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1. Introduction Set-valued mappings represent the most developed class of objects studied in
the framework of variational analysis. Various types of set-valued mappings arise in a considerable
number of models ranging from mathematical programs, through game theory and to control and
design problems. The most well known and widely used regularity property of set-valued mappings
is that of metric reqularity [6, 17, 36, 45, 55, 59, 49, 20, 16, 33, 24, 47]. The term “metric regularity”
was coined by Borwein & Zhuang [7]. Metric regularity or its equivalent notions (openness or
covering at a linear rate or Aubin property of the inverse) is a central concept in modern variational
analysis. In particular, this property is used as a key ingredient in investigating the behavior of
the solution set of generalized equations associated to set-valued mappings.

According to the long history of metric regularity there is an abundant literature on conditions
ensuring this property. The roots of this notion go back to the classical Banach Open Mapping
Theorem (see, for instance [13]|, Theorem I11.12.1) and its subsequent generalization to nonlinear
mappings known as Lyusternik and Graves Theorem([48, 25|, see also [15, 18]). For a detailed
account on results on metric regularity as well as on its various applications, we refer the reader
to basic monographs and references, (2, 3, 5, 8, 6, 9, 7, 11, 12, 16, 19, 35, 36, 37, 40, 42, 43, 48, 49,
50, 52, 53, 30, 31, 54, 55, 56, 58], as well as to the references given therein.

Let X and Y be metric spaces endowed with metrics both denoted by d(-,-). The open ball with
center x and radius r > 0 is denoted by B(x,r). For a given subset 2 of X, we denote by conv ()
and conef2 the convex hull of € and the conical convex hull of 2, respectively. We also use the
symbols w and w* to indicate the weak and the weak* topology, respectively, and w- lim and w*-
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lim represent the weak and the weak* topological limits, respectively. Int 2 and cl€) are the interior
and the closure of € with respect to the norm topology, respectively; ¢l Q stands for the closure
in the weak topology and I Q is the closure in the weak* topology of a given subset 2 C X* in
the dual space. We also make use of the property, that for convex sets, the norm and the weak
closures coincide. Finally given a mapping f: X — Y we note Im f for the range f.

Recall that a set-valued (multivalued) mappping F': X =Y is a mapping which assigns to every
x € X a subset (possibly empty) F(z) of Y. As usual, we use the notation gph F':= {(z,y) €
X xY : ye€ F(x)} for the graph of F, Dom F :={x € X : F(x) # 0} for the domain of F and
F~':Y = X for the inverse of F. This inverse (which always exists) is defined by F~!(y):={x €
X : yeF(z)}, yeY and satisfies

(r,y) €Egph F <= (y,x) €gph F 1.

If C is a subset of X, we use the standard notation d(z,C) =inf,cc d(z, z), with the convention
that d(z,S) = +oo whenever C' is empty. We recall that a multifunction F is metrically reqular at
(z0,Y0) € gph F' with modulus 7 > 0 if there exists a neighborhood B((x¢,¥s),e) of (zo,y0) such
that

d(z, F~(y)) < vd(y, F(z)) forall (z,y)€ B((xo,0),€)- (1)

The infimum of all moduli 7 satisfying relation (1) is denoted by reg F(z,y) ([19]). In the case
for example of a set-valued mapping F' with a closed and convex graph, the Robinson-Ursescu
Theorem ([57] and [60]), says that F' is metrically regular at (xq,¥0), if and only if y, is an interior
point to the range of F, i.e., to Dom F 1.

Recently, several generalized or weaker versions of metric regularity (restricted metric regularity
[53], calmness, subregularity) have been considered. Especially, Toffe ([38]) introduced and studied a
natural extension of metric regularity called “relative metric reqularity” which covers almost every
notions of metric regularity given in the literature. Roughly speaking, a mapping F' is relatively
metrically regular relative to some subset V C X x Y if the metric regularity property is satisfied
at points belonging to V' and near the reference point. An important special case of this relative
metric regularity concept is the notion of directional metric regularity introduced and studied by
Arutyunov, Avakov and Izmailov in [1]. This directional metric regularity is an extension of an
earlier concept used by Bonnans & Shapiro ([5]) to study sensitivity analysis.

Our main objective in this paper is to use the theory of error bounds to study directional metric
regularity of multifunctions. We develop the method used by the authors in [31, 33, 29] to char-
acterize relative metric regularity by using global/local slopes of a suitable lower semicontinuous
envelope type of the distance function to the images of set-valued mappings. A particular advan-
tage of this approach is to avoid the completeness of the image space that is not really necessary
in some important situations. These established characterizations permit to derive coderivative
conditions as well as stability results for directional metric regularity.

The remainder of this paper is organized as follows. In Section 2, we prove characterizations of
relative metric regularity of closed multifunctions on metric spaces by using global/local strong
slopes of suitable relative semicontinuous envelope of distance functions to the images of set-valued
mappings. Based on these characterizations, we derive in Section 3 coderivative criteria ensuring
directional metric regularity. In the final section, results on the perturbation stability of directional
metric regularity are reported.
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2. Characterizations of relative metric regularity Let X be a metric space. Let f: X —
RU {400} be a given function. As usual, domf :={z € X : f(z) < +o00} denotes the domain of f.
We set

S:={reX: f(z)<0}. (2)

We use the symbol [f(z)], to denote max(f(x),0). We shall say that the system (2) admits a global
error bound if there exists a real ¢ > 0 such that

d(z,9) <c[f(z)]y forall z€X. (3)

For zy € S, we shall say that the system (2) has a local error bound at x,, when there exist reals
¢>0 and € > 0 such that relation (3) is satisfied for all x around xy, i.e., in an open ball B(xg,¢)
with center zy and radius .

Since the first error bound result due to Hoffman ([26]), numerous characterizations and criteria
for error bounds in terms of various derivative-like objects have been established. [22, 23]. Stability
and some other properties of error bounds are examined in [27, 32, 33, 34, 46]. Several conditions
using subdifferential operators or directional derivatives and ensuring the error bound property in
Banach spaces have been established, for example, in [10, 41, 31]. Error bounds have been also
used in sensitivity analysis of linear programming/linear complementarity problem and also as
termination criteria for descent algorithms. Recently, Azé [2], Azé & Corvellec [4] have used the
so-called strong slope introduced by De Giorgi, Marino & Tosques in [14] to prove criteria for error
bounds in complete metric spaces.

Recall from [36]' that the local and global strong slopes |V f|(x); |Tf|(z) of a function f at
x € domf are the quantities defined by

= limsu M ) =su M
|Vf|(x)_1}—>w,y7g d(z,y) 1) i;ég d(z,y)

(4)
For x ¢ domf, we set |V f|(x) = [['f|(z) = +00. When f takes only negative values it coincides with

PS —su f(x) = fr(y)]+

as defined in [28]. As pointed out by Ioffe [39, Poposition 3.8], when f is a convex function defined
on a Banach space, then

IVfI(x) = sup (=|f"(z;h)) = d(0,0f ().

llhll<1

Trivially, one has |V f|(z) <|T'f|(x), for all z € X.

In the sequel, we will need the following result established by Ngai & Théra ([33]), which gives
an estimation via the global strong slope for the distance d(z,S) from a given point Z outside of
S to the set S in complete metric spaces.

THEOREM 1. Let X be a complete metric space and let f: X — RU{+o0} be a lower semicon-
tinuous function and T ¢ S. Then, setting

m(z) =it {[Lf|(z):  d(z,7) <d(z,5), f(x) < f(D)}, (5)

one has

m(z)d(z,S) < f(Z). (6)

L A. Toffe was at your knowledge the first one to start using slopes and to advertise them in the optimization community.
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Let X be a metric space and let Y be a normed linear space. Consider a multifunction F': X =Y.
Let us recall from ([1]) the definition of directional metric regularity.

DEFINITION 1. Let F': X =Y be a multifunction. Let (z4,y0) € gph F and § € Y be given. F’
is said to be directionally metrically regular at (z¢,y) in the direction § with a modulus 7 > 0 if
there exist ¢ >0, § > 0 such that

d(z, F~'(y)) < 7d(y, F(x)), (7)
for all (z,y) € B(xg,e) X B(yo,€) satisfying
d(y,F(xz))<e and ye€ F(x)+ coneB(y,9).

Here, cone B(y,d) stands for the conic hull of B(y,d), i.e., cone B(y,d) = U AB(y,0). The infinum
A>0

of all moduli 7 in relation (7) is called the exact modulus of the metric regularity at (xg,y) in

direction 7, and is denoted by reg ; F'(zo, o)

Note that if F' is metrically regular at (xg,y,) € gph F, then F' is directionally metrically regular
in all directions g € Y. When ||7|| < 6, then directionally metric regularity coincides with the usual
metric regularity. The notion of directionally metric regularity is a special case of metric reqularity
relative to a set 'V with gph FFCV C X x Y, introduced by Ioffe ([38]). For y € Y, z € X, denote
by V,:={zeX: (z,y) eV}, V.:={yeY: (z,y) € V}, and clV, for the closure of V.

DEFINITION 2. Let X,Y be metric spaces. Let F': X =Y be a multifunction and let (xg,y,) €
gph F' and fix a subset V C X x Y. F' is said to be metrically regular relative to V' at (z¢,yo) with
a constant 7 > 0 if there exist € > 0 such that

d(z, F~*(y)NeclV,) < 1d(y, F(z)), for all (x,y) € B((zo,%0),e)NV, d(y, F(x)) <e. (8)
The infinum of all moduli 7 is called the exact modulus of metric regularity at (xg,yo) relative to
V, and denoted by reg F(z, o).

In papers [33, 29], the lower semicontinuous envelope = — ¢(x,y) of the function = +— d(y, F(x))
foryeY ie.,

¢(z,y) :=liminf d(y, F(u)),

has been used to characterize metric regularity of F. Along with the relative metric regularity, we
define for each y € Y the lower semicontinous envelope of the functions x — d(y, F'(z)) relative to
aset VC X xY by setting

liminfy, 5. d(y, F(u)) if zeclV,
400 otherwise.

pula)= (9)

Obviously, for each y € Y, the function ¢y (-, y) is lower semicontinuous.

For a given g € Y, directionally metric regularity in a given direction 7 is exactly metric regularity
relative to V(y,9) (for some § > 0):

V(y,0) :=={(z,y) : y € F(x) + cone B(y,6)}. (10)
In this case, the lower semicontinuous envelope function relative to V' (9, %) is denoted simply by
es(2,Y) = pv g (T,Y). (11)

The following proposition permits to transfer equivalently relative metric regularity of F' to the
error bound property of the function ¢y .
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PROPOSITION 1. Let F': X %Y be a closed multifunction (i.e., its graph is closed) and let
(z0,Yy0) € gph F. For V.C X XY, the following statements holds.
(i) For all y €Y, one has

F~(y) NelV,={xe X: py(z,y)=0};

(ii) F is metrically regular relative to V' at (xo,yo) with a modulus T >0 if and only if there exists
>0 such that

d(z, F ' (y)NelV,) < 1oy (z,y)  for all (z,y) € B(z,e) X B(yo,€) with d(y, F(x)) <e.

Proof. The proof follows straightforwardly from the definition. O

We establish in the next theorem characterizations of relative metric regularity by using the
local/global strong slopes.

THEOREM 2. Let X be a complete metric space and Y be a metric space. Let F': X =Y is a
closed multifunction and let (zq,yo) € gph F and let VC X x Y. For a given T € (0,400), consider
the following statements.

(1) F is metrically reqular relative to V' at (zo,yo);
(ii) There exists § >0 such that

Ty (- y)|(x) > 77" for all(z,y) € (B(xo,06) x B(yo,9)), € 1V, withd(y, F(z)) € (0,8); (12)
(iii) There exists 6 >0 such that
Vv (- y)|(@)=77" for all(z,y) € (B(zo,6) x B(yo,6)), € clV, withd(y, F(x)) € (0,0); (13)
(iv) There exist § >0 such that
Vv (,y)|(@)>7" for all(z,y) € (B(wo,0) x B(yo,8)) NV withd(y, F(z)) € (0,0). (14)

Then, (i) < (ii) < (i11) = (iv). In addition, if Y is a normed linear space; gph F CV'; V, is convex
for any x near xoy and V, is open for y near yo, then (i) = (iv).

Proof. The implications (iii) = (i7) and (ii7) = (iv) are obvious. For (i) = (i), assume that F
is metrically regular relative to V' at (xg, o) with modulus 7 > 0.Then, there is § > 0 such that

d(z, F(y)) <7ov(z,y) Y(x,y) € B(zo,6) x B(yo, ).

Let (z,y) € B(xo,0) x B(yo,9) with ¢y (z,y) € (0,+00) be given. For any ¢ > 0, we can find u €
F~1(y) satisfying
d(x,u) < (T+¢&)pv(z,y).

Then, py(u,y) =0, u# x and therefore,

pv(@y) —pv(uy) _ pv(z,y) 1
T . > = > .
| (‘pV( ay)|($) ft d((IZ,U) d(x,u) = (T+6)
Since € > 0 is arbitrary, (i) holds.
Let us prove (ii) = (7). Suppose that (12) is satisfied for § > 0. Let ¢ € (0,7/2) be given, and let

a:—min{5/2,ﬁ,(57}.
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Let (z,y) € B((xo,Y0),a) with x € clV,,, d(y, F(z)) < o be given. Then,
@V(xa y) < 1}2;; @V(ua y) +a.

By virtue of the Ekeland variational principle [21] applied to the function z — ¢y (z,y) on X, we
can find z € X satisfying d(z, z) < a(7 4+ 2¢) and v (2,y) < v (x,y)(< «) such that

1
< - for allu € X.
sov(z,y)_wv(u,y)+7+2€d(u,z) or allu €

Consequently, z € B(zy,d) and

d(z,u) - d(z,u)

< for allu € X.
T+ 2¢ TH+¢€

pv(zy) = pv(u,y) <
Therefore, by relation (12), we must have z € F'~'(y) NclV,. Consequently,
B(zo,2a1) N EF~(y) NelV, # 0. (15)
Then for any z € X with d(z,z) <d(x, F ' (y)); pv(2z,y) < ov(z,y), one has:
d(z,z0) < d(z,2) +d(x,70) < d(20, F(3)) + 2d(2, 70) < 207 + 200 < 6.
Thus, z € B(x,0) and z ¢ F~'(y). Therefore, according to (12), one has

d(z,z) <d(z, F~(y)) 1
ev(2,y) <pv(z,y) } 7T re

mta)s=int { Tl )
By virtue of Theorem 1 and as € > 0 is arbitrarily small, we obtain
d(z, F(y)NV,) < 1ev(z,y),

which proves (ii) = (7).

To conclude the proof of the theorem, we need to show (i) = (iv) provided Y is a normed linear
space; V,, is open for y near y, and V, is a convex set for « near z,. Let § € (0,1) be such that V,,
is open for all y € B(yo,9); V.. is convex for all x € B(x¢,d) and that

d(z, F ' (y)) < 7d(y, F(x)) V(z,y)€ (B(a‘s, 20) x B(y, 25)) nv.

Let (z,y) € (B(Z,0) x B(g,6)) NV be given with F(z) # 0; y ¢ F(x); d(y,F(z)) < . For any
e€(0,0/2), pick u. € B(xg,£) NV, such that

d(ue, ) < oy (2,y); d(y, F(u.)) < (1+€%) 2oy (2,y). (16)
Take y. € F(u.) such that
d(y, F(u.)) < |ly —yell < (1+€%)2d(y, F(u.)).
Then, since u € B(x,d), by the convexity of V,,
(u,2.) €V with z.:=ey+ (1 —¢)y..
Furthemore,

”y - Za” - (1 - E)”y_ yaH < (1 - E)(l +€2)1/2d(y7F(ua)) < d(y7F(ua)) < (1 +E)()0V(xay)'
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Therefore, z. ¢ F'(u.) and |z — yoll < [ly — yol + [ly — 2| < 20. Hence, we can select z. € F'~'(z.)

such that
d(uc,w.) < (1+e)d(ue, F~(2.)) < (1+e)7d(z, F(u.))

< +e)etly —yell.
Consequently, lim,_ o+ d(z,z.) = 0. Hence, for € > 0 sufficiently small, z. € V,, and one has the
following estimation

(17)

1
@d(y’}?(us)) —d(y,F(xs))
> (- 0-9) - (19

@V(xay) - @V(xsay) > (

14 €2
e—¢e?4¢?

= WH?J—.%H-

By combining this relation and relations (16), (17), one obtains

pv(@.y) —ev(zey) | ev(@y) —pv(zey) (e—e*+%)ly — vl
d(z,z.) ~d(zul) Fd(ue, ) T (L) (v (z,y) + (T+e)erlly —vel)

Since lim8_>0+ Hy - ys” = hrna—>04r d(yaF(us)) = ‘PV('I,Z/) > O> then

> 71

— )

. covizy) —ev(z.,y)
. >
Veov ()l () > lim inf d(z,.)

which completes the proof. O

Theorem 2 yields the following exact formula for the relative metric regularity.

COROLLARY 1. Let X be a complete metric space and let Y be a metric space and let V C X XY
with gph F C V. Suppose that the multifunction F: X =Y is closed and (xo,10) € gphF. Then, one
has

1/reg, F(zo,y0) = liminf [Tov(-,y)|(x).
(=,9) 5 (20,30)
yEF(z)
reclVy

Moreover, if in addition, Y is a normed linear space; V,, is convex for any x near x, and V, is
open for y mear yo, then

1/regy F(xo,y0) < lminf  |[Voy (-, y)|(x).

()™ (z0.90)
y¢F(x)

The notation (x,y) 214 (z0,Y0) means that (x,y) — (zo,Y0) with p(x,y) =0 and (z,y) € V.

Proof. It follows directly from Theorem 2. O

We next introduce the partial notion of relative metric regularity for a parametric set-valued
mapping. Let X,Y be metric spaces and let P be a topological space. Given a set-valued mapping
F: X x P=2Y, we consider the implicit multifunction: S:Y x P =Y defined by

S(y,p):={rxeX: ye F(z,p)}. (19)

Let 9 € S(yo,po) and a set V: gph FCV C X x P XY be given.
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DEFINITION 3. The set-valued mapping F' is said to be metrically regular uniformly in p rela-
tively to V' at ((zo,p0), o) with a modulus 7 > 0, if there exist £ >0 and a neighborhood W of p,
such that

d(z,S(y,p)) < 7d(y, F(z,p)), for all (z,y,p) € (B((xo,y0)e) x W) NV; d(y, F(z,p)) <e. (20)

The infinum of all moduli 7 is called the exact modulus of the metric regularity of F' uniformly in
p at (z,Yo) relative to V' and is denoted by reg ., F'(xo, po, Yo)-

Denote by
Viep ={yeY: (z,p,y) €V}, for(z,p) € X x P;

Vi ={z€X: (z,p,y) €V}, for (y,p) €Y x P.

For each (y,p) € Y x P, the lower semicontinuous envelope relative to V' of the function: z —
d(y,F(x,p)) is defined by

hminfu—)m,uev(y’p) d(y7F(u7p)) if recd ‘/(y,p)

21
+o00 otherwise. (21)

pv(z,y,p) = {

Similarly to Theorem 2, one has

THEOREM 3. Let X be a complete metric space, Y be a metric space and P be a topological
space. Let F': X x P==2Y be a set-valued mapping and let ((xo,po),yo) €gph F; VC X X P xY;
7€ (0,+00) be given. Suppose that for any p near p, the set-valued mapping x = F(x,p) is a closed
multifunction. Then, among the following statements, one has (i) < (ii) < (iii) = (iv). Moreover,
if Y is a normed linear space; Vi, is convex for any (x,p) near (xo,po) and Vi, is open for
(y,p) near (Yo, po), then (i) = (iv).

(1) F is metrically reqular relative to V' uniformly in p at ((zo,po),Yo);
(ii) There exist 0,y >0 and a neighborhood W of py such that

Ty (y,p)|(x) =771 for all(x,p,y) €(B(x0,6) x W x B(yo,0)), z €clV (y,p)
withd(y, F(z,p)) € (0,7); (22)

(iii) There exist 6,7 >0 and a neighborhood W of py such that

|V(10V(>y>p)|($) > 7—71 fOT’ all(:v,p,y) G(B(x()aé) x W x B yOa ) T e CIV y p)
with d(y, F(z,p)) € (0,7); (23)

(iv) There exist §,~v >0 and a neighborhood W of py such that

Vov (G y,p)|(z)>7" for all (z,p,y) G(B(azo,é) x W x B(yo,é)) nv
withd(y, F(z,p)) € (0,7). (24)

Proof. The proof being similar to the one of Theorem 2, we omit it. O

3. Coderivative characterizations of directional metric regularity For the usual met-
ric regularity, sufficient conditions in terms of coderivatives have been given by various authors,
for instance, in [3, 43, 49, 31]. In this section, we establish a characterization of directional metric
regularity using the Fréchet subdifferential in Asplund spaces, i.e., Banach spaces for which every
convex continuous function is generically Fréchet differentiable. There are many equivalent descrip-
tions of Asplund spaces, which can be found, e.g., in [49] and its bibliography. In particular, any
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reflexive space is Asplund, as well as each Banach space such that if each of its separable subspaces
has a separable dual.

In order to formulate in this section some coderivative characterizations of directional metric
regularity, we require some more definitions. Let X be a Banach space. Consider now an extended-
real-valued function f: X — RU {+oo}. The Fréchet subdifferential of f at z € Dom f is given
as

Of(z)=<qz"€ X*: liminf f(x) = f@) —_(a: 2= 2) >0p.
Tz,  TAE |z — ||

For convenience of the reader, we would like to mention that the terminology reqular subdifferential
instead of Fréchet subdifferential is also popular due to its use in Rockafellar and Wets [59]. Every
element of the Fréchet subdifferential is termed as a Fréchet (regular) subgradient. If Z is a point
where f(Z) = oo, then we set df(Z) = (0. In fact one can show that an element z* is a Fréchet
subgradient of f at z iff
olllz —=[)

F@)2 F@) (a2 =) tole—l) where lim DT

=0.

It is well-known that the Fréchet subdifferential satisfies a fuzzy sum rule on Asplund spaces (see
[49, Theorem 2.33]). More precisely, if X is an Asplund space and f;, fo : X — RU{oc} are such
that f; is Lipschitz continuous around Z € Dom f; N"Dom f5 and f5 is lower semicontinuous around
T, then for any v > 0 one has

O(fi+ £2)(@) < | JH0fi (1) +0falws) | 2 €T+ Bx, |fi(w:) = fi(@)| < 7,0 = 1,2} +9Bx-. (25)

For a nonempty closed set C' C X, denote by dc the indicator function associatedwith C (i.e.
dc(x) =0, when z € C and 0¢(z) = oo otherwise). The Fréchet normal cone to C at T is denoted
by N(C,z). It is a closed and convex object in X* which is defined as 9d-(Z). Equivalently a vector
x* € X* is a Fréchet normal to C at z if

(%2 =7) <o([z—z|), Veel,

offlz —z[))

where lim,_, =0. Let F': X =Y be a set-valued map and (z,y) € gph F. Then the

|z —Z|
Fréchet coderivative at (z,y) is the set-valued map D*F(z,y): Y* = X* given by

D*F(x,y)(y*) :=={2" € X" | (z*,—y") € N(gph F, (z,y)) }.

This notion is recognized as a powerful tool of variational analysis when applied to problems of
optimization and control (see [49, 51, 44], and the references therein).

In the proof of the main result, we will use the following particular version of Theorem 2 for
directional metric regularity.

THEOREM 4. Let X be a complete metric space and Y be a normed space. Let F': X =Y be a
closed multifunction (i.e., its graph is closed) and fix (xo,y0) € gph F and V. C X x Y. For a given
7€ (0,400), then among the following statements, one has (i) < (ii) < (ii7).

(i) F is metrically reqular in the direction y at (xo,vo);
(ii) There exists § >0 such that

Py e (- y)l(@) =771 for all(z,y) € (B(zo,8) x B(yo,0)),
x €clV(y,d) withd(y, F(x)) € (0,0); (26)
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(7ii) There exist § >0 such that
IVovs(y)|(z)>77" for all(z,y) € (B(zo,8) X B(yo,0)) z € clV (,8) withd(y, F(z)) € (0,9).
(27)
Denote by Sy« the unit sphere in the dual space Y* of Y, and by d, the metric associated with the
dual norm on X*. For given y € Y and § > 0, denote by
Cy«(5,0):={y" €Y": [{y",y)| <d}and Sy«(y,6) :={y" €Y : |ly"[| <146, (y",y) <0}, (28)

and

For a given multifunction F': X =Y, we associate the multifunction G: X =Y x Y defined by
G(x)=F(x)x F(z), x€X.

Recall also that a multifunction F': X =Y is said to be pseudo-Lipschitz ( or Lipschitz-like or
satisfying the Aubin property) around (z¢,yo) € gph F' if there exist constants L, > 0 such that

F(z)N B(yo,0) C F(2')+ L||lz — 2'|| By, for all z,2’ € B(xy,9).

It is well known that F' is pseudo-Lipschitz around (z,y,) if and only if the function d(-, F(+)):
X xY — R is Lipschitz near (z,%), (see for instance [56, Theorem 1.142]).

A coderivative characterization of directional metric regularity is initiated in the following the-
orem, which is the main result of this section.

THEOREM 5. Let XY be Asplund spaces. Let F': X =Y be a closed multifunction and
(z0,y0) € gph F' be given. Let F be pseudo-Lipschitz around (zq,yo). Suppose that F has convex
values around xy, i.e., F(x) is convex for all x near xy. If

lim inf d.(0, D*G(z,y1,92)(T(g,6))) >m >0, (30)
(@.91,92) S (20,50.90)
540"
then F is directionally metrically regular in the direction i with modulus T <m~' at (zo,yo). The
. G .
notation (x,y1,y2) = (To, Y0, Yo) means that (x,y1,y2) — (Zo, Yo, Yo) with (z,y1,y2) € gph G.

The following lemmata are needed in the proof of Theorem 5.

LEMMA 1. Let F: X =2Y be a multifunction with convex values for x near xo and (9,yo) €
gph F. Then for any y €Y, §;,0o > 0, there exist n,0 >0 such that for all x € B(xo,n), one has

(F(x)+coneB(¥,6)) N B(yo,n) N{y €Y : d(y, F(z)) <n} C F(x) N B(yo, 1) + cone B(,d5). (31)

Proof. Let g €Y, 0,09 be given. If ||g|| < d5 then the conclusion holds trivially. Suppose ||7]| > d».
Take § = 9,/2 and € € (0,9,/2) sufficiently small such that

e(llyll +02/2)

5 2 < 09/2.

Let n € (0,£/2) such that F(z) is convex for all x € B(zq,n) and let now = € B(xy,n) and y €
(F(x)+ cone B(,6)) N B(yo,n) with d(y, F(z)) <&/2 be given. Then, there exist z,v € F(z) such
that

y=z+ANy+ou), forA>0,ueY |ul|<1; |ly—v| <e/2.
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If z € B(yo, ;) then the proof is over. Otherwise, one has
A9l +6) > Mly = 2l >[Iz = yoll = ly — woll = 01 = > &) —&.
By setting

51—26
t:= ,
51—6

w:=tz+ (1 —t)ve F(x),
one has

lw —yoll <tz = vl + lv = yoll < tAlly + dul| +tlly — v[| + lv = yol| <61 —2¢/2+e <5,

and,
(A =t)ly—vl _ (gl +9)
2.
tA < 51 — 2e <52/
Thus,
y—w=1tA (@—i—&u—l—(l—t)%) € cone B(y,02),
which implies that y € F(z) N B(yo, ;) + cone B(¥,d5). O

Associated with the multifunction F, for given ¢ > 0, (z¢,yo) € gph F, we define the localization
of F' by - B
F(z)N B(yo,0o) if x € B(xo,¢)

Fiaoo.0)(7) = { 0 otherwise. (32)
Note that, by definition, one has
D*F($, y) = D*F(xo,yo,s)(xa y) \V/(l', y) € gph Fn (B(x()a 6) X B(y0> 6)) (33)

The preceding lemma implies obviously the next corollary.

COROLLARY 2. Let F: X =Y be a multifunction with convex values for x near xq and (z9,yo) €
gph F. Then the two following conditions are equivalent:

1. F s directionally metrically reqular in the direction y;
2. For any € >0, Fly, 40.e) @5 directionally metrically in the direction .

LEMMA 2. Let CCY be a nonempty convexr cone. One has
N(C,z)C{z*eY":(z*,2) =0}, forall zeC.
Proof. Let z € C be given. Then \z € C for all A > 0. Hence, for z* € N(C,z), one has
(z",Az—2) <0 VA>0.

Thus, (z*,z)=0. O
Given a multifunction F: X =2Y, ge€Y, for y €Y and § >0, we define the set V(y,0) C X xY

by
V(y,8):={(z,2) EX xY: y€ F(x)+z, z € cone B(y,6)}. (34)
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LEMMA 3. Let X,Y be Asplund spaces and let F': X =Y be a closed multifunction with convex
values for x near xy, and (xo,yo) € gph F, y €Y be given. We suppose by assumption that

lim  d.(0,D*F(x,y)(Cy=(g,0) N Sy+)) >0. (35)

(@.9)5 (20,0
5J07F

Then there exist k> 0,e > 0,09 > 0 such that for all § € (0,6), for any (z,y) € B((xo,Y0),€),2 €

cone B(7,6), with d(y, F(x)) € (0,¢0) and y — z € F(x) N B(yo,€), we can find n>0 such that
d((2,2"),V(y,9)) < 7d(y, F(2') + 2') for all (z',2') € B((x,2),n), 2 € cone B(y,5).  (36)
Proof. Since (35), then there exists dy € (0,1) such that

d.(0,D*F(x,y)(Cy«(§,00) N Sy=)) :=m > 0. (37)

inf
(@,y)€gph FNB((w0,Y0),00)
Let @: X xY =Y be a multifunction defined by

F(x)+z if z¢€coneB(7,0),
() otherwise.

D(z,2) = {
Then @ is a closed multifunction, and by a direct calculation, for (z,z,y) € gph @, one has
D*®(x,z,y)(y") = {(z",y" +2") e X* xY"*: 2" € D*F(x,y — 2)(y"), 2* € N(cone B(y,0),2)} .
(38)
Then, V(y,0) =" (y). Let €,6 € (0,00/2) with (1 + 6+ [y])0 < do. Let (x,y) € B((20,%0),€), 2 €
cone B(y,0) with d(y, F(x)) € (0,¢); y — z € F(x) N B(yo, €) be given. Take n =min{J, ||z||} > 0, and
(2, 2",y'") €gph @N B((x, 2,9),m), (z*,w*) € D*®(2',2")(y*) with [[y*|| =1. Then x* € D*F(2',y' —
2 (y*); w* = y* + z* with some z* € N(coneB(y,9),z"). Since N(coneB(y,0),z') C{z* € Y*:
(z*,2'y =0}, then |(z*,y)| <d]|z*|. If ||w*|| <, then ||z*| <1+, and moreover,

(™ ] <[5 o)+ 6llgll < (1+0+[[7]])d < d.

Hence, y* € CY* (g750) ﬂSY"' Since (.Z',y—Z) S B(($0=y0)75)7 ((I?/, Z/7y/) S gph @ﬂB((a:, Zay)an)a then
(z/,y' —2") € B((x0,90),00) Therefore, from (37), we obtain ||z*|| > m. Therefore,

liminf  d,(0,D*®(2", 2", y")(Sy+)) > min{m, d}.

(/2" 9" ) =@ (w,2,y)

Thanks to the standard coderivative characterization of metric regularity for closed multifunctions
(see, e.g., [3, 36]), we conclude that @ is metrically regular around (z, z,y). Thus, there exists n >0
such that

d((2',2),V(y,9)) < 1d(y,®(2',2")) = 1d(y, F(2') +2) for all (2,2") € B((x,2),n), 2’ € cone B(y,6).

So the lemma is proved . O
The next lemma is a penalty result which is similar to the one by Clarke ([11]).

LEMMA 4. Let C be a subset of a metric space X and let xo € C and € > 0. Then for a function
f: X =5 RU{+o00} which is Lipschitz on B(x,2¢) with constant L >0, one has

fr=inf{f(z) : € CNB(xo,2¢)} <inf { f(z) +td(z,C) : € B(wp,e)},

whenever t > L.
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Proof. For any x € B(xg,¢), pick a sequence {z, },en € C with limy_, ., d(x,z;) = d(z,C). Then
21, € B(xg,2¢) when k is sufficiently large. Therefore,

fr< f(z) < f(2) + Ld(z, 2,,) — f(2) + Ld(2,C). O
Proof of Theorem 5. By the assumption, there is d, € (0, 1) such that

inf d.(0, D*G(x,y1,y2)(T(y,00))) > m + do. (39)

(z,91,92)€gph GNB((20,Y0,Y0),2d0)

According to Corollary 2 and relation (33), by considering the localization F,, ,, s, instead of F,
without any loss of generality, we can assume that

F(x) C B(yo,8) for all x € B(z,d).
Note that for all (x,y,) € gph F, y; € Y*, one has
DG, y1,91)((y1,0)) = D" F (2, y:) (T (7))
Hence, (30) implies obviously (35). Therefore, according to Lemma 3, there is £ > 0 such that for all
d €(0,0y), for any (z,y) € B((x0,¥0),00), z € cone B(y,), with d(y, F(z)) € (0,0y) and y —z € F(x)
(we may choose the same d, as above), we can find 7 € (0,dy/2) such that

d((2',2'),V(y,0)) < Td(y, F(2') + 2) for all (2/,2") € B((z,2),7), 2 € cone B(#,9), (40)

where V(y,d) is defined by (34). Since F' is pseudo-Lipschitz around z, there is o > 0 (we can
assume it is the same than the previous one) and L > 0 such that

F(2') N B(yo, 00) € F(x) + Lz — /|| By V2" € B((20,%0) ). (41)

Moreover, the function d(-, F'(+)): X x Y — R is Lipschitz around (z,y,) as recalled above, say, on
B((x0,y0),00), with a Lipschitz modulus equal to L. By virtue of Theorem 4, it suffices to show
that one has [Vs(-,y)|(z) > m for any (z,y) € (B(xo,8) x B(yo,8)) x € c1V,(y,0) withd(y, F(z)) €
(0,6). Remind that, V(y,0), V,(9,9), ¢s(-,y) are defined by (10), (11), respectively. Indeed, let
(z,y) € B(xo,0) X B(yo,0), ©€clV(y,0) withd(y, F(z)) € (0,6) be given. Set |Vys(-,y)|(x) := a.
Since d(y, F(+)) is Lipschitz on B(xg,d,), then
ws(z',y) =d(y, F(z')) V'€ B(xzg,d)NclV,(y,9).
By the definition of the strong slope, for each € € (0,0), there is n € (0,e) with
2n+¢e <min{vy/2,ed(y, F(z))}and 1 — (a+e+2)n >0

such that
d(y, F(z')) > (1 —e)d(y, F'(z)) Va' € B(z,4n)

and that
d(y, F(x)) <d(y,F(z)) + (m+¢)||a’ — x| for alla’ € B(z,3n) NclV,(¥,9).
Take u € B(x,n*/4) NV,(y,0), v € F(u) such that ||y — v|| < d(y, F(z))+n*/4. Then,

ly —vll < d(y, F(a") + (a+e)lla" — || +n*/4 V2" € B(u,2n) N clV,(7,0).
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Consequently,
ly —vll < d(y, F(a) + (a+e)|a’ —ull + (a+e+ 1)n?/4V(a', ') € (B(u,2n) x Y) NV(F,6). (42)
Let z € cone B(y,0) such that y — z € F(u). Then,
12l = d(y, F(u)) = (1 = &)d(y, F(x)) > 0.
Hence, by virtue of relation (41), there exists a neighborhood of w, say B(u,2n) such that

y € F(u)NB(yo,d0) +2 C F(u) + ||u—u||By + 2

C F(u')+coneB(y,0p) forall ' e B(u,2n). (43)

Since the function d(y, F'(+)) is Lipschitz on B(zy,dy), then from relation (42), according to Lemma
4, it follows that there is ¢t > 0 such that

ly—vll < d(y, F(2") +(a+e) |z’ —ull+td((2',2), V(5,0)) + (a+e+1)n*/4Y(a', ) € B(u,n) x B(z,n).
Moreover, by (40), one obtains

ly —vll < d(y, F(2')) + (a +e)2’ —UI|+tﬁd(y, () +2) +(a+e+1)n?/4

) +
for all(2’,2') € B(u,n) x B(z,1), 2’ € cone B(#,0).
Thus, setting G(z):= F(x) x F(x), z € X, we derive
Iy —oll < lly —will+ (e +e)lle” —ull +trlly —ws — 2’|+
+5gph G(flf/, wy, w?) + 5ancB(7j,6) (Z/) + (a +§ + 1)772/4 _
for all(2’,w;,wq,2") € B(u,n) XY xY x B(z,n), 2’ € cone B(y,0).
Next, applying the Ekeland variational principle to the function

(@', wi, wa, 2') = (@, Wi, wa, ') = |y — leJr(OéJrE)l!x—UHerHy wy — 2’|+
+5gph G(x Wy, w2) + 6cone B(y,é)(

on B(u,n) x Y xY x B(z,n)_, we can select (uy,v1,v2,21) € (u,0,y — 2,2) + 2Bxxyxyxy With
(uy,v1,v9) € gph G, 2z, € cone B(y,0) such that

ly — vl +76lly —vo — 21| < ly —vl[(< d(y, F () + 17 /4); (44)

and
Y(ug,v1,02,21) SY(2' Wy, w0, 2") + (e + e+ 1)nl|(2', wi, we, 2') — (ur, 1,02, 21) ||

for all (2,w;,w,,2") € B(u,n) x Y xY x B(z,n). Thus,
0€9(p+ (a+e+1)n| - —(ur,v,v2,21) ) (w1, 01,02, 21).
According to the fuzzy sum rule, we can find
v3 € B(v1,n); v4 € B(vq,1);

(ug,wy,wa) € B(uy,n) x B(vy,n x B(vy,n) Ngph G; 2, 23 € B(2,7);
vy € 0|ly —[[(vs); (u3, —wi, —wj;) € N(gph G, (ug, wy,ws));
(vi,25) €thlly — - —[l(va, 23); 25 € N(cone B(7,0), z),
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satisfying
[0 —wil < (@+e+2)n; [vi —wil| <(m+e+2)n;
25 + 2]l < (m4e+2)n; |Jusl] <a+e+ (a+e+2)n.
Since v; € ||y — -[|(vs) (note that [y — vs| > ||y — v|| — [[vs — v|| > d(y, F'(x)) — & — 21 > 0), then
|lvi]l =1 and (v},vs —y) = ||y — vs||. Thus, ||wi|| <1+ (a+¢e+2)n, and the first relation of (45)
follows that

(45)

(wi, wi —y) > (3,03 —y) — (a+e+2)nflvs —yl| = 2n= (1= (a+e+2)n)|lvs —y[ - 2n.
As n<ed(y,F(z)) <ed(y,F(u))/(1—¢) for all u € B(z,n), one obtains
(wi,wr —y) = (1 —e)|wr —yl], (46)

where
eri=(a+e+2)n—2(a+e+2)ne(l—e) ' —2e(1—e) ",

On the other hand, since F'(uy) is convex and w; € —N(F(ug),w;), then by relation (63), there is
w) € F(usy) such that y —w} € cone B(y, dy). Therefore

(wi,y —wh) = (wi,y —wy) + (wi, w; —wi) <0.

Consequently,
(wi, ) < dollwill/2 < do(1+ (a+e+2)n)/2. (47)

Next, since (v}, z3) € tk|ly — - — -||(v4, 23), then vj = 25 and ||25|| <tx. Hence from (45), one has
Jw; = 25| < llw; —vill + 125 — 25l <2(a+e+2)n.
As 25 € N(cone B(%,0), 25), with 2, # 0, then (23, 2,) = 0. Therefore,
(w3, 22)| < 2(a+e+2)n]|z[ <.
As z, € cone B(#,§), one obtains
w3, 9)| <2(a+e+2)n+0. (48)

Moreover,
(w3, w2 —y)| < [(25, w2 —y — 22)| + (25 — w3, w2 —y)| < eaf|wr —yl],

where
g2 = ((tk+2(a+e+2) +2(a+e +2)(||yol| + 260 + 2n))e(1 — &) 7"

The second inequality of the preceding relation follows from
231 < llz5ll + 1125 — 23] <t + (a+e+2),

and
[we =yl < [lwy — vl + [[va — (y = 2) || + || 2] <21+ 250 + [|yol-

Hence, by using the convexity of F'(us), and wj € —N(F(uz),ws)
(w3, w1 —y) = (w3, w1 — wa) + (w3, wy — y) > —eafjwi —yl|. (49)
From relations (51) and (49), one derives that

(wi + w3y, wy —y) > (1 —e1 —e2)|lwy —y|. (50)
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Consequently, ||w} +w5||>1—¢; —e,.

Set

Ve s 7 e+ i + w3
From relations (47), (48), (50), one has
_ do(1+ (a+e+2)n)
* <5 * < .
(y1,9) < dollyill < D E——"

o 2a+e+2)m+6

* < .

<y27y>_ 1—81—62 )

z" € D*Gluz, wi,w2)(y1,93); llyr +ual =1.
As e1,65 go to 0 as g,7 — 0, then yj € Sy«(y,9) and y5 € Cy«(y,0). Thus (y;,v3) € T(y,06). As
(ug, wy,ws) € B((x0,Y0,Y0),d0), according to (45), one obtains

ate+(a+e+2)n
1—51—52 )

a+do < |lz*| = [luz]l/llwi + w3 ]| < (51)

As eg,m,e, e are arbitrary small, we obtain m + dy < a and the proof is complete. O

Condition (30) is also a necessary condition for directional metric regularity in Banach spaces
as showed in the next proposition.

ProprosITION 2. Let X,Y be Banach spaces and let F': X =Y be a closed multifunction,
(z0,y0) € gph F and y € Y. Suppose that F has convexr values for x near xq. If F is metrically
reqular in the direction § €Y at (xo,%0), then

lim inf d.(0,D*G(z,y1,y2)(T(y,9))) >0..

G
(z,y1,y2) = (20,Y0,%0)
510"

Proof. Assume that F' is metrically regular in the direction y € Y, i.e., there exist 7> 0,6 > 0,¢ >
0 such that

d(z, F~"(y)) < 1d(y, F(z)) for all (z,y) € B(xo,e) x B(yo,€); y € F(z) +cone B(j,0).  (52)

For v € (0,0), let (2,y1,4>) € gphG N B(zo,¢/2) x B(yo,/2) x B(yo,£/2); (yi,y5) € T(y,7) and
x* € D*G(x,9y1,Y2) (Y5, y=2). For any a € (0,1), there exists /5 € (0,£/2) such that

(@",u—x) = (yi, 00 —y1) + (Y3, v2 = y2) < e(fu—z([ + [Jor — ya ]l + vz — w2l]), (53)

fOI' all (U,’Ul,vg) € gthm B((x7ylay2)7/8)'

For 6, € (0,9), take w € By such that (y5,y+ dw) <~y — d;. Since (52), for all sufficiently small
t >0, we can find u € F~*(y, +t(jj + dw)) such that

|z —ul| < (14 a)7d(ys + t(§ + dw), F(z)) < (1 + a)t||g + dul| < 8.

Since y; € —N(F(z),y;) and F(x) is convex, then (y},y, —y1) > 0. Therefore, by taking v, = v, =
Y2 + (¥ + dw) into account in (53), one obtains

(L+ )7ty +oullllz*|| = (=" 2 —u) = (y] +y5,v —y2) + (Y1, ¥2 — ¥1)
t

>
> (6, — ) — at||g + oul|((1+ )7 +1).
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As >0, §; € (0,0) are arbitrary, one has

) 0—7 o—7y
12"l 2 == >~
NG+ ull — (|7l + )
Thus,
0
(@.1,92) % (20.v0.90) T(HyH +5)
y—0
The proof is complete. O

Combining this proposition and Theorem 5, one has

THEOREM 6. Let X,Y be Asplund spaces. Suppose F': X =Y be a closed multifunction and
(z0,%0) € gph F' such that F has convex values around . Suppose further that F is pseudo-
Lipschitz around (xo,y0). Then, F is metrically reqular in direction §y €Y at (zo,y0) if and only
if

lim inf d.(0,D"G(z,v1,92)(T(y,9))) > 0.

(@.91.92) % (20.90.90)
si0t
Recall that the Mordukhovich limiting coderative of F' denoted by D3, F(z,y):Y* = X* is defined
by
F

D3, F(z,y)(y*) := liminf D*F(u,v)(v*) =< 2*€ X*: ) € D*F(x,,y,)(y}) . (54)
F * *
u’vi:*(mf) yr 2 Y, T N
vt =y

Let us now recall the notion of partial sequential normal compactness (PSNC, in short, see [49,
page 76]). A multifunction F': X =Y is partially sequentially normally compact at (z,y) € gph F,
iff, for any sequences {(zx, yx, T}, Y5) fnen C gph F' x X* X Y* satisfying

(xlwyk) - (‘7_37@)7‘732 € DX4F(xkayk)(yI:)7xz w_> 07 ”yl):H — 07

one has ||z}|| = 0 as k — oo.
REMARK 1. Condition (PSNC) at (z,y) € gph F is satisfied if X is finite dimensional, or F' is
pseudo-Lipschitz around that point.

The next corollary that follows directly from the preceding theorem, gives a point-based condition
for directional metric regularity.

COROLLARY 3. Under the assumptions of Theorem 6, suppose further that G=' is PSNC at
(Z0,%0,Y0). Then F is metrically reqular in the direction § €Y at (xo,y0) if and only if

d.(0, D3,G(z0,90,%0)(T(9,0))) > 0.

With an analogous proof, we obtain the following parametric version of Theorem 5 .

THEOREM 7. Let X,Y be Asplund spaces and P be a topological space. Let F: X x P=2Y be
a set-valued mapping and let ((xo,po),Yo) € gph F. Suppose the following conditions are satisfied:
(a) For any p near p, the set-valued mapping x = F(x,p) is a closed multifunction;
(b) For (x,p) near (xg,po), F(x,p) is conve;
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(c) F(-,p) is pseudo-Lipschitz uniformly in p around (zq,po).

Then, for y€Y, F is directionally metrically reqular in direction § uniformly in p at (zo,po,yo) if
and only if
liminf  d.(0,D* Gyl 1,32)(T(7.6))) > 0, (55)

G
(2.p,y1,y2) = (20:P0:¥0,%0)
510t

where,
G(z,p) = G,(z) := F(z,p) x F(z,p), (x,p)€X x P,

We next consider a special case of F(z,p) = f(x,p) — K := f,(z) — K, here, K CY is a nonempty
closed convex subset. f: X x P —Y is a (locally) continuous mapping around a given point
(z0,p0) € X x P with f(z¢,p0) € K, and f(+,p) is Lipschitz uniformly in p near (xg,po). Obviously,
for this case, assumptions (a), (b),(c) of Theorem 7 are satisfied as well. Moreover, by setting
Gp = (fp, fp) : X = Y x Y, one has

* * D* €T * lf Z, - zEK, :FGN K, X, — i7i:1,2
DGp(z,yl,yQ)(y):{w 9p(x)(y") Ogh(ervzsi)sey y: € N(K, f(2,p) — yi)

where, we use the usual notations: f,(x):= f(z,p); D*f,(x)(y*) := D* f,(z, f(z,p))(y*). Hence,
Theorem 7 yields the following corollary.

COROLLARY 4. Let X,Y be Asplund spaces and P be a topological space. Let K CY be a
nonempty closed convexr subset and let f: X x P —=Y be a locally continuous mapping around
(z0,p0) € X X P with ko := f(xg,p0) € Q. Suppose further that f(-,p) is Lipschitz uniformly in p
near (xo,po). If for y €Y,

Jim inf d.(0, D* £, (x)(T(5,6)) N (N (K, k) x N(K, k) >m >0, (56)
(@,p,k1,k2)—(x0,P0,k0:k0)
510

then the mapping F(z,p) = f(x,p) — K, (x,p) € X x P is directionally metrically reqular in direc-
tion § uniformly in p, with modulus T=m"" at (xo,po), i.e., there exist € >0, § >0 and a neigh-
borhood W of pgsuch that

d(xz,S(y,p)) <7d(f(z,p) —y,K) for all (x,p,0) € B(zg,e) x W x B(0,¢),

with y € f(xz,p) — K + cone B(y,9).

In particular, one has
d(x,5(p)) < 7d(f(z,p), K) for all (x,p) € B(wo,e) x W,
with f(z,p) € K — cone B(7,6). Here,
S(y,p)={reX: f(z,p)—ye K}, Sp)={reX: f(z,p)cK}.

REMARK 2. Note that if K is sequentially normally compact at k, i.e., for all sequences
(kn)HGN g K, (k;)neN Wlth k:,:; G N(K, kn)a

kn =k k20 = k5] =0,
and P is a metric space, then instead of (56), the following point-based condition

d.(0, Dy, 95, (w0)(T'(5,0) N (N (K, ko) x N(K, ko))) >0, (57)



Huynh and Théra: Directional metric regularity of multifunctions
Mathematics of Operations Research 00(0), pp. 000-000, © 0000 INFORMS 19

is also a sufficient condition for directional metric regularity at g, uniformly in p of F(z,p):=
f(z,p) — K at (zo,po). Here, Dy, g,,(z0) denotes the sequential limiting subdifferential of D*g,(z) :

Dy Gpo (20) (91, y5) == liminf — D*gy(x)(27,25), yi,y5 €Y™.

(z,p)—(x0,pP0)

N
w
(21,23) = (1 ,y3)

COROLLARY 5. With the assumptions of Corollary 4, suppose further that f is Fréchet differ-
ential with respect to x near (xg,po), and its derivative with respect to x is continuous at (o, po).
Then, the mapping F(x,p):= f(x,p) — K, (x,p) € X x P is directionally metrically reqular in
direction y uniformly in p if and only if

(klirlgl§nfk d.(0, 9, (w0, po) (T(7,6) N (N (K, k1) x N (K, kz))) >m > 0. (58)
1,82)—ko
siot

Here, fI*(x,p) stands for the adjoint operator of fl(x,p) Moreover, if K is normally sequentially
compact, then (58) is equivalent to

d*(oag;*(anpo)(T(ga 0) N (N(Ka kO) X N(K¢ kO))) > 0. (59)

Proof. For the sufficiently part, suppose that

liminf  d.(0,¢. (x0,p0)(T(9,0)) NN (K, k1) x N(K,ks)) >m > 0.
(k1=k2)‘*ikovko)
510

Since f! is continuous at (¢, py), for any € > 0, there exist § >0 and a neighborhood W of py such
that
192 (2,p) = g (w0, po) || <& for all (z,p) € B(wo,€) x W.

Therefore, for all § >0,
192 (@, p) (1, 93) — 95 (20, po) (1, y2) || <&,
for all (xap) € B(,IO,&) X VV, kla k2 S B(k())g)’ (yTﬁy;) € T(gaé) N (N(Ka kl) X N(K’ k2))
Consequently,

lim inf d.(0,¢ (z,p)(T(g,0) N (N(K, k1) x N(K,ks)))
(zﬁp1k17k2)‘%(ipypoykoyko)
510

:li]gn}cnfd*(o,g’;(a:o,po)(T(g, NN(N(K, k) x N(K,ky))) >m>0 "
— K0

sL0t

The conclusion follows from Corollary 4. The proof of the necessary part is analogous to the one
of Proposition 2. The equivalence between (58) and (59) follows from Remark 2. O

Corollary 5 subsumes the following result, established by Arutyunov, Avakov and Izmailov in
[1].
COROLLARY 6. ([1], Theorem 2.3) With the assumptions of Corollary 5, if

cone{y} NInt (f(xg,po) +Im f'(xq,po) — K) # 0, (60)

then the mapping F(x,p):= f(x,p) — K, (x,p) € X X P, is directionally metrically reqular in direc-
tion § uniformly in p at (xg,po).
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Proof. Tt suffices to show that (60) implies (58). Indeed, assume (60) holds, and assume to con-
trary that (58) fails to be hold. Then, there exist sequences (0,,),en With &, ] 0; (k}),en, (k2)nen C
K? k:?, - kO = f('anpO) (Z = 1’ 2)’ (y}l*)neN? (yi*)HGN with (y}l*’ y'r27,*) € T(ga 671) a [N(K’ k711) X N(K’ k?z)]
and (z%),en € X* such that

= (" +yn") o faxo,po); [l — 0.
By (60), there exist A > 0, such that
0 € Int(f (w0, po) +Im f'(x0,p0) — K) — Ay. (61)

Set Cyp = nf'(z0,0)(B(0,1)) + m(f(xo, po) — K — Ay), n€N. Then, | J." _, C,,, =Y. According

n,m=1

to the Baire theorem, at least one of the clC!, s has a nonempty interior. Therefore, consider
yeY, a>0 and ¢ > 0 such that

B(y.e) C cl(f'(x0,po)(B(0,a)) + f(xo,po) — K — AY).

On the other hand, from (61), there are ¢,r > 0 such that

—ty € f'(x0,p0) (B(0,0)) +7(f (w0, p0) — K — Ay).
Hence,

B(0,te) C —ty + B(ty, te) C cl((1+1) f'(z0,p0) (B(0, @) + (t +7)(f (20, p0) — K = AY).

Equivalently, for v:=te/(t+r), B:=(1+t)a/(t+71),

B(AY,y) € cl(f' (20, p0) (B(0, 8)) + f (20, po) — K). (62)
For each n, let u,, € Bx be chosen such that (y}* +y?*,u,) < —1/2. Since (y}*,y>*) € T(y,,), then

limsup(y.* +vy>*, Ay +yu,) < —v/2.

n—oo

On the other hand, by (62), for each n, we can find z,, € B(0, ), z, € K such that

IAG + yuy — (ko + f7 (20, o) (zn) — 20) [ < 1/n.
Since yi* € N(K, k) (i=1,2); ||z%|| = 0; (x,) is bounded, and k! — k¢, one has

limsup(y,” + 2", Aj + Yu,) = lmsup((y," + 2" ko — 2n) + (2, 20)) >0,

n— o0 n— o0
a contradiction. O

From Theorem 5, we can derive directly the following result due to Ioffe ([38]) on directional
metric regularity of a closed convex multifunction for the case in which the convex multifunction
under consideration is assumed to be pseudo-Lipschitz.

COROLLARY 7. ([38], Proposition 15) Let X,Y be Banach spaces and F : X =Y be a closed
convez multifunction and let (zo,yo) € gph F and § €Y. Suppose that xo € Int F~(Y'). Then F is
directionally metrically reqular in direction § at (z¢,yo) if and only if

cone{y} NInt(F(X) —yo) # 0. (63)
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Proof. For the sufficiency part, under the assumption z, € Int F~!(Y), according to the
Robinson-Ursescu Theorem ([57], [60]), then F' is pseudo-Lipschitz near x,. By virtue of Theorem
5, we only need to show that

lim inf d.(0,D*G(z,y1,92)(T(y,9))) > 0. (64)
(@.1,92) % (20.90.90)
510
By (63), there is some A > 0 such that 0 € Int(F(X) — yo — Ay). Then, by the convexity of the
multifunction F,

oo

U (F(B(x0,n)) —m(yo— Ay)) =Y.

n.m=1

Thanks to the Baire Category Theorem, similarly to the proof of Corollary 6, we can find v > 0,
(>0 such that

B(Ay,v) € cl(F(B(x0,5)) = yo)- (65)
Let (24,9, 9) €8P0 Gs (2] )nen: (U )nen, (45" Jnen; (On)nen such that
(@ Yo Un) = (20,90, %0)5 0n L0735 23 € D F (@, 90, y) (W75 027)s (U™ 07) €T(Y,60).
For each n, take u, € By such that (y'* +y2* u,) < —1+4,. Then,
(Un" + 0" M+ ) <0 — (1= 0)7.
On the other hand, by (65), we can select z,, € B(z, 5); v, € F(z,) such that
A + Yt = (00 = Yo) || < 0.

Therefore,
(YY" v = Yo) < (0" Y s N + 7t ) + 6, <20, — (1= 6,)7.

Since (x}, —y,*, —y>*) € N(gph G, (., y;, y2)), then
liminf ({27, 20 = 2a) = (U," + 92", 00 = 40)) < 0.
Consequently,
lsninf a7 2, — 2, > i (52" + 52, v, — o) > (1~ 8,)7 — 26,.
By letting n — oo, one obtains liminf,, .. ||z} | > v/a, which shows (64).
Suppose now that there exist 7 >0, § > 0 such that

d(z, F~(y)) < 7d(y, F(z)) for all (z,y) € B(x¢,0) X B(yo,9), y € F(x) + cone B(g,6).

In particular, one has
F~Yy)#0 for all y € B(yy,e) N (yo+ cone B(#,0)).
Let € >0 « > 0 be sufficiently small such that ¢ <\ and |Ay|| +¢& < §. Then, for all u € By
z2: =Yg+ Ay +eu € B(yo,d) N (yo + cone B(y,d)).

Hence, F~!(z) # 0. It follows that B(\y,e) C F(X) — yo, and the proof is complete. O



Huynh and Théra: Directional metric regularity of multifunctions
22 Mathematics of Operations Research 00(0), pp. 000-000, © 0000 INFORMS

4. Robustness of directional metric regularity The characterizations of directional met-
ric regularity established in Theorem 4, enable us to derive the following result on the stability of
directional metric regularity under perturbation. This result has been first obtained in [1] under
the inner semicontinuity assumption. Then, when the image space Y is a Banach space, loffe in
[38] has extended this stability result (without the inner semicontinuityassumption) with estimates
sharper than the one in [1]. Here, based on the mentioned characterizations, we prove this result
for which, the completeness of Y is not necessary.

THEOREM 8. Let X be a complete metric space and Y be a normed space. Let F': X =2Y be
a closed multifunction and (xg,70) € gph F. Suppose that F is metrically reqular with a modulus
7> 0 in the direction y €Y, i.e., there exist € >0, 6 >0 such that

d(z, F~ ' (y)) < 1d(y, F(z)) for all(z,y) € B((w0,v0),€) NV (y,8) withd(y, F(x)) <e. (66)

Let a mapping g : X —'Y be locally Lipschitz around xy with a Lipschitz constant L > 0. Then F+g
is metrically reqular in the direction y at (xo,yo + g(xg)) with

rety (P 9)(an, o +a(00) < (i~ L)

provided
aflgll 6(1—a)o

@€ 0D V=S ey F T T el 60— @)

Proof. Let €,9,7v,a, L as in Theorem 8. Let g: X — Y be Lipschitz with constant L on B(x,¢).
To simplify the notations, denote by

Ve(0):={(z,y): ye F(x)+coneB(y,0)}; Viriey(0):={(z,y): y€ F(x)+g(x)+cone B(y,0)};

Viy(8):={zeX: ye F(z)+coneB(y,0)}; Viyg,(6)={zeX: yeF(z)+g(x)+coneB(y,d)},

and v, (7,y), (resp. ¢v,., (z,y)) the lower semicontinuous envelope relative to Vi (resp. Vpy,) of
F' (resp. F'+ g). Obviously,

Vi, (2,Y) = oy (2,y — g(2)), for all (z,y) € X x Y.

According to Theorem 4 (ii), it suffices to prove that

1—v
o, (@)= (755 - 1), (67)
whenever
(z,y) € B((x0,y0 + g(x0),n) satisfies v € clVpyy,(p); d(y, F(z)+g(z)) <n, (68)

where p:=6(1 —«a) and n=min{e/(L+2),e/(87)}.

Let x,y be as in (68). Then select sequences (\,)nen, (21 )nens (Tn))nen satisfying A, > 0,2z, €
Bx,(x,) — = and such that

Y= g@a) € Flan) A0+ pza), lim dly, F(o) +9(a) = vy (@) (69)
Note that since (x,,) tends to z and x € B(xy,7n), then for n large we have

d(y, F(x,) +g(x,)) <. (70)
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Setting
tn i= vy (o) (T, )/ (171 4 ), (71)
we observe that
tnllFll < Pvisy o) (Tnsy) <, (72)
and
d(y, F(zn) +9(20)) S Al + pzall < Au([I7]] + p) for some 2z, with [z,[| = 1.
This yields,
ta(l7ll+ )/ S Qv o) (Tn,y) < d(y, Fzn) + 9(2n)) < A([17]] + p)-
Consequently,
tn/An < . (73)
Observe also that - -
An(§+pzn) = tay
=\ —ta) Y+ Aii’;n Zn).
According to (73)
AL TR N
Ay An T
and therefore
A P s
M-t =1T-a "
Hence, A\, (y+ pz,) — t,y € cone B(y,¢) and thanks to (69), this yields
y—g(x,) —t,y € F(x,) + cone B(y,0). (74)
Moreover,
ly = 9(@n) =t — ol < lly — g(z0) — ol +1lg(z0) — g(@o) || + tu |7l < 2+ L)n=e;  (75)
and combining 70) and (72) we also have
_ _ 2e
Ay = 9(@n) = taF, F(20)) < dy — 9(20), F(@n)) +tallgll < 20 < 7= <. (76)
From (75) and (76) we deduce that
o y—g(x) — .5 € B(yo,€);
Hence according to Proposition 4 (ii) we have
d(wi F_l(y - g(xn) - tng))
< TQDVF(,)) ('Ina Y- g(xn) - tng)
< T(QDVF+9(P) (xna y) + thgH)
((1+a) 7l +p)
=Tt, - thanks to (71). (77)

Using the fact that ¢,[|gl| <n and ¢v, ) (zn,y) < d(y —g(zn), F(z,) <7, We obtain

d(, F~H (y — g(2,) — o) <27
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By the choice of 7, we derive d(z,, F~'(y — g(x,) — t,§) < /2, and therefore for any r € (0,1), the
existence of some u,, € F~*(y — g(z,) — t,) such that

A, un) <T(L+r)t(1+ )|yl +p)/a <e/2.

Since (x,,) — = € B(xg,n), for n sufficiently large we have d(x,,,x¢) < d(x,,x)+d(z,z0) <e/2+n<
g, so that u, € B(zo,¢). Since u,, € F~'(y — g(z,) — t,y) N B(xo,¢) and by the Lipschitz property
of g on B(zo,¢):

l9(un) = g(@n)|| < Ld(tn, ),

then
y € F(u,)+g(x,) +t,9 C F(u,)+ g(u,) +t, (@ + Ld(u:i’x")By) )
By the definition of L, for r sufficiently small, one obtains
y € F(u,)+ g(u,) + cone B(y, p).
Therefore,
Vi o) (Un, y) S d(y = g(un), F(un)) <t |7l + Ld (2, un). (78)

As .19l < apvy, (o) (Tn, y) with a € (0,1), it follows that liminf, . d(z,,u,) > 0. Therefore, one
has

QDVF+g(p) ('Ia y)@Vp+g(p) (una y)

liminf

n—00 d(x,u,)
— 11m lnf (‘DVF+g(P) (‘T”H y) - (pVF+g(p) (u”H y)
n— o0 d(xmun)
t, (Y —t.lly
e gl et

2t ) (7l + /e + gl
Ual+ oo Tl ’

NCESERIEE I b
As r >0 is arbitrary small, one obtains
Povey (@) > s,
T(147)
which completes the proof. O
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