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Sequential robust efficient estimation for

nonparametric autoregressive models

Ouerdia Arkoun * Serguei Pergamenchtchikov

Abstract

We construct efficient robust truncated sequential estimators for the pointwise
estimation problem in nonparametric autoregression models with smooth coeffi-
cients. For Gaussian models we propose an adaptive procedure based on the con-
structed sequential estimators. The minimax nonadaptive and adaptive convergence
rates are established. It turns out that in this case these rates are the same as for

regression models.
Key words: Nonparametric autoregression, Sequential kernel estimator, Robust effi-

ciency, Adaptive estimation.

AMS (2000) Subject Classification : primary 62G07,62G08; secondary 62G20.

1 Introduction

One of the standard linear models in the general theory of time series is the autoregressive
model (see, for example, [1] and the references therein). Natural extensions for such models

are nonparametric autoregressive models which are defined by
Y = S(Tp)Ypq + &, 1<k <m, (1.1)

where S(-) is unknown function, the design z, = k/n and the noise (§;),<;<, are ii.d.

unobservable centered random variables, i.e. E§ = 0.
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It should be noted that the varying coefficient principle is well known in the regression
analysis. It permits the use of a more complex forms for regression coefficients and, there-
fore, the models constructed via this method are more adequate for applications (see, for
instance, [9], [23]). In this paper we consider the varying coefficient autoregressive models
(1.1). There is a number of papers which consider these models such as [7], [8] and [4]. In
all these papers, the authors propose some asymptotic (as n — 0o) methods for different
identification studies without considering optimal estimation issues. To our knowledge,
for the first time the minimax estimation problem for the model (1.1) has been treated in
[3] in the nonadaptive case, i.e. for the known regularity of the function S. Then, in [2] it
is proposed to use the sequential analysis method for the adaptive pointwise estimation
problem in the case when the unknown Holder regularity is less than one, i.e when the
function S is not differentiable. It turns out that it is only the sequential analysis method
allows to construct an adaptive pointwise estimation procedure for the models (1.1). That
is why, in this paper, we study sequential estimation methods for the smooth function S.
We consider the pointwise estimation at a fixed point z, €]0; 1] in the two cases: when the
Holder regularity is known and when the Holder regularity is unknown, i.e. the adaptive
estimation. In the first case we consider this problem in the robust setting, i.e. we assume
that the distribution of the random variables (§;);-, in (1.1) belongs to some functional
class and we consider the estimation problem with respect to robust risks which have
an additional supremum over all distributions from some fixed class. For nonparametric
regression models such risks was introduced in [14] for the pointwise estimation problem
and in [16] for the quadratic risks. Later, for the quadratic risks the same approach was
used in [20] for regression model in continuous time. Motivated by this facts, we consider
the adaptive estimation problem for the Gaussian models (1.1). More precisely, we assume
that the function S belongs to a Holder class with some unknown regularity 1 < g < 2.
Unfortunately, we can not use directly the sequential procedure from [2] for the adaptive
estimation of such functions. Since to obtain an optimal rate for the function with 5 > 1
we have to take into account the Taylor expansion of the function S at 2, of the order 1.
To study the Taylor expansion for sequential procedures one needs to control the behavior
of the stopping time. Indeed, one needs to keep the stopping time near of the number
of observations. This can not be done by the procedure from [2] since one needs to use
the unknown function S. In this paper we construct a sequential adaptive estimate for
smooth functions and we find an adaptive minimax convergence rate for smooth func-
tions. In Section 2, we present the standard notations used in sequel of the paper. We
describe in detail the statement of the problem and main results in Section 3. In Section 4,
we will study some properties of kernel estimators for the model (1.1) and in Section 5,

we study properties of stopping time for constructed sequential procedure. Section 6 is



devoted to the asymptotic upper bound and lower bound for the risk of the sequential
kernel estimators. In Section 7 we illustrate the obtained results by numerical examples.

Finally, we give the appendix which contains some technical results.

2 Sequential procedures

2.1 Main conditions

We assume that in the model (1.1) the i.i.d. random variables (¢,),;<, have a density p

(with respect to the Lebesgue measure) from the functional class P_ defined as

+o0 +oo
PC::{pZO:/ p(r)de =1, / xp(r)dr =0,

+00 1 +oo

2 2k

der=1 d _ dz <1 2.1
/_OO #pr)dr=1 and s gk@k_l)”/_m (2P pla) dz < } 2.1)
where ¢ > 1 is some fixed parameter. Note that the (0, 1)-Gaussian density belongs to P.
In the sequel we denote this density by p,. It is clear that for any ¢ > 0

s, =sup E [§|? < oo, (2.2)

PEP,
where E is the expectation with respect to the density p from P_. To obtain the stable
(uniformly with respect to the function S ) model (1.1), we assume that for some fixed

0 <e < 1and L > 0 the unknown function S belongs to the ¢ - stability set
(%L:{SECAWJLRLHSHSI—ezmd|BH§L}, (2.3)

where C,[0, 1] is the Banach space of continuously differentiable [0, 1] — R functions and
|S]] = sup,.,, |S(x)|. Similarly to [14] and [3] we make use of the family of the weak

stable local Holder classes at the point z
UD (e, Le)={S €0, : |(2,9)] < eh’}, (2.4)

where

0, (z,9) = / (S(2zy + uh) — S(z,)) du

1
and f = 1 + « is the regularity parameter with 0 < o < 1. Moreover, we assume that
the weak Holder constant € goes to zero, i.e. €& — 0 as n — oo. Moreover, we define the

corresponding strong stable local Holder class at the point z, as



HO e, L, L) = {5 €0, : Q(2,5) < L}, (2.5)

where

Q*(ZO,S): sup |S(x)_S(ZO)|

x€[0,1] |z — 2|

We assume that the regularity g8 < 8 < B, where B=1+a and B =1+ a for some fixed

parameters 0 < a < a < 1.

Remark 2.1. Note that for the regression models the weak Holder class was introduced
in [14] for the efficient pointwise estimation. It is clear that it is more large than usual

one with the same Hélder constant, i.e.

HO (e, Le) CUD (e, L,€).

It should be noted also that for diffusion processes the local weak Holder class was used
in [13] and [15] for sequential and truncated sequential efficient pointwise estimation re-
spectively. Moreover, in [17] these sequential pintwise efficient estimators were used to

construct adaptive efficient model selection procedures in L, for diffusion processes.

2.2 Nonadaptive procedure

First, we study a nonadaptive estimation problem for the function S from the functional
class (2.4) of the known regularity § = 1+ «. As we will see later to construct an efficient
sequential procedure we need to use S as a procedure parameter. So we propose to use
the first v observations for the auxiliary estimation of S(z,). In this step we use usual

kernel estimate, i.e.

14

§u = Ai Z Q(u_]> Yi1Y;s A, = Z Q(u]) y?_la (2.6)
7=1

|2 - j=1

where the kernel Q(-) is the indicator function of the interval [—1;1]; u; = (z; — 2,)/h

and h is some positive bandwidth. In the sequel for any 0 < k < m < n we set

ie. A, = Ay, It is clear that to estimate S(z,) on the basis of the kernel estimate with

the kernel () we can use the observations (y;); <+, where

k,=[nzy—nh]|+1 and k" = [nz,+ nh. (2.8)



Here [a] is the integral part of a number a. So for the first estimation we chose v as
v=wvlha)=k +¢, (2.9)

where
t=1th,a) =[énh|+1 and €=F¢h,a)=h"/Inn.

Next, similarly to [2], we use a some kernel sequential procedure based on the obser-
vations (y;),<;<,- To transform the kernel estimator in the linear function of observations

we replace the number of observations n by the following stopping time
Tp=inf{k>v+1:4,,>H} (2.10)

where {} = n and the positive threshold H will be chosen as a positive random variable
measurable with respect to the o - field {y,,...,y,}. Therefore, we get

Tr—1
* 1 S
Sh - ﬁ Z Q(uj)yjfl y] + < CQ(UTH) yTH*1 yTH 1(AU,n2H) ! (211)
Jj=v+1

where the correcting coeflicient s¢;; on the set {4, > H} is defined as

AI/,THfl + Ay Q(UTH) y72—H_1 =H

and sz =1 on the set {A, < H}.

Now, to obtain an efficient estimate we need to use the all n observations, i.e. asymp-
totically for sufficiently large n the stopping time 7, &~ n. Similarly to [19], one can show
that 7., ~ v(S) H as H — oo, where

v(S) =1— S%(2,) . (2.12)

Therefore, to use asymptotically all observations we have to chose H as the number
observations divided by (). But in our case we use k* — k, observations to estimate
S(z,), Therefore, to obtain optimal estimate we need to define H as (k*—k,)/~(S). taking
into account that k* — k, ~ 2nh and that v(S) is unknown we define the threshold H as

2(1 -
H=H(h,a) =¢nh, ¢=¢ha)= ( ~a, (2.13)
7(S,)
where §V is the projection of the estimator §V in the interval | — 14+ ¢,1 — ¢, i.e.

S, = min(max(gy, —1+¢),1—¢).

v

In this paper we chose the bandwidth A in the following form

1

h=h(B) = (r,) 7%, (2.14)



where the sequence k,, > 0 such that

)

k, = liminfnk, >0 and lim n°k, =0 (2.15)

n—oo n—o0

for any 0 < 6 < 1.

2.3 Adaptive procedure

We will construct an adaptive minimax sequential estimation for the function S from the
functional class (2.5) of the unknown regularity 5. To this end we will use the modification
of the adaptive Lepskii method proposed in [2] based on the sequential estimators (2.11).
We set

n

n 8
- N(B) = (d, )21 | 2.1
d, =1 and N(B)=(d,) (2.16)
Moreover, we chose the bandwidth % in the form (2.14) with s, = 1/d,,, i.e. we set

h=h(B) = (d—) 7 : (2.17)

We define the grids on the intervals [3, 3] and [a, @] as

Bk:@jtg(ﬁ—@) and ak:g—l—ﬁ(a—g) (2.18)

m
for 0 < k <m with m =[Ind,] + 1, and we set
N, = N(B,) and h, =h(3,).
Replacing in (2.9) and (2.13) the parameters h and o we define
7, = v(hy,a,) and H, = H(h,, o).

Now using these parameters in the estimators (2.6) and (2.11) we set S, = S5 (2) and
k

W), = max (|SJ — S, - Ni) , (2.19)
j

where

1/2
Ao —ava[— 08 |
28+ 1)(26+1)
In particular, if 8 = 1 and 8 = 2 we get A, = 4(2/15)"/2. We also define the optimal index

as

. A
k:maX{nggm:wkg—}. (2.20)
Ny,
The adaptive estimator is now defined as
Sem=5;, and by = hy. (2.21)



Remark 2.2. [t should be noted that in the difference from the usual adaptive pointwise
estimation (see, for example, [21], [12], [2] and al.) the threshold X\ in (2.19) does not
depend on the parameters L > 0 and L* > 0 of the Hélder class (2.5).

3 Main results

3.1 Robust efficient estimation

The problem is to estimate the function S(-) at a fixed point z, €0, 1], i.e. the value
S(z,). For this problem we make use of the risk proposed in [3]. Namely, for any estimate
S =S (z) (i.e. any measurable with respect to the observations (Y1) 1<k<n function) we
define the following robust risk
R, (Sn, 5) = sup Eg [5,(2) = 5(2)], (3.1)
PEP,

where Eg  is the expectation taken with respect to the distribution Py of the vector
(Y1, -+, Yp,) i (1.1) corresponding to the function S and the density p from P._.

With the help of the function v(S) defined in (2.12), we describe the sharp lower
bound for the minimax risks with the normalizing coefficient

0, = R (3.2)

Theorem 3.1. For any 0 <e <1

lim  inf  sup 7 V2(S)9. R, (S, S) > Elnl, (3-3)
S SeuP)(e,Ler)

where 0 is a Gaussian random variable with the parameters (0,1/2).

Now we give the upper bound for the minimax risk of the sequential kernel estimator
defined in (2.11).

Theorem 3.2. The estimator (2.6) with the parameters (2.13) - (2.14) and k,, = n™!
satisfies the following inequality

sup 7 2(S) ¢n R (S, S) < Elnl,

lim >
Seuy(f}) (€7L7E:L)

n—oo

where n is a Gaussian random variable with the parameters (0,1/2).

Remark 3.3. Theorems 3.1 and 3.1 imply that the estimator (2.6), with the parameters
(2.14) is asymptotically robust efficient with respect to class P..



3.2 Adaptive estimation

Now we consider the Gaussian model (1.1), i.e. assume that the random variables (§;);-,
are N'(0,1). The problem is to estimate the function S at a fixed point z, €]0, 1], i.e.
the value S(z,). For any estimate S, of S(z,) (i.e. any measurable with respect to the

observations (y;);<x<, function), we define the adaptive risk for the functions S from
HB) (e, L, L*) as

Ron(Sn) = sup sup  N(B)EgS, — S(z)], (3.4)
Be[B;B] SeHB)(e,L,L*)

where N(f) is defined in (2.16), Eg = Eg, is the expectation taken with respect to the
distribution Py = Py, .

First we give the lower bound for the minimax risk. We show that with the convergence
rate N(f) the lower bound for the minimax risk is strictly positive.

Now we give the upper bound for the minimax risk of the sequential kernel estimator
defined in (2.11).

First we give the lower bound for the minimax risk. We show that with the convergence

rate N(f) the lower bound for the minimax risk is strictly positive.

Theorem 3.4. There exists Ly > 0 such that for all L* > Ly, the risk (3.4) admits the
following lower bound:
lim inf inf R, (S,) >0,
n—oo S, ’
where the infimum is taken over all estimators S,.
The proof of this theorem is given in [2].
To obtain an upper bound for the adaptive risk (3.4) of the procedure (2.21) we need
to study the family (S}),<,<a-

Theorem 3.5. The sequential procedure (2.11) with the bandwidth h defined in (2.14) for
k, = Inn/n satisfies the following property

limsup sup (Y,(h))™ sup sup Eg |S; — S(z))] < o0

n—oo a<a<la SE’H(*B)(a,L,L*) PEP,
where Y, (h) = h? + (nh)~Y/2,
Using this theorem we can establish the minimax property for the procedure (3.4).

Theorem 3.6. The estimation procedure (3.4) satisfies the following asymptotic property

lim sup Ra,n<§a,n) < 00. (3.5)

n—oo



Remark 3.7. Theorem 3.4 gives the lower bound for the adaptive risk, i.e. the convergence
rate N () is best for the adapted risk. Moreover, by Theorem 3.6 the adaptive estimates
(2.21) possesses this convergence rate. In this case, this estimates is called optimal in

sense of the adaptive risk (3.4)

4 Properties of §V

We start with studying the properties of the estimate (2.13). To this end for any ¢ > 1
we set (12(1 + 5,))1
% H* * k _ ok * *
Qq = W <bq <Tqu + SQq + ].) + 2(1 + L)q T2q> s (4].)

where
184¢34/2

1 q
* _ ogq—1 q * *
r, = 2 (|y0| +s, <—€) ) and bq = 7@ ez

Now we obtain a non asymptotic upper bound for the tail probability for the deviation

A, =5 —5(z). (4.2)

Proposition 4.1. For any ¢ > 1, h >0 and a > Lh

sup sup Pg <|£ | > a) <M, (Inn)? h=9 4 Maq
S€O, 1 peP, P Y N 4 [L(a — Lh)Q]q/Q

where M, , = 290" and M, , = 29b*s*r*.
a q a a7 q

Proof. First, we write the estimation error as follows

1
AI/ = Bu + A_y Cu’
where ¢, = Y27 Q(u;)y,_, & and
1 14
B, = A Z Q(UJ) (S(xj) — S(2p)) yj-,l-
14 ]:1

Note that |B,| < Lh for any S € ©_ ;. Putting v = ¢/2 we can write

Py, (|£V| > a) - P, (|£V| Sa, A < v) + P, (\M Sa, A > v)

<Py,(A, <v)+Pg, (Lh+ ‘i”‘ >a,A, > v)
SPS’p(AV<v)+PS7p<E”| >a—Lh,AVZv) . (4.3)



Now, for any R — R function f and numbers 0 < k < m — 1 we set

m m

o) = > f(uJ-)y?l—%n—lh S fw,). (1.4)

Using this function we can estimate the first term on the left-hand side of (4.3) as

1 - v
Py, (A, <v)=Pg, kay(Q) + m Z Q(u;) < h
=k, +1
L
= PS,p (Qk;wu(Q) < _%)

IA

Py, (101 > 72) < (3] By lon QP

Therefore, using here Lemma 8.3 we get
* 1—a)
Py, (A, <v) <270 (Inn)? pi-e)a

where the coefficient ¢ is defined in (4.1). The last term on the right-hand side of (4.3)
can be estimated as
1
Py, (161> 0= 10, 4,2 0) <Py, (6] > o(a— Lh)

1
<—E 7,
— ’Uq(a—Lh)q S,p‘CV‘

Now in view of the Burkholder inequality, it comes

a q/2
ES,p|CV|q = ES7p Z Q(uj) yj—l 6] S b; ES7p Z Q2(u]) yj2‘_1 6]2
=1 j=1
k 4+t a/2
* 2 2
=b By, [ > Vi )
j=k,+1

and after applying the Holder inequality, we obtain

k,+¢
* 21 * k% 2
ES,p‘Cl/‘q < bq LQ/ Z ES,p y]q‘—l f;] < bq Sq Tqbq/ .
j=k,+1
Therefore,
1 A 2b; 87
PS,p (A—V|§V| >a—Lh, VZ’U) Sm.

Hence Proposition 4.1 [

10



Proposition 4.2. Let the bandwidth h be defined by the conditions (2.14)—(2.15). Then,
forallm>1and 0 < <1

lim sup A™™ sup sup Pg, (|£V| > 5’5) =0.

=+ g<a<a* Se®, | peP,
Proof. By applying Proposition 4.1 for a = d€, we obtain that for sufficiently large n > 1,
for which d€ > 2Lh, and for any m > 1 and ¢ > m/(1 — @)
M, h7™
(1(0€ = Lh)?)""?

. (1-m)g—m 2qM2q h—(m+a/2)
<M,, (Inn) K, 2P+ RRTEE

WP, (18, > 00) < hM, (Inn) 70+

a-ma=m 29 M, (Inn)3/? ao-a/2-m
<M, , (Inn)tk, 1 + 5Q(;§ wyaz e
n

Taking into account here the conditions (2.15) we come to Proposition 4.2. [

5 Properties of stopping time 74

First we need to study some asymptotic properties of the term (2.7).

Proposition 5.1. Assume that the threshold H is chosen in the form (2.13) and the
bandwidth h satisfies the conditions (2.14) - (2.15). Then for any m > 1

limsup sup h™"™ sup sup Py (A, < H) <oo.
n—oo a<a<la S€0, 1 peP, 7 ’

Proof. Using the definition of H in (2.13) we obtain

1< H
PS,p(‘Au,n < H) = PS,p E Z Q(uj> y]2‘_1 < %

Jj=v+1
1 &
=Py, | 0 (Q+—z D Quy)Au; < ¢
v(5)
Jj=v+1
Note that .
A ) L+ 2
Z Qluy) Au, nh - nh
j=v+1
Taking into account that €2 < v(S) < 1, we obtain
1 1 2~
— ———| < =|A, . (5.1)
S, S)] e

11



This yields

k*
Py, (A, < H) <Pg, [ 3 Qi <H, A< +Pg, (1A, > o)
Jj=v+1

. €n 4 3
< PS,p (Qu,k* (Q) < =26, + ) + g5’g+ )

e2nh
+Pg, (18,1 > 62) .
Therefore for § < £*/8 and sufficiently large n > 1 we obtain that

PSvP (Al/,n < H) S PS,p (|Ql/,k* (Q)| > gn/Q) + PS,p (|£u| > (Yg) .

Lemma 8.3 and Proposition 4.2 imply Proposition 5.1. O

Now for any weighted sequence (w;),-, we set

n

Zn = Z Q(u]) w; y]2‘71 + (1 o %H) ’IUTH Q(uTH) yszl : (52)
j=7mg—1
Proposition 5.2. Assume that the threshold H is chosen in the form (2.13) and the
bandwidth h satisfies the conditions (2.14) - (2.15). Moreover, let (w;);~, be a sequence
bounded by a constant w*, i.e. sup,, |w;| < w*. Then
ES,p|Zn| _

limsup sup A~ ¢ sup sup
n—oo a<a<la SE@EL PEP, nh

0. (5.3)

Proof. It is clear that Z, = 0if A, < H, and on the set {A,, > H} this term can be

estimated as
n

Z,) <w | Y0 Quy)y;, —H| =w'(4,, - H),

j=v+1

ie |Z,| <w*(A,, — H),, where (z), = max(0,z). Therefore,

n 2
%' < | Zumns ,fi(uj) R ¢|
Z;L:V+1 Q('LL])

Taking into account that E?:VH Q(u;) = k* — k, — ¢ < 2nh we obtain

12



ES,p‘Zn|

1
nh g

(S) (S,

4 "
S ES,p ‘Ql@k* (Q)‘ + QES,]) AV('ZO)

< Eg,lo,1+(Q)] +2

Moreover, note that

ES,p

A,(z)| = Es,

Au(zo)’ LA, Gol<a

+ Eg,

Au(zo)) LA, )58
<+2Pg, (|4, ()| > ) .

Therefore,Lemma 8.3 and Proposition 4.1 imply immediately (5.3). O

6 Proofs

6.1 Proof of Theorem 3.1

First, similarly to the proof of Theorem 2.1 from [3] we choose the corresponding para-

metric functional family S, ;(-) in the following form

S0 = v (152, (6.1)

with the function Vj defined as
<~ u—x
Vi(z) = 51/ Qs(u)g ( 5 ) du,

where Qs(u) = Ljuj<i-25y 210 _as<pui<1-5y With 0 <6 < 1/4 and g is some even nonneg-
ative infinitely differentiable function such that g(z) = 0 for |z| > 1 and f_l L 9(z)dz =1
One can show (see [14]) that for any b > 0 and 0 < 0 < 1/4 there exists n, = n,(b, L, ) > 0
such that for all |u| < b and n > n,

S,s EUD (e, L,€).
Therefore, in this case for any n > n,

on  sup Y AS)R,(S,.S) = sup v VA(S)Eg, vn(Sh,S)

SeuP)(e,L,er) SeuP)(e,L,er)

1/ s
> 7*(77'7 b) % / ESuyé,pOwn<Sn7 Su,6)du )
b

13



where v,(n,b) = inf v~12(S,, 5). The definitions (2.12) and (6.1) imply that for any
* Ju|<b u,0
b>0
lim sup [y(S,5) —1] = 0.

Therefore, by the same way as in the proof of Theorem 2.1 from [3] we obtain that for
any b>0and 0 <6 < 1/4

m,_inf  osup y2(8) 0 Ry(5,.S) 2 1(boy). (6.2)

n—
S SeulP(e L)

where
max(1,b —Vb) o Vb _2u?
e 72 du,
b V2 J_
with cr? = f_ll VEZ(u) du. Tt is easy to check that a? — 2 as 0 — 0. Limiting b — oo and
d — 0in (6.2) yield the inequality (3.3). Hence Theorem 3.1. O

I(b,o;) =

6.2 Proof of Theorem 3.2

First we set
%= Yy + % Yy gy - (63)

Then taking this into account we can represent the estimate error as

S; = S(z0) = ~S(20) Lo, o + 00 B s, oy + = CW) La, oapys (6.4)

1

vH

ZJT-Z,,H j{j Q(UJ) (S(xj) — S(2)) 9]2-,1
h8 H

C(h) = Z;ZVH x, Q(u]) Yi fj
First we study the term B, (h). To this end we introduce
P\ . . Slry) = S(=)
By= Y Qlu) iy, b= jT Lok, <jsney -

Jj=v+1

where

B, (h) =

and

It is clear that for any S from U\ (e, L, e*)

sup |05 < L.
21

Therefore, using Proposition 5.2 for the sequence (5.2) with w; = b; we obtain

Eo, | 5 Q(u)bty?  — B
limsup sup h “© sup sup Sl Lj=v41 7J 3/ 75 751 n

n—oo a<ala SeUP)(e,L,er) PEP, nh

—=0. (6.5)
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Moreover, putting

S(zg + hu) — S(z)

fi(u) = Q(u) N ,
we obtain .
%)Z filuy) A, Z filug)Aug + o, (f1) - (6.6)

Using the definition of Q,(z,,.S) in (2.4) we can represent the first term as

Zfl Au:—tho, / fi(u du+Z/ (fy(u;) = fi(w)) du.

Note now that for any S from U (e, L, e*)
sup |fy(u)| <L and  sup |fy(u)| <L,

—1<u<1 —1<u<l

and, therefore,

! L i 2L
/ filwdul < = and Z/ ~ fy(w)) du| < 2

The last bounds imply immediately

limsup sup h™“ sup Z filu;)Au;l = 0.
n—oo a<a<o SeUP(e,L,er) | =1
Taking into account Lemma 8.3 in (6.6) we get
. ESp‘B*‘
limsup sup h © sup sup ——— =0.
n—oco a<a<la Seu'P (e,L,e) pEP, nh
Therefore, in view of (6.5)
limsup sup sup sup Eg,|B,(h) =0.

n—oo a<a<a SeUP)(e,L,er) PEP,

To study the last term in (6.3) note that the definition of the stopping time in (2.10)
implies

sup  sup  sup sup By, |, () < 1. (6.7)
n>v+1 h,<h<h* S€O_, peP,

Therefore, in view of Lemma 8.5 we obtain

Eg, 16, (01, 2 — ElCl| = 0

lim sup sup
N0 SeO, p peP,

where ¢ ~ N(0,1), i.e. E|(| = \/2/7. Moreover, in view of Proposition 4.2 and the
bound (5.1) we get

e 1
VS H 2

From this and Proposition 5.1 it follows Theorem 3.2. [

lim sup sup Eg, ‘ =0.

n—o0 8el, 1 peP,

15



6.3 Proof of Theorem 3.5
First, note that the representation (6.4) implies
E&p‘s;; - S<ZO)| S PS7p<Au,n < H) + hﬁ ES7p‘Bn<h)| 1(AV’nZH)

+Eg, (K?(%M 1(%2,,)) . (6.8)

Let us show, that

limsup sup sup sup Eg , |B,(h)| < . (6.9)
n—oo a<a<a SeHB) (e, L,L*) peP

Indeed, setting

v; = ; S(z,) u;, (6.10)
we can represent B, (h) as
B, (h) = ES(Z«O)E O (6.11)
n J7] n T g P
where
TH T
B, = Z 5 Q(u;) u; y?_l and B, = Z 5 Q(uy;) U, y]2_1
Jj=r+1 Jj=r+1

Using now Proposition 5.2 for the sequence (5.2) with w; = u; we obtain that

limsup sup h™® sup sup —2" " —0,
n—oo a<a<a SG@E’L peEP, nh
where i
Vi = Z Q(uj)u]y? 1
j=v+1
We can represent this term as
V= 0,@) 4 s Y G
Jj=v+1
1 k* k,+e
= Qu,n(Q1)+m Z ujAuj— Z ujAuj ,

where @ (u) = Q(u) u. Moreover, taking into account here, that

k*

Z ujAuj:/uumudujL Z / u—u US%

j=k,+1 k, j=k, +1

16



and

we obtain .

nh

Now Lemma 8.3 yields

. —a ES,p‘Vn| o
limsup sup h sup sup =0
n—oo a<a<la S€O, |, pEP, nh
and, therefore, N
. —a ES,p|Bn|
limsup sup h sup sup ——— =0 (6.12)
n—oo a<a<la SE@&,L PEP, nh

To estimate the last term in (6.11) note, that for any function S from H? (e, L, L*) and
for k, < j < k* the coefficients (6.10) can be estimated as

‘193‘| =

/ (8 hu) — 8(z4) ) | < Lfuy| b < L b
0

Therefore,
limsup sup h™¢ sup sup LES |§n| < 00.
n—oo  a<a<a SeHB)(e,L,L*) pEP h>*
Now the property (6.12) implies the inequality (6.9). Therefore, using Proposition 5.1 and
the inequality (6.7) in (6.8), we come to Theorem 3.2. [

6.4 Proof of Theorem 3.6

First of all, note that the coefficient ¢ defined in (2.13) will be more than one for sufficient
large n for which € < 1/2. So, using the representation (6.4), we get for any 1 < j <m

18, = S(a)| < 1+ ())? 1B, ()] + —— [, (h)]. (6.13)

nh,

J

where I'; = {Au,n(hj) < ﬁj}, En(hj) = Qn(ﬁ]) LA, (h)>1,); the random functions B, (h)
and ¢, (h) are defined in (6.4). We set



This means that -
p-8

0< B4, <
Therefore, taking into account the definition of m in (2.18), we obtain that for any fixed

integer — < 0o <[ <00

N N
0 <liminf, (5) <limsup, ., (5) < 00;
Ni i Ni+i
h h (6.14)
0 <liminf, , v(ﬁ) <limsup, ,_ v(ﬁ) < 00
iot iot
These inequalities and Theorem 3.5 imply
limsup sup N(5) sup Eg w(iy, zy) < o0, (6.15)

n—oo  B<B<B SeHB) (e,L,L*)

where w(io, 2y) = |Sio*1 — S(zy)| + |Sio — S(z)| + \Sioﬂ — S(zy)]- Now considering the

estimator S. ., one has

a,n’

~
‘Sam o

S(Zo)‘ <L +1L+ w(io, Zo) ) (6.16)

where [} = |§an — S5(20) Ljpsi 40y and I, = |§an — S(29)[L{f<i,—oy- We start with the
term I,. We have

|§a,n - (ZO)|1{k>z +2} > | - Si0|1{1%2i0+2} + |S20 - S(Zo)|1{k2i0+2} .
Moreover,
|§ S | 1{k>@ 2y S W 1{k>zo+2} + Ni
%o
Sil{l}m‘ +2}jLi SL"‘L
Ny, =t Nio (B) Nio

The inequalities (6.14)—(6.15) imply immediately

limsup sup N(B) sup E I, <.
n—oo  B<BLB SeH B (e,L,L¥)

Now we study the term I,. From (6.13) it follows that

< (10, + (g

k 1{1%9'072} .
nhk

Therefore,

Egl, < mI;(S)+ I}(S Z (6.17)

18



where I;‘(S) = maxy<;<,, Pg (T), I;(S) = MaxXy<;<p, ES|Bn(hl)| and

1 1 ~
V,(8) = —= > —=Es|G(h) 1y
vn o /b
Note now, that for any 0 < j <, and for sufficiently large n (for which Ind, > m/2) we
get B
N < erton, g POCD
) 26+ 1)(26+1)
i.e.
1g—2 8
VB < €
=0
So, Proposition 5.1 and the inequality (6.9) yield
ig—2
limsup N(3) sup mlI(S) + I;(S) Z | < .
n—o00 Set P (e,L,L*) =0 !

Let us consider now the last term (6.17). To this end note that for 0 < j <4, —2

{k =3} C{@;., = NN} SUHIS, — S(z0)l = AN}

Therefore,
Jj+1

Z /_ZESK I8 -s0)123/m) -

Taking into account that ﬁj 11/ ﬁj < e, we can rewrite the last inequality as

ig—1

\f Z \/72 B 1Ca(h)| 1g,-s0)5/m) - (6.18)

Now, taking into account the inequality (6.7), we get
Eg |§n(hj)| 1{\SZ—S(z0)\25\/Nl} < vPg(l) + Eg |§n(il])| 1{7%3\371(7%”25\1/]\71}

+Eg 1 e s vinnay)

where A\, = \/2 and ¢* = max; <y, |§ (h ;)| In view of the Hélder and Chebyshev

inequalities and making use of the upper bound (8.11) we obtain

= () VI (S)) s g3
ES|Cn<hj)‘1{hf\Bn(hl)|25\1/Nl}S 5\3/24 Nlhf) :
1

19



where the term I;(S) is defined in (6.17). Using these bounds in (6.18) we get
1/4 [* S))3/4
'u4 2 *
v, \/7 Yah 3/4 T,

+

em

Eg|C"] 1{|g =X, Vinn} o
\/nhy

(6.19)

where

ig—1 1/2 j N}vlﬁ 3/4
6 * * '
T f § :(Nh ) (M) " v and v =37 (Nﬁf) .

=0

Let us estimate the term Y. To this end note, that for any 0 < j < ¢, and for sufficiently
large n (for which Ind, > m/2)

o\ 1/4 B, — e B-5
. B = _J = < _Bl(l _]) 1 * _ —
(N]hj) exp{4(26j+1) lndn} <e 0 with [ — ,

and

V2 B — I \/@
(Njhj) —exp{ 226, 1 1) lndn} < =

where h(3) is defined in (2.17). Similarly for any 0 < < j <1, we get

o\ 3/4 _
NiE\ T { 3(8,— 8,)(28+1) } ooy g 3B=8)
(szf) P aes 1B, + 1) Ind, e TP EETS

This means that the sequence (U );j>1 18 bounded, i.e.

%
sup vt < — .
]>Ii) I 662 —1
Therefore,
lim N(5) T; =0. (6.20)
n—oo

The last term in (6.19) can be estimated through Lemma 8.10, i.e.
Es C*l{c*le Vinn} < m max Eg[(,(h;)] 1{|En(/aj>|zx1 Vinn}

1<j<m

400
< 2mA Vinne 8)‘11n"+2m/ e 8 dz.

20



Therefore, for sufficiently large n (when A, vInn > 1) we get that
Bs ' Lyens, vy < 2m (A Vinn +4) n 75, (6.21)
Now the definition of the parameter X in (2.19) yields

. N /B m2 *
lim sup # sup Eg || 1{‘C*\25\1\/1nn} =0
n—00 A/ hO SeHP)(e,L,L*)

Hence Theorem 3.6. O

7 Numerical examples

We illustrate the obtained results by the following simulation which is established using .

7.1 Nonadaptive estimation

In this section we illustrate the results obtained in the case of nonadaptive estimation

The purpose is to estimate, at a given point z;, the function S defined over [0; 1] by
S(x) = (z = 2) & — 2| (7.1)

for z, = 1/\/5 and a = 0, 3. Taking into account that for this function

Qh(zms) =0
we obtain that for any
1 B
D<e<l—|— , L> and € >0 7.2
- <\/§) v g 7-2)

the function (7.1) belongs to the class 4P (e, L, ") with g = 1,3.

The numerical results approximate the asymptotic risk of a estimators defined in (2.11)
used due to the calculation of an expectation (it performs an average for M = 30000
simulations) and the finite number of observations n. Here we calculate for the estimator
the quantity

-2 3 Is:

k=1

For the standard Gaussian random variables (¢;),>, in (1.1), and by varying the num-

ber of observations n, we obtain different risks listed in the following table: we obtain:
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n | 1000 | 5000 | 10000 | 20000
R, | 0.034 | 0.021 | 0.017 | 0.012

For random variables (§;);-, reduced from uniform random variables on [~1, 1], we

obtain :

n | 1000 | 5000 | 10000 | 20000
R, | 0.038 | 0.022 | 0.018 | 0.014

For random variables (¢;),>, centered and reduced from exponential random variables

with parameter 1, we obtain :

n | 1000 | 5000 | 10000 | 20000
R, | 0.028 | 0.016 | 0.012 | 0.010

7.2 Numerical result for non sequential kernel estimator

Now we give the numerical results for the kernel estimator defined as

. 1 n
S = _ )
n(ZO) 2221 Q(uk) yzil ; Q(uk) Ye—1 Y

For the standard Gaussian random variables (¢;),~, in (1.1), and by varying the num-

ber of observations n, we obtain different risks listed in the following table:

n | 1000 | 5000 | 10000 | 20000
R, | 0.046 | 0.026 | 0.02 | 0.015

7.3 Adaptive estimation

In this case we estimate the function (7.1) for z, = 1/4/2 and o = 0, 7. Obviously, that
this function belongs to class H® (e, L, L*) with f = 1,7, L* = 1 and for any ¢ and L
satisfying the conditions (7.2).

In the adaptive estimation we take the lower regularity 8 = 1.6 and the higher regu-
larity 5 = 1.8.

We model the sequential adaptive procedure §a,n = 5 defined in (2.21). Numeri-
cal results approximate the asymptotic risk for this procedure by the calculation of an

expectation via M = 30000 simulations.

| M
Ra,n = M ; ‘S(I;,n - S(’ZO)‘
By varying the number of observations n, we obtain different risks listed in the follow-

ing table:
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n 1000 | 5000 | 10000 | 20000
R 0.021 | 0.013 | 0.009 | 0.007

8 Appendix

8.1 Concentration properties of the process (1.1)

In this section, we study the deviation (4.4) for the model (1.1).
Lemma 8.1. For any ¢ > 1 and 0 < € < 1 the random variables y, in (1.1) satisfy the

following inequality:

*
sup sup sup sup Eg |y, |7 < To (8.1)
n>1 0<k<n S€O, | peP,

where 17 is defined in (4.1).

Proof. From (1.1) we obtain that for any k& > 1

yk—?/oﬂsxl +Z H S(xy) €

i=1 l=i+1
Therefore, for S € ©,; and 1 <k < n,

q

k
il <27 ol + | DD (=) g
7=1

Moreover, the Holder inequality gives

—1
a k 1 k

Z (L=l < | D (t—e) Y (=g

J=1 J=1

IN

() (Sa-aigr

j=1

Thus, taking into account the definition (2.2) we get for any p € P,

q

k . 1 q
X a-oel] < (2 s
7j=1

Hence Lemma 8.1. O
Now we need the following Burkholder inequality from [24].
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Lemma 8.2. Let (M,,),<<, be a martingale. Then for any q > 1

q/2
EM, < bE (S 00— M, )| (8.2)

J=1

where the coefficient b’ is defined in (4.1).

Now we study the deviation (4.4).

Lemma 8.3. Let f be a R — R function twice continuously differentiable in [—1,1].
Assume also that the bandwidth h satisfies the condition (2.14) — (2.15). Then for any
R>0andqg>1

1
limsup  sup sup sup sup s~ sup sup Eg, }ka(f)’q < Q;, (8.3)
n—oo k,<k<m<k* p<B<B R>0|f|;<R (Rh)q S€O, | pEP, 7 7

where ||f|l, = | fI| + | f|| and o, is defined in (4.1).

Proof. First of all, note that

Z f<uj>yj2—1 = Tk,m + a’k,m7 (84)

j=k+1
j=k+1

Moreover, from the model (1.1) we find
(1 - 52(20))Tk,m = Mk,m + dk,m + Z f(u])
j=k+1
where M, . = Z;”:]Hl (2S(z;)y; 1 & + 5]2 — 1) f(u;) and
Qo = D Flu))S(@))y? = 5 (20) Ty - (85)
j=k+1
Then we can write g, (f) as follow

ak,m
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and

E 7 < 3(1—1E |Mk,m‘ 7 |ak,m‘ 7 |a’k,m‘ 7 8.6
S,p|gk,m(f)| = €2q S.p nh + nh + h . ( . )

where K = (1 + k,)/k,. Now we note, that in view of the first condition in (2.15) for
sufficient large n

nk, > K,

where kK = (1 + k,)/k,. Therefore, for sufficiently large n we get

L s ) o

— < h < kh 8.7
— < (F) <%h, (8.7)
Furthermore, note that (M ;) <, is a martingale. So, by applying the Burkhdlder
inequality (8.2) and, taking into account that k* — k, < 2nh, we get

q/2

* k*
By, [+ M < bqRqE > (28()y, &+ 1)
S,p nh k,m — (nh)q S,p o ® i/ dj—155 J

b*RI K q
2
< G 2 By (25G)ua¢ + 6§ -1)

=k, +1
49b* R
q

<
- (nh)(I/Q

(rqsq—i—s2q+1> < 4bq/<; R (rqsq+s2q+1) ht,

where the coefficients 7 and s} are given in (8.1) and (2.2). Note that the term (8.5) can

be rewritten as

Apy . = SZ(ZO) Z (f(u]) - f(ujq)) yj-,l + f(uk)yz - f(um)yiﬂ
S Fu)(83(a,) — SR,

We recall, that the function f and its derivative f are bounded by R. Therefore, taking
into account that for all S € O, and k, < j < k* the deviation [S(z;) — S(2,)| <
L|z; — 25| < Lh, we obtain

y 1 -
|y ] < R <E+Lh) vty

j=k+1

<ER[(L+1)h Y v +yi+y,
j=k+1
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Therefore,

1 1 L . 94
sup sup Eg, (ﬁ \akvm\) < 2071 RIRIT, <2q(1 + L)*h? + (nh)q)

5€0, | peP,
< (4R(L+ L))" v} e

Similarly,
1 e ~
sup sup Eg, (ﬁ \ahm\) < 320711 RY o b

SE@EL PEP,

Then, taking this into account in (8.6) we obtain the upper bound (8.3). Hence Lemma 8.3.
U

8.2 Uniform limit theorem

In this section we study the following sequence

Gu(h) = G Lo, o (8.8)

where (,(h) defined by (6.4), the bandwidth A is defined (2.14) and the threshold H is

given in (2.13). We will make use of the following result.

Lemma 8.4. (¢f. [11], p. 90-91) Let 0 < 6 < 1 and r > 0. Assume that (m,),_. is a

k>1
martingale difference with respect to the filtration (F),, such that

im, | < 6r'/?  and Z E (ml|F_,) >r.
k=1

Let

k
T=inf< k> 1: Z E(m§|.7:j,1) >

j=1
There exists a function p : (0,4+00) — [0, 2] not depending on distribution of the martin-
gale difference, such that lim,_, p(z) =0 and

1 T
k=1

where ® is the standard normal distribution function.

sup < ().

zeR

Lemma 8.5. The sequence (6.4) satisfies the following limiting property:

En = (~N(0,1) uniformly inp € P and S€O,.
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Proof. First for some 0 < § < 1 we set
my = Quy) U5 1 & ejcny 061 Gony s

where §; = y; 1, <o ey, H = By & H and §; = &1 <51y — By & L 51y It is
clear that the sequence (m,, ;);-, is a martingale difference with respect to (G;);-,, where

g, is o - field generated by the observations {Y1,--,y, Jrj}. Now we set

g 1 X
gvz = my =

where 7, = inf{k >1: Z§:1 E(m’, |G, ) > ﬁ} Note, that 7; = 7, on the set
{A,, > H} for any H > 0. Lemma 8.4 implies that (; goes in distribution to A(0,1)
uniformly in p € P, and S € ©_ ; as 6 — 0. Now we set

T s
Q, = mj:,, {yj = yj}'

Using Lemma 8.1 through the Chebyshev inequality we obtain that

. k* —v)r*
sup sup PSP(Q;) < (v—)‘l —0 as n—o00.
See.  peP. 58Ep§%<nh’)2

Moreover, note that on the set €, N {A,, > H}

- 1/2
H ~ . . y
(ﬁ) G —Cr = A1+ 4y, (8.9)
where
§ 1 & § 1] -
A =— Z (%j —1) Q(uj)?]jq €j7 Ay =—= Z Q(u]) Yj-15;
\/Eij:u+1 \/__j:V+1

and & = & = & = § 1 joa) — B& L 551 Note, that

k*
ES,p (A?‘go) < 54E5,p Z (1- %j)z‘go <ot

j=v+1
Moreover, taking into account that ;QJQ < yj., we get

. E £2 TH )
Es, (8316) < —=4Bs, | 3. Q) 119
j=v+1
E,¢ . - ([ 1
< %1(H+54H):Epgf <m+54>
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Taking into account here, that

lim sup E 51 =0 and hmsup ’E 51 1} =0,

we obtain

lim sup sup max (ESpA?, ESpAg) =0.
0=05e0, | peP,

Therefore, Proposition 5.1 and the representation (8.9) yield for any px > 0

lim limsup sup sup PSp<~ QVH} >u) =0.
=0 noeo  S€O, ) peEP,
Hence Lemma 8.5. [
8.3 Properties of gn(h)
Lemma 8.6. For all z > 2
supsup sup Py (En(h) > z) < 2e7%/8 (8.10)

n>1 h>0 SeC[0,1]
The proof of this Lemma is the same as Lemma A.5 from [2].

Using this lemma we can obtain that for any ¢ > 2

supsup sup Eg IC,(R)|7 < pF, (8.11)
n>1 h>0 SeC(o,1] 4

where pid = 27+ 2¢ fooo 1 e=t*2d.
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