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CONVERGENCE OF BI-MEASURE R-TREES
AND THE PRUNING PROCESS

WOLFGANG LOHR, GUILLAUME VOISIN, AND ANITA WINTER

Abstract

In [AP98D] a tree-valued Markov chain is derived by pruning off more and more
subtrees along the edges of a Galton-Watson tree. More recently, in [AD12], a
continuous analogue of the tree-valued pruning dynamics is constructed along Lévy
trees. In the present paper, we provide a new topology which allows to link the
discrete and the continuous dynamics by considering them as instances of the same
strong Markov process with different initial conditions. We construct this pruning
process on the space of so-called bi-measure trees, which are metric measure spaces
with an additional pruning measure. The pruning measure is assumed to be finite
on finite trees, but not necessarily locally finite. We also characterize the pruning
process analytically via its Markovian generator and show that it is continuous in
the initial bi-measure tree. A series of examples is given, which include the finite
variance offspring case where the pruning measure is the length measure on the
underlying tree.

Résumé

Dans [AP98b], les auteurs obtiennent une chaine de Markov & valeurs arbres en
élaguant de plus en plus de sous-arbres le long des nceuds d’'un arbre de Galton-
Watson. Plus récemment dans [ADI2], un analogue continu de la dynamique
d’élagage a valeurs arbres est construit sur des arbres de Lévy. Dans cet arti-
cle, nous présentons une nouvelle topologie qui permet de relier les dynamiques
discretes et continues en les considérant comme des exemples du méme processus
de Markov fort avec des conditions initiales différentes. Nous construisons ce pro-
cessus d’élagage sur ’espace des arbres appelés bi-mesurés, qui sont des espaces
métriques mesurés avec une mesure d’élagage additionnelle. La mesure d’élagage
est supposée finie sur les arbres finis, mais pas nécessairement localement finie. De
plus, nous caractérisons analytiquement le processus! d’élagage par son générateur
infinitésimal et montrons qu’il est continu en son arbre bi-mesuré initial. Plusieurs
exemples sont donnés, notamment le cas d’une loi de reproduction a variance finie
ou la mesure d’élagage est la mesure des longueurs sur I’arbre sous-jacent.
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dure, pointed Gromov-weak topology, Prohorov metric, non-locally finite measures.
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1. INTRODUCTION AND MOTIVATION

Let G; be a rooted Galton-Watson tree with an offspring generating func-
tion g. For 0 < u < 1, let G, be the subtree of G; obtained by retaining
each edge with probability u. Lyons ([Lyo92]) showed that G, is again a
Galton-Watson tree which corresponds to the offspring generating function
gu = g(1 —u + u-). As one can couple the pruning procedures for several
u € [0,1] in such a way that G,/ is a rooted subtree of G, whenever v’ < u,
they give rise to a non-decreasing tree-valued Markov process (Gu)ue[o,1
which was further studied in Aldous and Pitman ([AP98b]). Recently, Abra-
ham, Delmas and He consider in another pruning procedure on
Galton Watson trees where cut points fall on the branch points to the effect
that the subtree above is pruned. Here each node of the initial Galton-
Watson tree is cut independently with probability 1 — «®~! where n is the
number of children of the node.

In the same spirit some authors consider continuum tree analogues of
pruning dynamics. Compare, for example, [AS02] for a pruning
proportional to the length on the skeleton of a Brownian CRT, [Mie05] for
a pruning on the infinite branch points of a stable Lévy tree, for a
pruning on the infinite branch points of a Lévy tree without Brownian part,
ADVI0 for a combined pruning proportional to the length and on
the infinite branch points of a general Lévy tree.

In it is conjectured that the pruning procedure presented in the
same paper is the continuous analogue of a mixture of the pruning pro-
cedures suggested in [AP98b] and [ADI2], that is of pruning procedures
on Galton-Watson trees where cut points fall on edges as well as on nodes.
However, no precise link between the discrete and the continuum tree-valued
dynamics has been given so far. The main goal of the present paper is to
present ONE Markov process, which in the following is referred to as THE
pruning process. We shall give an analytic characterization via a Markovian
generator and provide with the so-called leaf-sampling weak vague topology
a notion of convergence which allows to state convergence of the discrete
tree-valued dynamics to the associated continuous tree-valued dynamics.
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It had been a long tradition to encode trees via continuous excursions,
and to use uniform topology as a notion of convergence. A more recent and
conceptional approach is to think of trees as “tree-like” metric spaces, the
so-called R-trees, and to use the Gromov-Hausdorff topology as a notion of
convergence (compare, for example, [DT96] for an introduction into R-trees
and [Gro99, [EPWO06] for details on the Gromov-Hausdorff distance). For a
long time convergence of suitably rescaled Galton-Watson processes were es-
tablished for very particular offspring distributions only. To be in a position
to prove an invariance principle, Aldous developed in [Ald91l [AId93] a notion
of convergence by encoding trees as closed subsets of l}r, the space of summa-
ble sequences of positive numbers which were additionally equipped with a
sampling measure. Convergence was then proposed as the convergence of all
subtrees spanned by finite samples from the tree. Once more, this very neat
and powerful idea had been generalized to the more conceptional encoding of
trees as metric probability measure spaces where the tree space was equipped
with the so-called Gromov-weak topology (compare [Gro99, (GPW09]). Fur-
ther developments which combine the Gromov-Hausdorff and Gromov-weak
topology and allow for sampling measures that are finite on bounded sets
can be found, for example, in [EW06, [Mie09, [ADH13].

In the present paper, we provide a unified framework by regarding these
pruning processes as the same Feller-continuous Markov process on a (non
locally compact) space of R-trees with different initial conditions, and to
establish convergence in Skorohod space whenever the initial distribution
converges. For that purpose, we introduce bi-measure R-trees, i.e., metric
measure spaces (1,7, p), which are additionally equipped with a so-called
pruning measure, v. Here, the so-called sampling measure p is a finite mea-
sure (allowing for a varying total mass), while the pruning measure is only
assumed to be finite on finite subtrees. As the pruning measure is already
part of the state, we are in a position to construct one (universal) pruning
process. This process is a pure jump process which, given a bi-measure
R-tree, lets rain down successively more and more cut points according to
a Poisson process whose intensity measure is equal to the pruning mea-
sure. At each cut point, the subtree above is cut off and removed, and
the sampling and pruning measures are simultaneously updated by simply
restricting them to the remaining, pruned part of the tree.

A major difficulty is that important examples for the pruning measures,
such as the length measure on the Brownian CRT, are not locally finite.
Therefore, we introduce with the leaf-sampling weak vague topology a new
topology on the spaces of bi-measure R-trees. We give equivalent charac-
terizations of convergence and provide convergence determining classes of
functions.
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Outline. The paper is organized as follows. In Section 2] we introduce
the leaf-sampling weak-vague topology and give a characterization of con-
vergence. In Section B we construct the pruning process, calculate its Mar-
kovian generator and verify that the law of the process on Skorohod space
depends continuously on the initial condition. Finally, in Section [ we ap-
ply our main result to obtain convergence of various pruning processes that
appeared in the literature.

2. BI-MEASURE R-TREES AND THE LWV-TOPOLOGY

In this section we introduce the space of R-trees equipped with a finite
sampling measure and a pruning measure which is assumed to be finite on
finite subtrees. Moreover, we define the leaf-sampling weak vague topology
(LWV-topology) on this space of bi-measure R-trees. The idea behind our
topology is to first sample a finite number of points from the tree according
to the sampling measure. These points span a finite subtree. In many
relevant examples they are actually the leaves of this subtree. Then we
equip this finite subtree with the restriction of the pruning measure and
obtain a random metric measure tree. For convergence of bi-measure trees,
we require that these random metric measure trees converge together with
the sampled points as n-pointed metric measure R-trees in the Gromov-weak
topology.

We therefore recall in Subsection 2.1] the notion of Gromov-weak topol-
ogy on metric measure spaces and extend it to the n-pointed Gromov-weak
topology. In Subsection we then define a stronger topology on n-pointed
metric measure R-trees, the subtree Gromov-weak topology. Finally, in
Subsection 2.3 we define the LWV-convergence. It turns out that it can
be characterized by both the pointed as well as the subtree Gromov-weak
convergence of samples from the bi-measure R-tree and defines a separable,
metrizable topology. In Subsection 2.4l we introduce classes of test functions
that induce the LWV-topology. One of them turns out to be convergence
determining. Using these test functions, we derive several convergence re-
sults.

2.1. The n-pointed Gromov-weak topology. Greven, Pfaffelhuber and
Winter [GPWO09] define the space of metric probability measure spaces
equipped with the Gromov-weak topology. In this subsection, we define
a slightly more general space using finite measures instead of probability
measures and considering n-pointed metric measure spaces. We do not give
proofs, because the extension is straightforward.

We start recalling basic notation. As usual, given a topological space X,
we denote by C(X) (Cp(X)) the space of (bounded) continuous, R-valued
functions on X, and by M;(X) (M¢(X)) the space of probability (finite)
measures, defined on the Borel o-algebra of X. For z € X, §, € M (X) is
the Dirac measure in the point . “=" means weak convergence in M;(X)
or in Mf(X). Recall that the support of u, supp(u), is the smallest closed
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set Xo C X such that p(Xo) = u(X) =: ||p||. For p € M(X), we denote
the normalization by

(2.1) ne =l € My(X).

The push forward of p under a measurable map ¢ from X into another
topological space Z is the finite measure ¢.p € M¢(Z) defined by

(2:2) bu(A) = (67 (4)),

for all measurable subsets A C Z. For the integral of an integrable function
o with respect to u, we sometimes use the notation

(2.3) () == /90 dp.

A metric measure space is a triple (X, r, u), where (X, r) is a metric space
such that (supp(,u), r) is complete and separable and p € M¢(X) is a finite
measure on (X, B(X)). If supp(u) is separable but not complete, we simply
identify it with its completion.

Branching trees such as Galton-Watson trees and the CRT are often
rooted. We therefore define a rooted metric measure space (X,r,p,u) as
a metric measure space (X,r, u) together with a distinguished point p € X
which is referred to as the root. To avoid heavy notations, in the following
we suppress the metric and the root, i.e. we abbreviate, for example,

(2.4) X =(X,rp), (X,p)=(X,rpp.

The definition of metric measure spaces given in [GPWQ09] can easily be
extended to rooted metric measure spaces. In the context of metric spaces,
rooted spaces are often referred to as pointed spaces (compare, for example,
Section 8 in [BBIOL]).

We want to extend these rooted metric measure spaces (X,r, ) by fix-
ing n additional points uq,...,u, € X, and call (X,r,p, (u1,...,up), 1) a
(rooted) n-pointed metric measure space. The support of an n-pointed met-
ric measure space (X, p, (u1,...,u,), p) is defined by

(2.5) supp((X, 7, p, (u1, .-, un), 1)) := supp(u) U {p, u, ..., un}.

In the following we identify two n-pointed metric measure spaces if there
is a measure preserving isometry between their supports that also preserves
the root and the fixed points.

Definition 2.1 (The space M,,). Two n-pointed metric measure spaces
x = (X, p,(u1,... up),pw) and X' = (X', v, p' (W), ... ul), 1) are called
equivalent if there exists an isometry ¢ between supp(x) and supp(x’) such
that ¢up =/, ¢(p) = p' and ¢(uy) =), for all 1 < k <n. It is clear that
this defines an equivalence relation.

We denote by M, the set of equivalence classes of m-pointed metric mea-
sure spaces.
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Remark 2.2. Notice that for a notion of equivalence of metric measure
spaces (X,r,u) and (X',7/, 1) there are two canonical choices. Either we
insist that the metric spaces (X, r) and (X', r’) are isometric or we are sat-
isfied with their supports to be isometric thereby neglecting sets of measure
zero (compare, for example, [Vil09, Section 27]). Here we take the second
approach which allows for a characterization of convergence in M,, through
convergence determining classes of functions. The gap between such a no-
tion of (weak) convergence and a stronger topology which also requires the
convergence of the metric spaces will be closed in [ALW]. O

To simplify notations, we do not distinguish between an n-pointed metric
measure space and its equivalence class. That is, we write

(2.6) x=(X,(x1,...,2p), ) € M,.
Remark 2.3 (The space My). M is the usual space of rooted metric mea-
sure spaces (with finite measures). O

For a rooted metric space X, we define a map RX that associates to a
sequence of points the matrix of their distances to the root and to each
other, i.e.,

N,
(2.7) e [ x5 Y
(@i)iz1 = (r(@i25)) g<ye; With 2o = p.

The distance matriz distribution of an n-pointed metric measure space x =
(X, (u1,...,up), ) is then given by

08) vl (BY), (@6 © (1)) € M@l
k=1

which obviously depends only on the equivalence class. Vershik’s proof of
Gromov’s reconstruction theorem (see [Gro99, 3%.7]) directly carries over to
n-pointed metric measure spaces. Therefore, x € M, is uniquely determined
by its distance matrix distribution v¥.

Definition 2.4 (pGw-topology). A sequence of n-pointed metric measure
spaces X € M, converges n-pointed Gromov-weakly (pGw) to x € M, if

(2.9) v = v¥
N—o00

N,

in the weak topology on M (RS_QO)).

We see directly from the definition that functions of the form ®: M,, —

N
R, x — (v, f) with f € Cb(]RErzO)) are continuous. If f depends only on

finitely many coordinates, ® is called a polynomial, and there exists m € N,
n+m—+1

Y€ C’b(Rgr 2 )) such that for x = (X, u, pu) € M,

Q1) e = o) = [ ) (RN ),
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where u = (u1, ..., up), v = (V1, ..., V) and (w, V) 1= (UL, ..y Uy, V1, ...y Uny).
Note that
(2.11) O™ (x) = ™,

and, in particular, ®>! = 1. Moreover, as polynomials are not bounded
(compare ([2.I1])), we define a class II,, C Cy(M,,) of bounded test functions
by
(2.12)

My = {@770() = () - 979 (x) :

®"¥ is a polynomial, v € Cp(R4), li_}ln mk’y(az) =0, Vk € N}.

Recall the Prohorov distance dp, between two finite measures u,v on a
metric space (Z,d),

Z,d
A (u,v)
=inf{e > 0: p(A%) +e>v(A4), v(A°) +e > p(A) VA closed},
where A® :={x € Z | d(z, A) < }.

(2.13)

Definition 2.5 (n-pointed Gromov-Prohorov distance). We define the n-
pointed Gromov-Prohorov distance between x = (X, u,p) and y = (Y,v,v)
i M, by

n
. XwY,d
(2.14)  dpap(x,Y) = néf{d%)ru )(u, v)+d(px,py) + Z d(uk, vi) },
k=1

where the infimum is taken over all metrics d on the disjoint union X WY
that extends rx and ry. If there is no confusion, we simply write dp, for
JXEY.d)

Pr :

Recall that a set F C Cy(X) is convergence determining (on the topologi-
cal space X) if, for probability measures uy, ¢ on X, the weak convergence
pN = p is equivalent to [ f duy N—> [ fdu for all f e F.

— 00 —00

Proposition 2.6 (II,, is convergence determining). Let x,x1,X2,... € M,.
The following conditions are equivalent:

(1) xn =% x, as N — oo.

(i) ®(xn) o ®(x), for all polynomials .

(iii) dpGP(XN,X) 1\;)0 0.

Furthermore, M, is separable, dpygp is a complete metric on M, and the
class 11, C Cp(M,,) is convergence determining on M.

Proof. The proof of the equivalences is an obvious modification of that of
Theorem 5 in [GPW09]. Notice that p° in the definition of the pGw-topology
can be replaced by p in the definition of polynomials because ||u| = ®1*(x).
Separability and completeness follow in the same way as Proposition 5.6 in
[GPW0(9).
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To see that II,, induces the pGw-topology, note that ®:%! ¢ II,,, and con-
vergence of 701 (x ) = ~(||un|) with y(z) = e~ implies the convergence
of ||un||- Hence, the topology induced by II,, coincides with the topology in-
duced by the polynomials. Using the fact that II,, is multiplicatively closed,
we see that it is convergence determining with the same proof as for the
set of polynomials on the space of metric probability measure spaces (see
[DGP11l [Loh13]), or directly from Le Cam’s theorem (see [LC57], [HJI77,
Lem. 4.1]). O

2.2. Measure R-trees and subtree Gromov-weak topology. In this
subsection we define the subtree Gromov-weak topology. As “tree-like” metric
spaces are 0-hyperbolic, throughout the paper we work with the subspaces

(2.15) H, := {X eM,: xis O-hyperbolic} C M,
and
(2.16) H := Hy C My,

where a metric measure space x € M, is called 0-hyperbolic iff
(2.17)
r(x1,xe) + (w3, v4) < max{r(xy,x3) + r(we,z4),r(x1,24) + r(x2,23)},

for all x1,x9,x3, 24 € supp(x). It follows immediately from Theorem 2.5 in
[EPW06] that for each n € N, (H,,, dpcp) is complete.

Recall that a O-hyperbolic space is called an R-tree if it is connected
(see [DMT96] for equivalent definitions and background on R-trees). Given
a (rooted) R-tree (T,r,p), we denote the unique path between two points
x,y € T by [z,y], and [z,y[ := [z,y] \ {y}. The set of leaves of the tree is

(2.18) LE(T) =T\ | [p,[.
zeT

We also use the notation [v] for the tree spanned by the root p and the
vector v € T", i.e.,

n
(2.19) o] = | lp, vil-

i=1

Here and in the following we refer to any R-tree of the form (2I9) as a

finite tree.

Remark 2.7 (0-hyperbolic spaces are equivalent to R-trees). According to
Theorem 3.38 of [Eva07], every O-hyperbolic space can be isometrically em-
bedded into an R-tree. Since our notion of equivalence of two n-pointed met-
ric measure spaces X and X’ requires only a (measure and point preserving)
isometry between supp(x) and supp(x’), this means that every n-pointed
0-hyperbolic metric measure space is equivalent to an n-pointed, measured
R-tree. In the following we assume, without loss of generality, that x € H,,
is an R-tree, by choosing a connected representative of the equivalence class.
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Also note that, given two R-trees (T,r), (T',7’) with subsets A C T,
A" C T’, and an isometry ¢: A — A’, there is a unique extension of ¢ to
an isometry between the generated R-trees, ¢: [A] — [A’]. Indeed, for
v € [A] there exist (non-unique) z,y € A with v € [z,y], and a unique
wy, € [¢(x), d(y)] with 7(z,v) = '(¢(z), w,). It is straightforward to check
that w, does not depend on the choice of z,y and @(v) := w, is an isometry.
In particular, for x € H,, the R-tree [supp(x)] is unique up to isometry.

O

We now define a topology on H,, which requires that every subtree gener-
ated by a subset of the n distinguished points converges. For that purpose,
we define a projection map which sends a list w to the sublist indexed by
I ={i1,...,ix} for given 1 <43 < --- < i < n. That is,

{T" — "

(2.20) T u e ()

The sublist (u1,...,ux) of u € T™ is simply denoted uF. With a slight abuse
of notation, we also write

(2.21) 77 (T,u,p) = (7] W)], 77 (), 1) == (I77 ()], 77 (W), 1l en )
where the measure p in the middle expression is tacitly understood to be
restricted to the appropriate space, [} (u)].

Definition 2.8 (sGw-topology). Consider n-pointed measure R-trees x,
X1,X9,... € H,. We say that (xN)nen converges subtree Gromov-weakly
(sGw) to x iff xn ;% X and

(2.22) T N) NG—W> ™ (x), VIC{l,..n}.
Put
(2.23) H, := {(T,u, 41) € H,, : supp(s) C [u]} € Hy,

and note that ]ﬁln consists only of finite trees with at most n leaves.

Remark 2.9 (Related topologies). The sGw-topology is strictly stronger
than the pGw-topology. On H,,, sGw-convergence implies measured Gromov-

Hausdorff convergence ([Fuk87]), also known as weighted Gromov-Hausdorff
convergence (J[EWO06], Mie09]). O

Lemma 2.10 (Sufficient condition for sGw-convergence). Consider random
n-pointed measure R-trees x = (T,u, ), xn = (TN, un, un) € ]ﬁlm N eN
(in particular Ty = [uy]). Assume that (XN)nNen converges almost surely
(a.s.) to x in the n-pointed Gromov-weak topology, as N — oo. Further-
more, assume that there is a strictly increasing function ¥ : Ry — Ry such
that ¢ (||pl|) is integrable and

224) E[v(un (77 wn)]))| = E[v(u(lm?@I))] vIC {1, sn}.
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Then (XN)NeN converges also subtree Gromov-weakly to x, a.s., as N — oo.

To prepare the proof, we state the following:

Remark 2.11 (pGw-convergence yields a tree homomorphism). Consider
a sequence of n-pointed measure R-trees x = (T,u,pn), x1 = (11,4, p1),
xo = (To,uy, u2),... € H,,. Assume furthermore that (X*N)Nen converges
n-pointed Gromov-weakly to x, a.s., as N — oo.

For sufficiently large N € N, we can define a function fy:Tny — T by
sending the root to the root, letting fy(uni) = ui and fyn(unp Auny) =
up A uy, k,l = 1,...,n, and then stretching linearly. Here, as usual, u A v
denotes the unique branch point such that [p,u A v] = [p,u] N [p,v].

By construction, dis(fx) = 0 where

(2.25) dis(f) = sup [r(z,y) —'(f(2), f(y))]
z,yeT
denotes the distortion of a map f: (T,r) — (T",r"). O

Proof of Lemma 210 Assume that N is large enough, such that the func-

tion fy: Ty — T from Remark 2.11lis a tree homomorphism with fx(uy ) =

ug, k € {1,2,...,n} and such that dis(fx) —> 0. We can therefore choose
N—o0

a metric d on Ty W T extending ry and r such that d(x, fx(z)) — 0 for all
x € Ty (compare, for example, [BBIOI, Corollary 7.3.28]).

Thus dpy((fn)«pinv, un) < sup,d(zx, fn(z)) — 0, as N — oo, and we
obtain that

(226)  dpe((f)epinv, 1) < dpe((FN)einvs pn) + de (v, 1) — 0.
Fix now I C {1,...,n} and define the subtree
(2.27) S:=[r7(w)] CT.

Because S is closed in T', we have limsupy_,o (fn)spn(S) < p(S) by the
Portmanteau theorem (see Theorem 2.1 in [Bil99]). Because 1 is increasing,
this implies

(2.28) limsup ¢ ((f3)«pn(S)) < ¢ (u(S)).

N—oo

By assumption (2:24]),
(229)  E[¥((fn)enn(9)] = E[¢ (un(lr7 (un)D)] — E[¢(u(9))].

@229) and [@228) together yield ¢ ((fn)«pn(S)) e ¥(p(S)), almost

surely. Because v is strictly increasing, also (fn).un(S) — w©(S). Using
once more the Portmanteau theorem and closedness of S, we obtain that

(2.30) (fN)«iNTs = puls-
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The inequality

dpGW(W?([[QN]]’QN’:uN)’ ﬂ-?([[ﬂ]]vﬂa /L))

2.31
(231) < dpr (U Tan w10 (FN)sbn Ts) +dpe((fn)en s pls),

then gives the sGw-convergence. O

_ As for the pGw-topology, we define an associated set of test functions
®:H, — R by
(232) (i)(T7 u, M) = H P (ﬁ?(T, u, M))

IC{1,...n}

where the ®; are polynomials on H7. Obviously, this class of test functions
induces the sGw-topology. We also define

(2.33) ﬁn = { H <I>}/,m7e0 onh; q)}y,m,so c H#I}-
Ig{lvvn}

2.3. The LWV-topology. In this subsection we give the definition of bi-
measure R-trees and equip the space of equivalence classes of bi-measure
R-trees with the leaf-sampling weak vague topology, in the following referred
to as the LW V-topology.

Given a rooted measure R-tree (T, 1), denote by

(2.34) Sky(T):= | Ipo[u{veT: u({v}) >0}
vesupp (i)

the p-skeleton of (T, u), and by

(2.35) LE(T) 1= [supp()] \ Sk, (7)

the set of p-leaves of (T, ).

We call (T, u,v) a (rooted) bi-measure R-tree if (T, u) is a (rooted) mea-
sure R-tree and v is a (o-finite) measure on 7" which satisfies the following
two conditions:

(i) v([p,u]) is p-a.s. finite for u € T,

(i) v vanishes on the set of p-leaves, i.e., v(Lf,(T)) = 0.
Note that implies that v is finite on subtrees of T with a finite number
of leaves sampled with p, a.s, and that v[gy (1) is o-finite (because our

definition of measure R-trees includes separability of supp(x)). In many
interesting cases, however, v is not locally finite.

Definition 2.12 (The spaces H/? and HX?). Two bi-measure R-trees
(T, u,v) and (T',p',vV") are called equivalent if there exists an isometry
¢: [supp(p)] — T’ preserving the root and p and preserving v on the
p-skeleton, i.e., ¢u(n) = p' and i (vig, (1)) = V/fSk#,(T/). In particular,
(T, p,v) is equivalent to (T, p, vlgy, (1))-



12 WOLFGANG LOHR, GUILLAUME VOISIN, AND ANITA WINTER

We denote by H7 the space of equivalence classes of (rooted) bi-measure
R-trees, and by H := {(T, p,v) e B9 | |u|| < K}, K > 0, the subspace
where the total mass of the sampling measure is bounded by K.

Similar to the distance matrix distribution v(™#) introduced in (8,
which characterizes n-pointed measure R-trees and is used to define the
pGw-topology, we want to characterize bi-measure R-trees by the so-called
subtree-vector-distribution. To introduce this, consider for a given bi-measure
R-tree (T, u,v) the function

. UnENTn — UnENHTh
(2:36) Ty { (up,ug, ... up) ([[ul,...,un]],(ul,...,un),u),

which sends a vector of n points in T to the n-pointed R-tree spanned
by these points and equipped with v, which we tacitly understand to be
restricted to the appropriate space, i.e. [u, ..., u,]. We also define the func-
tion

™ — Tl,eynHn,
(2.37) S(Tp) { eN

u (T(T7M7,/)(U1), T(T7M7V)(U1,UQ),...),

which sends a sequence of points to the sequence of pointed measure R-trees
spanned and pointed by the first 1, 2, etc. points and each of these is
equipped with the appropriate restriction of v. Note that 77, ,) does not
depend on the measure p and is in general not continuous.

Lemma 2.13 (Measurability). Equip H, with the n-pointed Gromov-weak
topology, and [, cnHy with the product topology. Then the function Sy is
measurable for all x € H»7 .

Proof. 1t is enough to show that 7, is measurable on 17" for each n € N.
Fix therefore n € N.

Since H, is separable (Proposition 2.6]), and the space of all polynomials
induces the n-pointed Gromov-weak topology on H,,, it is enough to show
that ® o 7, is measurable for every polynomial ® (compare (2.I0)). As for

(m+n+1)
eachmeN, peGR} ? 7)and x = (T, p,v),
(2.38) D™ o Ty (u) = /V®m(dy) Loy omefu)y PR (u,0)),

this follows from joint measurability of (u,v) +— 1{017...7vm€[[y}]}(QDORT)(Q, V).

We are now in a position to define the subtree vector distribution, w?™, of
a bi-measure R-tree x = (T, u, V) as

(2.39) & o= [l - ()« (1)) € My ([] H).

neN
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Definition 2.14 (LWV-topology). We say that a sequence (XnN)nen con-
verges to x in H/ in the leaf-sampling weak vague topology (LWV -topology)
if the corresponding subtree vector distributions converge, i.e.,

(2.40) w*N — w”,

N—o0

where convergence is weak convergence of finite measures on [ [, (H,,pGw).

Remark 2.15. Obviously, H%? is closed in H/* with LW V-topology, H/* =
Uken H%7 and for every compact set K C H/? there exists K € N with
K C HEw. ¢

Remark 2.16 (Relation with Gromov-weak topology).
(i) LWV-convergence of (Tn,pun,VnN)Nen implies Gromov-weak con-
vergence of (T, 4N ) NeN-
(ii) Gromov-weak convergence of (T, un)nen does not imply LWV-
convergence of (T, un, un)Nen (compare Example 2.27]). O

Recall from Definition 2.4] and Definition 2.8 the n-pointed Gromov-weak
topology (pGw) and the subtree Gromov-weak topology (sGw), respectively.
Let (Un k)ken be an i.i.d. sequence of p}-distributed random variables, and
U% = (Unj,...,Uny). The definition of LWV-convergence requires, in
addition to convergence of ||uy||, the joint convergence in law with respect
to the pGw-topology of 7, (U’%), n € N. The next proposition shows that
we can, on one hand, weaken this requirement to individual convergence of
all 7, (UR), and, on the other hand, strengthen it to require convergence
in law with respect to the sGw-topology.

Proposition 2.17 (Characterization of LWV-convergence). Consider a se-
quence of bi-measure R-trees xy = (T, un,vn) € HH and another bi-
measure R-tree x € H/? such that ||ux|| — ||pll, as N — oo. The three
following statements are equivalent:

(1) *ny 2% &, as N — .

(ii) For allm € N,

(241) (TXN)* (/J?V)(gn ]\I;:f:go (Tx)* (/JO)@m.
(iii) Equipping [],cnHn with the product topology [[(sGw),
(2.42) (sma ) (30) ™ T2 () (1)

Proof. First remark that = (i) = is straightforward.

We prove that implies |(iii)] Fix therefore n € N. By Skorohod’s
representation theorem (Theorem 6.7 in [Bil99]), there exists a list U" =
(Uy,...,Uy) of n iid. random variables with common distribution p° and
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Uy = (UN,ly---yUN,n) ii.d. random variables with distribution u%, such
that
(2.43) Txn (UR) P 7o (U™), almost surely.

N—oo

In order to obtain sGw-convergence, by Lemma 210l it is sufficient to prove
for all I C {1,...,n} that vy ([77(U%)]) converges weakly (as R, -valued
random variable) to v ([77(U™)]). Because 77 (U%;) has the same distribu-

tion as U #I, and similarly for U" instead of U7, this follows from (2.41]) for
n = #I, where we use that the total mass of an n-pointed measure R-tree
is continuous in the pGw-topology. Finally, we conclude from Lemma 2.10]
that

(2.44) Tan (UR) =5 7, (U™), as N — oo, almost surely.

In particular, the one-dimensional marginals of (¢ )« (,u?v)@)No converge as

measures on (H,,sGw). In order to obtain convergence of laws on the prod-
uct space, we have to show convergence of finite-dimensional marginals. This
comes directly from the definition of sGw-convergence. O

We are now in a position to show that the subtree vector distribution
characterizes bi-measure R-trees uniquely.

Proposition 2.18 (Reconstruction theorem for H/?). If x, &’ € H/ are
such that w® = w?® , then x = x'.

Proof. Let x = (T, pu,v),x' = (T, )/,v/') € H' with @w® = w¥'. It follows
immediately that ||u| = ||¢|]. Assume w.l.o.g. that ||u]| = ||| = 1.

We will first adapt Vershik’s proof of Gromov’s reconstruction theorem
for metric measure spaces to show that (T, ) = (T', 1) (compare [Gro99,
31.7)). Recall that a sequence u = (up)nen in T is called p-uniformly
distributed if

n
(2.45) ) O =

and note that, due to separability of T', u®N-almost every sequence is p-uni-
formly distributed (see, for example, [Dud02, Theorem 11.4.1]).

Of course, the corresponding statement is also true for 4’ instead of u, and
as w® = w?, we can find a p-uniformly distributed sequence u = (un )nen
in T, and a p/-uniformly distributed sequence v’ = (u},)pen in 77 with
Sx(u) = cur(u).

Put ug = p, uj := p/. Then f(ug) = uj, for all k € Ny, defines a
root-preserving isometry from {ug,u1,...} onto {uf,u},...}, which can be
extended to an isometry (still denoted by f) from [supp(u)] onto [supp()]
(see Remark 2.7). Because the sequences are uniformly distributed and f.
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w
Z o—f—xY2 Z z3
TN
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FIGURE 1 FIGURE 2

The crosses x are p-masses and the squares [J are v-masses.

is continuous,
fol) = f*(ggoiznjéui) = gggof*(%fjaui)

(2.46) =1 =1

n
— Tim L — 4/
= =i
i=1

We still need to show that f.(2/) = v (on the p-skeleton), or equivalently,
f«(")(S) = v(S) for all finite trees S C Sk, (T"). By definition of Sk, (T")
and the fact that (u,)pen is uniformly distributed, we have S C [u"] for
sufficiently large n. Because ([u"],u",v) and ([u'"],«", ') are equivalent
as n-pointed metric measure spaces, fi() [[[gnﬂ = u[[[gn]]. O

We can now immediately conclude that H’ is separable and metrizable.
We are not able to come up, however, with a complete metric. “Polishness”
of the state space will not be used throughout the paper.

Corollary 2.19 (Separability & metrizability). The space H7 equipped
with the LWV -topology is separable and metrizable.

Proof. As the map which sends a bi-measure R-tree to its subtree vector dis-
tribution is injective, we can identify H/* with a subspace of M (I e Ha)-
H,, is separable, metrizable according to Proposition [2.6] hence the same
holds for the countable product and the space of finite measures on it (with
weak topology). O

It is important to note that p and v play different roles in the LWV-
topology, even if v happens to be finite and u is supported on the skeleton.
While the convergence is weak with respect to u, it is vague with respect to
v in the sense that the total v-mass is not preserved under convergence, but
mass may get lost in the limit. We give two examples of this phenomenon.
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Example 2.20. Consider the (finite) R-tree shown in Figure [Il and define
the probability measures uy = (1 — )8y, + %0y, Then (T, un) converges
Gromov-weakly to ({p,y1},dy,). We endow (T, u1n) with a constant measure
v = 0y, then (T, i, dyy) converges in the LWV-topology to ({p,y1},0y,,0).

O

Example 2.21 (Figure[2). We define a sequence of R-trees

TN = {p,Z,y,ﬂfl,!EQ,---,ﬂZ‘N}

shown in Figure @ where rn(p,2) = rn(z,y) = 1 and r(z,2;) = +, for

alli = 1,...,N. We define a probability measure puy on the leaves of Ty
by un = Ady + (1 = A) >, 404, then (T, puy) converges Gromov-weakly
to ({p,2,y}, A0y + (1 — A)d.). If we endow this measure R-treewith the
measure vy = pup, then (Tn,pun,vy) converges in the LWV-topology to
({p7 Z)Z/}vA(Sy + (1 _A)ézy)\éy) <>

2.4. Convergence determining classes for the LW V-topology. In
this subsection, we introduce important classes of test functions and use
them to obtain several convergence results. Namely, we consider functions
U = ¢r®: B9 5 R of the form

(2.47) U () = U () = (||l / pE" (du) D (7 (w)),

Tn

where v € Cp(Ry) and ® € Cp(H,,).

Recall II,, and II,, from (ZI2) and [Z33). As we will see later, the fol-
lowing subspaces of test functions are helpful in characterizing LW V-con-
vergence. Put

(2.48) Fo={u'"? |0 el,},
and
(2.49) Fl= (Ul | & eI, },
and
o fpn® | & T e o Eaiy
(2.50) F={0vr"? | ¢ ell,, lim a%y(x) =0Vk € N}.

Lemma 2.22 (LWV-convergence via test functions). Both F and F induce
the LWV -topology, i.e., for a sequence of bi-measure R-trees x € H* and
another bi-measure R-tree x € H/7, the following statements are equivalent.

(1) v 2% &, as N — 0.
(i) ¥(xn) = ¥(x), as N — oo, for all ¥ € F.

(iit) ¥(xn) — ¥(x), as N — oo, for all U € F.
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Proof. The equivalence of |(i)|and is clear, as by Proposition 2217, LW V-
convergence is equivalent to the convergence of ||uy| — ||u|| together with
((Tan)s (B3 ) = ((72)s ()", f), as N — oo, for all n € N and for
a class of functions f which determine the n-pointed Gromov-weak conver-
gence. Moreover, by Proposition 2.6 II,, is such a convergence determining
class. As U(xy) = ((Tay)s (un)®", @), the claim follows.

By Proposition 217, F contains only functions which are continuous with
respect to the LWV-topology, and thus clearly implies To see that
implies note that for v(z) := e, convergence of W% (xy) =
Y(|lpen ) implies convergence of ||y ||. Hence convergence of U(xy), for all
U € F, implies convergence of U(xy), for all ¥ € F. O

Proposition 2.23 (Convergence determining classes). The following hold:

(i) The class of test functions F is convergence determining on H/.

(ii) The class of test functions F is convergence determining on HE°
for all K > 0.

Proof. We apply Theorem 6 from [BKI0], a slight extension of Le Cam’s the-
orem (see [LCHT]) in the separable, metrizable case: if a set of bounded real-
valued functions is multiplicatively closed and induces a separable, metriz-
able topology, then it is a convergence determining class with respect to this
topology. By Lemma [2.22] F induces the LWV-topology, which is separa-
ble, metrizable by Corollary ZT9l We therefore need to verify that if ¥y,
\ifg € ]}, then \ifl . \ifg € F. Let \ifi = PP for some n; € Ny, vi € Cp(R4)
with limg_,ee %7, (z) = 0, for all k € N, and ®; € II,,, i = 1,2. Then

(2.51)

\Ifhml,‘i’l . \IJ’Y2,TL27‘1>2 (X)

= (’Yl’YZ)(HNH) : /Tnl+n2 N®(n1+n2)(dﬂ17dﬂz) (i)l([[ﬂ1]]7217’/)‘f2([[ﬂ2]]a@27V)-
For u = (uy,us), let @ ([u], u,v) == &1 ([w;], uy,v) - Pa ([up], up, ). As
and u, are sublists of w, ® € II,, and therefore Uy - Uy € F.

_ To get the second statement in the same way, note that functions gln® ¢
F! are bounded on H#. O

An important fact about the LWV-topology is that Gromov-weak con-
vergence of measure R-trees implies LW V-convergence if the trees are addi-
tionally equipped with their respective length measures (see Example
for a definition of length measure and Proposition for the statement).
We obtain the same also for a slightly more general class of measures. Given
a family (73, p;)ier of measure R-trees, we say that a family (v;);c; of mea-
sures on respective T; depends continuously on the distances if, for all n € N,
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n+1
there exists a continuous mapping Fi, : }R( 2) — Hi,,, where Hl,, is endowed
with the pGw-topology, such that

(2.52) ([ul,w, v;) = Fn(RTi(y)), Vu e T], Vie 1.

Example 2.24 (Length measure). The length measure, Ay, on a separable
0-hyperbolic and connected metric space T generalizes the Lebesgue measure
on R in an obvious way (compare [EPWO06]). Recall the set of leaves of
T from (2I8). The length measure can be defined by the following two
requirements:

(2.53) Vo,y € T : Ap([z,y]) = r(z,y) and Ap(LE(T)) = 0.

Obviously, the family of length measures (A1)pe(Rr-trees} depends contin-
uously on the distances. The same is true if we replace Ar by vp =
fr-Ar, where fr is a density that depends only on the height, i.e., fr(v) :=
h(r(p, v)) for a bounded measurable function A (which does not depend on

7). 0

We can relax the continuity of the F,,, n € N, a little. Let (T, ) € H.
We say that a family (v;);er as above depends v _almost continuously
on the distances if it satisfies ([2.52]) with functions F}, that are not neces-
sarily continuous, but where the set of discontinuity points is a null set
with respect to the distance matrix distribution induced by (T, u), i.e.
(RT), @ (Discont(F},)) = 0.

Proposition 2.25 (LWV-convergence from Gromov-weak convergence).
Consider a sequence (¥N)Nen = (TN, N, VN)NeN and Xoo = (Too, floo, Voo)
in H? such that the measures voo, V1, Vs, ... depend vTooHe) _qlmost contin-
uwously on the distances.

G
If (TN7IU’N) ]ﬁo (Toonuoo)} then
(254) (TN7/’LN7VN) Iif%o (T007N007Voo)-

In particular, the embedding defined by

H -  He,
(T7 N) = (T7 1, )‘T)a

where Ar s the length measure, is a homeomorphism onto its image.

(2.55)

(7L+1

Proof. Given n € N, fix a function F),: R} ? ) — H, as in (2.52]), such that
the set of discontinuity points of F}, is a zero set with respect to (R7>), (uZ").
For N € NU{cc}, let Uy be a random vector in 7'y with distribution (u3,)®™.
Then the assumed Gromov-weak convergence means that ||un || — ||fteo|| and

(2.56) R™(Uy) = R™(U,.).

N—oo
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p T Yy
2 1
TN TN

FIGURE 3. The tree Ty with the two sequences x}, and z3 that
converge to .

where £ denotes convergence in law. By the continuous mapping theorem
(see Theorem 5.1 in [Bil99]), we obtain

(2.57)
(IUN]. Unsvw) = Fu(R™ (Un)) = Fo(R™(Us)) = ([Zoo]: Unes vic)-

Using that ([Ux],Up,vn) has law (7 )« ((13)®") for N € NU {oc}, the

claimed LWV-convergence Xy ——» Xo now follows from Proposition 217
That (2355) defines a homeomorphism onto its image is now obvious, be-
cause the length measure depends continuously on the distances (see Exam-

ple 2.24)). O

Corollary 2.26 (Samphng measure perturbation). Consider two sequences

of bi-measure R-trees x'y := (T, Wy, vn), © = 1,2 that differ by their sam-

pling measures Nzlv and ,u?v. Assume that X]lv VY X, and that the pruning
N—o0

measures (Vn)nen depend v _almost continuously on the distances. If

dPr(/‘]lvvﬂ?v) m 0, then also X?V WYy,

N — oo

Proof. As x} ;‘g x, implies that (T, pky) o (T, i) in the Gw-topology,

—00

we get dpap (T, 1), (T, 1)) e 0 by Proposition 2.6l Since p}, and p%

are defined on the same space T, the latter implies that also
(2.58) Jimdpep (T, ji3). (T 1)) =0,

(compare (2.14])). Proposition 225 allows us to endow these metric measure
spaces with the associated measures vy and some v, on T, defined by (2.52]).
Because of uniqueness of LWV-limits, we have (T, i1, Voo ) = (T, 1, v). O

Example 2.27 (Counterexample). We cannot extend the result of Corol-
lary to pruning measures which do not depend only on the distances.
As illustrated in Figure Bl we consider a constant rooted metric space
T and two fixed points z,y € T such that = € [p,y]. We construct two
sequences of points (z)ven and (z%)yen that converge to z, the first
from above, the second from below; i.e. ) € [z,y] and 2% € [p,z] for all

N € N, and r(va, x) — Ofori=1,2. We then define the two sequences of
N —oo

measures ,u’]'V = %5@\{ —1—%5?; for i = 1,2 and a constant measure vy = v = §,.
1

Clearly, xp IT:N—V> x and dp,(uk, 1%) o 0, but the sequence (T, u3;,v)
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does not converge, since the subtree [p, x?v] never contains the point z, except
at the limit. Thus ([p,2%], {23 },v) does not converge pointed Gromov-
weakly. O

Lemma 2.28 (Sum of pruning measures). Let x% = (T, un,vy) € H/
with (T, pn, V) Nyl = (T, pu, V") € HF?, as N — oo, fori = 1,2. If
(1/]1\,) ~ven depends v -almost continuously on the distances, we obtain

(259) (TN7NN7VN+VN)

LWV

> (T, vt +07).

Proof. Fix n € N. Because (I/]lv) ~nen depends v -almost continuously
on the distances, we can choose F as in ([252). Let Uy, U be random
variables with distribution p% N , u®", respectively. By the LWV-convergence
and the Skorohod representation theorem, we can couple them such that
Ta2, Un) pG—W> 7v2(U), a.s., which implies RT¥ (U y) o RT(U). Because
RT(U) is a.s. a continuity point of F},, we also have

(2.60) T (Uy) = Fao R™(Uy) =% FyoRT(U) =1, (U), as.

As explained in Remark 2T we can define functions fx: [Uy] — [U]
such that a.s. fxy(Uy) = U for large enough N, dis(fn) - 0, and

(fn)«(Vy) = vi. Then also fn.(vi + V%) = v + 12, which im-

plies ([Ux], UN,VN—I—I/N) pait ([U],U,v" +v?), a:s. By Proposition 217,
this implies the claimed LWV—convergence (]

Remark 2.29 (Assumption on v("*)-almost continuity is important). In
Lemma 2.28] we cannot drop the assumption that one of the measures de-
pends vT#)-almost continuously on the distances, because then we cannot
use the same coupling of U 5 to get almost sure convergence of T, (Uy) for

4 =1 and for 7 = 2. O

If we get LWV-convergence of a sequence of bi-measure R-trees, the fol-
lowing lemma asserts that the limit is stable under a small perturbation of
vy in a certain sense.

Lemma 2.30 (Pruning measure perturbation). Consider two sequences of
bi-measure R-trees x%, = (T, in, V}V), i = 1,2 that differ by their pruning
measures 1/]1\, and V]2V. If the two pruning measures are Prohorov merging on
subtrees sampled by ,u?%", i.e.,

(2.61) ]\}1_13100 dPr(Vzlvf[[U;@]]’ V?V[[[UI’\I,]]) =0, py*-a.s. , Vn €N,

LWV
then X}V 1\?) x, for some x = (T, p,v), implies XN .

N — oo
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Proof. Let Uy and U be sequences of independent py- and p-distributed
random variables in T and T, respectively. Because v!' and v? are defined
on the same measure R-tree, the Prohorov distance in (2.61) is an upper
bound for the pGP-distance, and we obtain

o (73, (LR 72 (L))

< dpy (Vzlvf[[g}g}],wzvf[[g}g]]) + dpap <7-X}V(Q§{,),7-X(Q")> — 0,

N—o0

(2.62)

almost surely, for all n € N. This implies (7,2 )« ()" pGy (Tx), (1°)®"
for all n € N, and Proposition 2.17] gives the LWV-convergence. O

We conclude this section by giving a simple, sufficient (but far from nec-
essary) condition for relative compactness of a set K C H/?. Assume that
for all &' = (T",4/,V) € K, there is an isometric embedding of 7" into
some common R-tree T, and there are measures p and v on T dominat-
ing all the (push forwards of) p’ and v/, respectively. Further assume that
x:= (T, p,v) € H/?. In other words,

(2.63) K C Sy :={(T,i/,v)) e W7 |y <, v/ <},
Then K is relatively compact, as the following lemma shows.

Lemma 2.31 (Compactness of Sy). Let x = (T,u,v) € H/7. Then Sy,
defined in ([2.63)), is compact in the LWV -topology.

Proof. Consider measures uy < pu, vy < v, N € N. We have to find a
subsequence of xy := (T, un,vy) that converges in S,. Fix finite subtrees
T, CT,neN, with T5, € Tq1 and U, T 2 Skp(T).

Because the family (uy)nen is uniformly o-additive and norm bounded,
there exists a setwise convergent subsequence ([Bog07, Thm. 4.7.25]). As-
sume w.l.o.g. that there is po € Mf(T) with uy(A) o Hoo(A) for all
measurable A C T'. Similarly, using Cantor’s diagonalization argument, we

may assume that vy [ converges setwise to some o, € M(T},), for every
n € N. Define

(2.64) Voo (A) := sup 0, (T, N AN Sk (T)).
neN

Because 0|, | = Up—1, We can easily check that vy, is a measure on T
and Xoo = (T, floos Voo ) € Sx. Furthermore, for measurable A C Sk, (T") C

Sk, (T) € U, en Tn, We obtain

T
< liminf vy (A)

> limsupvy(A) —supv(A\T,)
N—o0 neN

(2.65) Voo(A) =sup lim vy(ANT,) {

Using A C J,,eny T, this implies
(2.66) Voo(A) = lim vy (A).
N—o0
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We shall show that x —> Xoo- By Lemma[2.22] it is enough to show that
U(xy) = ¥(xs) for all Ve F. Let

(2.67) G:={ueT": v([u]\Sk..(T)) =0}.

Fix ¥ = U™® ¢ F. Then (Z.66) implies

(2.68) DPoTyy(u) — PoTr (u) YueGqG,
N—o0

and with B :=T"\ G we estimate

W) = W(a)| < uE(B)2]®]|oo + /G BTy — D ory | AUl

+ [ 1@ ol - )

The last term converges to zero because of the setwise convergence of uy to
Jioo, and the second term is bounded by [, |® o Txy — ® o Ty | du®", which
converges to zero according to (2.68]), using the dominated convergence the-
orem.

For every (up,...,un) € supp(fteo)™ \ G, there is an index k € {1,...,n}
with ug, € At(v) \ At(ueo), where At denotes the set of atoms of a measure.
Because At(v) is countable, this implies that B is a pso-null set. Again using
setwise convergence of uy, we obtain

: ®n _ ,®n _
gy (B) = pog’ (B) = 0. O

(2.69)

3. THE PRUNING PROCESS

In this section, we present the construction of the bi-measure valued prun-
ing process, (X¢)i>0. In Subsection[3.I] we carry out an explicit construction
given a realization of the Poisson point process which gives rise to a cadlag
path. We continue the construction in Subsection by adding random-
ness and establishing that the stochastic process obtained this way has the
strong Markov property. In Subsection [3.3] we establish the Feller property
from which we can conclude that the law of the pruning process on Sko-
rohod space is weakly continuous in the initial distribution on bi-measure
R-trees. Finally, in Subsection 3.4l we give an analytic characterization via
the infinitesimal generator.

3.1. Getting the construction started: pruning moves. It is conve-
nient to introduce randomness later and work initially in a setting where the
cut times and cut points are fixed. Given a bi-measure R-tree, (T, u,v) €
H/¢, consider a subset 7 C Ry x T. Although 7 is associated with a partic-
ular class representative, it corresponds, of course, to a similar set for any
representative of the same equivalence class by mapping across using the
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appropriate root invariant isometry. Then the set of cut points up to time
t is the projection of N ([O, t] x T) onto the tree, i.e.

(3.1) m={veT|3s<t:(s,v)em}.
For every v € T', the tree pruned at v is defined by
(3.2) TV :={weT|v¢pwl}.
The pruned tree at the set my C T', T™, is the intersection of the trees T
pruned at v € 7y, i.e.,
(3.3) T = () 1"
VETY

We equip the pruned tree T™ with the restrictions of the measures p and
v. As always, we write (T™, u,v) instead of (T™, pu|p~, v |7 ) and easily
verify (T™, pu,v) € H?,

Lemma 3.1 (Cadlag paths). Fiz x = (T, pu,v) € H/7 and a set 1 C Ry xT.
The map t — xy := (T™, u,v) is cadlag with respect to the LWV -topology.

Proof. Let 0 < s < t. As T™ C T™, we obtain for all ¥ = U1® ¢ F,

() - )| = | [ B oy du
(T )\t

<[ ®llo - p"((T)" \ (T™)")
<lloo - flpl*H - (T \T™).
For fixed s, ()5, 7™ \ T™ = 0, which implies that u(77™ \ T™) — 0, as

t — s from the right. Because F induces the LWV-topology, this implies
right continuity.

To construct the left limit, define T} := No<g<T™ 2 T™ for each t > 0,
and define y; := (T}_, i, V), which is obviously an element of H/»?. Similarly
as before, for all 0 < s < t and ¥ € F, there exists a constant C = C¥ such
that
(3.5) [W(xy) = W) < C - p(T™ N\ Tpo).

As, for fixed t, (,_, T™ \ T;— =0, »; is indeed the left limit. O

(3.4)

s<t

3.2. Continuing the construction: adding randomness. In this sub-
section we define, given a bi-measure R-tree x = (T, u, v), the pruning pro-
cess of x, where 7 is now the (random) Poisson point measure with intensity
A®v on Ry xT. Here, we identify an atomic measure m on 7" with the set
At(m) of its atoms and define

(3.6) T =TM = () T
vEAt(m)
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Definition 3.2 (The pruning process). Fiz a bi-measure R-tree x := (T, u,v) €
H/. Let ©* be the Poisson point measure on Ry x T with intensity mea-
sure A @ v, where A is the Lebesgue measure on Ry. We define the pruning
process, X := (X¢)i>0, as the bi-measure R-tree-valued process obtained by
pruning Xo := X at the points of the Poisson point process m(+) := m*(+) :=
77*([0,75] X +), ie.,

(3.7) Xo o= (T™, p,v) == (T7, plgm, vlpm ).

E*, or E if there is no confusion, denotes the distribution of the process X
starting from Xg = x.

Lemma 3.3 (Strong Markov property). The pruning process X is a strong
Markov process.

Proof. Denote by (A;)i>0 the filtration generated by the Poisson point pro-
cess (m)e>0. Note that X is adapted to this filtration. Using the strong
Markov property of the Poisson process, we get for every ¢ > 0, stopping
time o, and u € T, n € N,

(3.8) P(most([u]) = 0| As) = Lim, (qupy=0y P(me([u]) = 0).
For every § = glnd ¢ fl, this implies

E [‘I’(Xaﬂ) ‘ Aa} = / M®n(dE)P(7Ta+t([[M]]) =0 | Aa) '&’(Tx(y))

_ / 1 () 0D . § (1 ()
(Tmo)n
On the other hand, we also have

(3.10) EXe [\P(Xt)] = /(Tﬂa)n p® (dw) et (b O (7x(w)).

(3.9)

Because X; € HI#Lo for all t > 0, and F! is a separating class on this
space, we obtain the strong Markov property. O

3.3. Continuity of the pruning process. In this subsection we show
that the law of X; under P* is weakly continuous in the initial value x for
each t > 0. This property is sometimes referred to as the Feller property
of the corresponding semigroup (S;):>0, although this terminology is often
restricted to the case of a locally compact state space and transition op-
erators that map the space of continuous functions that vanish at infinity
into itself. In the latter, more restrictive case, the Feller property implies
that the law of the whole process (as random variable on Skorohod space)
depends continuously on the initial value. If S; maps only Cp into itself,
this is no longer the case in general, and one needs an extra argument. The
pruning process (X;);>0, however, does depend continuously on the initial
condition (Theorem [3.6]).
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Let (St)i>0 be the semi-group associated to the pruning process (X¢)¢>o,
i.e. for t > 0 and a bounded measurable function G : H/? —s R,

(3.11) SiG(x) :==EY[G(Xy)].
Proposition 3.4 (Feller continuity). The process X := (X¢)i>0 is Feller
continuous, i.e., Sy(Cp(H/7)) C Cp(HS).

Proof. Consider the convergence of bi-measure R-trees xy ——» x. Write
K :=sup{||un]|, N € N}, then the sequence converges in H*?. Because F*
is convergence determining on HX (see Proposition Z23)), it is enough to
prove for all ¥ € F', t > 0 that

(3.12) EYN [U(X,)] — E¥[¥(Xy)].

N—o0

Fix therefore ¥ = whn® € FL. Then
BN [B(X,)] = B /

(T

= /T 57 () B ([u]) = 0) - B([u]. 2w, v).

DorTyy d,u%”]
(3.13)

Using P (™ ([u]) = 0) = exp(—tvn([u])), we see that E¥N [@(Xt)} =

U'(xy) for some W' € F'. The convergence follows therefore from the
LWV-convergence of (Xn)nen- O

Consider a separable, metrizable space E and a contraction semigroup
S = (St)i>0 on Cp(E). We define

(3.14) D(S) := {/ € C(B) : lm [[Sef — [l = 0}.

Note that D(S) is uniformly closed, S; maps D(S) into itself, and the re-
striction of (S¢)i>0 to D(S) is a strongly continuous contraction semigroup.
In particular, the restricted semigroup has a generator Qg: D(Qg) — D(S)
with dense domain D(Q2g) C D(5).

Lemma 3.5. Let E be a separable, metrizable space, and Y* = (Y;*);>0,
x € E, an E-valued, Feller-continuous (time-homogeneous) Markov process
with cadlag paths and semigroup S = (S¢)i>0 on Cp(E). Assume that there
is a set G C D(S) that is multiplicatively closed and induces the topology of
E. Then the map

M(E) — Mi(Dp(Ry)),

(3.15) 2 o

is continuous, where Dg(Ry) is the space of cadlag paths with Skorohod
topology, L is the law of a process, and Y is the process with initial condition

L)) =n, de, LYT) = [ LYT) n(dx).
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Proof. Tt is sufficient to prove that L(Y*N) = L(Y*) for every convergent
N — oo
sequence Iy — & in E. Because G induces the topology of E, it strongly

separates points (see Lemma 1 in [BK10]). According to Theorem 10 of
[BK10], it is therefore enough to prove that for all fi,..., fx € G,

x xT L X T
(3'16) (fl(Y;f N)?”’7fk(Yt N))tz() N? (fl(Y;f )77fk(Yt ))tZO

o0

in Skorohod space as RF-valued processes. The assumed Feller continuity
implies f.d.d. convergence, hence it is enough to prove tightness.

To this end, we apply Theorem 3.9.4 of [EK86]. The linear span C, :=
span(G) of G is an algebra contained in D(S), and the domain D(2g) of
the generator Qg of S is dense in D(S). For every f € D(f2g), we define
ZN = Qg f(Y,"™). Then the following hold:

t
(i) The processes (f(thN) —/ zN ds) Lo 2e martingales.
0 2
(ii) For all T > 0, sup E[esssup |ng|] < |2s flloo < 0.
NeN = 0<t<T

Now tightness of the processes (fl(YfN), e I (thN))t>0’ N € N, for every
fixed f1,..., fr € Cq 2 G follows from [EKS86, Thm. 3.9.4]. O

Theorem 3.6 (Continuity in the initial distribution). The law of X on the
Skorohod space depends continuously on the initial condition.

Proof. 1t is sufficient to prove continuity for deterministic initial conditions.
LWV . . . .

Every convergent sequence xy — & in H/“ is contained in H®? for
N

—00

some K > 0, and the pruning process stays a.s. in that subspace. We
verify the conditions of Lemma for the HX?-valued pruning process. It
has cadlag paths (Lemma [3.)), is Feller-continuous (Proposition [3.4)), and
Fl C Cy(H5) is multiplicatively closed and induces the LW V-topology. It
remains to show that F! C D(S), where S is the Cp(H*?)-semigroup.

For @ € I1,,, x € R, we define
(3.17) 75 (x) = sup !@(T, u,v)|

(T7Q,V)€Hn7 ”V”::’[j

and note that lim, .o v3(x) = 0. Using Fubini’s theorem, we obtain for
U =ubn® e Fland x = (T, p,v) € HE

S0 (x) = / P¥ (i ([u]) = 0) - & (7 () 1" (dw)

_ / D) L (7 (w)) 1 (du).

(3.18)

Therefore,
sup |Sy¥(x) — ¥(x)| < K" sup v4(z)(1—e ™) — 0. 0

xcHEo TERY t—=0
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3.4. The infinitesimal generator. In this subsection we calculate the ac-
tion of the generator on the test functions U € F'. For these functions to
be bounded, we have to work on the space H*:?. Note that H*? is a good
state space for the pruning process, as once started in H? it will never
leave the space. In the following we write

(3.19) (2,D(Q) and (Qx,D(Qk))

for the infinitesimal generators of the pruning process with state spaces H/»*
and H%7 respectively.

Proposition 3.7 (Infinitesimal Generatqr). For every K > 0, we have
F' C D). Furthermore, for ¥ = ¥ln® ¢ F1and x = (T, p,v) € HS,

(3.20) 0 (x) = / V(@) [T (T, 1 v)) — ()]
(3:21) = [ 1w (D) ().

Proof. Using Formula (3I8]), we obtain for ¥ = gln® ¢ Fl o x e HEO,
(322)  L(S(x) — (x)) = / 1) (1 — D) G ().

Note that |1 — e™* — z| < 22, for all z > 0 and recall the definition of ~;

from BI7). Comparing (322]) to (321]), we see that

sup [H(Sb() = ¥() + [ 55" v([u]) (74 0)
(3.23) 7 )
< sup t-/u®"(dy)V([[y]])2 | D (72 (w))] < tK™ sup a’y4(x).
xelK.o zER4

Due to our assumptions on ® € ﬁn, xzfy&)(x) is bounded, and we obtain
uniform convergence of 1(S;¥ — W) on HX? for t — 0. Hence F' C D(Qk)
and Formula ([B2I]) are proven.

We next prove Formula ([3.:20)). Notice that for all uw € T™,

(3.24) V([[g]]) = /T]l{ve[[ﬂ]]} I/(d’l)) = /T 1— ]l{ge(T“)”} V(d?]).

Inserting the latter into ([B:2I]) and using Fubini’s theorem yields
(3.25)

QU(x) = /T v(dv) < /( " " (dw) @ (7 (w) — / nu®"(du)‘f>(u(y))>v

which gives (3.:20). O
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4. EXAMPLES

In this section we want to apply Theorem to obtain convergence of
various pruning processes that appear in the literature. We first recall the
excursion representation of a measure R-tree. We denote by

(4.1) E:={e:[0,1] » Ry |eisLs.c., e(0) =e(l) =0}

the set of lower semi-continuous excursions on [0, 1]. From each excursion
e € £, we can define a measure R-tree in the following way:
o ro(z,y) == e(z) + e(y) — 2inf|, , e is a pseudo-distance on [0, 1],
e z,y € [0, 1] are said to be equivalent, x ~, y, if re(z,y) =0,
e the image of the projection 7, : [0,1] — [0,1]/~, endowed with
the push forward of r. (again denoted r¢), i.e. Ty := (T¢, re, pe) :=
(716([0, 1]),7’6,775(0)), is a 0-hyperbolic space (for example, [EW06),
Lemma 3.1]).
e We endow this space with the probability measure pe := Tex A 1)
which is the push forward of the Lebesgue measure on [0, 1].

We denote by g : £ — H, the resulting “glue function”,
(4'2) g(e) = (Tenue)y

which sends an excursion to a rooted probability measure R-tree. The map
g is continuous if H, is endowed with the Gromov-weak topology, and &
with the uniform topology (see [ADHI2bL Prop. 2.9] for the case of con-
tinuous excursions) or, more generally, with the weaker excursion topology
introduced in [Loh13] (see Theorem 4.8 there).

Example 4.1 (An approach via excursions). Consider a sequence of ran-
dom excursions ey = (en(s),s € [0,1]) € &, N € N, that converges in
distribution (with respect to the uniform, respectively the excursion topol-
ogy) to e € €. For each N € N, we denote by (X}V);>0 the pruning process
started in the bi-measure tree x., = (Tey, fey )\TEN) € Hf’”', where )\TEN
is the length measure on T, , and similarly for (X;)¢>o and x..

Due to continuity of g, we have that g(ey) converges Gromov-weakly in
distribution to g(e). By Proposition 2.25] we obtain the LWV-convergence
in distribution of x., to x., and by Theorem [3.6] we get the Skorohod
convergence

Sk
(XM )iz0 = (X0

as H/7-valued processes with LWV-topology. Note that this, in particu-
lar, implies Skorohod convergence of the pruning processes (Tgr]@,ueN)tzo as
measure R-tree-valued processes in the usual Gromov-weak topology, where

we do not keep track of the pruning measure. O

We shall apply this example to Galton-Watson trees. Consider a critical
or sub-critical Galton-Watson tree G with offspring distribution 1 on Ny,
i.e., every node in the discrete tree has a random number of children given
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independently by the distribution 7, where E[n] < 1. Encode G as a rooted
R-tree with unit length edges. For each N € N, let Gy be the tree G
conditioned to have N nodes (in addition to the root). We consider two
different sampling measures p on Guy: one is the normalized length measure

(4.3) ﬂ?&f{e = %AQN7

and the second is the uniform measure on the nodes,

N
(4'4) :urll\?d = % Z 0
i=1
where {x1, ...,z } are the nodes of Gy. Notice that

(45) @A) = 3 e (lom.al) < pe ({0 € Gy | ray (v, 4) < 1))
z€nod(A)

where nod(A) is the set of nodes in A and x_ is the parent of x.

In order to obtain convergence, we rescale the tree Gy to have edge lengths
an > 0, i.e., we leave the set unchanged and multiply the metric by ay. We
denote the rescaled tree by ayGn. As

(4.6) deNON (3, 1Y) < an

on the rescaled tree by (4.5]), ,ur]‘\?d and ,uﬁ\l}e become arbitrary close whenever
apy converges to zero, as N — oo.

We also consider two different pruning measures v: one is the length
measure on the rescaled tree,

(4.7) VR = AanGy = an - N - %,
and the second is a suitably rescaled uniform measure on the nodes,
(4.8) vRed = an - N pid

In order to be in a position to apply Example 4.1l we associate the con-
ditioned and rescaled bi-measure Galton-Watson tree with an excursion.
That is, by the depth-first search algorithm we obtain a graph-theoretic
path p = yo,v1, ..., YaN—1, Yyon = p in the discrete tree, which traverses each
edge exactly twice. The contour process (Cn(t),0 <t < 1) of Gy is the lin-
ear interpolation of Cy (5%) := h(yx) := rgx (s yk), k = 0, ...,2N. Note that
in our definition of Cy, the domain is normalized to [0, 1], and we obtain
that

(4.9) g(CN) = (Gn, 1X°).

Example 4.2 (Brownian CRT). Let the variance o2 of 5 be finite and
choose

(4.10) ay ‘=

e\
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We know from Theorem 23 in [AId93] that (axCn(t),0 < ¢ < 1) converges
uniformly in distribution to (2B(t),0 < ¢ < 1), where B is the standard
Brownian excursion. We now apply Example [ and get the LWV-conver-
gence in distribution of the bi-measure R-trees

(411) (\/LNgNHu?%T{e)V]S\If(e) ;%o (CRT7N7)‘CRT)7

where (CRT, 1) = g(2B) is the R-tree called Brownian continuum random
tree, and A¢ogr is the length measure on the Brownian CRT.
By Corollary 2.26l and Lemma [2.30], we also have the convergence

(4.12) (\/LNQN,MN,VN) ;Wj\i (CRT, p, \crr)

for all choices of puy € {pske, u2d} and vy € {v3¢, v2°4}. Finally we have
the convergence of the pruning processes in Skorohod space:

Sk
(4.13) (\/Lﬁg;&,w,w)m S (CRT™, i A
In particular,
Sk
(4.14) (rommt) 25 (CRT™, 1)

Notice that for vy = 1/7\1,‘0, the pruning process (G )i>0 is, up to the time

transformation u = e~/ ‘/N, the same as the pruning process (Q{}P)uqoﬂ
uniformly on the edges of Aldous and Pitman in [AP98b]. The process on
the right hand side is the one considered by Aldous and Pitman [AP98al
and by Abraham and Serlet [AS02] for example. O

Example 4.3 (a-stable Lévy tree). We know from Theorem 3.1 of [Duq03]
that if n is in the domain of attraction of an a-stable distribution with
a € (1,2], then there exists a sequence ay such that (axyCn(t),0 <t < 1)
converges uniformly in distribution to (H(¢),0 < t < 1), where H is a
continuous excursion that codes an a-stable Lévy tree, (LT,,u) := g(H).

B —1/a
More precisely, for (k) ~k_s00 Ck'™%, we have ay = N~ (75&2__2))

with @ = 1—1/a (see Section 1.2 in [CH12]). As in Example L2 we obtain

Sk
(415) (aNg;TVtHU/NaVN)tZO I_ﬁ (LT(;Tt7/“L7)\LTa)tZO

or more precisely

1 Tt Sk OZ(OZ - 1) Ve Tt
(4.16) <WQN7MN7VN>QO ﬁ <<m> LT3, s Arr,

where puy = u?{,‘o or ,ur]{‘fd and vy = V]S\I,‘C or V]r{,‘)d. O

t>0
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Example 4.4 (Pruning at a height). As before we consider the Gromov-

weak convergence (anyGn, in) Gw, (LT,, ). For a > 0, we define the
pruning measure

(4.17) Vo= Y o,

z€GY

where G = {z € Gn | N (p, x) = a}, and the corresponding measure

(4.18) Ve = > Oz

2€LTeNSk,, (LTy)

on LT,. Here, we restrict the pruning measure to the points of LT,, which are
not leaves in order to ensure the condition vg, (Lf u(LT, aa)) = 0. Because the

probability that u(LTg) # 0 is zero for fixed a, the sequence (V) Nvenu{oo}

LT(MN)

almost surely depends v! -almost continuously on the distances, i.e.

R e 1,®™ (Discont(F,,)) =0 a.s.,

for F), as in (2.52]). We use Proposition [2.25] and the previous construction
to get

(4.19) (aNg}\rftnuN,VX/)tZ() % (LT;”,,u, ’/gO)tzo‘

It is easy to check that (LT[T*, u,v%) converges almost surely, as t — oo, in
the LWV-topology to (LT, u,0) where LT3 = {z € LT, | r(p,z) < a}.
This is the pruning construction at the height a of Miermont [Mie03]. ¢

Remark 4.5 (Pruning based on other scaling results). Some authors give
other convergence of Galton-Watson trees to continuous trees. For example
a sequence of Galton-Watson trees (Gn)nen conditioned to have maximum
height at least ynT converges to a general Lévy tree conditioned to have
maximum height at least T, see Proposition 2.5.2 in [DLGO02]. Or a sequence
of Galton-Watson trees that converges to a forest of Lévy trees, see Theorem
2.4.1 in [DLGO2]. In the first case, the previous results clearly applies. In
the second case, in general we do not have an excursion with finite length
anymore, i.e., the measure £ might become infinite. However, if we restrict
the domain of the contour processes to a finite interval, we can still apply
the previous results. O

Example 4.6 (More general pruning). A non-uniform pruning process on
the branch points of a general Galton-Watson tree has been defined by
Abraham, Delmas and He [ADHI2a): they cut a branch point v and its
subtree above independently with probability 1 — w1 where ¢(v) is the
number of children of v. This corresponds to taking the pruning measure
Vjé[D H on Gy that is supported on the branch points and satisfies

(4.20) vt ({v}) :==c(v) — 1.
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A pruning process on the infinite branch points of a Lévy tree has been
defined by Abraham and Delmas [AD12]: they cut each infinite branch point
and its subtree above independently with probability 1 — e *A+ where A, is
the weight of the node x that can be defined using the jumps of the Lévy
process. This corresponds to taking a measure v4P on the infinite branch
points of the Lévy tree.

Because we know that a properly renormalized sequence of conditioned
Galton-Watson trees converges to a Lévy tree, we conjecture that there
exists a sequence by such that

(421)  (anGn, w0 vRE + o) T (LT ot e+ pAP)

where LT is a Lévy tree or at least an a-stable Lévy tree with by of the
order N~/ up to a slowly varying function. The Poisson point process
with intensity %€ + AP used in the pruning of the Lévy tree is the Poisson
point process given in Subsection 4.2 of [Voilll]. O

Example 4.7 (Cutting down trees). Random deconstruction of trees is an
old topic which has recently gained a lot of attention (compare, [MMT70,
Pan06, [Jan06, DIMR09, [Hol10l Ber10L BM12]). The main result of [Jan06]
is the following. Given a finite-variance Galton-Watson tree conditioned
to have N nodes, select an edge at random and delete the subtree above.
Repeat the procedure until the root is isolated. Then the suitably rescaled
number of cuts needed converges jointly with the rescaled tree to some ran-
dom couple (Z7,T). It is known that the limiting tree T is the Brownian
CRT, while (unconditioned) Z7 is Rayleigh distributed. In a very recent
paper, Abraham and Delmas [AD13] used a pruning with the length mea-
sure on the Brownian CRT (compare Example [£.2)) and showed that given
T, Zr equals in distribution the averaged time it takes to separate a point
from the root. The latter quantity was used in the proof given by Janson
[Jan06]. In this example, we show that whenever bi-measure R-trees con-
verge — provided some extra tightness conditions hold — Janson’s quantities
converge as well.

Let (Gn, 1N, VN)NeNu{sc} D€ @ sequence of random bi-measure R-trees
such that
(4.22) (gN,,UN,VN) = (goonuooyyoo)-

N — oo

For each N € N U {cc}, let the pruning process (Xj¥);>o start in X' =
(Gn, N, vN). Denote by Oy the averaged time until a point gets separated
from the root pn, where the average is taken with respect to the sampling
measure puy. Given a realization x € H/ of Xév , consider for each u €
supp(un) the (random) time £ until u gets separated from py, i.e., until
a cut point falls on [pn, u[. We abbreviate £ := £ w and obtain

(4.23) Oy = /g pn(du) Ex.
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For all finite subsets {u1,...,un} C Gy and ty,...,t, > 0, the distribution of
ENy -, EF is given by

(4.24)  P(E > t1, o, 8 >t | (Gn, v, vw)) = [ et (S,
=1

where p: {1,2,...,n} — {1,2,..,n} is any permutation such that t,) <

and S; = [upqy, - . Then for all n € N,

< tp(n), s Up(n)

n

E@&}ﬂﬂ/n@?mmbmwmﬂq[pw\@NWNWmH

(4.25) =

n

" 1
—=nl. EU,”V pSH (A (s ey up)) ]1_[ uj]])],

e v ([uts -,

where the last equality is obtained by using ([{.24]) and easy computations
with the formula E[[]7; X;] = fIM P(X; > t;,Vi)d(t1 ... tn).
Now assume the following;:

(i) For all n € N, € > 0 there is an M > 0 such that

(4.26) supEU}G pS (AU, e un)) <ﬁ 1 T _M)Jr] <e.

NeN i=1 VN([[ul,...,

(ii) There is only one probability measure Q on R} with moments

) [ Queer =B [ p2 @, H o)

for each n € N.

Note that these assumptions are in particular satisfied in the case of condi-
tioned finite variance Galton-Watson trees converging to the Brownian CRT
if vy is the length measure and py the uniform distribution on the nodes
(see, e.g., [Jan06, proof of Lem. 4.5, Thm. 1.9)).

For each n, M € N, define v}, : H,, — Ry by

(4.28) Y (T, (Ug, ... up), 1/) =M A H V([[ul, ... ,uj]])_l
j=1

Then v}, € Cy(H,) if H, is equipped with the sGw-topology, and the
LWV-convergence ([E22)) together with Proposition 2.17] implies that

(4.29) E[/ Yir © T(GN 1N VN) d,u%"} ]ﬁm E[/ Vi © T(Goo shtoosVoo) d,ug%”].

Thus, we also have E [©7%] o E[©% ] for each n € N, provided that (E.20)

holds. By assumption the moments of O, determine its distribution
uniquely, and therefore the method of moments yields

@N — @Oo. O

N— o0
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