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Abstract—Experimentations have shown V-shaped uniform
antenna arrays to be near-optimum for estimating the direction
of arrival of a far-field source, whether the source position is fixed
or random. We consider, as performance measure, the expected
Cramer-Rao bound, normalized (for comparison purposes) to
that of the commonly used uniform circular arrays. We study in
details the behavior of V arrays in this context. For large-sized
V arrays, the performance measure shows a simple expression,
enabling analytical solution of the subsequent array-geometry
optimization problem. We obtain closed-form expressions of the
orientation, shape and performance of optimal V arrays and
learn about their ability to benefit from the available prior about
the source direction.

I. INTRODUCTION

Direction finding is a major research field of statistical
signal processing that has connections to a wide range of
electronic systems and applications, civil and military. The
direction of arrival (DOA) of an emitting source is estimated
from the signals it induces at a set of sensors that form the
antenna array. The most studied scenario is that of sensors
displayed in a plane and a source anywhere in the array far-
field.

The array geometry, i.e. sensors positions in the plane, has a
notorious impact on DOA estimation, at least from two points-
of-view. The first one is ambiguity, i.e. the ability to resolve
sources with distinct DOAs. The second one is accuracy, i.e.
the ability to distinguish two array output response vectors
associated with different sources.

Array ambiguity is a difficult issue, already because there
are many definitions of ambiguity: first-order vs higher order
(two or more steering vectors are taken into consideration)
and strict vs wide sense ambiguity (strict-singularity or near-
singularity of the matrix of steering vectors). By ambiguity-
free, it is meant that two steering vectors cannot be colinear
if they correspond to two different DOAs. Still, they can be
close to be colinear, a situation referred to as wide-sense
ambiguity [1], [2]. There are no conditions to strictly avoid
wide-sense ambiguity. However, many studies tend to confirm
that uniform arrays suffer much less ambiguities [1], from
this point-of-view. We adopt a conservative approach of array
ambiguity where we focus on uniform antenna arrays, because
“For most of the applications, uniform arrays are the first
choice ...” [3, Sec. I]. For uniform arrays, adjacent sensors
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are separated by a constant (half-the-wavelength) spacing [3].
Most notably, they include the Uniform Linear Array used
for sources coplanar with the array, and the Uniform Circular
Array (UCA) used when sources may appear anywhere in the
3D space. Since we study the latter more general scenario,
we will use the UCA as our reference antenna, to which we
compare the proposed uniform V arrays.

The second aspect, however, has remained largely unquan-
tified, resulting into a very few theoretical results [4], [S] and
heuristic-only geometry optimization techniques [6], [7]. Only
recently has a simplification of the Cramer-Rao Bound (CRB)
been obtained for the single source case [8], telling a lot about
the interaction between the array geometry and the estimation
accuracy. It has been profitably used to determine the best
antenna arrays, for instance, those that minimize the CRB [9],
[10], [11].

The most noticeable outcome of previous optimizations of
uniform antenna arrays is that optimum uniform arrays show to
have a shape close to V. This fact is true in both deterministic
and probabilistic scenarios, i.e. if the source DOA is fixed (and
unknown) or random (with known distribution). The V array is
also convenient in practice because it is easy to manoeuvre (for
instance to adapt the V orientation and shape to the available
source prior, as we explain later).

The objective of this paper is to study in details the
performance of V arrays in a scenario where the source
DOA is not deterministic, but randomly located, following a
known probabilistic distribution. It is reasonable to expect the
available prior to help improving DOA estimation accuracy.
In cellular communication networks, for example, we collect
DOA statistics of base station users. The information is used
to improve the quality of service and/or offer location-based
services [12]. A variety of modeling techniques [13], [14] are
used for this purpose.

For such a scenario, the CRB is no more a valid performance
criterion. W.r.t. the theory of Bayesian estimation, Expected
CRB (ECRB) is more relevant, and opportunistically, inherits
the simple structure of the CRB. Consequently, analysis con-
ducted in [9], [10] for fixed DOA, can be extended leading
to analytical results which allow rich interpretation and are
of great applicability. The first contribution of this paper
is to justify the ad-hoc ECRB criterion used in [6], [11]



in the Bayesian framework. The second one is to give a
detailed proof of an important result (presented in [11] without
justification) about the performance of V arrays. The analytical
expressions are followed by a detailed discussion and original
illustrations.

The proposed paper is only the second paper (after [6])
to address array geometry adaptation based on a known
distribution of the random source DOA. In comparison to [6],
this paper (i) does not ignore the array ambiguity issue; (ii)
does not restrict the source to be in the array plane; (iii)
does not restrict the sensors to be in some closed region
(iv) includes many analytical results compared to [6] that
contains only the result that, if sensors are restricted to
be in a closed connected region, then the optimal sensors
placement is along the boundary of the region, as one may
expect; (v) shows, for instance, that the array performance
depends on the characteristic function at —2, rather than on the
complete distribution function; (vi) shows that a major claim
[6, Beginning of Sec. V] (that isotropic arrays are optimal for
uniformly distributed DOA) is misleading. This is true because
the sensors are also required to be inside a disk. As we do not
impose such a constraint, we are able to find antenna arrays
with better performance.

The paper is organized as follows: First, in Sec. II, we
introduce the observation model and recall previous results.
We introduce our Bayesian performance criterion in Sec. III,
then, apply it to optimize V-structured antenna arrays in Sec.
IV. Finally, a conclusion is given in Sec. V.

II. DATA MODEL AND PREVIOUS RESULTS
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Fig. 1. Planar array and source DOAs.

As illustrated by Fig. 1, a planar antenna array is composed
of M identical and omni-directional sensors disposed, each,
in the (x,y) plane. The position of the m-th sensor is given

by its cartesian coordinates z,, and ¥.,, or, equivalently, by
the complex number ~,,=z,, + 1Y,. A source is radiating
towards the antenna a narrow-band signal characterized by a
wavelength A. For a source located in the antenna far-field,
its DOA is given by a set of two angular parameters: the
azimuth angle ® and the elevation angle ©, as shown in Fig.
1. Snapshots outputted by the M sensors are collected and
used to infer about the azimuth and elevation angles using a
variety of algorithms. Some of them are capable of achieving
the famous CRB.

Our analysis is conducted under the following assumptions:
(i) circular, Gaussian, zero-mean and mutually independent
source and noise signals with respective power o2 and o2;
(ii) independent and identically distributed source snapshots
and (iii) noise samples collected from different sensors and/or
at different time indexes are mutually independent. Originally
available in a very sophisticated expression [15], the CRB
on (®,0) has been derived from the inverse of the Fisher
Information Matrix (FIM) Jr associated with the unknown
deterministic parameters (®,©,02,02) in a compact expres-
sion that has been greatly simplified (under no additional
assumptions) in [8] under the following convenient sinusoidal
expression:

Cu o2 Cos Coo
07 | Cos Coo |’
with
A
C = ———B(®
e sin?(0) (®)
A 7r
Ceo = 0052(6)3 (CI) + 5)
o _ A Sy exp(—25P)]
*0 sin(20)  |S1]2 — S2
0'2 0'2
where constant Aﬁﬁgg (1 + ﬁ) depends on the obser-

vation SNR, the antenna size M and the number of snapshots
N; and
So + R [S1 exp(—2;D)]

S§ — 151

B(®)=

is a function of the source azimuth angle and the array-
geometry dependent constants

2

— Ym |2 1 al Ym
o= SR g |IX R
m=1 m=1
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III. PERFORMANCE CRITERIA

In practice, there are situations where an a priori knowledge
is available about the DOA parameters with (®, ©) following
some known joint distribution. The performance of any DOA
estimator is measured by the associated MSE matrix [16, (18)



p. 4]
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E(® — ®)(6 — 0)
(0 —-0)(®— )
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(1
As the powers o2 and o2 remain in practice unknown de-
terministic parameters, the theoretical framework to derive
lower bound on (1) is the hybrid CRB firstly introduced
in [17], which states that the MSE matrix associated with
(®,0,02,02) is lower bounded by the so-called Bayesian
CRB given by the inverse of the hybrid information matrix
Jg = Jp + Jp [16, (74-75) p.13] with Jp = E@@(JF)
Jp(®,0) 0
0 0
information matrix w.r.t. the DOA parameters. Consequently

we have

and Jp = , where Jp(®,0) is the prior

R(&\)v (:)) >[Ip+JIp) HNazie
with
[(Ip+JTp) 212 < Tp' 212 <ECRB, (2)

where ECRB = Eg.0 ((J7'](12,1:2) = Ee,0(Ca,0) is the
expectation of the conditional CRB (ECRB) [16, p. 6]. We note
that the first inequality in (2) is tight for N > 1 if the prior
source DOA are not too accurate because in our data model
introduced in Sec. II, Jr and thus Jp is proportional to the
number N of snapshots in contrast to J p(®, ©) which depends
only on the prior distribution of (¥, ©). For example, for az-
imuth and elevation angles independently Gaussian distributed
Oy 2.0

0 og” ]
Consequently in practice, the equivalence between Jz and Jp
occurs each time the variance of the DOA & and © estimated
by an efficient algorithm are much smaller than the respective
prior variance o2 and c3. The second inequality in (2) is
derived form the Jensen’s inequality applied to the usual FIM
Jr, which is assumed definite positive, considered here as a
random matrix

with prior variance 03 and ¢3, Jp(®,0) =

Eeo(Jr] ™' <Epo(z").

Noting that the MSE given by the maximum a posteriori
estimator asymptotically (w.r.t. N) attains E¢ o(Cas,0), We
propose to base the Bayesian optimization on this bound.
Coo C_'@@}

E¢0(Coe) = {é@@ Coo

Furthermore this bound inherits the convenient structure of the

CRB displayed in Sec. II. in contrast to the 2 x 2 submatrix

[E‘p?@(JF](_ﬁQ?m) which has not a simple compact form.
Noting that the MSE given by the maximum a posteriori

estimator asymptotically (w.r.t. N) attains E¢,@(Cq>,®), we

propose to base the Bayesian optimization on this bound.

Coo C@@}

Cos Coo |’

Furthermore, this bound inherits the convenient structure of the

CRB displayed in Sec. II, in contrast to matrix [E¢ o(Jr)] ™!

Es.06(Cs,0) = {

which does not have a simple compact form. Finally, we
note that the ECRB was used in [6] as a cost function to be
minimized, but only the azimuth DOA angle was considered.

We assume, as plausible in practice, that azimuth and
elevation are independent. Then, we have

Coo AE [%] E[B(2)]
Coo AE{#@)]E[B (2+2)].

where ® is taken in [—m, 7), in order to handle symmetrical
distributions.

In the above expressions, terms that do not depend on the
array geometry can be disposed of by normalizing to any
reference antenna. For convenience, we choose the widely-
used UCA, one with M sensors spaced by a distance d.
It verifies Byca=B (®) = 4\%sin®(n/M)/(Md?). If we
denote g (x)=E [exp(jPx)] as the characteristic function
relative to the random parameter ®, we straightforwardly
obtain

Coo _ 1 So+R[Sipe(—2)]
Cssluca  Buca S5 — 1512

Coo B L So—R[S1ps(=2)]
Ceoluca Buca S5 — 15112 '

Our criterion is the ECRB normalized to that of the UCA,
as expressed above. The latter is a constant, so that minimizing
the normalized ECRB is optimal in the general case. A planar
array that minimizes this criterion will outperform any antenna
array from the ECRB point-of-view.

IV. OPTIMIZATION OF LARGE SIZED V ARRAYS

Array optimization has been conducted in [9], [10], [11] for
curve-like uniform arrays formed of a sequence of regularly
spaced sensors. Thanks to an adequate parametrization of the
sensors positions using angular (so bounded) parameters, array
optimization can be achieved by exhaustive search. For a
number of M sensors, the total number of search points is
extremely huge. Likely enough, the results of the exhaustive
search has shown optimal array to have a shape close to V.
Conveniently enough, V array geometry is function of the
angles characterizing the orientations of the two branches of
the V shape and of the length of the branches, i.e. M. The
normalized ECRBs will depend on these three parameters only
and optimization will be much easier. For instance, it can be
achieved analytically. Furthermore, such optimization will be
found to be independent from M.

As shown in Fig. 2, the V array is made of an odd number
M of sensors. Sensor 1 is placed at the origin while, for k =
1,---,(M —1)/2, sensors 2k and 2k + 1 are positioned such
that o, = kdexp(jA1) and o1 = kdexp(jAz). When M
tends to infinity, it has been shown that [11] the normalized
ECRBs become independent from M. For instance, they are
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Fig. 2. The V-shaped antenna array.

equal to
.3 5-3 A — A
re(Ar, Az):ﬁ cos(A 2)
+e[5cos(Ar — Ag) — 3] R [exp[j (A1 + Az)]pa (—2)]

sin2 (Ag — Al)

where € = 1 (resp. —1) for the azimuth angle ® (resp. ele-
vation angle ©). Our objective is to study in details functions
r1(A1,As) and r_1 (A1, As), and specifically, angles A, and
Ay for which the V array achieves a minimal r1 (A7, Ag) or
T_1 (Al, Ag)

A. ECRB-Minimizing V arrays

We prove in Appendix that mina, A, 7e(A1, Ag)

3 (3 —5a)?

= 7lfa 3
425 — 30 — 4v/1 — a2 #3 )
24 5

= = —.ifa=2. 4)

where the key-parameter a=|pq(2)| expresses the amount of
prior available about the source azimuth angle. The proof of
(3) is detailed in Appendix, while (4) is obtained by continuity
of (3).

In Appendix, we also prove that
TE(AJ{, Ag) = mina,, A, (A1, Ag) iff

cos(Al — Al = 4/1—0a2+3a-5 )
S5a — 3

cos(A] +A}) = 67]E [COZ(Q(I))] (6)

sin(A]; + A;) = GM. @)

W.r.t. the other cost function r_.(A1, Az), the V array char-
acterized by the so-defined AJ{ and A; achieves

3 da—3
N
T—e (ADA) 167‘(2\/—042
(5+3a)(35a))
X {3+ 5a+ .
( 3a —5+4vV1—a?

The proof of the above follows immediately.

Proof Using the same notations as Appendix, and bearing in
mind that o, = «, and following steps similar to those that
led to (9), we can prove that

3 5+ 3a— (5a+ 3)cos(ds)

_e(03,04) = —

r—c(93,04) 272 1 — cos?(d3)

Implementmg (13) and (14), where we denote 8=/, ,,, we get
3 r_. ((53,(54) 5+3a

2\/6271 <7\/ﬂ2 1+51gn(5a73)5)

3+5a As a consequence,

+2sign(5a73)\/5271 ’
2
sign (ba — 3) /5% — —7", (03,04)

543
- + s -3+ Sas e

B —sign (5a — 3) /5% —
V1= a2 1672
5a—3] 3

= 5+ 3a + 3 + ba, and finally

B + sign (3 — ba) 44152

[3—5a]
v1-a? a? 1672
ba—3 3

= —5+3a + 3 + b5«

B 3 5 Vi—a2
a +43 sYe%
(5+3a)(3—5a)

= +3+5a N
3o — 5 +4v1 — a2

B. Interpretation

sign (bae — 3) -—————71_¢(J3,04)

—T_¢ (55, 54)

First, notice that the angle AI — A; between the two
branches of the optimal V array does not depend on the
angle of interest (i.e. not on €). It is shown in Fig. 3 as
function of the available azimuth prior, as expressed by a.
The angle (parameter) of interest (or also €) affects the
orientation of the (optimal) V array, which is not unique
by the way. To identify V arrays that satisfy (5)-(7), we
let Ag=arccos [(4V1 —a?+3a —5)/(5a — 3)] and A4 be
the angle in [0,27| whose cosine and sine are given by
the right-hand sides in (6)-(7), respectively. Let’s also define
A5—(A4 — Ag)/Q and AG (A3 + A4 /2

On one hand, Ay is, by definition, in [0,7). Given that
Aj + As is in [0,47), the system with (6) and (7) has two
possible solutions for Ay 4+ A,. If €E [sin (2®)] is positive,
then A1 + Ay = Ay. Otherwise, A1 + Ay = Ay +27. On the
other hand, Aj is, by definition, in [0, 7). Given that A; — Ao
is in [—2m, 27), based on (6), there are 4 possible values for
A1 — As. It is equal to either Az, —Ags, Az — 27 or 2w — As.

Hence, we have 8 possible cases for the tuple (A, As)
which are: (A@, A5), (A5,A6), (A@ - T, A5 + 7T), (A5 +
7T,A67’/T), (A6+’/T,A5+7T>, (A5+’/T,A6+’/T), (A@,A5+
27) and (A5 + 2m,Ag). By definition, A5 and Ag are
in [-m,7) and [0,27), respectively. Hence, some of these
solutions correspond to identical V arrays. Actually, among
these V arrays, only two are different. They are (A5, Ag) and
(A5 + 7, Ag + 7). These two V arrays are obtained one from
the other by symmetry w.r.t. to the origin.
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as function of parameter a.

C. Distributions of ® such that |ps(2)| =1

The largest reduction of the ECRB is obtained for |¢p¢ (2)| =
1. This is the case of a deterministic prior, but not only. More
generally, we prove that « is equal to 1 iff the random azimuth
has two possible values spaced by 7, with arbitrary proba-
bilities (hence, including the deterministic case). This is not
surprising since the CRB is identical for two such directions.
To establish the proof, let’s, first, prove the following lemma.
Lemma Let I be a bounded interval and f(z) be a summable
complex-valued function over I. Then,
|[; f(@)dz| = [, |f(z)|dx iff arg[f(z)] is constant over I
almost everywhere.

Proof Consider the constant z= [, f(x)dx. Then

/If(:c)d:c

— edame),

- % (e,]- arg(z)z)

/I% (eij arg(z)f(ac)) dx

that is meant, here, to be equal to [, |f(x)|dz. However,
R (e=728(2) f(z)) is lower than its magnitude, i.., lower
than |f(z)|. Both being real-valued functions, their respec-
tive integrals over I can be equal iff the two functions
are identical almost everywhere over I. By writing that
R (e_j arg(z)f(x)) = |f(z)|R (ej arg[f(z)]—J arg(z))

= |f(x)|cos{arg[f(x)] — arg(z)} must be equal to |f(z)],
we conclude that arg[f(x)] — arg(z) must be a constant (0
modulo 27), where arg(z) is itself a constant. This terminates
the proof.

In order to apply the above lemma, we rewrite |p¢(2)| = 1
as |7, F(@) exp(2j@)d®| = [, |f(®)exp(2j®)|d® = 1,
where f(®) is the PDF associated with the random variable ®.
Hence, the argument of f(®) exp(2;P), i.e., 2jP is a constant.
Let’s denote it g, chosen in [—m, 7). Then, ® is equal to any
number of the form ®,/2 4+ kx, where k is any integer. There
are two such numbers in [—7,7) MW

V. CONCLUSION

We study in details the performance of uniform V arrays
w.r.t. the estimation of the azimuth and elevation angles of
a randomly located source. The expected CRB, normalized
to that of the UCA, is our performance measure. It depends
on the direction of the source (in fact, of the only azimuth
angle) and the orientation of the branches of the V shape.
Analytical expressions are obtained and closed-form solution
of the optimal V array: its shape, orientation and accuracy.

APPENDIX
We denote d3=As — Ay and d,=A1 + Ay and rewrite
re(0, 54)£23? 5 — 3 cos(d3) + €[5 cos(ds) — 3]
x {cos (04) E [cos (2®)] + sin (d4) E [sin (2)]}
sin®(83) .
Minimization of r. w.r.t. §4 straightforwardly leads to
tan(dy) = E [sin (2®)] /E [cos (29)] . (8)

Thus, cos(d4) = uE [cos (2®)] /o, where v = +1 and

o=/ {B [sin 20)]}? + {E [cos (2]},

e., |pa(—2)| = |va(2)|, which, by definition, is less than
one. Replacing d4 by its expression, we rewrite 7. as follows
3 5—3cos(d3) + ave,u [5cos(ds) — 3]
272 sin?(83) 7
where ae ,=uea. This is a function of cos(ds),

3 5 —3acut (Bave,w — 3) cos(d3)

272 1 — cos?(d3) '
The minimization of r. w.r.t. cos(d3) leads to the second

order equation cos?(d3) + 2, ,, cos(d3) + 1 = 0, where

Benw=(5 —3acn)/(5tey — 3).

re(d3,04) =

re(03,04) = 9)

(10)
Notice that

2, —1=16(1—0a%)/((3— 5orew)’) (11)

is always positive because « is in [0, 1], by definition. Hence,
cos(d3) is equal to the one among —f ., + /B2, — 1 and

—Bew — 2, — 1 that has an absolute value lower than
1. Notice that the product of these two values is 1, so
one and only one is a valid cosine. Now, one can verify
from (10) that B, — 1 = 8(1 — @)/ (B, —3) and
Bew +1 = 8(1+ )/ (5ae, —3). Both have the same
sign, since their respective numerators are positive.

On one hand, if ae,, > 3/5, then S, — 1 and 8., + 1 are
both positive. Hence, we have —fc ,, < —1 < f3¢ ,,, implying
that (B¢, —1)2 < ﬁiufl < (Bew+1)2, or also that B, ,—1 <

2. — 1< Beu+ 1. Hence, cos(d3) = —feu+ /B2, — L.
On the other hand, if a., < 3/5, then S, — 1 and B¢, +

1 are both negative. Hence, we have B., < —1 < —f .,
implying that (8., + 1)? < B2, 1< (Bew — 1)2, or also



that =B, +1< /B2, —1 < —fc. — 1. Hence, cos(03) =
—Beu — /B2, — 1. As a conclusion,

cos(d3) = sign (5o, — 3)

1- ﬂe,u- (12)

In order to update (9), we write that

cos?(63) = 2662# — 1 — 2sign (5ate.u — 3) Beur/ B2, — 1
sin®(03) 1
9 - €U
+sign (5te.u — 3) Beuy/ B2, — 1 (13)
= sign (bovey — 2~

X [ sign 5Oéeu*3)1/ﬂ€2,u*1+ﬂcu:|

= —sign (baeu —3) /B2, — 1cos(dz), (14)
so that we rewrite (9) as r6 (03,04) =
5 — 30y
2\/82, =1 (= /32 — 1+ sign (Gacu — 3) B
3 — b,y
2sign (5ae,, — 3) gu -1
Using (10) and (11), we simplify the above as follows
2 2
24/B2, "1—%£—Te(53754)
9 — 3teu
N _4V/1-a? 5—3dcu [5cre.u — 3|
[3—Bae,ul [5ae,u—3|
_ (5 —3aeu) [baeu =3[ Bare — 3
—4v1— a2 +5 — 3 or T
VB2 —ly 5—3acy
so that m 3 ’I"6 (53, 54) m —1 or also
B2.—1 1 _ Vi—aZ
Bawn 3] 5 T€(53’ 54) T TaVT-a?+5—3ae.
Using (11), 4 v 3)2 re(d3,04) = ﬁ and finally

1-a?

5045,“)2

3ae,u 1 ‘

167‘(2 7”6(53,(54) =

N m/\ oa|:‘w

\/_
To determine whether the minimum of r. is met with u

equal to 1 or —1, we study the sign of r.(d3,04)|u=1 —

r¢(d3,04)|u=—1, which, w.r.t. the above, is also that of

(3—5a.1)” (3—5ac 1)’
573015,1 _ 1 - 573045171 _ 1 ?
4y/1—a? 4y/1—a?
(3—5ear)? (34+5ea)?

ie., the same as the sign of S hea—dvi—aT
which can be found to be equal to

15002 + 24041 — a2 — 246
€Q = —b6ea.

25 — 9a2 — 40v/1 — a2 + 16(1 — a?)

As a conclusion, 7y (resp. r_1) is minimized by d3 and d,4
for which v =1 (resp. u = —1). Hence u = € and a. ,, = a.

543ca—4v1—a?

For such 03 and ¢4 minimizing r. we have, on one hand, by
application of (12),
cos(d3) = sign (5o — 3) /B2, — 1 — B¢ .. By means of (10)
and (11), this can be proved to be equal to (5). On the other
hand, cos(d4) = €E [cos (2®)] /o, in addition to (8) lead to
(6) and (7).

The minimum achieved by r. is, independently from e,

T — Bon. 2 B 2
]-67T2 3 < T6(63) 64) = (3730;?(34 - ) = (537304504) 3
s b waar L

which can be verified to be equal to (3).
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