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FIRST ORDER GLOBAL ASYMPTOTICS FOR CONFINED
PARTICLES WITH SINGULAR PAIR REPULSION

DJALIL CHAFAI, NATHAEL GOZLAN, AND PIERRE-ANDRE ZITT

ABSTRACT. We study a physical system of N interacting particles in R%, d > 1, subject to pair
repulsion and confined by an external field. We establish a large deviations principle for their
empirical distribution as N tends to infinity. In the case of Riesz interaction, including Coulomb
interaction in arbitrary dimension d > 2, the rate function is strictly convex and admits a unique
minimum, the equilibrium measure, characterized via its potential. It follows that almost surely,
the empirical distribution of the particles tends to this equilibrium measure as N tends to infinity.
In the more specific case of Coulomb interaction in dimension d > 2, and when the external field
is a convex or increasing function of the radius, then the equilibrium measure is supported in a
ring. With a quadratic external field, the equilibrium measure is uniform on a ball.

1. INTRODUCTION

We study in this work a physical system of N particles at positions z1,...,znx € R?, d > 1,
with identical “charge” qy := 1/N, subject to a confining potential V : R? — R coming from an
external field and acting on each particle, and to an interaction potential W : R¥x R? — (—o0, +00]
acting on each pair of particles. The function W is finite outside the diagonal and symmetric: for
all z,y € R? with 2 # y, we have W(x,y) = W(y,z) < co. The energy Hy(x1,...,2y) of the

configuration (z1,...,zx) € (RY)YN takes the form
N
Hy(z1,...,2N) = ZqNV(:Ei) + Z W (zi, ;)
i=1 i<j
1 1
=N > Vi) + 2 > Wi, x))
i=1 i<j

/ V() dun(a) + / L W (. ) duw () dpn (9) (1.1)

where py = % vazl 0z, is the empirical measure of the particles, and where the subscript “#”
indicates that the double integral is off-diagonal. The energy Hy : (RN — R U {+c} is a
quadratic form functional in the variable py.

From now on, and unless otherwise stated, we denote by |-| the Euclidean norm of R% and we
make the following additional assumptions:

(H1) The function W : R? x R? — (—o0, +0oc] is continuous on R? x R?, symmetric, takes finite
values on R? x R4\ {(z,z);z € R?} and satisfies the following integrability condition: for
all compact subset K C R%, the function

z € R sup{W(z,y); |z —y| > |2|, 2,y € K}

is locally Lebesgue-integrable on R%;
(H2) The function V : R — R is continuous and such that limy,_, o V(z) = +00 and

/ exp (—=V(z)) dz < oc.
Rd
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(H3) There exists constants ¢ € R and ¢, € (0,1) such that for every z,y € RY,
W(z,y) = ¢ —eo(V(x) + V(y)).
(This must be understood as “V dominates W at infinity”).

Let (Bn)y be a sequence of positive real numbers such that Sy — +o0o as N — oo. Under
(H2)-(H3), there exists an integer Ny depending on ¢, such that for any N > Ny, we have

ZN ::/ / eXp(—ﬁNHN(.Tl,...,mN))dl‘l"'dCL‘N<OO,
Rd R4

so that we can define the Boltzmann-Gibbs probability measure Py on (R%)Y by

exp (7BNHN(Z'15 <.y IN
ZN

The law Py is the equilibrium distribution of a system of N interacting Brownian particles in R?,
at inverse temperature Sy, with equal individual “charge” 1/N, subject to a confining potential
V' acting on each particle, and to an interaction potential W acting on each pair of particles,
see Section 1.5.10. Note that for Sy = N2, the quantity Sy Hpy can also be interpreted as the
distribution of a system of N particles living in R?, with unit “charge”, subject to a confining
potential NV acting on each particle, and to an interaction potential W acting on each pair of
particles.

Our work is motivated by the following physical control problem: given the (internal) interaction
potential W, for instance a Coulomb potential, a target probability measure p, on R, for instance
the uniform law on the unit ball, and a cooling scheme By — +o0, for instance Sy = N2, can
we tune the (external) confinement potential V' (associated to an external confinement field) such
that uy — px as N — oo? In this direction, we provide some partial answers in Theorem 1.1,
Theorem 1.2, Corollary 1.3, and Corollary 1.4 below. We also discuss several possible extensions
and related problems in Section 1.5.

Let M1 (R%) be the set of probability measures on R%. The mean-field symmetries of the model
suggest to study, under the exchangeable measure Py, the behavior as N — oo of the empirical
measure gy, which is a random variable on M;(R?). With this asymptotic analysis in mind, we
introduce the functional I : M;(R?%) — (—o0, +0oc] given by

/ / ) + Wiz, y)) du(z)dp(y).

The assumptions (H2)-(H3) imply that the function under the integral is bounded from below,
so that the integral defining I makes sense in R U {400} = (—o0, +00]. If it is finite, then [Vdu
and [[ Wdu? both exist (see Lemma 2.2), so that

/Vdu + 2 / Wdp2.

The energy Hy defined by (1.1) is “almost” given by I(un), where the infinite terms on the
diagonal are forgotten.

dPn(z1,...,2N) = ) dry---dxy. (1.2)

1.1. Large deviations principle. Theorem 1.1 below is our first main result. It is of topological
nature, inspired from the available results for logarithmic Coulomb gases in random matrix theory
[4, 5, 43, 29]. We equip M;(R?) with the weak topology, defined by duality with bounded con-
tinuous functions. For any set A C M;(R?) we denote by int(A), clo(A) the interior and closure
of A with respect to this topology. This topology can be metrized by the Fortet—Mourier distance
defined by (see [26, 44]):

dpm(p, v) = sup {/fd,u—/fdv}, (1.3)
max (| f|oo,| flLip) <1

where |fluo = sup | and | flup := sup, 1, |£(z) — F(w)]/|z ~ o]
To formulate the large deviations result we need to introduce the following additional technical
assumption:
(H4) For all v € M;(R?) such that I(v) < +oo, there is a sequence (v,)nen of probability
measures, absolutely continuous with respect to Lebesgue, such that v, converges weakly
to v and I(v,) = I(v), when n — oo.
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It turns out that assumption (H4) is satisfied for a large class of potentials V, W, and several
examples are given in Proposition 2.8 and Theorem 1.2.

In all the paper, if (ay)ny and (by)n are non negative sequences, the notation ay > by means
that ay = bycp, for some cn that goes to +0o when N — oo.

Theorem 1.1 (Large Deviations Principle). Suppose that
BN > Nlog(N).
If (H1)-(H2)-(H3) are satisfied then
(1) I has compact level sets (and is thus lower semi-continuous) and inf yq, (gay I > —00;

(2) Under (Pn)n, the sequence (N )y of random elements of M1(R?) equipped with the weak
topology has the following asymptotic properties. For every Borel subset A of My (R?),

log Zn P, A
lim sup 0g ZnPr(py € 4) < — inf I(u)
N—oo ﬂN peclo(A)

and

. log ZyPn(un € A)
lim inf
N—o00 BN
(3) Under the additional assumption (H4), the full Large Deviation Principle (LDP) at speed
BN holds with the rate function

I,:=1— inf 1.
My (R?)

More precisely, for all Borel set A C M;(R?),
log Pn(un € A)

> —inf{I(p); p € int(A), u < Lebesgue}.

— inf I, (p) < liminf

pEint(A) N—o0 BN
log P A
< hmsupw < — inf L(p).
N—oo BN peclo(A)

In particular, by taking A = M1 (R?), we get
log Zn

lim = inf I,.
N—oo [N My (R?)

(4) Let Lin = {pp € My : I.(n) = 0} # 0. If (H4) is satisfied and if (un), are constructed
on the same probability space, and if d stands for the Fortet-Mourier distance (1.3), then
we have, almost surely,

lim dFM(,LLN, Imin) =0.
N —o00

A careful reading of the proof of Theorem 1.1 indicates that if I, = {us} is a singleton, and
if (H4) holds for v = p,, then uy — p, almost surely as N — oc.

1.2. Link with Sanov theorem. If we set W = 0 then the particles become i.i.d. and Py becomes
a product measure U%N where ny oc e~ B¥/N)V where the symbol “oc” means "proportional to”.
When Sy = N then ny o e~V does not depend on N, and we may denote it 7. To provide
perspective, recall that the classical Sanov theorem [20, Theorem 6.2.10] for i.i.d. sequences means
in our settings that if W = 0 and Sy = N then (un), satisfies to a large deviations principle on
M;(R?) at speed N and with good rate function

Jflog(f)dn if p < n, with f:= 2
400 otherwise

= K(pln) = {

(Kullback-Leibler relative entropy or free energy). This large deviations principle corresponds to
the convergence limy_,~ drm(pen, ) = 0. Note that, if p is absolutely continuous with respect to
Lebesgue measure with density function g, then K (u|n) can be decomposed in two terms

K (pln) = /Vdu — H(p) +log Zv,

where Zy = fRde_V(z) dx and where H(p) is the Boltzmann-Shannon “continuous” entropy
H(p) := — [g(z)log(g(x)) dz; therefore at the speed Sy = N, the energy factor [V dp and
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the Boltzmann-Shannon entropy factor H(u) both appear in the rate function. In contrast, note
that Theorem 1.1 requires a higher inverse temperature Sy > Nlog(N). If we set W = 0 in
Theorem 1.1, then Py becomes a product measure, the particles are i.i.d. but their common law
depends on N the function p — I ( f V dp —inf V is affine, its minimizers I i, over Ml(Rd)
coincide with
My = {p € M1 (R?) : supp(p) C arginf V},

and Theorem 1.1 boils down to a sort of Laplace principle, which corresponds to the convergence
lim n 00 dpm (v, My ) = 0. Tt is worthwhile to notice that the main difficulty in Theorem 1.1 lies
in the fact that W can be infinite on the diagonal (short scale repulsion). If W is continuous and
bounded on R? x R, then one may deduce the large deviations principle for (1) y from the case
W = 0 by using the Laplace-Varadhan lemma [20, Theorem 4.3.1] (see also [4, Corollary 5.1]). To
complete the picture, let us mention that if Sy = N and if W is bounded and continuous, then
the Laplace-Varadhan lemma and the Sanov theorem would yield to the conclusion that (un)n
verifies a large deviations principle on M;(R%) at speed N with rate function R — inf My ey R
where the functional R is defined by

R(p) == K(uln) + /‘Wwydu)W()
=—H(p)+ I(n) +log Zy;

once more, the Boltzmann-Shannon entropy factor H (i) reappears at this rate. For an alternative
point of view, we refer to [40], [L5, Theorem 2.1], [16], and [L1].

1.3. Equilibrium measure. Our second main result, expressed in Theorem 1.2 and Corollary 1.3
below is of differential nature. It is based on an instance of the general Gauss problem in potential
theory [27, 34, 53, 54]. It concerns special choices of V' and W for which I, achieves its minimum
0 for a unique and explicit p, € M;(R?). Recall that the Coulomb interactions correspond to
the choice W (x,y) = ka(x — y) where ka is the Coulomb kernel (opposite in sign to the Newton
kernel) defined on R, d > 1, by

—lz| ifd=1,
1 .
kA(ZL') = log m ifd = 2, (14)
mgf if d > 3.
This is, up to a multiplicative constant, the fundamental solution! of the Laplace equation. In

other words, denoting A := 92 Lt 02 , the Laplacian, we have, in a weak sense, in the space
of Schwartz-Sobolev distributions D’(R?),

i ifd=1,
—cAkp =6 with c:=¢ 5= ifd =2, (1.5)
%gﬁz if d > 3,
where wg = 1“(%;/2) is the volume of the unit ball of R?. Our notation is motivated by the

fact that —A is a nonnegative operator. The case of Coulomb interactions in dimension d = 2 is
known as “logarithmic potential with external field” and is widely studied in the literature: see
[31, 47, 3, 29]. To focus on novelty, we will not study the Coulomb kernel for d < 2. We refer to
[36, 23, 35, 14, 1, 49] and references therein for the Coulomb case in dimension d = 1, to [4, 3, 29] to
the Coulomb case in dimension d = 2 with support restriction on a line, to [5, 43, 31, 29, 47, 48, 52]
for the Coulomb case in dimension d = 2. We also refer to [7] for the asymptotic analysis in terms
of large deviations of Coulomb determinantal point processes on compact manifolds of arbitrary
dimension.

The asymptotic analysis of yuy as N — oo for Coulomb interactions in dimension d > 3 motivates
our next result, which is stated for the more general Riesz interactions in dimension d > 1. The
Riesz interactions correspond to the choice W(z,y) = ka,_(x —y) where ka_, 0 < a <d,d >1,is
the Riesz kernel defined on R?, by

kAa(SC) = Td—a (16)

IThere is no boundary conditions here, and thus the term “Green function” is not appropriate.
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Up to a multiplicative constant, this is the fundamental solution of a fractional Laplace equation
(which is the true Laplace equation (1.5) when o = 2), namely
) d—a
= . Tz (557
—coAoka, =F (1) =48y with ¢4 := N NOR (1.7)
where the Fourier transform F and the fractional Laplacian A, are given by

Flka,) () = / 2T ks () da =

Rd Ca47r2|§|a
Note that As = A while A, is a non-local integro-differential operator when « # 2. When d > 3
and a = 2 then Riesz interactions coincide with Coulomb interactions and the constants match.
Beware that our notations differ slightly from the ones of [34, p. 44]. Several aspects of the Gauss
problem in the Riesz case are studied in [21, 53, 54].
In the Riesz case, 0 < a < d, one associates to any probability measure ; on R? a function
Uk : R% — [0, +00] called the potential of p as follows

Ub(a) = (ks * 0)(@)i= [ha, (o= v)duly), Vo RE

We refer to Section 3 for a review of basic definitions from potential theory. In particular, one
defines there a notion of capacity of sets, and a property is said to hold quasi everywhere if it holds
outside a set of zero capacity. The following theorem is essentially the analogue in R? of a result
of Dragnev and Saff on spheres [21]. The analogue problem on compact subsets, without external
field, was initially studied by Frostman [27], see also the book of Landkof [34]. A confinement (by
an external field or by a support constraint) is always needed for such type of results.

and A,f = 747T2.7:_1(|§|a]'—(f))-

Theorem 1.2 (Riesz gases). Suppose that W is the Riesz kernel W(x,y) = ka, (x —y). Then:

(1) The functional I is strictly convex where it is finite;
(2) (H1)-(H2)-(H3)-(H4) are satisfied and Theorem 1.1 applies;
(3) There exists a unique j, € Mq(R?) such that
I(pye) = inf  I(p);
()= o = (1)
(4) If we define (un)n on a unique probability space (for a sequence Sy > N log(N)) then
with probability one,
lim pun = ps.
N—o00

If we denote by C, the real number

Ci = /(Uét* + V) dpe = J () + /Vdu*,

then the following additional properties hold:
(5) The minimizer u, has compact support, and satisfies

Uk (x) +V(z) > Cy quasi everywhere, (1.8)
Uk (x) +V(z) = Cy for all x € supp(ji4). (1.9)
(6) If a compactly supported measure p creates a potential UL such that, for some constant
C eR,
Ul(z) +V(x)=C on supp(p), (1.10)
Ubk+Vv >C quasi everywhere, (1.11)
then C = Cy and = pi. The same is true under the weaker assumptions:
Ub(z)+V(z) <C on supp(pu), (1.12)
Uk+VvV>cC g.e on supp(fix)- (1.13)
(7) If a <2, for any measure p, the following “converse” to (1.12), (1.13) holds:
sup (UK +V)>C,, (1.14)
supp(p)
7 inf " (Uk(z) + V(z)) < C., (1.15)

supp(f+)
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where the 7 inf 7 means that the infimum is taken quasi-everywhere.

The constant C, is called the “modified Robin constant”, see e.g. [17], where the properties (1.8-
1.9) and the characterization (1.10-1.11) are established for the logarithmic potential in dimension
2. The minimizer pu, is called the equilibrium measure.

Corollary 1.3 (Equilibrium of Coulomb gases with radial external fields in dimension > 3).
Suppose that for a fived real parameter B > 0, and for every x,y € R, d > 3,

V() =v(lzl) and W(z,y) = pka(z —vy),

where v is two times differentiable. Denote by do, the Lebesque measure on the sphere of radius r,
and let oq be the total mass of doy (i.e. the surface of the unit sphere of R%). Let w(r) = r@=/(r),
and suppose either that v is convex, or that w is increasing. Define two radii ro < Ry by:

ro =inf {r > 0;0'(r) > 0} and w(Ry) = B(d — 2).

Then the equilibrium measure p, s supported on the ring {x;|z| € [ro, Ro|}, and is absolutely
continuous with respect to Lebesgue measure:

T Do)

In particular, when v(t) = t> then p, is the uniform distribution on the centered ball of radius

d—2\1
(BT> -

The result provided by Corollary 1.3 on Coulomb gases with radial external fields can be found
for instance in [38, Proposition 2.13]. It follows quickly from the Gauss averaging principle and the
characterization (1.10-1.11). For the sake of completeness, we give a (short) proof in Section 4.3.
By using Theorem 1.2 with o = 2 together with Corollary 1.3, we obtain that the empirical
measure of a Coulomb gas with quadratic external field in dimension d > 3 tends almost surely to
the uniform distribution on a ball when N — oco. This phenomenon is the analogue in arbitrary
dimension d > 3 of the well known result in dimension d = 2 for the logarithmic potential with
quadratic radial external field (where the uniform law on the disc or “circular law” appears as a
limit for the Complex Ginibre Ensemble, see for instance [5, 43]). The study of the equilibrium
measure for Coulomb interaction with non radially symmetric external fields was initiated recently
in dimension d = 2 by Bleher and Kuijlaars in a beautiful work [9] by using orthogonal polynomials.

The following proposition shows that in the Riesz case, it is possible to construct a good con-
finement potential V' so that the equilibrium measure is prescribed in advance.

du(r) = M(r)do.dr where M(r)=

Corollary 1.4 (Riesz gases: external field for prescribed equilibrium measure). Let 0 < « < d,
d>1, and W(z,y) := ka,. Let u, be a probability measure with a compactly supported density
fx € LP(RY) for some p > d/a. Define the confinement potential

V(x) := —U (x) + [|z|* — R4, z € RY,

where UK+ is the Riesz potential created by py and R > 0 is such that supp(p) C B(0, R). Then
the couple of functions (V,W) satisfy (H1)-(H2)-(H3)-(H4) and the functional

ie Mi(RY) o I(p) = / Vit g / / k. (z — ) du(z)du(y) € RU {+o0}

admits (i, as unique minimizer. In particular, the probability p, is the almost sure limit of the
sequence (un)y (constructed on the same probability space), as soon as By > N log(N).

1.4. Outline of the article. In the remainder of this introduction (Section 1.5), we give several
comments on our results, their links with different domains, and possible directions for further
research. Section 2 provides the proof of Theorem 1.1 (large deviations principle). Section 4
provides the proof of Theorem 1.2, Corollary 1.3, and Corollary 1.4. These proofs rely on several
concepts and tools from Potential Theory, which we recall synthetically and discuss in Section 3
for the sake of clarity and completeness.

1.5. Comments, possible extensions and related topics.
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1.5.1. Non-compactly supported equilibrium measures. The assumptions made on the external field
V in Theorem 1.1 and Theorem 1.2 explain why the equilibrium measure p, is compactly supported.
If one allows a weaker behavior of V' at infinity, then one may produce equilibrium measures i,
which are not compactly supported (and may even be heavy tailed). This requires to adapt
some of the arguments, and one may use compactification as in [29]. This might allow to extend
Corollary 1.4 beyond the compactly supported case.

1.5.2. Equilibrium measure for Riesz interaction with radial external field. To the knowledge of the
authors, the computation of the equilibrium measure for Riesz interactions with radial external
field, beyond the more specific Coulomb case of Corollary 1.3, is an open problem, due to the lack
of the Gauss averaging principle when « # 2.

1.5.3. Beyond the Riesz and Coulomb interactions. Theorem 1.2 concerns the minimization of
the Riesz interaction potential with an external field V', and includes the Coulomb interaction if
d > 3. In classical Physics, the problem of minimization of the Coulomb interaction energy with
an external field is known as the Gauss variational problem [27, 34, 53, 54]. Beyond the Riesz and
Coulomb potentials, the driving structural idea behind Theorem 1.2 is that if W is of the form
W(z,y) = kp(x — y) where kp is the fundamental solution of an equation —Dkp = §p for a local
differential operator D such as A, with a = 2, and if V' is super-harmonic for D, i.e. DV > 0, then
the density of p, is roughly given by DV up to support constraints. This can be easily understood
formally with Lagrange multipliers. The limiting measure p, depends on V and W, and is thus
non-universal in general.

1.5.4. Second order asymptotic analysis. The asymptotic analysis of uy — pux as N — oo is a
natural problem, which can be studied on various classes of tests functions. It is well known that
a repulsive interaction may affect dramatically the speed of convergence, and make it dependent
over the regularity of the test function. In another direction, one may take Sy = SN? and study
the low temperature regime 5 — oo at fixed N. In the Coulomb case, this leads to Fekete points.
We refer to [48, 13, 49, 8] for the analysis of the second order when both 8 — oco and N — co. In
the one-dimensional case, another type of local universality inside the limiting support is available
in [28].

1.5.5. Edge behavior. Suppose that V is radially symmetric and that . is supported in the centered
ball of radius r, like in Corollary 1.3. Then one may ask if the radius of the particle system
maxi<k<n |Zx| converges to the edge r of the limiting support as N — oo. This is not provided
by the weak convergence of uy. The next question is the fluctuation. In the two-dimensional
Coulomb case, a universality result is available for a class of external fields in [18].

1.5.6. Topology. It is known that the weak topology can be upgraded to a Wasserstein topology
in the classical Sanov theorem for empirical measures of i.i.d. sequences, see [51], provided that
tails are strong exponentially integrable. It is then quite natural to ask about such an upgrade for
Theorem 1.1.

1.5.7. Connection to random matrices. Our initial inspiration came, when writing the survey [12],
from the role played by the logarithmic potential in the analysis of the Ginibre ensemble. When
d=2, 8y = N2, V(z) = |z|* and W (z,y) = Bka(z —y) = Blog with 8 = 2 then Py is the
law of the (complex) eigenvalues of the complex Ginibre ensemble:
N 2
dPy(z) = Zy'e ™ Lot 12 I |y — 25 da.

1<J

_1
[z—y|

(here R? = C and Py is the law of the eigenvalues of a random N x N matrix with i.i.d. complex
Gaussian entries of covariance ﬁ]g). For a non-quadratic V', we may see Py as the law of the
spectrum of random normal matrices such as the ones studied in [2]. On the other hand, in the
case where d = 1 and V (z) = |z|* and W (z,y) = Slog Ir—iyl with 8 > 0 then
dPy(x) = Zy'e N 2L 9 ] [y — ) da.
i<j
This is known as the g-Ensemble in Random Matrix Theory. For g = 1, we recover the law of the
eigenvalues of the Gaussian Orthogonal Ensemble (GOE) of random symmetric matrices, while for
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B = 2, we recover the law of the eigenvalues of the Gaussian Unitary Ensemble (GUE) of random
Hermitian matrices. It is worthwhile to notice that —log|-| is the Coulomb potential in dimension
d = 2, and not in dimension d = 1. For this reason, we may interpret the eigenvalues of GOE/GUE
as being a system of charged particles in dimension d = 2, experiencing Coulomb repulsion and an
external quadratic field, but constrained to stay on the real axis. We believe this type of support
constraint can be incorporated in our initial model, at the price of a bit heavier notations and
analysis.

1.5.8. Simulation problem and numerical approximation of the equilibrium measure. It is natural
to ask about the best way to simulate the probability measure Py. A pure rejection algorithm is
too naive. Some exact algorithms are available in the determinantal case d = 2 and W (z,y) =
—2log |z — y|, see [32, Algorithm 18] and [50]. One may prefer to use a non exact algorithm such
as a Hastings-Metropolis algorithm. One may also use an Euler scheme to simulate a stochastic
process for which Py is invariant, or use a Metropolis adjusted Langevin approach (MALA) [45].
In this context, a very natural way to approximate numerically the equilibrium measure p, is to
use a simulated annealing stochastic algorithm.

1.5.9. More general energies. The density of Py takes the form Hfil fi@i) [icicjen 2@, 25),
which comes from the structure of Hy. One may study more general energies with many bodies
interactions, of the form, for some prescribed symmetric W, : (RH* = R, 1 <k < K, K > 1,

K
HN(SCl,...,.’,EN)ZZ Z N_ka(xilv"'vxik)'

k=111 <---<ig

This leads to the following candidate for the asymptotic first order global energy functional:
K
w22*’“/~'~/Wk<z1,...,xk>du<x1>-~du<zk>.
k=1

1.5.10. Stochastic processes. Under general assumptions on V and W, see for instance [16], the
law Py is the invariant probability measure of a well defined (the absence of explosion comes from
the assumptions on V' and W) reversible Markov diffusion process (Xt)teﬂh with state space

{z e RN Hy(z) < oo} =<z e (RHYN: ZW(aci,xj) <00 p,

solution of the system of Kolmogorov stochastic differential equations

dx, = /2Z—N dB; — anVHy(X,) dt
N

where (By),s, is a standard Brownian motion on (R?)", and where ay > 0 is an arbitrary
scale parameter (natural choices being any = 1 and ay = fy). The law Py is the equilibrium
distribution of a system of N interacting Brownian particles (X1,¢),~0,---s (XNt)s5q i R? at
inverse temperature Sy, with equal individual “charge” gy := 1/N, subject to a confining potential
anV acting on each particle and to an interaction potential anyW acting on each pair of particles,
and one can rewrite the stochastic differential equation above as the system of coupled stochastic
differential equations (1 <4 < N)

o
dX;; =, /2ﬁ—g dBiy — qvanVV(Xie) = Y qhanViW (X, X; ) dt
i

where (Bgl))t>0, ce (BIEN))t>O are i.i.d. standard Brownian motions on R?. From a partial dif-
ferential equations point of view, the probability measure Py is the steady state solution of the
Fokker-Planck evolution equation 9, — L = 0 where L is the elliptic Markov diffusion operator
(second order linear differential operator without constant term)

L:=Y(A - ByVHy - V),
BN
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acting as Lf = G (Af — (BnVHy, Vf)). This self-adjoint operator in L2(Py) is the infinitesimal
generator of the Markov semigroup (%), P(f)(x) == E(f(X¢)|Xo = x). Let us take an = By
for convenience. In the case where V() = |z|> and W = 0 (no interaction) then Py is a standard
Gaussian law N(0, Izn) on (RY)YN and (X;),-, is an Ornstein-Uhlenbeck Gaussian process; while
in the case where d = 1 and V(z) = |z|> and W (z,y) = —Blog |z — y| of some fixed parameter
B > 0 then Py is the law of the spectrum of a -Ensemble of random matrices and (X¢), is a so
called Dyson Brownian motion [3]. If uy, is the law of X, then Euy,;, — Euny weakly as t — occ.

The study of the dynamic aspects is an interesting problem connected to McKean-Vlasov models
[17, 24, 37, 41, 42].

1.5.11. Calogero-(Moser-)Sutherland Schrédinger operators. Let us keep the notation used above.
We define Uy := ByHy and we take Sy = N? for simplicity. Let us consider the isometry
O : L?(Py) — L%(dz) defined by

O(f)(x) = f(ay LN

The differential operator S := —©LO~! is a Schrédinger operator:

— f(ac)e_%(UN (z)+log(Zn))

1 1
S:=-0L0"'=-A+Q, Q::jVUfoiAUN

which acts as Sf = —Af + Qf. The operator S is self-adjoint in L?(dx). Being isometrically
conjugated, the operators —L and S have the same spectrum, and their eigenspaces are isometric.
In the case where V(z) = |z|> and W = 0 (no interactions), we find that and Q = 11-V),
and S is a harmonic oscillator. On the other hand, following [25, Proposition 11.3.1], in the case
d=1and W(z,y) = —log |z — y| (Coulomb interaction), then S is a Calogero-(Moser-)Sutherland
Schrodinger operator:

1 N N(N -1
> ot me= ML

S—-A-F
"t — . (@i =) 2
1<i<j<N

A~ =
N |

N

2
D -
i=1

More examples are given in [25, Proposition 11.3.2], related to classical ensembles of random
matrices. The study of the spectrum and eigenfunctions of such operators is a wide subject,
connected to Dunkl operators. These models attracted some attention due to the fact that for
several natural choices of the potentials V, W, they are exactly solvable (or integrable). We refer
to [25, Section 11.3.1], [22, Section 9.6], [19, Section 2.7] and references therein.

2. PROOF OF THE LARGE DEVIATIONS PRINCIPLE — THEOREM 1.1

The proof of Theorem 1.1 is split is several steps.

2.1. A standard reduction. To prove Theorem 1.1, we will use the following standard reduction
(see for instance [20, Chapter 4]).

Proposition 2.1 (Standard reduction). Let (Qn)n be a sequence of probability measures on some
Polish space (X,d), (Zn)n and (en)n two sequences of positive numbers with eny — 0 and T :
X = RU{+o0} be a function bounded from below.

(1) Suppose that the sequence (Qn)n satisfies the following conditions
(a) The sequence (ZnyQN)N is exponentially tight: for all L > 0 there exists a compact
set Ky, C X such that

thupEN IOgZNQN(X\KL) < —L.

N—o00

(b) For all xz € X,
lim limsup ey log ZnQn (B(z, 1)) < —Z(z),

=0 N-ooo

where B(x,r) :={y € X : d(x,y) <r}.
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Then the sequence (ZnQN)N satisfies the following large deviation upper bound: for all
Borel set A C X, it holds

limsupey log ZyQn(A) < —inf {Z(u); 1 € clo(A)}. (2.1)

N—o00
(2) If in addition (ZnQnN)N satisfies the following large deviation lower bound: for any Borel
set AC X,

—inf{Z(z);z € int(A)} < %ninf enlog ZnQn(A), (2.2)
— 00
then (QN)n satisfies the full Large Deviation Principle with speed €n and rate function
I, =7 — infcx Z(x), namely for any Borel set A C X,
—inf{Z,(x);x € int(A4)} < %ninf enlogQn(A)
— 00
<limsupey logQn(A) < —inf {Z,(z); 2z € clo(A)}.
N —o00

Proof. Let us begin by (1). Let 6 > 0; by assumption, for any x € X, there is 7, > 0 such that
limsupey log ZnQn (B(z, 1)) < —Z(z) + 4.
N—00
If F C X is compact, there is a finite family (x;)1<;<m of points of F' such that F' C U™, B(x;, Nz, )-
Therefore,

N—o0 N—o0 i
=1

— max limsupey log (ZyQn (B(wi,72,))
1<i<m N oo
max —Z(x;)+ 6 < —infZ + 4.
1<i<m F
Letting § — 0 yields to (2.1) for A = F compact.
Now if F' is an arbitrary closed set, then for all L > 0, since F' N Ky, is compact, it holds

N
limsupey log ZyQn(F) < limsupey log (Z ZNQN(B(J:Z-,nZi))>

IN

limsup ey log ZyQn (F)

N —o00

< max (limsupEN log ZyQN(F N Kp),limsupey logZNQN(KE))

N —o0 N—o00

< max(— Fin}f( Z,-L).
NKL

Letting L — oo shows that (2.1) is true for arbitrary closed sets F. Since A C clo(A), the upper
bound (2.1) holds for arbitrary Borel sets A.
To prove (2), take A = X in (2.2) and (2.1) to get:

lim eylog(Zy) = —infZ € R.
N —o00
Subtracting this to (2.2) and (2.1) gives the large deviations principle with rate function Z,. O
In our context, X = M;(R?) is equipped with the Fortet-Mourier distance (1.3).

2.2. Properties of the rate function. In the following lemma, we prove different properties of
the rate function I, including those announced in Theorem 1.1, point (1).

Lemma 2.2 (Properties of the rate function). Under Assumptions (H1)-(H2)-(H3),
(1) 1, is well defined;
(2) I.(p) < oo implies [|V|du < oo and [[|W]|du* < oo;
(3) L.(n) < oo for any compactly supported probability u with a bounded density with respect
to Lebesgue;
(4) I has is a good rate function (i.e. the levels sets {I, < k} are compact).

Proof. Let us define ¢ : RY x R — (—o0, +00] by ¢(z,y) := 3(V(z) + V(y) + W(z,y)).
(1) Since V is continuous and V(x) — oo as |x| — oo thanks to (H2), the function V is

bounded from below. Using (H3) it follows that ¢ is bounded from below. The functional
I, is thus well defined with values in [0, 00].
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(2) Assume that I(u) = [[ @du® < co. Since V is bounded from below, [V]_ € L*(u). From
(H3) and the definition of ¢,

2p(z,y) = V(@) + V(y) + W(z,y) 2 c+ (1 —0)(V(2) + V(y)).
Therefore
(1 =eo)([V]+(z) + [V]+ () < 20(z,y) — c+ (1 —eo)([V]-(2) + [V]-(v)),
so [V]4 € L(u), and [|V|du < oo. Since
c—eoV(z) —eoV(y) < Wi(z,y) < 20(z,y) — V(z) = V(y), (2.3)

this implies that W € L (u?).

(3) Tt is clearly enough to prove that W is locally Lebesgue integrable on R? x R%. Let K be
a compact of R%; according to (H2) and (H3) the function W is bounded from below on
K x K. On the other hand, letting

ak(z) = sup{W(z,y); |z —y| = [2], 2,y € K},

we have W (z,y) < ag(z —1y), for all x,y € K. Assumption (H1) then easily implies that
(x,y) — ax(x —y) is integrable on K x K.
(4) According to the monotone convergence theorem,

IZSggfm In (1) r=/ min(p(z,y); n) du(z)du(y).

The functions min(p,n) being bounded and continuous, it follows that the functionals
I,, are continuous for the weak topology (see for instance [20, Lemma 7.3.12]). Being a
supremum of continuous functions, I is lower semi-continuous. Set b, = inf ; we have, for
every i € My (R%), L >0,

I(p) —be = //(w(w, y) — by) dp(x)du(y)
> / / Lo 21y 0 (0 9) — by) dp()da(y)

> (br = bu)p(jz| > L)?,

where by, := inf|, |51 |y> 1 ©(2,y). According to (H2) and (H3), we see that by, — +o00 as
L — +o00. Therefore, there exists L, > 0 such that by, > b, for every L > L,. We get then
for every real number r > by,

{pe Mi(RY) : I(p) <7} C {u e Mi(RY) : p(|z| > L) < biibg*,L > L*}.

Since bz, — 400 as L — +0o0, the subset of M1 (R9) in the right hand side is tight, and the
Prohorov theorem implies then that it is relatively compact for the topology of M (R%).
Since I is lower semi-continuous, the set {I < r} is also closed, which completes the proof.

O

2.3. Proof of the upper bound. For all N > 1, one denotes by @y the law of uy = % Zfil O,
under the probability Py defined by (1.2): Qx is an element of M;(M;(R%)).

Lemma 2.3 (Exponential tightness). If Sy > N then, under Assumptions (H2)-(H3), the
sequence of measures (ZnQnN)N is exponentially tight: for all L > 0 there exists a compact set
K1 € Mi(R?) such that

. log ZnQn (M1(RT)\ K1)
lim sup <
N —o0 ﬂN

~L. (2.4)

Proof. For any L > 0, let L' := Lli—cgm and set K, := {u € M;(RY); [Vdu < L'}. Since (H2)
holds, V(z) — oo when |z| — 400 and V is continuous. By Prohorov’s theorem on tightness this
implies that K, is compact in M (R?).
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It remains to check (2.4). Let us consider the law vy € M;(R?) defined by

e*V(I)

dvy (z) = oy dz, Cy = /efv(z) dx > 0. (2.5)

Using (2.3) to bound W from below, we get

ZNQN (/V dpn > L’)
/Rd)Nl{fwuwu}eXP (ﬁ—N/ Wdu?VﬂN/VduN) dz
/W {Jvaun>rr} & P(——// ¢ —<o(V(@) + V(y >>>du%v—5N/VduN) da
[ iy (<5 —ﬁN(l—ao¥) [V s

:C{,V/(Rd)Nl{deuN>L,}exp (—%Nchgl - (BN(l— ) )/VduN) dvS™ (z).

Now, if N is large enough, then ﬂN(l —g, N1 ) > N, so that

ZNQN(/VCZ,U,N>LI)§C‘J/VGXP(—BTNC ]\7 )exp(—(ﬁN(l—aoN]\jl)—N)L’).

Therefore, when N is large enough, using the fact that Sy > N,
log ZnQN ([V duy > L) <N10gCV 1 N—l ((1 N—1) N)L,
_ —eg—— | —

BN - BN 27N N BN
= —%c —(1—eo)L 4+ on—00(1)
=—L+onoo(1).
This implies (2.4) and concludes the proof. O

Proposition 2.4 (Upper bound). If By > N then, under Assumptions (H2)-(H3), for allr > 0,
for all i € My(R?),

Z B
lim lim sup log ZnQn (B, 7)) < —I(p),
r0 N +too BN

where the ball B(p,r) is defined for the Fortet—-Mourier distance (1.3).

Proof. In contrast with the proof of Lemma 2.3, our objective now is to keep enough empirical
terms inside the exponential in order to get I(u) at the limit. Introduce ¢(z,y) = (W (z,y) +
V(z)+V(y)), z,y € R According to (H3), it holds

— %o

p@,y) > S+ 122V @) + V), Vo eRY, (2.6)

2

for some ¢ € R and ¢, € (0,1). Define \y = (1_80];]% and let us bound the function Hy from
below using (2.6) at the third line: for all n € N, it holds

st = (40 o) = [ o fran)
Z(BN*AN)// @du?v+/\zv// @du?ﬁ%min‘/

ﬁN_)\N // <pd,uN—|—)\N —I—N/Vd/LN-i-%man

n —1)e
Z(ﬂN)\N)//@/\”dﬂ?v(5N>\N)N+)\N(T+N/V(WN+BWNH11HV

— (o =) [[ o nndiz + N [V -+ olow)
since Sy > N and Ay = O(N).
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Denoting by I,,(v) = [[¢ Andv?, v € M;(R?), and using the preceding lower bound, we see
that for every u € Ml(Rd), r>0and N > 1, we have

ZxQu(BO5) = [ Lot iew) exp (i) da

N
<) [ i ) ex0 (=B = ) a) [ =t

i=1
— oY et /( L () 5 (=B = A )
R
< C{/VeO(BN)e—(ﬂN—/\N) inf,eBu,m In(’/)’
where the definition of vy is given by (2.5).
Therefore, since Sy > N and Ay = O(N),
log Z B
lim sup 08 Zn@n (Bp,1)) <— inf I,(v).
Notoo BN veB(p,r)

Since ¢ A n is bounded continuous, the functional I,, is continuous for the weak topology. As a
result, it holds

lim  inf  L,(w) = I(4).
T1~r>I(1) I/EIBI%,U,,T) (V) (,U/)

Finally, the monotone convergence theorem implies that sup,~; In(p) = I(p), which ends the
proof. O

Using this Proposition, Lemma 2.3 and the first point of Proposition 2.1, we get the upper
bound of Theorem 1.1, point (2).

2.4. The lower bound and the full LDP. In what follows, we denote by |A| the Lebesgue
measure of a Borel set A C R™.

Proposition 2.5 (Lower bound for regular probabilities). Under the assumptions (H1)-(H2)-
(H3), if Bn > Nlog(N), then for every probability measure i on R supported in a box B =
H';:l[ai, bil, ai,b; € R, with a density h with respect to the Lebesgue measure such that, for some
§>0,8<h<6§"ton B, it holds
lim inf log ZNQnN(B(p, 7))
N—o00 BN

> —1I(u), Vr >0,
where B(p,r) is the open ball of radius r centered at u for the Fortet—-Mourier distance (1.3).

If B is the box szl[ak, bi] in R? let [(B) and L(B) be the minimum (resp. maximum) edge
length:

B) = i, on =), LOB) = g (b = )

We admit for a moment the following result:

Lemma 2.6 (Existence of nice partitions). For all d and all § > 0 there exists a constant C(d,0)
such that the following holds. For any box B, any integer n, and any measure p with a density h
w.r.t. Lebesque measure, if § < h < 8§71, then there exists a partition (B1,By...By) of Binn
sub-bozes, such that:

(1) B is split in equal parts: for all i, u(B;) = Lpu(B) ;

(2) The edge lengths of the B; are controlled:

1 C(da 6)

————I(B) <I(B;) < L(B;) < L(B).
Gl gral®) <180 < L(B) < ST LB
Proof of Proposition 2.5. For each N we apply Lemma 2.6 to obtain a partition of B in N boxes
BN, ...BY. Let dy be the maximum diameter of the boxes: by the lemma, since u(B) = 1,
C1 N L C2
N/ <IU(B;*) and dy := [Dax - sup |z —y| < N1/

m,yEBIN

where ¢; and ¢p only depend on B, d and 4.
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Note that, for all 1-Lipschitz function f with [|f||, < 1, if z; € BY for all i < N, since
w(B;) = 1/N we have:

N
N2 i)~ [ fan <Z/ (ol du)

<dn.

If N is large enough, dy < r, which implies that
{(z1,...2,) € By x---x BN} C {un € B(p,7)}.

Let us denote by C¥ C BY the box obtained from B}¥ by an homothetic transformation of center
the center of BY¥ and ratio (say) 1/2. It holds,

N

N
BN
ZNQn(B(p,1)) = exp N Héé}VXV NI R aé(NW H [erd?
=1 K i<j L=

Since |CN| > (I(BN)/2)* > ¢3/N for some absolute constant c3, we have

log [T, |G _ Nlog(cs)  Nlog(N)

— 0
BN - BN BN N—oo
thus we conclude that
. log (ZnQN(B(u, ?"))) 1
lim inf — limsup — max V — limsu max W.
N—+o0 BNy N—>oop ; cN N—>oop N2 o oNxey

For all N, consider the locally constants functions Vy : B — R and Wy : B x B — R defined by
Vo € BY, Vy(z) := rxé?vxv and V(z,y) € BN x B;V, Wn(z,y) == max W.

CNxox¥
Since ,u(BN =1/N, it holds
! V= V x)d d ! W = 1 W d d
N2 1max V() du(x) an ch%nf’c‘;v =3/, N (2, ) du(@)dp(y).

The uniform continuity of V' on B immediately implies that Vy converges uniformly to V', and so

/VNdu%/Vdu.

For the same reason Wy converges uniformly to W on

(B x B)N{(z,y) € R x R |z — y| > u},
for all u > 0. According to (H2) and (H3), the function W is bounded from below on B x B. It
follows that the functions Wy are bounded from below by some constant independent on N. To
apply the dominated convergence theorem it remains to bound Wy from above by some integrable

function. Let
ap(u):= sup W(z,y),

lz—y[Zu
so that W(z,y) < ag(|z —y|). Obviously
max |z —y| < 2dy + min |z — yl.
(z,y)€BN x BN (wy)eCY xCN

By construction, since i # j, we have

min |z —y| > (BN +UBY) >INV gy
(zy)ECﬁxCNl vl 4(( ) +1(B;")) = 4 _'402 N

Therefore, there is an absolute constant ¢4 such that

min |z —y| > ¢y max |z —yl.
(z,y)€CN xCON (z,y)eBN xBY

Since the function ap is non-increasing, it holds

max o«p(|lrx— min ap(cglr — .
CN CN B(| y|) ( ,y)GB{VXBjV B( 4| y|)
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We conclude from this that Wy (x,y) < ag(c|z —y|), © # y. It follows from Assumption (H1)
that the function ap(cs|x —y|) is integrable on B x B with respect to Lebesgue measure. Since the
density of p with respect to Lebesgue is bounded from above this function is integrable on B x B
with respect to p?. Applying the dominated convergence theorem, we conclude that

lin inf 2B ENON B T)) —/V(fﬁ) dp(x) —%// W (z,y) dp(x)dp(y)
—1(p)

N —oc0 ﬂN

Let us now prove that “nice” partitions exist.

Proof of Lemma 2.6. The proof is an induction on the dimension d.
Base case. Let d = 1, and suppose that B = [ag,bo]. Since p has a density, there exist
“quantiles” ag = qo < q1 ... < gn = b such that
. 1
Vi<i<n, p((gi-1,q]) = EM(B)'
In this simple case [(B) = L(B) = by — ag, and I(B;) = L(B;) = (¢; — gi—1). The boundedness
assumption on h implies that

(Qi —qi-1)

S

0(qi — gi—1) < p([gi—1,4]) <
300 — a0) < (B) < 5(bo — )

and the claim holds for d = 1 with C(1,8) = 1/6%.

Induction step. Suppose that the statement holds for a dimension d — 1. Let B = [ag, bo] X B’
be a box in dimension d (where B’ is a (d — 1)-dimensional box). Let uo be the first marginal of
o (this is a measure on [ag, bo] C R).

Let b = [n'/?] be the integer part of n'/¢, and let by = 1/(2Y/¢ —1). If b < by, we reason as
in the base case, on the one-dimensional measure pg, to find a partition of B in n slices of mass
u(B)/n. Since the number of slices is less than the constant (by + 1)¢, the edge length is controlled
as needed.

If b > by, we look for a decomposition of n as a sum of b integers n;, each as close to n(4=1/d
as possible: the idea is to cut B along the first dimension in b slices, and to apply the induction
hypothesis to cut the slice ¢ in n; parts.

To this end, decompose the integer n in base b:

d
Jag, ay,...aq € {0,...b— 1} n= Zakbk.
k=0
The condition b > by guarantees that b+ 1 < 2'/9b, which implies that aq = 1. Therefore:

d—1
Jag, ai,...aq-1 € {0,...b—1}%, n= bd—l—Zakbk.
k=0

Writing «y, = Zle 1fi<a,} We get

d—1 b
i=1 k=0 i=1
where n; = b1 4+ Zz;é 1{i<a,1b". From this expression, we get the bound b%~! < n; < (b¢ —
1)/(b—1). Since k — 1 > k/2 whenever k > 2, using the inequalities b < n*/? and b > n'/4 —1 >
%nl/d, we get

1

2d71n(d71)/d < < 2pld=D/d,

Now let us cut B along its first dimension. Recall that p is the first marginal of p. By continuity
there exist quantiles ag = qp < g1 < ...q = by such that

. n;
Vi<i<b, pm(lgi-1,q]) =pgi-1,q6]xB')= EH(B)
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We apply the induction hypothesis separately for each 1 < ¢ < b, to the (d — 1)-dimensional box
B’, with the measure
wi() = p(lgi-1, @] x -)
and the integer n; to obtain a decomposition B’ = U?Zl B} ; such that:
(1) the edge lengths B ; are controlled,
(2) pi(Bi ;) = 5-ma(B').
Finally, for all 1 <i <band all 1 <j < ny, let
Bij = [gi-1,q] x Bj ;.
Let us check that the partition B = (J, J ; B;,j satisfies the requirements. By definition,
1 1
H(Bis) = wi(BL) = —u(B) = —u(B),

so the first requirement is met. To control the edge lengths, first remark that

[(B) = min(by — ao, [(B")) L(B) = max(by — ag, L(B"))
l(Bi,j) = min(g; — ¢i—1, Z(Bz/',j)) L(Bi,j) = max(q; — ¢i—1, L(Bz/',j))‘
By the induction hypothesis, the bounds on n; and the fact that L(B’) < L(B) we get:
C(d—-1,0)
/ ) /
L(B; ;) < WL(B )
2C(d —1,9)
On the other hand, reasoning as in the proof of the base case,
1n;
i —qi-1)|B'| < < —u(B
(05— ai)IB) < 2" u(B)
1
u(B) < g(bo —ao)|B’|
SO
_o Ny 2072
g, — < ik
(¢ — gi—1) < (bo — ao)d i L(B) i

Therefore L(B; ;) < C(d,§)n~'/4L(B). The proof of the lower bound on I(B; ;) follows the same
lines and is omitted. This concludes the induction step, and the lemma is proved. 0

Corollary 2.7 (Lower bound). Under the assumptions (H1)-(H2)-(HS3), if Bny > Nlog(N),
then for all A C My (R?), it holds

lim inf 71%; ZNQn(4)
N—o00 BN
Proof. Let A C M1(R?) be a Borel set and let 1 € int(A) be absolutely continuous with respect

to Lebesgue with density h and such that I(n) < +occ. For some sequence (g,),,~,; converging to
0, let us define, for all n > 1, -

> —inf{I(n);n € int(A),n < Lebesgue}.

Mo = (L — &)V + enn,
where dv, (x) = C%L min(h(z); n)1[_,pmja(z) dz and dA,(z) = (Qi)dl[,n;n]d(fl]) dx, where the nor-
malizing constant C,, — 1, when n — +o0.
According to point (3) of Lemma 2.2, we see that

I(vy,) < oo, I(\;) < o0, //(p(x,y) dvy (2)dM, (y) < 00

where ¢(z,y) = $(V(z) + V(y) + W(z,y)) (this function takes its values in (—oo,+oo] and is

bounded from below thanks to (H3), see the proof of Lemma 2.2). It holds

I(1) = (1= )2 1(vn) + 2en(1 — €0) / / () dvn(@)dAn (y) + 21 (A).

Choose ¢, converging to 0 sufficiently fast so that the last two terms above converge to 0 when
n — oo. According to point (1) of Lemma 2.2, V € L*(u) and W € L!(p?); it follows then easily
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from the dominated convergence theorem that I(v,) — I(n) when n — oo and that 7, converges
to n for the weak topology.

Let 7 > 0 be such that B(n,2r) C A ; for all n large enough, B(n,,r) C B(n,2r) C A. Since n,
satisfies the assumptions of Proposition 2.5, we conclude that for n large enough

IOgZNQN(A) 1OgZNQN(B(77naT))

lim inf > lim inf > —I(nn)-
g 2 B = tm)
Letting n — oo and optimizing over {n € A,n < Lebesgue} gives the conclusion. 0

End of the proof of Theorem 1.1. The properties of I, and the upper bound in point (2) are already
known. The lower bound of point (2) is given by Corollary 2.7.

To prove point (3), let A € M;(R%) be some Borel set and take y € int(A). According
to Assumption (H4), there exists a sequence of absolutely continuous probability measures v,
converging weakly to p and such that I(v,) — I(p), when n — oco. For all n large enough, v, € A
so applying Corollary 2.7, we conclude that

log Z A
lim inf 22NN NOn(A)
N —o0 BN
Letting n — oo and then optimizing over u € int(A) we arrive at
log Z A
lim inf DB IN N NQn(4)
N —oc0 ﬁN
According to point (2) of Proposition 2.1, we conclude that Qx obeys the full LDP. O

> —1(vy).

> —inf{I(p); u € int(A)}.

2.5. Proof of the almost-sure convergence. Let us establish the last part of Theorem 1.1. First
note that since I, has compact sublevel sets and is bounded from below, I, attains is infimum, so
Iin is not empty. For an arbitrary fixed real £ > 0, consider the complement of the e-neighborhood
of I'nin for the Fortet—Mourier distance:

A, = (Imin)g = {M e M : dFM(,u,Imin) > E}.
Since I is lower semi-continuous, ¢, := inf,eca, I(p) > 0, thus P(uy € A.) < exp(—fBnc:), by the

upper bound of the full large deviation principle. By the first Borel-Cantelli lemma, it follows that
almost surely, limyx 00 drm (N, Imin) = 0.

2.6. Sufficient conditions for (H4). The following proposition gives several sufficient conditions
under which assumption (H4) holds true. Even if some of these conditions are quite general, it is
an open problem to find an even more general and natural condition. One may possibly find some
inspiration in [10].
Proposition 2.8 (Sufficient conditions for (H4)). Let V : R? — R and W : R4 x R? — (—o0, +00]
be symmetric, finite on R x R4\ {(z,z);z € R4} and such that (H2) and (H3) hold true.
Assumption (H4) holds in each of the following cases:
(1) W is finite and continuous on R? x R,
(2) For all x € R?, the function y +— W (x,y) is super harmonic, i.e. W satisfies
1
W(z,y) > —— Wz, z)dz, vr >0,
|B(y,7’) B(y,r)
where |B(y,r)| denotes the Lebesgue measure of the ball of center y and radius r.
(3) The function W is such that W (z+a,y+a) = W(x,y) for all z,y,a € R? and the function
J defined by

1) = [ [ W) duta)duty) (27)
is convex on the set of compactly supported probability measures.

Proof. Let p € M;(R?) be such that () < oo. Recall that, according to point (1) of Lemma 2.2,
under the assumptions (H2) - (H3), the condition I(u) < oo implies that

/|V|du < 400 and //|W| du? < +o0.

Moreover, it follows follows from (H2) and (H3) that W is bounded from below on every compact,
and so the definition (2.7) of J(p) makes sense if y is compactly supported.
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For all R > 0, let us define up as the normalized restriction of p to [~R; R]?. Using the
dominated convergence theorem and point (1) of Lemma 2.2, it is not hard to see that pp converges
weakly to p and that I(ur) — I(u) when R — +oo. To regularize pp, we consider ur. =
Law(Xpr + €U), € < 1, where Xy is distributed according to pr and U is uniformly distributed
on the Euclidean unit ball By of R?. It is clear that 1R, has a density with respect to Lebesgue
measure. Moreover, fig . — pg, when ¢ — 0. Indeed, if f : R? — R is continuous, it is bounded
on [—R; R]¢ + By, and it follows that

[ faun. =Bl Cen +0)] =, B (X))

This applies in particular to f = V. Now let us show in each cases that J(ug.) converges to
J(ugr), when € goes to 0. Let us write

J(,UR,E) = E[W(XR + EU, YR + EV)],

where Xg,Yr,U,V are independent and such that Yp @ Xpand V @ U.

(1) If W is finite and continuous on R? x R%, then using the boundedness of W on ([—R; R]* +
B1) x ([~ R; R]* + By), it follows that J(ugr.) — J(pur) when e — 0.

(2) If W is super harmonic, then W.(z,y) := Ey v [W(z + U,y + V)] < W(z,y) for all z,y.
Moreover, it follows from the continuity of W outside the diagonal that, for all = # y,
We(z,y) — W(z,y) when € — 0. Since I(u) < +o00, o does not have atoms and so the
diagonal is of measure 0 for p2. It follows from the dominated convergence theorem that
J(pre) = J(ur) as e = 0.

(3) Denoting by u% the law of Xg + @, we see that up. = Ey[ui]. Therefore, the convexity
of J yields to

J(ure) < Eg[T ()] = Ev [ [ W+ vy + ) dun@idunt)| = T

where the last equality comes from the property W(z + a,y + a) = W(x,y). On the
other hand, Fatou’s lemma implies that liminf._,o J(ur,.) > J(ur). Therefore J(ur) —
J(ur), when € goes to 0.

We conclude from the above discussion that for any ¢ > 0, it is possible to choose R sufficiently
large and then e sufficiently small so that dpn(per,e, ) < 6 and [I(pug,e)—1I(p)| < 6. This completes
the proof. 0

3. TooLs FROM POTENTIAL THEORY

In this section, we recall results from Potential Theory that will prove useful when we discuss
the proof of Theorem 1.2 and Corollary 1.3. There are many textbooks on Potential Theory, with
different point of views; our main source is [34], where the Riesz case is well-developed.

In this section, and unless otherwise stated, we set kq, := ka_ and we take W (z,y) := ko (z—y),
0 < a<d,d>1. We denote respectively by M; C My, C My C My the sets of probability
measures, of positive measures integrating ka(-)1|.|> 1, of positive measures, and of signed measures
on R

3.1. Potentials and interaction energy. We benefit from the constant sign of the Riesz kernel:
ko > 0, contrary to the Coulomb kernel in dimension d = 2 and its logarithm. Following [34,
p. 58], the potential of € M is the function U¥ : R? — [0, oc] defined for every z € R? by

Uk (z) = / Wz, ) dy(y) = / kal — ) du(y). (3.1)

Note that U¥(xz) = oo if p has a Dirac mass at point z. By using the Fubini theorem, for
every n € My, we have UY < oo Lebesgue almost everywhere iff 1 € M. This explains
actually the condition 0 < a < d taken in the Riesz potential, which is related to polar coordinates
(dz = r%=1 drdoy). In fact if p € M then U¥ is a locally Lebesgue integrable function. Moreover,
as Schwartz distributions, we have U¥ = k,, * u and, with the notations of (1.7),

—Ccoa AU = (—caAoks) * p = p.
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The interaction energy is the quadratic functional J, : My — [0, 00] defined by

Ja(p) = //W(w, y) du(x)dp(y) = /Uéé dp.

Note that J,(¢) = oo if p has a Dirac mass, and in particular Jy(un) = 0.

In the Coulomb case where @ = 2, we have coJo(p) = — [USAUY do = [|VUL* dz. The
quantity VU is the (electric) field generated by the (Coulomb) potential US' and this explains the
term “carré-du-champ” (“square of the field” in French) used for Ja(u).

Lemma 3.1 (Positivity and convexity on M ).

o For every u € My we have J,(p) > 0 with equality iff p = 0;
o J,: My — [0,00] is strictly convex: for every u,v € My with p # v, we have

Ve (0,1), Tl (1—00) < ta(i) + (1 — )a(v):
o ot i={pe My Jy(u) < oo} is a convexr cone.

We recall that in classical Harmonic Analysis, a function K : R x R — R is called a positive
definite kernel when > | x;K (x;,2;)Z; > 0 for every n > 1 and every x € C™. If this holds only
when z1 + --- + x, = 0, the kernel is said to be weakly positive definite. The famous Bochner
theorem states that a kernel is positive definite if and only if it is the Fourier transform of a
finite Borel measure. The famous Schoenberg theorem states for every f : Ry — R, the kernel
(z,y) — f(jz —y[?) is positive definite on R? for every d > 1 if and only if f is the Laplace
transform of a finite Borel measure on Ry. The famous Bernstein theorem states that if f : R — R
is continuous and C*°((0,00)) then f is the Laplace transform of a finite Borel measure on Ry if
and only if f is completely monotone: (—1)"f(") > 0 for every n > 0. For all these notions, we
refer to [0, 33].

The proof of Lemma 3.1 is short and self-contained. It relies on the fact that the convexity of the
functional is equivalent to the fact that W is a weakly positive definite kernel, which is typically the
case when W is a mixture of shifted Gaussian kernels, which are the most useful weakly positive
definite kernels. For example this works if for some arbitrary measurable «, 8 : R — R and Borel
measure 7, and every z,y € R%,

Waa) = wlo =) = [~ (O 1 5(0)) anco)

The shift 5 can be < 0, which allows non positive definite kernels such as the logarithmic kernel
(note that the Riesz kernel is positive definite). The method is used for the logarithmic kernel in
[4, Proof of Property 2.1 (4)] with the following mixture:

1 1 @yl
log —— :/ —(eT — ez_lt> dt.
|z —yl o 2t

This kernel has a sign change and a double singularity near zero and infinity, which can be circum-
vented by using a cutoff. Alternatively, one may proceed by regularization and use the Bernstein
theorem with the completely monotone function f(t) = (¢ +¢)~?, 8, > 0, and then the Schoen-
berg theorem, see e.g. [39]. For instance, for the logarithmic kernel, the following representation is
used in [31, Chapter 5]:

1 o0 1 1
SR Ve
e+ |z —y| 0 et+l+|z—yl 14t

Finally, let us mention that for the Riesz kernel, yet another short proof of Lemma 3.1, based on
the formula ko = ckqy )9 * kq 2, can be found in [34, Theorem 1.15 p. 79].

Proof of Lemma 3.1. Set f:=d — a. We start from the identity,

Nl+4+a)= CHO‘/ e~ dt, ¢>0, a>—1.
0
Taking ¢ = |z — y|2 and 1 + o = /2, we get, for every z,y € R%,
a9 = [T here g0 = L
oz —y) = t)e T t, where t) ;= .
0 r'(8/2)
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Now for every u € M such that J, (1) < oo,

Ja(p) = /Ooof(t) (//6‘”‘1"2 du(w)du(y)) dt.

Expressing the Gaussian kernel as the Fourier transform of a Gaussian kernel, we get, by writing
ellr—yw) — gilw,w)o—i{y,w) and using the Fubini theorem,

/ /e*tlz*y\z dp(x)dp(y) = (4mt) =42 / / ( /R de“ffmerlf‘““ dw) dp(@)dp(y)

2
= (4art) =2 /]Rd /ei<m’w> du(z)

e~ 31wl gy,
Ky (P‘)
Now K, is clearly convex since for every u,v € M;(R%) and every t € (0,1),
Ky (p) + (1 — ) Kyw(v) — Ky(tp + (1 = t)v) il
t(1—1)

It follows then that .J, is also convex as a conic combination of convex function. Let us establish
now the strict convexity of J,,. Let us suppose that u, v € M;(R?) with J, (1) < oo and J,(v) < oo
and tJo(p) + (1 — ) Jo(v) = Jo(tpe + (1 — t)v) for some ¢ € (0,1). Then
o tJa(M) + (1 — t)Joz(V) — Joz(t:u’ + (1 — t)y)
B t(1—t)

2
> 0.

=Ku(p-v)=

Ja(u_l/) =0.

Arguing as before, we find
0=Jalu—v)= / () {(4“)‘51/2 Ko(p—v)e 31 dw | dt.
0 R4

Hence, for every ¢t > 0 (a single ¢ > 0 suffices in what follows)

Ky(p—v) e~ w1l gy = 0.

Rd
Thus, the Fourier transform of p — v vanishes almost everywhere, and therefore p = v.
Finally, £, + is clearly a cone, and its convexity comes from the convexity of J,,. 0

Following [34, p. 62], for any u = pu4 — u— € My such that uy € My, we have UL* < oo
Lebesgue almost everywhere, and we may define for Lebesgue almost every x

UL (z) := ULt (x) = U§~ (2) € (=00, +00).
Following [34, p. 77], for every pn = puy — p— € My such that py € My, and
/Ugj+ dpy— < oo and /Ué‘* dpy < oo,

we may define J,, (1) € (—oo, +0o0] as (thanks to the Fubini theorem)
Joli) = [Okdn = [v2sdp v [U2-dn- [ dn- ~ [ ds.
More generally, for every p1, jio € My such that g4, o+ € Mo and
/U&“iduﬁ < 00
we may define J, (11, 12) € (—00, +00] by
Tolproia) = [ due = [V duas v U2 dpa [0 dpa — [0 d.
Following [34, p. 78], since k, is symmetric, then the reciprocity law holds:

Ja(pr, p2) = Ja(p2, 1) e /U&“ dpo = /U52 dp.

Let &, be the set of elements of ML for which J, makes sense and is finite. As pointed out by
N.S. Landkof [34] in his preface, a very nice idea going back to H. Cartan consists in seeing J,
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as a Hilbert structure on £,. This idea is simply captured by the following lemma, which is the
analogue of Lemma 3.1 for signed measures of finite energy.

Lemma 3.2 (Properties of (Eq, Ja)).

o J, is lower semi-continuous on &, for the vague topology (i.e. with respect to continuous
functions with compact support);
o &, is a vector space and (u1, p1a) — Jo(u1, u2) defines a scalar product on &, .
In particular for every p € E,, we have Jo, (1) = Jo(u, 1) > 0 with equality iff 1 = 0; and moreover,
Jo : Eq > (—00,00) is strictly convex: for every u,v € E, with u # v,

tdo(p) + (1 =) Jo(v) — Jo(tu+ (1 —t)v)
t(1—1t)

vt € (0,1), =Jo(p—v) >0.

Proof. The lower semi-continuity for the vague convergence follows from the fact that k, > 0,
see [34, p. 78]. The vector space nature of &, is immediate from its definition. The bilinearity of
(1, p2) = Jo(p1, p2) is immediate. By reasoning as in the proof of Lemma 3.1, we get J, (i, 1) > 0
for every u € &,, with equality iff © = 0. 0

Following [34, Theorem 1.18 and 1.19 p. 90], for this pre-Hilbertian topology, it can be shown
that £, 4 is complete while &, is not complete if o > 1, and that J, is not continuous for the
vague topology.

3.2. Capacity and “approximately/quasi everywhere”. The notion of capacity is central
in Potential Theory. We just need basic facts on zero-capacity sets. Once more we follow the
presentation of Landkof ([34, Chapter II.1]), to which we refer for additional details, references
and proofs.

For any compact set K consider the minimization problem

Wo(K) = inf{J(v);v € M1 N Eq,supp(v) C K}.

The boundedness of K implies that W, (K) € (0,00]. Its inverse C,(K) is called the capacity of
the compact set K. The capacity of K is zero if and only if there is no measure of finite energy
supported in K.

On general sets on can define an “inner capacity” and an “outer capacity” by

C,(A) =sup{C,(K),K C A, K compact},
Cyo(A) = inf{C,(0),A C O,0 open}.

It can be shown (see [34, Theorem 2.8]) that if A is a Borel set, these two quantities coincide — A
is said to be “capacitable” and the common value is called the capacity of A.

A property P(z) is said to hold “approximately everywhere” if the set A of x such that P(x)
is false, has zero inner capacity, and “quasi-everywhere” if it has zero outer capacity. For many
“reasonable” P(z), the set A is Borel and the two notions coincide. The following result ([34,
Theorem 2.1 & 2.2]) shows that, for such “reasonable” properties, “quasi-everywhere” means “v-
almost surely, for all measures v of finite energy”.

Theorem 3.3 (Zero capacity Borel sets). A Borel set A has zero capacity if and only if, for
any measure v of finite energy, v(A) = 0. In particular, if Co,(A) > 0, A has a positive inner
capacity, and there exists a compact K C A and a probability measure v of finite energy such that
supp(v) C K.

3.3. The Gauss averaging principle. In the classical Coulombian case (o = 2), we will need
the following result, known as Gauss’ averaging principle. In R?, for all 7 > 0, let o, be the surface
measure on the sphere 9B(0, r); its total mass is o4r?~! where o4 is the surface of the unit sphere.

Theorem 3.4 (Gauss’ Averaging Principle). In RY,

1 1 — if |z| <7
o / ——— 5 dor(y) =3
04 Jop(o,r) |z — y a2 if x| > r.

This result can be found in [30], Lemma 1.6.1 p. 21.
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4. PROOF OF THE PROPERTIES OF THE MINIMIZING MEASURE

The proof of Theorem 1.2 is decomposed in two steps. We begin by proving the existence,
uniqueness and the support properties of uy in Section 4.1. The characterization of pu, is proved
in Section 4.2.

Recall that, for a probability measure u, we have defined

1
(1) = 5 Ja(p) +/Vdu-
In this section we consider the following minimization problem:
P inf {I(p),n € My} (4.1)

4.1. Existence, uniqueness and compactness of the support. The existence of a minimizer
for P is clear since we have already seen that I has compact level sets.
Since I(pt) < oo implies that p € &, and [V du < oo, the problem P is equivalent to

Po :inf {I(p), p € My N E, such that V € L' (p)} (4.2)

in that they have the same values and the same minimizers. Let us call p the common value.
Suppose 1 and v are two measures in M; NE, such that V € LY (u) NLY(v). Let ¢ : t € [0,1] —
[0,00) by

W) = I((1— )+ tv) (4.3)
- %Ja((l—t)u-i—ty)—l—(l—t)/Vdu—i—t/Vdu.

By Lemma 3.2, v is strictly convex if p # v. If g and v minimize I, then they are in M; N &,,
so ¢ is well-defined, and since ¢(0) = I(x) = I(v) = ¢(1), 1 must be equal to v. Therefore the
minimizer p, is unique.

Let us now prove that p, has compact support. This result also holds in dimension 2 with the
logarithmic potential, see [47, Theorem 1.3, p. 27]. To this end, let us define, for any compact K,
a new minimization problem:

Pr inf {I(p), n € My NEy,supp(u) C K},
and let px be the value of P.

Lemma 4.1 (Reduction to restricted optimization problem). Let K be a compact set, and suppose
that V(x) > 2p+3 when x ¢ K, where p is the common value of P, Py, (defined by (4.1) and (4.2)).
Then the problems P and Px are equivalent: their values p and px are equal, the minimizer exists
and is the same. In particular, the minimizer u, of the original problem P satisfies supp(uy) C K.

Proof. Suppose p is such that I'(u) < p+ 1. We will prove that, if u(K) < 1, we can find a
L, supported in K such that I'(ux) < I(p). This clearly implies that the two values px and p
coincide. Since we know that the minimizer u, of the original problem exists, this also proves that
it must be supported in K.
Let us now construct g as the renormalized restriction of p to K. First, remark that p(K)
cannot be zero, since
p+121(u) > (1 - pu(K))(2p+3).

Therefore we can define 1
A) = ——pu(KNA).

Since by assumption u(K) < 1, we may similarly define pge. The measure p is the convex
combination
p=p(K)pr + (1= p(K))pce.
The positivity of V', W, and the choice of K imply that

1) = 3 () + (K) / Vdux + (1 - p(K)) / V djugce
1

> Sl dau) + w()? [V + (1= w(K)) 20 +3),
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since J, (ftxe) and the interaction energy J, (pix, ptice) are both non negative. Therefore
I(k) = p(K)* 1 (uxe) + (1 = p(K))(2p + 3).
Assume that I(ug) > I(p). Then
I()(1 = p(K)?) > (1= p(K))(2p + 3).
Using the fact that I(x) < p+ 1, and dividing by 1 — u(K), we get
20p+1) = (p+ D1+ u(K)) = 2p +3,
a contradiction. Therefore I(ug) < I(u), and the proof is complete. O

4.2. A criterion of optimality. In this section we prove the items (5), (6) and (7) of Theo-
rem 1.2. The corresponding result in dimension 2 for the logarithmic potential can be found in [47,
Theorem 3.3, p. 44]. We adapt it, using fully the pre-Hilbertian structure rather than the principle
of domination when it is possible.

Proof of item (5) of Theorem 1.2. We already know that p,. has compact support. The first step
is to show that p, satisfies (1.8) and (1.9). Let p = uy, and let v be in v € My N &, such that
V € LY(v). Recall the function 1 from (4.3):

B(t) = 1((1 = s + ).
Since J, is quadratic we get

’l/J(ﬁ) - /Vdu*+t/Vd(V_ﬂ*) + %Ja(ﬂ*‘f't(l/_ﬂ*))

= /V dps + t/V d(v — p) + %(Ja(u*) + 2 Ja(V — pe) + 2tJo (b, v — i)
Therefore
V'(t) = /V d(v — ) + tJa (v — p) + Ja (b, v — ). (4.4)

Since j1, minimizes I, ¢'(07) must be non-negative.

OS/Vd(V—u*HJa(u*,V—u*)
< /le/wLJa(u*,l/) — </Vdu*+Ja(u*)>

g/(V—i—Ug*)du—C*.

Therefore:
Vv e MiNé&,, /(V—i—Ug* —Cy)dv > 0. (4.5)

Since this holds for all v, V + U#~ is greater than C, quasi everywhere. Indeed, let A = {x, V (x)+
Uk~ (x) < Cy}. Since V + Uk~+ is measurable this is a Borel set. Suppose by contradiction that its
capacity is strictly positive. By Proposition 3.3, there exist a compact set K C A and a measure v
with finite energy supported in K. For this measure [V + Ul* dv < C,, which contradicts (4.5).
This proves (1.8).

Let us prove (1.9). Suppose V() + U+ (x) > C for some x € supp(puy). Since V + UK+ is lower
semi-continuous, we can find a neighborhood U of z, and an 1 > 0 such that

Veeld, V(x)+Uk-(x)>Ci+n.
Therefore

/(V'i‘Ug*)dlu*Z(C*+77)N*(u)+/ (V"'Ug*)dﬂ*-
R\

Since V + Uk~ > C, quasi everywhere, and i, has finite energy, this holds p, almost surely, so

This is impossible since 1, (U) > 0, by definition of the support. Therefore (1.9) holds. O
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Proof of item (6) of Theorem 1.2. Let u € £, N Mj(R?) be such that V € L!(v). It is enough to
show that, if (1.12) and (1.13) hold, then u = u,. We argue by contradiction and suppose p # fi4.
Consider again the function ¥ (with v = u): ¥(t) = I((1 — t)u, + tu), t € [0,1]. According to
Lemma 3.1, this function is strictly convex, therefore /(1) > +’(0) > 0. The explicit expression
of ¢/ (Equation (4.4)) gives:

0<y'(1) = /Vd(u = p) + Jalpt = prx) + Ja(pas 0 — p)

= /Vdu - /Vdu* + Ja(p) = Ja (g, po)-
Therefore:
/(U,ﬁerV) dp,e < /(U,ﬁerV) du. (4.6)

On the other hand, integrating (1.12) with respect to p and (1.13) with respect to u, yields:

Jwrsvyanses fwrs vy,
which contradicts (4.6) and concludes the proof. O

To prove the last result of Theorem 1.2 we recall the following classical result.

Theorem 4.2 (Principle of domination). Suppose o < 2. Let p and v be two positive measures in
€, and ¢ a non negative constant. If the inequality

UL(z) SUL(x) +c
holds p-almost surely, then it holds for all x € R?.
Proof. In the Coulomb case o = 2, [34, Theorem 1.27, p. 110] applies, since UY is positive and

super-harmonic. If & < 2, the potential U is a-superharmonic, so we can apply [34, Theorem 1.29,
p. 115] and get the result. O

Proof of item (7) of Theorem 1.2. We follow the proof of Theorem 1.3 in [21]. Arguing by contra-
diction, let us suppose that, for some measure yu, and some € > 0,

sup (UF4+V)<C,—e.
supp ()
By (1.9), this implies that
UL(z) + e <UL (2),
for all z € supp(u). Let n be the equilibrium (probability) measure of supp(p): UZ(z) = C), on
supp(u), therefore
U5+(€/Cn)ﬂ < Uk~

for all « in supp(u). By the principle of domination this holds at infinity. Since for any compactly

p(R?)
‘I‘dfa

supported p, UH(x) ~ at infinity, we get a contradiction:

(1+¢/Cy) <1
Similarly, if
7oinf (Ul (z) + V(x)) > C,

supp(f+)

then UK 4+ V > Cy 4 € q.e. on supp(py), so
Ub(z) > Uk (x) +€, py—as.

The same proof as before applies to get a contradiction. O
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4.3. Radial external fields in the Coulomb case — Corollary 1.3. For the sake of com-
pleteness, let us finally give a proof of the result mentioned in Corollary 1.3.

Changing V into SV, we can assume without loss of generality that g = 1.

Recall that V is supposed to be radially symmetric and of class C2: there exists v : Ry — R
such that V(x) = v(|z|).

In this case it is thus natural to look for a radially symmetric equilibrium probability measure.
Guided by the results of [47], let us consider an absolutely continuous probability measure i, such
that supp(p) = {z € R%rg < |z| < Rp} for some 0 < ro < Rg and such that du = M(r) do,.dr,
where M : [rg, Ro] — Ry is assumed to be continuous.

First let us calculate the potential of p. Using the Gauss’ averaging principle (Theorem 3.4), it
holds

U a) = [ [ M)W ) do )i
- /M(r) /BB(O,T) | —z|d_2 dar{y)dr

— 1 x|>r 1 z|<r
= 0q /M(T)Td 1( |2|;i2} + {T‘d‘__Q }> d’f’

|z| 0
= —|szd—2 ; M(r)yrt=tdr 4 o4 . M (r)r dr. (4.7)

Thus UY (z) = u(|z|), for some function u of class C*.

Now, let us consider Condition (1.10). It holds if and only if there exists some C such that
u(r) = C —o(r) for all » € [ro, Rp]. This is obviously equivalent to the conditions u'(r) = —v'(r)
for all 7 € [rg, Ro] and u(Rg) = 1/RI™2 = C' — v(Rp) (here we use that oy fORU M(r)ri=tdr =1).
Observing that

oa(d—2) [T _
w(r) = —— i M ()t at,
we see that u' = —v’ on [rg, Ro] if and only if v/(Rg) = —v'(Ro) which amounts to w(Ry) = d — 2
and M(t) = Ud(;_Q)‘;,—Etl), for all t € [rg, Ro|, where we recall that w(t) = t4=/'(t), t > 0. The

condition o4 fOR” M (r)r?=1 dr = 1 implies that 15 (w(Ro) — w(rg)) = 1 and so w(ro) = 0. In the
case where w is increasing this determines uniquely ro = 0 and Ry = w1 (d —2). In the case where
v is supposed to be convex, we see that w is increasing on [ag, co| with ag = inf{¢t > 0;¢/(t) > 0}
and w < 0 on [0, ag]. Therefore Ry is uniquely defined and reasoning on the support of u easily
yields to the conclusion that rg = ag. In all cases, the probability p is uniquely determined and
C =1/RI7? 4+ v(Ry).

It remains to check that this probability p satisfies also Condition (1.11). If r = |z| > Ry, then
Ul (x)+V(2) = == +ov(r) > ﬁ +v(Ro) = C, since it is easy to check that r — — + v(r) is
increasing on [Ry, c0). In the cas[é where v is convex and r < rg, an integration by parts yields to

Ro w’ Ro
Ul (z) = (di2) /m tdi) dt:d12/m (d—1)v'(t) + t" (t) dt

— v(Ro) — v(r) + # — O —v(re) > C — v(r),

since v is non-increasing on [0, 7). Therefore, in all cases Uj'(x) + V(x) > C for every x € RY,
which completes the proof of the characterization of the equilibrium measure.

Finally, if the external field V is quadratic, i.e. if v(r) = 72, then w(r) = 2r? and so ro = 0,
Ry = ((d —2)/2)"/% and M(r) = #‘{2)1{@530}. In other words, the equilibrium probability

measure is uniform on the ball centered in 0 and of radius ((d — 2)/2)"/.

4.4. Prescribed equilibrium measure. In this section we prove Corollary 1.4. We will need
the following elementary lemma.
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Lemma 4.3 (Regularity of Riesz potential). Let 0 < o < d, d > 1, and let u be a probability mea-
sure with a density f € Lloc(Rd) for some p > d/a. Then U¥ is continuous and finite everywhere
on R,

Proof. For all n > 1, define

- / f(y) min(ns ka, (¢ — y)) dy
and
Su(x) = Ul (x) — Ra(x) = / F@)lka, (z — ) — nl4 dy.

It follows from the dominated convergence theorem that R,, is continuous on R%. Let us show that
Sy converges to 0 uniformly on compact sets, which will prove the claim. Let ¢ := p/(p — 1) be
the conjugate exponent of p; applying Holder inequality yields to

0< S /f |d o 1B(z,n*1/(d*a))(y) dy

1/q
< Ul s ([ ey Lt 0o ()

= ||f||p,B(z,1)€n7

1/q
1 1/(d=e) . . .
where &, 1= ad/q ( fo Wl%dﬂ du) and where g, is the surface of the unit Euclidean

ball. The condition p > d/« is equivalent to g(d—a)—d+1 < 1 and so €y, is finite for alln and ,, — 0
as n — 0o. We conclude from this that if K is a compact set of R? and K; = {z € R% d(z, K) < 1},
it holds

sup |Sp|(z) < |[fllp.x18n,
rzeK
which completes the proof. O

Proof of Corollary 1.4. Lemma 4.3 above shows that U~ is continuous and everywhere finite on
R?. Since p, is compactly supported, U#*(z) — 0 as |z| — oo. Therefore V(z) — oo, when
|2| = oo. This proves (H2). The other assumptions are straightforward. By the very definition of
V', it holds

Ubs(z) +V(z) >0, VaecRY
with equality on B(0, R) 2 supp(u). According to point (6) of Theorem 1.2, this proves that p. is
the (unique) minimizer of I. The last assertion follows from point (4) of Theorem 1.2. |
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