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Nonlinear geometric optics for reflecting uniformly stable pulses

JEAN-FRANCOIS COULOMBEL* MARK WILLIAMST

March 28, 2013

Abstract

We provide a justification with rigorous error estimates showing that the leading term in
weakly nonlinear geometric optics expansions of highly oscillatory reflecting pulses is close to
the uniquely determined exact solution for small wavelengths . Pulses reflecting off fixed
noncharacteristic boundaries are considered under the assumption that the underlying boundary
problem is uniformly spectrally stable in the sense of Kreiss. There are two respects in which
these results make rigorous the formal treatment of pulses in Majda and Artola [MASS], and
Hunter, Majda and Rosales [HMRS86]. First, we give a rigorous construction of leading pulse
profiles in problems where pulses traveling with many distinct group velocities are, unavoidably,
present; and second, we provide a rigorous error analysis which yields a rate of convergence of
approximate to exact solutions as € — 0. Unlike wavetrains, interacting pulses do not produce
resonances that affect leading order profiles. However, our error analysis shows the importance
of estimating pulse interactions in the construction and estimation of correctors. Our results
apply to a general class of systems that includes quasilinear problems like the compressible Euler
equations; moreover, the same methods yield a stability result for uniformly stable Euler shocks
perturbed by highly oscillatory pulses.
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1 Introduction

We study highly oscillatory pulse solutions for a general class of hyperbolic equations that includes
quasilinear systems like the compressible Euler equations. Our main objective is to construct leading
order weakly nonlinear geometric optics expansions of the solutions (which are valuable because, for
example, they exhibit important qualitative properties), and to rigorously justify such expansions,
that is, to show that they are close in a precise sense to true exact solutions.

A single pulse colliding with a fixed noncharacteristic boundary in an N x N hyperbolic system
will generally give rise to a family of reflected pulses traveling with several distinct group velocities.
We study this situation when the underlying boundary problem is assumed to be uniformly spec-
trally stable in the sense of Kreiss. A formal treatment of this problem was given in Majda-Artola
[MASS], building on an earlier treatment of nonlinear geometric optics for pulses in free space in
Hunter-Majda-Rosales [HMR&6]. In the papers [MA88, HMRS86], systems of nonlinear equations
for leading order profiles were derived, but their solvability was not discussed. Morever, the ques-
tions of the existence of exact solutions on a fixed time interval independent of the wavelength of
oscillations (or pulse width) e, and of the relation between exact and approximate solutions, were
not studied there. In this paper, we give a rigorous construction of leading pulse profiles in problems
where pulses traveling with many distinct group velocities are, unavoidably, present. In addition,
we construct exact solutions on a fixed time interval independent of e, and provide a rigorous error
analysis which yields a rate of convergence of approximate to exact solutions as € — 0.

Rigorous treatments of the short-time propagation of a single pulse in free space were given
in Alterman-Rauch [AR03] and Gués-Rauch [GRO6]'. The methods (e.g., conormal estimates in
[AR03, GRO6], high-order approximate solutions in [GRO06]) used in the constructions of exact
solutions and in the error analyses of these papers do not readily extend to problems involving
many pulses with distinct group velocities. The method we use here to construct exact solutions
and justify leading term expansions involves replacing the original system (1.1) with an associated
singular system (1.3) involving coefficients of order 2 and a new unknown Uy (z, 6). Exact solutions
U: to the singular system yield exact solutions to the original system by a substitution

ue(z) = Us (x “30(9”/)) ,

€

where ¢g(z') = 2’ - 8 is the “boundary phase” as in (1.1). Both the singular system and the system
of profile equations satisfied by the leading profile U°(z, 6y, &;) are solved by Picard iteration.

'The paper [GRO6] considered “fronts” as well as pulses.



The error analysis is based on “simultaneous Picard iteration”, a method first used in the
study of geometric optics for wavetrains in free space in [JMR95]. The idea is to show that for
g

every n, the n-th profile iterate U%"(x, 6y, ?) converges as € — 0 in an appropriate sense to the

n-th exact iterate U (x,6p), and to conclude therefrom that U°(z, 6o, %4) is close to U.(z,6) for
e small. Unlike wavetrains, interacting pulses do not produce resonances that affect leading order
profiles. However, our error analysis shows the importance of estimating pulse interactions in the
construction and estimation of correctors. Another key tool in the error analysis, discussed further
in section 1.4, is the machinery of moment-zero approximations developed in section 4.1. This last

argument is borrowed and adapted from [AR03].

1.1 Exact solutions and singular systems

In order to study geometric optics for nonlinear problems with highly oscillatory solutions it
is important first to settle the question of whether exact solutions exist on a fixed time interval
independent of the wavelength (¢ in the notation below). A powerful method for studying this
problem, introduced in [JMR95] for initial value problems and extended to boundary problems in

[Wil02], is to replace the original system with an associated singular system.

On Ei“ ={x = (@',2q) = (t,y,2q) = (t,2") : g > 0}, consider the N x N quasilinear

hyperbolic boundary problem:

d
Z Aj(ve) 8zjve = f(ve)
=0

/ .
b(vé‘)’$d:0 =go+eG <55/7 mf)

Ve = ug in t < 0,

(1.1)

where z¢ = t is time, G(2/,6p) € C®°(R? x R',RP) decays to zero as |fy| — oo, with supp G C
{zo > 0}, and the boundary frequency 8 € R?\ {0}2. Here the coefficients A; € C® (RN, RN?),
fe RN, RN), and b € C®(RN,RP).

Looking for v, as a perturbation ve = ug + u. of a constant state ug such that f(ug) = 0,
b(up) = go, we obtain for u. the system (with slightly different A;’s)

d
(a) P(eue, Oy)ue := ZAj(Eug) Oz;ue = F(eue)u: on xqg >0
§=0
(1.2) ,
(b) B(eug)uelp,—0 = G <x/, ’ - b >

(¢)us =01int <0,
where B(v) is a C* p x N real matrix defined by
b(ug + eue) = b(ug) + Bleue)eus

and F is defined similarly. We assume that the boundary {x4y = 0} is noncharacteristic, that
is, A4(0) is invertible. The other key assumptions, explained in section 1.2, are that P(v,0d;)
is hyperbolic with characteristics of constant multiplicity for v in a neighborhood of the origin

2Wavetrains instead of pulses are obtained by taking G(z’,60) to be periodic in 6.



(Assumption 1.1) and that (P(0,9,), B(0)) is uniformly stable in the sense of Kreiss (Assumption
1.6).

For any fixed €9 > 0, the standard theory of hyperbolic boundary problems (see e.g., [CP82,
Kre70]) yields solutions of (1.2) on a fixed time interval [0,7;,] independent of € > £9. However,
since Sobolev norms of the boundary data blow up as ¢ — 0, the standard theory yields solutions
ue of (1.2) only on time intervals [0,7%] that shrink to zero as ¢ — 0. In section 2, exact (and
necessarily unique) solutions to (1.2) of the form u.(z) = U.(x, —) are constructed on a time
interval independent of ¢ € (0,e9] for gy sufficiently small, where U.(x, ) satisfies the singular
system derived by substituting U (z, M) into (1.2):

d d—1
1
> Aj(EU) 0, Ue + - D Aj(eUe) B Oy Ue = F(eU:) U,
(1.3) =0 7=
B(eUe)(Ue)|zy4=0 = G(x/’90)7

U.=0int <O0.

As explained in [Wil02], the study of singular systems is greatly complicated by the presence
of a boundary. Even if one assumes that the matrices A; are symmetric (as we do not here), there
is no way to obtain an L? estimate uniform in e by a simple integration by parts because of the
boundary terms that arise®. The blow-up examples of [Wil00] show that, at least in the wavetrain
case, for certain boundary frequencies f it is impossible to estimate solutions of (1.3) uniformly
with respect to ¢ in C(z4, H*(z',0)) norms, or indeed in any norm that dominates the L> norm?.
We do not know if analogous blow-up examples exist in the pulse case, but it is clear that the
proofs of this paper do not apply when S lies in the glancing set (Definition 1.3).

In [CGW12] a class of singular pseudodifferential operators, acting on functions U(z',60y) de-

caying in 6y and having the form

kp

(14)  puDaa)Us= [ ey <5V($',90)a§/+8,7> O(¢ k) g’ dk, 7> 1,

R4 xR

was introduced to deal with these difficulties. Observe that after multiplication by A Y(eU,) and
setting A] = AdlA], F:=A; 17, (1.3) becomes

d—

7=0

(1.5) =9,,U. + A <5U5,8 + 5890) U. = F(eU,)U.,
B(EUE)( 6)‘5Ed=0 = G($ ’90)7
U.=0int <0,
B0,

where A (sUE, Oy +

type symmetrizers rs(Dy g,) in the singular calculus can be constructed for the system (1.5) as in

T) is a (differential) operator that can be expressed in the form (1.4). Kreiss-

3The class of symmetric problems with maximal strictly dissipative boundary conditions provides an exception to
this statement, but that class is too restrictive for some important applications; for example, the boundary problem
that arises in the study of multi-D shocks does not lie in this class.

“The problem occurs only for 8 in the glancing set (Definition 1.3), as the examples of [Wil00] together with the
results of [Wil02] show.



[Wil02] under the assumptions given below. With these one can prove L?(zq, H*(z',60)) estimates
uniform in ¢ for the linearization of (1.5). The main difference with [Wil02] is that we use here the
singular calculus of [CGW12] that is convenient for pulses (6p lies in an unbounded set) while the
analysis of [Wil02] relied on a singular calculus for wavetrains (6 lies in the torus, a fact that is
used in several places for proving symbolic calculus rules in [Wil02]).

To progress further and control L* norms, the boundary frequency 8 must be restricted to
the complement of the glancing set (Definition 1.3). With this extra assumption the singular

calculus was used in [Wil02] to block-diagonalize the operator A <5Ug,8x/ + 689(’) and thereby

€

prove estimates uniform with respect to € in the spaces
(1.6) Ep = C(xzq, Hy (2", 00)) N L*(xq, Hy' (2, 60)).

These spaces are algebras and are contained in L for s > %. For large enough s, as determined
by the requirements of the calculus, existence of solutions to (A.6) in EF on a time interval [0, 7]
independent of € € (0,¢0] follows by Picard iteration (see Theorem 1.12). We follow the same
arguments here, based on the singular calculus of [CGW12], the results of which being recalled in
Appendix A.

1.2 Assumptions and main results

Before continuing with an overview of the strategies for constructing profiles and for showing
that approximate solutions are close to exact solutions, we now give a precise statement of our
assumptions and main results.

We make the following hyperbolicity assumption on the system (1.2):

Assumption 1.1. The matriz Ay = I. For an open neighborhood U of 0 € RN, there exists an

integer ¢ > 1, some real functions Ai,..., A\, that are C°° on U x R\ {0} and homogeneous of
degree 1 and analytic in &, and there exist some positive integers vy, . ..,Vq such that:
d q
det [TI +3g Aj(u)} =TI (7 + Me(w, )™
j=1 k=1

foru € U and & = (&1,...,&) € R\ {0}. Moreover the eigenvalues \i(u,§), ..., A\(u,&) are
semi-simple (their algebraic multiplicity equals their geometric multiplicity) and satisfy Ai(u,§) <
s < Ag(u, &) forallu e U, € € RY\ {0}.

We restrict our analysis to noncharacteristic boundaries and therefore make the following:

Assumption 1.2. For u € U the matriz Ag(u) is invertible and the matriz B(u) has mazimal
rank, its rank p being equal to the number of positive eigenvalues of Ag4(u) (counted with their
multiplicity).

In the normal modes analysis for the linearization of (1.2) at 0 € U, one first performs a Laplace
transform in the time variable ¢ and a Fourier transform in the tangential space variables y. We
let 7 —ivy € C and € R%"! denote the dual variables of ¢ and y. We introduce the symbol

d—1

A(C) == =i A7H0) | (7 —iy) T+ an A;(0) ], C:=(r—iv,m) €CxR¥L
j=1



For future use, we also define the following sets of frequencies:

[1]

= {(T—i%n)ECXRd*I\(O,O):720}, Z::{CEE:72+72+|77|2:1},
Hp = {(7’,77)eRde_l\(O,O)}:Eﬂ{fy:O}, S = SN Ep.

Henceforth we suppress the v in Ag(u, &) when it is evaluated at v = 0 and write A\;(0,&) = Mg (§).
Two key objects in our analysis are the hyperbolic region and the glancing set that are defined as
follows:

Definition 1.3. e The hyperbolic region H is the set of all (1,m) € Zo such that the matriz
A(1,n) is diagonalizable with purely imaginary eigenvalues.

o Let G denote the set of all (1,€) € R x R? such that € # 0 and there exists an integer

ke{l,...,q} satisfying:
O
= k) =0.

If 7(G) denotes the projection of G on the d first coordinates (in other words w(1,§) =
(1,81, ..,&4-1) for all (1,£)), the glancing set G is G := w(G) C Ey.

We recall the following result that is due to Kreiss [Kre70] in the strictly hyperbolic case (when all
integers v; in Assumption 1.1 equal 1) and to Métivier [Mét00] in our more general framework:

T+ A (§)

Proposition 1.4 ([Kre70, Mét00]). Let Assumptions 1.1 and 1.2 be satisfied. Then for all { €
=\ Zo, the matriz A(C) has no purely imaginary eigenvalue and its stable subspace E(() has
dimension p. Furthermore, B defines an analytic vector bundle over E\ Zg that can be extended
as a continuous vector bundle over =.

For all (7,7n) € 2o, we let E*(7,7n) denote the continuous extension of E® to the point (7,7). The
analysis in [Mét00] shows that away from the glancing set G C =y, E*(¢) depends analytically on
¢, and the hyperbolic region H does not contain any glancing point.

Next we define the hyperbolic operator

and recall the definition of uniform stability [Kre70, CP82]:

Definition 1.5. The problem (1.2) is said to be uniformly stable at u = 0 if the linearized operators
(L(0z), B(0)) at w =0 are such that

B(0) : E*(1 —iy,n) — CP is an isomorphism for all (T —i7v,n) € X.
Assumption 1.6. The problem (1.2) is uniformly stable at u = 0.

It is clear that uniform stability at « = 0 implies uniform stability at nearby states (and therefore
at all u € U up to restricting U). Thus, there is a slight redundancy in Assumptions 1.2 and 1.6 as
far as the rank of B(0) is concerned.

Boundary and interior phases. We consider a planar real phase ¢g defined on the boundary:

(1.7) po(t,y) :==zt+n-y, (z,n)€Zp.



As follows from earlier works (e.g. [MAS88]), oscillations on the boundary associated with the phase
¢g give rise to oscillations in the interior associated with some planar phases ¢,,. These phases are
characteristic for the hyperbolic operator L(d,) and their trace on the boundary equals ¢¢. For
now we make the following:

Assumption 1.7. The phase ¢ defined by (1.7) satisfies (7,n) € H.

Thanks to Assumption 1.7, we know that the matrix A(z, n) is diagonalizable with purely imaginary
eigenvalues. These eigenvalues are denoted ¢ w1, ...,7wys, where the wy,’s are real and pairwise
distinct. The wy,’s are the roots (and all the roots are real) of the dispersion relation:

d—1

det [z[ + Zgj A;(0) +wAq0)] =0.
j=1
To each root wy, there corresponds a unique integer k,, € {1,..., ¢} such that 7 + Ay, (9,wn) = 0.

We can then define the following real® phases and their associated group velocities:
(1‘8) Vm=1,...,M, Qbm(x) = ¢0(t’y)+wm$dv Vm = VAkm(ﬂan)-

Let us observe that each group velocity v, is either incoming or outgoing with respect to the space
domain Ri: the last coordinate of v, is nonzero. This property holds because (,7) does not
belong to the glancing set G. We can therefore adopt the following classification:

Definition 1.8. The phase ¢y, is said to be incoming if the group velocity vy, is incoming (that is,
Oty My (Bywm) > 0), and outgoing if the group velocity vy, is outgoing (O¢, Ay, (B, wm) < 0).

In all that follows, we let Z denote the set of indices m € {1,..., M} such that ¢,, is an incoming
phase, and O denote the set of indices m € {1,..., M} such that ¢,, is an outgoing phase. If p > 1,
then Z is nonempty, while if p < N — 1, O is nonempty (this follows from Lemma 1.9 below).

Main results. We will use the notation:

d

L(va) = 7—I+Z§j AJ(0>7

j=1
B=(z,n), 2" = (t,y), ¢o(a’) =B 2"

For each phase ¢,,, d¢,, denotes the differential of the function ¢,, with respect to its argument
x = (t,y,zq). It follows from Assumption 1.1 that the eigenspace of A(f) associated with the
eigenvalue iw,, coincides with the kernel of L(d¢,,) and has dimension vy, . The following well-
known lemma, whose proof is recalled in [CG10], gives a useful decomposition of E® in the hyperbolic
region.

Lemma 1.9. The stable subspace E°(7,n) admits the decomposition:
(1.9) E*(7,n) = ®mez Ker L(dém) ,

and each vector space in the decomposition (1.9) admits a basis of real vectors.

SIf (r, 1) does not belong to the hyperbolic region #, some of the phases ¢ may be complex, see e.g. [Wil96,
Wil00, Les07, Marl10, Her12]. Moreover, glancing phases introduce a new scale 1/ as well as boundary layers.



The next Lemma, also proved in [CG10], gives a useful decomposition of CV and introduces
projectors needed later for formulating and solving the profile equations.

Lemma 1.10. The space CV admits the decomposition:
(1.10) CN = aM_, Ker L(dgy,)

and each vector space in (1.10) admits a basis of real vectors. If we let Pi,..., Py denote the
projectors associated with the decomposition (1.10), then there holds Im A;*(0) L(déy,) = Ker P,
forallm=1,..., M.

For each m € {1,..., M} we let

TmJg, k= 1,...,I/km
denote a basis of ker L(d¢,,) consisting of real vectors. In section 3, we construct an approximate
solution u? of (1.2) of the form

(1.11) ug(z) = Z Zmamk (x, ¢:> Tm ks

meZ k=1

where the o, (2, 0;,) are C* functions decaying to zero as |6,,,| — oo, which describe the propaga-
tion of pulses with group velocity v, (see Proposition 3.6). Observe that if one plugs the expression
(1.11) of u into P(cug, Oz)ue, the terms of order 1/e vanish, leaving an O(1) error, regardless of
how the o, are chosen. The interior profile equations satisfied by these functions are solvability
conditions that permit this O(1) error to be (at least partially) removed by a corrector that is
sublinear (in fact bounded) as |6,,| — oco. Additional conditions on the profiles come, of course,
from the boundary conditions.
For use in the remainder of the introduction and later, we collect some notation here.

Notations 1.11. (a) Let Q2 := @iﬂ xRL Qr = QN{-00 <t <T} bQ:=RIxRL, bQp :=

bQAN{—oco <t < T}, and set wp := @iﬂ N{—oco <t <T}.

(b) For s >0 let H® = H*(bQY), the standard Sobolev space with norm (V(z',00))s.

(c) L?H® = L*(xq, H*(bY)) with |U(z,00)| 255 = |Ulo.s-

(d) CH® = C(xq, H*(b2)) with |U(x,00)|lcrs = sup,,>o|U(.,2d,.)|lgs = |Ulso,s (note that
CH?® C L>*H?).

(e) CO’M(RZI_H xR) ={V(2',24,00) € C (Ry, CH(R? x R,RN))} where CM denotes the space
of M times differentiable functions with derivatives up to the order M bounded.

(f) Similarly, H5 = H*(bQr) with norm (V)sr and L?Hj = L*(zq, HY), CHS = C(z4, Hf)
have norms |Ulo s 1, |Uloc,s,T respectively.

(9) When the domains of x4 and (2, 6p) are clear, we sometimes use the self-explanatory notation
C(xg, H*(2',00)) or L*(xq, H*(2',00)).

(h) Forr >0, [r] is the smallest integer > r.

(i) My:=3d+5,

The main result of section 2 is the following theorem, which gives the existence of exact solutions
to the singular system (1.3), or equivalently (1.5), and the original system (1.2) on a time interval
independent of the wavelength e:



Theorem 1.12. Under Assumptions 1.1, 1.2, 1.6, 1.7, consider the quasilinear boundary problem
(1.2), where G(2/,00) € HTL(bQ), s > [My + L], satisfies

Supp G C {t > 0}.

There exist g9 > 0, Ty > 0 independent of € € (0,&¢], and a unique Ue(x,00) € CHz N LQHZSFO+1
satisfying the singular problem (1.5), so that

ue () := Us <ﬂ? z B) ,

€

is the unique C* solution of (1.2) on wr,.

Remark 1.13. The regularity requirement s > [My+ d%l] in the above theorem is needed in order
to apply the singular pseudodifferential calculus introduced in [CGW12].

We can now state the main result of this paper. This theorem is actually a corollary of the
result for singular systems given in Theorem 4.16.

Theorem 1.14. Under the same assumptions as in Theorem 1.12, there exists Ty > 0 and func-
tions o (T, 0m) € CL(Qr,) satisfying the leading order profile equations (5.3) and defining an
approzimate solution ul as in (1.11) such that

lim u. —u? =0 in L>(wr,),
e—0

where u. € C(wr,) is the unique exact solution of (1.2). In fact we obtain the rate of convergence

1 d
|ue — u?\Loo(wTO) < Ce?Mits | where My := {2 + 3] .

Theorem 1.14 can be recast in a form where the pulses originate in initial data at t = 0 and
reflect off the boundary {xgy = 0}. This requires a discussion similar to that given in section 3.2
of [CGW11] to justify the reduction of the initial boundary value problem with data prescribed
at t = 0 to a forward boundary problem (with data identically zero in ¢ < 0), so we omit that
discussion here.

1.3 Profile equations

In d space variables (2, x4), consider the quasilinear problem equivalent to (1.2)

IS
—

Oque + Y Aj(eus)djue = Fleug)ue in 24 > 0

<
Il
=)

B(eus)u. = G(m’,@o)]%:@ onzyg=0

u. =0in t <0,

where G(z', 6) decays to 0 like (fp)~* (for some k > 2 to be specified later) as |fy| — oo. For ease
of exposition we will begin by considering the 3 x 3 case, which contains all the main difficulties. In
section 5, we describe the changes needed to treat the general case. We define the boundary phase
¢o := [ - 2, the real eigenvalues w,, of A(3), and the phases ¢y, := ¢g + wp, 4 as in (1.8), where
B € H. We assume that the eigenvalues w,, are pairwise distinct. For the sake of clarity, we also



assume that w; and w3 are incoming (or causal) and ws is outgoing. (The same kind of arguments
would apply if two of the phases were outgoing and only one was incoming.) The corresponding
right and left eigenvectors of the real matrix —i A(/3) are denoted r; and I;, j = 1,2, 3.

Below we frequently suppress e-dependence in the notation. For functions U(z,6p,&;) and
V(x,60,&q), define

d—1 d—1
L(y, 0e,) =0, + > _ B A;j(0) Dg, = D, + A(B) 9g, and L(9) := dg+ > _ A;(0)0;,
7=0 7=0
d—1 ~
MU, 0,V) =Y _ B; (dA;(0) -U) Dy, V.
j=0

Formally looking for a corrected approximate solution of the form
ug(x) - [uo(xa 007 fd) + 8(/{1(.7}7 907 ‘Ed)] ‘90:@,&1:@ )
we obtain interior profile equations

(1 12) e E(ago,agd)uozo,
' €% L(Oay, e, ) U + LAY U + MU, 9p,U°) = F(O)U°,
and the boundary equation

(1.13) €2 BO)U°|yy—0.6,-0 = G(2', ) .

Consider the first equation in (1.12). A function U°(xz, 6, £4), taking values in R? and assumed
to be C! for the moment, can always be written

U’ = G1(x,00,€q) 1 + G2, 00, ) T2 + G3(x, 00, ) 73
Using the matrix [r1 ro 73] to diagonalize A(3), we find that the scalar 6; must satisfy
(O¢, —wi0py) 0; =0, 1 =1,2,3, in {(x,00,&) : 6o € R, & > 0}.

This implies that the ;’s have the form

Gi(x,00,&q) = 0i(x,00 + wi&q) for some o;(x,0;).
Using (1.13), we find
(1.14) B(0) | > ai(',0,60) i | =G(a',60) — B(0)(oa(2',0,60) r2),

i=1,3

Remark 1.15. 1. We expect the o;(x,6;) to decay polynomially to 0 as |6;] — oco. To prove this
we must formulate and solve profile equations for the o;’s. For this we use an approach inspired by
the formal constructions in [HMR86] and [MRS83].

2. Instead of o;(z,0;) we shall sometimes write o;(x,0) with the understanding that 6 is a
placeholder for 0y + w; &g when it appears as an argument of o;.
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To get transport equations for the o;’s, we consider (1.12) (g%):
(1.15) L0y, De)U" = = (L@O)U° + MU, 90,U°") ) + FOU = F(, 0o, ).
The corrector U can be written as
U' = (@, 00, Ea)r1 + ta(, 80, Ea)r2 + 3 (@, 0o, E)rs.
Diagonalizing again we find that the ¢;’s must satisfy
(1.16) (O¢, — wiOgy )ti(x,00,8q) = l; - F := Fi(x,00,&a), i =1,2,3.

The general solution to (1.16) is

&
(1.17) ti(x,00,&a) = 7, (7,00 + wia) + Fi(w,00 + wi(&q — ), 8) ds,
0
where 7 is arbitrary. This can be rewritten
ti(x7907€d)

0o &d

(1 18) :Ti*(x500+wi§d)+/ E(.’E,90+wi(§d—8),5)d8+/ fi(x,00+Wj(fd—8)7S)dS
. 0 o0
&a
= 7i(x,00 + wila) + Fi(z,00 +wi(€a — ), 5)ds,

provided the integrals in (1.18) exist.
We will need the following modification of a classical lemma due to Lax [Lax57]. We refer to
[CGW11, Lemma 2.11] for the proof.

Proposition 1.16. Let W(x,0y,&,) = 2?21 w;(z, 00, &4)r; be any O function. Then

3 3
L(o)W = Z(X@wi) i + Z (Z Viwe) 7,

i=1 i=1 ki

where Xy, is the characteristic vector field®

d—1
Xg;, = O, + Z —%wi(,@)axj ,
§=0
and V,f for k # i is the tangential vector field
d—1

(li Al(O) T’k) 8@ .

—
i
]

5This vector field is a scalar multiple of 8; + V), (n,w:) - Vg that describes propagation at the group velocity
vi; see (1.8).
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We see from (1.15) that F;(x, 0y, &4) has the form

(119)  Fi(,00,a) = —X4,6i — Y _ 6k 00,0k — Y _ i, 5100,0m + > _ €0k — Y _ Vi bk,
k I#£m k ki

where we recall &,(z, 0o, £q) = 0p(2, 00 + wpby). The coefficients in (1.19) are defined by’

d—1 d—1
C}'c = li Z ﬁj (dAj(O) . Tk) Tk d%’m = li Z Bj (dAj(O) : 7“1) Tm 62 = li F(O) Tk .
7=0 7=0

Thus, we compute
Fi(z,00 + wi(§a — $), )
= —(quiai + C;: 0; Ogoi — 62 Uz‘)(l’, Oo + wigd)
- ZCZ ok, 00 + wia + s(wk — w;)) Opok(x, 0o + wia + s(wk — w;))

kot
- Z d} , 0i(2, 00 + wila) Opom (z, 00 + wily + s(wm — wi))
(1.20) e
— Z dj ; o1(x, 00 + wilq + s(w; — wi)) Opoi(, o + wika)
1#i
- > di 0,00+ wiba + s(wi — wi)) Qo (x, 00 + wia + 5(wm — w;))
l#£m,l#i,m##i
+) (eh — Vi) owl, 0o + wily + s(wr, — w;))
kot

We look for functions o;(z,6) that decay at least at the rate (#)~2. So we assume now and
verify later that they have this property. Then the integral

&d
(1.21) Fi(x, 00 + wi(§a — 5),5) ds
0

is sublinear in (6p, &) (a condition that must be satisfied by U! if eU! is to make sense as a
corrector) if and only if the sum of the first three terms on the right in (1.20) is 0. In that case the
integral (1.21) is actually bounded, since the remaining terms in (1.20) have good decay in s. This
sublinearity condition gives the profile equations for the o;’s:
Xy,0i+ctoi0g0i—eloy=0,i=1,2,3
(1.22) (oi(2',0,00),i =1,3) = B (G(2',60),02(2',0,60)) ,
o, =0int < 0.

where B is a well-determined linear function of its arguments whose existence is given by Lemma
1.9 and the uniform stability assumption (the matrix [B(0)r; B(0)rs] in (1.14) is invertible). As
expected from the general rule of thumb, pulses of different families do not interact at the leading
order, meaning that the evolution equations for the amplitudes o;’s are decoupled. In Proposition
3.6, we show that system (1.22) is uniquely solvable on some time interval [0, 7], that oo = 0 and
that oy, i = 1,3, decay at the rate (§) " for some k > 2 to be determined.

"We refer to section 5 for the general case. Here the precise expression of the coefficients is useless somehow.
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Remark 1.17. The equations (1.22) and our assumption that the o; decay at least at the rate
(6)~2 imply that the integrals in (1.18) all do exist. This argument is made more precise below.

Next we introduce an averaging operator E and a solution operator R, that will be useful
in the error analysis of the next paragraph. Motivated by the form of F; in (1.19), we make the
following definition.

Definition 1.18 (Type F functions). Suppose

3
(1.23) F(x,00,a) = Y Fi(w,00,&a) 7,
i=1
where each F; has the form
(124) Fl(x7 90> gd) = Z f]zc(x> 90 + wg gd) + Z glz,m(xa 90 + wi Ed) h;,m(x7 90 + wm gd)a
k=1 I<m=1

where the functions fi(z,0), gim(fv,ﬁ), hf}m(a:,ﬁ) are real-valued, C', and decay along with their
first order partials at the rate O({0)~2) uniformly with respect to x. We then say that F is of type
F. For such F define

3

1T
EF(x,00,&q) := Z <Th_r)r;o T /0 lj - Fx,00 +wj (&4 — ), s) ds) T

Remark 1.19. 1.) For F' as in (1.23)-(1.24), we have

3
(1.25) EF = ZE(&:, 0o 4 w; £4) 73, where Fi(z,0) == fi(x,0) + gii(:E,G) hai(x, 0).
i=1

2.) Observe that F as defined in (1.15) is of type F (hence the terminology), provided the o;’s
have sufficiently regularity and decay in 0. In that case, we obtain

3
EF(x,00,&q) = — Z (X¢i0i + cé 0; 0p,0; — eﬁ ai) ri,  where o; = oi(z, 00 + w; &g).
=1

Remark 1.20. The definition of E can be extended to more general functions. For example, if

3

F=> Fi(x,0 +wia)rs,
=1

where the F;(z,0) are arbitrary continuous functions, the limits that define EF' exist and we have
EF = F. For another example, suppose F' is of type F and satisfies FF' = 0. Define

3

(1.26) RooF (2,00, €0) == 3 ([jd Fi(, 00 + wi(Ea — 5),5) ds> .

=1

Then the limits defining Ry F' and ER F' exist and we have ERF = 0.
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Proposition 1.21. Suppose F' is of type F and satisfies EF = 0. Then Ry F is bounded and
L(gy,0,) RooF = Roo L(g,, 0, )F = F = (I — E)F.

Proof. It just remains to show R E(@go, O¢,)F = F. This follows by direct computation of the
integrals defining Roo £(0p,, 0¢,)F and the fact that when EF = 0, we have Fj(z,0y + w;i(§q —
00),00) = 0. O

The next Proposition summarizes what we have shown.

Proposition 1.22. Let F'(x,0,84) be a function of type F.
(a) Then the equation L(0y,, 0, )U = F has a solution bounded in (6o, &q) if and only if EF = 0.
(b) When EF =0, every C! solution bounded in (0y,&4) has the form

3
U= ZTZ x,00 + w; £4) i + Roo F with 7;(x,0) € C' and bounded.
=1
Here EU = Z?:l Ti(z,00 + wi&q) ri and (I — E)U = R F.
(c)If U is of type F then

E L(g,, 0¢,)U = L(Dg,,0¢,) EU = 0.

Proof. Part (a) follows from the form of the general solution given in (1.17), and the fact that when
a function F' of type F satisfies EF' = 0, the integrals

/OOFZ'(QU,GO +w; (&4 — s),8)ds
0

are absolutely convergent. Part (b) follows from Remark 1.19 and ER.F = 0. Part (c) follows
directly from Remark 1.19. O

With the leading pulse profile
U (x,00,€4) = o1(x, 00 + w1 &a) 11 + 0a(, 00 + wa £a) 2 + 03(x, 00 + w3 €a) 73,
we can rewrite the profile system (1.22) in a form that will be useful for the error analysis as follows:
a) BU° =
b) E ( G )uo + M(U°, 9, U°) — F(0) uo) -0,
)

¢) B(O)U° |y —0.0—0 = G(2',60)
AU’ =0int<0.

(1.27)

These equations can also be obtained by applying the operator E to the equations (1.12), and have
the common structure of weakly nonlinear geometric optics equations, see e.g. [Raul2, chapters 7
and 9.
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1.4 Error analysis

We end this introduction with a sketch of the error analysis used to prove Theorem 4.16, which
yields Theorem 1.14 as an immediate consequence. The iteration schemes for the singular system
(A.6) and the profile equations (1.27) are written side by side in (4.14), (4.15). For s large® and
some Ty > 0, the proof of Theorem 1.12 produces a sequence of iterates U (x, ), bounded in the
space B, uniformly with respect to n and €, and such that

lim U = U; in EF_SF_1 uniformly with respect to ¢ € (0, gg],
n—00 0

where Uy is the solution of the singular system (1.5). On the other hand the construction of profiles
in Proposition 3.6 yields a sequence of profile iterates U%"(x, 6y, £;) bounded in &, (see Definition

4.1) and converging in 5%0_1 to a solution U° of the leading profile equations (1.27). By Proposition
4.3 this implies that the rapidly varying functions U2 (2, 00) := U (z, 09, ) satisfy
lim U%" =P in E;fl uniformly with respect to ¢ € (0,¢&q] .
n—00 0
1
Thus, in order to conclude [U2(z,00) — Us(x,60)|ps—3 < C 2175 and thereby complete the proof
To

of Theorem 1.14, it would suffice to show:

1
(1.28) There exists C such that for every n, [U*™ — Uan’E,f;‘”’ < Ce?+s
0
The statement (1.28) is proved by induction in section 4. It is natural to try to apply the estimate
of Proposition 4.17 to the difference Ontl_ UL but the problem is that for any given n, dintl

does not by itself provide a very good approximate solution to the boundary problem (4.14) that
defines U1, Indeed, substitution of 2" into (4.14)(a) yields an error, call it R"+!(x, 6p), that
is O(1) in Erjb_?’ Since YY" satisfies (4.15), the main contribution to R**1(x,6) is given by
Rz, 09, £4) where

(1.29) R .= (I — E) (i(aw) UL L MU0, 9, U0 — F(0) uovn) .

One would like to solve away the main error term in (1.29) by using Proposition 1.21 and con-
structing a corrector U1 (z, 0y, £4) such that

(1.30) L(Dgy, O, ) U = —R™ML
and then use a corrected approximate solution of (4.14)(a) of the form
uf»”“ + 52/181’”“ )

While such a corrector is given explicitly by U1t = R (—R"™*1), it is not suitable for the error
analysis because, although bounded, U™ does not lie in any of the Ej, spaces.
To see the reason for this, note that /%" has the form

3
(1.31) U (w,60,60) = D of(x, 00 + w; a) i
=1

$We take s > 1+ [Mo + “t1] in Theorem 4.16.
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Since the primitive fi f(s)ds of a function f that decays (say like |s|2) as |s| — oo itself decays
to zero as |§| — oo if and only if f has moment zero ([ f(s)ds = 0). Since neither /%"
nor the term M (U%™, 9p,U*™H1) in (1.29) has moment zero?, the definition of R, shows that this
choice of 2" generally cannot lie in any E7, space. We first try to remedy this problem using
an idea inspired by an argument in [AR03]. We replace %" (and similarly /°"*+1) by a function

Z/Ig ™ defined by functions o;, with vanishing first moments, where

&Zp(az,m) = xp(m) &' (x,m), 0<p<1,
and x,(m) is a low frequency cutoff function vanishing on a neighborhood of 0 of size O(|p|) and
equal to one outside a slightly larger neighborhood!?. We show the estimate

U — Uy gy < C P

These “moment zero approximations” (Definition 4.4) are the pulse analogues of the trigonometric
polynomial approximations, which can be viewed as produced by high frequency cutoffs, used in
the error analysis in the wavetrain case in [CGW11, section 2.5]. With this change the contribution
to UL from

"R (I —E) (i(ar) UL — P (0) u;}")
lies in a suitable Ef, space, but there is a problem due to “self-interaction terms” of the form
ofy(x,0) Dol t (z,6)

coming from the M term in (1.29), which do not have moment zero. Thus, we replace these terms
by (a7, 8902; 1)p as in (4.28). The nontransversal interaction terms o7, 890?;1, i # j already yield
contributions in an E7, space.

Using moment-zero approximations introduces errors that blow up as p — 0, of course, but
taking p = £ for an appropriate b > 0, one can hope to control these errors using the factor e
in eY1" 1. Indeed, this works and by the process outlined above we obtain a corrector u;;;‘ i

which, though it does not solve away R'T!, solves away “all but O(\/p + ,ﬁ)” of RP*! in E%ﬁ
(see (4.35) for more details). Setting p = £ and choosing the exponent b so that VP = Iﬁ (so
b= ﬁ), we are able to apply the estimate of Proposition (4.17) to conclude

1 d
|US’"+1 o ng+1|Es_3 < C e2M1+5 ywhere ]\41 = [2 + 3] .
To

Remark 1.23 (Uniformly stable shocks). There is an analogue of Theorem 1.14 for uniformly
stable shock waves perturbed by pulses. Uniform stability for the shock waves problem is an
extension of Definition 1.5 and dates back to Majda [Maj83]. The case of shocks perturbed by
highly oscillatory wavetrains was studied in [CGW11, section 3|. In that case there is a separate
expansion for the oscillating shock front (a free boundary)

(1.32) Ye(z') ~ o a0+ (Xo(x’) +ext <x’, ¢Oix/)>> :

9More precisely, we refer here to the moments of profiles like o7 (x, §) or products of profiles that appear in these
terms.
10The cutoff renders harmless the small divisor that appears when one writes the Fourier transform of the §-primitive

of o7, in terms of 67, (x, m).
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in addition to an expansion for the solution on each side of the front. An important difference in
the pulse case is that the term x°(2’) is absent in (1.32), and of course x*(z’, ) is now decaying
instead of periodic in 8g. The expansions of the reflected waves on either side of the front are
similar to (1.11).

The singular shock problem has the same form as in the wavetrain case (see equations (3.39)
of [CGW11] and [Wil99]), and the profile equations again take the form of equations (3.60) in
[CGW11], except that every occurrence of x°(z’) is replaced by 0. The solution of the large system
for the leading profiles is now considerably simpler than equations (3.68) of [CGW11], since all the
interaction integrals in that equation are now absent. This reflects the fact that pulses of different
families do not interact at the leading order while wavetrains do. However, it is necessary to estimate
interaction integrals in the error analysis. As in the pulse problem with fixed boundaries, one can
in the shock problem obtain a rate of convergence of approximate solutions to exact solutions as
e — 0.

2 Exact solution of the singular problem

The goal of this section is to prove Theorem 1.12 and solve the singular system (1.5). This is
achieved, as in [Wil02, section 7|, by solving the sequence of linear problems

d—
0
® 0,,U + z 2 (00, + 220 ) 24t = ey v

(2.1) =0
b) B(eUL) U?“\xd:o = G(a',60)

) UMl =0int <0.

As for the case of hyperbolic boundary value problems, that is without the singular parameter 1/e
in the differential operator, see e.g. [BGS07, CP82], the solvability of each linear system (2.1) relies
on some a priori estimates. Our main focus here is the derivation of a priori estimates that are
uniform with respect to the wavelength . For the reasons detailed in the introduction of [Wil02], the
appropriate functional setting in which one can derive uniform estimates is provided by the spaces
E? defined in (1.6). The main difficulty is to obtain uniform L> estimates, because the system (2.1)
seems only to provide with uniform tangential L? estimates. Much of the analysis in this section is
similar to [Wil02, sections 5 and 7], except that we use here the singular pseudodifferential calculus*!
of Appendix A. This introduces some minor modifications for the regularity assumptions in the
results below but the main arguments are the same. This is the reason why we shall often refer to
[Wil02] in order to keep the exposition as short as possible.

"The results of Appendix A are completely similar to the corresponding ones in [Wil02], but the proofs can be
significantly different since [Wil02] uses several times the fact that in the periodic case the variable  lies in a compact
space. The extension to the pulse case, where  lies in R, requires other ingredients such as the Calderén-Vaillancourt
Theorem, see [CGW12].
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2.1 Main estimate for the linearized singular problem

We consider a linearized problem of the form

- i B 9%, _
0) On Uz + ) Aj(eVe) (0w, + =2 ) Ue = fo,
(2.2) J=0
b) B(5V5) Ua|xd:0 =3,

c)U.=0int <0,

where (Vz).c(0,1] is a given family of functions, and (f:, g-) represent some source terms. Our first
main result is the analogue of [Wil02, Theorems 5.1 and 5.2] and proves unique solvability with a
uniform L? energy estimate for (2.2). The main point is to keep track of the regularity assumptions
on the coefficients V.

Theorem 2.1. Let sg := [(d+ 1)/2] + 1. There exists § > 0 such that, for all K > 1, there exist
some constants vo(K) > 1 and Co(K) > 0 such that the following property holds: if the coefficients

(Ve)ee(o,1) in (2.2) satisfy
(2.3) le Velpoo() <6, [Velcomm ) + [Velomso maxry) + 1€ Ox, Vel o) < K,

then for all T > 0, for all source terms f. € L?(Q7), g € L*(b27) vanishing for t < 0, there exists
a unique solution U. € L*(27) to (2.2) vanishing for t < 0, and this solution satisfies

_ 1 _ 1,
@4) e Ueloor + —= (€ Ueloymo)or < Co(K) (7 e

val

1 _
0,017 +— (e wge>0,T> ,

Nal
for all v > ~o(K).

In Theorem 2.1, the space C%Mo(Q)) denotes the space of functions v(z,6) such that for all
xq >0, v(-,zq,-) is bounded on R? x R with all derivatives up to the order My bounded, and with
all bounds that are uniform in x4. The norm is defined by

|U|00’Mo(9) = sSup  sup Hag’,ev(de?')”LOO(RdXR)'
24>0 |a|<Mp

For fixed x4, the (2, 0)-regularity of a symbol enables us to use some of the symbolic calculus rules
listed in Appendix A.

Proof. The first main step in the proof of Theorem 2.1 is to show a global in time a priori estimate.
In other words, we consider a smooth function U, solution to (2.2), and wish to show the estimate
(2.4) with T'= 400. We begin with the following result.

Theorem 2.2 (Kreiss, Métivier [Kre70, Mét00]). There exists 6 > 0 such that, if Bs denotes the
closed ball of radius § in RY, there exists an m x m matriz-valued function

R € C°°(Bs x R% x (0,0)),
homogeneous of degree zero in (§',7) and satisfying:
(a) R(v,&',7) = R(v,¢',7)";
(b) there exist C >0, ¢ > 0 such that for all (v,&',v):

(2.5) R(v,¢,7) + C B*(v) B(v) > cI;
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(c) there exist finite sets of C™ matrices on Bs x R? x (0,00), denoted Tj, H;, and E; such that

() Re (R0 €1 Al €)= 3T (0,€') (TGS ) T

(ii) Ty, Hl are homogeneous of degree zero in (§',7), E; is homogeneous of degree one;
Ef (v,

(1ir) Hy(v,&',y) = H}' (v,§,7), Ei(v,&',7) = £§7);
(iv) there exists ¢ > 0 such that

> T, & )T (0,6,9) > I, Hi(v,&,7) > e, Ei(v,&,7) > (€| +) 1
l

The dimensions of H; and E; can vary with [.

The parameter ¢ is fixed according to Theorem 2.2. We then define the following singular
symmetrizer for the boundary value problem (2.2):

Rery 1= Op™(R(EVL €, 7))

where singular pseudodifferential operators Op®7(a) associated with a symbol a are defined in
Appendix A. We observe, as in [Wil02, remark 5.2] that our symmetrizer is not self-adjoint on
L?(2). However, the remainder R., — R is O(1/7) as an operator on L?, uniformly in e.
Under the regularity assumptions (2.3) of Theorem 2.1, the results given in Appendix A and
the arguments in [Wil02, pages 164-165] give the following properties for the symmetrizer R. 5:

(@) [Reny Wloo < C(K) [Wloo,

(0) |[024: Rey] Wlo < C(K) [Wlo

(€) Re (Repy Acyy + AL, Rey) W, W) 2 e(K) v WG,
(d) Re (Rey W, W) + C( ) (B(eVe) W)g > e(K) (W)i,

(2.6)

where A. , denotes the operator

i -1 59
(V) = AV (a ; 59) .

Let us focus for instance on property (d) in (2.6). Since R? . = R.+O(1/7), Garding’s inequality
(Theorem A.1) shows that it is sufficient to prove that the symbol R(eV;, &', v) + C B*(eV;) B(eVs)
is positive definite, and this property is given by (2.5). Other properties in (2.6) are obtained by
similar arguments (applying Propositions A.7, A.8 or A.9), see [Wil02, pages 164-165] for more
details.

We perform the change of function U, — e 7'U, in (2.2), multiply (2.2) a) by R., and take
the real part of the L? scalar product with e™7*U.. The estimates (2.6) yield!2

.

1 1
e Uelop + NGi (€™ Uelzy=0)0 < C(K) <7 ™" felo, <e_7tgs>0) ;

1
val
for v sufficiently large, that is for all v > ~o(K).

A similar uniform a priori estimate is valid for the dual problem (which satisfies the backward
uniform Lopatinskii condition). Then the arguments of [BGS07, CP82], namely existence of a weak

'2The detailed computations can be found in [Wil02, corollary 5.2], and are the singular analogue of [BGS07, CP82].
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solution and ”weak=strong” by tangential mollification, yields well-posedness of the boundary value
problem (2.2). Localization in time is achieved as usual by showing a causality principle (”future
does not affect the past”), which holds in our context since the constant C'(K) in our energy
estimate is independent of ~. O

The uniform L? estimate (2.4) enables us to show an estimate in the space E° defined in (1.6).
The result is similar to [Wil02, Corollary 7.1] with a slight improvement with respect to the norm
in which the source term f. is estimated.

Theorem 2.3. Let sg := [(d+ 1)/2] + 1. There exists § > 0 such that, for all K > 1, there exist

some constants v1(K) > 1 and C1(K) > 0 such that the following property holds: if the coefficients

(Ve)eeo,) in (2.2) satisfy (2.3), then for all T > 0, for all source terms f. € L2(H' (b)),

ge € HY(b2r) wvanishing for t < 0, there exists a unique solution U. € H' (1) to (2.2) vanishing

fort <0, and this solution satisfies

(2.7)

7 oz + e Ueloair + = (¢ Uy < G 2167 ooz + = 0
) s Ly ﬁ da= ) — ,7 5Ly ﬁ ’ ?

for all v > v (K).

Proof. The regularity of the solution U, can be obtained by using the same arguments as in [CP82,
chapter 7], that is by commuting the system (2.2) with a mollified version of the Fourier multiplier
of symbol (v2 + |¢/|? + k2)Y/2. The argument shows that the d,» and dy derivatives of U. are in
L% and (2.2) then shows that the d,, derivative of U. also belongs to L?. We thus only show the
estimate (2.7).

1. L? estimate of tangential derivatives. Commuting (2.2) with a tangential derivative
Otan € {0z, -0z, ,,0p,}, we need to control the commutators

d—1 d—1
- 0 -
> [A;(e V), Oran] <a$j + 5]89") Ue=> (dA;(eVe) - OranVe) (2 0a; + B; Og,) U
j=0 j=0

When multiplied by e~7*, this source term is bounded in L?(27) by a constant times |e_7tUg|071,T
and can therefore be absorbed from right to left by choosing v large. At this stage, we have

_ 1 _ 1.
@8 7 Uawr + 7 Ueleymohr < Cu(E) (7 o,

1 _
01,7 +— (e wge>1,T> ,

VAl
for all v large enough.

2. L*(L?) estimate, part 1. We extend f. and g. beyond time 7', which does not affect
the solution U, up to time T. Doing so, we just need to prove the L*°(L?) estimate (2.7) for
T = 400. We consider a cut-off function x© in the extended singular calculus, that is a smooth
function satisfying the conditions (A.3) given in Appendix A. The L®(L?) estimate is first proved
on (1 —x4(D)) (e 7tU.), where we let from now on x¢(D) denote the Fourier multiplier whose

symbol is
e kB
X <£’, ,v)-
€

Since |k f|/¢ is dominated by (72 4 |€'|?)'/? on the support of 1 — x°, the same arguments as in
[Wil02, page 173] yield

(1= x2(D)) (e Ve)loo0 < C(K) (e feloo + e Uelo)

(2.9) < O(K) (,ﬁ e o + \; <e—“gs>1) .
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3. L>®(L?) estimate, part 2. It remains to estimate |x¢(D) (e77'U.)|x0.0, which uses the fact
that 8 is a hyperbolic frequency. More precisely, we can fix some parameters § > 0 and do > 0 such
that for all v in the ball of radius § and for all (z,7) that are do-close to 3, there holds

Q(U’ Z? /r])_l A(U7 Z? 77) Q(U’ Z? 77) = dia’g ()\1(U7 Z? 77)7 ety AN(’U’ z’ 77)) )

for a suitable invertible matrix (), and the \;’s satisfy

<_C’Y7 lf]:177p7

Re A\ (v, z, -
it 77){2 cy, ifj=p+1,...,N.

Moreover, Assumption 1.6 shows that the (square) matrix whose column vectors are

B(v) Q1(v,z,n),...,Bv)Qp(v, z,1),

is invertible (here the @;’s denote the columns of Q).
With the above notation, we can follow the proof of [Wil02, Proposition 7.3], and write
X¢(D) (e77tU.) under the form
Xe(D) (71U =m0 W,
where, here and from now on, ro denotes a bounded operator on L?(£2) whose operator norm is
independent of ¢,7, and where each component W; of W satisfies a transport equation

(2.10) adej - )\j(é‘ Ve, DS> Wj = T’o(e_’ytfg) + To(e_’thg) .

In (2.10), \j(e Vz, D) denotes the singular pseudodifferential operator of symbol A;(e V., z,m) (as
described in Appendix A).

In the outgoing case (j = p+ 1,...,N), we multiply (2.10) by W;, integrate from z4 to 400
and apply Garding’s inequality (Theorem A.1), obtaining

+oo
Wiz +4 / W ()2 dy
+oo +°°
<o/ (e fuly )>0dy+0/ Wi@))o (e U (y))o dy.

The contribution of W; on the right-hand side can be absorbed on the left by using Young’s
inequality, and Theorem 2.1 enables us to control the L? norm of U.. We thus get

1, _
o103

1
(2.11) sup |Wj|zo,0 < C(K) < le™VEf 27
j=p+1,..,N v

The estimates in the incoming case are similar, except that we integrate from 0 to x4. We thus
get

1 1 _
sup WPy < sup (Wyleyeol? + C(K) ( e Lyt (e “ga>%) .
j=1,...,p j=1,..p v Y

Using the same arguments as in [Wil02, page 178], we can use the uniform Lopatinskii condition
and write
Wilzz=0 Woi1lzg=0

_ 1 _
: =T0 : + 7o (e Vtgf:‘) + 5 To (e ’YtU€|$d:0) )
WP’ﬂCdZO WN|xd:0
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from which we derive the estimate

_ C(K), _
sup (Wile,=0)§ < C(K)  sup  [Wyl3 o+ C(K) (e77'g:)3 + 7(3 ) e fel3o -
j=1,....p j=p+1,..,N Y

We combine the latter inequality with (2.11), and recall x¢(D) (e”7tU.) = ro W, so we get

NED) (&7 U)o < O(K) (\% e 2o+ <e—“gg>%) |

Adding with (2.9) and (2.8), we complete the proof of Theorem 2.3. O

2.2 Construction of the exact solution

We use the iteration scheme (2.1) to solve the nonlinear system (1.5). As usual, the convergence
of the iteration scheme follows from the combination of two arguments: a uniform boundedness in
a ”high norm” (here in the space E® given in (1.6)), and a contraction property in a ”low norm”
(here in E°). The estimate of a solution in E will be provided by Theorem 2.3 above, and we
indicate below how we obtain the estimate of a solution in E*, s € N.

Proposition 2.4. Let so := [(d+1)/2] + 1 and let k € N. There exists § > 0 such that, for all
K > 1, there exist some constants v, (K) > 1 and Cx(K) > 0 such that the following property holds:
if the coefficients (Vz)ce(o,) in (2.2) satisfy (2.3) and belong to L2(H* 1 (bQ7)) N L>®(H*(6Q7)),
then for all T > 0, for all source terms f. € L*2(H*1(bQ27)), g. € H*1(bQr) vanishing for t < 0,
there exists a unique solution U. € L*(H*1(bQr)) N L®(H*(bQ7)) to (2.2) vanishing for t < 0,
and this solution satisfies

_ - 1 1
(212) e Uslookr + e ”Us!o,kﬂ,TJr\ﬁ@ MU, g g=0) k1,7 < Ci(K) <7 e feloks1,r

le™ " Vloptr,r n |67tVs|xd0’k+1,T)>
v V7 ’

1 _
+— (e ge)kr1,1 + Ue| oo (wioo b2p) (

Nal
for all v >y (K).

Proof. The proof is exaclty the same as that of [Wil02, Theorem 7.2]. One commutes (2.2) with
a tangential derivative 0% of order 1 < |a| < k, and applies (tangential) Gagliardo-Nirenberg
inequalities. When the additional fast variable 6 lies in the torus R/Z, these inequalities are given
in [Wil02, Lemma 7.3, and we claim that the exact same inequalities are valid when the fast
variable lies in R.

When commuting (2.2) with a tangential derivative 9%, one applies Theorem 2.3 and needs to

control the commutator 5
[Aj(éVe) (% + 5]590> ;80‘] U.,

in the norm |e~ 7" |1 7. The ¢ factor in front of V. cancels the singular 1/¢ factor and we obtain
the estimate

< C(K) |e_7tU€|07k+17T
0,1, T

ot [Aj(eve) (axj + 51?“)) ;aa] U

+ C(K) |Ue| oo (wt o b2y €7 Velo g7 -

The |e"7'Ue| g+1,7 term on the right hand-side is absorbed by choosing ~ large enough, and we
are left with (2.12). (Estimates on the boundary are similar.) O

22



We can then deduce the main estimate in the space EX defined in (1.6) (the proof is the same
as that of [Wil02, Corollary 7.2] and is based on the choice T' = 1/ in Proposition 2.4).

Corollary 2.5. Let k> My + [%] and K1, Ko > 1. Then there exist a constant C(K, K2) > 0,
a parameter €o(K1, K2) € (0,1] and a time T (K1, K3) > 0 satisfying the following property: if
T < T (K1, Ka2), if the coefficients (Vz)zc0,1) in (2.2) belong to EL and satisfy

(2.13) Veloo k1 + [Velzg=olkr1,r < K1, |e0pyVelpo (o) < Ko,

and if ¢ < eo(K1, K2), then for all source terms f- € L>(H*T1(bQ7)), g- € H*L(bQr) vanishing
for t < 0, there exists a unique solution U, € E:’ﬁ to (2.2) vanishing for t < 0, and this solution
satisfies

(2.14) |Uelooer + 1Uelogs1,0 + VT (Ueloy=0) 1.7 < Ci(K1, K2) (T | felogr1,r + ﬁ<96>k+1,T> :

The parameter gy in Corollary 2.5 is chosen so that (2.13) implies |e Vz | (q,) < 6 where 0 is
as in Proposition 2.4.

We are now in a position to prove our main existence result for the singular system (1.5). The
norm in the space Er_’ﬁ is defined by

|U‘E§ = ‘U’oo,k,T + "U’O,k+1,T-

Theorem 2.6. Let K > 0 and let k > My + [42]. Then there ezists a constant K' > 0, a
parameter eo(K) € (0,1] and a time T (K) > 0 satisfying the following property: the iteration (2.1)
with U2 = 0 is well-defined for 0 < T < T(K) and satisfies

Moreover, the sequence (UL') converges towards a function Uy in E:'ﬁ_l, uniformly with respect to
e € (0,e0(K)]. The limit U. belongs to E% and is a solution to (1.5).

Proof. The constant K’ is chosen such that, if |U?| gy, < K, and if furthermore |V g, < K, then
one has

U
—

(2.15) eF(eUNU = Aj(e UM (e On, + B Do, ) Ve <K',

Lee(Qr)

.
Il
o

independently of € € (0,1]. Then the parameter ¢ is chosen as £¢(K, K') given by Corollary 2.5.
The time 7 (K, K’) > 0 is chosen accordingly. Assuming that the induction assumption

Vi<n, Ve<eo(K), [Ullgy+ (Ullzmo)irir S K, |e8:,Ul|re0r < K

holds (this is trivially true for n = 0), we can apply the estimate (2.14) of Corollary 2.5 to the
system (2.1) and obtain
U2 g+ VT (U o y=o)ksnr < k(KK (TF(UNU o s, + \/T<G>k+1,T)

(
< CW(K,K') (T C(K) + VT (G
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Since (G)g41,7 tends to zero as T tends to zero, we can choose the time 7" small enough so that
the induction assumption implies

Ve <ego(K), \UQLH’E; + (UM gm0k < K.

Our choice of K’ in (2.15) implies that the induction assumption propagates from the rank n to
the rank n + 1 because |e 0, UM 00 () < K.

The convergence in Eéf_l is obtained by showing a contraction estimate in E%, which is obtained
by applying Theorem 2.3. We refer to [Wil02, page 184] for the details. The limit U, of the iteration
scheme (2.1) is a solution to (1.5), which yields toe regularity U. € EX (see [BGS07, chapter 9] for
similar arguments). O

3 Construction of the leading pulse profiles

Observe that we can solve the system (1.22) by solving instead
X@O’Z‘ + Cﬁ o; Ogo; — eﬁai =0,:=1,2,3
(3.1) (0i(2',0,0),i=1,3) = B(G(2',0),02(<,0,0)),
o, =0int <0.

where all occurrences of §; or 6y are now replaced by 6. To solve (3.1) we use the iteration scheme

(a) Xy, 0" + clolOgol T = elol, i =1,2,3
(3.2) (b) (" (2',0,0),i =1,3) = B(G(«',0), 057 (',0,6))

(c)oM™t =0int <0.
We will prove estimates for (3.2) in a class of Sobolev spaces weighted in 6. These weights are
introduced in order to get an explicit decay rate in 6 at infinity.

Definition 3.1. For s € N and v > 1 define the spaces
Ie:.= {a(a:,@) € LQ(]Rffrl X R): (0,0, a € L?for || <s,and a=0int < 0} ,
and I := e s,
with respective norms

(3.3) la|s == Z 951 92 89’83 alr2e) and [alsy = le ™ als.
1B1=[(81,82,83)|<s

We will let H® and H3 denote the usual Sobolev spaces with norms defined just as in (3.3) but
without the 0 weights. These spaces and those below have the obvious meanings when a is vector-
valued.

Remark 3.2. We have

o~ D24 Ve 0% 0 0 al sy ~ 3 I 0% 0 0 al1age)
1Bl<s 18I<s

[43

where “~” denotes an equivalence of norms with constants independent of v > 1. The second

equivalence follows from
(0 +) (e a) = e Oa.

24



The next proposition is helpful for estimating the commutators that arise when deriving I'®
estimates of solutions to the linearization of the profile system (1.22). Define

A® = {a € LQ(]Rffrl xR): 0% aeL?for |Bi|<s, 0%2acL?for|Bs <s,

653a€L2f0r B3| < s, a:()int<0},

with
ala = D7 10% alie + Y7 [0 alie + Y 105" alie,
|B1]<s |B2]<s |B3|<s
and let define A5 := €7 A® with the norm |a|ss := |e”"als= accordingly.

Proposition 3.3. The spaces I'* and A® are equal, and the norms |a|s and |a|ps are equivalent:
there exists a constant Cy such that

(34) ‘G/’As S ‘a’s S CS ’CL’AS .

Proof. Clearly, |a|ps < |als. The remaining inequality is proved by induction on s. The case s = 0
is clear. The square |a|? is a sum of terms

(3.5) / (6% 8% 95 a) (8% 922 9 a) Az df

where |8 = |B1|+|B2| + 83| < s. The terms with |3| < s are dominated by C|a|3. by the induction
assumption.

Consider now a term like (3.5) with |3| = s > 0. Either 2|3;| > s or 2|82, 83| > s. Suppose
2|82, B3] > s. Perform integrations by parts to obtain terms of the form

(3.6) C /ag;ﬂ)a-(e,agﬁ,ag)azadxde < C5 |02 gy al3s +01(0, 00, 09)% af3, Joi =5, i=1,2,

and other terms (where powers of 8 are differentiated) that can be estimated using the induction
assumption. The second term on the right in (3.6) can be absorbed by |a|?. Integrations by parts
show that the first term on the right is dominated by the sum of a multiple of |a|3. and a term
that can be absorbed by |a|?.

The remaining case 2|81| > s is handled similarly. O

Remark 3.4. 1) The spaces I'*, I3, A%, and Af all have obvious analogues when LQ(RSI;H x R) is
replaced by L?(Qr) in the definitions, where we recall the notation

Qr = {(2,0) eERIT x R:t < T}.

The corresponding norms are denoted by adding the subscript T |a[sr, |alsy,T, |alas., ete. The
equivalence (3.4) continues to hold for the norms restricted to €7, as can be seen by a standard
argument using Seeley extensions [CP82].

2) The analogous norms of functions of b(z’,#) defined on R% x R or on b2y are denoted with
brackets: (b)s 1, (b)s~ 1, etc. We denote the corresponding spaces by bI';., bAT, etc.

3) By Sobolev embedding it follows that if the functions o; appearing in (1.19) lie in I'}, for

s > % + 3, then F as in (1.15) is of type F. Indeed, we then have, for example, 9]2- Op;0; € HE
d+2
=
4) More generally, if the functions f, 9l m> N m appearing in (1.24) lie in T, for s > % + 2,
then F as in (1.23) is of type F.

for an index t >
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We set |a|o := |a|po(q,) When the domain Q27 makes no possible confusion, and we define
leJoo = {a($,9) s aliee = Z 050000 < oo}
o<1
Estimates for the coupled systems. We can now state the main existence result for solutions
(3.7) Vot (z 9) = (0.711+1’O_£L+170_§L+1)
to the sequence of linear systems (3.2).

Proposition 3.5. Let T > 0, m > d# + 1 and suppose that G € bI'F and VO™ € T} both vanish
int < 0. Then the system (3.2) has a unique solution Vo1 € T'™ wanishing in t < 0 with
oyt = 0. Moreover, there exist increasing functions, vo(K) and C(K) of K := [VO"|,, 7 such that
for v > v (K) we have

(3.8) VO +

<V0’n+1>m,% <G>mmT |V0’n|mmT> ‘

T
N4l SC(K)( Val " ol

Proof. 1. L? estimate. Anticipating the extra forcing terms that arise in the higher derivative
estimates, we first prove an L? a priori estimate in the case where a forcing term f;(x, #) vanishing
in ¢t <0 is added to the right side of each interior equation in (3.2). Setting F(z,0) := (f1, f2, f3)
we claim

<V0’n+1>0m

T / |F
Ve <) (

07,7 <G>O,%T |Vo’n|0mT
+ + ,
g Nal v

where K’ := |V0’”\17oo. The latter estimate is obtained by considering the weighted function
e 7t YOntl - and by performing straightforward energy estimates on (3.2)(a). The traces of U?H,
i = 1,3, are directly estimated by using (3.2)(b).

2. Higher order estimates. We use again the system (3.2) in its original form. Using the
equivalence of norms established in Proposition 3.3, we first apply the L? estimate to the problems
satisfied by 6% o;, where k < m. The forcing term in this case is

(3.9) VO o +

—c; [0} O, Hk] U?H =—ciko] gk—1 ol-"H.

Clearly we may assume |#| > 1. Applying (3.9) we can absorb the terms on the right involving
o1 to obtain

gk Yon+1 G Yo.n
(310) ‘gk VO,n+1‘O7%T + < >07"/7T < C(KI) << >m,'y,T 4 ‘ ’ma"/aT) for y > ’YO(KI)
val val gl
Next we estimate 8%0?“ for |a| < m. The forcing term in the problem satisfied by 8;“,0?“ is

now
—ci o7 By, 0% oL
The commutator is a finite linear combination of terms of the form
(3.11) (001 07) (0520907 Y), Jou| + |o2] = |af, |ag| > 1.

We estimate these terms using the following two observations:
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A. Suppose m1 + mo > %, m; > 0. Then the product (a(z,8),b(z,0)) — a - b is continuous
from H" x H'? — HY.
B. Suppose |a1| + |az] < |a| < m. Then

e 07 yu(@, 0)ljas),r < [l 1
By A (with m; = m — |ai], ma = |az] — 1) and B we have
(310 < Clog lm,r ’%ﬂﬂ,mmT <CK |‘7?+1’mmT-

Applying (3.9) and absorbing terms from the right, we obtain an estimate like (3.10) for 9210+
with C'(K') replaced by C'(K).

The 6 derivatives 85@, k < m, are estimated similarly. Derivatives involving J,, are estimated
in the customary way using the tangential estimates and the fact that x5 = 0 is noncharacteristic
for X, .

3. Existence and uniqueness. This follows easily from the above estimates since the principal
part of the system (3.2) is given by three decoupled vector fields. One can therefore integrate along
characteristics. Equations (3.2)(a),(c) and the fact that Xy, is outgoing imply 5! = 0. O

Next we show convergence of the iterates V%" to a short time solution of the nonlinear profile
equations (3.1).

Proposition 3.6. Consider the profile equations (3.1), where G € bI'!, m > % +1, and vanishes

mt <0. For some 0 < Ty < T the system has a unique solution Ve Fq"io with o9 = 0.

Proof. 1. The iteration scheme (3.2) defines a sequence (V%) in I'?. Fixing K > 0 we claim that
for T* > 0 small enough,

(3.12) VO e 4+ (VO e < K for all n.
Indeed, first observe that
[l < CJttlmr < Co ™ Juln 1,

and fix v > 4o (K) such that \/y > 2C(K) C for vo(K) and C(K) as in Proposition 3.5. Assuming
(3.12) holds for n < ng, we find that it holds for ng + 1 after shrinking 7™ if necessary, using the
estimate (3.8) and the fact that G vanishes in ¢ < 0. This new choice of T* works for all n.

2. Convergence of the iterates in F%O to some V0 for a possibly smaller Ty > 0 now follows
from (3.12) by applying (3.8) when m = 0 to the problem satisfied by (V?"*+1 —V07) In view of
(3.12) and a classical argument involving weak convergence and interpolation, we thereby obtain
a solution VY € v with, in fact, a trace that lies in I . This argument shows that the iterates
V07 converge to V0 in F%_l. O

4 FError analysis

Next we carry out the error analysis sketched in section 1.4. In section 4.1 we define and
derive estimates for moment-zero approximations. In section 4.2 we estimate interaction integrals
involving both transversal and nontransversal interactions of pulses; these estimates are used later
to estimate the first corrector Z/{[}’E. Finally, in section 4.3 we complete the proof of Theorem 1.14
by proving the stronger result, Theorem 4.16.
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4.1 Moment-zero approximations to /°

When constructing a corrector to the leading term in the approximate solution we must take
primitives in 6 of functions o(z,0) that decay to zero as |#] — oco. A difficulty is that such
primitives do not necessarily decay to zero as || — oo, and this prevents us from using those
primitives directly in the error analysis. The failure of the primitive to decay manifests itself on
the Fourier transform side as a small divisor problem. To get around this difficulty we work with
the primitive of a moment-zero approximation to o, because such a primitive does have the desired
decay.

We will use the following spaces:

Definition 4.1. 1.) For s > 0, we recall the notation (1.6), that is E5. := {U € C(zq, H5(2',60)) N
L?(xg, H%H(x’, 00))}. This space is equipped with the norm

\U(x,00)|E5 = |Uloo,s,r + |Ulo,s+1,7-
2.) Let & = {U(x,00,&4) : Ulgz = supg, o [U(+, &) |5 < 00}
Proposition 4.2. For s > (d+1)/2 the spaces Ef. and &} are Banach algebras.

Proof. This is a consequence of the Sobolev embedding Theorem and the fact that L (bQr) N
H?(b)r) is a Banach algebra for s > 0. O

The proofs of the following two propositions follow directly from the definitions.

Proposition 4.3. (a) For s >0, let o(x,0) € E; and set 6(x,6p,&q) == o(z,0p +w&y), w € R.
Then ¢ € £} and

5le < Clol o,
(b) For g € &7, set 6.(x,6p) := o (x,00,%L). Then
|Gelms < [0]es.-
Definition 4.4 (Moment-zero approximations). Let 0 < p < 1, and let ¢ € C*°(R) have supp ¢ C
{m :|m| <2} with ¢ =1 on {|m| < 1}. Set ¢p(m) := ¢(%}) and xp := 1—¢p. Foro(z,0) € L2(Q7),
define the moment zero approximation to o, op(z,6) by
(4.1) Gp(x,m) := xp(m) o(x,m),
where the hat denotes the Fourier transform in 0.

Proposition 4.5. For s > 1 suppose o(z,0) € F?Q, and define 6(x,00,&q) := o(x,00+w&q). Then

a) 16~ Gpleg < Clolpssa VB,
b) |axd5' - 896(15-P’5‘;_1 S C ’0‘|1—\;+2 \/13

Proof. 1. Recall that o € ', < 051 e 80’830(:[;, 0) € L*(z,0) for |8 < s, which is also equivalent
to Ot 052 mPs 6(x,m) € L*(x,m) for |5 < s. It follows that

(4.2) o €T3 = 6(x,m) € Hi P (x,m) C H'(m, H* ! (x)) € L™ (m, H*™ (2)).
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2. We have

k ~
o= oyl D0 108 mE ) (1= () B
lo|+k<s+1

= Z /|m|§2p/|8§ mk & (z,m) dp(m)|? dz dm

lo|+E<s+1

<C 16 (2, m) [Fe1(y dm < Cloffurz (2p),
Im|<2p T

where the last inequality uses (4.2). The conclusion now follows from Propostion 4.3.
3. The proof of inequality b) in Proposition 4.5 is essentially the same. O

Proposition 4.6. Let o(x,0) € H}., s > 0, and let 0, be a moment-zero approximation to o. We
have

(a) loplag < Clolms

C
(b) If o € T, then |oplrs, < p o,
Proof. Part b) follows from (4.1). Indeed, for |f| < s,
‘651 P2 mPs & (z,m)| 2 < g lo|ps
m Yx P\ L; = pﬂl 7o

since |(97ﬁnl Xp| < C/pPr. Taking By = 0 we similarly obtain part a). O
Next we consider primitives of moment-zero approximations.

Proposition 4.7. Let o(z,0) € TS, s > % +3. Let o(x,0) be the unique primitive of oy, in 0 that
decays to zero as |0| — oo. Then o, € I's: with moment zero, and

|opl ;.
(CL) |0';|H% < 0%7

(4.3)
|lop|rs.
ps+l

(b) loplrs. < C

Proof. 1. Since op(x,0) € '}, s > %—I— 3, we have |o,(x,0)| < C(6)~2 for all (x,6). The unique
g-primitive of o, decaying to zero as |f| — oo is thus

o7 (1, 0) :—/eooop(:r,s)dsz/e o)(z, ) ds.

—00

Moreover, we have

* LT~ ~ /;_XpA
(4.4) 0po, = 0p = 1Moy, =0y = Xp0, SO 05 = m’

Since |m| > p on the support of x,, this gives

|0 (x,m)]

(4.5) o5 (z,m)| < C ;
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and (4.3)(a) follows directly from this. From (4.4) we also obtain %(w, 0) =0.

2. The proof of (4.3) (b) is almost the same, except that now one uses

Om (frf)‘ Spgl'

Proposition 4.8. Let o(z,0) and 7(x,0) belong to H7, s > %. Then

(4.6) o7 = (0 7)pl. < Clolug |7lms /-

Proof. With * denoting convolution in m we have

o = (om)plhis ~ D 19 m" (6 ) (@, m) (1= xp(m)) 720 m)
la|+k<s+1

Im|<2p

2
=¢ Im| </|&($’m_m1)|H5(as) |f($,m1)!Hs(m)dm1> dm
m|<2p

< CP|5'($am)|%2(m,Hs(m)) |7ﬁ(mam)|i2(m,H5(:p)) <Cp |U|12LI% W%{;
O

Proposition 4.9. Let o(z,0) and 7(x,0) belong to I'}., s > % + 3 and let (o7), denote the unique
primitive of (o7), that decays to zero as |§| — co. Then

o\ ms. ||

(o T)plag <C p

Proof. Since I'%, is a Banach algebra, Proposition 4.7 implies (0'7'); € I'7, with moment zero and

(o 7)plas.

(o 7)pluz < C .

Since H7 is a Banach algebra, the result now follows from Proposition 4.6(a). O

4.2 Estimates of interaction integrals

Pulses do not interact to produce resonances that affect the leading order profiles as in the
wavetrain case. However, interaction integrals must be estimated carefully in order to do the error
analysis.

The following propositions will be used in the error analysis for estimating terms related to
U' as in (1.30), where the F; appearing there are given by (1.20); in particular, we must estimate
primitives of products of pulses. In some of the estimates below we must introduce moment-zero
approximations to avoid errors that are too large to be useful in the error analysis. We begin with
an estimate of “transversal interactions”.
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Proposition 4.10. Let t be the smallest integer greater than % + 3 and let s > 0. Let o1(x,0),
oo(z,0) belong to T4 N HT and define

&
(4.7) u(x, 6o, &a) 12/ o1(z,00 +wéq+ as)oa(z,00 +wés + s)ds

where w, o are real and o ¢ {0,1}. With uc(x,09) := u(z, 0y, °L) we have

el m5. < C(lo1| gz |o2lry, + [o2] gt [on]ry)-

uniformly for e € (0,1].

Proof. 1. For fixed x4 and € we first estimate
(4.8)
xd/s
/ (o1 09)ds

Here and below o1, o2 and their derivatives are evaluated at the points indicated in (4.7) with
§a = %2, unless explicitly stated otherwise.

xd/s
o1 09ds ~ Z

H3.(x',60) lal<s

2

o L2(z',00) k<s

xd/e
/ 890 o109)ds
2(55/,90)

= As(a:d) + Bs(xd).

2. To estimate As(z4) we consider for |ai| + |ae| = |a]:
xd/a xd/a
/ (9?,1 01 (9?,2(72 ds S / |8§,1 01 6?,20'2‘L2($,) ds
o0 L2(z',0p) e L2(6o)

< Al,s(md) + AQ,S('Id)a
L2(6o)

< ] [ ol ol + ol ool )
— 00

where we have used a Moser estimate in the 2’ variable. Setting z = 0y +w £ 4 a s, we obtain

o0 1
Ay y(zq) = C '/ |01 (2, 2)| oo ar) |0 <m (0o +w %) (1 — =) + Z) dz
e A ACOR TN
S C / |Ul(x,2)|Loo(zl) ‘02’L2(97H5(1’,)) dz
o0 dz
= Clo2| 200,15 (2')) / lo1(x, 2)[ Lo () <Z>2<Z>,2
(4.9) < Cloal 29,55y lo1(, 2)(2)? o () < C 2] 115 (27,0) o1 |

where the last inequality uses Remark 3.4. The estimate of Ag ¢(z4) is similar.
3. Recalling the definition of the E7 norm and using

|02l 0(2q 13 (20,0) < Clo2] b1 @y, 13.07.0)) < Cloal gzt gy 5
we obtain from (4.9):

(4.10)
[A1,s(xa) A2,5(2a)|C(@) + [A1s41(2d) A2,541(%a) L2 (g) < C (|01] ot [o2lry, + |o2] ot o1 ]ry.)-
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4. To estimate Bs(z4) in (4.8) we consider for ki + ka = k:

$d/€ xd/e
/ 8501 o1 65502 ds =+ / (650 01) o2ds + (boundary terms).

o0 [e.9]

Each boundary term has the form 857;101 8;’;2 o2, m1 + mg < k, where s is evaluated at z4/c. We
estimate such terms using Moser estimates as follows:

(411) ‘8&“01 8%20'2‘L2(I/790) S C (|0’1‘Loo(x79) ’02|H5*1(m’,00) + ’01|H5*1(m’,00) ’0‘2|Loo(xy90)).
For the integral term setting z = 6y +w™ + s, we have

(4.12)

md/a
/ (05001) oo ds

o0

<C ‘/ ]85001 (x, (6o —I—w%)(l —a)+ az) 02(z, 2)|12(2) d2

L2(',00) L2(0o)

o x
<cC ‘/ 9,01 (. (00 +w =) (1 = @) +az) |p2(ar loa (@, 2) ooy A=

L2(6o)

< Clotl e mo0)) 192(2, 2)(2)?| 1 (2,2) < C 01| 5.(27.0) 021, -
From (4.11) and (4.12), we obtain parallel to (4.10):
|Bs(2d)|c(ag) + | Bst1(2a) | 12(2g) < C (|o1] garr |o2lpe, + |o2| gasr [on]rs ),
completing the proof. O

The previous estimate of transversal interactions did not require the use of moment-zero ap-
proximations. However, nontransversal interactions of pulses can produce errors that are too big
to be helpful in the error analysis. Thus, we are forced to use a moment-zero approximation in the
next proposition.

Proposition 4.11. Let o(z,0) and 7(x,0) belong to I'},, s > g +3. Fora,w € R, a# 0 set

&a
Fo00&0) = [ (@l b0+ wba+ as)ds,
Then o5, I7]
g s |T s
‘f(l‘ae()?@) ISCM
e e p

Proof. The integral equals
alpha=! (o 7)p(7, 00 + £a(w + ) so the estimate follows first by applying Proposition 4.9 and then
by applying Proposition 4.3. O

Corollary 4.12. Let o(z,0), 7(z,0), and w,« be as in Proposition 4.11 and set

d
g(z,00,&4) ::/ (opTp)p(, 600 +w&i + as)ds.
Then ols. | 7]
g s |T s
9,00, )|, <0
e "B P




Proof. First apply Proposition 4.11 and then Proposition 4.6(a). O

Proposition 4.13. For s > % +3 leto(x,0) € Hy, 7(x,0) € I‘STH. With w, a0 € R, a # 0 set

&
h(x,00,&a) = o(x,00 + w &) Opy (2,00 +w &g + as) ds.

o0

Then
Zq

‘h(x,ﬁg, )

Proof. The integral is equal to o™ 7(x, 0y + £4(w + «)) so the estimate follows from the fact that
E:sfl is a Banach algebra together with Proposition 4.3. O

In the next Proposition we must use a moment-zero approximation since 7(z, ) may not have
moment zero.

Proposition 4.14. For s > % +3leto(x,0) € Hy, 7(x,0) € I, Withw,a € R, a # 0 set

&
J(x,00,8&q) == Ogyo(x,00 +w &) / Tp(x,00 + wq + as)ds.
Then ol I7]
) T O|\Hs TH.sfl
‘j(m,go’l)‘ o<o—— T
e "lES P

Proof. The integral is equal to a ™! 75 (2,00 + &4(w + ). The estimate follows by the argument of
Proposition 4.13, except that now we also need Proposition 4.7(a) and Proposition 4.6(a). O

The proof of the next Proposition is evident from the proof of Proposition 4.14.

Proposition 4.15. For s > % +3andw,a €R, a#0, let 0 €'} and set

Ea
k(xz,00,&q) = / op(x, 00 + wéq + as)ds.
Then o
Td H3
k(x, 6y, — C L
) (.'177 05 - ) E;:l = P

4.3 Proof of Theorem 1.14

Now we are ready to prove Theorem 1.14, which shows that the approximate solution ul(x)
converges in L* to the exact solution u. of Theorem 1.12 as ¢ — 0. In this section we prove the
following more precise Theorem, which implies Theorem 1.14 as an immediate corollary. As before
we focus on the 3 x 3 strictly hyperbolic case to ease the exposition. The mostly minor changes
needed to treat N x N systems satisfying Assumptions 1.1, 1.2, and 1.6 are described in section 5.

Theorem 4.16. For My =3d+5 and s > 1+ [My+ %], let G(2',6p) € bF?l and suppose G = 0
int < 0. Let U-(x,00) € BT, be the exact solution to the singular system (1.5) for 0 < e < &g
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given by Theorem 1.12, let VO = (01, 09,03) € FFEH be the profile given by Proposition 3.6, and let
U e &7, be defined by

Z/{ (:L’ 90,§d ZO'] a; 00+w]§d)
7=1

Here 0 < Ty < T is the minimum of the existence times for the quasilinear problems (1.5) and
(1.27). Define
L{g(:r, 00) = Z/[O(x7 907 %)

The family UL is uniformly bounded in Eg, for 0 <e < eg; moreover, there exists 0 < T <Tp and
C > 0 such that

1
(4.13) U — U2 ey < CePns,
1

where My is the smallest integer > % + 3.

The proof of Theorem 4.16 will use the strategy of simultaneous Picard iteration first used by
Joly, Métivier, and Rauch in [JMR95] to justify leading term expansions for initial value problems
on domains without boundary. Consider the iteration schemes for the quasilinear problems (1.5)
and (1.27):

d— 3.0
a) Oy, UM 4 Z (eU™) <axj + 5 90) Urt = F(eUMU”,

(4.14) =0
b) B(eU?) U?“!xd=o = G(,6p),

) UMl =0int <0,

and
a) EZ/[O n+1l __ uo,n-i-l

(4 15) b) ( ( )u0n+1+M(u0n a uOn—‘rl)) :E(F(O)uo,n)
C) ( )u0n+1‘xd 0,64= O_G(xaeo)

d) U™ =0int <0,

where U%™ (2,00, &) = Z;’ 107 "(x,00 + w;&q) ry for o as constructed in Proposition 3.5. Setting

US(x,8o) = U (x, b, ?d),
we observe that to prove the theorem it suffices to prove boundedness of the family 40 in Ej, along
with the following three statements:

(4.16)
(a) lim U =U. in Ef 1 uniformly with respect to e € (0, ]
n—oo
(b) lim U>™ = U2 in E%gl uniformly with respect to € € (0, &
n—oo
(c) There exist positive constants 77 < T and C, independent of n, such that for every n

1
|U£n o ug,n’E573 < Cl £2M1+5
Ty
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The first statement, together with uniform boundedness of the families U, Ue in E7,, is proved
in Theorem 2.6 by showing convergence of the scheme (4.14) using the following linear estimate
(which is a consequence of Proposition 2.4).

Proposition 4.17. Let s > [My+ %] and consider the problem (4.14), where G € H**! vanishes
int <0, and where the right side of (4.14)(a) is replaced by F € E5. Suppose U € ES. and that
for some K >0, 1 > 0, we have

UM s, + 1€ 02, Ul Lo < K for e € (0,¢1].

Then there exist constants To(K) and eo(K) < €1 such that for 0 < e < ey and T < Ty we have
U2 s+ VT U2 s modoirr < C(K) (T 1Flg + VT (Ghorrr)

Proof of Theorem 4.16. 1. The boundedness of 0 in E%, and (4.16)(b) follow directly from Propo-
sition 4.3, together with the fact that V0 € H%;rl and VO — V0 in Hf, . (In fact, the proof of
Proposition 3.6 shows that the V%" are bounded in Ffp;rl and VO — 10 in 72

2. The approximate solution 2" is by itself too crude; in order to prove (4.13) using Propo-
sition 4.17 we must construct a corrector 5“;,5 that lies in some E7p, space. To achieve this we

first approximate %" and U%"*+! by moment-zero approximations Z/{,[,) ™ and Z/{z? "+ For now we
fix 0 < p < 1 and define for each n

3

u}()),n(x’ 907 gd) = Z O-;'L,p(xa 00 + w]éd) Tj,
7j=1

where o7, is the moment-zero approximation to o7 defined by (4.1). Thus we have Z/{S "z, 00,&q) =

EUS’"(:E, 6o, &4) and by Proposition 4.5

(4.17) U — U gt < Cyp, and |0, U — 8, Ut g2 < Cp,

for C' independent of n'3.
3. For now we express the induction assumption as: there exists 0 < a < 1 (to be determined)
and positive constants C7, T7 < Tj such that

(4.18) U™ — U py—s < Cre”.
1

The boundedness of the family U in E7, together with (4.18) imply

|F (UM U — F(0) u27”|E;_3 < Ce
0
In view of (4.17) and Proposition 4.3 this implies

(4.19) |F(eUM UM — F(0) U

Eg? <C(Wp+e").

4. Define ~
Gp = L(8:)Uy ™ + M(Up™, Doy "),

13Constants C, C}... appearing in this proof are all independent of n and «.
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We claim that

(4.20) |EG, — E(F(0)Uy™)| g2 C'\/p.

Indeed, from (4.17) and the explicit formula (1.25) for the action of E on functions of type F, we
have
0,n 0,n
[E (FO)U*™ — F(0)Uy™) \5%1 < C./p.

But E(F(0)1/%") is given by the left side of (4.15)(b), so (4.20) follows by observing that (4.17)
and Proposition 4.2 imply

B (L(0,) (@O = upnh))

5572 S C\/ﬁ
To

(4.21)
B (MU, 90" 1) = MQU™ 00,37 )) |2 < CVB.

Here we have used the fact that the arguments of E in (4.21) are functions of type F, so the formula
(1.25) can be applied.
5. Next define the operator

p7€7

. 1~
Lo := L(0x) + _L(d0)Og, + M (U, Ogy ),

which is an approximation to the operator appearing on the left side of (4.14)(a) that will allow us
to use Proposition 1.21 to construct a useful corrector Z/{Z}. Indeed, we claim

(4.22) ILoUn ! — F(eU)UZ | ps—s < C(Vp+ ).
0
This follows from (4.14)(a) and the estimates

|A; (UM, UM — A;(0)0s, U:+11E%1 <Ce,

L n n 15 n A n n
(4.23) c A;(eUL) B 09, UL - (5 A;(0) B; Oy UL i dA;(0) - UL B; O, UL +1> L <Ce,
By
A4 (0) - (U2 ~Up2) By 0, U2,y < CJUZ ~UpZ s < C (VB + 7).
To
6. Construction of the corrector. First observe that since 2(890, O¢ d)Z/Iz? "+ — 0, we have

0,n+1 __
]]-‘0 Z/{p75 - gp,E Y

and thus
(4 24) LOL{Z?:QH — F(O)Z/lg’g - gp,e - F(O)u]?:g =
‘ (E(Gp, — FO)U,™)_+ (I = E)(Gp, — FO)U™))_ .
We have
(4.25) | (E(G, — FO)U)™)). \E;O—z <C\p,
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by (4.20), the formula (1.25) for E, and Proposition 4.3. The second term on the right in (4.24)
is not small, so we construct Z/{; to solve (most of) it away. By Proposition 1.21 the function

Ul = —Re. ((I —E)(G, - F(o)ug’”)) satisfies

(4.26) L(Dp,, 0, )y = —(I — E)(G, — FOUL™).

However, this choice of Z;{; is too large to be useful in the error analysis.
7. To remedy this problem we replace (I — E)G, by a modification [(I — E)Gp|med defined as
follows. First, using (1.19) and Remark 1.19 we have

(4.27) (I -E)G, = Z Z Vi "H + Z cLog pagoagj;l Z di mO1pP0,0m, "H i,
i=1 k#i k#i l#m

where oy, = U;p(m,% + wyéq). The problem is caused by the nontransversal interaction terms
given by the middle sum over k # i, so we define

3
(428) [(I E gp Z — Z Z Tl+1 + Z Ck O pagoak D + Z dl mUl p(%O TL+1 Ti,

i=1 ki ki IZm
and we set
(4.29) Uy = —Ros ([(I ~ B)Gylmoa — (I~ B)F(O)U™)) -
Instead of (4.26) we have
(4.30) L(Bay, 0, Uy = —=[(I = E)Gplmoa + (I — E)F (O)U™.

For later use we set
D(l'a eﬂaéd) = (I - E)gp - [(I - E)gp]mod

and estimate
(4.31) |D(x, 00,—)|Es s < C4/p.

Indeed, using Propositions 4.8 and 4.6(a) we have

|<02’p89002;1 - (ag,pagoa;;;l)p) (, 00 + wyp 2 );Es s
< |O'k7p8900'k;1 o'k,pagoakp ) |Hs 2 < |0k‘H9 2’0k |H;_1\/15'

8. Estimate of ]U;’EIE;Q. By (4.29),(4.28) and the formula (1.26) for Ry, for i = 1,2,3 we
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must estimate |b;(z, o, %)|E;72, where b;(x,00,&4) =

(4.32)

RS
Z C%/ (Uﬁpagoagzl) (x,00 + wilq + s(wr — w;)) ds+
oz Joo P
Z d. / (2,00 + wila) Oy omiy (. 00 + wily + s(wpm — w;)) ds+
m#i
> di; / aity(@, 00 + wiby + s(wi — wi))Oayo iyt (2,00 + wila) ds+
1#1 o0

) &
Z ;,m/ o7y, 00 + wiba + s(wr — wi))oyopty (2,00 + wila + s(wm — w;)) ds+

l#m,l#£im#i o0

&d
Zek/ 0 p(, 00 + wiq + s(wp — w;)) ds—

k#i o0

&d 6
Z/ Viog (2,00 + wila + s(wp — wi)) ds = Y _ bip(x, 00, a),
k#i r=1

where b; ., r = 1,...,6 are defined by the respective lines of (4.32). Since Y07 is bounded in HC‘;H,
using Corollary 4.12 we find

|O’k‘Hs 1’800-16 1|Hs 1
’21(.%90,*‘]352<CZ <C/p.
k#i p

Similarly, from Propositions 4.13 and 4.14 we get respectively

|b12(l‘ 00,7)|Es 2 < C |bZ3(l’ 90, )|Es 2 < C/p

Since V" is actually bounded in I‘STH, Proposition 4.10 on transversal interactions implies

Td C

|bi,4(513790, ?)‘E;ﬂ < ]F,

where we have used Proposition 4.6(b) to estimate
C
n+1
o < Om .
| ’Ft;’l Pttt o ‘rt“

By Proposition 4.15 we have |b; 5(z, 6o, —)\Es 2 < C, and the estimate of b; ¢ is the same, so
adding up we obtain

C

1
(4.33) el <

To estimate (9,,U,)). we differentiate (4.32) and estimate as above to find

(4.34) (O Up)el s < g
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9. We claim
€
(4.35) Lo (UI(;),?H + 5”;},5) - F(O)US,’?\E;O—B <C (\/334' pt+2> :

Indeed, we have

Lo(eUy ) = (L(D8y, 0 )Up )z + (L(D)eUp)e + M UpL', 9g,) (e Uy ),

pe>’

so by (4.24) and (4.30) we find

Lo (UM + el ) — FO) U =
(B(G, — FOU™), + D, b0, ) + (L@)=Uy)- + MAUYL, 0, Uy .-

P.e
The estimate (1.22) now follows from (4.25), (4.31), (4.33), and (4.34).
Using (4.19), (4.22), and (4.35), we obtain

£

(4.36) Lo (UZF! — U + el ) py SOWPHE+ o).

10. Next we claim that the following estimates hold:

(4.37)
n 1889 n n a €
(a) ‘ (8“ + A(UYT, 0 + —) (Ut — @O e ) SOt W) ,
To
n n n a €
(b) [BUO™) (UM — @07+ 4 2u4?)) ’H?EQ <C(/p+e*+ W).

Indeed, (4.37)(a) follows from (4.36) by estimates similar to (4.23), while (4.37)(b) is a simple
consequence of (4.14)(b) and (4.15)(c). Applying Proposition 4.17 we find

3
U = Q2 + <y s <OV (Vo &+ )

and thus .
U2 U s < CVTo (VD" + i)

Recall that ¢ is fixed and equals M; in the notation of Theorem 4.16. Setting p = €* we compute

VP = ﬁ when b = ﬁ, so we take a = g = Tﬁﬁ,} and complete the induction step by shrinking

Ty to a small enough 77 if necessary. This completes the proof of Theorem 4.16. O

5 Extension to the general N x N case

Here we describe the relatively minor changes needed to treat N x N systems satisfying As-
sumptions 1.1, 1.2, and 1.6. We first describe the construction of profiles in the general N x N
case. For each m € {1,..., M}, let

by K=1,... vk, ,
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denote a basis of real vectors for the left eigenspace of the real matrix i.A(f) associated to the real
eigenvalue —w,, and chosen to satisfy

p 1, if m=m'and k =k,
T =
okt ml 0, otherwise.

For v € CV we set
Priv = (lmk - V) ' (n0 complex conjugation here).

Functions of type F (see Definition 1.18) have the form

M Vg,

(5.1) F(2,60,60) = Y Y Fonk(@,60,£4) 'k

m=1k=1

where each scalar function F, j is decomposed as
(52) Foi=>_ 1" (@00 + wov )
m/

k m,k
+ Z gm/ k! m/ k! (.%' 90 + Wm! gd) / K m! k‘”(x 00 + Wm! gd)
m’ k' m! k"

In (5.2), m € {1,...,M}, ¥ € {1,...,1_,}, and similarly for (m”,k"); moreover, the functions
fm, ]Z;' etc. have the same properties as the corresponding functions in Definition 1.18. The averaging
operator E is given by

T
EF Z(hm 5 [ Pt = 905105 )

T—oo 1
and for F' as in (5.1), it follows that EF' = ka Fm,k T'm,k Where

m,k
k= fmk(x 60 +wm€d + Z gm k’mk”(x 90 + W ‘Sd) mk’,m,k”(x’eo + W fd)
k/ k//

On functions of type F such that EF' = 0, the action of the operator R is given by

ROOF::Z<

m,k

&d
/ Fm,k(xaeo +wm(§d - 3)73) d3> Tm,k -

[e.9]

The general form of the profile equations (1.27) still applies. With

W(.’E, 907 gd) = Z wm,k‘(l‘a 007 gd) Tm,k>

m,k

the decomposition of Proposition 1.16 now has the form

k
W Z X(;S wmk: Tm,k + Z Z Vnrmrf,k’ W k! Tm,k>

m,k \m’'#m,k’

40



where Vg’i, is the tangential vector field

d—1
m,k ~
V’m’,kﬁ' = Z(£m7k A] (O) Tm’,k’) axj_
7=0

In place of (1.31) and (3.7) we now have

M Vi,

U (2,600,60) = DD o (@, 00 + Wi Ea) T

m=1 k=1

VD,n—i—l 9) = ( n+1 9)
(1‘, ) Um’k (IL', ) m=1,....M; k=1,...,vg

m

The argument that led to the profile system (3.2) now gives'4

(5.3)
d—1 Vkpy, Vkm
n+1 n+l __ k n
(@) Xo 00 +Z E bm,m mk(%amk/—Zemwm,k,
7=0k,k'=1 =

(b) (a”“(:c 0,0),meT, k= 1,...Vkm) :B<G(x’,0), o™l (2,0,0),m € O,k = 1,...ukm) :

(c) UfnJrkl =0 int <0 for all m,k,
where the coefficients b** mlj ATe defined by

(5.4) b:j;],cl,,j =L, - Bj (d"zlj(o) Trmk) Tk -

Remark 5.1. There is a potentially serious obstacle to proving estimates for the system (5.3). If
one takes the L? pairing of (5.3)(a) with J"Jrl(m 0), it is not clear how to use integration by parts
in # to move the #—derivative in the sum on the left onto the n-th iterate. This problem does not
arise in the estimate for (3.2). The next Proposition, which is [CGW11, Proposition 2.18], removes
this difficulty by showing that there is a symmetry in the coefficients that appears after regrouping.

Definition 5.2. For u near 0 let —wp,(u), m =1,..., M, be the eigenvalues of
d—1
Al B) = A7) 21+ 30 4w ).
j=1

and Py, (u) the corresponding projectors.

The functions wy,(u) and Py, (u) are C* for u near 0 since § then belongs to the hyperbolic
region of A(u,£’).

Proposition 5.3. Let w € RY be expanded as w = ka Wi kTl = Dy Wm and define

>_.
<

d—1 Vim
k k'
(55) Bl k‘/ m 1,j 'UJm ks
=0 k=

<.
—_

4 The nonlinear equations for the functions om, are, of course, obtained from (5.3) by removing the superscripts
n and n + 1.



where the bfnkl,] are defined in (5.4). Then there holds

(5.6) Byl (w) - {—dwm(O) wy iR =1,

0 otherwise.
Proof. We differentiate the equation
d—1 ~
wi (u) I + Zﬁ] Aj(u) | Pa(u) =0,
=0

with respect to u in the direction w,,, evaluate at v = 0, and apply P, := P,,,(0) on the left to
obtain

d—1
(5.7) Py 5 (dAj(O) : wm) P = (—dwpn(0) - w) P,
=0
The second equality in (5.5) and (5.7) imply (5.6). O

Proposition 5.3 allows us to write

d—1 Vkp
kK n n+l _ pm 0,n n+1
(5.8) D> b o Geo i = BIOVO™) gt
§=0 k,k'=1
where WO = Y omk Ok Tmk; hence we can shift the §—derivative and integrate by parts as

discussed in Remark 5.1. Using (5.8), we deduce from (5.3) that azlfkl = 0 when m € O. Otherwise
the proof of Proposition 3.5 goes through as before. The statement of Proposition 3.6 is thus
unchanged, except that in the second sentence we have o, = 0 when m € O now.

The formulation of Theorem 4.16 is exactly as before except now

M Vi,

uo(ajv to, fd) = Z Z O-m,k(xv 0o + Wmfd) Tm,k » VO(‘T’ 9) = (O-m,k(xv 9))

=1,....,M;k=1,...
m=1 k=1 m yeeny iVl seesVlm

The error analysis in the proof of Theorem 4.16 goes through with the obvious minor changes. For

example, the troublesome self-interaction terms C}; Ok p O, 0,?351, k # i, in (4.27) are now replaced by

terms of the form cfm k! O'ZL kop O, a;‘:kl,m, m # i, where the index p as before denotes a moment-zero
approximation. These terms are handled just as before by introducing [(I — E) G|nod, see (4.28),
in which they are replaced by ¢, ; (Uguk,p 890‘72:191',;9)19' The contribution of these terms to the

corrector Z/Iz},E is estimated as before using Corollary 4.12.

A Singular pseudodifferential calculus for pulses

Here we summarize the parts of the singular pulse calculus constructed in [CGW12] that are
needed in this article. First we define the singular Sobolev spaces used to describe mapping prop-
erties.
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The variable in R4 is denoted (z,0), z € R%, § € R, and the associated frequency is denoted
(&, k). In this context, the singular Sobolev spaces are defined as follows. We consider a vector
B € R4\ {0}. Then for s € R and £ €]0, 1], the anisotropic Sobolev space H*(R%*1) is defined by

loc

and / <1 + ‘5 + kB
Rd+1 &

Here @ denotes the Fourier transform of u on R%T!. The space H*¢(R!) is equipped with the
family of norms

Hs,s(RdJrl) — {u e S’(Rdﬂ)/ﬁe L2 (RdJrl)

2 S
) (€, k)| ag dk < +oc .

1 k3
Vy>1, Vuec H(R, ||UH%1576,7 = @m)at /RdH (72 + ‘54‘ =

2 S
> e, k)|? de dk .

When m is an integer, the space H™*(R*!) coincides with the space of functions u € L?(R4*1)
such that the derivatives, in the sense of distributions,

B\ Ba 5\
<6x1 +689> <8zd+669> u, oaqr+-+ag<m,
belong to L?(R4*!). In the definition of the norm || - || gm.c , one power of v counts as much as one
derivative.

A.1 Symbols

In this Appendix, O denotes an open set and nolonger denotes the set of outgoing phases. Our
singular symbols are built from the following sets of classical symbols.

Definition A.1. Let O C RY be an open subset that contains the origin. For m € R, we let S™(O)
denote the class of all functions o : O x R? x [1,00) — CM | M > 1, such that o is C*™ on O x RY
and for all compact sets K C O:
sup sup sup (2 + [¢) 7" MD2 19500 (v,€,7)] < Covr
vEK ¢eRd v>1
Let C{f (R¥+1)| k € N, denote the space of continuous and bounded functions on R4*!, whose
derivatives up to order k are continuous and bounded. Let us next define the singular symbols.

Definition A.2 (Singular symbols). Fiz 3 € R%\ {0}, let m € R and let n € N. Then we let ST
denote the set of families of functions (ac)zcl0,1],,>1 that are constructed as follows:

(A1) V(20,6 k) € R XRU,acy(x,0,6,k) =0 <eV<a:, 0),€+ ’“fm) !

where o € S™(O), V belongs to the space CgL(RdH) and where furthermore V' takes its values in a
convex compact subset K of O that contains the origin (for instance K can be a closed ball centered
round the origin).

All results below extend to the case where in place of a function V' that is independent of ¢,
the representation (A.1l) is considered with a function V. that is indexed by e, provided that we
assume that all functions e V; take values in a fized convex compact subset K of O that contains
the origin, and (Vz).¢(0,1] is a bounded family of CP(R4FL). Such singular symbols with a function
V. are exactly the kind of symbols that we manipulated in the construction of exact solutions to
the singular system (1.3).
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A.2 Definition of operators and action on Sobolev spaces

To each symbol a = (@ )ceo,1)4>1 € Sp* given by the formula (A.1) and with values in CN*N we
associate a singular pseudodifferential operator Op®7(a), with ¢ €]0,1] and v > 1, whose action
on a function u € S(R™1; CN) is defined by

1

. k =N
(A.2) Op~(a)u(z,0) := Gy /Rd+1 o (G tk0) 5 <5 V(x,0),¢+ f7> u(e, k)de dk .

Let us briefly note that for the Fourier multiplier o(v,§,v) = &, the corresponding singular
operator is 0,, + (81/€) 9p. We now describe the action of singular pseudodifferential operators on
Sobolev spaces.

Proposition A.3. Letn > d+ 1, and let a € S]* with m < 0. Then Op®7(a) in (A.2) defines a
bounded operator on L?>(R¥H1): there exists a constant C > 0, that only depends on o and V in the
representation (A.1), such that for all € €]0,1] and for all v > 1, there holds

Yue SR, 05 @) uly < i -

The constant C' in Proposition A.3 depends uniformly on the compact set in which V' takes its
values and on the norm of V in Cg“. For operators defined by symbols of order m > 0 we have:

Proposition A.4. Let n > d+ 1, and let a € S]* with m > 0. Then Op7(a) in (A.2) defines a
bounded operator from H™*(R¥Y) to L2(RIH1): there emists a constant C' > 0, that only depends
on o and V in the representation (A.1l), such that for all € €]0,1] and for all v > 1, there holds

Vue SR, [|0p™(a) ully < C llullamee
The next proposition describes the smoothing effect of operators of order —1.

Proposition A.5. Let n > d+ 2, and let a € S;;'. Then Op®?(a) in (A.2) defines a bounded
operator from L2(R1) to HY(RTY): there exists a constant C > 0, that only depends on o and
V' in the representation (A.1), such that for all € €]0,1] and for all v > 1, there holds

Vue SR™), 0™ (a) ull e, < Cllullo.

Remark A.6. In applications of the pulse calculus, we verify the hypothesis that for V as in (A.1),
Ve Cg(RdH)’ by showing V' € Hs(Rdﬂ) for some s > % + n.

A.3 Adjoints and products

For proofs of the following results we refer to [CGW12]. The two first results deal with adjoints of
singular pseudodifferential operators while the last two deal with products.

Proposition A.7. Let a = o(eV, &+ %,7) € 8% n>2(d+1), where V€ H® (R for some
s > d;rl + 1, and let a* denote the conjugate transpose of the symbol a. Then Op®7(a) and

Op®7(a*) act boundedly on L* and there exists a constant C > 0 such that for all e €]0,1] and for
all v > 1, there holds

Weawﬂ,H%W@W—%WWMM§me

If n > 3d+ 3, then for another constant C, there holds
Vue SR, [|Op™(a)" u — Op™(a*) ull g1, < C lullo,

uniformly in € and .
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Proposition A.8. Let a = o(eV, &+ %,’y) € Slon>3d+4, where V€ H® (R for some
s > % + 1, and let a* denote the conjugate transpose of the symbol a. Then Op®7(a) and
Op®7(a*) map H'* into L? and there exists a family of operators RS that satisfies

e there exists a constant C' > 0 such that for all € €]0,1] and for all v > 1, there holds

VYue SR, R ull, < Clullo,

e the following duality property holds
Vu,v € SR, (Op¥7(a)u,v) 2 — (u, Op™ (a*) v) 2 = (R¥T u,v) 2.
In particular, the adjoint Op® (a)* for the L? scalar product maps H'* into L?.
Proposition A.9. (a) Let a,b € SO, n > 2(d + 1), and suppose b = o(eV, £ + %,7) where

V € H* (R for some sq > % + 1. Then there exists a constant C > 0 such that for all
e €]0,1] and for all vy > 1, there holds

VueSRM™),  [0p™(a) Op™ (b)) u — Op™(ab) ull, < f [[ullo -

If n > 3d + 3, then for another constant C, there holds
Vue SR, [|0p™(a) Op™7(b) u — Op7(ab) ull e , < Cllullo

uniformly in € and 7.
(b) Let a € SLb € SY ora € S%b € S, n > 3d+4, and in each case suppose b =
o(eV, &+ w,’y) where V. € H® (R for some sy > % + 1. Then there exists a constant

£

C > 0 such that for all € €]0,1] and for all v > 1, there holds
Vue SR, [|0p™(a) Op™7 (b) u — Op™7(ab) ully < C lullo -
Our final result is Garding’s inequality.

Theorem A.l. Let o € S° satisfy Reo(v,&,v) > Cx > 0 for all v in a compact subset K of O.
Let nowa € S§, n > 2d+2 be given by (A.1), where V € H® (R for some so > 4L +1 and is
valued in a convex compact subset K. Then for all § > 0, there exists o which depends uniformly
on V, the constant Cx and &, such that for all v > ~o and all u € S(RYTY), there holds

Re (Op*7(a) usu)r2 > (Cx — ) [lullg

A.4 Extended calculus

In our proof of L (z4; L?(2',60)) estimates for the linearized singular system (Theorem 2.3),
we use a slight extension of the singular calculus. For given parameters 0 < d; < do < 1, we choose
a cutoff x*(¢', %2 ) such that

£

0<x“<1,
kp kp
e / _ 2 112\1/2
(A3) X(é-)g?’)/)_lon{(’y +’£|) Sél‘g’}7
k
supp X C {(72 +1E2)? < 6 ‘f‘} :

and define a corresponding Fourier multiplier x%, in the extended calculus by the formula (A.2)

with x¢(¢/, %, ) in place of o(eV, X, ). Composition laws involving such operators are proved in
[CGW12], but here we need only the fact that part (a) of Proposition A.9 holds when either a or
b is replaced by an extended cutoff x¢.
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