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Abstract

The preperiodic dynatomic curve X, , is the closure in C? of the set consisting of
(¢, z) such that z is a preperiodic point of the polynomial z — 2% 4 ¢ with preperiod
n and period p (n,p > 1). We prove that each X, , has exactly d — 1 irreducible
components, these components are all smooth and have pairwise transverse intersec-
tions at the singular points of A}, ,. We also compute the genus of each component
and the Galois group of the defining polynomial of A}, ;.
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1 Introduction

Fix d > 2. For ¢ € C, set f.(2) = 2%+ ¢. For p > 1, define
Xop:={(c,2) €C*| fP(z) =z and forall 0 < k <p, f¥(z)# z}.
Xo,, = the closure of X, in C? .

It is known that all A, are affine algebraic curves, called the periodic dynatomic
curves. These curves have been the subject of several studies in algebraic and holomorphic
dynamical systems. The known results for these curves mainly include the smoothness
(Douady-Hubbard [DH1], Milnor [Mill}], Buff-Tan [BT]); irreducibility (Bousch [B], Buff-
Tan [BT], Morton [Mo], Lau-Schleicher [LS], Schleicher [S]); the genus (Bousch [B]) and
the associated Galois groups (Bousch [B], Morton [Mo], Lau-Schleicher [LS], Schleicher

[S]).
In the present work, we study some topological and algebraic properties of preperiodic
dynatomic curves.

Definition 1.1. Forn > 0, p > 1, a point z is called a p-periodic point if fP(z) = z
but f¥(2) # z for 0 < k < p, and an (n, p)-preperiodic point of f. if f*(z) is a p-periodic
point of f. but fi(z) is not periodic for any 0 <1 < n.
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Now, for any n > 1,p > 1, define
X,, = {(c, z) € C2|z is a (n, p)-preperiodic point of fc}

X, p = the closure of Xvn,p in C? .

In fact, as we shall see below, all &), , are also affine algebraic curves, called the
preperiodic dynatomic curves. Limited work has been done for this kind of curves. The
special case d = 2 has been previously studied by Bousch [B], who established in this
case that for any integers n,p > 1, the curve &, , is also smooth and irreducible (as the
periodic dynatomic curves), and computed its associated Galois group.

The main purpose of this work is to extend these results to arbitrary d > 2. An
obvious difference with the previous case is that, for d > 2, the curve X, , is no longer
irreducible: it consists of d — 1 irreducible components. We may understand this by
a simple observation. Consider the curve X, of (1, p)-preperiodic points, that is, the
points z which are not p-periodic, but whose image zy = f(z) is. The periodic point
zp-1 = fP7(20) is another preimage of 29. Because f.(z) = 2% + ¢, we have z = wz, 1,
where w is a d-th root of unity. According to the value of w, we can partition the (1, p)-
preperiodic points into d — 1 classes, and this decomposition is of algebraic nature: it
corresponds to a factorization of fP™(z2) — f.(z).

We show that these d — 1 components are smooth and irreducible. Our approach to
smoothness is by using elementary calculations on quadratic differentials and Thurston’s
contraction principle, following the method of Buff-Tan ([BT]). The approach to irre-
ducibility is based on the connectedness of periodic dynatomic curves and then by an
induction on the preperiodic index n. Moreover, we study the features of the singular
points of &, .

Following Bousch, we compute the genus of each irreducible component and the asso-
ciated Galois group of the curve X, .

Here is a list our main results. They are to be compared with results of periodic
dynatomic curves.

Denote by {v4(p)},>1 the unique sequence of positive integers satisfying the recursive
relation
¥ = Z vq(k), integer d > 2 (1.1)
klp
and let p(m) be the Euler totient function (i.e. the number of positive integers less than
m and co-prime to m). For n,p > 1, define the numbers

=
My = va(p)d*(d —1)(n— 1= d™"),
t=1

where [z] denotes the maximal integer less than or equal to z, and
nl)g [2=L]-1

[
Ko = va(p)(d ™ = )73 a0 = N a4 (@55 = D(p)d
t=1 t=1
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(one can refer to (5.3) and (5.4) for the computation of them). For n,p > 1, set

dp—d—p—1

gp(d) =1+

2d

va(p)

Lo 1 1. p
G = 1+ 50a(D)d" 2 (pd—d=p=1)+ 5 (Mo + Kny) = 58" 2(d=1) Y (%) k- valk).

Elp,k<p

Theorem 1.2. For any d > 2, n,p > 1, the preperiodic dynatomic curve X, , has the

following properties :

1. The set X, ,, is an affine algebraic curve. It has d—1 irreducible components and each
one is smooth. Moreover, these components are pairwise intersecting at the singular
points of X, ,. In particular, if d = 2, the curve X, is smooth and irreducible.

2. The genus of every irreducible component of X,,, (in some kind of compactification)
is gnp(d), and all irreducible components are mutually homeomorphic.

3. The Galois group associated with X, , is the same as that associated with X<, , :=
Ul Xip, which consists of all permutations on the roots of the defining polynomial
of X<pp that commute with f. and the rotation of argument 1/d.

Here is a tableau comparing these various curves, where S,, denotes the group of
permutations on {1,...,m} and G, ,(d) is the associated Galois group of &, .

periodic X, d=2 d>2
irreducible irreducible
smooth smooth
genus 9»(2) gp(d)
Galois group | S,,/p X Z2PVP|'S, ) /p x Z2IP/P

preperiodic X, ,, n > 1 d=2 d>2
irreducible d — 1 irreducible components
smooth | not smooth, but each component is smooth
component-wise genus Gnp(2) Gnp(d)
Galois group Gnp(2) G p(d)
pairwise intersection empty C,, p(singular) : singularity set of &, ,




This manuscript is organized as follows:
In section 2, we summarize some preliminaries that will be used in this paper.

In section 3, we will prove that every X, , is an affine algebraic curve and find its
defining polynomial.

In section 4, we give the irreducible factorization of &, ,, and prove that each irre-
ducible factor is smooth and these irreducible components are pairwise intersecting at the
singular points of X, .

In section 5, we calculate the genus of each irreducible component.

In section 6, we describe &, from the algebraic point of view by calculating its
associated Galois group.

Acknowledgement. I thank Tan Lei for helpful discussions and suggestions.

2 Preliminaries

1. Filled in Julia set and Multibrot set. These material can be found in [DH1, DH2]
and [Eb].

For ¢ € C, we denote by K, the filled-in Julia set of f., that is the set of points z € C
whose orbit under f, is bounded. We denote by M, the Multibrot set in the parameter
plane, that is the set of parameters ¢ € C for which the critical point 0 belongs to K. It
is known that M, is connected.

Assume ¢ € My. Then K. is connected. There is a conformal isomorphism ¢, :
C~K. — C~D satisfying ¢. o f. = (¢C)d and ¢.(oc0) =1 (i,e. 0(2) — .00 1). The
z
dynamical ray of angle # € T is defined by

R.(0) == {z € C\K. | arg(¢.(z)) = 270 }.

Assume ¢ ¢ M. Then K, is a Cantor set and all periodic points of f, are repelling, that
is |(f?)'(z)] > 1 for p > 1 and all p-periodic point z. There is a conformal isomorphism

¢. : U. = V, between neighborhoods of oo in C, which satisfies ¢. o f. = (qbc)d on U.. We
may choose U, so that U, contains the critical value ¢ and V. is the complement of a closed
disk. For each 6 € T, there is an infimum r.(6) > 1 such that ¢_' extends analytically
along Ro(6) N {z € C | r.(#) < |z|}. We denote by ¢, this extension and by R.(6) the
dynamical ray

R.(0) = wc(Ro(m N{zeC|r(0) < |z\}).

As |z| N\ 7.(0), the point t.(re*™) converges to a point z € C ([DH2, Pro.8.3]). If
re(f) > 1, then € C\ K, is an iterated preimage of 0 and we say that R.(f) bifurcates
at x. If r.(#) = 1, then x belongs to K, and we say that R.(f) lands at x.



There are three kinds of important parameters in My;: super-attracting, parabolic, and
Misiurewicz parameters. Recall that a point z is said to be p-periodic if f?(z) = z but
fHz)#zfor 0 <k <p WecallceC

e a p-super-attracting parameter if 0 is p-periodic by f.;

e a p-parabolic parameter if f, has a p-periodic point zg with (f?)(z5) = 1 or a m-

periodic point zy such that m | p and (f™)'(z0) is a L _th root of unity;
m
e a (n,p)-Misiurewicz parameter if 0 is a (n, p)-preperiodic point of f..

A well-known result in complex dynamics says that any parabolic cycle of a rational
map has a critical point in its basin, whose orbit eventually converges to , but is disjoint
with the cycle (see [Mil2, Thm.10.15]). So for the family of unicritical polynomials {f, |
¢ € C}, the three classes of parameters above are pairwise disjoint. We write this point
as a lemma, since it will be repeatedly used throughout the paper.

Lemma 2.1. If the critical point 0 is (pre)periodic for f., then c¢ is not a parabolic
parameter.

2. Affine algebraic curve and singularity. These material can be found in [G].

A polynomial f € C[z,y| is called squarefree if it is not divisible by h(x,y)? for any
non-constant h(z,y) € Clz,y]. An affine algebraic curve over C is defined as

C={(z,y) €eC?| f(x,y) =0}

where f is a non-constant squarefree polynomial in C[z, y|, called the defining polynomial
of C. If f =112, fi, where f; are the irreducible factor of f, we say that the affine curve
defined by f; is a wrreducible component of C.

Let f € Clz,y]. The total degree of f(x,y) as a multivariate polynomial is the high-
est degree of its terms, denoted by Deg(f). Correspondingly, we denote by deg,(f) and
deg,(f) the degrees of f when considered as a polynomial in the variable = and y respec-
tively. The following lemma is repeatedly used in this paper.

Lemma 2.2. (1) If f = fife with fi, fa € Clz,y], then Deg(f) = Deg(f1)+Deg(f2),
dego(f) = dego(f1)+degz(f2) and deg,(f) = deg,(f1)+deg,(f2).

(2) For fi, fo € Cla,yl, if f(z,y) = filz, fo(z,y)), then deg,(f) = deg,(f1) - deg,(f2).

(3) For fi, f2 € Clz,yl, if f(z,y) = fi(x, f2(x,y)) and Deg(f1) = degy(fl) > 1, Deg(f2) >
1, then Deg(f) = Deg(f1) - Deg(f2).

Proof. (1). Refer to [F, section 1.1].
(2). It is straightforward by a simple computation.



(3). Set dy := Deg(f1) and dy := Deg(f2). According to the conditions of the lemma, we
have deg,(fi1) = di > 1 and da > 1. On one hand, since Deg(f1) = deg,(f1) = di, then
there is a unique term in f; with the form a;y%, where a; is a non-zero constant. So, by
(1) and dy > 1, it follows that Deg(a1 f3') = dydy. On the other hand, any other term of
f1 has the form ax®y’, where a is a non-zero constant and either s +¢ < d; or s +t = d;
and s > 1. According to point (1) and dy > 1,

Deg(z° fi(z,y)) = s + tdy < dids.

So we get Deg(f) = dids. ]

Let C be an affine algebraic curve for C defined by f € C[z,y|, and let P = (a,b) € C.
The multiplicity of C at P, denoted by multp(C), is defined as the order s of the first
non-vanishing term in the Taylor expansion of f at P, i.e.

fen =Y 53 (3)e - a0 gl

If multp(C) = 1, the point P is called a smooth point of C. If multp(C) = r > 1, then we
say that P is a singular point of multiplicity r. We say that C or f is smooth if any point
on C is smooth. Note that the first non-vanishing term is a homogeneous polynomial
about © — a and y — b, so all its irreducible factors are linear and they are called the
tangents of C at P.

A singular point P of multiplicity = on an affine plane curve C is called ordinary if the
r tangents to C at P are distinct.

The following result provides a topological interpretation of the irreducibility of poly-
nomials.

Lemma 2.3. A squarefree polynomial f € Clz,y] is irreducible if and only if the set of
smooth points of f is connected.

3. Periodic dynatomic curves.

In this paper, some of proofs and statements rely on the work of the periodic curves
Xop. We list the related results in the following lemma. Its proof can be found in [B],
[BT], [Eb], [GO], [LS], [Mil1], [S].

By abuse of notation, we will identify polynomials in Clc, z] as polynomials in C|z]
with C = Clc|. Denote by K a fixed algebraically closed field containing C.

Let f € Clc,z]. By the zeros of f € Clc, 2], we mean the points (c,z) € C? with
f(c,z) = 0. By the roots of f € Cl[z], we mean the roots of f in K when it is considered
as a polynomial in C[z].

Recall that {v4(p)},>1 is a unique sequence of positive integers satisfying the recursive
relation dP = Zk‘p vqa(k), Deg(f) denotes the total degree of f and deg,(f) denotes the
degree of f as a polynomial in C[z].



Lemma 2.4. Let &), be a periodic dynatomic curve. Then
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1. [B, BT] There exists a unique sequence of monic polynomials {Qo, € Clz]},>1 such

that for all p > 1,

(I)O»P<Cv Z) = fcop(z) —r = HQO,k<07 Z)'

k|p

Moreover, we have Deg(Qo,) = deg,(Qop) = va(p).

. [BT] Let ¢q be an arbitrary parameter. Then a point zq is a root of Qo ,(co, 2) € C[z]

if and only if one of the three exclusive conditions is satisfied:
(1) 2o is a p-periodic point of f., and [fF]'(20) # 1,
(2) 2o is a p-periodic point of f., and [fF]'(20) = 1,

(3) 2o is an m-periodic point of f.,, where m is a proper factor of p, and [f"]'(2o)
1S a primative %—th root of unity.

. [B, BT, GO, LS, S| The polynomial Qo is smooth and irreducible for allp > 1 and

XO,p = {(C> Z) eC | QO,IJ(Q Z) = O}

. [B, BT, GO] The projection my, : Xo, —> C, defined by mo,(c, z) = ¢, is a degree

vq(p) (given in (1.1)) branched covering with two kinds of critical points:

(1) Cop(primitive) = {(c,z) € Xy, | (¢, 2) satisfies condition (2) of point 2}. In
this case, (¢, z) is a simple critical point.

(2) Cop(satellite) = {(c,z) € Xy, | (¢, 2) satisfies condition (3) of point 2}. In this
case, the multiplicity of the critical point (c,z) is © — 1.

The critical value set of my, consists of the parabolic parameters of period p.

. [Eb, Mill] The projection wq, : Xy, — C, defined by wg,(c,2) = 2, is a degree

v4(p)/d branched covering, which is injective near each point (co,0) € Xy .

. [B] The Galois group Gy, for the polynomial Qo € Clz| consists of the permutations

on roots of Qo € C[z] that commute with f..

The defining polynomial for X,

The objective of this section is to show that &, , is an affine algebraic curve and find its
defining polynomial.

fon
C

Recall that C denotes the ring C[c]. For n > 0,p > 1, set ®,,(c,z) = fo"7(z) —

(2).



Lemma 3.1. The polynomial ®,, € C[z] has no repeated roots. Consequently, it is
squarefree.

Proof. To prove this lemma, it is enough to show that there exists ¢g € C such that
all roots of @, ,(co, z) are simple. In fact, given ¢y € C\ My, a point z, is a root of
D, ,(co, 2) € Clz] if and only if 2y is a (I, k)-preperiodic point of f,,, where 0 <1 <n and
k | p. For such a ¢y, the critical point 0 goes to infinity and all periodic points of f,, are
repelling. It follows that

(0Pnp/02)(co, 20) = [fo') (20) ([fF) (20) — 1) # 0,
which completes the proof. O

Lemma 3.2. There exists a unique double indexed sequence of squarefree, monic polyno-
mials {Qnp € Clz]}np>1, such that for alln,p > 1,

O, p(c,2) = P p(c, 2) [ Quale, 2). (3.1)

klp

Moreover, we have Deg(Qp) = deg,(Qnp) = va(p)(d — 1)d" .

Proof. The definition of {Q,}np>1 is based on the polynomials {(Qg,},>1 which ap-
pear in part 1 of Lemma 2.4. We firstly show that Qo ,(c, z) divides Qo (¢, fe(z)) for
any p > 1. Since the polynomials Qg ,(c, fo(2)) € C[z] are monic, we may perform a
Euclidean division to find a monic quotient @) € Cl[z] and a remainder R € C[z] with
degree(R) <degree(Qo,), such that Qo,(c, fo(2)) = Qo,pQ@ + R. We need to show that
R =0, which enable us to set Q1 ,(c, 2) = Q.

Following Lemma 3.1 and part 1 of Lemma 2.4, the polynomial @, € C[z] does not
have repeated factors. So its discriminant A, € C[c] does not identically vanish, and
hence Ag,(c) # 0 outside a finite set. Fix ¢y € C such that Ag,(co) # 0. Then any
root 2y of Qo,(co, 2) is simple. By part 2 of Lemma 2.4, the point z, is also a root of
Qop(co, feo(2)). As a consequence, R(cy, z) = 0 for all z € C. Since this is true for every
¢o outside a finite set, we have R = 0 as required.

For n,p > 1, we define @, ,(c, 2) := Q1,(c, f*71(2)). It is clear that each Q,, € C|z]
is monic. Note that ®,,,(c, z) = @ ,(c, f(2)) for any n,p > 1, then we have

Opplc,z) = Boyle, f1(2) = [T Qox(e. £, = [ Qosle, 271 (2))Quale. f27'(2))
klp klp
= [T Qoxle. £ ) ] Quale, £271(2)) = Dople, £771(2) [ @uale, 2)
klp klp klp
cbnfl,p(ca Z) H Qn,k(ca Z)-
klp

Since each ®,,, is squarefree (Lemma 3.1), so is each Q.



Repeatedly applying (2) and (3) of Lemma 2.2, we have Deg(f*(2)) = deg, (f*(2)) =
d” for k > 1. Tt follows that Deg(®,,,) = deg,(®,,) = d"*? for n > 0,p > 1. Then by the
recursive formulas (3.1), (1.1) and ( ) of Lemma 2.2, the degree conclusion in the lemma
holds. [

By the definition of ), ,, we get the inductive formulas

Qg0 1) = Qugle). 22
{ Qoplc, fe(2)) = Qople, 2)Q1p(c, z), n=1. (3.2)

for each p > 1. This equation implies that we can obtain the properties of @), , by
induction on n.

In fact, Qn,(c, 2) is the defining polynomial of A&, ,. To see this, we will now study
the properties of the roots of @y, ,(co, z) € C[z] for an arbitrary parameter ¢, € C.

Proposition 3.3. Letn > 1, p > 1 be any pair of integers and co € C be any parameter.
Then zy € C is a root of Qnp(co, 2) if and only if one of the following 5 mutually exclusive
conditions holds:

(1) 2z is a (n,p) prepemodzc point of fo, such that f! (z0) # 0 for any 0 < I < n and

&) (15 (20)) #

(2) 20 is a (n,p)-pre em’odz’c point of fe, such that f! (z) # 0 for any 0 <1 < n and

&) (f5(20)) =

(3) 2o is a (n,m)-preperiodic point of fe, such that f! (z) # 0 for any 0 <1 <n and m
is a proper factor of p with [fi]'(f& (20)) a primitive L--th root of unity.

(4) zo is a (n,p)-preperiodic point of fe, such that f. (z) =0 for some 0 <1< n.
(5) féﬁ‘”(za) =0 and 0 is a p-periodic point of fe,.
We remark that in case (4), the case of [ = n — 1 never occurs.

Proof. Fix ¢y € C. The proof goes by induction on n. As n = 1, Qu,lc, fo(2)) =
Qoplc, 2) - Q1p(c, z). We claim that z is a common root of Qo ,(co, z) and Q1 ,(co, 2) if
and only if 2y = 0 is a p periodic point of f.,.

For sufficiency, we only need to note that, in this case, 0 is a multiple root of
Qop(co, feo(2)), but a simple root of Qg ,(co, 2) by part 2 of Lemma 2.4. For necessity,
zp must be a multiple root of Qo ,(co, fe,(2)). It follows that either f, (zp) is a multiple
root of Qo ,(co,2) or zy is a critical point of f.,. In the former case, by 4 of Lemma
2.4, ¢o is a parabolic parameter and f.,(zo) is a parabolic periodic point. It means that
Qo p(co, feoo(2)) and Qo p(co, 2) have the same zero multiplicity at zo. Then Q1 ,(co, 20) # 0.
In the latter case, we have zyp = 0, and by 2 of Lemma 2.4 0 is a p periodic point of f,.

Such ¢, zp correspond to the condition (5). In any other case, z is a root of Q1 ,(co, 2)
if and only if f.,(20) is a root of Qg ,(co, z) but 2o is not periodic. In fact, if zy were periodic,
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it would have the same period and multiplier as its first image. By part 2 of Lemma 2.4,
we get that Qo ,(co, 20) vanishes, which leads to a contradiction. Then part 2 of Theorem
2.4 implies that zj satisfies one of the conditions (1), (2), (3), (4) in Proposition 3.3.

Assume that the proposition is established for 1 <[ < n. At this time, Q,,(c, z) =
Qn-1,(c, fe(2)). So for any ¢y € C, 2 is a root of @, ,(co, 2) if and only if f,,(z) is a root
of Qn_1,(co,2). By Lemma 2.1, if f. (2o) satisfies property (2) or (3), then the orbit of
zo does not contain 0. Therefore by the inductive assumption, the point z, satisfies one
of the 5 exclusive conditions in Proposition 3.3. O

In Proposition 3.3, the zeros of @, ,(c,2) are divided into 5 classes. We give some
notations to denote the sets consisting of zeros of most classes in the following table.

The set The points in the set

Ch, p(primitive) (¢, z) satisfies the condition (2) in Proposition 3.3
Ch, p(satellite) (¢, z) satisfies the condition (3) in Proposition 3.3
Chp(Misiurewicz) | (c, 2) satisfies the condition (4) in Proposition 3.3
Ch, p(singular) (¢, z) satisfies the condition (5) in Proposition 3.3

Recall that for any n,p > 1, the sets ./'\Vf'nvp and &, ,, are defined by

Xop={(c,2) € (C2|z is a (n, p)-preperiodic point of f.}

and )
X, , = the closure of X,,, in C*.

Proposition 3.4. For n,p > 1, we have

Xop = {(c, z)‘@n,p(c, z) = O} and X, p \ )En,p = Cyp(satellite) U C,, ,(singular)

Proof. Set X :={(c,z) | Qnyp(c, 2) = 0}. Then X is a closed, perfect set. By the definition
of X, , and Proposition 3.3, we have

X\ ( Cpp(satellite) U Gy p(singular) ) = X, , C X (3.3)

We claim that the sets C,, ,(satellite) and C,, ,(singular) are both finite. If so, we get

X = X\ (C,p(satellite) U C,, ,(singular)) = A, , = A&, C X.

Hence it remains to check the claim.

If (co, 20) € Cnp(satellite), it satisfies that f7"7(z0) — fi (20) = 0 and [f2 ) (fi(20)) = 1.
Hence ¢ is a root of the resultant R € Clc| of the equations f*P(z) — f*(z) = 0 and
(fP)(f™(z)) = 1. For a parameter ¢ outside the Multibrot set, all the periodic points of
fe are repelling, so the polynomials fP(z) — f*(z) and (f?)'(f*(z)) — 1 do not have a
common root. It follows that R is not identically zero, and hence, its roots form a finite
set. If (co, z0) € Cyp(singular), then Qg ,(co,0) = 0 by point (5) of Proposition 3.3 and
point 2 of Lemma 2.4, whereas the roots of Qy,(c,0) form a finite set. ]
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4 The irreducible factorization of @), ,

In this section, we will show that the curve &, ,, n > 1, has d — 1 smooth irreducible
components and analyze the properties of its singular points. We always assume n > 1
without emphasizing.

4.1 Factorization of (), , and the features of its singular points

Recall that for f € Clc, z], Deg(f) denotes the total degree of f and deg,(f) denotes the
degree of the variable z in f.

Lemma 4.1. (Algebraic version) There exists a unique sequence of monic polynomials
{q%,p € Clz]}i<j<a—1 such that

d—1
Q”:P(Q Z) - H qu,p(@ Z)‘
7j=1

All points in C,, ,(singular) are zeros oqul’p € Cle, 2], and there are no other common
zeros for ¢, and g, with i # j. Moreover, we have Deg(q),) = deg,(q),) =
va(p)d™r.

(Topological version) Let Vi, ={(c¢z2) € (C2'|q,%;7p(c, 2) =0} (1 <j<d—1). Then
Crp(singular) C Vi for each j and {V] \ Cyp(singular)
disjoint.

}1§j§d—1 are pairwise

Proof. Recall that C = C[c] and K is a fixed algebraically closed field containing C.

Let A be a root of @, € C[z]. Then by part 1 of Lemma 2.4,
Dop(c, A) = f(A) = A =0.
We see from this equation that A is periodic under f. and A, ..., f7~1(A) are roots of
®,. Note that ®g,(c,0) = f2(0) is a polynomial in the variable ¢ of the degree d~', so
A # 0. Consequently, wA, ..., w? ' A are not roots of Qg ,, where w = e%, because they

are not periodic under f.. Then by the equation Qo ,(c, f.(2)) = Qop(c, 2)Q1,(c, 2) (see
(3.2)), we get that wA, ..., w? 1A are roots of Q;, € C[z].

Let us factorize @y, in K by

vq(p)

Qoplc,2) = [] (- A)

i=1
(Ag, # A, for sq # s9, because all roots of @, € C[z] are simple (Lemma 3.1), and so
are (o, (part 1 of Lemma 2.4)). Then (), can be expressed as

va(p) d—1va(p)

Qip = H (z —why) - (2 — WA = 11 ) (z — W A) (4.1)

i=1

S

<
I
—_
-
Il
—_
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To see this, we first note that for any s,t € [1,d—1] and iy # iy € [1,v4(p)], WA, # WA,
But it is impossible because both A;, and A;, are periodic. Thus {wA,, ... ,wdilAi}iVi(lp)
are pairwise distinct roots of 1, € C[z] by the discussion above, then H;ji(lp )z —
wA;) - (z — w?lA;) is a divisor of Qq,. As its degree is (d — 1)v4(p), equal to the
degree of @)1, and )1, is monic, we get (4.1). For j € [1,d — 1], set

va(p) va(p)
doe ) = [[ (= - w0 = @) [[ @z = A) = @) P Quplcrwz). (42)
i=1 i=1
Note that d | v4(p), so (w’)*®) = 1. Then qip(c, z) is a monic polynomial in Clz],
satisfying
Q1p(c, 2) qup (c,2) (4.3)

This gives a factorization of @), in Clz]. By formula (4.2) and the degree conclusion in
point 1 of Lemma 2.4, the total degree Deg(qy ) and deg,(q{ ) are both v4(p).

For n > 2, we can define ¢J_(c, z) inductively by ¢/ (c,z) = ¢)_, (c, f.(2)). Using
induction, the degree conclusion in the lemma follows directly form (2) and (3) of Lemma
2.2. As Qnp(c,2) = Qu_1,(c, fo(2)), we have

an Gy Z anp C Z (44)

This is a factorization of @), ,(c, z) in Clz].

We are left to prove that each qu,p(C’ z) satisfies the remaining properties announced
in the lemma. For n = 1, since qip(c, 2) = Qo p(c,w™z), then (¢, 29) is a common root of
¢i ,(c,2) and ¢f ,(c,z) for some 1 < i #j <d—1 <= both (co,w™z0) and (co,w™ )
are zeros of Q,(c, z). It follows that w™'zy and w7z are both periodic point of f,,,
hence zp = 0. Note that, in case (3) of Lemma 2.4 item 2, the critical point 0 is never
periodic (Lemma 2.1), so 0 has period p. It follows that (co, 29) € C1p(singular). On the
other hand, if (cg, 29) € C},(singular), then (co,w™20) = (co,w 7 29) = (co,0) is a zero
of Qop(c,z). For n > 2, the conclusion can be deduced from the case of n = 1 and the
definition of ¢} ,(c, 2). O

For convenience, we summarize the definitions of q{.’p in term of @)y, and the inductive
definitions of ¢/ , (n > 2) in terms of ¢, , as a corollary.

Corollary 4.2. Foranyp>1,1<j<d-—1, andw = e%, we have

{ qip(c, 2) = Qoplc,w™z),

@ (e, 2) =gy (e f.(2)), n>2.

12



Example: Here are some examples of (), , and their decomposition. Let d = 3. Suppose
p =1, then we have Qq1(c,2) = 2* + ¢ — 2,
Qii(c,z) = F+ez+22+2e+ 2+ 20
= (P He—e i) (B +c—e3™2)
- CI%,1(C7 Z) ’ Q%J(Ca Z)

and

Qa1(c,2) = 3¢+ 3¢+ (® 4 3¢+ 10¢* + 6¢°)2° + (1 + 12¢* + 15¢*)2°
+(6¢ +20¢%)2” + (1 4 15¢*)2'% + 62 + 2'®
= ((1—e3™)e+ &+ (32 — e757)2% + 3e2° 4 29) x
(1- e 3™ e+ P+ (32 — e 3™) 23 4 3c28 + 27)
= a1(c,2) - ga(c, 2).
Suppose p = 2, then we have Qpa(c, z) =1+ 2 + ¢z + 2% + 2¢2® + 2* + 25 and
Qialc,2) = 1+22+c' = (c+ %) — 22+ (Be+4c) 2% — 32!
+(1 4 6¢%)2% — 32" + dez? — 210 4 212
= (1 bRt e 3y e 4 202 4 e3¢ 26) X
(1 TRt iy e i i 4 00 et 26)

= 156 2) - q15(c, 2)

From Lemma 4.1, we see that in the case d > 3, the polynomial (), , is both reducible
and non-smooth, because C,, ,(singular), which is non-empty, belongs to the set of singular
points of @, p.

We now turn to the study of the components ¢/, ,(c, z). The following theorem is the
core of this section.

Theorem 4.3. Given d > 2, for any n,p > 1, j € [1,d — 1], the polynomial ¢}, ,(c, z) is
smooth and irreducible.

The proof of this theorem is postponed to § 4.2.

By this theorem, all components V,ip are Riemann surfaces. Together with Lemma
4.1, this implies that the singularity set of X, is equal to C, ,(singular). The next

proposition characterizes the features of these singularities.

Proposition 4.4. Given d > 2, for n,p > 1, each singularity (co,20) of X, has mul-
tiplicity d — 1. Furthermore, if féo(zo) =0 for some 0 <1 < n —2, then &,,, has one
tangent of multiplicity d — 1 at (co, 20); otherwise, the singularity (co, zo) is ordinary.

Proof. Let (co, 20) be a singular point of A}, ,,. Since each component of &, ,, is smooth and
they are pairwise intersecting at (co, 29), then the first non-vanishing term of @, ,(c, z) at

(co, 20) is d — 1. Hence the multiplicity of the singularity (co, zg) is d — 1.

13



If n =1, by (5) of Proposition 3.3, the fact that (co, 29) € Cy p(singular) implies that
2o = 0 and (cop,0) € Xp,. According to Lemma 2.1 ¢ is not a parabolic parameter. Then
it follows from part 4 of Lemma 2.4 that (co,0) is not a critical point of m,, and hence
(8@0,1,/82) (¢, 0) # 0. Meanwhile, according to part 5 of Lemma 2.4, (8@07,,/80)(00, 0) #
0. Thus Qo (¢, z) has a local expression

Qop(c, z) = agp(c — co) + bopz + higher order terms

around (co, 0) with ag,, by, # 0. It follows that

@1 (¢, 2) = Qoplc,w™z) = agy(c — o) + bopw 7z + higher order terms

Therefore the tangents of Vip (1<j<d-—1)at (c,0) are pairwise distinct.

For n > 2, we denote by a, (¢ — co) + b, ,(z — 2) the equation of the tangent of V7
at (co, 20). By the formula ¢/ (¢, 2) = qu,(c, f27'(2)) (Corollary 4.2), we have that

4 o, g g’ ofn-1 o fnt

al,, = a—g”’(@, 20) = 81;’ (co,0) + 8,1; (co,0) f@c (co,20) = ag,p + bopw™ / (o, 20)
) g, oq] ) . )

b, = az’p (co,20) = a;p (co, 0)(f2) (20) = bopw™ (f271) (20)

If there exists 0 < [ < n — 2 such that f! (2) = 0, then (f27')(20) = 0, and hence
bl,, = 0. It follows that the first non-vanishing term of Q,, at (co,z) is a(c — ¢o)*™!
where @ is a non-zero constant, i.e., X, , has the tangent ¢ = ¢y of multiplicity d — 1 at
(co,20). In the other cases, we get (f?~')'(2) # 0. Combining this point and the fact

that agp,boyp 7 0, it is not difficult to check that the pairs (af, ,, 0 )(1 < j < d — 1) are
pairwise non-colinear. Hence the tangents of VJ (1 <j <d—1) at (co, z9) are pairwise

distinct, that is, (g, 20) is ordinary. H

4.2 Proof of the smoothness and irreducibility of qfﬂt,p

The objective here is to prove Theorem 4.3.

The approach to prove the smoothness is similar to that in [BT]. The idea is to
prove that some partial derivative of q{l’p is non vanishing. Following A. Epstein, we will
express this derivative as the coefficient of a quadratic differential of the form (f.),Q — Q.
Thurston’s contraction principle gives (f.),Q — Q # 0, whence our partial derivative is
non-zero.

The approach to the irreducibility is based on the connectedness of periodic curve
Xop. Then we will show the connectivity of V{l"p using a branched covering by induction
on the preperiodic index n.

Here we list some definitions and results about quadratic differentials and Thurston’s
contraction principle. All their proofs can be found in [BT] and [Le].

14



We use Q(C) to denote the set of meromorphic quadratic differentials on C whose
poles (if any) are all simple. If @ € Q(C) and U is a bounded open subset of C, the norm

9o = /[ 1a

For f : C — C a non-constant polynomial and Q = ¢ dz* a meromorphic quadratic
differential on C, the pushforward f,Q is defined by the quadratic differential

is well defined and finite.

q(w)
fr(w)*

If @ € Q(C), then f,Q € Q(C) also. The following lemma is a weak version of Thurston’s
contraction principle.

[Q:=Tqdz with Tq(z):= )
flw)=z2

Lemma 4.5. If f : C — C is a polynomial and if Q € Q(C), then f.Q # Q.

The formulas below appeared in [Le] chapter 2, we write them together as a lemma.

Lemma 4.6 (Levin). For f = f., we have

f. (d—z2> 0
z

dz? 1 dz? dz? )
f*(z—a)_f’(a) (Z—f(a)_z—C) Jaz0

To prove the irreducibility of q£7p, we need the following Lemma.

Lemma 4.7. For each n,p > 1,1 < j < d— 1, the polynomial qfl’p(c, 0) (in the variable
¢) has degree vy(p)d" 2.

Proof. For n = 1, we see that q{’p(c, 0) = Qoplc,0) from Corollary 4.2. Then the result
follows directly from point 5 of Lemma 2.4.

For n > 2, qﬁ’p(c, 0) = qip(c, f771(0)). Since Deg(qip) = degz(qip) = vy(p) (see
Lemma 4.1) and Deg(f"~1(0)) = d"2? (which is easily checked), we have

Deg(q} ,(c,0)) = Deg(q] ,(c, 2)) - Deg(f2~1(0)) = va(p)d" >

by (2) and (3) of Lemma 2.2. Then the proof is completed. O

Proof of Theorem 4.3. The proof goes by induction on n.

For n = 1, as qip(c, 2) = Qop(c,w™2) and Qo ,(c, 2) is smooth and irreducible, we
know that q{’p(c, z) are smooth and irreducible. Assume that for 1 <[ < n, the polynomial
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qu’p(c, z) are smooth and irreducible. Then we will show that ¢} (c,z) are smooth and
irreducible. Now fix any jo € [1,d — 1].

Smoothness of ¢°: As ¢, (c,z) = ¢ (c, f.(2)), for any (co, 20) a zero of ¢i° (c, z),
we have

ok, ond ot
ac@ (007 ZO) ach (CO7 'UJO) + Lp (007 wO)
@qjo aqjo (4‘6)

where wy = fe,(20). Then if 2y # 0, by the smoothness of V9, (assumption of induction),
[0¢)°,/0¢](co, 20) and [0g°,/0z](co, 20) can not be equal to 0 simultaneously, it follows that
ql°,(c, z) is smooth at (co, z9). So we are left to prove that ¢/, (c, z) is smooth at (co,0) €
VjO In this situation, ¢q is either a p-periodic super-attracting parameter or a (n,p)-
Mlsmrewmz parameter, and [0/, /02](co,0) = 0. So we have to show [0¢//dc](co,0) # 0.

In the former case f2~1(0) = 0, then pln — 1. Since ¢2°,(c,z) = ¢l°(c, f171(2)), we
have

g2, oql°, oql’, of!
ac (007 0) - W(C(b 0) + 82 (CO7 0) ac (607 O) (47>

Note that Qo ,(co,0) = 0 and p|n — 1, then differentiating both sides of the equation
I 1 )— 2= HQOkCZ
kln—1

which is raised in point 1 of Lemma 2.4, with respect to ¢ and z respectively at the point
(¢o,0), we have that

( a n—1 a
J;Cc (Co,o) = Qop 007 H QOk Co, 0
kin—1
it (4.8)
—1 = aQOp 0) ] Qox(co,0
\ k}‘g;pl

Since q{?p(c, z) = Qoplc,w™°z), then

8qj0 o 8qj0
o 0,0) = 2202 (00,0, T2 (¢, 0)

By substituting these two formulas into equation (4.7) and applying equation (4.8), we
find

wo —aggm (¢o,0).

dqle 9Qo, i, 9Q, 8@0
acp(C(),O) - an(CmO) +w ! azp(CO, p kgl Q(]k CO:
k#p
9Q, o 9Qo,
= acp(CO,O)(l + w JOWP(C&O) IJ;!:I Q(),k(C0,0)
k#p
0 .
= g{?” (¢, 0)(1 —w™). (4.9)
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By point 5 of Lemma 2.4, [0Qq,;,/0c|(co, 0) # 0, then so is [9¢)°,/dc](co, 0).

In the latter case, since

8Qn, j aqgl?
ac L (CO7 0) = H qu,p(c()? O) : an (007 O)

1<j#jo<d—1

and the point (co,0) is not a zero of [, ., ¢, ,(c, 2) by Lemma 4.1, we only have to show
[0Qn.»/0¢](co, 0) # 0. Furthermore, since

0P, 0Qn
8c’p(co,0) = ®y-1(c0,0 H Qn,k(co, 0 “ ’p(COaO)

klp,k<p

and @5,_1,(co, 0) * [ T4, k<p @ni(co,0) # 0, it is equivalent to show [0P,,,/c](co,0) # 0.
We shall choose a meromorphic quadratic differential with simple poles such that

0d,, dz?

7p O . .
Oc (<0, 0) 2z —co

(fo)sQ@=Q+

Then by Lemma 4.5, we obtain [0®,, ,,/0c|(co,0) # 0.
We shall use the following notations:
2= foR0), Ok i=fl(m) =delt, 0<k<p-—1
wi=lo0),  a=fow) =dy,  1<I<n-1
With these notations and a bit of calculations, we get

aq)n’p B afo(n—i—p) afcon
dc (c0,0) = dc (c0,0) = dc (0, 0)

= (0o - 0p-1—1)(ep1--e1+ - +ep16n2+en1+1)

R RRERY S MR
Denote ((50 s 5p_1 — 1)<5n—1 cerE1t o+ Ep_1Ep—2 T En—1 + 1) by o. Let

p—1 n—1
Pk 2 Al 2
S N d
0-5 Hie s Mo

Z —_—
—1 Ui

be a quadratic differential in Q(C). Here pp (0 < k <p—1), ; (1 <1 <n—1) are
undetermined coefficients (note that y; = ¢g). Applying Lemma 4.6 and writing f for f,,,
we have

1o — p‘1@< d?  dZ? )Jiﬁ( d*  d )+>\n_1( d?  d2?
z—z Z—C €1 \% — Y Z—Cy Z—2Zy Z—Cg

k=0 k k+1 =1 g’l’b—l
_ Ay dz? dz? _ dz?
= Pp1+ 1) _|_@ _|_..._|_M—
0. —1 En—1 Z— 20 (50 Z— 2 5p72 Z— Zp—1

D
n—1 p—1
AN\ dZ? A\ dz2? Ao d2? pe | dZ?
+<“‘Zg> Uit h EE s Pl CRD DY o s

Z—=U €12 — Y2 YUn—1
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We want to choose Q so that

pilpk dz*
fQ-Q=— Q+Zg p—
k=0

It amounts then to solve the following linear system on the unknown coefficient vector
()007 <oy Pp—1, )\1, ceay )\n—l) .

1
1
do £o O
L .
-1
1 -2 1 1 Pp—2 0
- et 101 1 L P | = | Y
1+ g1 a2  e3 €n—2 En-1 )\l a
1 —1 )\2 O
€1
1 _1 )\n—l O
<€n—2

Denote by A the coefficient matrix, we have

(-1)"a
80 Op1 €1 En_i

det(A) =

Then whether o = 0 or not, this linear system has non-zero solutions, and one of its
solutions is

( po = do-- '5p—1
P1 = 01 0p1
Pomt = O 4.10
Moo= (o0 —1) e (4.10)
Ao = (50 e '5p—1 - 1) *En—1En—2

( A1 = (50 e '5p—1 - 1) “E€n—1

Therefore, for (po, ..., pp—1, A1, .., Ap—1) satisfies (4.10), we have

p—1
dz* 09, dz?
re-g - - (ar T n) L P

) zZ—cC Oc zZ—cC
1o Ok 0 0

As a consequence [0®,,,,/dc](cy,0) # 0.

Irreducibility of ¢)°: For n > 2, ¢} (c, 2) is defined by ¢ (c,z) = Qi_1,p(ca fe(2)).
Interpreting these equations from a topological view, we obtain a sequence of maps

{01y Vi) — Vi (@2) = (6 f2) [n =2 p>1, 1< j<d—1},
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Note that for n = 1, we can also define a map gaip ; Vf,p — Xop by p{7p(c, z) = (¢, fo(2)).
By the smoothness of V? > we can check the following results.

e The map go{?p : vap — X, is a homeomorphism. To see this, notice that q{pp(c, z) =
Qop(c,w™z) (Corollary 4.2), so we can define a map ¢}, from Xy, to V/, by
mapping a point (co,wp) € Xop to (co,w’29) € V], where z is the point in the
orbit of wy under f,, with f.,(z) = wo. By a sunple computation, we can see that

le °p, zdw and @i , 0 ¢}, = idy,,. Hence g , is a homeomorphism.

e For n > 2, the map pf%p : Vﬂ;yp — Vifl,p is a degree d branched covering with critical

set
D}, ={(c,0) | g,(c,0) = 0}.

and each critical point has multiplicity d — 1.
In fact, a point (cp,wy) € Vi_Lp \ (Dj},,) has d preimages (co, 21), ..., (co, 2a)
under pf ,» wWhere z1,...,2q are preimages of wg under f,,. Fix i € [1,d]. If
[8qn7p/(9z](co, z;) # 0, then by equation (4.6), [(9q7j1717p/8z](co, wo) # 0. It im-
plies that some neighborhoods of (cg, z;) and (cp,wp) can be parameterized by ¢
respectively. Using such two local coordinates, the map ga{w has a local expression
¢ = ¢ near (co, %), which means that @/  is a local homeomorphism near (co, z;). If
[0¢], ,/07](co, zi) = 0, then by equation (4.6), the fact of z; # 0 and the smoothness
of ¢J ,, we have that [(9qfﬂ;71’p/8z](co, wp) = 0 and

dq) oq,,_
ac’p (co, %) 8(31 E(co, wo) # 0

It implies that some neighborhoods of (cg, ;) and (co, wp) can be parameterized by
z respectively, and /(z;) = 0. Using such two local coordinates, the map go{w has a

dfc(Z)('z)
Ter2)| = du#0,
o | 2z #0

which still means that J  is a local homeomorphism near (co, z;).

local expression z = f,(;)(2) near (co, 2;). Since z; # 0, then

2=2z;

By the discussion above, we can see that

o VI (9h,) (D)) = Vi, \ o(Di)

is a degree d covering. On the other hand, for any point in @ (D, ), it has only

one preimage, which belongs to D] . Hence we have that @ : V] — V” _1pisa
degree d branched covering (because (9),) " (p(D5,) = Dj, and Dj , is finite)
and the local degree of )  at each point of D}  is d.

By the smoothness of q%?p(c, z) and the inductive assumption of irreducibility, we know

that Vﬂ;o_Lp and each connected component of Vjo is a Riemann surface. Then the re-
striction of E/° on any connected component of WO is also a branched covering. Lemma
4.7 implies that the critical set an of pﬁl‘{p is non- empty Since each critical point has
multlphclty d — 1, the set Vﬁl?p must be connected. By Lemma 2.3 and the smoothness of

q)°,, we conclude that ¢)°,(c, ) is irreducible in C[c, 2].

O
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5 Genus of the compactification of Wl’,p

In the previous section, we have seen that X, , consists of d — 1 Riemann surfaces V,Jl"p
which are pairwise intersecting at the singular points of X, ,. In order to give a complete
topological description of &, ,,, we also need the topological characterization of each Vg,p.

In fact, by adding an ideal boundary point at each end of V{;’p, we obtain a compact-
ification of V7, denoted by V?

n7p’ n?p’

). The genus of l?fz"p is calculated (in § 5.2). Topologically, &, , is completely determined

such that ]7,{71) is a compact Riemann surface (in § 5.1

by the number of its singular points, the genus of ]7;7;710 and the number of ideal boundary
points added on VJ , (or the number of ends of VJ ).

5.1 Compactification of V]

Denote by 7T¥Z7p2 V{;’p — C the projection from Vip to the parameter plane, i.e., 7r¥hp(c, z) =
c. It is easy to see 4 '

ﬂ.fl,p = To,p © pjl,p ©---0 pgm—l,p © pZLp (51)
where 7, is the projection from Xp, to the parameter plane and g/ , is defined in the

proof of irreducibility. It follows that n}  is a degree vq(p)d"~' branched covering. To

study the critical points of 7/, we define a subset C"}}(singular) of C,, ,(singular) by

Cyii(singular) = {(c, z) € C,, p(singular) | fi(z) = 0 for some 0 <1 <n—-2}  (5.2)

Lemma 5.1. For any l,p > 1, the critical set of 7rlj7p is the union of Cip(primitive),
C'Zp(satellz'te), C’lj;p(Mz'siurewicz) and Cf™(singular), where C’f;p(M) = Cip(M)N Vlj;p and

Lp
M indicates different properties.

Proof. We first note that (cy, zo) is a critical point of le; , if and only if [8qu7p /0z](co, z0) = 0.
By part 4 of Lemma 2.4 and the fact that pip is homeomorphic (which is shown in the
proof of irreducibility of qu’p), the critical set of 7  is C{ ,(primitive) U O] (satellite). In

the case [ = 1, C,(Misiurewicz) and C[7*(singular) are empty.
For [ > 2, by Corollary 4.2, we have qip(c, z) = qip(c, f=1(2)). Then a point (co, 20)

is critical for 7}  if and only if

Oq] ai

P _ _HdLp -1 -1 —

5, (C0,20) = —2(co, foy (#0)) - (fog )'(20) =0

It is equivalent that either (co, fi-%(z0)) is a critical point of pf, or f! (2) = 0 for

some 0 < ¢ < n — 2. By Proposition 3.3, the former case happens if and only if
(co,20) € Cj  (primitive) U Cf (satellite), and the latter case happens if and only if

(co,20) € Cl]; ,(Misiurewicz) U Cf*(singular). O
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From this Lemma, we see that the critical value set of W%p is contained in the union
of parabolic, super-attracting and Misiurewicz parameters. Hence C \ M, contains no
critical values. It follows that each connected component of (gJ, )~ (C \ My), called an
end of Vﬂ;’p, is conformal to C\ D. By adding an ideal boundary point at the infinitely far
boundary, each end of V},  is conformal to the unit disk, and then V}  becomes a compact
Riemann surface. This gives a kind of compactification of V} , and we will calculate in

the next subsection the genus of this compact Riemann surface.

More precisely, set { Sfl'm} (1 <i<mj,) theendsof V] . Denote by oo? . the point

n,p,t

added at the infinitely far boundary of £ i Then the surface ijz,p =V, U {oon i }ﬁp
is a compactification of V} , and 57?”“ = Eflpl U {oonpl} is called an end of Vflvp. In this

case, the map 77 , can be extended to
JURS ~
.V, —C

by setting 7 (o0? ) = 0.

5.2 Calculation of the genus of ]//\%’p

Now, for any n,p > 1, j € [1,d— 1], we have obtained a branched covering 7/, ]73;71) —C
of degree v4(p)d™~! between two compact Riemann surface. By the Riemann-Hurwitz
formula, we have

2 —2g) ,+ total number of critical points of 7, , = 2v,4(p)d" .
where gZL’p denotes the genus of 17,{71,. So in order to calculate the genus of WL > We only
need to count the number of critical points of 5?' , counting with multiplicity. By Lemma
5.1, we know that the critical points of 77 - con51sts of the points of CJ ,(primitive),
ngp(satelhte), C} ,(Misiurewicz), C¢' (singular) and maybe some added 1deal boundary
points. So we will count them class by class.

e Counting the points of C7 (primitive) and Cj  (satellite).

In [B], Bousch counts the number of critical points in Cj ,(primitive) and C ,(satellite).
His argument can be directly extended to our case (see also [Sil, Thm. 4.17]). so
we only list the result without the counting process. The number of critical points
counted with multiplicity of 77, , in CJ (primitive) and C}, (satellite) are

d"'p[(d = Vva(p)/d = Y (va(k)/d)(d — V) (p/k)]
klp,k<p

and

"t Y (valk)/d)(d = D)e(p/k)k(p/k — 1),

Elp,k<p
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e Counting the points of C} (Misiurewicz).

Recall that DI ) = {(c,0) € C*|¢! (c,0) = 0},s > 2, is the set of critical points
of ol ,. By Proposition 3.3, if (¢,0) € DJ, then c is either a (s, p)-Misiurewicz
parameter or a p-super-attracting parameter. So we divide the set Dg,p into two
sets

DJ (Misiurewicz) = {(c,0) € DI, | ¢ is a Misiurewicz parameter}

and
D] (period) = {(c,0) € D, | ¢ is a super-attracting parameter}

By the definition of CJ (Misiurewicz), we have

n

C3 ,(Misiurewicz) = | J(h] )71 (D] , (Misiurewicz)),

n7s7p
s=2

J — e Y] J
where h = Qer1pOC 0@, Vi, — VI,

n,s,p °
Fix any s € [2,n]. Since the degree of ¢J (c,0) is v4(p)d** (Lemma 4.7) and
[0¢7,,/0c](c,0) # 0 at each (c,0) € D], (this point is shown in the proof of smooth-
ness of ¢] (c,2)), we get #DJ , = v4(p)d°~>. By point (5) of Proposition 3.3, the
set Dg’p(period) is non-empty if and only if p|s — 1. In this case, we also see that
D} (period) = {(c,0) | Qop(c,0) = 0}, then #DJ (period) equals to vy(p)/d if
pls — 1 and 0 otherwise. It follows that

A sy ipfs—1;
#D? (Misiurewicz) = { va(p)d*=2 — vg(p)/d, if p|s — 1.

Note that the critical value set of hJ , , is disjoint from DJ (Misiurewicz), so

. 1 . L. . o . .« . . mn—s
(b )Y Dip(MlSlurewmz)) = #D;p(MISIUI'erCZ) -d

n7s7p

and each point in (hJ , )~ (D] ,(Misiurewicz)) is a critical point of 7 , with multi-

plicity d — 1. Therefore the number of critical points counting with multiplicity of
7, in CJ (Misiurewicz), denoted by M,,j, is equal to

M,,: = Z #D?_(Misiurewicz) - d"* - (d — 1)
s=2

(2521

= va(p)d"2(d—-1)(n—1-Y d"). (5.3)

e Counting the points of C¥(singular).

Recall that Ci (singular) consists of points of the form (c, z) with f~'(z) = 0 and
such that there exists [ between 0 and n — 2 (both included) with f!(z) = 0 and s.t.
0 is p-periodic.
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We divide the set C,p(singular) into several subsets C}, ,(singular) which consists
of points (¢, z) € C,, ,(singular) such that

n—1—tp=min{ 1| f'(2) =0}

The index t can take the values 0, . [”le], where [z]| denotes the maximal in-
teger less than or equal to x, and the sets C! np are pairwise disjoint and form a
partition of Cy,p(singular). From (5.2), we see that C)f(singular) is the union of
C! ,(singular),t > 1. Then we get #CgV (singular) = 0 if n —1 < p. So in the
following discussion, we only concern the case of n — 1 > p, i,e., [" 1>1.

Let t > 1. A point (¢, 2) € C} (sigular) if and only if (c,0) € Dtpﬂ’p(period),
fr=17(2) = 0 and (f"~17%)'(2) # 0. Hence

Ci,p(sigular) = (h“ZL,tp—i-l,p)_l(Dgp-f—l,p(peri()d)) \ (hi,(tﬂ)pﬂ,p) (D€t+1)p+1 p(PeriOd))

if (t+1)p+1<n, and C}, (sigular) = (h! ipiip) 1(Dfp+17p(period)) otherwise. So
we have

d" 1" vy(p)/d, if £ = [22];

p

C! (sigular) = i n—1_
#C,, ,(sigular) {dn L0 y(p)Jd —d - d 0Py (p) /d, i1 <t < [2=L pl]

On the other hand, the map &/, tptlp Vi » v/ i1 is injective in a neighborhood of
any point (c, z) € C}, (sigular), and the map Thoi1p - th+1 — C has the local degree
d" at the point (c,0), so the number of critical points counting with multiplicity in

C} p(sigular) is (d* — 1)#C;, (sigular). Then the total number of critical points

counting with multiplicity in C,, ,(sigular), in the case of [ 11>1,is
[254]
Knp: = Z (d" — 1)#C, (sigular)
=1

= v(P) (@ = DA P (G — Gup) + (5T = Da(p) 2T (5.4)

where &, , == Zt_ g1 and Cnp = Zﬁj}_l drt.
Note that when [%] = 0, the number computed by formula (5.4) is 0, which is

still equal to the number of C"f(singular). So the number K, ,, defined by (5.4), is
equal to the number of critical points counting with multiplicity in C¢"f(singular)
in all cases.

Counting the ideal boundary points.

In [B], [Mill], Bousch and Milnor show that the local degree of m, at each ideal
boundary point is 2 (in the case of d = 2) by analysing the asymptotic behavior
of f.(2) as (c, z) goes to an ideal boundary point on Ap,. Their argument can be
easily generalized to our case with degree d > 2. Just to be self-contained we give an
alternative proof using the monodromy action (Lemma 5.3 below). By Lemma 5.3,
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the local degree of )7,{4, at each ideal boundary point is d. It follows that the number

of ideal boundary points is vq(p)d"~* because 7, , is a degree vq(p)dP~' branched

covering. So the number of critical points counting with multiplicity is equal to
va(p)d"2(d —1).

By the Riemann-Hurwitz formula, we have

. 1 . 1 1o
Gp =1+ Sra(p)d" 2 (pd—p—1—d) 5 (M + Knp) = 5d"2(d=1) Y kva(k)e(p/k).
klp,k<p

Here is a genus computation of some examples.

d n p Vd(p) Mn,p Kn,p Inp
3 1 1 3 0 0 0
3 2 1 3 4 2 1
2 2 2 2 2 0 0
2 3 2 2 7 1 1
2 2 3 6 6 0 2
Corollary 5.2. Fizn,p > 1, the surfaces Vr{’p,l < j <d—1 are pairwise homeomorphic.

Proof. Topologically, the surface V{;’p is completely determined by the genus and the

2 »» Whereas these two numbers are independent of

number of ideal boundary points of Vi
J. O

Lemma 5.3. All ideal boundary points are critical points of ﬁfl’p with multiplicity d — 1.

Proof. To prove this lemma, we first give a symbolic description of the dynamics on the
filled-in Julia set for a parameter outside the Multibrot set.

If ¢ € C\ My, the Julia set of f. is a Cantor set. If ¢ € Ry, (0) with 6 # 0 not
necessarily periodic, the dynamical rays R.(0/d)...R.((6 + d — 1)/d) bifurcate on the
critical point. The set R.(6/d)U...UR.((6+d—1)/d)U{0} decomposes the complex plane
into d connected components. We denote by U, the component containing the dynamical
ray R.(0) and by Uy, ..., U1 the other components in counterclockwise order.

The orbit of a point x € K. has an itinerary with respect to this partition. In other
words, to each x € K., we can associate a sequence in Z§ whose j-th entry is equal to &
if fo9=1(2) € U, . This gives a map ¢ : K, — ZY, which is bijective for any ¢ € C\ M,.
Moreover, the dynamic of f. on K, is conjugate to shift on Z via the map ..

The map 7 : & . — C\ M, is a covering of degree di,p,i'

p—]
Now let ™ := 7/ i

,p|83;,w.'
Fix ¢ € C\ (MqU Ry, (0)), dﬁ;’pﬂ- = #(7(cp)). Since Ei,p,i is connected, the monodromy
group induced by 7, denoted by Mon(n), acts on 7~ !(cy) transitively. Then fixing any
point (cg, 20) € 7 (cp), the set 7 1(cp) is exactly the orbit of (¢, z9) under Mon(7).

Let ¢; : [0,1] — C\ M, be a oriented simple closed curve based at ¢, such that
¢; intersects Ry, (0) at only one point ¢,. Let z be the (n,p)-preperiodic point of f.,
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obtained from the analytic continuation of zy along ¢;. Note that as ¢ varies in C \
(MqU Ry, (0)), the (n, p)-preperiodic points of f,, the dynamical rays R.(0) and R.((6. +
s)/d) (s € Zy) move continuously. Consequently, we have

{ te,(2t) = Ley(20) for t € [0, to)
be,(2) = Ley(21) for t € (to, 1]

Furthermore, on one hand, z; and R.,(0) move continuously for ¢ € [0,1]. On the other
hand, when ¢, passes through Ry;,(0), the dynamical rays R., ((6; + s)/d) (s € Zy) move
discontinuously and jump from R., ((6;,_ +s)/d) to Re,, (6, +s+1)/d), t_ <to<ty.
So if 1y (20) = B - .. P1€1--- 6, then

teg(21) = (Ba+ 1) (Br+Der + 1) (6 + 1) (5.5)

Hence the map o,,, an element of Mon(7) induced by ¢;, maps (co, z0) to (co, 21) with z;
satisfying (5.5). Since m1(C \ My, co) = (¢;), then we have

(W%’p‘gi,p,)_l (co) = {(co, z)|LCO(z) =Bn+s)...(bi+s)a+s)...(+9), s€ Zd}

As a consequence, d’. pi = d. O

6 The Galois group of @), ,(c, 2)

The objective here is to study X, , from the algebraic point of view by calculating its
associated Galois group.

Recall that C denotes the ring C[c] and K is a fixed algebraically closed field containing
C. Since the characteristic of C(c) is 0, any polynomial f € C[z] induces a finite Galois
extension C(c)(f) over C(c) (see [W, Thm. 3.2.6, 2.7.14]), where C(c)(f) is the splitting
field of f, and hence a Galois group G(f) := Gal(C(c)(f)/C(c)). In particular, we denote
the Galois group of @, by G, .

For each n > 0,p > 1, denote R, , the set of roots of @, , € Clz]. By (3.2), we have
fe(Rnp) =Rp1pif n>1 and f.(Roy) = Ro,p. Let us consider

%<np U %lp

0<i<n

Then f.(R<n,p) C R<y,p and the action of f. induces a directed graph structure consisting
of a certain number of disjoint cycles of order p, on each vertex of which is attached a
tree of height n. More precisely, for each 0 <[ < n, we consider the roots in R;, as the
vertices of level [, and two vertices Ay, Ay € R, , are connected by an oriented edge
from Ay to Ay if f.(A1) = Ag. Thus R, , has a graph structure, and we denote this

graph by ?ﬁznp (see Figure 1).

Example. For d = 3,p = 4,n = 2, the directed graph 9‘%@27 4 has 18 connected component,
which are pairwise isomorphic. We draw one in the following.
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Figure 1. A connected component of 9@2,4.

On the other hand, note that R<,,,, is the set of roots of

Q<np = || Qip € Clz].
1=0
So, correspondingly, we consider the Galois group G<,, of Q< ,. Firstly, we have the
following simple result.

Proposition 6.1. For each n > 0,p > 1, we have G, = G<p p-

Proof. By (3.2), any root of @;, € C[z] (0 <1 < n) can be written as a polynomial with
coefficients in C of roots of (), ,. It follows that the splitting field of Q<,, = II}' (@i,
over C(c) is the same as that of @,,,, over C(c). Hence G<,,, = G, p. O

By this proposition, computing the Galois group G, is equivalent to computing the
group G<, . Let o be an element in G<,,,,. Since it fixes the base field C(c) pointwise, we
have 0(R;,) = R, and f. o0 = oo f.. Hence o induces an automorphism of the graph
ERQW, i.e., o is a permutation on each [-level vertices of %gn,p’ and Ay, Ay € Re,,, are
connected by an edge from A; to A, if and only if 0(A1), 0(As) are connected by an edge

from o(A;) to o(Ay). Clearly, different elements of G<,, , induce different automorphisms

of RL, ). So Gy can be seen as a subgroup of Aut(RL, ), the automorphic group of
the graph %gn,p‘

In the case d = 2, Bousch [B] proved that
GS"»P & AUtC‘Rgn,p) = HS”»P(fC%

where H<,, ,(f.) denotes the set of all permutations on R, , that commute with f.. In
the general case, the result is similar but needs a small modification. We will exhibit this
point in the following.

Let o be an element of the Galois group G<, . As o fixes the field C(c) pointwise, it
must satisfy the following two conditions:
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(P1) o commutes with f., ie., 00 f.= f.oo0.

(P2) o commutes with the rotation of argument 1/d. That is, if o(A) = A for A A €
Repp, then o(wWA) = WA where w =e’d and 1 < j < d—1

Therefore, if a permutation on fR<,, wants to be a candidate of elements in the Galois
group G<p,, it should satisfy the conditions (P1) and (P2).

In fact, in the case of d = 2, the condition (P1) implies (P2). To see this, let A,,_; be
a root of Q,—1, (n > 1) and A,, —A, be the preimages of A,,_; under f.. Let o be an
element of G<,,, and set A, = o(A,). By condition (P1) o must map —A,, to —An, then
the condition (P2) holds. Therefore, it is possible for (P1) to be a sufficient condition for
a permutation on R, , to be an element of G, ,, and Bousch [B] proved this point.

However, the situation has a little difference in the case of d > 3. Following the nota-
tions A,,_1,A,, A, and o as above. In this case, A,,_; has at least 3 preimages, which are
A, wl,, ... ,witA,. By condition (P1), we only know that o maps {wA,,...,w? A}
bijectively to {wA,, ...,w?'A,}, but can not get o(w/A,) = wi(A,) for 1 <j < d—1.
So, in case of d > 3, the condition (P2) can not be omitted.

What we would like to prove is that, except (P1) and (P2), no other restrictions are
imposed on G<,,,. The proof is similar to that of Theorem 4 in Chapter III of [B].

Theorem 6.2. The Galois group G<,, consists of all permutations on R<,,, which com-
mute with f. and the rotation of argument 1/d.

Proof. We denote ry4 the rotation of argument 1/d, and H<, ,(f.,rq) the set of permu-
tations on M<, , which commute with f. and r4. By the definition, it is not difficult to
check that H<,, ,(f., 74) leaves each R, ,, and hence R, invariant for 0 <[ < n.

Define a group homomorphism

Gn : Gengp = Hepnp(fe,7a)

such that ¢,(c) is the restriction of o to R, . According to the discussion above, we
just need to prove the surjectivity of ¢,.

Note first that the result is true for n = 0 following 6 of Lemma 2.4.

For n = 1, since H<y ,(fc,ra) leaves Ry, invariant, there is a natural homomorphism
from He<,(fe,7q) to Heop(fe,7a) With 7 T|x, . This homomorphism has an inversion
which maps 7 € H<gp(fe,7q) to T € H<ip(fe,7a) such that T|w,, = 7 and 7(w/A) =
wIT(A) for each A € Ry, j € [1,d — 1]. Thus Heqp(fes7a) =~ H<op(fes7a). Note that
G1p = Gop (because the splitting fields of @y, and @i, over C(c) coincide), then the
result is true for n = 1.

Now we argue by induction on n. Assume that ¢, : G<po1p = Hapo1,(fe,7a) is
surjective (n > 2).

Let 7 € Hepp(feyra). As 7 commutes with f,, it leaves R<,_1, invariant. Then
T|n—1, the restriction of 7 on R<,_1,, belongs to Hep1,(fe,74). By the assumption
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of induction, there is an element 0,1 of G<,_1, with ¢,_1(0s—1) = 7|,—1. According
to the Galois theory (see [W, Thm. 2.88]), we can find an element o of G, , such
that its restriction on the splitting field of Q<,_1, over C(c) coincides with o,_;. Set
=17 ¢,(0)7, then 7 € Hepp(fe,rq) and it fixes R, 1, pointwise. Now it remains
to prove that G<,, contains 7/, i.e., there exists o’ € G<,, with ¢, (¢’) = 7/, because if
50, T = ¢p(0")pn(0) = ¢n(0’c), which implies ¢, is surjective.

Set k; := v4(p)(d — 1)d'~! for each [ > 1 (which is the number of roots of @Q;,), and
denote ' ' '
Rop = (AL WAL WAL

n’

Since 7’ fixes R<,,_1, pointwise and commutes with both f,,r,, it can be expressed as a
product

Kn—1
7—,: H(Sia5i+17"' 7d_1707“' asi_l)a
i=1
where (s;,8; +1,-++,d —1,0,--- , 5, — 1) is the cyclic permutation on (Af, ... w? tA?)
mapping A?, to w* A’ and so on. Notice that all these cyclic permutations (s;, ..., s; —1)
are commutable.

The argument in this paragraph is a classical correspondence between the Galois theory
and the covering theory; see [Z] for the detail. Let V,,, be the set of singular values of
the projection m : X, , = C. Then m,, restricts to a cover from the complement of the
preimage of V,,, in &, , to the complement of V,,,, in C. For all ¢y not in V,,,, there is
thus an action of m;(C\ V,,,, ¢p) on the roots

Ty = {21, Wity

of Qnp(co, z), which is seen as a polynomial in the variable z and with complex coefficients.
By the correspondence between the Galois theory and the covering theory (see [Z, Thm.
1]), there is a (non-unique) choice of bijection between the roots of @,, € C|z]| and
the roots of @, ,(co,2) € C[z] such that the set of permutations induced by the Galois
group on the set R<, , is conjugated by this bijection to the set of permutations on Z,,
induced by 71 (C\V,,,, ¢p). Thus we get a surjective (not injective, usually) morphism from
1 (C\ Vi, co) to the Galois group. Moreover, this bijection is such that any polynomial
relation between the A! with coefficient in C(c) will give a relation between the 2!, with
co being substituted to c. It implies that the action of m(C\ V,,, ¢o) on Z,, preserves
commutation with multiplication by w.

Therefore, by the discussion above, to obtain the required permutation 7/, we only
need to find a path in the basic group m1(C\ V,,,, co) such that its monodromy action on
{(z,.. . wit21)} " induces the same permutation as 7. We now show the following
result, which is sufficient: for any i € [1, k1], there exists a path in 7 (C\ V,,,, co) such

that its monodromy action induces the permutation (s;,s; +1,---,s; — 1).

Fix any i € [1,k,_1]. Suppose that {(co,z%), (co,wz?), ..., (co,w?121)} belong to
V; - Let ¢ be an (n, p)-Misiurewicz parameter with (¢,0) € V. Such ¢ exists because
the set D}, (Misiurewicz) is non-empty (see section 5.2 item 2). By (3.2), (¢, ¢) € &1,
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Since ¢ is a Misiurewicz parameter and the orbit of ¢ does not contain 0, then the point
(¢,¢) belongs to no sets in Lemma 5.1 in the case | = n — 1. Hence w = ¢ is a simple
root of the equation @Q,—1,(¢,w) = 0 (in w). So by the Implicit Function Theorem, the
equation (Q),,—1 ,(c, w) = 0 admits a unique solution w = w(c) close to ¢ fullfilling w(¢é) = ¢.
Thus, a neighborhood of (¢,0) in &), ,, can be written as

{(c,z) U(c,wze) U - U(c,w'2) | [e— ¢ <€}
where 2z, is one of the preimages of w(c) under f,. nearby 0.

When ¢ makes a small turn around ¢, the set {2, ...,w% 2.} gets a cyclic permutation
with w’z. mapped to w/™ 2., because 7, is a degree d covering in a punctured neighbor-
hood of (¢,0) (which is shown in §5.2 item 2), and the other (n,p)-preperiodic points of
fe remain fixed, since ,, is injective around each point (¢,§) with £ a non-zero (n,p)-
preperiodic point of fz. So if we choose a path v € m(C \ V,,,, ¢g) homotopic to ¢, the
induced permutation by its monodromy action gives the cyclic permutation (2,...,d, 1)
on (z%,...,w41z*) for a (n,p)-preperiodic point z! of f., fullfilling (co,2) € V!, and

n n,p?

keeps the other (n, p)-preperiodic points of f,, fixed. Now we join (cg, 2%,) and (¢, 27) by
a curve from (co, z},) to (co, z;) in Vi \ 7, (Vs ), and denote its projection under 7, by

B. Then S € m(C\ V,,,,cy) and the path 5 -~% - 371 is what we expect. n
P Y

Applying this theorem, we can also characterize the Galois group G<,, by the au-
tomorphisms of the directed graph %En,w as in the d = 2 case. For d > 3, denote by
Aut(i)‘if’p, r4) the set of automorphisms of %gnyp that commute with the rotation of argu-
ment 1/d, and by H<, ,(f.,74) the set of permutations on R, , that commute with f.

and the rotation of argument 1/d.

Corollary 6.3. Forn > 0,p > 1, G<,, ~ Aut(RL |, 74) ~ Hepp(fer7a)-

n?p’

Following Bousch [B, Chap. 3, III] and Silverman ([Sil, § 3.9]), we express the Galois
group G, , (n > 2) as a wreath product.

Definition 6.4. Let G be a group and X be a subgroup of S,,, where S,, denotes the set
of permutations on {1,...,m}. Denote by 3 x G™ the wreath product of G and %. As

a set, it consists of g = (g1, -+ ,9m) where g; € G and o € X. The multiplication is
defined by
g- h = O-g(gla T agm) ' O-h(hla T ahm) =040 Uh(gah(l) : h17 5 Y9op(m) hm)
Under this multiplication law, ¥ x G™ is a group with g~ = o1 (gil1 gy ) and
9 oy (1) og (1)

unit element (1,...,1).

In [B], Bousch showed that the Galois group Gy, is isomorphic to the wreath product
Svu)/p X (Z/pZ)"4@P/P (see also [Sil, § 3.9]). From the proof of Theorem 6.2, we have seen
that G, = Gy, SO

Gy = Su,yp % (Z/pL)" 0.

For n > 2, we can give inductively an isomorphic model of G, , by a wreath product.
Recall that x,, = v4(p)(d — 1)d"™! (n > 1) is the number of roots of @, .
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Proposition 6.5. Forn > 2, we have G, , = G,_1, X
Kn—1) comes from the action of G,_1, on the roots of Qn_1,, of which

Gn—Lp on (1, 2, N
there are exactly K,_1.

Proof. For n > 2, we denote (A!_,

(Z/dZ)" =, where the action of

)it the roots of @1, € C[z], and denote

({AL . WAL
the roots of Q,,, such that f.(AL) = AL _;
A}l_l Ai_l ...... Azri—ll
A}L A% ...... A’:Ln—l
WAiL MAEL ...... WAZR_I
wdf'lAl wdf'lA2 _____ wdfl‘Ann,l

We define a group homomorphism

W Gn,p — Gn—l,p X

such that W (o) = o|n,_1(s1,-- -,

U(A;—O = Afz—l

(Z/dZy

Sk, _, ), Where ol,_1 is the restriction of o on the splitting
field of @1, over C(c), and the i-th digit in (s, ...,
for some 1 < ¢t < K,_1, then o(A!) = WAl

Sk, _,) 1s s; if and only if once
The injectivity of W

is straightforward by the action of G, , on R, , and the subjectivity of W is due to

Theorem 6.2.

]

Before ending this section, we give a computation of G, , for some small n,p. Note
that although G1 18 isomorphic to a subgroup S,/ X (Z/ pZ)re®)/P of S, L(p)» 1t is indeed

a subgroup of S, (p)a-1)

{wA,

,wATd(p);

d-1 A1
WAL L

. So mimicking the action of G, on

7wd—1Aqd(p)}’

we define a subgroup P, d—1),a of Sy, (p)@—1) such that 7 € P, ) d—1),q¢ if and only if

T(l, o va(p);
(o(1),...

fora o € Syd(p)

yo(va(p)); -

(d—2)va(p) +1,. ..
i (d—2)yy

Then Py, p)(a-1).a = Sv,p)

, (d = 2)va(p) + va(p))
(p) +o(1),..

L (d=2)va(p) + o(va(p)))

GLP? and Pl/d(p)(d—l),d = Syd(p) in the case
d = 2. The results of computation are hsted in the following table.

d n p | va(p) | Kn-1 Gnp(d)

31 [ 1] 3 - S; ~ Py

351 2 | 1| 3 6 Pos % (Z/3L)°

313 | 1] 3 18 | (Pos % (Z/32)°) w (Z/3L)"
2 3 2 2 4 (Z)27) x (Z.)27.)?) x (Z)27.)*
21 2 | 3] 6 6 | (Z/2Z) % (Z/32)%) x (Z/2Z)°
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