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On some open questions in bilinear quantum control

Ugo Boscain', Thomas Chambrion?, and Mario Sigalotti?

Abstract— The aim of this paper is to provide a short intro-
duction to modern issues in the control of infinite dimensional
closed quantum systems, driven by the bilinear Schrodinger
equation.

The first part is a quick presentation of some of the numerous
recent developments in the fields. This short summary is
intended to demonstrate the variety of tools and approaches
used by various teams in the last decade. In a second part,
we present four examples of bilinear closed quantum systems.
These examples were extensively studied and may be used as a
convenient and efficient test bench for new conjectures. Finally,
we list some open questions, both of theoretical and practical
interest.

I. INTRODUCTION
A. Control of quantum systems

The state of a quantum system (e.g. a charged particle)
evolving on a Riemannian manifold €2 is described by its
wave function 1), an element of L?(Q2, C). When the system
is submitted to an external field (e.g. an electric field),
the time evolution of the wave function is given by the
Schrédinger equation

Oy

i = (—A+ V(@) + uW (@)(d),
where A is the Laplace-Beltrami operator on 2, V is a
potential describing the system in absence of control, u is
the scalar (time variable) intensity of the external field and
W : Q — R is a potential accounting for the properties of
the external field.

A natural question, with many practical applications, is to
determine how to build (if it is possible) a control u that
steers the wave function ¢ from a given source to a given
target.

z e

B. Framework and notations

We set the problem in a more abstract framework. In
a separable Hilbert space H, endowed with the Hermitian
product {, ), we consider the following control system

d
T = (A+un)B), M
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where (A, B) satisfies Assumption 1.
Assumption 1: (A, B) is a pair of (possibly unbounded)
linear operators in H such that

1) A is skew-adjoint on its domain D(A);

2) there exists a Hilbert basis (¢ )ren of H made of
eigenvectors of A: for every k, Agr = i\po) with Ay
in R and A\, tends to —oco as k tends to oo ;

3) for every j in N, ¢; belongs to D(B), the domain of
B;

4) there exists U C R containing at least 0 and 1 such
that A+uB is essentially skew-adjoint (not necessarily
with domain D(A)) for every u in U;

5) (Bo;,¢r) = 0 for every j,k in N such that \; = X
and j # k.

If (A, B) satisfies Assumption 1, for every v in U, A+uB
generates a unitary group of propagators ¢t — el(At+uB) By
concatenation, one can define the solution of (1) for every
piecewise constant functions « taking value in U, for every
initial condition ¥y given at time to. We denote this solution
t — T, %o. To the best of our knowledge, it is not possible
to define the propagator Y* for controls w that are not
piecewise constant in the general framework of Assumption
1. With some extra regularity assumptions, it is possible to
extend the definition of Y to more general controls. For
instance, if B is bounded, T admits a continuous extension
to the set Ll(R7 R) (see [1, Proposition 1.1]).

The framework of Assumption 1 is, in one sense, too
general for the purpose of quantum mechanics. For instance,
it includes the example of Section I-A with H = L*(Q, C)
and V any L°° function. Following Cohen-Tannoudji et al.,
[2, Figure 7a, page 35 and Section II-A-1, page 94], one of
the most physically relevant cases is precisely the one where
the potentials V' and W and the wave functions are smooth.

“From a physical point of view, it is clear that
the set L2(£2,C) is too wide in scope: given the
meaning attributed to |¢)(x, )|2, the wave functions
which are actually used possess certain properties
of regularity. We can only retain the functions
¥ (x,t) which are everywhere defined, continuous,
and infinitely differentiable”

This is the main motivation for the notion of weak-coupling
(see [3]).

Definition 1: Let k > 0. A pair (A4, B) satisfying As-
sumption 1 is k-weakly-coupled if

1) forevery u in R, A+uB is skew-adjoint with domain
D(A);
2) for every u € R, D(JA + uB|k/2) = D(|A|"°’/2);



3) there exists d > 0 and r < k such that |By| <
d|[|A|"/?4|| for every v in D(]A|*/?);
4) there exists a constant C' such that, for every v in
D(|A]), [R(|Al*, By)| < C[(|A[*y, ¥)].
If (A, B) is k-weakly-coupled, the coupling constant
ck(A, B) of system (A, B) of order k is the quantity

[R(A[" ¥, By)|
[(1AF, )

We denote by PC(U) the set of piecewise constant
functions w such that there exists two sequences 0 = t; <
o < ... < thrl and UL, Uy« .y Up in U\{O} with

p
u= § :ujl[tjatj+1)'
Jj=1

The operators A and B can be represented by infinite
dimensional matrices in the basis (¢x)ren. For every j, k,
we denote bj, = (¢;, Boy). For every N, the orthogonal
projection wn : H — H on the space spanned by the first
N eigenvectors of A is defined by

sup
YED(|A|*)|Ap#0

N
mn(z) = Z(qﬁk, x)dp for every x in H.
k=1

Let Ly be the range of mx. The compressions of A and B at
order N are the finite rank operators AY) = 7y Az, and
BWN) = 7N Bz, respectively. The Galerkin approximation
of (1) of order N is the system in Ly

i = (AN 4 4By, )
whose propagator is denoted with X ZLN)'

A pair (j,k) in N? is a non-degenerate (also called non-
resonant) transition of (A4, B) if b, # 0 and, for every I, m,
[Aj — Akl = [N\ — Am| implies {j,k} = {l,m} or {{,m} N
{j,k} = 0.

A subset S of N2 is a chain of connectedness of
(A, B) if for every j, k in N, there exists a finite sequence
p1 = j,p2,...,pr = k for which (p;,p;+1) € S and
(bpi1s Bop,) # 0 for every I = 1,...,7 — 1. A chain
of connectedness S of (A, B) is non-degenerate if every
element of S is a non-degenerate transition of (A, B).

C. Content of the paper

Sections II and III present a short review of results availa-
ble in the literature about exact and approximate controllabil-
ity of infinite dimensional bilinear quantum systems. Section
IV collects four examples of bilinear quantum systems that
were extensively studied in the last decade. Finally, we
suggest five questions in Section V that we think both
important and natural.

II. EXACT CONTROLLABILITY

A. Obstructions to exact controllability

The first result about bilinear control is a general negative
result due to Ball, Marsden and Slemrod [4]. It was adapted
to the case of bilinear quantum systems by Turinici [5] in
the following form:

Proposition 1 ([5]): Let (A, B) satisfy Assumption 1 and
B be bounded. Then, for every r > 1, for every 1)y in D(A),
the attainable set from 1)y with controls in L", { T tbo|u €
L"(R,R)} is a countable union of closed sets with empty
interior in D(A). In particular, this attainable set has empty
interior in D(A).

Proposition 1 admits a natural extension in the case of
weakly-coupled systems:

Proposition 2 ([3, Proposition 2]): Let (A,B) be k

weakly-coupled and B be bounded. Then, for every ¢ in
D(|A|*/?), for every u in L' (R, R), for every t > 0, T o%0
belongs to D(|A|*/?). In particular, { Y} ytholu € L'(R,R)}
has empty interior in D(|A|"/2) for every r < k.
Most of the bilinear quantum systems encountered in the
literature are k weakly-coupled for every & > 0. Notice
that the eigenvectors of A are in D(|A[¥) for every k. As
a consequence, the attainable set for such a system from
any eigenvector of A is contained in NgsoD(|A|F), the
intersection of all the iterated domains of A.

B. Attainable set of the infinite square potential well

The results of Section II-A do not exclude exact control-
lability on a sufficiently small subset of H. In a series of
paper ([6], [7]), Beauchard et al. determined the attainable
set for the infinite square potential well.

Theorem 3: Consider the bilinear Schrodinger equation

i— = —A¢y +uxy(t), =€ (0,1).

The attainable set with L? controls from the first eigenstate
of the Laplacian is exactly the intersection of the unit sphere
of L?((0,1),C) with H(g’o) = {¢y € H3((0,1),C) | ¥(0) =
P(1) =¢"(0) =¢"(1) = 0}

III. APPROXIMATE CONTROLLABILITY
A. Lyapunov techniques

Because of the specific features of quantum systems and,
in particular, of the effects of the measurements on its
evolution, classical closed-loop control strategies cannot be
directly implemented in the Schrodinger framework. Nev-
ertheless, the strategy consisting in identifying a Lyapunov
function that measures the distance from the desired final
state (or the distance from a trajectory that one wants to
track) and that can be forced to decrease towards zero by a
suitable state-dependent choice of the control parameter can
be used to obtain, via simulation, open-loop control laws that
approximately steer the system towards the prescribed goal.
This approach has been explored in [8] and refined in [9]
for systems evolving in a finite-dimensional Hilbert space
H. The proof of the convergence towards the goal adapts
the classical Jurdjevic—Quinn method [10] and is based on
the LaSalle invariance principle.

In the case where H is infinite-dimensional, generaliza-
tions of the previously mentioned results have been obtained
by suitably adapting LaSalle invariance principle (see, in
particular, [11], [1], [12], [13] for the case where the drift
operator of the bilinear Schrodinger equation has discrete-
spectrum).



B. Geometric techniques: general case

Definition 2: Let (A, B) satisfy Assumption 1, (j, k) be
a pair of integers such that \; # Ay and v* : R — U be
T = 27 /|\j — Ag|-periodic and not almost everywhere zero.
The number

‘foTu*(T)ei(/\f_’\k)TdT
= T
Jo lwr()|dr

is called the efficiency of u* with respect to the transition
(4, k) of (A, B).

Proposition 4 ([14, Theorem 1]): Let (A, B) satisfy As-
sumption 1 and U be such that U/n C U for every n €
N. Let (1,2) be a non-degenerate transition of (A, B). If
u* : R — U is 27 /| Ay — \a|-periodic with Eff (1 o)(u*) # 0
and Eff(; )(u*) = 0 for every j, k such that [\; — \x| €
N|A2 — A1] and {j, k} # {1,2}, then there exists 7™ > 0
such that |{¢2, TZT/*"O¢1>| tends to 1 as n tends to infinity.

Proposition 5: Let (A, B) satisfy Assumption 1 and admit
a non-degenerate chain of connectedness. Then, for every
€ > 0, for every unitary operator T in U(H), for every n in
N, there exists a piecewise constant function . : [0, T;] —
U such that || Y% ,¢; — To,|| <eforl<j<n.

Proof: The 6riginal proof given in [15] is a particular
case of Proposition 4 (see [15, Proof of Lemma 4.3] for
an explicit construction of w*). This proof is valid if U
accumulates at zero. Thanks to [16, Proposition 3], one can
replace the sequence u*/n by a sequence of controls taking
value in {0, 1}. [ |

Proposition 6: Let (A, B) satisfy Assumption 1 and admit
a non-degenerate chain of connectedness S. Then, for every
e > 0, for every (4, k) in .S, there exists a piecewise constant
function u. : [0, 7] — U such that || Y% ,é; — &% < e and

fuellzr < s
S 4lgn, Béy)|” .

Proof: In the case where U accumulates at zero, this is
[15, Proposition 2.8]. The general case U = {0,1} follows
from [16, Proposition 3]. |
A lower bound of the L' norm of the control needed to
induce a transfer from a wave function 1), in the unit sphere
of H is given by [17, Proposition 4.6]:

“<¢n77/)a>| - |<¢n7’r?,07/)a>” ¢
sup Bl < /O|U(7')|d7'

for every (A, B) satisfying Assumption 1, every ¢t > 0, and
every piecewise constant u taking value in U.

Eﬁ‘(j7k) (u*)

neN

C. Geometric techniques: weakly-coupled systems

Proposition 7 ([3, Proposition 2]): Let (A, B) satisfy
Assumption 1 and be k-weakly-coupled. Then, for
every ¢ € D(JA|*?), K > 0, T > 0, and u

iecewise constant such that |lu|l;: < K, one has
4 )] < eonth ) ag )

Proposition 8 ([3, Proposition 4]): Let k in N and
(A, B) satisfy Assumption 1 and be k-weakly-coupled. Then
for every ¢ > 0, s <k, K > 0,n € N, and (¢j)1<j<n in

D(]AJ*/2)™ there exists N € N such that for every piecewise
constant function u

lullpr < K = |4

F(YE () = X{ (8, 0wy )| <e,

foreveryt>0and j=1,...,n.

Remark 1: Notice that, in Propositions 7 and 8§, the upper

bound of the |A|*/2 norm of the solution of (1) or the bound
on the error between the infinite dimensional system and
its finite dimensional approximation only depend on the L'
norm of the control, not on the time.
The a priori bound for the |A|*/? norm combined with
an interpolation argument allows to deduce approximate
controllability in |A|T/ 2 norm from the approximate control-
lability in A° norm (i.e., the norm of H):

Proposition 9: Let (A, B) satisfy Assumption 1, be k-
weakly-coupled and admit a non-degenerate chain of con-
nectedness. Then, for every € > 0, for every n in N, for every
unitary operator T in U(H), for every 7 < k/2, there exists
ue : [0,T¢] — {0, 1} such that |||A]"(T¢; — T;;OQSJ-)H <e
for j < n.

Proof: This would be [3, Proposition 5] if the controls
u, took value in (0, 1). The case U = {0,1} follows from
[16, Proposition 3]. ]

D. Other results

Let us mention in this section some other results concern-
ing quantum control problems on infinite-dimensional spaces
which do not satisfy Assumption 1.

First of all, some papers deal with the case where the drift
Hamiltonian has some continuous spectrum and consider the
problem of approximately controlling between the eigen-
states corresponding to the discrete part of the spectrum.
In particular, in [18] Mirrahimi considers the case of a
drift operator of the form —A + V on R?, where V is a
potential decaying at infinity. The controllability is proved
using a Lyapunov technique and estimating the interaction
with continuum spectrum thanks to Strichartz estimates.

Another important class of systems exhibiting continuous
spectrum is obtained by considering the ensemble control
of Bloch equations. The corresponding system consists in
a continuum of finite-dimensional systems coupled by the
control parameter only. Each system of the ensemble is
parameterized by a characteristic frequency. Controllability
results in this setting have been obtained in [19], [20], [21].

Other interesting class of problems is given by models for
a quantum oscillator coupled with a spin (see [22], [23]).
The spectrum in this case is discrete, but it intrinsically
presents degenerate transitions. The controllability results are
obtained exploiting the presence of more than one control.

Let us finally mention the widely used adiabatic methods.
They require the use of several controls (not only one,
as in Equation (1)) and rely on adiabatic theory and the
interesections of eigenvalues. Approximate controllability is
obtained through slow variations of the different controls (see
[24]).



IV. FOUR EXAMPLES
A. Infinite square potential well

The first example we consider describes a particle confined
in a 1D box (0, 7). This model has been extensively studied
by several authors in the last few years and it has been
the first quantum system for which a positive controllability
result has been obtained. Beauchard proved exact control-
lability in some dense subsets of L? first using Coron’s
return method ([6]), then standard linear test ([7]). Nersesyan
obtained approximate controllability results using Lyapunov
techniques ([11], [13]), which allowed to obtain the global
result (i.e., Theorem 3 recalled in Section II-B).

The Schrodinger equation writes

Oy 10%)

S = T30 u(t)zy(, t) (3)

with boundary conditions (0,t) = (m,t) = 0 for every
teR.

With our notations, H = L?((0,7),C) endowed with
the Hermitian product (11, 12) = [ 11 (x)¢(x)de. The
operators A and B are defined by Ay = i% gz‘f for every v
in D(A) = (HoNHR) ((0,7),C), and By : x +— iztp(z). A
Hilbert basis of H is (¢x)ren With ¢y : 2 +— sin(kx)/V/2.
For every k, Agy = —i(k?/2)¢y.

For every j, k in N,

(1)t 2y if j—k odd

0 otherwise.

bjs = (6. Béx) = {

Despite numerous degenerate transitions, the system is
approximately controllable (see [15, Section 7]).

One can directly check that (A, B) is 2-weakly-coupled.
By Proposition 2, the system cannot be k-weakly-coupled
for k > 3 (since the attainable set from any eigenvector
of A contains the intersection of the unit L? sphere with

Hfy, = D(JA]*/?)).
For example of control designs and numerical simulations,

we refer to [25, Section IV].

B. Harmonic oscillator

The quantum harmonic oscillator is among the most
important examples of quantum system (see, for instance,
[26, Complement Gy ]). Its controlled version has been
extensively studied (see, for instance, [27], [28]). In this
example H = L?(R, C) and equation (1) reads

Oy _1 2
15(‘@’” = 5(_A +2%) (. t) + ut)ry(z,t). 4)

A Hilbert basis of H made of eigenvectors of A is given by
the sequence of the Hermite functions (¢, )neN, associated
with the sequence (—i\,),en of eigenvalues where A, =
n — 1/2 for every n in N. In the basis (¢, )nen, B admits
a tri-diagonal structure

5 ifj=k—1,
(¢j, Bor) = _; BAL i = k4 1,

0 otherwise.

n

For every k in N, the system (4, B) is k-weakly-coupled
(see [3]) and

er(A,B) < 3F—1.

The quantum harmonic oscillator is not controllable (in
any reasonable sense) as proved in [27]. However, the
Galerkin approximations of (4) of every order are exactly
controllable (see [29]), and Proposition 8 ensures that any
trajectory of the infinite dimensional system is a uniform
limit of trajectories of its Galerkin approximations. This is
not a contradiction, since Proposition 8 does not say that
every trajectory of every Galerkin approximation is close to
the trajectory of the infinite-dimensional system having the
same initial condition and corresponding to the same control.
What happens for the quantum oscillator is that if one wants
to steer the Galerkin approximation of order NV of (4) from
a given state (say, the first eigenstate) to an e-neighbourhood
of another given target (say, the second eigenstate), the L!
norm of the control blows up as N tends to infinity. It is
compatible with Proposition 8 that the sequence of these
trajectories does not converge to a trajectory of (4).

To obtain an estimate of the order N of the Galerkin
approximation whose dynamics remains € close to the one
of the infinite dimensional system when using control with
L'-norm K, one can use [3, Remark 8] and we find that
I XM (£,0)p1 — iy Ty || < e provided ||ul[z: < K and

N=L/N+2 | 2N)! _y
o et <F

For instance, if X = 3 and ¢ = 104, this is true for N =
413.

C. Planar rotation of a linear molecule

The next example involves a bilinear Schrédinger equation
on a manifold with non-trivial topology.

We consider a rigid bipolar molecule rotating in a plane.
Its only degree of freedom is the rotation around its centre
of mass. The molecule is submitted to an electric field of
constant direction with variable intensity u. The orientation
of the molecule is an angle in Q = SO(2) ~ R/27Z. The
dynamics is governed by the Schrodinger equation

(6, 1) 02

i pramie (—W + u(t) cos@) P(0,t), 0.

Note that the parity (if any) of the wave function is preserved
by the above equation. We consider then the Hilbert space
H = {¢ € L*(Q,C) : ¢ odd}, endowed with the Hilbert

product {f,g) = fQ fg. The eigenvalue of the skew-adjoint

operator A = i% associated with the eigenfunction ¢y :
0 — sin(k0)/\/7 is —i\r, = —ik?, k € N. The domain of
|A|* is the Hilbert space HYX = {¢p € H?*(Q2,C) : ¢ odd}.
The skew-symmetric operator B = —icos# is bounded on
D(|A|*/2) for every k. For every k in N, (A, B) is k-weakly-
coupled ([3, proposition 8]). For every k in N, ¢ (A4, B) <

22k _1
.



From the point of view of the controllability problem,
notice that the operator B couples only adjacent eigenstates,
that is, (¢;, B¢;) = 0 if and only if |l — j| > 1. Since
M1 — N =20+ 1then {(j,]) e N2 : [l —j|=1}isa
non-degenerate connectedness chain for (A, B). Therefore,
by [3, Proposition 5] the system provides an example of
approximately controllable system in norm H*({, C) for
every k. Note that, since the eigenstates are in H"(Q, C)
for every k then the reachable set from any eigenstate is
contained in H*(§2, C) for every k.

D. Everywhere dense attainable set and no Good Galerkin
Approximation

To the best of our knowledge, the following academic
example does not appear in the physics literature. For « in
N, consider the following bilinear Schrédinger equation

a —1
¥ _ (%Aanz) +<%A+:p2) ]1/)

Vot
Fu(t)xtp(z, t), z € R. 5)

This strongly perturbed harmonic oscillator checks the
controllability conditions of [15, Proposition 2.8], with
H equal to the set of even L? functions on R, A =
—i[(—A/2 + 2?)* + (-A/2 + 2?)7!] and B = —iz* .
The bilinear Schrdinger equation is well-posed for piece-
wise constant nonnegative controls u (see [30, Theorems
XII.69 and XIII.70]). A basis of H made of eigenvec-
tors of A is given by (¢a,), where ¢y, is the k" Her-
mite function. A non-degenerate chain of connectedness
of (A,B) is {(j,j +1),j € N}. Since |(6;, Béj41)| ~
7% (g5, Boj+1)|71); € €' As a consequence, it is
possible to join (approximately) any energy level from
the first one with a control of L' norm less than
(57/4) 3 en [(85, Boja)| 7! < +oo. Hence the system
does not admit Good Galerkin Approximations in the spirit
of Proposition 8, since it is possible to reach arbitrary high
energy levels using controls with a given finite L' norm.

V. FIVE OPEN QUESTIONS
A. Attainable set of weakly-coupled systems

Most of the bilinear quantum systems we encountered in
the physics literature are k-weakly-coupled for every k > 0.
We have already seen that if (A, B) is k-weakly-coupled for
every k > 0, then the attainable set from any eigenvector
of A is contained in Ng~oD(|A[¥), the intersection of the
domains of all the iterations of A. This prevents a direct
application of the linear test used in [7] because of the
difficulty to endow Ng~oD(|A|*) (or a subspace of it) with
a Banach structure. But it does not forbid (a priori) the
eigenstates of A to be in the attainable set of the first
eigenstate. The complete description of the attainable set
from the first eigenstate is likely out of reach without new
powerful methods. One may consider the less challenging

Question 1: Let (A, B) be k-weakly-coupled for every
k > 0. Give (explicitly) a state 1/, not colinear to ¢; such
that there exist a control v in L*(R,R) and a time T > 0
for which Y7 g1 = .

B. Minimal time

Let (A, B) satisfy Assumption 1 and admit a non-
degenerate chain of connectedness. From Proposition 5, we
know that Us>o{Y¢(¢1|u € PC} is dense in H. We define

p= inf {T > ( such that UQStST{TﬁO(bﬂu S PC} = H}

It is classical that p > 0 if A is bounded, which is the case for
instance if H is finite dimensional. The computation of p is
difficult in practice. At present time, p is unknown for all the
examples of Section IV. An example (H = L?(R/27Z,C),
A = i(—A)* with a > 5/2, B : ¢ +— icos()1) has been
recently exhibited for which p = 0, see [31].

Question 2: Does it exist (A, B) k-weakly-coupled for

every k > 0 such that A is unbounded, B has no eigenvector
and p > 0?
A related question has been investigated by Beauchard and
Morancey in [32], where they give a set of sufficient condi-
tions for the attainable set of a 3-weakly-coupled system in
small time with small controls to have empty or non-empty
interior in D(|A[*/?).

C. Transfer time and size of controls

As previously said, large controls may, for some examples,
allow approximate controllability in arbitrarily small time.
For weakly-coupled systems, it can be easily proved (see
[31]) that an a priori bound on the L' norm of the control is
not compatible with approximate controllability in arbitrarily
small time. In practice (in particular when using adiabatic
methods), one often applies very small controls, what results
in large transfer time.

Question 3: An upper bound on the L' norm of the
control being given, what is the smallest possible time needed
to transfer a given system (A, B) from the first eigenstate of
A to the second one?

D. Minimal number of switches
In the case where B is bounded, the following computation
[ Aet ATy (A +uB —uB)e APy
< (A + uB)e By + Jul|| B
< [l AT A - uB)Y |+ [ull| B
< 1A+ 2[ull| B,

valid for every w in U, ¢ > 0 and % in the intersection of
the unit sphere of H and D(A), gives an upper bound of
variation of the energy of the system in term of the total
variation of the control u. This provides a lower bound of
the number of discontinuities of a piecewise constant control
taking value in {0, 1} to reach a given target.

Let (A, B) satisfy Assumption 1. If (A4, B) admits a non-
degenerate chain of connectedness, then for every v, in the
unit sphere of H, for every € > 0, there exists u. : [0, 7] —
{0, 1} such that || %, ;¢1—1s|| < e. Using [16, Proposition
3], it is possible to build u. with a number of discontinuities
of the order of 1/e.

Question 4: Is it possible to build u. with a number of

discontinuities of order o._,o | — |?
€



E. Good Galerkin Approximations for general systems

The existence of Good Galerkin Approximations is of
crucial interest for the theoretical analysis and the numerical
simulation of bilinear quantum systems. For systems that are
not weakly-coupled (e.g., example of Section IV-D), there
is no equivalent of Proposition 8 in general. However, if
(A, B) has the particular form A = —i(A 4+ V), B =iW,
with A the Laplace-Beltrami operator on a compact manifold
Q and V ) — R a smooth function, then for any
measurable bounded W : Q@ — R, (A, B) admits a Good
Galerkin Approximation. This can be proved by considering
Wy, : @ — R a smooth function 7n-close in L' norm to W.
(A,iW,,) is k-weakly-coupled for every k, thus Proposition
8 applies, and the trajectory of (A,iWW,) with control u is
|lu|lL1n close to the trajectory of (A,iW) with control w.
Conclusion follows by letting 7 tend to zero.

Question 5: Does it exist a system (A,B) with un-
bounded B that satisfies Assumption 1, is not k-weakly-
coupled for any £ > 0 and that can be approached, uniformly
with respect of the L' norm of the control, by its Galerkin
approximations?

Notice that the example of Section IV-D with o > 3 is
a counter-example to the natural idea “If B is A-bounded,
then (A4, B) admits Good Galerkin Approximations”.

VI. CONCLUSIONS

The variety of approaches and methods developed by
different authors in the last years to tackle the difficult
problem of the controllability of infinite dimensional bilinear
quantum systems is essentially the sign of the rich structure
and subtle nature of control issues in this context. It is likely
that new methods will be necessary to answer the many open
problems in the fields.

REFERENCES

[1] K. Beauchard and M. Mirrahimi, “Practical stabilization of a quantum
particle in a one-dimensional infinite square potential well,” SIAM J.
Control Optim., vol. 48, no. 2, pp. 1179-1205, 2009.

[2] C. Cohen-Tannoudji, B. Diu, and F. Lalo€, Mécanique quantique.
Paris: Hermann, 1973.

[3] N. Boussaid, M. Caponigro, and T. Chambrion, “Weakly-coupled
systems in quantum control,” To appear in IEEE Trans. Automat.
Control, 2013.

[4] J. M. Ball, J. E. Marsden, and M. Slemrod, “Controllability for
distributed bilinear systems,” SIAM J. Control Optim., vol. 20, no. 4,
pp. 575-597, 1982.

[5] G. Turinici, “On the controllability of bilinear quantum systems,” in
Mathematical models and methods for ab initio Quantum Chemistry,
ser. Lecture Notes in Chemistry, M. Defranceschi and C. Le Bris, Eds.,
vol. 74.  Springer, 2000.

[6] K. Beauchard, “Local controllability of a 1-D Schrodinger equation,”

J. Math. Pures Appl., vol. 84, no. 7, pp. 851-956, 2005.

K. Beauchard and C. Laurent, “Local controllability of 1D linear and

nonlinear Schrédinger equations with bilinear control,” J. Math. Pures

Appl., vol. 94, no. 5, pp. 520-554, 2010.

[8] M. Mirrahimi, P. Rouchon, and G. Turinici, “Lyapunov control of
bilinear Schrodinger equations,” Automatica J. IFAC, vol. 41, no. 11,
pp- 1987-1994, 2005.

[7

—

[9]

[10]

(11]

[12]

[13]

[14]

[15]

[16]

(171

[18]

[19]
[20]

[21]

[22]

(23]

[24]

[25]

[26]

[27]

(28]

[29]

(30]

(31]

(32]

K. Beauchard, J. M. Coron, M. Mirrahimi, and P. Rouchon, “Implicit
Lyapunov control of finite dimensional Schrodinger equations,” Sys-
tems Control Lett., vol. 56, no. 5, pp. 388-395, 2007.

V. Jurdjevic and J. P. Quinn, “Controllability and stability,” J. Differ-
ential Equations, vol. 28, no. 3, pp. 381-389, 1978.

V. Nersesyan, “Global approximate controllability for Schrodinger
equation in higher Sobolev norms and applications,” Ann. Inst. H.
Poincaré Anal. Non Linéaire, vol. 27, no. 3, pp. 901-915, 2010.

K. Ito and K. Kunisch, “Optimal bilinear control of an abstract
Schrodinger equation,” SIAM J. Control Optim., vol. 46, no. 1, pp.
274-287, 2007.

K. Beauchard and V. Nersesyan, “Semi-global weak stabilization of
bilinear Schrodinger equations,” C. R. Math. Acad. Sci. Paris, vol. 348,
no. 19-20, pp. 1073-1078, 2010.

T. Chambrion, “Periodic excitations of bilinear quantum systems,”
Automatica J. IFAC, vol. 48, no. 9, pp. 2040-2046, 2012.

U. Boscain, M. Caponigro, T. Chambrion, and M. Sigalotti, “A weak
spectral condition for the controllability of the bilinear Schrodinger
equation with application to the control of a rotating planar molecule,”
Comm. Math. Phys., vol. 311, no. 2, pp. 423-455, 2012.

N. Boussaid, M. Caponigro, and T. Chambrion, “Approximate control-
lability of the Schrédinger equation with a polarizability term,” 2012,
pp- 3024-3029, proceedings of 51st IEEE CDC.

T. Chambrion, P. Mason, M. Sigalotti, and U. Boscain, “Controllability
of the discrete-spectrum Schrddinger equation driven by an external
field,” Ann. Inst. H. Poincaré Anal. Non Linéaire, vol. 26, no. 1, pp.
329-349, 2009.

M. Mirrahimi, “Lyapunov control of a quantum particle in a decaying
potential,” Ann. Inst. H. Poincaré Anal. Non Linéaire, vol. 26, no. 5,
pp. 1743-1765, 2009.

J.-S. Li and N. Khaneja, “Control of inhomogeneous quantum ensem-
bles,” Phys. Rev. A, vol. 73, p. 030302, 2006.

, “Ensemble control of Bloch equations,” IEEE Trans. Automat.
Control, vol. 54, no. 3, pp. 528-536, 2009.

K. Beauchard, J.-M. Coron, and P. Rouchon, “Controllability issues for
continuous-spectrum systems and ensemble controllability of Bloch
equations,” Comm. Math. Phys., vol. 296, no. 2, pp. 525-557, 2010.
A. M. Bloch, R. W. Brockett, and C. Rangan, “Finite controllability of
infinite-dimensional quantum systems,” I[EEE Trans. Automat. Control,
vol. 55, no. 8, pp. 1797-1805, 2010.

S. Ervedoza and J.-P. Puel, “Approximate controllability for a system
of Schrodinger equations modeling a single trapped ion,” Ann. Inst.
H. Poincaré Anal. Non Linéaire, vol. 26, no. 6, pp. 2111-2136, 2009.
U. Boscain, F. Chittaro, P. Mason, and M. Sigalotti, “Adiabatic
control of the Schrodinger equation via conical intersections of the
eigenvalues,” IEEE Trans. Automat. Contr., vol. 57, no. 8, 2012.

N. Boussaid, M. Caponigro, and T. Chambrion, “Implementation of
logical gates on infinite dimensional quantum oscillators,” in American
Control Conference (ACC), 2012, june 2012, pp. 5825 —5830.

C. Cohen-Tannoudji, B. Diu, and F. Lalo€, Quantum mechanics, ser.
Quantum Mechanics. Wiley, 1977.

M. Mirrahimi and P. Rouchon, “Controllability of quantum harmonic
oscillators,” IEEE Trans. Automat. Control, vol. 49, no. 5, pp. 745—
747, 2004.

R. Illner, H. Lange, and H. Teismann, “Limitations on the control of
Schrodinger equations,” ESAIM Control Optim. Calc. Var., vol. 12,
no. 4, pp. 615-635, 2006.

S. G. Schirmer, H. Fu, and A. I. Solomon, “Complete controllability
of quantum systems,” Phys. Rev. A, vol. 63, p. 063410, May 2001.
M. Reed and B. Simon, Methods of modern mathematical physics.
1. Scattering theory. New York: Academic Press [Harcourt Brace
Jovanovich Publishers], 1979.

N. Boussaid, M. Caponigro, and T. Chambrion, “Small time reachable
set of bilinear quantum systems,” 2012, proceedings of 51st IEEE
CDC.

K. Beauchard and M. Morancey, “Local controllability of 1d
Schrodinger equations with bilinear control and minimal time,” 7o
appear in MCRF, 2013.




