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Abstract

We consider the energy modeling a two component Bose-Einstein condensate in
the limit of strong coupling and strong segregation. We prove the I'-convergence to
a perimeter minimization problem, with a weight given by the density of the con-
densate. In the case of equal mass for the two components, this leads to symmetry
breaking for the ground state. The proof relies on a new formulation of the problem
in terms of the total density and spin functions, which turns the energy into the
sum of two weighted Cahn-Hilliard energies. Then, we use techniques coming from
geometric measure theory to construct upper and lower bounds. In particular, we
make use of the slicing technique introduced in [6].

1 Introduction

The aim of this paper is to prove a I'-convergence result for a functional modeling a
two component Bose-Einstein condensate in the case of segregation. We introduce a
new formulation of the problem which transforms the two wave functions describing each
component of the condensate into total density and spin functions. The new functional
in the density and spin variables is given by the sum of two weighted Cahn-Hilliard
energies modeling phase transition problems as in the Modica-Mortola problem [26]. In
fact, our new functional is strongly related to that of Ambrosio-Tortorelli approaching
the Mumford-Shah image segmentation functional [6]. We use techniques coming from
geometric measure theory [3, 4, 6, 10] to construct upper and lower bounds for our initial
functional and prove I'-convergence to a perimeter minimization problem, with a weight
given by the density of the condensate. There is a large mathematical literature about the
segregation patterns for two component Bose Einstein condensates [8, 9, 13, 14, 28, 30]:



regularity of the limiting functions, regularity of the interface, asymptotic behaviour near
the interface. All these papers use the limiting equations and do not take into account
the trapping potentials and the I' convergence of the energy as we do.

Before introducing the functional for a two component Bose Einstein condensate, we recall
some properties of a single Bose Einstein condensate (BEC). A single BEC is described
by the wave function 7 minimizing the energy

1 1 1
B =5 [ 190 + SV@lnf + bl (1)

where V is the trapping potential, usually taken to be harmonic, that is V(z) = |z|?, ¢
is a small parameter giving rise to a large coupling constant describing the repulsive self
interaction of the condensate. The minimization is performed under the mass constraint
Jg2 In|? = 1. We define the ground state by

E.(n.) = ﬁR;‘I;lfQ:1 E.(n), (1.2)

which is, up to multiplication by a constant, a real positive function. Let

p(r) = max(A\* — |z|?,0) with A > 0 chosen such that / p =1 where D = B(0, \).

D
(1.3)
Then, when ¢ is small, the ground state 7. is close to the function \/p in D, with expo-
nential decay at infinity. Properties of 7. can be found in [1, 2, 17, 20, 21].
A two component Bose Einstein condensate can be experimentally realized as 2 isotopes
of the same atom in different spin states [19] or isotopes of different atoms [27]. They are
described by two wave functions u; and wus, respectively representing components 1 and
2. The Gross Pitaevskii energy of the two component condensate is given by

1
&.urvuz) = Bulun) + Bulus) + 5. [ fuPlusP’ (14)
R2

where F. is given by (1.1) and g. is the intercomponent coupling strength. The energy is
minimized under the mass constraints

/R? luj|*=a; with «a; >0 and a;+ay=1. (1.5)

In [24], numerical simulations have been performed to classify the ground states according
to the values of ¢, g. and also the rotational velocity. For ¢ small and g. large, the
numerical evidence is that, for a; = ay = 1/2, the preferred ground state is such that
each component is asymptotically located in a half disk with a local inverted parabola
profile. If oy # ay, they occupy sections in a disk, the area of which is proportional to
«;. In particular, when neither «; is too small, this configuration has less energy than a
disk vs annulus configuration, which also provides segregation but preserves symmetry.
Observation of symmetry breaking has also been obtained experimentally very recently
[25]. The breaking of symmetry has been analyzed in [29] in a different limit, namely in
the case € large and g. large.

Here, we assume strong coupling between components, that is, g. — oo, and we study
the regime



ge? = 400 and e —0. (1.6)

A trick introduced in [24] is to use a spin formulation also called the nonlinear sigma
model. In our special setting, since the ground states are non vanishing real functions,
this amounts to defining

w2+ Jusgl?
V= [ ? + Jual and

Tle

N6

= Arg ] + ijuy : (1.7)
Vul? + Jugl?

where 7. is defined in (1.2). The definition of ¢ implies that |u;|* — |ug|* = n?v? cos .

The mass constraints (1.5) can be written as

/ n?vQ =a;+ay=1 and / n?vg Cosp = —ay. (1.8)
R2 R2

We point out that cos ¢ corresponds to the third component of the spin function. Because
there is no rotation in the system, the ground states are, up to multiplication by a complex
number of modulus one, positive functions. Thus, the second component of the spin is
zero and the first one is sin .

Since the components are expected to segregate, the expected behaviour is thus that v
tends to 1 except on a transition line corresponding to the interface between the two
components, while ¢ tends to 0 on component 1 and 7 on component 2. This is what we
want to analyze rigorously.

We split the energy into its main contributions and will prove that

E(ur, ug) = Ec(ne) + Fe(v) + Ge(v, ) (1.9)

where E. is given by (1.1), . is the ground state of E. and

1 1
Fo) = 5 [ VR g1 =, (1.10)
1
Gulv.p) = g [ 0" [Vl ! gl = cos’(o)} (1.11)

1
9552
(. can be analyzed as the limits of

and g. = g. <1 — ) Since n? converges to p given by (1.3) in D, the limits of F. and

1 1
§/ljp\Vv€|2+2—82p2{1—v€2}2 (112)
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These two energies are of Modica Mortola types with a weight which vanishes on the
boundary of D. Given the definition of ¢., there is a domain where cos . tends to 1
(asymptotic region of component 1) and a domain where cos ¢, tends to —1 (asymptotic
region of component 2), and thus a transition region exists between the two domains.
Two options exist for v,:

1 ]
—/ pu2 [V pel? + p*u2 ge{1 — cos? (i)} (1.13)
D

e cither v. goes to 1 everywhere, which makes the first energy small and the second
energy of order /7.,



e or v. goes to zero on the transition line where cosp varies from +1 to —1: this
makes the second energy of lower order and the first energy of order C'/e.

Because of our hypothesis that £2g. tends to infinity, it is the second scenario which costs
less energy. Though v. goes to 1 on each component, it has a transition region of size ¢
where it goes sharply to zero. The second energy is of lower order and cannot be seen in
the limit. It has just the effect of creating a small region around the interface where v,
is small. The first energy can be analyzed with techniques coming from [6] and, once the
rescaling in ¢ is made, the I'-limit comes from the problem on lines:

1

I(x) = inf {5 /OOO plx)(w')? + %p(x)Z(l —w?)?; w € Lip(Ry) ,w(0) = 0 and w(+o0) = 1} )

Using the Euler-Lagrange equation associated with I, we shall see that for x € D, the
infimum is attained by the function

w”(t) = tanh ( @t) :

I(z) = op(z)** with o = % /01{1 —?} dt. (1.14)

and we shall have

This means that w® is the optimal profile transition at the point x, and that op(x)?
is the minimum energy needed by w, to go from 0 to 1 at x. In the 1D direction, this
provides a weight 20p(x)”? because as ¢ — 0, v, goes from 1 to 0 on one side of the
interface between the two components, and from 0 to 1 on the other side. Therefore, we
expect the limit to be defined as the integral on the interface where ¢ goes from 0 to 7 of
the function 20p(x)%?. This requires a precise mathematical definition for this interface.
We define X as the space of functions ¢ € BVjo.(D; {0, 7}) such that

/ PCos Y = g — Qy. (1.15)
R2

We will prove the I'-convergence of £(&E.(+,-) — E-(n.)) to F given in X by
20 )
Flo) =2 [ 5 1Dgl.
T Jp

The limiting energy F measures the length, with a weight of p”?, of the interface between
the two phases of ¢. Each phase of ¢ corresponds to one component of the totally
segregated two-component limiting condensate. Notice that when F(¢) is finite, {¢ = 7}
has finite perimeter in compact subsets of D, and

Flp) = 20/ pPdH = 20/ pPdH* .
DNo*{p=n} DNSe

Here 0*{¢ = 7} stands for the reduced boundary of {¢ = 7} and S¢ is the complement
of the Lebesgue points of ¢, that is,

1
Swz{xeD;ﬂteRsuchthat lim—/ |g0(y)—t|dy:()},
Br(x)

r—0+ T2
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We refer to [5, 15, 18] for the geometric measure theory concepts. We also refer to [3] for
an introduction to the theory of I'-convergence and to the Modica-Mortola theorem by
G. Alberti.

We now state our main theorem:

Theorem 1.1. Let us assume that V(z) = |x|?, and let
H= {(ul,ug) c H'(R*R) x Hl(RQ;R),/ V(uj+u3) < 0o, (ug,uy) satisfies (1.5)} .
R2

The functional e(E.(+,-)— E.(n.)) T-converges with respect to the L}, .(D)x L}, .
to F (), in the following sense:
(Compactness) for every sequence {(u1 ., Us.)}eso of minimizers of & in H such that

(D) distance

supe (E: (U1, u2e) — Ec(n:)) < +00, (1.16)

e>0

there exists ¢ € X and a (not relabeled) subsequence such that

(wres u2e) = /P (Lgpmop, Lipeny) in L, (D) x L, .(D); (1.17)

and (Lower bound inequality)

liminfe (E(uie, use) — E-(n:)) > Flp). (1.18)

e—0

(Upper bound inequality) For every ¢ € X, there exists a sequence {(uyq, use)}eso C
H, converging as e — 0 to \/p (Lip—o}, Lip=n}) in Lj,.(D) x L,.(D), such that

loc loc

lim SélpE (ge(ul,aa u2,e) - Ee(na)) < f(SD) . (1'19)
E—
We point out that we only prove the I'-convergence at the level of minimizers of &..
Indeed, minimizers of the functional have the property that they are positive functions
which do not vanish. Therefore, this property allows the definition of (v, ¢) through (1.7).
As usual, the I'-convergence theorem implies the convergence of the energy of the ground
states:

Corollary 1.2. If {(u1., us.)}es0 @5 a sequence of minimizer of €. in H, then

lim e (E(uye,use) — E-(n)) = i§f}". (1.20)

e—0

A study of the ground states of F allows us to prove symmetry breaking when neither
is too small:

Corollary 1.3. There exists &g of order 0.15, such that if aq € [dg,1 — o], then for e
sufficiently small, the minimizers (uy e, us.) of E in H are not radial.

Remark 1.4. Our main theorem remains true when V' is any trapping potential for which
we have good estimates for the ground state 1., namely the estimates in Proposition 2.1.



1.1 Links with related problems

The segregation behaviour in two component condensates has been widely studied: reg-
ularity of the wave function [14, 28, 30], regularity of the interface [13], asymptotic be-
haviour near the interface [8, 9]. The main difference with these references is that, on the
one hand, we use mainly the energy instead of the equation and, on the other hand, we do
not switch off the trapping potential by blowing up the problem near the interface or by
considering a bounded domain with no trapping. Indeed, we consider the limit where ¢
goes to zero at the same time as g.c? going to infinity, so that it is the trapping potential
which provides the leading order behaviour of the wave function through the inverted
parabola profile p. In all the previous quoted references, ¢ is set to 1, so that in the limit
g- large, the trapping potential is not present, and the limiting profile is 1. We deal with
the trapping potential by a proper division of the limiting wave function which allows to
express nicely the energy using a trick introduced by [22]. Nevertheless, our proofs which
rely on energy considerations also provide information for the case p = 1.

In [31], the authors fix a point x,, on the interface A, and consider a sequence z. tending
to Zo such that uy o(z.) = ug.(z.) = m.. An open question in [31] is to prove in 2D that
g-m? stays bounded. This may be obtained with our technique since in our case m. is
probably related to the minimum of v.. We detail this remark in Section 5.3.

1.2 Main ideas in the proof

Let us now give more details on the proof.

The proof consists of upper and lower bounds, that we construct for the functional
fe(vaa SOE) =& (ga(ul,m u2,5) - Ea(T/e) )

For the upper bound, we choose the set A where asymptotically us will be p. In a first
step, we assume that ¢ = w14, where A is an open bounded subset of R? with smooth
boundary such that H'(O0A N OD) = 0. The test function ¢, is matched between 0 in a
subdomain of D\ A to 7 in a subdomain of A, using a transition region of size t.. In
order to approximate the optimal 1 dimensional profile that solves I(y), we define

me in (0,%)
) tanh in (¢.,7)
YT R i (TLT+VYr)
1 in (T+Yr,+00),

where t. = tanhm, and h is a polynomial which matches smoothly tanh to 1. Then we

define
wg’T(t) = W ( @ t) ,

for t = d(z)/e < CT, and d(x) is the distance to the boundary. In order to construct
v, we need a partition of unity for 0A, where we match the functions w6 -, as y; varies
along this partition. For this v., we can estimate F. with techniques similar to those of
Modica Mortola [26], and to the adaptation of these techniques to problems with weight
by Bouchitté [10]. Because p vanishes, we cannot use directly the results of Bouchitté
and we need precise estimates on the behaviour of 7. near the boundary. Since w, r is
the optimal profile for the 1D version of (1.12), there is a transition from 1 to 0 and a
transition from 0 to 1 and we find an upper bound which is 2 |, o4 1(y) dy. Then we prove

6



that for this test function, G¢(v., ¢.) is lower order: indeed, the transition layer for ¢ is
is of order et., so much smaller than the one of v.. Hence in G., v. can be approximated
by m.. We choose mé = ¢2¢., which tends to 0, and makes G. of lower order.

This provides the upper bound for an open bounded subset A with smooth boundary
such that H'(OA N dD) = 0. We show in the appendix that for any ¢ € X, {¢ = 7}
can be approximated by sets A which are open bounded subsets of R? with smooth
boundary such that H'(JA N ID) = 0 and that the mass constraints can be satisfied for
the approximating u; ., ug..

The difficulty in the lower bound is to prove that v. goes to zero on a line and that it
provides a positive lower bound. Indeed, the usual Modica-Mortola bound would imply
that v, goes to 1 almost everywhere and the lower bound is 0. We have to use G. and the
upper bound to prove that v. has a transition to 0 and that cos? ¢, tends to 1. Hence,
because of the mass constraint, we get two regions where asymptotically ¢, is 0 and 7.
To analyze the behaviour of v., we use the slicing method introduced in [6] (see also [11]).
This consists in looking at the transition for v. in one dimensional slices and get the 1D
energy estimate. The use of the energy G. is only to prove that v. goes to zero. We first
prove the lower bound for €F; in 1D using the coarea formula, and then in 2D using the
slicing method. We get that e F.(v., p., E) converges to a measure ;(E) supported in S,
of density p*? with respect to the H' measure. The last part of the proof of the lower
bound is inspired by ideas in [4].

We end with a variant of the coarea formula that can be found in [23] Lemma 2.2, and in
[10] Proposition 2.

Proposition 1.5. Let Q be an open bounded subset of RN, and ¥ (z, s, p) a Borel function
of Q x R x RY, which is sublinear in p. Let u be a Lipschitz continuous function on
and denote, for everyt >0, S; = {x € Q; u(z) < t}. Then, for almost everyt € R | 1g,
belongs to BV () and we have

/\I'(a:,u,Du)d:c:/ dt/\I!(x,t,Dlgt). (1.21)
Q —00 Q

The paper is organized as follows: in Section 2, we present the properties of n.. Then
in Section 3, we prove the decoupling of energy (1.9) and how to go from the (uq,us)
formulation to (v, ¢). Section 4 is devoted to the upper bound, and Section 5 to the lower
bound. Finally, in Section 6, we prove our main theorem.

1.3 To go further
1.3.1 Analysis of the limiting problem

A natural question is to analyze the limiting problem, that is the ground state of F under
the constraint (1.15). If we define A to be the set where cos¢ = 1. Then [, p = oy and
fD\Ap:ozg with oy + a9 = 1.

If p = 1, then the problem of minimizing F amounts to minimizing |0A| under the
constraints |A] = oy and D\ A| = as = 1 — a;. The Euler-Lagrange equation of the
minimization problem yields that the curvature is either 0 or constant, hence A is either
a disk, an annulus or a disk sector. The equivalent problem with a weight p is open.

If we assume that the solution is either two disks sectors or a disk and an annulus, we can
compute explicitly the energy F and find that if ay = as, then the optimal configuration

7



is two half disks, while if «; is much less then as, then the ground state is a disk and
an annulus (see Section 6.4). Indeed, the energy of two disk sectors is 30/2, while the
energy of a disk and annulus is 80 (1 —a;)”*(1 —+/T — a;)"? if a; corresponds to the mass
of the inside disk. If a; or ap = 1 — a; is to small, then the disk and annulus becomes
the preferred configuration. In the case a; = ap = 1/2, it follows from our theorem that
symmetry breaking occurs since at the limit, the disk plus annulus configuration does not
minimize the energy. These two cases are well illustrated in the experimental observations
of [25], figure 4.

We insist on the point that a rigorous analysis of the ground states of F in X is an
interesting open question.

1.3.2 Convergence for u; ., us,

The convergence that we have for (uy ., us.) to /p(Lip=0}, L{p=r}) is very weak. Never-
theless, we expect that on compact subsets of 1y,—} or 1y,—¢, the convergence can be
improved. For instance, it would be natural to have similar convergence as that of 7. to
VP (that is C) on these domains.

1.3.3 Case g.c? of order 1

An interesting open question is to deal with the case when g.e? tends to a positive finite
constant cg. In this case, F. and G. become of the same order and we expect that
m = liminf. v, is a positive constant (on the interface where ¢ varies), instead of being
0. We believe that our techniques still provide an upper bound for the problem. We

expect the I' limit to be
1
(20m + Cozmg) - / p"* Dyl
4 T Jp
1
where 0, = 75 [ (1 —1?) dt.

1.3.4 Case of different scattering lengths

In this paper, we consider that the scattering lengths are the same for both components,
that is, in (1.4) it is the same energy E. for both components. When the two components
result experimentally from different atoms, the two scattering lengths are very close but
not equal. This leads to an energy E. depending on the component, namely

Buan) =5 [ 1902 + Sl + 2l

where g; is related to the scattering lentght of component i. If g; # go, then the leading
order Thomas Fermi approximation is no longer the same for each component, namely it
is

The limiting problem becomes: find a partition of B; U By into three sets A;, A; and N,
such that uia — pila,, f .. Pi = a; and it minimizes

[ et ot [ lebont %t (1.22)
1 2



This problem is open and is probably related to the problem of finding a partition of the
disk into two subdomains which minimize the sum of the first eigenvalues of the Dirichlet
laplacian.

Of course, in our case, since we have By = By, p; = py and N = (), (1.22) does not
provide any information at leading order. This is why we have to go to the next order
which yields the perimeter minimization problem.

2 Estimates for 7.

Let 7. be the ground state defined by (1.2). The ground state is a non vanishing radially
symmetric function. It is unique up to multiplication by a constant of modulus one, and
satisfies the Gross-Pitaevskii equation

_An€‘|“€1_2|$|27]6+€1_2|n€|2n€ = %n@ (2.1)
The term 72 ). is the Lagrange multiplier associated with the mass constraint, and the
pair (7., Ac) is unique among positive solutions of (2.1). As € tends to 0, 7. tends to /p
given by (1.3). Throughout the paper, we will need precise estimates for this convergence.
The following proposition, based on previous results in [2, 16, 17, 20, 21], sums up the
properties of 7.. We point out that it follows from [16, 17, 21] that an approximation
of n. by y/p holds as close to the boundary of D as needed and is given by (2.5). We
also include an estimate of p in terms of the distance to the bulk that will be used in the
proofs.

Proposition 2.1. There are constants ¢,C > 0, a € (1/2,3/5) and v € (1/2,3/4), such that
for € sufficiently small, p, \ being given by (1.3),

E.(n.) < CJe, (2.2)

Ae — A < Cellne]”?, (2.3)

- = Vollerwy < Cie?|Inel for K CC D, (2.4)
ne(x) —/plz)| < C&7 forz € B(0O,\—ce”), (2.5)
ne(zr) < Ce’* ees” PO for gz € R*\D, (2.6)

om-(lz]) < 0 for x € R?, (2.7)

plz) e [1,2) forxeD. (2.8)

Adist(x,0D)

Proof: for the proof of (2.2), one can rewrite the energy as

B = B + 55 (25 [ ) 29)

where

1 1 2 1
BXn) =5 [ IVa + 5oz (il = p(a))” + 08 = Jal)- P

and (A% — |x]?)_ is the negative part of (A\* — |x|?). In Theorem 2.1 of [2], it is proved that
El(n) < C|lne|. Then (2.2) follows from (2.9) and the fact that [ p*> = 2X*/3.

9



Estimate (2.4) is proved in Proposition 2.2 of [20]. Estimates (2.3) and (2.6) are proved
in Theorem 2.1 of [2]. Estimate (2.7) is also proved in Theorem 2.1 of [2], but only in
a neighborhood of 9D. But the proof, however, works in the case V(z) = |z|? and the
estimate holds in all R?.

We now prove (2.5). For A > 0, we define 7).  as the unique radially symmetric, positive
solution of the equation

—2An+ (N — |z )n+n*=0. (2.10)

The function 7). , corresponds to a ground state of a BEC without mass constraint. In
[16, 17, 20], the behavior of 7. ) is studied. Using the results in Proposition 1.2, Remark
1.3 and Proposition 1.4 in [16], we obtain

L — |zf?

~ o 1/3
Nea(x) =1y ( = ) + O(e),

where

1 — — —
() =y = Sy + Opiay™), y € (—00,e77].

Hence, for x € B(0,1) we obtain

[iea(e) = VI— | £ C (20— o)™ 4+ 41— [aP) ¥ 4-2)

In particular, if x € B(0, A — &%) with « € (1/2,3/5), we get

[7ea(2) = V1= 2P| S C (27 +ete™™ P +e) = O() (2.11)
with v € (1/2,3/4). We will use (2.11) to prove (2.5). First, a straight computation shows

that defining €, = A2g, 7., » solves equation (2.10) with A = 1. Hence, considering
(2.11), a change of variables gives

| Texa(@) = Vp(z) | = O(7), (2.12)
for z € B(0, A — (A"2¢)). In Proposition 2.2 and Theorem 2.2 in [20], it is proved that
V|| oo 2y = O(e71) 5 (2.13)

and that

1

Nea(r) = fg/,i Mea(l2) x) (2.14)

where

A _
ley = (1+8)\ ) and EZE;}\»S.

It follows from (2.3) that
lorx=1+0(*Inel”?) and &=+ O(?|Ing|7?).
Hence, using (2.13) and (2.14), we obtain

10



Nen(@) = fap(2) + O(e | Inel )
Putting this last estimate in (2.12), and using that v € (1/2,3/4), we obtain

|n€>\(x),>\ - ﬁ(.ﬁl]) ‘ = O(EV) )
for x € B(0,\ — ce®) with ¢ > 0. We derive (2.5) by changing ¢, by ¢ in the previous
estimate. Finally, writing

plx) (A + |2])

Adist(x,0D) A
we get (2.8) for || < A

3 Rewriting the energy

In this section, we prove equality (1.9), that is, the reformulation of the Gross-Pitaevskii
energy of a two component condensate in (1.4), as the weighted Cahn-Hilliard energy for
the pair (v, ) defined by (1.7), plus the energy of the ground state 7. of a one component
condensate. We start by giving the properties of the minimizers of £ and the properties
of the corresponding pairs (v, ¢.) defined by (1.7).

Proposition 3.1. (%) Let {(u1.,us:)}es0 be a sequence of minimizing pairs of & in H
satisfying (1.16). Then, each component is a non vanishing smooth function, and there
1s C'> 0 such that

||U175||L00(R2) , ||u275||Loo(R2) <C (31)
for every € > 0. Moreover, the pairs (v.,@.) are well defined by (1.7), verify the mass
constraints (1.8) and we have

(v, e) € Lipioe(R?; (0, +00) x [0, 7]) (3.2)
and

sup ||ve| Lo () < Cx for every K CC D. (3.3)
e>0

(it) Conversely, let (v, p) € Lip(R?; (0, +00) %[0, 7]) satisfying (1.8) such thatv, Vv,V €
L>(R?). Then, defining

up = n-v cos(p/2) and uy = n.w sin(p/2) (3.4)

we have (uy,ug) € H and |uy|* + |ug)® > 0.

Proof: (i) Let (uy ., us.) be a minimizer of £, in H. Since E(|uy |, |uae|) < E(ur e, use),
the pair of the absolute values satisfies the system

—A’LLLa + (6—2V + g_zu%,a + gau;e) Ure = >\1,5 Ut (35)

-2 -2, 2 2
_Au2,€ + (5 V + e u2,5 + gEU‘Le) U2e = )\2,5 Uz

11



where ;. and Ay, are the Lagrange multipliers associated with (1.5). The strong maxi-
mum principle yields that |u; .| and |us .| are positive functions. Using standard elliptic
regularity, we deduce further that u;. and uy,. are non vanishing smooth functions. We
use an argument in [20] to prove that u; . and uy. are uniformly bounded in R?. Let us

define w = e |uy .| — A2 We have w € L} (R?) and Aw € L},.(R?). Kato’s inequality
and equation (3.5) give

A(wh) > sgnt (w) Aw > e 3 sgn™ (w) ew (ew + eXY?) (ew + 2eN7?) > (wh)3.
Hence, —A(w™') + (w*)? < 0 weakly in R? and Lemma 2 in [12] yield w™ < 0. We
obtain |u;.| < e, Multiplying equation (3.5) by u;. and then integrating we find

<9 VE:(Jurel, Juael). Since (uge, ug.) verifies (1.16), from estimate (2.2), we derive

0< |u1,5‘ < 5\/<5€<u1,57u2,5) - Es(ﬁe)) + Ez—:(ns) <C.

We similarly prove that 0 < |us .| < C, so (3.1) is proved. Since 1. > 0, uy . and us . do
not vanish in R? the pairs (v, p.) are well defined by (1.7) and v. > 0. Since u;. and
ug . are smooth, v. and . are locally Lipschitz functions so (3.2) holds. The definition of
ve and (1.5) give

2,2
/ NV =+ Qg
R2

From the definition of ¢., we infer that

|u175|2 - |u2,€|2

|u1,€|2 + ‘u276|2 ’

cos(p:) = (3.7)

which, together with (1.5), yields

2.2
/ NZVZ COS P = (] — Qi .
R2

Hence, (v., p.) satisfies (1.8). Finally, the estimate (2.4) gives . > ¢x > 01in K CC D,
so (3.1) yields (3.3).

(ii) Consider (v, ) as in the statement and define (uy,u2) by (3.4). Since (v, @) verifies

(1.8), relation (3.4) gives
[l e = [ =t
R? R?

/\uu ugf? = /niv%os%o:al—az.

Thus, (uy,ug) verifies (1.5). We have |u;|? 4 |ug|? > 0. Indeed, if it was not the case, since
v > 0 then ¢ should take 51multaneously the values 0 and 7. Since v € L*(R?), bounds
(2.5) and (2.6) on 7. give

/ V (Jui? + [usl?) < C/ Vi < +o0.
R? R?

12
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We compute

Vi |* < C (V| Vel + 02| Vne|* + v*nZ|Vel?) .

The right hand side of the inequality is integrable in R? because v, Vv,V € L>®(R?)
and 7. € H'(R?) N L*>°(R?). Thus, u; . € H'(R?). We prove similarly that u,. € H'(R?).
We have proved that (uj ., us.) € H.

0

We now prove the rewriting of the energy.

Proposition 3.2. Let (uj,us) € H satisfying |ui|* + |uz|*> > 0. Defining (v, @) by (1.7)
we have
gf-?(ula u2) = Es(ﬁe) + Fz—:(v) + G€<U, 90> )

where E., F. and G. are given respectively by (1.1), (1.10) and (1.11).

Proof: since |u]? + |us]? > 0, the pair (v, @) is well defined. The definitions of v and ¢
yield

lui| = n-v cos (¢/2) and lus| = n- v sin (¢/2), (3.8)
which give
lur]? + Jus|* = n2v®
1
g [Plusf® = Zﬂ??fl{l — cos” o} (3.9)
1
lug|* + Jug|* = 57)3114{1 + cos? ¢} .

Since u; and uy are real and do not change sign, we have |Vu,|* = |V|uy||* and |Vus|? =
|V|us||?. The relations in (3.8) give then

1
V" + [V = [V (vne)[* + 2 (vne)*[ Vel (3.10)

Replacing (3.9) and (3.10) in & (uq, us) we get
1 2, Lo
Ee(ur,up) = 5 [ [V(ne)["+ ZVizv (3.11)
+1 122‘v|2+i44{1+ 2}_'_1 44{1_ 2}
5 | 7V IV 122l COS™ P} + 7 Ge NV cos“ p}.
The previous formulation of the energy is the one given by the spin formulation (see
the introduction and [24]). We now show how the phase transition model is obtained.

Performing an integration by parts, using (2.1) and the first mass constraint in (1.8), we
obtain

13



1 1
/ IV (vn.)|> + 8—2‘/7)52@2 = v2n€< — An, + gVnE) + 2| Vul|?

1 1 1
= /02775<—A?7€+—V7k+—277§) 27757} —i—?]e‘VU‘Q
As
82

5 [ [avor - Sutv? (3.12)

A
_ / PRIVl — e’

82

Using again (2.1), together with the mass constraint for 7., we have that

A 1

—€:2<E€ )+ — 4). 3.1

=B+ o [ (313)
Replacing (3.13) in (3.12), and then (3.12) in (3.11) we get

1
Euus) = Ein)+ 5 [V nt(l - 207)

1

1 1 1
43 [ GOV + Tt co o} + JntvH{1 - cos” o}

Completing the square for {1 — v*} we get

1 1
E(ug,up) = Eg(n)+§/7)§|Vv|2 5 2775{1—@ 32— 2—627);1114

1 1 1 1
+- / 17 N2 V| + 4527]?‘114{1 4 cos? } + 19 ntv*{1 — cos® p}

2
1 9 2, 1
= E€<77>+§ 775|VU| %2 2775{1_7]}
+1/1 Vel + gt (1 - —) {1 - cos® o}
v ’U — — COS
2 4 775 80 775 gE 9552 80 9

which finishes the proof.

4 Upper bound inequality

In this section, we consider the formulation of the problem in (v, ) and call

Fe(v,0) = Fe(v) + Ge(v, ).
We prove here the upper bound inequality for e F.:

Proposition 4.1. (Upper bound inequality for cF.) Let ¢ = nly € X. There is
a sequence of pairs (v.,.) € Lip(R?;(0,1] x [0,7]), converging as € — 0 to (1,¢) in
L} (D) x L} (D), such that

loc loc

lim sup e 7. (v, 02) < F().

e—0

14



The proof is based on Bouchité’s paper [10], where he proves the I'-convergence of an
anisotropic phase transition Cahn-Hilliard energy. We point out that our weight 7. de-
pends on ¢ and vanishes asymptotically on the boundary of D.

In a first step, we assume that ¢ = 71,4, where A is an open bounded subset of R? with
smooth boundary such that H'(90A N dD) = 0. Then, for any ¢ € X we approximate
{¢ = 7} by this kind of sets. We conclude then thanks to a density argument. We remark
that we do not consider here the mass constraints in (1.8).

Before proving the upper bound, we recall some results about sets with smooth boundary,
that can be found in Lemmas 3 and 4 of [26]. For an open set A C R? with smooth, non
empty compact boundary, let d be the signed distance to 0A, defined by

d(z) = dist(z,0A) if ze€A
P —dist(z,04) if xeR\A.

For small £ > 0, consider the neighborhood of 0A given by
N, = {z € R?; |d(x)| < 1},
with boundary
Sy = {z € R?; |d(z)| = t}.
For ¢ > 0 small enough, there is a diffeomorphism ® between N; and 0Ax]|0, ¢ such that

>0, det|DD|>b. (4.1)

We denote by ® the component of ® in 0A. Moreover, d is a Lipschitz continuous function
in NV; and we have that

|Dd| =1 a.e. in N;. (4.2)

For small ¢t > 0, define the measure

Mt:H1L<DmSt)
Notice that po = H'L (DN 0OA). As in Lemma 4 in [26], H'(0A N ID) = 0 yields
lim inf 12(€2) 2> 110(42) ,
for every open Q C R2, and

lim 14 (D) = p1o(D) - (4.3)

t—0

Hence, as t — 0, u; converges weakly* to p, which implies

limsup/udutg/ud,uo (4.4)
D D

t—0

for every upper semicontinuous function u : D — R with compact support (see Proposi-
tions 1.62 and 1.80 in [5]).

Denote 19 = /p and for € > 0 define f. : R* x R x R*? — R, by

15



el t.p) = SR @l + ot 1~ £

For |p| =1 and s € R we also write f.(x,t,s) = f.(z,t,sp).

The last step in the proof of Proposition 4.1 uses the following Lemma, which proof is
given in the appendix.

Lemma 4.2. Let A be a subset of D with 14 € BV,y.(D). There exists a sequence { Ag }ren
of open bounded subsets of R? with smooth boundaries such that:

(i) limg oo L2((Ax ND)AA) =0,
(li) lim SUPg 00 fD p3/2 ‘DlAk| < fp p3/2 |D1A‘7
(ii) fAkﬁD p=[,p and H'(OD N OAL) =0 for k large enough.

Proof of Proposition 4.1: we first assume that A is an open subset of R? with smooth,
non empty compact boundary such that

HY(OANOD) =0. (4.5)

(Step 1: construction of the pairs of test functions.) For T' > 1, consider the approxima-
tion of the optimal profile

tanh in (0,7
wr = h in (1,7 +1Yr) ,
1 in (T4 Y7, +00)
where £ is the unique cubic polynomial such that A(T) = tanh(T), W/(T) = tanh'(T),
h(T + Y1) = 1 and R (T 4+ Y/7) = 0. Computing explicitly the coefficients of h, we
find that wy is a nondecreasing function in R, , with uniform C'-bounds with respect
to T € (1,00). We extend wr to the whole real line by setting wr(t) = wr(—t) in R_.
For ¢ > 0, consider 0 < m. < ¢ (to be chosen later), t. = tanh™'(m.) and define a
modification of wy near zero by

w = J me in (0,t.)
T wr in (t,00).

Notice that w. r has uniform Lipchitz bounds with respect to 7" € (1,00) and € € [0, 1).
We recall that D = B(0, A\) and we denote Ds = B(0, A — 9). For y in 0A\D;, we define

wé’,T(t) = W ( @ t) ,

and we write wy. = wg . For small § > 0, we define R = R;s by

R= (T +Yr) \/g . (4.6)

Since wr has uniform C''-bounds with respect to T' € (1, 00), while p is a smooth function
in Dy, for every y € A N Ds, there is an open neighborhood ¥ of y in 9A N Dy such that

16



/0 Jolx, wi(t), (wh)'(t)) dt < /0 fo(z, wi(t), (wi) (1) dt + 6  VYeeX, VI >1.

Hence, thanks to the compactness of A N D;, there is a finite family {¥;}Y, of open
disjoint subsets of 0A N Dy, and a corresponding family of points y; € ¥;, such that

H! <aA NDs \ 62) =0 (4.7)

and

/ Jolz, wr (t (w?)'(t))dtS/ folw, wi(t), (wr)' (1)) dt + 6, (4.8)

for every z € 3;, T > 1 and 1 <7 < N. We will use the functions w?%. to define the first

test function, so we have to interpolate between the different 3;’s. Deﬁne first g = 0A\Ds

and yo = (A—6,0) € D;. For small £ > 0 define ©{ = {z € %;; dist(z, 0%;) > (}. Clearly,
HU(SA\D) =0 as £ —0.

In particular, we can take ¢ = {5 such that

RHY(ZA\XY) = 0s50(1) (4.9)
for every 0 < i < N. Consider then {6;}¥, such that 6, € C>(dA, [0,1]),
N ~ A
Zﬁi =1 on O0A and 0;=1 in X' (4.10)
i=0

We deduce a smooth partition of the unity on N; by setting ; = 6; o ® and we define

1 in R2\N53

Ve =
S i)l (M) in N

Since w!'; is a nondecreasing function, while p is a radial decreasing function, (2.8) and
the fact that dist(y;, D) > ¢ yield

Mﬁ:w%uo=w¢<@+v> é?)Zwﬂawvnzl, (4.11)

Yi
we,T

so v, is a continuous function. Moreover, since w. r has uniform Lipschitz bounds with
respect to T € (1,00) and € € (0,1), there is C' > 0 such that for € small enough,

C
||ve||00’1(R2) < —. (4.12)
€

We also define
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™ if ze A\Neig
() =< &(d@/er.) if xe Ny ) (4.13)
0 if zeR\(AUNg)

where £(t) = 7/2(14t) and £, = (2/»)"/*t.. We clearly have that (v., ¢.) € Lip(R?; (0, 1] x
[0, 7]), and that (v, p.) converges as e — 0 to (1,¢) in LL (D) x LL (D).

loc loc

(Step 2: estimating the energy eG..) The function ¢, is constant in R*\ N_;_, so G (v., ¢.) =
G.(ve, ¢ ; N.i.). Since w. r is a nondecreasing function while p has a global maximum at
zero, for every x € N_;. we have

utty (M) g, (M9 o (ZHOD) < = e,

9 9 €

S

so ve < me in N . Hence,

1 i
Ge(ve, 0e) < 3 /N nm? |V + nim? g{1 — cos®(¢.)} .

ete

Then, the definitions of . and g., together with the fact that 7. is uniformly bounded,
yield
G€<U€7 905) <C (m?: (€t€)72 + e m?) £2<NEEE) .

Using (4.1), we have

ete
(ete) ' LA(Ng) < C(efe)_l/ dt/ |det (D) ~'| dH'
—et. 0A
< b 'HY(OA)
= O€%0<1>-

For ¢ small, we have £, = (2/x)"?tanh™"(m.) = O._o(m.). Hence,
Ge(ve, ) < C (mgaf1 +m? g. 5) )

Taking m. = (g.€%)~"*, G.(v., ¢.) < Cg- =2, and after (1.6) we obtain

eG- (v, ) < C(g-£3) 7" = 0.0(1). (4.14)

(Step 3: computing the energy €F..) Since v. is constant out of N.g, we have

eF.(ve) :/ Oe —|—/ <;5€+/ O . (4.15)
N:rMNDs N, RO(D\Dé) NER\D

5

where

Oe(x) = %fe(x,ve,aDvg) )

Considering (4.12), for £ small enough there is C' > 0 such that |Vou.| < /. Estimates
(2.4), (2.7) and (2.8) thus yield

18



IN

/ ®e C (max{p + p*} + Cs €7 lne\) e~ L?(N.p N (D\Ds))
N.gN(D\Ds) 9Ds
< C (64| nel)e " L*(Neg) .

Using (4.1) we have

eR
e L*(N.g) < 05_1/ dt/ |det (D) '] dH!
—eR 0A
< CRb'H'Y(0A),
so (4.6) yields
lim ¢ < CSRbTHY (DA) = 0550(1) . (4.16)

€20 J N rN(D\Ds)

Similarly, using (2.6) we have

/ ¢ < C sup (02 +n:) R0~ H'(0A)
Nop\D 2D

R\
< CePRbITHYOA) (4.17)

= 0€%0<1> .

Now, remember the interpolation from (4.10). We have
N
o= ([ o[ o).
/NaRﬂDa ) Zzl N:rNB; : NerNC; )

B; = {z € Dys; ®(zx) € £} and C;={x € Ds; d(x) € B;\X¢}.

where

As before, since 7. is uniformly bounded in R? with respect to e € (0,1), (4.1) yields

1 eR
/ ¢ < C—/ dt/ |det (D®)~"| dH!
NerNC €J-¢R Tz

< CROHYZNADY).

Hence, after (4.6) and (4.9), we obtain

/ ¢ = 05-50(1) (4.18)
N:rNC;

for every e € (0,1). In N.gr N B; we have v.(z) = w!';(I4)l/c). Using (4.2) we write
[ o= [ DRI o w4, () ().
N.rNB; N.rNB;
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The coarea formula from Proposition 1.5 yields

/mB /‘“/m (e, 0l (1), (i) (1)) ()
We thus have, a '

/ERHB 0. < / dt /DmB (x, wii(t), (wh) (t)) dper(x) + RL + RL . (4.19)

The first error here before comes from the modification of wy near 0. Using (4.3) and the
definition of . we compute

4 2
R. < Cy|—=t. sup ||l

T p(Yi)  te(0.2R)
< 2t s
oA te(0,eR)
= 0..0(1).

The second error appears when replacing f. by fy, so using estimates (2.4) and (2.8),
together with y; € Ds, there is Cs > 0 such that

R < Cse®|Ine| R supyeio ey el = 0:0(1) -

Using Fubini’s formula, we rewrite (4.19) as

/N¢ </ (hw / ol (), (w ><>>dt)duet<x>+ogﬁo<1>.

The set Ds N B; is close and the inner integral is a continuous function of . Hence, the
function inside the outer integral is upper semicontinuous function of z. Inequality (4.4)
thus yields

s [0, < /(19503 / ol wk (1), (w ><>>dt) dhol)

-/ (/ fo (), () () ) dpofe).

Notice that since g is supported in OA, we replaced B; by Ds; NX¢. From (4.8) and since
wr is an even function, we have

e [ o< o (] e w0, Y 0) bt + ) dofr)
(0. )+ 8) duafo). (120
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(Step 4: upper bound) Putting together (4.14)-(4.18) and (4.20) we get

N

imoup<7 (v pe) < 23 /D ( / " o, wh(e), (uh) (1) dt + 5) dpio() + 0540(1)

e—0

Now, we take a sequence T' = Tj such that T5 — oo as 0 — 0 (notice that (4.11) still
holds). Then, Fubini’s formula and dominated convergence theorem, together with (4.7)
and (4.9), yield

i (mswez o 00) < [ ([l wr @, @) ) duote).

e—0

Remembering the definitions of fy, po and w?®, (1.14) yields

lim <limsup 5.7:5(115,@5)) < 20'/ P (x)dH () .
0—0 e—0 DNOA

We conclude thanks to a diagonal argument (see Corollary 1.16 in [7]): there exists a
sequence 0. —.,0 0, such that as e = 0, (v, pes.) converges in Ll (D) x Li (D) to
(1,), and

lmsup <P (v pes) < 20 [ g ).
e—0 DNoA
(Step 5: approximation of A by Cacciopoli sets) We end the proof using Lemma 4.2, the
proof of which is given in the appendix. We remove the condition (4.5) and we only
assume that A is a set with locally finite perimeter in D. Consider ¢* = 71,4, with
{Ar}ren the sequence from Lemma 4.2. From (i), (1,¢"*) converges to (1,¢) in LY(D)
and we have [ 4, P = 2 for k large enough. Hence, from steps (1)-(4), there is a sequence
(vF, k) — (1,¢%) in LL (D) x LL (D) such that
lim e F. (vF, %) = F(o").
e—0
Using (ii) from Lemma 4.2 we obtain

lim sup (lim eF.(vF, cpf)) < Flo) .

k—0 N0

As in step (4), we conclude thanks to a diagonal argument.

5 Lower bound inequality and compactness

The proofs in this section are based on geometric measure theory techniques. We make
the lower bound on lines and then use the slicing method, which can be found in [6] or
[11]. The last part of the proof of the lower bound is inspired by the ideas in [4].
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5.1 Lower bound on lines

Consider an open set A CC D and let v € S! be a fixed direction. We call 7, the hyper-
plane orthogonal to v, and A, the projection of A on m,. We define the one dimensional
slices of A, indexed by x € A,, as

A, ={teR;z+tve A}.

For every function f in D, we define f, as the restriction of f to the slice A,, defined by
fz(t) = f(x 4+ tv). For (v,¢): Ay — (0,1] x (0,7), we define the energies

1 1
F.(v;Ay) = §/A 773,93|VU|2+2—82773@{1—U2}2,
1 -
Gelv,pids) = 5 [ W IVl ! (1 cos'(¢)) and

Fe(v, 95 4z) = Fo(v;4q) + Ge(v, 03 A)
Similarly, for ¢ € BV (A, ;{0,7}) we define
20 3/
FloiAs) =~ / pL*d| Dyl
T Ay

With the previous notations, we have the following result:

Proposition 5.1. Let (v, p.) € Lip(A,; (0,4+00) X [0,7]) such that

sup ||ve || e (a,) < 00 (5.1)
e>0
and
eFe(ve, e Ay) < 0. (5.2)

Then, there is ¢ € SBV (A, ;{0,7}) such that

(v, 0e) = (1, ) m Ll(Ax) X Ll(Ax) (5.3)
and
lim iglf eF(ve, 03 Ar) > Flps As) . (5.4)

Proof: (Step 1) Using that A CC D and estimate (2.4), there are ¢1,co > 0 such that

N2, > ps—ae’|lnel > in A, (5.5)
Hence, the definition of F.(-; A,) and (5.2) give

4| A,
|1 - Us‘ < |CQ ‘ 52-F€<U67906;Am> = 0€H0<1> )
Az 2

so v — 1in L'(A,). Similarly, after (5.1) v. < C'in A, so (1.6) yields
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8C
/ U?‘l - COSQ<()0€)‘ < ﬁfz-:(vea@e;Am) = 06*>0<1> .

Ay e C)
Hence, up to a (not relabeled) subsequence, p. — ¢ a.e. in A,, with ¢ : A, — {0,7}.
This, together with A, CC D, gives p. — ¢ in L*(A,). We have proved (5.3).

(Step 2) We now prove the lower bound for the energy. Let ¢ty € Sp. For 6 > 0 define

JgZAxﬂ(to—(s,to+5),
and suppose that
tlerl£ {;I;E ve(t)} >c3>0. (5.6)

Then, for every ¢ > 0 and every ¢t € Js, v-(t) > c3. Hence, using (5.2), (5.5) and the
coarea formula (1.21), there is C' > 0 such that

(c3'e3® + %5t

8C T 1/
. / Vil + (L= cos(@)} = [ at{1-co(0}” [ D1,

g 0 Js
(5.7)
where W, = {t € A, ; ¢-(x) < t}. Since p. converges to ¢ a.e. in A,, we get

lw., = lio—op in  L'(A,),

for a.e. t € (0, 7). Hence, the lower semicontinuity of the BV norm with respect to the
L'-convergence, together with (1.6), (5.7) and Fatou’s lemma, gives

0o > /dt{l—cosQ(t)}l/zliminf/ | D1y,
0 e—0 Js ’

v

T
5 |D1p—0y] -
Js

Thus,

0=H"(JsNSp) > H'({te}) = 1.

This contradiction implies that (5.6) can not be satisfied. We derive that for every § > 0,
we may extract a subsequence (not relabeled), such that exists {t.}.~o C Js with

t.— 1o € Js and ve(te) = 0 ase — 0. (5.8)
(Step 3) For € > 0, define IF = {t € Js; £(t. —t) < 0} and v* : J; — (0,1] by

vE(t) = 1zv(t) + 17v.(2)

The definition of F, estimate (5.5) and the fact that v= is constant in I* while equal to
v. in I yield

\/§€F€<U€7 Pe 5 Jé) Z /

2 (YT = 2P 12 Y L= (7)) - 0em1)-
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Using the coarea formula (1.21) we obtain

1
VasE (g2 [ at( =) [ aP(1D1] 100 ]) o).
0 Js

where V; = {t € Js;vF < t}. Since t. — fo, v-(t.) = 0 and v.(t) — 1 ae. in
Js, 1yx = 15z in L'(J5), where [* = {t € Js5; £(fp —t) < 0}. Hence, the lower

semicontinuity of the BV norm with respect to the L'-convergence and Fatou’s lemma,
give

hmmfsf (Ve e 5 J5) > / dt (1 / 3/2(|D11 | + |D11+|> = 0 2p%(ty) . (5.9)

. 3/2 .
Moreover, since pg;/ >c4 > 01in A,, we have

lim iglf eFe(ve, e 3 Js) > 20c4 > 0. (5.10)
E—r

(Step 4) Let T' = {t1,...,t,}, n € N, be any finite subset of Sp. For i € {0,1,...,n} we
define

Ji=A,0(ti—6,t;+06).
Consider ¢’ > 0 such that Ji N JJ =@ for i # j and let & € (0,8’). From (5.10), we have

Cq .. . .
%hran_gglfg}—ewe’%’Am) Z n.

Therefore, using (5.2) we derive that n is bounded, so S¢ is a finite set and ¢ € SBV(A,).
(Step 5) Finally, write S = {t1,--- ,tn}, N € N. Reasoning as before, for ¢’ small
enough and ¢ € (0,9, (5.9) gives

e—0

N
liminf e F. (v, - ; Ay) > QJZpZ/Q(fZ-) : with e Ji.

Since p, is a continuous function, taking the limit 6 — 0 in the previous inequality we
obtain

N
lim inf e (ve, 92 As) > QUZ P (t;) = 20 /A x p?d|Dyl .

We have proved (5.4).

5.2 The slicing method

Using the slicing method, we now prove the compactness and the lower bound inequality

for e F..
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Proposition 5.2. (Lower bound inequality and compactness for e F.) Let (v, ¢.) €
Lipioe(R?; (0, +00) x [0, 7]) such that

sup ||ve|| oo (i) < C for K CC D (5.11)
e>0
and
sup eF(ve, pe) < 00. (5.12)
e>0

Then, there is p € X such that

(1)67 ()08) — (17 ()0) ZTL Llloc(D) X Llloc(D) (513)
and
lim iglf eFe(ve, 02 ) = Flp). (5.14)
E—r

Proof: arguing as in the proof of (5.3) of Proposition 5.1, there exists ¢ : D — {0, 7}
such that (5.13) is satisfied. Consider an open set A CC D, and fix v € S*. For z € 4,,
we define (v: 4, pe2) : Az — (0,1] x (0,7) by

(Ve.z, Pea)(t) = (ve, ) (7 + ).

Since A CC D and since v., 7. are non vanishing continuous functions, for fixed € > 0
(5.12) yields

g . £ .
C>ceF(ve, -3 A) > 512%73/\Vv€|2+§1£1‘fv€2n§/|v¢€‘2
A A

> cs,A{/ |w€|2+/\w€|2},
A A

so v. and . belong to W?(A). Hence (see [15], Section 4.9.2),

v;x(t) = D,v.(x + tv) and cp;gg(t) = D,p.(x +tv)

for a.e. t € A,, for L'- a.e. z € A,. Using then |Vo.|> > |D,v.]?, we get the slicing
inequality

eFe(ve, e 3 A) > / EFe(Vew, Pen; As) do . (5.15)
Ay

From (5.12), for L'a.e. z € A, eFo(Ve sz, Per ; Az) is uniformly bounded with respect to
e. Thus, after Proposition 5.1, for L!-a.e. x € A, there is ¢, € BV (A, ;{0,7}) such that

(Vews Pew) = (1, 01) in LY(A,) x LY(Ay) (5.16)
and
lim>ionf eFe(Vey, Qe Ax) > Flps; Asz) (5.17)
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The function ¢ defined in (5.13) is the L'(A) limit of p., so for Ll-ae. x € A,, o,
coincide with the restriction of ¢ to A,. Therefore, since the vector v is taken arbitrarily,
¢ € BV(A) (see Proposition 6.9 in [4]), and since A is any open relatively compact subset
of D, we derive that ¢ € BVj,.(D). Using (5.15), (5.17) Fatou’s lemma and Fubini’s
formula, we also obtain

liminf e F (ve, pe) > F(1, 0.5 A,) da

e—0 A,
20 d 3/
™ Ja, Ag
20

= = plPd(LY LA, @ Do, | L Ay). (5.18)

D

Now, for every ¢ > 0, let p. be the energy distribution in D associated with the pair
(ve, @.), that is, the positive Radon measure which for every Borel set £ C R? is given by

pe(E) = eFe(ve, e END).

From (5.12), the total mass ||p.|| is uniformly bounded. De La Vallée Poussin compactness
criterion (see [5], page 26) gives then that (up to a subsequence) p. converges weakly* to
some finite measure 1 on D. We claim that

p>20p"  HYL Sop.

We will prove this using Besicovitch derivation Theorem (see [5], page 54). First, after
(5.12) for every K CC D there is Ri € (0, A) such that

0 < u(K) < u(B(0,Rk)) < ligélfﬂs(B(O, Rk)) < 0. (5.19)

Hence, 4 is a positive Radon measure in D, and for H!-a.e. z € Sy the limit

f(2) = tim —HBr@) (5.20)

exists, and we have

p>f-H LS. (5.21)

Let 2o € SpN A. Since A CC D, B,.(xy) C D for r small enough. We assume! moreover
that u(0B(xg,r)) = 0. Proposition 1.62 in [5] and estimate (5.18) yield

plBulwo)) = lim ne(By(w0))

2
> —0/ plPd(LY LA, @ |Dpg| L Ay)
T J B (x0)
2
> 20 it pi/Q/ d(L'L A, ®@|Dp,|LA,). (5.22)
T Br($0) Br(l‘)

n fact this holds for all r except countably many (see [5], page 29).
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In Proposition 5.1 we proved that for L'-a.e. z € A,, p, € SBV(A,) N L>®(A), and

/ dx/ HO(S,,) < 00.
A, A,

Hence, after Theorem 2.3 in [6], ¢ € SBV(A) N L>(A) and

/ d(ﬁll_Al,(X)\Dapo_Am):W/ (v, V)| dH, (5.23)
Br(l‘o)

B (mo)

where v, is the measure theoretic inner normal to the Caccioppoli set {¢ = w}. Putting
(5.23) in (5.22) we obtain

p(Bilan)) = 20 wf g [ ()l a
By-(l'())

B (o)
> 20 inf p* inf (v, v)| HY (B (z0) N Sy).
N Br(xo)px Br(l‘o)ﬂSq}|< o V)| 1 (Br (o) ©)

Since Sy is a rectifiable set in A, for H'-a.e. zy € S, v,(x) is continuous in B, (z¢) for r
small enough. Thus, taking v = v,(zy) and since p is continuous, we get

i A(B0)
r—0t HY(B,(z9) N Sy)

for Hl-a.e. 7y € Sp. Hence, (5.20) and (5.21) yield the claim. The definition of u gives
then

> 200" (o)

liminf e F. (v, . ; A) = lim iglf pe(A) > p(A) > 20 / pPdH!

e—0 SeNA

Finally, taking an increasing sequence {Ay}ren with Ay CC D, we get

lim iglfs]:g(va, V) > 20/ pPdH!
E—r

SeND
which gives (5.14).

5.3 Remark about a lower bound for v. in the transition zone

We end this section with a discussion about the infinimum of v, in the transition zone.
Let {(ve, pe)eso be a sequence of minimizers of F., and let ¢ € BVj,.(D; {0,7}) be the
Li ~limit of ¢, given in (1.17). Let K CC D be an open smooth set, with non negligible
intersection with S, that is,

HY (K NSyp)>0.

For every ¢ > 0, we define

Me ik = ;éllf( ve(x) .
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We would like to obtain an upper bound for m, g, in connection with an open question
in [8], namely
ma,K S CK(9552)_1/4 . (524)

If we assume that we have the upper and lower inequalities for each € > 0, that is

eF.(v:) < F(y) (5.25)

and

eF.(v:) > Fly), (5.26)

we can give estimates on G, in order to obtain the upper bound for m. x. So assume that
we have (5.25) and (5.26). On the one hand, estimates (2.4) and (2.8) give then

1

eGe(ve, e K) > 1 g€52m§7K (j%fp3/2_CK€2|ln82‘>/ |V.| sin ¢,
K

Z CK 9652 m?,K / |V905| sin Pe -
K

We claim that the integral here below is bounded away from zero. Indeed, if this not the
case, we will have

liminf/ [V, |singp. =0.
e—0 K

Hence, since . — ¢ in L'(K), the coarea formula together with the lower semi continuity
of the BV norm imply the contradiction

O:liminf/ Sintdt/ ‘Dl{%q}‘ 2/ sintdt/ |D1{¥,:0}| :2H1<Sﬁpﬂ[().
0 K 0 K

e—0

We thus derive that there is 'y > 0 such that

eG.(ve, - ; K) > Cl \/ g2 mgK. (5.27)

In the other hand, by inspection of the proof of Proposition 4.1 (see estimate (4.14)), we
see that the pair of test function (7., @.) satisfies

eGo (e, ey K) < C(gee®)™"2. (5.28)

Hence, considering (5.25)-(5.28), together with the fact that (v.,p.) minimizes F., we
obtain

20/ P3/2|D90|+CK 95827”2,}(
K

IN

eFe(Ve, e K)
E‘FE(,&%@E; K)

20/ p?|De| + C(g-e®) 7"
K

A\

IN
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4

Multiplying both sides of the previous inequality by (g.c?)”* we find the upper bound
(5.24) for m? f.

However, we are not able to prove (5.25) and (5.26) as such because of the error terms.
Indeed, the proof of the upper bound of Theorem 1.1 says that there is a sequence

{(667 @e)}e>0 such that

limsupeF.(v.) < F(p). (5.29)

e—0

In the proof of (5.29), we first approximate the locally Cacciopoli set A = {¢ = 7} by
characteristics functions of open sets A, with compact smooth boundary. This gives a
small error in terms of £ € N in the upper bound inequality (5.29). Then for each k € N,
we construct a test function for which (5.29) holds, up to a small error term depending
on a parameter § > 0. In these two steps, we use diagonal extraction arguments in order
to get rid of the error terms, so it is not possible to compute them explicitly. Similarly, in
the proof of the lower bound of Theorem 1.1, we use the compactness of bounded Radon
measures, so we cannot estimate the error term in the lower bound inequality

lim iglf el () > Flp). (5.30)

6 Proof of the I'-convergence for ¢ (E.(-) — E.(n.))

6.1 Proof of the compactness and the lower bound inequality in
Theorem 1.1:

let {(u1c,us.)}es0 be a sequence of minimizers of £, in H satistying (1.16). From Proposi-
tion 3.1(i), the pairs (v., ¢.) are well defined by (1.7), belong to Lip;..(R?; (0, +00) x [0, 7])
and satisfy (5.11). Proposition 3.2 yields eF.(ve, ¢.) < oo. Thus, the hypotheses of
Proposition 5.2 are fulfilled by (v., ¢.) and we have

(Uf? ()08) — (17 ()0) in Llloc(D) X Llloc(D)

with ¢ € X, and

liminf e F. (ve, e ) > F(p) .

e—0

Equality (1.9) yields then

liminf e (E(u e, use) — E:(n:)) > Flp).

e—0

Finally, using identity (3.4) we get

(ul,av u276) — \/ﬁ (1{90:0}7 1{90:71'}) iIl Llloc(D) X Llloc(D) :
U

In order to prove the upper bound we have to work a little more. We first modify the
pairs of test functions from Proposition 4.1 to make them satisfy the mass constraints
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(1.8). We prove then that this modification do not change the limit of the energy. We
finish by verifying that the pairs of modified test functions are the image by (1.7) of a
pair in ‘H, and we conclude using Proposition 4.1.

6.2 Proof of the upper bound inequality in Theorem 1.1:

(Step 1 : Modification of the pairs of test functions) With the notations from the proof of
Proposition 4.1, we write N. = N.g, and we define (7., ¢.) the sequence of pairs of test
functions such that

lim sup £ 7. (5, 2) < F() (6.1)

e—0
Consider k € C*(R; ; [0, 1]) with suppx C (0,1) and x = 1 in (0,1/2). Since A is a non
empty open set, there is By = B,,(xg) CC AND. For £ € [-1,1] and 7 € (}/2,1), define
Re = Retr by

ke(x) = €Tl K(le==ol/ry) .

We define then 0. = v, + k. and v, = c.0., with c. = ||n.0.||52. For ¢ small enough N,
and By are disjoints. We estimate

Hence, using that 7 € (1/2,1) we get ¢ = 1 — r. with
re = 4/ ke +O(e) = O(). (6.2)
By
Notice that for € small enough, r. may be positive or negative depending on the sign of ¢.
The definition of w! ;. insures that v. > 0. The first mass constraint in (1.8) is immediately
satisfied by the definition of v.. Remember the definition of ¢. in (4.13). For the second
mass constraint we write
-2 2.2 _ 2 2
Ce /2 Ne Ve COS P = /2 Nz (Lg2\(aun.) — Lay(v.uso) + 1n.uB, 07 COS @) -
R R

Adding and removing 1n.\4 72, 1n.uan? and 1,72 in the previous integral, we get

05_2/ ngvg cos . = / ng(le —21,4) +/ 773({}5 + /15)2 —1 (6.3)
R2 R2 Bo
Jr/ N2 (02 cos e — 1o+ 1p2ya) - (6.4)
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For the third term in (6.3), we have that 7., 9. and cos ¢. are bounded while £*(N.) =
O(e). Hence,

/ n2(02 cos . — La + 1gaya) = Ofe). (6.5)

S

For the first term in (6.3), using that fRQ n? =1 = a; + ay and that fDmAp = (g, We
obtain

/ 773(1R2—21A)=041—042+/ (773—/))+/ .
R2 AND A\D

Using (2.5) we get, for a € (1/2,3/5) and v € (1/2,3/4),

/ (n2—p) = / (n?—p)+/ (n2 = p)
AND ANB(0,A—e%) (AND)\B(0,A—e2)

= O(") + 0. (6.6)

Moreover, from (2.7), we have n%(z) < n?(x,) in A\D, with z, € 9B(0,\ —&%). From
(2.5) and (2.8) we get

02 (2) < 12 (wa) = 12(2a) — p(za) + plza) = O(),
so using that A is a bounded set we obtain
| =oe. (6.7)
A\D

For the second term in (6.3), the definitions of x. and r. yield

1
[ 24w = 5o+ O) + O, (6.8)
By
Putting (6.5)-(6.8) in (6.3) and considering (6.2) we get

1
052/ n2v? cos . = ay — ay + =1, + O(”),
- P
where f = min{1, o, 7,27} = min{a, v} € (1/2,3/5). Hence, (6.2) gives

1

/ n2vtcos . — (a1 — ap) = (5 — (g — ag)) r. +O0(7).
RQ

Suppose now, without loss of generality, that a; — ay < /2. The definition of r. and k.,
together with (2.4), (2.8) and By CC AN D, give then
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lr.| > 4i§f77€2/ m§+(’)(6)
0 Bo

> dinfn?|l]e” / K2+ O(e)
Bo Brga (o)

> cll|e"+ O(e),

for some ¢ > 0 not depending on . Hence, if we take £ = 1 in the definition of «., for
small enough we have

/ n2v? cos . — (g — ap) > de™(1 4+ —£F77),
R2

Analogously, taking now ¢ = —1, we get

/ n2v?cos p. — (@ —ap) < ¢ (=147 577
R2

Since [ € (1/2,3/5), we can choose T € (1/2, 3) and obtain

/n?v?cosg05>oz1—a2 it (=1
R2

and

/n?v?cosg05<oz1—a2 if (=-1.
R2

Hence, there exists ¢. € (—1, 1) such that for € small enough, the associated pair (v, ¢.)
satisfy the second mass constraint in (1.8).

(Step 2 : Computing the energy). We now compute the energy of (v, ¢.). We recall that
N,;. is the transition zone of ¢, defined in (4.13). For the energy G., we have that ¢, is

constant out of N ; , while v. = ¢.0. in N; with ¢. =1+ O(¢"). Hence,

eG:(ve, ) = (1 4+ O(€7))eGe (e, @2 ) - (6.9)

For the energy F., we have that v. = c.(1 + k.) in By. The definition of k. gives then,
|Vo.|? = O(e¥) and {1 — v2}?> = O(*"). Hence,

eF.(ve; By) = O 1) = 0.0(1). (6.10)

In R?\(N. N By), we have that v. = c., so |[Vv.| = 0 and {1 —v?}* = O(¢?"). As before
we get

eF.(ve; RA\(N. N By)) = O(E¥1) = 0.,0(1). (6.11)

In N., we have that v. = c.0.. Hence, |Vu.|*> = (1 + O(e7))|Vi.|? and {1 — v?}? =
(1+O(E){1 — 02}% + O(e™), which gives

eF.(vo; No) = (1+0(€N)eFu(ve; No) + O(e7)e ™ L2(N.)
= (14+0(7))eF.(0:; Ne) + 0-0(1) . (6.12)
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Since v, is constant out of N., we have F.(0.) = F.(0.; N.). Putting together (6.1) and
(6.9)-(6.12), we obtain

limsup eFe(ve, ¢c) = limsup e 7. (0, @) < F(yp). (6.13)

e—0 e—0

(Step 3 : identification of (ve,¢.)) The pairs of test functions satisfies the hypothesis
from Proposition 3.1(ii), so defining (uy.,u2.) by (3.4) we have (uj.,us.) € H and
ui . +uj, > 0. Hence, after Proposition (3.2) relation (1.9) holds, and (6.13) yield

limsup e (& (w1, use) — E- (1)) = limsup eF.(ve, 0.) < F(p) .

e—0 e—0

6.3 Proof of Corollary 1.2:

Let ¢ € X with F(@) < +00. From the upper bound inequality in Theorem 1.1, there is
a sequence (U, Uz ) € H such that

lim Sélpé? (& e, tne) — Eo(n:)) < F(P) .
E—r
Since (uq ., us ) minimize & in H, the previous inequality yields
limsup e (ge(ul,aa u2,e) - Ee(na)) < f(@) ) (614)
e—0

so in particular (uy.,us.) satisfy (1.16). Hence, from the compactness and the lower
bound inequality in Theorem 1.1, there is ¢ € X and a subsequence (u ./, us ) with

linglf e (Ea(ur e uner) — Eur(ner)) > F(op) .
This inequality is verified for every subsequence of (u; ., us.), so we have

liminfe (& (uy e, uae) — E-(n:)) > Fle) . (6.15)

e—0

From (6.14) and (6.15), we obtain
F(@) > lim sup €5€<u1,€7 u2,z—:) > lim 131f €5€<u1,€7u2,€> > F(@) ) (616>
e—0 e

so F(¢) = infx F. Taking ¢ = ¢ in (6.16) yields

lime (& (ure, ) — Ec(ne)) = igl(f]:.

e—0
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6.4 Proof of Corollary 1.3

We start proving that when o is not to close to 0 or 1, the minimizers of F in X are not
radially symmetric. We show that for any radially symmetric ¢ € X, F(¢) > F(©as),
where the support of ¢4, € X is a disk sector. We first prove this for functions such that
{¢ = 0} is a disk or an annulus. Then, we generalize by induction the result to radial
functions such that {¢ = 0} is composed of a finite number of connected components. We
conclude then by approximating any radially symmetric ¢ € X by this kind of functions.

We recall that p is given in (1.3) and that X is the space of functions ¢ € BV,,.(D; {0, 7})
such that

/ p=aqi. (6.17)
{»=0}

If p4s € X is such that {4 = 0} is a disk sector, we easily compute

‘F(des) _ i
8¢ 16~
For 0 < R~ < R" < X we denote A(R~, R") the annulus of center the origin, inner radius
R~ and outer radius R™.

If p, € X is such that {¢ = 0} = A(0, R,) and fA(O Ry P = @, then Ry = M1 — a)”?
and

féﬁ“) = f(a), (6.18)

where f : [0,1] — R, is the concave function f(a) = (1 — a)”*(1 — /1 —a)”?. We see
that there exists

5o ~ 0.1486
such that if o € [0y, 1 — dg), then f(a) > 3/16.

Proposition 6.1. If oy € [0, 1 — &o|, then the minimizers of F in X are not radially
symmetric.

Proof: (Step 1) Let R € (0, ) and consider ¢{ € X such that {¢¢ =0} = A(0, R). From
(6.17), we have that F(p{)/8c = f(a1) so (6.18) yields

Fef) > F(0as) - (6.19)
Since ay = 1 — ay € [dg, 1 — ], the similar inequality holds if {¢¢ = 0} = A(R, \).

Consider now ¢f € X such that {¢{ =0} = A(Ry, Ry), with 0 < R; < Ry < A. Writing

61:/ ). 62=/ p and 63:/ ).
A(0,Ry) A(R1,R2) A(R2,))

we compute
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F (o]

~—

%o = J(B1) + f(B1+ Ba).
From (6.17), we have that 5y = a1 and 1 + 3 = az so
P pa)+ 18+ ).

The right hand size of the previous equality is a concave function of 3; and the value of
p1 may vary between 0 and as. If f; = 0 then F(¢f)/80 = f(a1). If /1 = as, since
a; + ay =1 we find F(¢])/80 = f(as). We derive

Fel) > Flpas) - (6.20)
(Step 2) Let n € N* and consider ¢,, € X such that
j=1

0< Ry 5 <Ry 5 <Ry <Ry <A

for 2 < j < n. We write 62]‘ = ngj P, 61 = fA(O,RQ_) Py 6271—}—1 = fA(R;n,)\) P and

Baji1 = / P
A(jo,R

2j+2)

for 1 < j <n— 1. Notice that we allow A(0, Ry) or A(RJ ,\) to be empty, but this only

2n»

implies that 51 = 0 or fs,,1 = 0. With this notation, we have

Z Bai = o, Z Bait1 = az (6.21)
i=1 i=1

and

féin) _ ]Zlf (Zl @) = g,(B1,- -, Bon) -

By induction, we are going to prove the following property:

(Pn) V51, Bans1 € [0, 1] such that Zﬁ% = oy and Z Bois1 = g,

=1 i=1
f(sods)
8o

gn(ﬁla e 762n) >

If n = 1 we are in one of the three cases analyzed in Step 1, so (6.19) and (6.20) yield (P;).

Let us assume that (P,) holds and consider 1, - - , B2,13 € [0, 1] such that
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n+1 n+1

Z Pai = a1 and Z Bait1 = az. (6.22)
i=1 =1

We have

2n 7 2n+1 2n+2
Gni1(Bry - Bonga) = Zf (Z@) +f (Z @-) +f (Z @) .

The right hand side of the previous equality is a concave function of fs,,5. The value of
Boni2 may vary between 0 and a;. Suppose first that 55,9 = 0. Then, defining

Bi=p; i j=1-2n  and  Phnir = Paner + Bons
the f3;’s satisfy (6.21) and we have

2n J
gn+1<617 e 7/82n+2) Z Z f (Z 5@) - gn(Blu T 7/82n) .
=1 —1
Hence, (P,) yields gn41(B1,- -, Bant2) > F(pas)/80.

Suppose now that [a,42 = a;. From (6.22) this implies f5; = 0 for every j = 1,--- ,n.
Then, defining

2n+1

31 = Z 5]‘ s 52 = /8271—1—2 and 53 = 52n+3 )
j=1

the f3;’s satisfy (6.21) and we have

2n+1 2n+2
Gns1(B1, -+, Pony2) > f (Z @) +f <Z @)
£ + £(Bu+ o)
= g1(B1, B2) .

Hence, (Py) yields ¢,+1(B1, -, Bant2) > F(pas)/80. We derive that the result holds for
all the possible values of Sy, 2.

We have proved that if ¢, € X is radial and its support has a finite number of connected
components, then

F(pn) > F(pas) - (6.23)

(Step 8) Suppose now that ¢ € X is a radially symmetric function such that {¢ = 0} has
an infinite number of connected components. Since ¢ has locally finite perimeter in D,
{¢ = 0} is the union of a countable family of disjoints annuli. We write

{e=0} =[] A4y,

JEZL
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with Ay; = A(Ry;, Ry;) such that

0< Ry <Ry <Ryp <Ry, <A (6.24)
For every n € N, we define a function ¢,, : D — {0, 7} by

{SOn = 0} = U A2j UAQn—i—Z U A—Qn—Z )

j=-n

such that

A2n+2 = A(L:, )\) and A,Qn,Q = A(O, L;)
with L, L} to be chosen next. If (L, , L) = (0, A), then (6.24) gives

p= / p < / p-
/{<Pn0} Z Agj {¢=0}

j=-n

Similarly if (L, L) = (R—,,, R3.), then

AwnO} re Z /Agj e Z /A(R;J.,R e Z /A(jo

JEL jzn 2j+2) j<-n

p > / p-
Ry;) {¢=0}

Hence, by continuity there is a pair (L;, L}) € (0, RZy,) x (1], A) such that [, . p=
f{go:o} p = ay. Clearly ¢, € BV,.(D), so ¢, € X. Moreover, (6.24) yields

—2

lim L, =0 and lim L' = \. (6.25)

n—o0 n—o0

We have

Flo) =2, /a ol

+
ez, J9B(O.R)

and since p is radially symmetric

Flg) = 3 / PV dHY + 2 (L) LE + (L) L) |
dB(0,R3;)

j=-n

From (6.25), the last term in the previous equality goes to zero as n — +00, 80 lim,, oo F(¢n) =
F(p). Hence, since {p,, = 0} has a finite number of connected components, (6.23) yields
F(p) > F(pgs), which ends the proof.

0

Proof of Corollary 1.3: Suppose that a; € [dg, 1 — dg] and that {(u; ., us.)}eso is a
sequence of radially symmetric pairs such that (u;.,us.) minimizes £ under the mass
constraints (1.5). Then, ¢, defined by (3.7) is also radially symmetric. Consider ¢. o, the
restriction of ¢, to a slice of D passing through 0. From Proposition 5.1, ¢, ¢ belongs to
SBVie([0,A]; {0,7}) and converges in Lj,.([0, A]) to . Hence, ¢. converges in L] (D)

to the radial function ¢ given by ¢(x) = ¢o(|z]). From Corollary 1.2, we know that ¢
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minimizes F over X, which yields a contradiction with Proposition 6.1.

7 Appendix

We end this article given the proof of Lemma 4.2, which is essentially the same of Lemma
4.3 in [10], which in turn is a generalization of Lemma 1 in [26]. For completeness we give
here the details of the proof.

Proof of Lemma 4.2: (Step 1) Suppose first that DN A and D\ A have both non empty
interior and let

We first approximate A by sets of finite perimeter in D. For k > 2 we define D, =
DN B(0,\(1—1k)) and A, = AN Dy. We have that 0,4, C (0.ANDy) U IDy, so

/ p3/2 d%l S / p3/2 dHl +/ p3/2 d%l )
a*A;C 0« ANDy, 0Dy,

Using Lebesgue dominated convergence theorem, the first term in the right hand side of
the inequality converges to |, 9.4 p? dH' < +o0o. The definition of Dy, and (2.8) yield

2

3/2 3/2 3/2
[ ot <ol omy #@P0) < (5) 7 HHOD) = 00 (1),
9Dy,

Hence,

lim p? dH! g/ p?dH' . (7.2)
k=00 Jo, A 0. A

(Step 2) Since Aj has finite perimeter in D, it can be approximated (see the proof of
Lemma 1 in [26]) by open bounded sets Ay, such that

. 1
LHANA,) < - (7.3

Al € Ay + B(0, k) and A, C Al + B(0, k) (7.4)
HY (DA, NOD) = 0. (7.5)

The definition of A}, and (7.3) imply (i). Using (7.1) and (7.4), for large enough k we get

B(x1,6) C Ag and B(x,,6) C D\A,. (7.6)

Moreover, using (ii) from Proposition 2.3 in [10] and the fact that Ay, belongs to a sequence
A} such that ||A7| gvpy = || ALl Bvp) as n — 0, we have

1
[oprsl < [ oLyl &
D D k

38



Also, the definition of Aj and (7.3) yield

Vi = /Akp—/APZOk—wo(l)- (7.8)

(Step 3) Now, we set

Ak\B(l‘l, Tl,k) if Vi > 0

AL U B(l‘l, TZ,k) if <0

where 71 ;, and 7o, are chosen to satisfy

Lo foio
B(x1,71,) B(x2,r9 1)

Since r +— [ Bla1 o) P is continuous and decreasing for r € (0,0), 71 and roy, are unique
and tend to zero as k — oo. Then, we derive from (7.6) and (7.8), for large enough k,

that
/ P:/ /)—’Yk://)-
DNA, Ay A

Moreover, from (7.5) and (7.6), we have H'(90A;) = 0 for k large enough, so (ii) is proved.
Using again (7.6) we obtain

/ P21 D1a,] < / 1D | + lplloo H (OB (a1, r10) UOB(@a,r10) . (7.9)
D D

Hence, using (7.7), we obtain

/ p3/2|D1Ak| < / p3/2|D1A;€| + Ok—mo(l),
D D

so (7.2) gives

lim sup / p”*|D1y,| < / p7* D1y
D D

k—00

We have proved (iii).

(Step 4) We now remove the condition that DN A and D\ A have no empty interior. First,
we notice that £2(D N A) = 0 and L*(D\A) = 0 are not possible because of the mass
constraints in (1.8). Hence, there exists x; a point of density of D N A and z5 a point of
density of D\ A. Consider the function

(I)(51752):/ p_/p7
A1z A
where Ay = AU B(xq,61)\B(22,02). Since p > 0 in D, for any § > 0 we have

®(5,0) >0 and $(0,0) <0.

Since ® is continuous, there is ¢t = t; € (0,1) such that ®(¢d, (1 — t)d) = 0. Define
As = AU B(x1, (1 —t)6)\B(x2,t0) and ¢ = mly4,. Both DN As and D\ As have no empty
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interior and [ AP = / 4 - Moreover L2(AsAA) — 0 as 0 — 0, and using an inequality
similar to (7.9), we get

limsup/p?’/QlDlAa\ S//)S/Q‘DlA‘-
D D

6—0

Finally, for each As we apply the construction from steps 1-3 and conclude thanks a di-

agonal argument, see Corollary 1.16 in [7].
O
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