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A coupling construction for spin systems with infinite
range interactions

F. Ezanno*

Abstract

Given a countable set of sites and a collection of flip rates at each site,
we give a sufficient condition on the long-range dependancies of the flip rates
ensuring the well-definedness of the corresponding spin system. This hypothesis
has already been widely used ([1], [2], [3], [4]) but our construction brings a new
insight to understand why it is natural.

The process is first constructed as a limit of finite spin systems. Then we
identify its generator and give a simple criterion for a measure to be invariant
with respect to it.

In this paper we propose a new construction of a class of Markov processes,
called spin systems, taking values in a configuration space X = {0,1}" where V is a
countable set whose elements are called sites. For these processes the dynamics are
such that when a transition occurs only one coordinate is allowed to change, and for
an initial configuration n the coordinate n(v) flips at some rate denoted by ¢, (7).
By this we mean that when t — 0, we require that

PP, (state at site v at time ¢ is 1 —(v)) = ¢,(n)t + o(t).
Thus the dynamics are governed by a family
c=(c(n), veEV, n€X)

of nonnegative real numbers called flip rates. The content of this paper could be
generalized in two possible directions: we could allow each coordinate to take values
in some countable set, taking for instance X = Z", and we could also consider tran-
sitions that may affect the states of a finite (but bounded) number of sites instead of
affecting just one site. However these two extensions could be treated with a tech-
nique similar to the one presented here, and this would complicate the notations
without making the problem more interesting.

The problem of defining in a satisfactory way this class of processes is not recent.
Liggett, in [4] and later in [5] (Chapter 1), gave a quite general solution using an ap-
proach based on the Hille-Yosida theorem. In [1] and [3] the problem was considered
in terms of the well-posedness of the corresponding martingale problem. For each
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of these approaches it turns out to be necessary to require good conditions for the
family of flip rates ¢, that loosely speaking must ensure that ¢,(n) depends on the
coordinates n(w) in a “sufficiently decreasing” way as w goes to infinity. This corre-
sponds to our condition (H2), which already appeared in various papers, including
[1] (condition 4.10), [2] (condition 14), [3] (condition 4.6) and [4] (condition 1.6).
The main purpose of this paper is to give an intuitive explanation of (H2) and si-
multaneously provide a quite general construction based on elementary probabilistic
tools. In this regard, our construction is in the same spirit as Harris’ in [6] but
we do not require a finite range interaction. We show that when it is satisfied a
certain countable state Markov process is non-explosive. This implies that there is
no influence coming from infinity at a given site in finite time. Heuristically, the
main idea here is that in order to know the state &/(v) of our spin system at site v
and time ¢ starting from some configuration 7 at time 0, one has to know n(w) for
a certain (random) set E of sites w. The interpretation of (H2) given in this paper
is that it yields the appropriate control over the long range dependancies of ¢,(n)
for F to remain almost surely finite, so actually the fact of “freezing” all the sites
outside a finite box has no influence on the value of &/(v) provided that this box is
big enough. This is the program of Section 1 that leads to the limit process of finite
spin systems. Section 2 is dedicated to make the link between this limit process
and the Markov pregenerator associated to c. It is of practical importance, given a
construction of some process, to have a characterisation of its invariant measures.
This is also done in Section 2.

1 Coupling and existence of the limit process

The space X = {0,1}" being endowed with its product topology, we recall that X
is a metrizable compact space. Any element 1 of X is canonically identified with a
function n : V- — {0,1}, and with the subset {v € V : n(v) = 1} of V. The sites
are denoted by Latin letters such as v, w and the configurations by Greek letters
such as &, ¢, nor x. Let X' = {n € X : Card(n) < +oo}, where Card(n) denotes
the cardinality of 7, and for any n € X and v € V let ¥ be the configuration that
coincides with 1 everywhere off v but not at v:

ol — W), if w# v,
n(w)_{l—n(v), if w=n.

Let us write 1y for the configuration such that 1y (v) = 1 if v € W and 0 otherwise.
From now on we fix a collection of flip rates ¢ = (¢,(n), v € V, n € X), and we
assume that each ¢, is a continuous function on X. For any pair (w,v) € V2 of sites,
with w # v, let
a(w,v) = sup |e,(n) — cu(n”)],
neX

and let a(w, w) = 0. One may think of a(w, v) as a measure of the maximal influence
of the state at site w on the flip rate at site v. By the continuity of ¢, it is clear that
whenever two configurations n; and 7y coincide on some subset W of V' we have

leo(m) = eolm)l < Y a(w,v). (1)

weWe



We introduce the notation a(w,v) = a(v, w). Throughout this paper we will assume
that the flip rates are bounded:

C= sup c¢y(n) < +oo, (H1)
veVneX

and that there exists a family (A,,v € V') bounded away from 0:
A= inf A\, >0,
veV

such that

A = sup Z )\—wa(w,v) < +00. (H2)

veV wv )\v

As already mentioned, various papers already used the last assumption but we point
out that a slightly stronger version of (H2) is stressed in [4] and [3] where only the
special case A\, = 1 is considered. As we said the interest of our construction is
to enlighten the natural aspect of (H2), using essentially coupling methods and a
duality relation between two processes. To sum up our strategy, we first define a
process by letting evolve only the coordinates lying in a finite box V,, C V, then we
let this box grow to V', and finally we prove that the obtained sequence of processes
converges. Our Theorem 1 makes all of this possible with a graphical construction.
Before explaining how to obtain a spin system, let us begin by defining finite spin
systems. These are simple Markov jump processes on a finite set of configurations.

Definition 1. Let n € X and W be a finite subset of V. We say that a process
€ = (&,t > 0) is a (n, W, c)-finite spin system if it is a Markov process on X);V =
{0 € X : Olwe = nyywe} such that

o {o=1;

e for any 0,6 € X};V, its jump rate from 0 to 0" is c,(0) if @ = 6V for some

v e W, and 0 otherwise.

We denote by Py, w the law of such a process and E,w the expectation under that
law. When we will use these notations we will continue to denote by & the value of
the process at time t.

Let us choose an increasing sequence (V,, n > 1) of finite boxes such that
Up>1Vy = V. We want to describe what happens to a (n, V,, ¢)-finite spin system
when n goes to cc.

We now turn to the definition of another class of Markov processes, called invasion
processes, that we will use as a tool to control the effect of changing one of the
parameters n or W on the evolution of our finite spin system.

Let W C V and a = (a(w,v), w # v) be a family of nonnegative numbers. Later,
the role of a will be played by a or @. The principle is that for each pair (z,y) of
sites, we place independently arrows from x to y at the jump times of a Poisson
process, and we decide that the 1’s spread using these arrows. More precisely we
consider a family of mutually independant Poisson processes (P, = # y), Ppy
having the intensity «(z,y), and we define a (random) oriented graph G on the set
V x Ry deciding that ((ﬂ:,s), (y,t)) is an edge if either x =y and s < t,or s =t



and s is a jump time of P, ,. Let {(w,s) —¢ (v,t)} be the event that there is a
path from (w,s) to (v,t) in G (i.e. a finite sequence of arrows at increasing times
starting from w and leading to v).

Definition 2. Let Py, be the law of the process ((;, t > 0) on X defined by
Gv)=1<JweW, (w,0) —=¢ (v,t),

and Ew, o the expectation under that law. When we will use these notations we will
continue to denote by (; the value of the process at time t. If the law of some process
is Py o then we call it a (W, a)-invasion process. If W = {w} with v € V we simply
write Py q.

It is clear from its definition that the invasion process possesses a monotonicity
property w.r.t. the parameter «, namely if o and & are such that for w # v, a(w,v) <

&(w,v), then a simple coupling argument shows that for any measurable, positive
function f on X which is increasing w.r.t. the canonical partial order on X, we have

Ew,alf(¢)] < Ewalf(C)]- (2)

Let us define

Ya (v, X) = (1= x(©)) Y a(w,v)x(w),
wWHV

ga(X) = Z )\U'Ya(UaX)'
veV
Note that for a = a we have v, (v, x) < A7\, > wt Ay P a(w, v), so

'Ya(v,X) < )\71)\1)14- (3)
We also define the function

q0) = dx(v), x € X.

veV

Note that if we take the weights A\, = 1 then ¢(x) is the cardinality of x. Now we
give a simple description of the invasion process in two special cases: first, when we
start with a finite number of 0’s, and then when we start with a 1 at some site and
0’s at all the other sites. In this paper we will only use these two initial conditions.

Proposition 1. (i) Suppose W€ is finite. Under Py, (G, > 0) is a Markov
process on the finite set Xy = {x € X : xyw = 1}, starting from (o = L.
Moreover, while in the configuration x, the site v flips at rate vq(v, x).

(ii) Suppose now that W = {w} and (H2) is fulfilled. Then

Ew,E[Q(Ct)] < )\weAta (4)

A being the constant which appears in (H2). In particular under Py, g, (Gt >
0) is non-explosive in the sense that P, z(Card((;) < +00) =1, and (¢, t > 0)
is a Markov process taking its values in the countable set X', starting from
(o = 1lw. Moreover, while in the configuration x, the site v flips at a rate

Ya (v, X)-



Proof. In both cases the Markovian character of ((;,t > 0) follows from the fact that
Poisson processes have stationary independent increments.

To calculate the flip rates in the first case, just note that for an initial configuration
x with x(v) = 0, the coordinate (;(v) flips if one of the P, , (with x(w) = 1)
jumps. The result follows from the fact that Zw:x(w)zl P, is a Poisson process
with intensity v4 (v, x)-

For the second claim, first consider

an(zoy) = {a(x,y), if o,y € Vp, (5)

0, otherwise;

and @p(z,y) = an(y, ). Let u,(t) = Ey g, [q()]. On one hand, a simple calculation
using (H2) shows that gg, (x) < Ag(x). On the other hand under Py, g, , (¢, t > 0)
takes its values in a finite state space so the following formula is easy to obtain:

Ey a,[q(Crn)[Ct] = a(&) + ga, (G)h + o(h).

Taking the expectation in this formula provides

lim un (t + h) — up,(t)

h—0 h =Eu 3,93, (G)] < Aun(t).

Thus Gronwall’s lemma together with u,(0) = A, give the inequality u, (t) < Aye?t.
Now in order to complete the proof we describe a coupling of some processes (¢", n >
1) and ¢ where (" is a (w,a,)-invasion process, ¢ is a (w,a)-invasion process, and
¢/'(v) is an increasing sequence that converges to (¢(v). To do this, we consider the
above Poissonian construction and define ¢" just like ¢ except that (" only uses P,
with z,y € V,,. More precisely we decide that ((z,s), (y,t)) is an edge of the graph
Gy, if either x =y and s <t,or s =t, x,y € V,, and s is a jump time of P, ,. Then
we define (/* by
G'w)=1< (w,0) —=g¢, (v,t).

Any given path of G is also a path of GG, as soon as V,, is big enough to contain all
the sites of the path. Consequently (;(v) is the increasing limit as n — oo of (J*(v).
By the monotone convergence theorem, we then have E,, 5[q(()] = limy, o0 un(t).
Therefore the bound given for wuy,(t) still holds for E,, z[q(¢:)]-

Since (¢ does not explode, it is a jump process on a countable set. Therefore we can
conclude as in the case where W€ is finite to determine the flip rates. U

We point out that the above proof highlights the natural aspect of the assump-
tion (H2). Indeed, if we take A, = 1 for simplicity, (H2) exactly ensures that the
invasion process with parameter @ is non-explosive, by making it grow slower than
a continuous-time branching process with intensity A. This point will turn out to
be crucial in Corollary 1 below.

Now the following assertion establishes a duality between the invasion process with
parameter a and the one with parameter a.

Proposition 2. Letv eV and W C V. Then

Py o(G(v) =1) =Pyg(Fw € W, (w) =1). (6)



Proof. Let t > 0, and for s < t let P, (s) = P, .(t) — P .(t —s). Clearly P, is a
Poisson process on the time interval [0,¢] with intensity a(y,z), and the processes
(ZSJW,&U # y) are mutually independant since the processes (P, ,,x # y) are. We
define another graph G on V x [0,¢] in the same way as G, but using ]Sm,y instead

of P, ,. Equation (6) then follows from the equivalence

(w,0) =g (v,t) & (v,0) =4 (w,1).

We now turn to the main result of this section.

Theorem 1. Let n > 1 and n € X. There exists a coupling of processes (7", n €
X,n>1) and (¢",n > 1) such that

(i) €M™ is a (n, Vy, c)-finite spin system,
(i) ¢™ is a (V,,a)-invasion process,

(iii) for anyt >0 and v € V,,, we have

{C(v) = 0} € {Vk > n, §"(v) =& ()}

Proof. As we announced, we are going to create a common graphical construction
to build all the finite spin systems in the same probability space. Not surprisingly,
our main ingredients will be a family (V,, v € V') of independent Poisson processes,
N, having intensity C + AX~1\,, and a family (U,;, v € V, i > 1) of independent
random variables, U, ; being uniformly distributed over the interval [0, C'+ AX71A,].
They are all defined on some appropriate probability space (€2, F,P), and the expec-
tation under P is denoted by E. For any n > 1 we consider N" = Zvevn N,. Almost
surely the jumps of N™ are distinct and have no accumulation point, so there exists
a strictly increasing sequence (¢, j > 1) such that the jumps of N™ are the ¢;,5 > 1.
Let v; be the site of V;, such that Ny, (t;) — Ny, (t;) =1, and u; = U%ij (t;)-

We then define "™ on each interval of time [¢;,¢;41) by induction:

n

o fort €[0,t1), & =n;

n \Y . n
’ , ifuy < ey (&),
e forte [tj,tj+1)’ :],n = (ftrjzl) J i (gtjfl)

£y otherwise.
We also define (" by induction, using the same Poisson processes:

o fort € [0,t1), (' = lye;

o fort e [tj,tj41), let
(cr))” G (o) =0, and A7 < uj < AT 4005, G ),

n 1 .
Ctj_ o otherwise;

G =



where A% = infy>n ¢y, (fglfl) We recall that v, (v;, Ct’;il) = zw?évj a(w,vj)g“[;il(w)
when ¢ (v;) = 0.

It again follows from the properties of Poisson processes that each process 7" and
(™ has the Markov property. Moreover the flip rates are the ones required. Indeed,
for each of these processes the flip rate of one coordinate is given by the length of
the interval to which we ask wu; to belong for this coordinate to flip, since in our
construction this interval is always contained in [0,C + AX"1A,;] (see (3)). Just
observe then that this length has been chosen properly to make the processes have
the correct distribution.

Let us show (iii) by induction. With the convention ¢y = 0 we have to show that for
any j > 0andv eV,

{¢(v) = 0} C {Vk > n, &7 (v) = ()} (7)

The case j = 0 is a consequence of the definition of the processes. Let us assume that
(7) is fulfilled for some j > 0 and suppose that ¢ (vj41) = 0 (or else the conclusion
is straightforward). Then (1) gives

7k 1 7k
2‘;5 Cvj+1(§tj ) < égi cvj+1(§tj )“"Ya(vj—l—lacg)-
Consequently, whenever the transition at time ¢;;1 makes & ok (vj+1) jump but not

ft’k/ (vj41) for some k, k" > n, it must necessarily make also (/'(v;+1) jump from 0
to 1. Therefore (7) remains true for j + 1. O

Corollary 1. In the previous coupling, for any v € V and t > 0, the sequence
& (v) is a.s. constant beyond a certain (random) value of n, so we can define

§(v) = lim €"(v).

Proof. Fix v € V and t > 0. The sequence of events E,, = {Vk > n, §t’k(v) =
™ (v)} is increasing so by Theorem 1(iii) it is enough to show that lim, . Pyeq
(¢¢(v) = 1) = 0. The formula (6) implies that

le Py .(G(v) =1) = lim Pyg(3w € V;y : (w) = 1)

n—oo
= P, 5(Card((;) = +00)

where the last equality follows from (4). O

2 Generator and invariant measures for the limit pro-
cess

Up to now we only showed the existence of the limit process (¢, t > 0) but we
have no information about its law. In this section we show that it has the Markov
property and that the expression of its generator is the one expected for functions
in D(X). We adopt the notations and vocabulary from Chapter 1 of [5].



For any function f on X, let A¢(v) = sup,cx [f(n) — f(n”)], the maximal influence
of the coordinate n(v) on the value of f(n). Rather than working with functions
depending on a finite number of coordinates, we prefer to use the following space of
“good” functions, which turns out to be more natural for our purpose:

D(X)={f:X — R, fis continuous and Z AAf(v) < 400}
veV
For f € D(X) let |[f|l = > e MAf(v), and for f bounded (which is the case

if f € D(X) since X is a compact space) let [|f[lc = sup,cx |f(n)]- The Markov
pregenerator related to our dynamics is the operator  defined on D(X) by

Qf(n) =D co)[F(1°) = f()], f € D(X).

veV
We will also consider
Quf(n) =Y cm[f0°) = f(m)], feDX),
vEVL

its restriction on the finite volume V,.

For any continuous function f on X and n € X we define S,,(t)f(n) = E, v, [f(&)]
and S(t)f(n) = E[f(&)]. Tt easily follows from the bounded convergence theorem
that

Tim S,()/(1) = S(8)(n) (5)

Since we will use this theorem several times (on the probability space, on an interval
of time, on the set V') we will refer to it as the BCT. We recall that there is a one-to-
one correspondence between Markov semigroups and Markov generators. The result
of this section is the following.

Theorem 2. S(t) defines a Markov semigroup, and for f € D(X) we have

g SO =10) _ o)

Proof. Let us recall two identities for S, (¢). For any f € D(X) and n € X we have

S0 = )+ [ 28,5 (n)ds. (10)
and for t1, to > 0 we have
Sp(t1)Sn(t2) f(n) = Sn(t1 +t2) f(n). (11)

Since both concern finite state space Markov processes they are elementary (see
e.g. theorem 2.1.1 in [7]). We begin by establishing some inequalities. First, for
f e D(X),

Q7 ()] < ATICYFIL and (R f ()] < ATICY 1 (12)

The first inequality simply follows from [Qf(n)] < >, cv co(m)|f(n”) — f(n)] <
CYpev A" AAf(v). A similar computation leads to the other one. Then, in or-
der to control Agqs(w), we consider two configurations 7y and 72 = (11)" and we
describe a new coupling based on an idea similar to the one in Section 1. We take
(Ny, veV), (Uys, veV, i>1) and the sequences vj, t; and u; as in the proof of

Theorem 1. Let (§™",¢ > 0) and (£7",¢t > 0) be defined as follows:



o for t € [0,t1), & =n;;

v
ni,n\ 7 e i,M
( tjfl) , ifuy < cv].( tjfl)’
1,1
tji—1°

o fort e [tj tjr1), & o
otherwise.

We also define another process ('}, ¢ > 0) using the same Poisson processes:
o fort €[0,t1), I'Y = 1,,

o forte [tj,tj+1),
'Uj .
(rgq) , TP (v)) =0, and BY < uj < B + 74, (0, TF ),

Iy =
t =\ o )
ry ., otherwise;

j—1

where BY' = min;—12 ¢y, (ft;ﬁ). It is clear that (""", ¢ > 0) is a (n;, Vp,, ¢)-finite spin
system, and that (I'}',¢ > 0) is a (w, ay)-invasion process, keeping the notation (5).
Moreover, for any site v, since the inclusion {&*"(v) # &™"(v) } C {T}(v) = 1} is
preserved by any possible transition and it is true at time ¢ = 0, it remains true for
any t > 0. It then follows from (6) and (2) that

P& (v) # &7 (v)) S P () = 1) = Pua, (G(v) = 1) < Pya(Ce(w) = 1).

The above coupling enables us to write

|Sn(8)f (1) = Su(t) f ()] < E[IF(EM") — F(&"™)]]

D Ap)Lygmin gy emn
veV

< ALPE" (0) # G2 ().

veV

Hence, considering this for any pair (n1,72) of configurations that coincide every-
where off w, we get

Agur(w) <D Ap(0)Poa(Gw) = 1). (13)

veV
Then, by letting n — oo, we also get

Asys(w) < D Ap(v)Poal(Glw) = 1). (14)
veV
Taking the sum over w and interchanging the order of the sums provides thanks to

(4):
ISn(@FIl < D7 As0) D AuPualGe(w) =1)

veV weV

<3 As)Buala(c)

veV

< Z Ag(v)\ et

veV



Therefore S, (t) f lies in D(X) if f does, and we have the following inequality:

IS (O < £ (15)

Starting from (14) we get similarly:

IS@ 1 < eI £1- (16)

For the definition of Markov semigroups we refer to Definition 1.4 of [5]. In order
to show that S(t) has that property, the only two non-obvious things to check are
that for any f € C(X),

(I) for t1,t2 =0, S(t1)S(t2)f = S(t1 +t2)f;
(IT) the mapping ¢ — S(t)f is right-continuous on R™.

It is enough to show that (I) and (II) are fulfilled for f € D(X) since this is a dense
subspace of C(X).

For (I) we first observe that the convergence in (8) is actually uniform. Indeed, using
the coupling introduced in Theorem 1,

|Su(t)f () = S f()] <E[IF(E") — f(EN]]

SE Y A0 Lpn ey

veV
<N A)PE (0) # & (v))
veV
<> A)Pypa(Gv) = 1),
veV

which goes to 0 by the BCT since f € D(X) and lim,, ;0 Py o(G(v) = 1) = 0 (see
the proof of Corollary 1). Thus

Jim [1S,(0)f = S(0)f | = 0. a7

Now with (11) we see that in order to obtain (I) for f € D(X) it is enough to show
that limy, o0 ||Sn (1) Sn(t2) f — S(t1)S(t2) fllec = 0. To do this we decompose:

150 (£1)Sn(t2) f = S(t1)S(t2) flloo < [[(Sn(t1) = S(t1))Sn(t2) flloo
+[15(t1)(Sn(t2) = S(t2))llo-  (18)
The first term in the right-hand side of (18) is less than
Z Ag, (t2)f (0)Pye o(Ge(v) = 1).
veV

As n — oo this sum goes to 0 by the BCT. Indeed by (13) its summand is bounded
by > ucv Ar(u)Pyg((,(v) = 1), and the sum over v € V of this bound is finite
because by (4) it is less than A 71| f]leA?.

The second term also goes to 0 because of (17) and the inequality ||S(¢1)(Sn(t2) —

10



S(t2)) flloo < ||Sn(t2)f — S(t2) flleo. Thus (I) is proved.
Now in order to prove (II) we begin by showing that for any f € D(X),

t
SOfn) = ) + [ 9S(5)fn)ds. (19)
The integral is well defined because (12) and (16) give

QS (s)f (] < A'Ce® |- (20)

Thanks to (10) we just have to show that for each s > 0, lim, 00 2,5,(s)f(n) =
QS(s)f(n). This together with the BCT —that we may use thanks to the bound
19,5,(8)f ()] < A~1Ce?®||f|l, see (12) and (15)- is enough to conclude. On one
hand,

(0= DS <C Y A

weV,¢

<C Y Ap0)Pug(G(w) = 1)

weVeveV

_CZAf ZPvaCs _1)5

veV weVe

and for any v € V' we have lim;, ;00 ) ey Poa(Cs(w) = 1) = 0 since

Z Pv,&(gs(w) = 1) S A_lEv,E[Q(Cs)] < +OO,

weV

so applying the BCT provides lim,,_,c [(€25, —2)S,(s) f(n)] = 0. On the other hand,

(Su(s) = S()) ) = 3 cwln) [ (Su(s) (1) = Suls)F(n))

weV
— (S()f (") = S(s)f () |.

In the right-hand side the summand goes to 0 as n — oo and by (13) and (14)
it is bounded by C(Ag,(s)r(w) + Ag(s)p(w)) < 203 ey Ap(v)Pua(Cs(w) = 1),
which does not depend on n. Since the sum of this bound over w is smaller than
2A7LCeA || f|| < +o0, (19) follows from the BCT.

We are now able to conclude for (II) since (19) together with (20) provide

IS f = flloo < ATATIO( = DI, (21)

which implies that ¢ — S(t)f(n) is continuous at ¢ = 0, and the continuity esaily
extends to R™ with (I).

In order to complete the proof of our theorem it remains to show that for f € D(X)
and n € X,
SE)f(n) — f(n)
t

lim
t—0

=Qf(n).
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The mapping ¢t — QS(t) f(n) is continuous at ¢ = 0. Indeed we can write
Q(S(t+5) = S(0) f(n) = D cwlm)| (S +5) (") = S(t+5)f ()

weV
SCONUBEEOHONIE

and conclude by an argument analogous to the one in the proof of (19) using the
continuity of ¢ — S(t)f(n). The continuity of ¢t — QS(¢t)f(n) together with (19)
directly imply (9). O

Let p be a probability measure on X. We will denote by pS(¢) the unique distri-
bution on X such that for any bounded measurable function f on X, [ fd[uS(t)] =
[ S(t)fdp. The measure p is said invariant if pS(t) = p for any ¢ > 0, what is
equivalent to the condition

vf e D), [ Sstsan= [ san.
We give a concrete criterion to check that p is invariant. A function on X is said to
be local if it depends only on a finite number of coordinates.

Proposition 3. Let p be a probability measure on X. if [Qfdu =0 for any local
function f, then u is invariant.

Proof. Theorem 5.2 in [5] states that the law of the process (£, ¢ > 0) gives the
unique solution to the martingale problem for 2 starting from 7. Thus the martingale
problem is well-posed and consequently Proposition 6.10 of [5] gives the desired
result O
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