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MODELING A HARD, THIN CURVILINEAR INTERFACE

FREDERIC LEBON

LMA, CNRS UPR 7051
Aix-Marseille University, Centrale Marseille
F 13402 Marseille Cedex 20, France

RAFFAELLA RIZZONI

Dipartimento di Ingegneria
Universitd di Ferrara
1 44122 Ferrara, Italy

ABSTRACT. In this paper, some results obtained on the asymptotic behavior of
hard, thin curvilinear interfaces i.e., in cases where the interphase and adher-
ents have comparable rigidities, are presented. The case of hard interfaces is
investigated in terms of cylindrical coordinates and some analytical examples
are presented.

1. Introduction. In this paper, the terms “interphase” and “interface” will be
used in line with the following definition: an interphase is a thin volumic zone
where exchanges occur between two materials or structures; and an interface is a
contact surface, as well as being a mathematical expression for an interphase. In the
fields of mechanical and civil engineering, interphases are known to play a crucial
role in structure assemblies. However, since they are so thin, it is difficult to account
directly for them in a complete analysis (the number of degrees of freedom is liable
to be very large in a computational model). The strategy used here to overcome this
problem consists in performing an asymptotic analysis. In this case, the adhesive is
eliminated geometrically and a simpler equivalent interface model is obtained. If a
relationship is obtained between the stress vector and the jump in the displacement,
we have what we call an imperfect interface; otherwise it will be a perfect interface.
It has been established in previous studies that if the stiffness of the interphase
is similar to that of the adherents, various mathematical approaches (matching
asymptotic expansions, energy methods, T'-convergence, etc.), can be used, which
yield a perfect interface model at the first order in the expansion procedure and
an imperfect interface mode at the second order. The model obtained here is non-
local, due to the presence of tangential derivatives. The aim of the present study
was to obtain an interface law in terms of cylindrical coordinates in the context of
elasticity, by performing a micro-mechanical analysis.

This paper consists of three parts. In section 2, some elementary examples are
presented. In section 3, some general mathematical results are recalled. Section 4
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is devoted to drawing up the interface law in terms of polar coordinates, in order
to model the gluing along some particular surfaces.

2. Some elementary examples.

2.1. A simple one-dimensional example in one dimension: A bar sub-
jected to traction. We take the example of the equilibrium of an elastic bar AC
divided into two parts, AB with stiffness E; and BC with stiffness Es (see Fig. 1).
The bar is fixed at point A, a constant load f = a is imposed on BC and a given
load F' is imposed at point C. We have AB =¢; BC =L —e¢.

By simply integrating the equilibrium equations, we have

F L—
2) = + a( e)x_

1)
where u is the displacement field, and o is the stress field. These two fields depend
on €.

At this stage, it is therefore possible to expand the displacement field in BC and
the stress into powers of ¢ :

wx) = u(z)+eul(z)+ ...
(2)
olz) = o%x)+eot(z)+ ...
where
1 F+alL F+alL
0 _ .t .2
w(z) = 2E2x + 7 T+ 2
1 F+a(L—2) F+alL
ul(z) = —a-— +
(z) Es Ey E (3)
o%z) = —ar+F+al
ol(z) = 0
where the jump in the displacement between points C and A is given by
["] = 0
W] - Frab Fral )
- E; By

If we expand the second order equation (the second equation in (4)), it emerges
that the jump in the displacement is not equal to zero and an imperfect interface
law is obtained.



FIGURE 1. The example of a composite bar subjected to traction loading.
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FI1GURE 2. The case of a composite block.

2.2. A two-dimensional example: A composite block subjected to a shear
load. In this section, we recall an example previously presented by the authors
in [15]: that of the equilibrium of an elastic composite structure comprising two
adherents, with shear modulus p and height h, cemented together by a central
adhesive with shear modulus i and thickness ¢ (see Fig. 2). The adhesion between
the adhesive and the adherents is perfect. The lower base of the block is kept fixed.
The upper base and the lateral surfaces are subjected to a given constant tangential
load 7. Using standard notations, the displacement field is given by

U = Z(xg + h +¢/2) in the lower adherent
L
T T ,
up = —h+ —(z2+¢/2)in the glue
poop
(5)
T T .
up = —(x2+h—¢e/2)+ —cin the upper adherent
1 i
us = 0 in the composite



F1GURE 3. The case of a composite tube.

Based on the expansion presented in the previous section, we observe that

ud = g(xg + h) in the lower adherent
u? = Ih + ;xQ in the glue (6)
T
u) = 2(1‘2 + h) in the upper adherent
and
ul = i in the lower adherent
(7)
1 T T
u; = —— + — in the upper adherent
2 p
and hence,
["] =0
1 T T
ull = ——+ = 8
W] = I+ ®
[uz] = 0

As in the previous section, the jump in the displacement is not equal to zero at
the second order, and an imperfect interface law is therefore obtained.

2.3. An example in terms of curvilinear coordinates: A composite tube.
In this section, a two-dimensional case is analyzed and an analytical example is
presented. We use the cylindrical coordinates (r,0,z). The composite consists
of three tubes which are indexed by (1),(2), and (3), as shown in figure 3. The
adhesion at the interfaces between the tubes is perfect. A pressure p, is applied to



the internal surface r = a and a pressure py is applied to the external surface r = d.
We let OA =a, OB =b, OC = ¢ and OD = d. It is assumed that ¢ = b+ ¢. The
value of the parameter ¢ is assumed to be small (the internal tube is thin). The
Lamé’s coefficients are indexed depending on the number of tubes.

We take p,, p», p. and pg to denote the pressures at points A, B, C and D
respectively. The values of p, and py are given, whereas the values of p, and p. are
unknown.

The problem is assumed to be axially symmetric. The displacement fields in the
radial direction are:

w(r) = @b v b*a*(pa — pb)
! 02 —a?) 20 +p1) | 2 (62— a?)r
() = (pd® —pec®) v 0% (py — pe) ()
2 (2 =0%) 2(Xa+p2)  2pu2(c? —b)r
wy(r) = P —pad) v d*c*(pe — pa)
’ (> —¢?) 2(A3+mp3)  2p3(d® —c)r
To find the pressures p, and p., we write the continuity of the displacement fields
at points B and C [10]. A simple linear system is obtained:
(Ma + M21)pb - N21pc = Kapa
(10)
—Noopy + (Mg + Maz)py = Kapg
where
Koo a?b A+ 2
¢ b —a? pa (A1 + pr)
K - dQC )\3 + 2,LL3
4 d? — 2 pz(A3 + p3)
N. o 02b )\2 + 2/12
o c? — b2 pa(Ag + p2)
N B b2¢ Ao+ 2u9
22 2 — b2 15 Mo + p12) (1)
Mo - pab® + (A1 + pr)ba?
‘ (0% — a?)p1 (A1 + )
M, = pac® + (A3 + ps)ed?
(a2 — )us(As + p3)
My = ,u2b3 + (A2 + /”LQ)bC2
(¢ = b u2a (A2 + pa)
Moy — pac® 4+ (Ao + p2)cb?
- (¢ = b)pa (A2 + p2)
The solution of this system is:
1
o= X (Kapa(Mg + Maa) + KipaNai)
(12)
1
pe = X (Kapa(My + Ma1) + KapaNo2)

where A = (M, + Ma1)(Ma + Maz) — Noi Noa.



We study pp and p. when ¢ tends to zero. We observe that p, and p. tend to the
same value, and hence

Pe —Pb — [pO]
(13)
=0
In the same way, we study ug(c) — u1(b) when € tends to zero.
This gives:
uz(c) — uy(b) — [u?]
(14)
=0
We note that the interface law in the radial direction is a perfect interface law.
] =0
(15)
[p’] =0

It is observed that py/e and p./e do not tend to the same value, and we therefore
study (us(c)—u1(b))/e when e goes to zero. In conclusion, at order one, an imperfect
interface law is obtained. We have:

(pc - pb)/g - [pl]
£0
(us(c) —u1 (b)) — [u']

#0
3. Recalling mathematical results.

3.1. Recalling I'-convergence. Let X be a topological space and let F*¢ : X —
[0,00] be a sequence of functionals on X. Then F¢ are said to I'-converge to the
[-limit FO : X — [0, o0] if the following two conditions hold:

e For every sequence u° in X such that u® — u® as e — 0, FO(u?)
< liminf. o F¢(u®) (lower bound inequality).

e For every u’ € X, there is a sequence u® converging to u” such that F(u®) >
limsup,_,o F°(u®) (upper bound inequality).

Note that the minimizers converge to the minimizers, i.e. if F© — F°, and u® is
a minimizer for F'¢, then every cluster point in the sequence u® is a minimizer of
FO. This theory will be applied in section 3.3.

3.2. The mechanical problem. Let us consider a body occupying an open bounded
set 2 of R, with a smooth boundary 952, where the three dimensional space is re-
ferred to the orthonormal frame (O, e;,es,e3). This set Q is assumed to form a
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FIGURE 4. Initial configuration and geometrical limit of thin interfaces

non-empty intersection S with the plane {x3 = 0}. We write & = (z1,22). Let
€ > 0 be a parameter tending to zero. We introduce the following domains:

€
B = {(v1,72,73) € Q: |w3| < S},
Q= {(x1,m9,23) € Q: |a3] > =},
QL = {(z1,72,23) € Q: £a3 > gh o
18
S: = {(z1,22,23) € Q: Fu3 = 5},
Qr = {(z1,22,23) € Q: tx3 > 0},
S = {(z1,22,23) € Q:23 =0},
Qo = Q+UQ_.

The sets B¢ and €)° are the domains occupied by the adhesive and the adherents,
respectively (see fig. 4). The structure is subjected to a body force density ¢ and
a surface force density g on part I'; of the boundary, whereas it is clamped on the
remaining part I'g of the boundary. The two bodies and the joint are assumed to be
linearly elastic. We take o and u® to denote the stress tensor and the displacement
field, respectively, assuming the occurrence of small perturbations, and the strain
tensor is written as follows:

oy 10w 0
i) = 5 (5t + o) (19)

We take a?;kl to denote the elasticity coefficients of the adherents, and a7, to
denote the elastic coefficients of the glue.

If f:Q R3is a given function, we take f* to denote the restrictions of f to
the adherents. We also take fI". to denote the restriction applying to the glue. We
also denote the jumps of f, as follows:

U = f e (1) — e (5)7) (20)
Ve = e (=)0 = e (5)7) (21)
Mo = JManae, (5)7) = [ (@nas (-5)). (22)



If f:9Qp — R is a given function, we denote the restrictions of f to Q4 by f* and
we also denote the following jump of f in S

[f] = f+(l‘1,1)2,0+)—f_($1,332,0_) : (23)

We therefore have to solve the following problem:

Find ( o) such that :
¢z in
ZJ iT _ nel
055 = Gijnern () in Q5
(F:) ij = a;?khekh(us) in B¢
ut =0 onTy
Oen =g on Ty
[Us]ét =0, [o° 63] =0 on S%

We make the following assumptions

gkl € L (Q) .
Hl) az]kl aklz] = ajizk
IET >0 eigen > e Ve = e
H2) Jeg: BN (T1Usupp(¢)) =0, V e<ep.

H3) ¢ e (L*(Q))?, g€ (L* ()"
and introduce the space of kinematically admissible displacements
VeE={ue (W"(Q))?:u=0 onTy}. (24)

Note that (P.) is equivalent to the minimization V¢ of the energy:

1 1
Fe(v®) = 5 /aie(vs).e(vs)dV + 3 /a e(v®).e(v®)dV — /d) vedV — / €dS
Q. Be T'1
(25)
Using the Lax-Milgram lemma, it is clearly established that these two problems
have a unique solution in V.

3.3. Results at first order. In this section, it is assumed that the elastic coeffi-
cients of the glue aipl do not depend on the thickness of the glue ¢, i.e., that the
adhesive and the adherents show a similar rigidity. Here we study the behavior of
the solutions to the problem P. when the thickness ¢ tends to zero.

Adopting the same hypotheses as above and using I'-convergence theory, it can
be proved [15] that the unique solution u¢ to problem P. tends in L?(£) to u’,
which is the minimum value of the energy defined in V°

FO(y) = ; / aEe(v).e(v)dV + / G0dV — / g.0dS (26)
Qo Iy

where

VO={ue W2Q))PuW2Q_))?:u=0 onTy [u]=0o0n S}. (27)



Note that the minimizer u° is the unique solution of problem P, where

Find (u°,0°) such that :

07 = ajipn€rn(u’) in Q
(Po)s u®=0 on Ty

oon = onT'y

[u’]= 0 on S

[0%n]=0 on S.

In particular, we observe that perfect adhesion is obtained at the interface be-
tween the two adhesives. This result is proved rigourously in [15]. Other possible
methods have been presented in [16].

3.4. Results at the second order. In the previous section, we have recalled that
€ 0 2
u® —u’ in L9(Qp) . (28)

We can therefore extract a subsequence, which is not relabeled, such that

€ uO
——— — ! in L3(Qo) . (29)

In this section, we recall some properties of this weak limit u!.

Under the previous hypotheses and using some analytical arguments it is possible
to show [15] that the weak limit u' is the solution (in the distributional sense) to
problem P;, where

Find (u',o') such that :

O'iljyj =0 in g

O'ilj = aj;khekh(ul) in QF
(P1)q u'=0 on Ty

ocln=0 onI'

[ull= AuuDou® + Ayyo'n on S

[o'n] = Ay D20 + AyyDoo’n  on S

where A are four fourth order tensors and D, are tangential derivatives in the
plane of S. In particular, if the glue is isotropic and if we take A and p to denote



the Lamé’s coefficients of the glue, the coefficients of these tensors are given by

1 1 _
[ui] = ; 023 - uga - 5(“004,3(0+) + ug,g(o )) , a=1,2,
] = ool s () uds) — S (u(0%) + 4 (07)
3 PR YAL A WD WAL 2,2 o 3,3 3,3 )
Ap(A + ) 1(3X + 2p) A
[o1s] = - (/\JrQuU(l)’n + ) oo + 3T 2 U391 + R 2u0g3,1
1 _
*5(0(1)3,3((#) + 0?3,3(0 )
Ap(A + ) 1(3A + 2p) A
[0%3] = - (/\—i—Q,uug’QQ +MU8,11 + Nt 2 U?,m + R QHUgg,z
1 _
*5(0(2)3,3((#) + 083,3(0 )
[033] = _093,1 - 083,2 - §(J§373(0+) + 0:23,3(07)) .
3.5. A comment about elasto-dynamics. In [20], under specific conditions as

regards the volumic mass of the glue, similar results are obtained in elastodynamic
terms, i.e., the last equation in the solution to problem Py corresponds to a con-
stitutive equation. In fact, it emerges that the elastodynamic problem involving a
thin adhesive layer can be approximated, with a convergence result, by another ex-
pression in which the layer is changed into a mechanical constraint, which is exactly
the same as that occurring in the equilibrium case.

4. Asymptotic analysis in terms of cylindrical coordinates.

4.1. Recalling the equations giving the problem. We take (e,,eg,e.) to de-
note the orthonormal cylindrical basis and (r, 8, z) to denote the three coordinates
of a particle. Without any volume forces, the equilibrium equations for a deformable
body can be written in terms of cylindrical coordinates as follows:

6Urr +10r9 +1( )+agrz - 0
ar rdfd r rr T 009 0z
80’,-9 1 80’99 2 8O'QZ -
or i eg Tyt =0 (30)
aUTZ + l&fez + 1 + aazz I
or r 00 ram 9z

where 0., 099, 0., 0, 0, and oy, are the components of the stress field. In the
same way, the components of the strain tensor e(u) are written:

10



ou,

rr = or

_ 1, 0w
oo = T\ T e

_ Ou
€zz = 92

_ i 8ur_ +% (31)
ero = 2r \ 00 o or
e — 1(%_’_8%)
T2V 92 or

1 0ug  10u,
O R TR

where u,., ug and u, are the three components of the displacement field expressed
in terms of cylindrical coordinates.

FIGURE 5. Gluing in normal direction.

4.2. A first analysis: Radial gluing. The gluing between the two adherents is
assumed to be orthogonal to the radial direction. The thickness of the glue is also
assumed to be constant and equal to e. The glue lies in the interval [ro—e/2, ro+¢/2].
A change of variable is introduced into the glue in the radial direction. We write

R:T0+T_ro

€
performed to the power of e:

. Some expansions of the displacement u® and the stress o° are

o(r,0,2) = 79(R,0,2) +et (R, 0,2) + ...
(32)
u(r,0,2) = v°(R,0,2) +evt(R,0,2)+ ...

It can be seen here that



€
1 1
r ro+ (R—ro)e (33)
1 1 - —rp)?
1 o 14 R—rg (R 27”0) 2 +)
T To To TO
The balance equation gives:
1070 orl 1, 5 0 or? 1 5‘7’09
“Zer  Zrr - 2y .. =0
=or T ar T T 5 L
1o7% orl, 1079, 2 , 01
bl 0 4 - al )
cOR T OR ro 90 T oz T (34)

1 GTEZ n 8TT1Z n 1 87’32 n 1 5 n 37’22 n 0
- — —T o=
e OR OR  ry 00 ro | ° 0z

1

We now focus on the term occurring in €=+ in eq. (34). We obtain:

orl.
T’!’I ~ O
OR
ol ~ 0
OR (35)
o790
T’I‘Z ~ O
OR
0
In conclusion, ﬁ ~ 0ie [[r2]] = 0, where [[]] is the jump of a function
1 1
between 3 and —5

The coefficients of the strain tensor are now developed:

12



1000 ov}

e = CorR Tor T
1, vy e, R—ry, o, O0) L Ovp
o= TQ(UT * 89) ’/‘0( To (UT + 89)+vr + 80)+
o) N vl N
Ce = e
1,1 00 1 000 v (36)
w0 = 3G ar Tilee T T ar) T
. B 1(}61}2 o n (%;) n
" 2%0R 0z ORT T
100 Y e Ovg Ovl
@ = 5% ) Tl )

Since the glue is assumed to be elastic, the constitutive equation becomes:

o = Nepr + egp + €22)1d + 2pe(u) (37)
where A and p are the Lamé coefficients of the glue.
Equations (36) and (37) are now combined. The following term in ¢! is obtained:

o
OR

OR
oY

oar Y

0
. v .
In conclusion, R ~ 0 i.e. [[vo]] =0.

In the adherents, the material is assumed to be elastic and a change of variable
1 e
is made in the radial direction. We write R = r + 2 + 3 Some expansions of the

displacement u® and the stress ¢¢ are now performed to the power of e:

o(r,0,2) = 0°%R,0,2) +eoct(R,0,2) + ...
(39)
u(r,0,2) = u'(R,0,2)+eul(R,0,2) + ...

At level zero, the stress o satisfies the equilibrium conditions in the adherents

and due to the continuity of the stress vector and the displacement along the inter-
face glue/adherents, we have:

13



1
c0(0%,0,2) =~ To(i§,9,z)
(40)
1
u(0%,6,2) =~ Uo(i§,97z)
At level 0, we therefore obtain a perfect interface law:
[00] = 0
(41)
W] = 0
Now we deal with the term occurring in €” in eqs. (36) and (37). This gives:
v} 1 vy oY
O = (A2 A=+ S :
W= O FE A0+ 0+ T2)
A+ 2u OvY ovl ol
0 — 0 hid’2 A T z
o0 o ) TR T L)
ov? ovl 1 v
0 _ A ) z T (a0 ')
TZZ ( + Iu‘) az + >\( 8R TO (UT + 89 ))
1,000 ovp (42)
0 _ - r _,0 ~Vo
Tro = :u(ro(aa ’U9)+ aR)
oY ovl
e = g+ )
ovy 1 00
0 _ 04 -7
o = MG Y ae)
We thus obtain:
0 0 0
1 — Trr o A l 0 % 8’[12
[[or]] A+2u /\+2,u(ro(vr+ 89)+ az)
0 0
1 Tro 10U 0
v = — = (57—
[[ 9]] L TO( o0 9) (43)
) - =5
I 0z
Note that equation (43) introduces some tangential derivatives (i.e. in the z

direction): the interface law will therefore be non local.
The equilibrium equation at order one gives:

14



aTrlr 1 87799 0 0 aTrOz
OR +%( 90 Trr7799)+ 9z =0
8719 1 87’39 2 67’3
T . i Z = 0
R 7o 90 re T o (44)
orl 1 87'9Z 1 0 or9
TZ 7 zz — 0
OR + ro 00 T 1"0 =t 0z

Based on the constitutive equation, we obtain:

A+ 20 v 70 A1 oy, oY
0 _ %) T o 47,0 A z z
T Ty (vr +69)+)\(/\+2u A+2M(TO(UT oo "))
oY
e = (A 2u) -
o A 1, o Ovy, 0O 1, , Ov)
AT a2 e e T )
v 1 oY
0 _ 2 - z
. = MG, dz  rg 00 )
(45)
and
1,078 21 orl,
[[TT}T}] = _% 860_)\_'_2 T797")_ az
i(4u()\+u) vy i%) 20\ 81)2)
ro. A+2u ‘rg  ro 00 A+ 2u 0z
1 A o070
1 _t 0
[[TTGH o )‘—’_2/’6 56 -+ 2 7‘9)
1 (4M(A + u)( 1 oY ia%g) n w3\ + 2p) 6%02 - 0%y
o (ﬂ ry 90 " 1o 962 N+2u 0z00 Moz
A
1
HTTZH /\_|_ 1 az 7,07-7"2
1 e (821)9 62112) ~Ap(A+ ) 9209 22 1 oY
1o M oz00 ro 062 A+2u 022 A+2urg 0z
(46)

The stress o' can be seen to meet the equilibrium conditions in the adherents at

level one, and due to the continuity of the stress vector and the displacement along
the glue/adherents interface:

1909

1
1ot + ~ Tl(4+Z
%03 0502 & 0 .
1% e ~ pl(d=
u'(0+,0,2) + 39 —(0%,0,2) = w (i2,9,z)

The interface law is therefore written:

15



L] = 1 (807,9 2 809z

A+ Ji
1(4ﬂ()\—|—u 1 8u9) 2 Bug)_s( 1)
ro. A+2u ro | 1o 00 A+ 2u 0z Irr
1 A 0o,
R 200
[7‘7‘0] o )\+2/,L 86 + 0-79)

_i(4u()\ + 1) (i du) 1 82u2) (3 +2p) 02u? ) 82u9
ro. A+2u rg 90 1y 062 A+2u 0200 32
~S(a}g)
A 000, 1 50

A+ 2u 0z To rz
2 0 2,0
1((8u9 18 Z)_4,u(/\—|—u)8u 20\ 18u
ro = 0z00  rg 002 A+2u 922 A+2ury Oz
5( 2)
(48)
and
0 0 0
1 _ Opr _ A l 0 % auz _ 0
ol 1 ,0ul
[“é} = fe_%(w—ug) S (ug) (49)
o0 oul
[uz] = " *E*S(Ug)
1.0f of
where S(f) = 2(8r(0 0,z )—l—af(O 0,2)).

The imperfect interface law is then obtained as follows:

e The jump in the displacement means that there is discontinuity between the
two adherents. This jump is given by the solution at order zero. In particular,
the law includes some tangential derivatives. The interfacial law is a non local
law.

e The jump in stress vector means that a given load (depending on the zero
order) is exerted along the interface.

Note that it is possible to solve the limit problem (involving equilibrium be-
tween the adherents) numerically at order zero with a perfect interface law. The
displacement and the stress vector occurring at this order are the data inputs to
the equilibrium equations for the adherents at order one in the framework of a non
local interface law. The law obtained was found to depend on the curvature (which
is given by the term 7).

4.3. A comment about the dynamic processes. If we replace the equilibrium
equations by elastodynamics equations, we have to consider various cases.

e If the density of the glue is low, ranging for example around e, the results
presented in the previous section will still hold true, i.e., there will be no
inertial effects.

o If the density of the glue is not low enough, equation (44) will have to be
changed, by adding inertial terms to the interfacial law at order one.

16



5. Conclusions. In this paper, an interface contact law was developed in terms
of cylindrical coordinates. This non local interface law is of the imperfect interface
kind. The non local law includes some terms accounting for the curvatures.

It is now proposed to extend these findings to more general curvilinear interphases,
accounting for roughness and cracks, and to implement these laws in a computa-
tional software program.

(1]

2]

(13]
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