sylow p-subgroups.

Remark 3. Since the p-local Mackey algebra and the cohomological Mackey algebra
share a lot of properties, for example, they have the same number of simple modules
in each block and the projective cohomological Mackey functors are the biggest
cohomological quotients of the p-local projective Mackey functors, one may ask if
an equivalence between blocks of p-local Mackey algebras induces in some sense,
an equivalence between the corresponding blocks of the cohomological Mackey
algebras. The following example shows that the situation is not that simple.

Ezample 4. Let k be a field of characteristic 2 and G = Cy be the (cyclic) group
of order 2. Then a basis of u,(Cs) is given by: tg;, 19202 %2 4l and tla
where z € Cy and tjz means tic;,. Then there is an automorphism ¢ of ;(Cs)
where ¢ is defined over the basis elements by: ¢(t02) = t1, ¢(t{*r(?) = t} + tix,
p(t92) = v p(r®?) = 12, (t}) = tgi and ¢(tiz) = tgg + %2792 This gives an
unitary automorphism of u(Cs). By general results of Morita theory, the bimod-
ule 111,(Cs), induces a Morita self-equivalence of p,(Cs).

The projective indecomposable Mackey functors for Cy are Be, ;1 and Be, ¢, As
a module over the Mackey algebra, Be,/; as basis: 92, t! and tlz, and Bg, /Co
as basis: tgg, t?r? 7“102. So the Morita equivalence induced by ¢ exchanges the
projective B, /1 and Be, /¢, -

11
1 2
lence which exchanges the two projective indecomposable cohomological Mackey
functors.

Since the Cartan matrix of copy(Cy) is ( , there is no self-Morita equiva-

3.1 Principal block of p-nilpotent groups.

Lemma 3.1. Let M and M’ two be projective Mackey functors of Macky(G, 1),
and f: M — M’ be a morphism. The morphism f is an isomorphism if and only
if f(1): M(1) — M'(1) is an isomorphism of kG-modules.

Proof. Lemme 6.2 in [2] (in french). O
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Theorem 3.2. Let G = N x P a p-nilpotent group, where P is a Sylow p-subgroup
of G. Let by be the principal block of kG. Then pi(bo)-Mod is Morita equivalent
to uk(P)-Mod.

Remark 4. If b is a nilpotent block, for some m € N, we have an isomorphism
kGb = Mat(m, kP), where P is a defect group of the block b. This is not the
case for the Mackey algebras. Example if G = S5 and k is a field of characteristic
2. Let b be the principal block of £S3, one can check that dimy(pu,(C2)) = 6 and
dimi (J11(8)) = 56.

Proof. Recall that the principal block idempotent of kG is by = % Y nen M, and
kGby = kP. So there is a Morita equivalence kGby-Mod = kP-Mod. This equiva-
lence is given by the following adjoint pair (Res%, byInd%).

For the proof, we will work with the categories of Mackey functors with Dress
definition and Green definition, since the following adjunction is easier to under-
stand with the Dress definition, but the action of the block idempotent is easier
to understand with the Green definition. We have two functors:

Res$ : Macky(by) — Macky(P),

and

Ind$ : Macky(P) — Mack(G).
Applying the block idempotent bfj, we have a functor

by IndS : Macky(P) — Macky(bo).

1. The functor Res$% is left and right adjoint to the functor byInd%, since it is the
case for Ind% and Res$. Recall that the unit and co-unit of the above adjunction
are given by:

Nas: M — boInd$ResSM is defined by Ny = (bgM)*(e_)

Bl : boIndSResS (M) — M is defined by Ef,; = (bgM),(e_)

Ny : M' — ResSboIndS M’ is defined by N}, = M.(n-)

Eyp : ResShoIndSM' — M is defined by Eyy = M™(n_).
where € and 7 are the unit and co-unit of the usual adjunction (Ind%, ResE) for
Res% : G-set — P-set, and Ind$ : P-set — G-set.
2. Let M be a projective Mackey functor in Macky(by), and let M’ be a projective
Mackey functor of Macky(P). We need to check that Ny, and E', above are

inverse isomorphisms. Similarly, we have to check that E;; and N}, are inverse
isomorphisms.
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By Lemma 3.1 it is enough to check that this is true after evaluation at the trivial

Y

subgroup. However, we have a natural isomorphism of kG-modules (Ind%M)(1) =
Ind%(M(1)), so

Nas(1) : M(1) = (boInd%ResG(M))(1) = boIndSResG(M(1))

E (1) : (boInd$ResG(M))(1) = boIndGResE(M (1)) — M (1)

Ni(1) s M'(1) — (ResGboIndS M) (1) =2 ResSboIndSM'(1).

Eue(1) : (ResGboIndS)M' (1) = ResSboIndS(M' (1)) — M'(1)
are units and co-units of the adjunction (byInd$%, Res%) for modules over the group
algebras. We have the required isomorphisms.

3. If M € Macky(by), let P, be a projective resolution of M in Macky(by), then
we have the following commutative diagram,

P Py M 0

lNPl NPO \L NIVI l

o ——= by IndGResG(P) — by Ind% ResG(Py) — boInd% ResG (M) —=0

Since the Np, for ¢+ > 0 are isomorphisms Nj; is an isomorphism. By the same
method, if M" € Macky(P), Epp is an isomorphism. O

Corollary 3.3. There is an isomorphism of algebras, u}.(by) = B(X?) for the P-
set X = Isog/NDefg/Nﬂg, and B(X?) is the evaluation of the Burnside functor

at X* (see example 2).

Proof. By Theorem 3.2, we have an equivalence p}(by)-Mod = u;(P)-Mod, so by
Morita Theorem, there is an algebra isomorphism py(by) = End,, p)(T), where
T is the bimodule Res$(ui(by)). We will denote by By the Mackey functor, in
the sense of Dress, which corresponds to the pj(bg)-module pj(bg). Since the
projective Mackey functors of Macky(P) are exactly the Dress constructions By
of the Burnside functor where X is a P-set, we have

Res$(By) = By,

for some P-set X. In particular kX = Res%(By)(1). But Res%(By(1)) = botiui(G).
A basis of u}(G) is given by taxR%., where A and C are subgroups of G, the ele-
ments x € [A\G/C] and B is a p-subgroup of AN*C up to AN*C-conjugacy . So
a basis of tju}(G) is the set of tizrf for x € G and H < G. Set v, = tibyrRI.
We have that vy e = Y. and Y on = Yae for x € G, n € N and h € H. The set
{vu.; H<G, v€G/NH} is a pug(P)-basis of t;u;(by). The action of y € P on
a element vg , is given by y. v » = Ya e S0,

kX = @D ResG(kG/NH),

H<LG
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but for a p-group P, two permutation modules are isomorphic if and only if the
corresponding P-sets are isomorphic by [7]. Hence

X 2 UycaResS(G/NH)
> Up<cResgIndgyDef& v (G/H)
= Resg(lnfg/NDefg/N(Qg))
= [Sog/NDefg/N<QG)-

So Res%(By) = Bx, where X = Isog/NDefg/N(QG), and
11, (bo) = Endjack, (p)(Bx) = B(X?),
by adjunction property of Bx see [1]. 0

This can be viewed as an analogue of the isomorphism kGb = Mat(n, kP) for
nilpotent blocks.

3.2 Groups with Sylow p-subgroup of order p.

For general results about equivalences between blocks of p-local Mackey algebras,
we have the following result, which is a direct corollary of Theorem 20.10 of [18].

Theorem 3.4. Let G and H two finite groups. let b be a block of kG with cyclic
defect group of order p, and c be a block of kH with cyclic defect group of order p.
Then,

D*(kGb-Mod) =2 D°(kHc-Mod) if and only if D®(u}(b)-Mod) = D°(ui(b)-Mod).

Proof. By Theorem 20.10 of [18], in this situation, the blocks of Mackey algebras
are Brauer tree algebras. Let Ty.ac be the tree of this algebra. And Ty.q be the
tree of the corresponding block of the group algebra. The tree Tyjoq is isomorphic
to a subtree of Tyack, still denoted by Tyoq. The tree Ty is determined by the
knowledge of the tree Tyioq. If € is the number of edges of Ty1oq, then the number of
edges of Thack 1S 2e. The exceptional vertex of Ty, is the same as the exceptional
vertex of the tree of the block, and with same multiplicity. Each edge of Tyiacx
which is not in Tyj0q is a twig. By general results of derived equivalences for Brauer
tree algebras, two Brauer trees algebras, over the same field, are derived equivalent
if and only if they have the same number of edges. O

Even if the tree Tyack seems to be determined by the group algebra kG, if
two blocks of group algebras are Morita equivalent, it is not always true that the
corresponding blocks for the Mackey algebras are Morita equivalent (see Example
5). The tree Tyiaex is in fact determined by the corresponding block of kG and the
Brauer correspondent of this block in Ng(P) where P is a Sylow p-subgroup of G.
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Proposition 3.5. Let G and H be two finite groups with same p-local structure
and common Sylow p-subgroup C of order p. Letb (resp. ¢) be a block of kG (resp.
kH ) of defect group C. If kGb-Mod = kHc-Mod by a splendid bimodule M, then
pr(e)-Mod 22 g (c)-Mod.

Proof. By Theorem 20.10 of [18] and Theorem 3.4, the block algebras p}(e) and
pi(f) are derived equivalent Brauer tree algebras. Since two such algebras are
Morita equivalent if and only if they have isomorphic trees and same exceptional
multiplicity, it is enough too prove that they have the same Cartan matrices. We
will prove that the decomposition matrices of 14, (b) and uy(c) are the same. By
Proposition 1.13, the decomposition matrices of 115(b) can be computed from the
knowledge of the p-block OGb and the Brauer correspondent of b in ON(C).
Suppose that there are e simple kG-modules in the block b of kG, then there
are e + 1 simple KG-modules in this block, one of this simple module may be
exceptional. The number of simple kN (C)-modules W in a block b which is the
Brauer correspondent of b is e. Since Ng(C) is a p/-group, each simple kN (C)-
module gives rise to a unique simple K'N(C)-module. Thus the decomposition
matrix of u}(b) is the following block matrix with 2e + 1 columns and 2e rows:

Oe><e
D(copo(b))
]d(iX(i

Where D(coup(b)) is the decomposition matrix of cope(b).

So if two blocks kGb and kH ¢, with cyclic defect group of order p are splendidly
Morita equivalent, the blocks OGb and OH ¢ are splendidly Morita equivalent by
Section 5 of [15]. By the results of Section 2, the blocks of cohomological algebras
copo(b) and copp(c) are Morita equivalent, so the Cartan matrices of p4(b) and
pp(c) are the same. O

Remark 5. Let (K, O, k) a p-modular system. Let G be a finite group and b be a
block of OG with cyclic defect group. The Mackey algebra of this block is a Brauer
tree algebra, so there is a Green walk on this tree. One can lift this Green walk
for g (b) exactly as Green did in [10]. This show that the Mackey algebra over O
is a Green order in the sense of [16]. Konig and Zimmermann in [11] proved that
two Green orders with trees having same number of vertices and same exceptional
vertex plus some local properties are derived equivalent. However, in this case it
doesn’t seems easy to check these local conditions.

Ezample 5. Let G = SLy(F3) = Qs x C3, and k be a field of characteristic 3.
The group G is 3-nilpotent. Let b the block idempotent such that the block kGb
contains the simple kG-module W of dimension 2. Then kGb-Mod = kC3-Mod.
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One can ask if the same happens to the corresponding blocks of the Mackey al-

gebras. But the Cartan matrix of pug(Cs) is ( 2

1 zl)) ) and the Cartan matrix

of ui(b) is g g , so there is no Morita equivalence between these two alge-

bras. By Theorem 3.4 they are derived equivalent. In fact in this example it is
not difficult to make everything explicit: the projective indecomposable Mackey
functors in the block * are in bijection with the indecomposable p-permutation
modules of the corresponding blocks. These indecomposable p-permutation mod-
ules are: Ind$ (W) and Ind Infibe where Cg = Z(Qs) x C3, and € is the non
trivial simple kCy-module. So the projective indecomposable Mackey functors are
P=1 ndgsF Py and Q =1 ndgGBE, where B, is a direct summand of the Dress
construction of the Burnside functor for Cs: Beyg /e,

More precisely, for each Cg-sets, if Y is any finite Cg-set, then Beg/c,(Y) =
B(Y x Cs/C3) is a right kCy-module, since

CG/CB = Endcﬁfset(CG/Cg) — Endcﬁ,set(Y X 06/03)

So B(Y) = B(Y x Cs/Cs) ®(c/cy) € With this it is not difficult to compute
the Cartan matrix of the block. Using the adjunction property of F'P_, all the
coefficients of this matrix, except the coefficient dinmy,Homsack, (c)(Q, @), can be
computed at the level of modules for group algebras. The last one can be computed
using the formula of Proposition 5.11 in [2].

The derived equivalence can be given by a two terms complex:

0 P20 o 0

where 7 is the morphism of maximal rank between P and Q.
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