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Nonlinear Vibrations of an Inclined Cable

The goal of this experimental and theoretical study is to highlight the nonlinear dynamic behavior of an inclined cable consisting of a 
steel wire surrounded by copper wire. Measurements around the first frequency of vibration of the cable in and out of plane and around 
the second harmonic of this frequency were also carried out. These experimental results are in good agreement with the numerical 
results obtained via the multiple scale method applied to finite (1- and 2- degree-of-freedom (DOF) models). In order to prepare further 
investigations related to more complicated behavior, a 4-DOF model is added.

Introduction

Stayed girder bridges are very widely used structures. Cur-

rently, their dimensioning is generally carried out by using com-

puter finite element codes and is primarily studied via static or

linear dynamic approaches. However, certain resonance phenom-

ena that permit the prediction of strongly nonlinear behavior have

been observed in the cables of this type of structure. Given the

current trend of constructing stayed bridges with longer spans and

with increasingly greater attention placed on them, taking into

account nonlinear phenomena appears essential. The carrying

cables with stays are tilted, contrary to those of suspension

bridges and they are embedded in the pillars of the bridge at their

higher end. Furthermore, they are subjected to excitation because

of the deck of the bridge at their lower end.

Numerous works have been devoted to the study of cable vi-

brations. First, Irvine and Caughey �1� considered a simplified

linear model, but they did not take into account the quadratic and

cubic terms of the partial differential equations governing the

three-dimensional vibrations of a cable. In �2�, Irvine studied a
linear model that permitted him to solve the vibration problem
completely and introduced the nonlinear model of a taut flat cable,
though without solving it. Meirovitch �3� showed that the un-
damped nonlinear steady state in a plane response of a taut flat
cable is given by the solution of a Duffing equation. West et al. �4�
and Henghold and Russel �5� also studied natural frequencies of
cable structures. Hence it is clear that cable vibrations have to be
studied in the framework of nonlinear mechanics.

Nayfeh and Mook �6� recalled the basic modeling for strings
and provide many references on the topic, whereas Takahashi and
Konishi �7,8� presented nonlinear free vibrations and forced re-
sponses for a three-dimensional case. Benedettini et al. �9�, El-
Attar et al. �10�, and Luongo et al. �11� studied planar nonlinear
oscillations of an elastic cable suspended between two fixed sup-
ports at the same level under several different resonance condi-
tions and presented experimental, analytical, and numerical re-
sults. In �12�, Rega et al. considered multimodal resonances in a
suspended cable studied via a perturbation approach, whereas Lil-
ien and Pinto da Costa �13� investigated vibrations due to the
parametric excitation of a cable-stayed structure. Fujino et al. �14�
built a 3-DOF model of a cable-stayed beam and compared the
results of analytical approaches to experimental results working
on his Ph.D. thesis, and Khadraoui �15� proposed several models
of simplified cable-stayed bridges with at most 3-DOF. In particu-

lar, he introduced a 1-DOF model of an inclined cable subjected to
an external excitation corresponding to the movement of the deck
of the bridge. In this paper we use a revised version of the sim-
plified model given by �15�, where the first harmonic external
excitation was simplified �16�.

In �17�, Zhao et al. dealt with a 2-DOF model of an inclined
cable for a theoretical investigation of in-plane and out-of-plane
motions approximated by the first in-plane and out-of-plane
modes.

By contrast with the above works, here we consider an inclined
cable subjected to external sinusoidal forcing, leading to primary
and subharmonic resonances.

The work presented concerns models with a few degrees of
freedom obtained by projection of the continuous model onto a
finite number of linear modes and the �quantitative� comparison
between experimental investigations of planar motions and ana-
lytical results obtained for the simplified 1-DOF nonlinear model.

The setup corresponds to a cable in isolation excited by the
deck of the bridge. In this study, the harmonic stress exerted on
the cable of the setup corresponds to the effect of linear coupling
and linear response of the deck.

Additional experimental results for planar and nonplanar mo-
tions are also reported. Analytical models for the analyses of two
�with internal resonance �18�� and four degrees of freedom are
given to prepare an analysis of the experimental results. This work
follows on from and improves previous work �19�:

• Experimental results related to in-plane primary resonance
and in-plane subharmonic resonance have been refined.

• Out-of-plane motions and couplings have been investigated
experimentally.

• Experimental and numerical results have been compared for
primary resonance out-of-plane behavior.

• Theoretical results are presented in �18�, whereas this paper
contains experimental investigations.

Theoretical Models

Several models are proposed and tested in the present paper.
They are classified as: �i� a simplified model with one degree of
freedom, �ii� a model with two degrees of freedom �one in the
vertical plane and one in the transverse plane�; and �iii� a model
with four degrees of freedom �two in the vertical plane and two in
the transversal plane�. All of them involve only symmetric modes
in accordance with the experimental observations reported in this
paper.

The multiple scale method in time is used, and the theory is
briefly recalled here.

Simplified Model With One Degree of Freedom. Using Irv-
ine’s function �1� for the first spatially symmetric planar mode
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�1�

and using adequate geometrical boundary conditions at the lower

end B of the cable �see Fig. 1�,

V�X,t� = fy�X���t� +
X

L
Z�t�cos � �2�

We consider the in-plane model with one degree of freedom
established by Khadraoui �see �15�� obtained through the Ritz-
Galerkin method and improved in �16�

�̈ + 2e�0�̇ + �0
2� + b̃1�2 + b̃2�3 + b̃3cos��t�� + b̃4cos2��t��

= b̃5cos��t� + b̃6cos2��t� + b̃7sin��t� �3�

where ��t� is the unknown modal coordinate and

2e�0 =
Lc

	T0mc

and �0
2 =

C̃1

C̃0

+ �
C̃2

2

C̃0

�4�

The nondimensional constants b̃1−b̃7 and C̃0−C̃2 are given in
Appendix A.

Damping c is introduced via a damping ratio. For such a cable
the eigenfrequency is obtained from �15� with the transcendental
relationship

tg��0

2
� =

�0

2
−

4

�2��0

2
�3

�5�

In what follows, the method of multiple scale time is used to
investigate the 1-DOF model. Taking into account the effort of
calculation, a development to the first order is used. In order to
maintain the same contribution for the nonlinear terms and the

damping effect, a small dimensionless parameter � is used for
both damping and nonlinear terms. Thus we introduce

e = �e0 and b̃i = �b̃i0 for i = 1, ¯ ,7 �6�

Particular attention is paid to the primary and subharmonic
resonances.

Primary Resonance for the 1-DOF Model. Let us assume the
frequency expansion in the usual form

� = �0 + �� �7�

The approximate solution obtained using the multiple scales in
the time approach is

��t� = 	 cos��t + 
� + o��� �8�

with the equilibrium equations

�0�� − �0�	 − 3
b̃2	3

8
−

b̃4

8
	 cos�2
� −

b̃4

4
	 +

b̃5

2
cos�
� −

b̃7

2
sin�
�

= 0 �9�

− �0
2e	 +

b̃4

8
	 sin�2
� −

b̃5

2
sin�
� −

b̃7

2
cos�
� = 0 �10�

Subharmonic Resonance for the 1-DOF System. In this case,
parametric resonance occurs as was shown in �20�. However,
since an inclined cable is considered, the coefficients of Eqs. �3�,
�9�, and �10� are different from the horizontal or vertical cables.

Moreover, new terms, such as those related to coefficients b3,
occur. Assuming the frequency expansion of the form

� = 2�0 + �� �11�

the multiple scales in time approach leads to

��t� = 	 cos��

2
t + 
� + o��� �12�

where the equilibrium equations are

�� − 2�0��0	

2
− 3

b̃2	3

8
−

b̃4

4
	 −

b̃3

4
cos�2
�	 = 0 �13�

− �0
2e 	 +

b̃3

4
	 sin�2
� = 0 �14�

We must note that a trivial solution for the equilibrium position

is given by 	=0. Equations �13� and �14� give

tg�2
� =
�0

2e

�� − 2�0��0

2
− 3

b̃2	2

8
−

b̃4

4

�15�

Nontrivial solutions are obtained from

Fig. 1 Cable diagram
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	2

2
=

2�� − 2�0��0 − b̃4 � 	b̃3
2 − 16��0

2e�2

3b̃2

�16�

with the condition

b̃3
2

16
− ��0

2e�2 � 0 �17�

where b3 is the parametric term in Eq. �3� Therefore, for given
values of the system parameters, the system may have one or two

real solutions for amplitude 	 �see Fig. 2� and the stability of
solutions can be studied in classical manner.

Model With 2-DOF (In-Plane and Out-of-Plane). Using the
same procedure, a model of a cable with two degrees of freedom
is derived. It includes the first in-plane �see Eqs. �1� and �2�� and
the first out-of-plane modes, which take the following form �2�

W�X,t� = fz�X��z�t� �18�

fz�X� = sin�X

L
� �19�

Thus, the equations of motion are

�̈y + a1�̇y + a2�y + a3cos��t��y + a4cos2��t��y + a5�y
3 + a6�y

2

+ a7�z
2 + a8�z

2�y = − a9cos��t� − a10cos2��t� − a11� sin��t�

− a12�
2cos��t� �20a�

�̈z + b1�̇z + b2�z + b3cos��t��z + b4cos2��t��z + b5�z
3 + b6�y�z

+ b7�y
2�z = 0 �20b�

where �y�t� and �z�t� are the unknown modal coordinates. The

nondimensional constants a1–a12, b1–b7 are given in Appendix B.
Examining the secular terms, it can be seen that resonances could
occur for

� 
 	a2

� 
 2	a2

� 
 	a2/2

� 
 	b2

� 
 2	b2 �21�

In this paper we focus our interest on primary and subharmonic
resonances only.

Primary Resonance for the 2-DOF Model. In order to maintain
the same contribution for the nonlinear terms and the damping

effect, a small dimensionless parameter � is used for both damp-
ing and nonlinear terms. Thus we introduce the following scaling

of the parameter versus �:

ai = o��� �22a�

for i=1,3,...,12

bi = o��� �22b�

for i=1,3,...,7

It is assumed that frequencies �p and �op of the in-plane and
out-of-plane, respectively, are close to each other, thus we intro-
duce

�p = 	a2 and �op = 	b2 = 	a2 + �
 �23�

The primary resonance corresponds to

� = �p + �� �24�

and using the multiple scales-in-time method leads to first har-
monic expressions of solutions for in-plane and out-of-plane
modes, respectively, in the form

�y 
 a cos��t + �� and �z 
 b cos��t + �� �25�

where a, b, �, and � must verify

a�p�� − �p� −
3

8
a5a3 −

1

8
a4a cos�2�� −

1

4
a4a −

1

2
cos����a9 + �2a12�

+
1

2
a11sin���� −

1

4
a8ab2 −

1

8
a8ab2cos�2� − 2�� = 0 �26a�

−
1

2
a1a�p +

1

8
a4a sin�2�� +

1

2
sin����a9 + �2a12� +

1

2
a11cos����

+
1

8
a8ab2sin�2� − 2�� = 0 �26b�

b��p�� − �op� −
3

8
b5b2 −

1

8
b4cos�2�� −

1

4
b4 −

1

4
b7a2 −

1

8
b7a2cos�2�

− 2��� = 0 �26c�

b�− 1

2
b1�p +

1

8
b4sin�2�� −

1

8
b7a2sin�2� − 2��� = 0 �26d�

In this case constant and second harmonic terms are not taken
into account as it can be done because of quadratic nonlinearities
�e.g., �6��. These equations show the existence of one �or several�
solution�s� for which b is null �out-of-plane motion�. Thus theFig. 3 Subsystem for initial tension force in the cable

Fig. 2 Primary resonance, amplitude at X=L /2 versus external
frequency: fitted „o-o…, experimental „�…
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canceling term b leads to an equation of the model with one de-
gree of freedom capable of predicting the motion of the cable
around its primary resonance. On the other hand, the combined
motions �in-plane and out-of-plane� require the resolution of the
four adapted equations.

Subharmonic Resonance for the 2-DOF System. Similarly, as-

suming that �p and �op are close

� = 2�p + �� �27a�

we obtain the main harmonics of solutions in the form

�y 
 a cos��

2
t + �� and �z 
 b cos��

2
t + �� �27b�

with

a��p��

2
− �p� −

3

8
a5a2 −

1

4
a4 −

1

4
a3cos�2�� −

1

4
a8b2

−
1

8
a8b2cos�2� − 2��� = 0 �28a�

a�− 1

2
a1�p +

1

4
a3sin�2�� +

1

8
a8b2sin�2� − 2��� = 0 �28b�

b��p��

2
− �op� −

3

8
b5b2 −

1

4
b4 −

1

4
b3cos�2�� −

1

4
b7a2

−
1

8
b7a2cos�2� − 2��� = 0 �28c�

b�− 1

2
b1�p +

1

4
b3sin�2�� −

1

8
b7a2sin�2� − 2��� = 0 �28d�

The equations are similar �with respect to y and z�, therefore,
certain modes that are entirely localized on one plane or the other
can occur. In these cases, the 1-DOF model is sufficient to predict
the dynamic behavior of the cable. In addition, a null solution is
also possible. However, for all the other solutions, the system
composed of Eq. �28� needs to be solved.

Extension of the Finite-Degree-of-Freedom Model. More
complicated models with several in-plane and out-of-plane modes
could be introduced in a similar way. For example, a model in-
cluding two in-plane and two out-of-plane modes can be consid-
ered. The modes are �see Eqs. �1�, �2�, �18�, and �19��:

V�X,t� = f1y�X��1y�t� + f2y�X��2y�t� +
X

L
Z�t�cos � �29�

W�X,t� = f1z�X��1z�t� + f2z�X��2z�t� �30�

and taking

f�X� = sin�2X

L
� �31�

as a common function for the second mode shape for in-plane and
out-of-plane modes, too. Solving the entire system is rather pains-
taking, so the method is presented in Appendix C for only one
equation. The method can be applied to other equations without
difficulty.

Using the multiple scales time method leads to a system of
eight equations after which the study of secular terms leads for
example to the following possible resonances

�1p �1op �2p �2op

2�1p 2�1op 2�2p 2�2op

�1p + �1op ��1p + �1op�/2

�32�

and also other potential resonant combinations �see Eq. �C5��. It
appears that some of them can be found in the range of interest.

Experimental Setup

In this section, the experimental setup used for testing the
model and the demonstration of the main phenomenon �presented
in �16�� are described. The main characteristics are shown in Table
1. The cable was composed of a steel wire surrounded by copper
wire. This structure had a relatively heavy weight per unit length
and low flexural rigidity.

At point A �see in Fig. 1�, a strain-gage sensor was inserted
between the end of the cable and the fixed anchorage and con-
nected to a signal-conditioning amplifier, while a digital voltmeter
was used to measure the static component of the axial force. The
signal was plotted on a scope and recorded.

Fig. 4 Camera sensors and cable

Table 1 Main characteristics of the setup

Length of cable L=1.905 m
Weight per unit length mc=0.177 kg/m

Inclination angle �=27.5 deg
Initial tension 80 N�T0�200 N

Driven amplitude 0.025 mm�Z0�0.150
Frequency 5 Hz���25 Hz
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At the lower end, a 4700N Gearing & Watson shaker was used
to apply the base excitation, matching the imposed displacement
of the roadway of the bridge �deck�.

The shaker was powered by a power control unit �G&W DS4�
and a function generator �HP33120A�. The displacement of the
head of the shaker was monitored and held constant by an accel-
erometer.

The initial tension in the cable was applied with a specific sub-
system composed of a thread, nut, and compression spring �see in
Fig. 3�. In the working configuration, the subsystem was mechani-
cally locked on the moving part. We note that, because of gravity,
the cable was slightly bent in the static configuration and the
initial tension was 4N.

Displacements along vertical and horizontal directions in the
middle of the cable were measured with two optolineic cameras
located at this point. The cameras were equipped with a hardware-
implemented peak detector to locate the displacements of the
cable with respect to a reference point �see in Fig. 4�. Measure-
ments were acquired, displayed on a scope, and stored in real time

at a sampling time of 1/500 s.

A low-pass filter �9002 Frequency Devices� was used to filter
and magnify the signal from a 4096 pixel-cell camera. The accu-
racy of the signal measured depended to a large extent on the
quality of the lenses, the distance between the camera and cable,
the cable-board contrast, and the amplification of the low-pass
filter. In testing mode, a spotlight was used to light the cable while
a dark board was placed behind it �see in Fig. 5�.

Results

The first linear natural frequencies of the cable were obtained
using a classical impulse �low-amplitude� response by measuring
the frequency spectra. A similar test was used to measure the
damping ratio for several initial tensions.

Primary Resonance: Theory (1-DOF)-Experiment Com-
parison for In-Plane Motions. The behavior is weakly nonlinear
and, from an experimental point of view, it is possible to observe
alternately the first in-plane or out-of-plane mode vibration of the
cable for low frequencies �from 5 to 10 Hz� under certain condi-
tions. Since we focus on the in-plane mode only, certain specific
initial conditions may be applied at the beginning of the procedure
before obtaining a nonlinear stabilized in-plane vibration motion,
then the control parameter �the excitation frequency� is slowly
increased �or decreased�.

The classical hysteretic phenomenon is clearly observed. The
quantitative agreement can be obtained if the influence of damp-

ing and nondimensional parameter �o is considered attentively. In

fact �o cannot be calculated very precisely from the theoretical
expressions occurring in the model and the measurements taken
from the experimental device. Thus, in order to compare experi-
mental and theoretical results, a procedure is introduced to set a

correct parameter �o and correct damping in the theoretical model.

Therefore �o is calibrated for the theoretical curve from the ex-
perimental results.

The theoretical eigenfrequency �o
2 is estimated from the experi-

mental curve with �o computed with Eq. �4� so that the maximal
amplitudes are in good agreement. Then the damping is also esti-
mated in the theoretical model to calibrate the maximal amplitude
of the vibrations. Damping was also measured by logarithmic dec-
rement from measuremnt data. The measured and identified pa-
rameters are presented in Table 2. The experimental parameters
are those that were measured on the setup while the estimated
parameters are deduced from measured data by using mathemati-
cal procedures.

For example, c and �0 were first obtained by measuring the
cable’s response to a small impulse test. Using the model deter-

mined by Eqs. �9�, �10�, and �4� for � with coefficients b̃2, b̃4, b̃5,

and b̃7 obtained from the measurements of � and the computed

values of C̃0, C̃1, C̃2, and C̃3, the optimal values of c and �0 are
retrofitted in order to reduce the distance between the experimen-
tal curve �Fig. 2� and the solution of Eqs. �9� and �10�. As can be
seen in Table 2, there is slight difference between the “estimated”
and “measured” values.

Good quantitative agreement was then obtained between the
experiments and results of the model with identified parameters.
See Fig. 2, where the measured and computed amplitudes at the

middle of the cable �L /2� are plotted versus the frequency � of

the external periodic stresses.

Fig. 5 Block diagram of the experimental setup

Table 2 Experimental and numerical results

Estimated Experiment

T0
80 N 80 N

Z0
0.05 mm 0.05 mm

�0
6.3 Hz 6.1 Hz

e 0.6% 0.3–0.5 %

Fig. 6 Subharmonic resonance, amplitude at X=L /2 versus 
external frequency, T0=80  N,  Z0=3Ã10−4 m: analytical stable 
branch „�…, analytical unstable branch „�…, and experimental 
„�…
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Subharmonic Resonance: Comparison Between Theory (1
DOF) and Experiment for in-plane Motions. Several experi-
ments were performed and good qualitative agreements were ob-
served in all cases. Good quantitative agreement can be obtained

by ensuring that tension, damping and Zo do not vary during the
experiment. In practice it is difficult to ensure this constancy. For

example, for To=130 N, Zo=0.15 mm, e=3% and �o �calculated

during experiments�, small fluctuations occur so that Zo is in the

range �0.15–0.155 mm� and To in the range �130–135 N�. Thus the
eigenfrequency measured is 7.4 Hz �theoretical value: 7.2 Hz�.

The results for this type of experiment are given in Fig. 6,

where the amplitude �at L /2� is plotted versus �. Good quantita-
tive agreement is obtained. It should be noted that in some cases,
the experimental branch becomes unstable because of the occur-
rence of other in-plane or out-of-plane vibrations.

Additional Experimental Results. Many other experimental
results were obtained. A few of them are reported hereafter. In
particular, vibration amplitudes measured at the cable’s midpoint

are presented under several amplitudes of external stresses Zo.

Primary Resonance. Three types of stable motions were ob-
served:

• Quasinull in-plane motion and null out-of-plane motion
�null branch� �see in Figs. 7�a� and 7�b��. The null branch of
Fig. 7�a� corresponds to the response of the system when

increasing �, whereas the null branch of Fig. 7�b� corre-

sponds to the response when decreasing �. Perturbations
occurring during experiments cause the displacements to be
not strictly equal to zero.

• Combined in-plane and out-of-plane motion ��1p /�1op� was

observed only for “high” Zo �see in Figs. 8�a� and 8�b��.
• Essentially in-plane motion that reaches amplitudes higher

than the previous one ��1p /0�.

Contrary to the in-plane motion, the out-of-plane motion corre-
sponds either to a resonance or to a completely null displacement.
It seems that this phenomenon can be explained by the equations
obtained for the 2-DOF model.

Using the theoretical 1-DOF model, we verified that the two

in-plane motions �null branch and �1p /�1op branch� of the cable
corresponded to the theoretical predictions carried out by this
simple model.

For this type of combined vibration, in-plane displacements
were similar to those observed for purely in-plane displacements
if the maximal amplitude was rather weak �far from resonance
behavior�. The maximal amplitudes at resonance were lower than
for the purely in plane vibration.

Furthermore, out-of-plane motions corresponding to the follow-
ing phenomena were observed �see in Figs. 8�a� and 8�b��:

• When increasing external frequency, out-of-plane displace-
ment is first null, then increases from one frequency value

greater than �but close to� �op so that the out-of-plane am-
plitudes become as high as the in-plane ones.

• When decreasing the frequency from the highest previous
values to smaller ones, the out-of-plane displacement is al-

most null in the neighborhood of �op.

Sub Harmonic Results. In this case, four types of vibrations
can be observed whatever the amplitude of external stress �see
Figs. 9�a� and 9�b��:

• null motion �in-plane and out-of-plane: trivial branch�
• subharmonic motion of the first in-plane mode �2�1p /0�

Fig. 7 Primary resonance, amplitude at X=L /2 versus external
frequency, T0=120 N, Z0=0.25 mm: „a… In-plane displacement
„camera 1… and „b… Out-of-plane displacement „camera 2…

Fig. 8 Combination of in-plane and out-of-plane motions. Pri-
mary resonance, large Z0. In-plane „�…, out-of-plane „�…: „a…
experimental results and „b… theoretical results computed from
Eqs. „26a…–„26d….
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• combination of subharmonic motion of the first in-plane
mode and of the subharmonic motion of the first out-of-

plane mode �2�1p /2�1op�,
• combination of the subharmonic motion of the first out-of-

plane mode with the second in-plane mode ��2p /2�1op�.

out-of-plane motions �one or two modes in each plane, respec-
tively�. The models were validated experimentally on a specific
device using a shaker and contactless sensors.

The results presented exhibit good agreement between theory
and experiment, and several nonlinear motions were observed and
identified under periodic external stresses. Future developments
will deal with multiharmonic and stochastic excitations.
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Appendix A: Coefficient for the Simplified Model With

One Degree of Freedom

The first eigenfrequency �0 of the cable obtained from �7�

Fig. 9 Sub-harmonic resonance, amplitude at X=L /2 versus external frequency: „a… in-plane
displacement „camera 1… and „b… out-of-plane displacement „camera 2…

All the types of resonances observed could be predicted using 
the 4-DOF model. Further numerical and experimental investiga-
tions are needed to describe other resonance cases.

Conclusion

This paper presented a modified model for the dynamic behav-
ior of an inclined cable. Both primary and subharmonic reso-
nances were studied from a theoretical point of view by using the 
multiple scales in time method. The 1-DOF model is devoted to 
in-plane motion. It was extended to 2- and 4-DOF for in-plane and
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tg��0

2
� =

�0

2
−

4

�2��0

2
�3

and �2 =
�0�0

2

1 +
�0

2

8

�A1�

with

�0 =
8�

cos2�
and � =

�

L
�A2�

where � corresponds to the deflection at the middle of the cable.

Coefficients b̃1 ,… , b̃7 and C̃0 ,… , C̃3 are given by

b̃1 =
3C̃1C̃2

2C̃0

��

b̃2 =
C̃1

2

2C̃0

�2�

b̃3 =
C̃1

C̃0

��Z0sin �

b̃4 =
C̃1

2C̃0

��2Z0
2cos2�

b̃5 =
Z0

C̃0

�C̃3�2cos � − C̃2� sin ��

b̃6 = −
C̃2

2C̃0

��Z0
2cos2�

b̃7 =
C̃3

C̃0

2e�0�Z0cos � �A3�

C̃0 =�
0

1

f2�X�dX

C̃1 =�
0

1

f�2�X�dX

C̃2 =�
0

1

f��X�Y�dX

C̃3 =�
0

1

Xf�X�dX �A4�

Appendix B: Coefficient for the Model With Two

Degrees of Freedom

a1 = e1 = c1�	T0

mc

a2 =
C1

C0

+ �
C2

2

C0

a3 =
C1

C0

��Z0sin �

a4 =
C1

2C0

��2Z0
2cos2�

a5 =
C1

2

2C0

�2�

a6 =
3C1C2

2C0

��

a7 =
C2C4

2C0

��

a8 =
C1C4

2C0

�2�

a9 =
Z0

C0

C2�sin �

a10 =
C2

2C0

��Z0
2cos2�

a11 = −
C3

C0

e1Z0cos �

a12 = −
Z0

C0

C3cos � �B1�

For instance, it can be seen that in the case of an uncoupled
motion, Eq. �20a� leads to Eq. �3� with

b̃5 = − a9 − a12�

b1 = e2 = c2�	T0

mc

b2 =
C4

C5

b3 =
C4

C5

��Z0sin �

b4 =
C4

2C5

��2
�cos2�

b5 =
C4

2

2C5

�2�

b6 =
C2C4

C5

��

b7 =
C1C4

2C5

�2� �B2�

C0 =�
0

1

fy
2�X�dX

C1 =�
0

1

fy�
2�X�dX

C2 =�
0

1

fy��X�Y�dX

C3 =�
0

1

Xfy�X�dX
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C4 =�
0

1

fz�
2�X�dX

C5 =�
0

1

fz
2�X�dX �B3�

Appendix C: Model With Four Degrees of Freedom

By ordering the coefficients with a small dimensionless param-

eter � as

ai = �ai0 for i = 1,3, ¯ ,22

bi = �bi0 for i = 1,3 ¯ ,22

ci = �ci0 for all i,di = �di0 for all i

a2 = a20, b2 = b20, c2 = c20 and d2 = d20 �C1�

we obtain a system of four equations

�̈1y + a1�̇1y + a2�1y + a3cos��t��1y + a4cos2��t��1y + a5�2y

+ a6cos��t��2y + a7�1y
2 + a8cos��t��1y

2 + a9�1y
3 + a10�2y

2

+ a11�1z
2 + a12�2z

2 + a13�2y�1y + a14cos��t��2y�1y

+ a15�2y�1y
2 + a16�2y

2�1y + a17�1z
2�1y + a18�2z

2�1y

= − a19cos��t� − a20�
2cos��t� − a21� sin��t� − a22cos2��t�

�C2a�

�̈2y + b1�̇2y + b2�2y + b3cos��t��2y + b4cos2��t��2y + b5�1y

+ b6cos��t��1y + b7�2y
2 + b8cos��t��2y

2 + b9�2y
3 + b10�1y

2

+ b11�1z
2 + b12�2z

2 + b13�2y�1y + b14cos��t��2y�1y

+ b15�1y�2y
2 + b16�1y

2�2y + b17�1z
2�2y + b18�2z

2�2y

= − b19cos��t� − b20�
2cos��t� − b21� sin��t� − b22cos2��t�

�C2b�

�̈1z + c1�̇1z + c2�1z + c3cos��t��1z + c4cos2��t��1z + c9�1z
3

+ c13�1y�1z + c14�2y�1z + c15�1y
2�1z + c16�2y

2�1z

+ c17�1y�2y�1z + c18cos��t��1y�1z + c19cos��t��2y�1z

+ c20�2z
2�1z = 0 �C2c�

�̈2z + d1�̇2z + d2�2z + d3cos��t��2z + d4cos2��t��2z + d9�2z
3

+ d13�1y�2z + d14�2y�2z + d15�1y
2�2z + d16�2y

2�2z

+ d17�1y�2y�2z + d18cos��t��1y�2z + d19cos��t��2y�2z

+ d20�1z
2�2z = 0 �C2d�

Equations of zero order show that

�1y0 = Aa�T1�ei	a20T0 + Āa�T1�e−i	a20T0

�2y0 = Ab�T1�ei	b20T0 + Āb�T1�e−i	b20T0

�1z0 = Ba�T1�ei	c20T0 + B̄a�T1�e−i	c20T0

�2z0 = Bb�T1�ei	d20T0 + B̄b�T1�e−i	d20T0 �C3�

Substituting these solutions into the four first-order equations,

�
2y1

�T0
2

+ a20y1 =
1

8
a140AbĀaei�−�+	a20−	b20�T0 −

1

8
a80Āa

2ei��−2	a20�T0

�C4�

Putative secular terms imply resonances if

� = 	b20 − 2	a20 = �2p − 2�1p �C5�

� = 3	a20 = �1p �C6�
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