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ON L2 MODULUS OF CONTINUITY OF BROWNIAN LOCAL
TIMES AND RIESZ POTENTIALS

BY AURELIEN DEYA, DAVID NUALART! AND SAMY TINDEL?
Université de Lorraine, University of Kansas and Université de Lorraine

This article is concerned with modulus of continuity of Brownian
local times. Specifically, we focus on three closely related problems:
(a) Limit theorem for a Brownian modulus of continuity involving
Riesz potentials, where the limit law is an intricate Gaussian mix-
ture. (b) Central limit theorems for the projections of L? modulus of
continuity for a one-dimensional Brownian motion. (c) Extension of
the second result to a two-dimensional Brownian motion. Our proofs
rely on a combination of stochastic calculus and Malliavin calculus
tools, plus a thorough analysis of singular integrals.

1. Introduction. Let {B;,0 <t <1} be a standard linear Brownian mo-
tion defined on some complete probability space (2, F,P). In the sequel,
we denote by L;(x) the local time of B at a given point x € R, defined for
t €[0,1]. A nice combination of stochastic calculus, stochastic analysis and
evaluation of singularities associated with heat kernels have recently led to
a number of interesting limit theorems for quantities related to the fam-
ily {L(x);t € [0,1],z € R}. Let us quote, for instance, the use of Malliavin
and stochastic calculus tools in order to get suitably normalized limits for
L? modulus of continuity (see [6, 13]) or third moment in space (cf. [7])
of Brownian local time. Malliavin calculus tools have also been essential in
order to generalize the notion of self-intersection local time [5, 8] and to ob-
tain central limit theorems for additive functionals [9] of fractional Brownian
motion.

The current article proposes to take another step into the relationships
between Brownian local time and stochastic analysis. Specifically, we shall
handle the following problems:

Received April 2013; revised November 2013.

'Supported by NSF Grant DMS-12-08625.

“Member of the BIGS (Biology, Genetics and Statistics) team at INRIA Nancy.
AMS 2000 subject classifications. 60G15, 60H07, 60H10, 65C30.

Key words and phrases. Brownian motion, local time, Malliavin calculus.

This is an electronic reprint of the original article published by the
Institute of Mathematical Statistics in The Annals of Probability,

2015, Vol. 43, No. 3, 1493-1534. This reprint differs from the original in
pagination and typographic detail.



http://www.imstat.org/aop/
http://dx.doi.org/10.1214/13-AOP904
http://www.imstat.org
http://www.ams.org/msc/
http://www.imstat.org
http://www.imstat.org/aop/
http://dx.doi.org/10.1214/13-AOP904

2 A. DEYA, D. NUALART AND S. TINDEL

(1) One of the motivation alluded to in [13] for the renormalization of L?
modulus of continuity of local times comes from the study of the Hamiltonian

HB) = /R [Li(z + h) — Ly(x)]* dx

_ /R [ /0 (Goen(Ba) @(Bu))du] ",

which is involved in the definition of some nonfolding polymers. However,
one might wish to consider a slightly weaker repelling self-interaction of the
polymer by introducing the following family of Hamiltonians indexed by
v € (0,1):

(2) H'"/(B) = / MQBU Yot hY = Byt ) dv} i

R

For this modified Hamiltonian, we shall prove the following limiting theorem:

THEOREM 1.1. Consider v € (3/4,1) and the family of Hamiltonians
{ch’V(B);t €1[0,1]} defined by (2). Then one has, as h tends to zero,

Hh — hyy
(B) ~E[H"(B)] @)\,
th7/272'y

3)

in the space C([0,1];R) of real continuous functions on [0,1]. In relation (3),
cy stands for a deterministic positive constant depending only on v, W is a
standard Brownian motion independent of B and « is the self-intersection
local time of B, that is (formally),

t v

(4) ozt::/ dv/ dudy(By — By),
0 0

where &y is the Dirac delta function concentrated at 0.

Theorem 1.1 turns out to be interesting for several reasons:

e The Hamiltonian H"7(B) quantifies a weak self-interaction of the Brow-
nian path, detecting if the path self intersects (products of the form
|By, + x| 77| By, +x|~7) or has a fold with amplitude h (products of the
form |B,, +x + h|77|By, + x|77). It can thus be related to the polymer
model studied in [15], where a discrete time random walk S,, on Z is
weighted according to the following Hamiltonian:

n n

Hy=> liss3— Y 1si—s;=1}-

4,j=1 1,j=1
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This relation was also the motivation behind the central limit theorem
given in [13], and other physically relevant models for self-interacting con-
tinuous paths include Brownian filaments (see [3] for a detailed definition
of these objects), motivated by turbulent fluids. We thus hope that the
scaling limit for our quantity H"7(B) can shed some light on the afore-
mentioned models.

e Theorem 1.1 also exhibits an interesting phenomenon in terms of limiting
behavior. Indeed, the reader can easily observe that the limiting process
in the right-hand side of (3) does not depend on the parameter v in
(3/4,1), the only difference lying in the normalizing quantity cvh7/ =2,
Furthermore, it was shown in [6, 13] that relation (3) still holds true in
the limiting case v = 1. This means that the process W,, which can be
seen as a Gaussian mixture, might also be considered as a rather canonical
object.

e At a methodological level, our proof of Theorem 1.1 is another example of
the interest of stochastic calculus techniques with respect to the method
of moments in this context. We should compare our methodology, for
example, to the computationally demanding paper [2]. The advantage of
stochastic calculus methods had already been highlighted in [6, 13], but
our proof combines this approach with an extensive use of Fourier analysis
techniques.

(2) Go back now to the Hamiltonian H]'(B) defined by (1) and related to
L? modulus of continuity of the Brownian local time. As mentioned above,
it has been shown in [6, 13] that h=3/2(H"(B) — E[H"(B)]) converges in
law to ¢; W, for a universal constant c;, that is, relation (3) is still formally
satisfied for v = 1. This noncentral limit theorem indicates that an interest-
ing phenomenon might occur as far as limiting behavior of the renormalized
quantity h=3/2(H"(B) — E[H"(B)]) on chaoses is concerned. We shall spec-
ify this with the following result:

THEOREM 1.2.  Let {H}(B);t € [0,1]} be the process defined by (1). For
a given random variable F € L*(Q2) and for all n >0, we set J,(F) for

the projection of ' on the nth chaos of B, and subsequently define th,h =
Jo(H(B)). Then:

(i) For allm>0 and all t €[0,1], h >0 we have X ™" =0.
(ii) For all m>1, we have as h tends to zero,

X2moh (d 9 c(2m —2)!
h2[n(1/h)]1/2 Souw  with o}, = 22m[(m — 1)1]2’

where W stands for a Brownian motion independent of B and where the
convergence takes place in the space C([0,1];R) of real continuous functions

on [0,1].
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(iii) In particular, the series Y., <, 02, is divergent.

Putting together the results of [6] and our Theorem 1.2, we thus get the
following picture: on the one hand, one can renormalize the process H"(B)
by h3/2 in order to get a limit that is a mixture of Gaussian processes (a non-
central type limit theorem). On the other hand, each projection .J,,(H"(B))
can be properly renormalized (by h?[In(1/h)]'/?) so as to obtain a limiting
object that is a weighted Brownian motion (corresponding to a central limit
theorem). Nevertheless, the sum of the weights 02 obtained by projection
is divergent. To the best of our knowledge, this interesting limiting behav-
ior is exhibited here for the first time. Note that it contrasts, for instance,
with the situation described in [5], Theorem 3 (and more specifically in the
applications of this result), where under appropriate variance assumptions,
the normal convergence in each chaos guarantees the normal convergence of
the sum.

(3) Finally, we consider a suitable generalization of Theorem 1.2 to a
two-dimensional Brownian motion B. Namely, we shall obtain the following
convergence result.

THEOREM 1.3.  Let {H}(B);t €[0,1]} be the process defined by (1), for a
two-dimensional Brownian motion B. Like in Theorem 1.2, we define th’h
as the projection on the nth chaos of H]'(B). Then the assertions (i)-(iii)
of Theorem 1.2 are still valid in this situation, with (ii) replaced with the
following statement:

(ii-2d) For all m > 1, we have as h tends to zero,

X2m,h d
|h‘ (‘2 omW,

where W stands for a linear Brownian motion independent of B, where the
exact expression of oy, will be specified at Section 4.3 and where the conver-
gence takes place in the space C([0,1];R) of R-valued continuous functions
on [0,1].

It is worthwhile noting that the equivalent of the main result of [7],
namely the convergence in law of a suitably renormalized version of HJ'(B),
is not available in the two-dimensional case. Indeed, one can formally show
that |h|~2(H]'(B) — E[H}'(B)]) converges to a random variable of the form
oWy, with « defined by (4) and a universal constant cs. Nevertheless, «
is a divergent quantity in the two-dimensional case and the convergence of
h=3/2(HMB) — E[H}"(B))]) is in fact an empty statement.

In spite of this lack of convergence, the analysis of projections on chaoses
is still a valuable information for two main reasons: (a) It indicates that a
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sort of convergence is at least possible for H'(B). (b) We are able to show
that the series Y, - 02, is divergent just as in the one-dimensional case,
which seems to indicate that a noncentral limit theorem is to be expected
for the quantity (H}(B) — E[H}(B))).

The methodology we have followed in order to get the results mentioned
above is based on three main ingredients: (a) Stochastic calculus is obviously
important in this Brownian context, and It6 formulae of backward type are
invoked in order to control terms of the form fg e’€(Br=Bu) dy, (throughout

the paper, we will write ¢ for the complex number (—1)'/2). Theorem 1.1
will also be a consequence of limit theorems for martingales according to
the behavior of their bracket process. (b) An important contribution comes
from stochastic analysis techniques: our chaos decompositions are obtained
through repeated applications of Stroock’s formula and we use representa-
tions of Brownian local times by means of Watanabe distributions. We also
derive central limit theorems on chaoses by analyzing contractions of kernels
for multiple Wiener integrals, as assessed in [11, 12]. (c) After application
of the high level tools mentioned above, our results are reduced to rather
elementary (though intricate) computations, for which we resort to Fourier
analysis and thorough analysis of singularities for integrals defined on sim-
plexes. All those ingredients are detailed in the corresponding sections.

In the remainder of the paper, each section is devoted to the proof of one
of the theorems given above. Specifically, Section 2 handles the noncentral
limit Theorem 1.1 for Riesz type potentials. Section 3 is concerned with the
central limit Theorems 1.2 for L? modulus of one-dimensional local time
on chaoses, while Section 4 deals with generalizations (Theorem 1.3) to the
two-dimensional case.

2. L? modulus of continuity of Brownian Riesz potentials. This section
is devoted to the proof of Theorem 1.1. We shall first reduce our problem
thanks to an application of Clark—Ocone’s formula, and then identify the
limiting process with a combination of Fourier analysis and stochastic cal-
culus tools.

2.1. Reduction of the problem. In order to proceed with our computa-
tions, let us first settle some useful notation:

NoTATION 2.1. The Gaussian heat kernel on R is denoted by p:(x),
namely

(5) pi(2) = (2m) "% exp (—%2) zeR.
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For g€ (0 , 1), we call f5:R* — R* the function defined by fs(z) = |z|~7.
For g€ (0,1) and 0 <7 <t <1, we also consider the quantity

hﬂ—/ds/du (B, — B, +h)

+KP (B, —B,-h)-2K? (B,—B,),
where K{f stands for the (convolved) Riesz kernel K{? := fp*p), for all u>0.

With these notation in mind, the Hamiltonian ch "7(B) can be expressed
as follows.

LEMMA 2.2.  Fort€|0,1], consider the quantity ch’V(B) defined by (2).
Then

HM(B) = e / 2/5(B, — B.)
(7) o
— f3(By — Bu+ h) — f3(By — By, — h)] dudv

with B =2y — 1.

PROOF. Start from expression (2) and write H,""(B) as

/R</[O7t]2[f7(Bu + x4 h) = fy(By+1)]

X [fy(Bu+x+h) = fy(By + )] dudv> dx.

Next expand the product inside the integral, apply Fubini in order to inte-
grate with respect to the variable x first and apply the identity f, * f, =
Cy fay—1. Our claim is easily deduced from these elementary manipulations.
O

We shall now see that Theorem 1.1 can be reduced to the following.

THEOREM 2.3. For every B € (1/2,1], consider the process QP defined
by (6). Then the following limit as h tends to zero holds true in the space
C([0,1];R) of real continuous functions on [0,1]:

_ t
(8) @, W, where QT ::/ Qh’f dB,.
h5/2 B B t ) b

Here, cg is a deterministic constant depending only on (3, and the process
W, has been introduced at equation (3).
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PROOF OF THE EQUIVALENCE BETWEEN THEOREMS 1.1 AND 2.3. Fol-
lowing expression (7), set

Htﬁ(B> = _/[Ot}2[2fﬁ(Bv _Bu) _f/J’(BU _Bu+h) _fB(Bv - B, _h)] dudv.

Then Lemma 2.2 asserts that Theorem 1.1 is proved once we can show that
the process h=(7/2720) (HA(B) — E[H?(B)]) converges in law to cgW, for a
strictly positive constant cg. It is obviously easier to express everything in
terms of =2y — 1, so that we are reduced to show that h~(*/2=8) (HP(B) —
E[H?(B)]) converges in law to cgW,. It should also be observed that if
v € (3/4,1) then § lies into (1/2,1).

Now along the same lines as in [6], a direct application of Clark—Ocone
formula enables to express H, F(B) in the following way:

HY(B) - / Q! dB,,

where the process Q™? is defined at Notation 2.1. This finishes the proof of
our equivalence. []

With this equivalence in hand, the remainder of the section is now devoted
to the proof of Theorem 2.3. As mentioned in the Introduction, our strategy
to show this result makes use of some convenient simplifications offered by
a Fourier-transform version of the problem. As a last preliminary step, let
us thus write an alternative expression for the quantity QQ’T’B :

LEMMA 2.4. Let 8 €(1/2,1) and 0<r <t<1. Then

9 Q= ffR[u e (/2 ’“W(h@mﬁ_ﬂ OTelé(BrBu)du] d,

where ¥ :R — R stands for the function defined by (£) :=sin?(£/2).

Proor. It is well known that for all z € R* we have

? § § e
Kf(a:):—% €§$‘§|1—ﬁe (#%)/2 g,

Plugging this identity into (6) and applylng Fubini’s theorem, we get

v —((s—1)€»)/2 4 “Bu)(th | —€h
Tor [(/ ) ‘§|1 (" +e 2) du| d¢

from which identity (9) is easily deduced. O

We now start by identifying the main contribution in the quantity fo Q? B dB,
appearing in (8) by means of our Fourier representation (9).
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2.2. Elimination of some negligible terms. The first term which might
yield a negligible contribution in Q" is given by the small exponential term
e~ ((=)E")/2 i expression (9). We thus set Qz;ﬂ = QM — Al with

4 T
(10) Q== /[R [zb(hé)m% i e’“BrBu’du} 3

4 . —r " 2 .
(11) AZT:¥/R[€ (1/2)€(¢ )¢(h§)‘§|§5/0 % (Br Bu)du] de.

Then the following proposition identifies a first vanishing term.

PROPOSITION 2.5. Let A" be the process defined by (11), and for t €
[0,1] set

~ 1 t
ho._ h
A = h5/25/0 Af . dBy.

Then we have:

(i) For every fired t €[0,1], AP — 0 in L%(Q) as h tends to zero.
(ii) There ezist p > 1 and a > 0 such that for all 0 < s <t <1 and every
he(0,1),

E[|A} — AL*) < cph® =D —g|t+e
for some constant ¢, depending only on p.

(iii) As a consequence, we have A" W0 in C([0,1];R) as h tends to zero.

ProOOF. Let us prove the three items separately:

(i) Consider a given ¢ € [0,1]. One has

t 2
([ 2o
:Q/Otdr/Rdﬁ/Rdn/ordv/ovduge(1/2‘)2?()t_;)1/)(hf)

776_(1/2)772 (t_r)f[/}(hfr])
[n|>=#

X

< E [el(f-f'n) (Br—Bu)+u(By _Bu)] )

Furthermore, for u < v <r <t we have

0 < E[eETM(Br=Bu)m(Bu=Bu)] — o= (€42 2(r—0) (= [D(w-1) < ~(r/2)(0-u)
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Now integrate this inequality in u and invoke the fact that 1(z) < cz? in
order to get

E[(/OtAZTdBTY] gch4/Otdr/ordv/Rdg/Rdnéim(f,n),

2 T T 5
(€ ) = e (/) (/2 e |7l‘2| {1 /2y,

where

To see that the integral in the right-hand side of (12) is indeed finite, observe
first that [, e (@2 (€] de = cga=1+9)/2 for any a > 0 and S € (0,1). Thus,

1
/ de / dnt(€,m) < c / ~(1/2)-) ¢ ge / 0l dn
-1

. / dge=(1/DE (=) ||
R

<«
=t = r|a+BI2

In the same way, since 5 € (0,1) we also have

/ s / dnt. (€,m) < / in =) dy / e~ (/2807 ¢|8 g
Inl>1 In|>1 R

< &
= A

Plugging these estimates into (12) and taking into account the fact that
B €(0,1), we end up with

t h 2 4 t dr
AT Py S—

which yields our first claim (i).
(i) In order to bound the increment AP — A" set

ko (€) == e~ /2Dy (he)

Then it is readily checked that

;1?_‘1? h5/2— ,8/ dB, /dfkht r / €(Br=Bu) gy

(13) +h,5/Tﬂ/0 dBT/Rdé.[kh,tr(&)_kh7ST(£)]A elf(Br—Bu) du

. Ah,1 Th,2
T As,t + As,t .

&
€37
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. Th,1 .
Consider first A% and write

ot 1 t . P
ALt = s / HyypdB,  with Hyp = /R dékn—r(€) /O e€(Br=Bu) gy,

By using successively Burkholder-Davies—-Gundy and Cauchy—Schwarz in-
equalities, we get

c t p
(14 BIAL ) < s ([ Bl ar)

with
E[|H,,[*] = CP/ SRR d§2p/ duy - - - dug,
R2P 0<uy < <ugp<r

XHkht rfg ZE] (Br= u)]7

which can also be expressed as

E[ H, . |*] :cp/ dép - dggp/ duy -+ dusgy
R2p 0<uy < <ugp<r

X Hk‘ht r(&)e ~(1/28f (w2 —w)

e~ (1/2)(E1+86)2 (us—u2) | o—(1/2)(&1++E2p)* (r—u2p)

We can then rely on the uniform estimate

2
| 2o~ (1/2E2 () (B < g
‘kh,tfr(gz”SCh € ‘§z| §C|t—7“|ﬂ/2

and the fact that
/ dére (1/2)€3 (uz—ua / d£2€*(1/2)(£1+€2)2(u?ﬁuz) ..
R

" / e (D1t =i
R

_ / dey e~ (/D (wa—ur) / deye— (/D ws—u2) . / dtaye™ (/2 (r=uzp)
R R R

= cp(ug — ur) M uz —ug) M (r — u2p)71/2
in order to get

4p,.p
cph™Pr

Hy 7] < :
H tT‘ ]_‘t T‘ﬁp
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Plugging this estimate into (14), we end up with
(15) EHglsl’,tl‘Qp] < c,h2PB-1D g _ 5|(1=Bp,

The bound for ;[Zf can be derived from a similar procedure. Observe, for
instance, that

[Fna=r (€)= ko (€)] < Bl WBECT) — o= U2FE) )5
< ch?|t — s|f|s — r|(179)/2
and invoking this bound for ¢ := (1 — 3)/3 one obtains that inequality (15)
also holds true for Agt Going back to (13), we see that the bounds on

Aht1 and Ast easily yield our claim (ii). Assertion (iii) is now a standard
consequence of (i) and (ii). O

Let us go back to expression (9), as well as the decomposition (10) and (11)
for QP . Proposition 2.5 allows to reduce our study to an analysis of th’ﬁ’l
defined by Q""" = h=6/2=0) [1 Q"1 4B, where Q"% is given by (10). In
order to identify another negligible term within th’ﬂ’l, let us resort to [to’s
formula applied to the (backward) Brownian motion B” = {B, — By,;0 < u <
r} and f(z):=e%*. This gives

r 2 By _ 1 2 r .
(16) / elé(Br*Bu) du — _M _|_ _’L eZ(B'r*Bu) dBZ
0 0

&2 3
and plugging this identity into (10) we get QA = DI — QM2 with
h
an) Db =2 [ |50 es 1]
R

We now prove the following proposition.

PROPOSITION 2.6. Let D" be the process defined by (17), and for t €
[0,1] set

Bl

1 Lo
D, dB,.
h5/2—6/0

Then the conclusions of Proposition 2.5 hold true for Dh.

PrOOF. The proof goes along the same lines as for Proposition 2.5, and
is left to the reader for the sake of conciseness. Let us just highlight the
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following decomposition:

_ t 1 d 2 d 2
B{(DLY] < Chw_l/o ks d(/ I£\1£‘5> Fen (/5 '|£\2£—ﬁ> ’

which allows us to conclude that limj_,oE[(D/)2] =0 since 1/2 < f<1. O

REMARK 2.7. With Propositions 2.5 and 2.6 in hand, Theorem 2.3 now
boils down to the following property:

Mh

(19) 5727

t
d
Qc/;Wa in C([0,1];R) with M ;:/ QMP24B,,

0
where Q%2 is the process defined by (18). It should be observed that M”" is
now a Brownian martingale, for which specific limit theorems are available.

2.3. Study of the martingale term. Similar to the argument used in [6,
7, 13], our strategy toward (19) is now based on the martingale convergence
criterion summed up in [4], Theorem A.1. Using the latter result, the proof
of (19) reduces to showing that, as h — 0, we have simultaneously

<Mh> B>t <Mh>t
B —0 and 1528
in L?(Q) for every fixed t € [0,1], with oy defined by (4).

To this aim, let us start by recasting M" in a suitable way. Indeed, thanks
to a stochastic Fubini theorem we have

h7ﬁ72 T Y
(21) h5/2_6 = A gh(BT - Bu) dBZ7

(20) — Ccaoy

where

@) == F() it (O = () = s e

In the course of the reasoning, we shall appeal to the following key properties
of gp:
LEMMA 2.8. [t holds that:

(i) For some cg independent of h, we have [ gn(z)*dx =cg > 0.
(ii) Recalling that p; stands for the Gaussian heat kernel defined by (5),
we have for every t € (0,1]:

chP=1/2
(23) [ onamta) e < e
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(iii) The function gy can also be written as
c [T (h—lz—yl)
24 = dy.
2y ) =g |,

In particular, gn(—z) = gn(z) and gn(x) >0 for all z € R.
(iv) For every € >0 such that > 1/2+ ¢, every h <1/4 and every

2| > Vh,
(25) gy () < ch*/?g) = (x).

Proor. By Fourier isometry,

1 $?(he) $*(€)
thH%Q = Hfh”?} = h528 [ |§‘6—2ﬂ d§ = ® ‘§|6—26 dg,

which gives (i). In order to prove (ii) use Fourier isometry again, which
according to (22) yields

h 2

—(t¢?)/2 1A—1/2
<ol [ e 45 T

For (iii), observe that

o2
PO =201 with o) = Tl

where the sinc function refers to sinc(z) = sin(z) Thus, using the fact

Fsnc())(©) = 11y (€)1 — [¢]), we get
(&)= F()(E) = 70 () = - 1) i) )

)
=— ——=(1—|=—y|),
R2 Jiemy—1 |ylP h

which clearly leads to (24).
Now we can use (24) in order to prove (iv): for z > v/h, write

+h e, B¢
B 1€ 1 /$ h— |x—y\ ch In (x) e/2 [—e
gy () =ch® ——7F— —dy < <ch®“g x),
() Wo/2==2) o lylElyl? e | — hJf b @)

since |x — h| > %\/ﬁ By symmetry of g, this completes our proof. [

Let us develop now the strategy for the convergence of the martingale
term, which has been summarized in (20). We shall prove the first claim
of (20), namely the following.
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PROPOSITION 2.9. For all t € [0,1], the martingale term M" satisfies

E[(M", B)]

h5_2ﬂ S Cthﬁ_1/2>

where ¢; is a uniformly bounded function of t € [0,1].

PROOF. According to (19) and (21), one has

B;h,2 t T
(Mh7B>t o fot Qr dr . =~
W B e, dr ; dBygn(By — Bu).

Hence,

E Mh,B 2 t 1 9
% = 2/ drl/ d’l”g/ duE[gn (B, — By)gn(Byr, — By)]
0 0 0

and furthermore,

E[gh(BTl - Bu)gh(BTQ - Bu)]

= E[gn * Dr,—ry(Bry — Bu)gn(Bry — Bu)
h,Bfl/Z
Vo —u’

thanks to (23). In addition, [|gn * Pri—rslloo < llgnllr2||Pr—rsllre < c|r1 —
ro|~1/4, and thus

h 2 t 1 T2
7E[<M . B)i] <ch® 12 | dry dra|r; — 7‘2‘71/4 dul|re — u\fl/Z
h5=28 0 0 0

- /R 0E[gh * Pry—ra) ()91 (E)Pra—u(€) < cllgh * Pra—rolso

from which our claim is easily deduced. [

Before we proceed with the proof of (20), let us label a technical lemma
on Brownian local times.

LEMMA 2.10. Let {Li(a);t € [0,1],a € R} be the local time process of
Brownian motion on the interval [0,1]. Then there exist € >0 and a strictly
positive constant ¢ such that

sup  E[|Li(z+ B)]*] <¢
z€R,t€[0,1]

and

sup B sup |Lu(@) — Lu(y)’] < b
tG[O,l} ‘x—y‘<h1/2
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PROOF. By applying Tanaka’s formula to the backward Brownian mo-
tion B, we get, for all x € R,

t
(26) |Li(x + By)| < 2|By| +2‘/0 1{§§ de

<—z}

and the first assertion immediately follows. The second assertion of our
lemma can be derived from [1], item (ii). O

We are now ready to prove the second part of assertion (20), that is, the
following proposition.

PROPOSITION 2.11. Let t be an arbitrary time in [0,1]. Then we have:

(M)
(27) LZ(Q) - }llli)% hg,,gg = CpQi,

where « is the self-intersection local time defined by (4).

PROOF. Let us start by applying again the backward It6 formula (16)
in order to get the decomposition

t ro 2
<Mh>t:/0 dr</0 dBZgh(BT—Bu)> .= Nt 4 N2

with

t r
NP = / dr / dulgn(B, — BJ))
0 0

t T r
Ntfu? — 2/ dr/ B, <gh(Br — Bu)/ dBLgn (B, — BS)>.
0 0 u
We shall now divide our proof in two steps.

Step 1. N™? vanishes as h — 0. Specifically, we shall prove that L?(Q) —
limp, g Nth 2= 0. Indeed, it is readily checked that

/([ ar [ (o8~ 5 [ aBron(, - BS>))Q]

t t t r1
(28) = 2/ dS/ du/ dTl/ dTZE[gh(Bn - Bs)gh(Bn - Bu)
0 s U U

X gn(Bry — Bs)gn(Bry, — Bu)]-

Furthermore, using the fact that g, is positive (Lemma 2.8(iii)), we have,
for fixed 0 < s<u<re<ry <t,

E[gn(Br, — Bs)gn(Br, — Bu)|Fr,]
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= [ (o + By = Bgnla + Bry = Bulpy (e d
R
< prs—rllocllgnl2e < ———
= pTl_T2 oo ||9h 12 = m)
where we have used Lemma 2.8(i), and
E[gh(Br2 - BS)gh(Bm - BU)]
=E[gn(Br, — Bu)(g * pu—s)(Br, — By)]
<l pusll | @prs-a(a) do
R

h,Bfl/Q
< cthHL2 HpuszLQ \/ﬁ
with the help of Lemma 2.8(ii). Going back to (28), the result easily follows.

Step 2. Limit of N1, We will show the following property:

t T t
(29) /0 dr /0 dulgn(Br — B,)]* =0 5 /0 drL,(B,)  in L%(Q),

where cg is the constant defined at Lemma 2.8. To this aim, observe that
according to the occupation density formula we have

Ap = /Otdr/ordu[gh(Br—Bu)]2—05/0terr(BT):/Ot</RZr(x)d$> dr,

where Z is the process defined by
Zp(x) = gn(B, — )*[L,(z) — L.(B,)].

Next, we decompose Ay, as A}ll + A2, where

t
A}L:/ </ Z,.(x) d:c> dr
0 \J|z—By|<hl/2
t
A7 :/ </ Zy(x) da:) dr.
0 |z—By|>h1/2

We now estimate those two terms separately.
The term A}L can be bounded as follows: owing to Lemma 2.8(i), we have

and

t
Al <c / sup | Lo(x) — Lo(y)| dr.
0 fz—y|<hi/?
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Owing to Lemma 2.10, we thus get
EAL? < sup B[ sup |Li(e) = Li(y)] < eh®
tel0,1]  Hz—y|<hl/?

for some constant ¢ € (0,1).
As far as A? is concerned, invoke Lemma 2.8(iv) in order to conclude that
for any € > 0 such that 5 > % + ¢ and every h <1/4, we have

siitiar [Bl([ e BRI - L) | o

t
<ot [B] [0 - BOPIL @) ~ L) ds | ar < i,
0 R

where we have appealed to Lemma 2.10 for the last inequality.

Step 3. Conclusion. Putting together the bounds on A}L and A,%, we have
proved our assertion (29), which easily yields

(M), !
LQ(Q) —]{%W :Cﬂ . LT(Br)dT'.

In order to prove (27), we now just have to observe that

/OtLr(Br)d?”:/0t</OT5BT(Bu)du> dr:/0t</0r50(BT —Bu)du> dr = a.

This completes our proof. [

3. L? modulus of one-dimensional local time on chaoses. In this section,
we go back to the study of the L? modulus of the Brownian local time, that
is, to the study of the quantity H'(B) defined by (1) with the global aim of
proving Theorem 1.2. Before we go on with the proof, let us introduce some
additional notation.

NoTATION 3.1. For any ¢t >0 and n > 1, we write §;* for the simplex of
order n on [0,¢], that is, S = {(t1,...,t,) € [0,t]":t; < --- < t,}. For every
n > 2 and every h >0, we also define a function ®y,(t1,t2) as

h
Dp(t1,t2) = Ppp(ty,te) = / pggjl) (y)(h —y)dy, 0<t <t <t.
0

From the classical uniform estimate sup,cg |pt2m) ()] < et~ 1/2) | we
can already derive the following bounds on @y, »,,,, which will be used in the
course of our reasoning.
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LEMMA 3.2. Fix m > 1. Then there exists a constant ¢, such that for
every h € (0,1) and all 0 <t <s <t <ty, one has

(30) 1B 2 (5,1)] < emh2|t — s|7mH1/2)

and for any X\ € (0,1),

(31) [ Bhom(ts,t) — Phom(ts,s)| < cmh?|t — s|M|s — |7 HI/2=A,
(32) | ®pom(t,ta) — Bpom(s, t2)| < cmh?[t — sty — t| 7 FL/D7A

The proof of Theorem 1.2 is decomposed in four main steps: after some
preliminary material, we write an explicit chaos decomposition for each
H}'(B). Then we study the asymptotic behavior of the variance in each
chaos, and the central limit theorem for the finite-dimensional distributions
of J,(H"(B)) is obtained by analyzing the contractions of its sequence of
kernels. Finally, we study the tightness of the process {.J,,(H*(B));t € [0,1]}
properly normalized.

3.1. Stochastic analysis preliminaries. We will consider here the Brown-
ian motion B as an isonormal process B = {B(h); h € H} defined on (2, F,P),
with H = L*([0,1]). Recall that it means that B is a centered Gaussian fam-
ily with covariance function E[B(h1)B(ha)] = (h1, he)y. We also assume that
F is generated by B.

At this point, we can introduce the Malliavin derivative operator on the
Wiener space (2, H,P). Namely, we first let S be the family of smooth
functionals F' of the form

where hy,...,h, € H, n>1, and f is a smooth function having polynomial
growth together with all its partial derivatives. Then the Malliavin derivative
of such a functional F is the H-valued random variable defined by

DF = z; ggi (B(h1), ..., B(hn))hi.

For all p > 1, it is known that the operator D is closable from LP(2) into
LP(Q;H). We still denote by D the closure of this operator, whose domain is
usually denoted by D' and is defined as the completion of S with respect
to the norm

|F |l == (E[|F[] + E[|DF|2)"/.

We shall also denote by D°>*P the intersection () k>1Dk’p .
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Consider the nth Hermite polynomial H,, defined on R, that is,

n

(33) D

and let #,, be the closed linear subspace of L?(£2) generated by the random
variables {H,,(B(h));h € H,||h|l5 = 1}. Then H,, is called Wiener chaos of
order n, and L?(€2) can be decomposed into the orthogonal sum of the #,,:
we have L(Q, F,P) = @, , H, (see [10], Theorem 1.1.1). In the sequel, we
denote by J,,(F) the projection of a given random variable F' € L?(2) onto
Hy, for n >0, with Jo(F) = E[F]. In this context, Stroock’s formula (see
[14]) states that, whenever F' € D°*2 one can compute J,(F) explicitly as
follows for n > 1:

(34) Jo(F)=IL(fn)  with fo(ty,. .. tn) = w

where I,(f,) stands for the multiple It6—Wiener integral of f,, with respect
to B. We also label the value of Hs,,(0) here for further use: for m > 1, we
have

_ ="
C2mml

Let now f, be a symmetric function in L?([0,1]"). The contraction of
order p of f, is the function defined on [0,1]2("~P) as follows:

[fn Rp fn](th s at2(n—p))

(35) HZm(O)

(36) = falut, . up,ti, .. tn—p)
[0,1]»

X (Ui, Upstnpit, - togmopy) dug -+ dup.

With this definition in hand, let us state the following theorem (borrowed
from [11]), which will be crucial in order to establish the convergence of our
renormalized local times.

PRrROPOSITION 3.3. Let {F}, = I,(fnn);h > 0} be a family of random
variables belonging to a fixed Wiener chaos H,, for which we assume that
the kernels f, 1, are symmetric. We also suppose that:

(i) We have limp,_,o E[F?] =02 > 0.

(ii) Forallpe{l,...,n—1}, the relation limp_q || fr,n @p frnllye2m-rn =
0 holds true.

Then F, converges in law to a Gaussian random variable N'(0,0?) as
h—0.

In order to obtain convergence in law for processes, we shall also invoke a
CLT for multidimensional vectors in a fixed chaos, originally proved in [12]:
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PROPOSITION 3.4.  Consider a family of d-dimensional random variables
{Fp;h >0} with Fp, = (Fﬁ,...,Fle), such that F} belongs to a fized Wiener
chaos H,, for each j € {1,...,d} and h > 0. Suppose furthermore that for a
symmetric matriz I' we have:

(i) Each F converges in law to a Gaussian random variable N'(0,T'(4,7))
as h — 0. ‘

(ii) For each (i,j) € {1,...,d}?, one has limj_,o E[F{F}] =T(i, ).

Then Fj, converges in law to a Gaussian random variable N'(0,T) as
h—0.

3.2. Chaos decomposition of H}'(B). In order to compute the chaos de-
composition of H}(B), we first recall a relation taken from [6], whose proof
is similar to our identity (7): we have

HIB)= [ Bo(B,~ B+ )
[0,t]2
(37)
+ 60(By — By — h) — 260(B, — By)] dudv,

where (B, — B, + h) has to be understood as a distribution on the Wiener
space in the sense of Watanabe (see [16]). One can also show that the right-
hand side of (37) is the L?()-limit of the sequence obtained by replacing
dp with the Gaussian approximating kernel p. (see [6], Section 2, for further
details).

Let us also give an elementary yet useful lemma.

LEMMA 3.5. Let p; be the Gaussian kernel defined by (5), and N be a
real valued random variable such that N ~ N'(h,o?) with h € R and o2 > 0.
Then for all n >0, we have

(38) Elpi" (V)] = p{'2,s (k).
Proor. Taking into account the analytic form of expected values with

respect to N, we have E[ptn)(N )] = [ptn) % py2](h). Furthermore, elementary
relations for convolutions and the semigroup property for p yield:

P % pyr = [pr * py2] ™) = piﬂ,z

from which relation (38) is easily deduced. [

Recall now that the projection J,(F) of a L? random variable F' onto a
fixed chaos H,, has been defined at Section 3.1. For our Hamiltonian H}(B),
we get the following.
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PROPOSITION 3.6. For every n > 1 and every h > 0, recall that we have
set Xf’h = J.(H(B)) for the projection of H}(B) onto the nth Wiener
chaos. Then we have

Xf’h =0 if n is odd,
(39)

X = %In((fh + gn.t) - Ljo,qn) if n is even,
where fy € L*(R"), gnt € L*([0,8]") are the symmetric functions defined by
(40) fr(te, ... tn) = Pp(min(ty,. .., t,), max(ty,...,t,)),
Gnt(ti, ... ty) == —Pp(min(ty, ..., t,),t) + ®p(0,1)
— &5, (0, max(ty,...,tn))
and where we recall that the function ®p has been defined at Notation 3.1.

(41)

Proor. We divide this proof in two steps:

Step 1. Computation of the projection. Let us first compute the chaos
decomposition of dy(B, — B, + h). To this aim, recall that, as a distribution
on the Wiener space (see [16]), we have éo(B, — By, + h) = lim._,op:(B, —
B, + h) for the Gaussian kernel p. defined at (5). Furthermore according
to Stroock’s formula (34), we have J,(p(By, — By + h)) = (gpn) with

1
wfz(tlv .- '7tn) = EE['DM,---,tan(BU — By, + h)]

1 . -
= EE[Pg )(By — By + h)] I | L) (ti)-
=1

We now compute E[pgn)(Bv — B, + h)] by means of formula (38), which
yields

(n) n

p
@ (t1, ... ty) = v“*f H1M]

Taking limits as € — 0, we end up with J, ((50(B —By+h))=1,(¢n), where

p
$n (th 1 — u Hluv]

The same kind of computations is valid for (50(BU — B, —h) and 6y(B, — By),
and thus going back to (37), we have obtained

X" = Jn(ch(B))

(/SQHM )+ P h>—2p5ﬁ’u<o>1dud”>,

t =1
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where we recall that S? stands for the simplex of order 2 on [0,t] (see
Notation 3.1). Moreover, observe that p(n) (h) —i—p(n) (=h) — (n) ,(0)=0

v—Uu —
when n is odd, which yields the first claim in (39). Therefore, only even ns
are considered from now on.

Step 2. Simplification of the expression for the projection. Notice first
that, since we are dealing with a linear Brownian motion B, one can write
X7 M as

"h—2/n</SQH1[uU )P () + 5, (1)

t =1

(42) —2p!™ (0)] du dv) dB,, - dBy,

t1 ot
- / ( / (1) + 9 (—h) — 25, (0)] do du) dB,, --- dB,,.
n \Jo Jt,

Let us transform now the expression p\™ (h) +p (—h)— 2p(") (0). First,

v—Uu v—u v—u
since n is an even number and p is symmetric, we have

p{ (k) + 8, (—h) = 208,(0) = 2[p\", (h) — pi™,, (0)].

Then write

™ () — p™,(0) = / ©)da = / / P (y) dy de

0J0
which yields

t1
/ du / dvlp(™, (k) — p, (0)]

tn

t1 x
:2/ du/ dv/ dx/ dyavpz(ji)u(y)
tn

h (n)

/ du/ dm/ dy[p{™ ( — i, u(Y)]

t (n— 2 (n—2)
:—4/ du/ da:/ dy[Oup;_,”~ (y) — auptn_u (¥)]

_— /0 B2 w) - 0 ) - o2 )+ 5D )] (- ) dy.
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Plugging this expression into (42) and symmetrizing again, relation (39)
easily follows. [J

3.3. Asymptotic behavior of the variance. In this section, we compute
the correct amount of normalization needed for the convergence of each
Xfm’h = Jom (H(B)) for m > 1. This will be obtained thanks to an asymp-
totic analysis of the variance of those random variables and recall that we

have shown that X2™" = %Igm((fh + gnt) - Ljo42m ), which means in par-
ticular that
B X2
(43)
162
Z:(izgﬁ((fh4—gh¢)']{Qﬂ2m,(fh4—gh@)']{Qﬂ2m>L20R$ny

Our aim is to prove the following.

ProrosITION 3.7. Fix m>1. Then for all 0 < s <t <1, it holds that

E[X2™h X2 ¢(2m —2)!
44 li ¢ = o2 ith 02 = —— " ")
@)y ot vt o = e T

for some strictly positive universal constant c.

The strategy for the proof of Proposition 3.7 is rather simple. Namely,
with the expression (43) in mind, our calculations will be decomposed into
the following facts:

e The norm ||gh,t||%2([07ﬂ2m) is of order at most h* as h tends to 0, and thus

is negligible with respect to h*In(1/h).
e The quantity (fp - 1 g2m, fn - 1[075}2m>L2(R3_m) scales as in relation (44).

Let us thus start by identifying the negligible terms.

LEMMA 3.8. Fiz m > 1, and recall that for every t >0, gnt = gntom 15
defined by (41). Then there exists a constant ¢, such that for every h >0,

sup th,t||%2([07t}2m) < th4.
t€[0,1]

Proor. Write

lgn.el172 0,42

:(2m)!/2 (@ (t1,£) — D (0,2) -+ By (0, toyn) | b - -« dltomy
Sim
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gcm{/ (t —t1)?" 1Dy, (2, 1) dty
[0,1]

+ 2™ ®,(0,1)? +/

11D, (0, o) dtgm}
[0,¢]

and the bound is then easily derived from (30). O
We can now turn to the proof of the main proposition of this section.

Proor or PROPOSITION 3.7. Thanks to Lemma 3.8, we only have to
focus on

An(s:8) = (fn - Ljoggem, fr - Ljo,s)2m) p2(m2m)-

An easy integration over the simplex gives

Ap(s,1) = (2m)! / (@ (1, o) 2 by - dtam

2
Szm

gy [ (tom — )22 2
e (Qm) - W[¢h72m(tl7t2m)] dtl dtgm

Then, using the classical formula for the 2mth derivative of p;, that is,
2 - Y
(45) 2 ) = o) o 25 ).

where Hs,, is defined by (33), we deduce that
Ap(s,t) = (2m)!(2m — 2)!

h —y?/(2(t2—t1))
YGRS [y

2

X Hoppo| ————————=
2m 2<(t2—t1

= (2m)!(2m — 2)!

h o=y?/(2(t2—t1)) y ;
Hop o ——— | (h—y)dy| dt,dts.
X /32 [/0 (27 (ty — t1))1/2 2 2<(t2 — t1)1/2>( Y) y} 1at2

Perform the change of variable to —t; =7 and t; = o, which yields

Ap(s,t) = (2m)!1(2m — 2)!

s h eny/(ZT) y 2
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1/2

Now set y/7'/% =z in order to get

(2m)!(2m — 2)!
2m I

s h)7t/? 1/2 2
X / (s—1) [/ 6722/2H2m,2(2) <1 _ Z> dz} dr.
0 0 h

Finally, let u = h/7'/2, so that we end up with A,(s,t) = 2(2m)!(2m —
2)!h*a(h), where

a(h) = /h jo/ us <5 - Z-j) [ /O ’ e % 12 Hyp o(2) (1 - 5) dz] 2 du.

It is now readily checked that the main singularity in the integral defining
a(h) is due to a term u3u? = u~! integrated close to 0, so that for small h,
a(h) is of order In(1/h).

In order to quantify this fact, let us apply ’'Hopital’s rule to a(h)/In(1/h).
We get

Ah(S,t)

a(h) . b(h)

I ~1
o In(1/h)  hoso h—2

[e%¢) u 2
b(h) = 2/ ud [/ e_ZQ/QHQm,Q(z) <1 — —) dz} du.
h/sl/2 0

It is now easily seen that b'(h) is equivalent to —$h™3[Hap,—2(0)]* in a neigh-
borhood of the origin, so that a second application of I'Hopital’s rule to
b(h)/h~? yields

with

. a(h) s
M TRy 71 Hom—2(0)1
t) =

In order to conclude recall that Ay (s, L (2m)!(2m — 2)!ha(h), and thus
with the value of Hy,,—2(0) in mind [see (35)] we end up with

An(s,) ) (2m)!(2m — 2)
— Ho,—2(0)]7(2 2 2
w50 WA In(1/h) = 3 1Hzn—2(0)(2m)!(2m — 2)! = 7o T[(m— 112
which completes the proof of relation (44) since
E[X?™MX2™M 128 Ap(s,t)
im = im .
h—0  h*In(1/h) 7(2m)! h—0 h*In(1/h) g

REMARK 3.9. The fact that > 02, = 0o, mentioned at Theorem 1.2(iii),
follows at once from relation (44). Indeed, using Stirling s formula, we can
easily conclude that o2, is asymptotically equivalent to \/— for some constant

c>0.
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3.4. Contractions. In this section, we shall prove that for a fixed ¢ € [0, 1]
the random variable Hy(B)/[h?In(1/h)"/?] converges in law to a Gaussian
random variable as h goes to 0. Owing to Proposition 3.3 and with Proposi-
tion 3.7 in hand, this boils down to the study of contractions for the functions
fn,gn involved in the definition of J,,(H¢(B)) given at (39). Those contrac-
tions are evaluated in the following proposition.

PROPOSITION 3.10. Fiz n=2m > 2, and recall that fy,gn also depend
on n as highlighted in (40)—(41). Then for every r € {1,...,n— 1}, one has

1
h81n%(1/h)
as h tends to 0.

(46) H(fh + gh,t) Or (fh + gh7t)||%2([07t}2n72r) —0

PrOOF. Due to Lemma 3.8, the proof of Proposition 3.7 and thanks to
the fact that
| 0 @r gn.tll 20,9202y < | fallL2(0,92m) l9n.e | L2 (0,42,
it is readily checked that as h tends to 0,

1

WS (1/h) 1(Fh + gnt) @ (Fn+ )72 (0172020

B 1
~ h8In%(1/h)

We are thus reduced to prove that

Hfh Qr th%Q([O’t]Qn—Qr) + 0(1).

(47) g L2 oy
h—0 h81n%(1/h)

In order to compute || f, ®; fh”%?([()’tpnf}r), let us consider the following

general problem: fix an integrable function ¢ defined on S? and compute
the contraction norm:

Ry, () =/ </ go(max(s,tl),min(s,tl))
[O,t]Q("_T) [O,t]"

2
x @(max(s, t?), min(s, t?)) ds) dt! dt?,

where we have set
max(s,t) = max(s1,..., 80, t1,. .., tn_r),

min(s,t) = min(sy,...,Sp,t1,. ., tn—r).
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Note that R, ,(¢) can also be written as

2
Ry (p) = / / [ #(max(s’,t/), min(s’,t/)) ds' ds® dt" dt”.
[O,t]Q("_T) [O,t]QT i,]:1

In order to evaluate this integral, the following simple transformations can
be performed: (i) Replace max(s’,t7) by max(s’) V max(t’). (i) Integrate
on simplexes such as 0 < s1 < --- < s, <t. For 2 <r <n — 2; this simplifies
the above expression into

Ru(0) = [(n—r)tr))?

2
X p(max Ui,Tj ,min Ui,Tj
S [ TL ptmaxich o). minGotor))

ij=1
2
(Uk _ Uk)er(Tk _ Tk)nfer
<11 [ e L R T
11 . .
that is,
Rnﬂ“(@) =P (n)
(48) x / / [T w(max(o}, ), min(t, 7))
(S§9)2 (82 ;550

2
X 1_[(05€ — ok — T2 do® dok drF dr,
k=1

where we have set P.(n) = [(n —r)(n —r— 1)r(r — 1)]2.

We now recall that fj, is defined by (40), which means that we shall apply
identity (48) to the function ¢ = ®;, where @, is introduced at Notation 3.1.
Toward this aim, observe that one can write ®p(u,v) = £, p(v —u) with
lon:Ry — Ry given by £, 5(w) = fohpz(ffd)(y)(h — y)dy. Thanks to the
expression (45) we have already recalled for pgb -2)
(=) (n—2)! [hev*/(w) y h2

g _ <0
/o o w072 Hy—s wl/2 (h —y)dy < cn w12

Plugging this relation into (48), we obtain that for 2 <r <n —2,

we thus get

lpp(w) =

||fh R fh||%2([07t}2n—2r)

2
<eneh® [ [, TI (max(oh o) —miniod )y~

i,j=1
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2
(49) X 1_1(012C — o 2k — 2 do dok drF drk
k=1
2
< ¢y rh® / / [ (max(o}, ) — min(ot, 7))/
(CHRRICH S

2
X H do¥ dok drf drk.
k=1
This kind of integral will be handled in Lemma A.13, which allows to con-
clude that ||fn ®, fh||%2([0 f)2n—2r) < cn,rhs. Hence, relation (47) obviously

holds true, which in turn implies (46).

We have thus proved relation (46) for n >4 and 2 <r <n — 2. The re-
maining possibilities can be treated applying the same reasoning: in the case
(n>4,r€{1,n—1}), we have

Hfh R fh‘|%2([07t}2n—2r)

< Cr,nhg
2 ' ' 2
X / / (max(o?, 7)) —min(o’, 7)) dot do? || drf dr¥
(82)2 J10,4)? il'_:ll kl_[l

and we recognize here the second (finite) integral involved in Lemma A.13.
Finally, the case (n = 2,7 =1) reduces to

||fh Qr th%Q([O’t]Qn—Qr)

< Cr,nhs

2
X / / H (max(ai, Tj) — min(ai, Tj))_1/2 dot do? drt dr?,
[0,¢]2 J]0,2]2 ij=1
so that we can conclude with Lemma A.13 as well. O

Summarizing our considerations up to now, we have obtained the following
convergence in law for the finite-dimensional distributions of X 2™

ProrosiTiON 3.11. Taking up the notation of Theorem 1.2, consider
t1,...,tg €[0,1] and m >1. Then as h — 0 we have

1 vah Qm,h (d
W(th ""7Xtd ) _ZUmN((),F)

s c(2m—2)!
where O'm = 22”1[(171——1)']2
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and N(0,T) is the centered Gaussian law in R with covariance matriz
D(i,j) = min(t;,t;).

Proor. We shall simultaneously apply Propositions 3.3 and 3.4 to the
random vector h~2[In(1/h)]~ /2 (Xflm’h, . ,dem’h), which is of course a se-
quence of random vectors in (Ha,,)?. Moreover:

(i) According to Proposition 3.7, we have for every t;,t;,

B[X™ X

1- 7 — 2F .. )
o Ty oml)

2m,h

( i) For each fixed ;, one can write X; """ = Ioy(kom,n) With kopp =

(2m (fh + gnt;) - Ljo,2m- Then Prop031t10n 3.10 asserts that, for all r €

{1, -1}

1
lim ———— ||k rk o =0.
h—0 h4ln(1/h)H 2m,h & thHH‘X’?( =0

We can thus combine Propositions 3.3 and 3.4 so as to conclude. []

3.5. Tightness. Now endowed with Proposition 3.11, the proof of Theo-
rem 1.2 reduces to showing that the sequence of processes {h=21n(1/h)~1/2 x

X72™" t€0,1]} is tight. These are contents of the following proposition.

ProPOSITION 3.12. Fixm>1. Then:

(i) There exist A>0 and a constant ¢, such that for all 0 <s<t <1,

1
50 sup —
(50) WS R Tn(1/h)

(i) The family {h=2In(1/h)~1 /2 X2 b >0} is tight in C([0,1]).

BIX 27" — X272 < et — 5.

2m,h

In order to prove Proposition 3.12, recall that X; (2m Lo ((fn +

gnt) Lo g2m) With fn, gn defined by (40)—(41). We will also use the following
additional property of gj,, which can be readily checked with the help of (31)—
(32), as in the proof of Lemma 3.8.

LEMMA 3.13. Fiz m > 1, and recall that we write gy instead of g i om
for notational sake. Then there exist A >0 and a constant c,, such that for
all0 <s<t<1, one has

Sl(lp th,t - gh,s||%2([078}2m) < th4|t — 8‘)\.

)
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We can now turn to the proof of the main proposition of this section.
PROOF OF PROPOSITION 3.12. We prove the two claims of the propo-
sition separately:
Step 1. Proof of assertion (i). Let us write
X2mh . x2mh
= {In((fn + gnt) {1jo,92m — Ljo,52m }) + In((gnt — Gns) - Ljo,52m) }-

The second term of this decomposition can be treated with Lemma 3.13. As
for the first term, we clearly have

E[(Lu((fa + gne) - {Lj0,q2m — Ljo,g2n })%] < em(Al, + BE)
with

Ag,t = / ®p,(t, o) dty -+ dtom,
0<t1 <---<tom

s<tom <t

B?,t: / gh,t(tl,...,tgm)Q dtl-" dtgm.
0<t1 < <tom

s<tom <t

We now bound those two terms: first, split up Agt into Agt = cm{AZ’tl +
AP} with

hi_ _
Agy = / (tom — t1)*™ 2@y (t1, o) dt1 dtop,
0<t) <s<tom<t

and

h,2
As,t

/ (tom — t1)* ™20 (t1, tam )? dt1 dtay,
s<t1<tam<t

= / (tam — t1)*™ 2@y (t1, tom)? dty dbgm.
0<t1<tom<t—s
Then by (30), one has for any small £ > 0,

Al <eph? / (tam — t1) " dty dtom,

0<t1<s<tom<t
< cmh4/ (s —ty) 1t dtl/ (tom — t1) " dtom
0<t1<s s<tom <t

< epmh|t — s|tE.
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As far as Agf is concerned, we can follow the lines of the proof of Propo-

sition 3.7 and conclude that lim mAZf = ¢ |t — s| as h tends to zero,

which gives us a proper estimate.
Finally, the bound for Bgt is easily derived as follows: first notice that,
according to Definition (41) of gy, ¢, we have

Bl < c/ [®F (t1,t) + B3 (0,1) + PF(0, tom )] dty - - - dtop,.
0<t1 < <tom
s<tom <t

The three terms above are handled easily, and along the same lines, thanks
to (30). For the first one, we get, for instance,

/0 o t(tgm—tl)Qm—2<I>%L(t1,t) dty - dtoy,
<t1<tom<

s<tom <t
<emht / (tom — 1) 2(t — t1) 72" dty dioy,
0<t1<tom <t
s<tom <t
4 -1
S th (t - S)/ (t - tl) dtl
0<t1<s

+cmh4/ (t—t)*™ Lt —t) 2 dty
s<t1<t

< cmh4\t — s|1*5

for any small € > 0. Gathering now our estimates on Ag,t and Bgﬁt, we have
proved our claim (50).

Step 2. Proof of assertion (ii). With inequality (50) in hand, the tightness
result is easily deduced. Indeed, the random variable X" — X2™" living
in a finite chaos, we are in a position to use hypercontractivity (see [10]) and

assert that for all p > 1,

1

S — ) ¢ ' LU R [
he(0.1) PP In(1/h)P [1X; E 1 < cmpl

As we have done before, Kolmogorov’s tightness criterion is therefore verified
for every p such that Ap > 1, which finishes our proof. [J

4. L? modulus of 2-dimensional local time on chaoses. We now carry
on the task of proving Theorem 1.3 for projections of the quantity HJ'(B)
defined by (1) when B is a two-dimensional Brownian motion. For the sake
of simplicity, we shall take up most of the notation introduced at Section 3,
starting from the fact that our Hamiltonian is written H}'(B) independently
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of the fact that B is a one-dimensional or a two-dimensional Brownian mo-
tion. Like in [7], we shall also invoke the following important representation
formula for H}'(B):

HIB) = [ Bo(B,— Bu+ )
[0,t]2

(51)
+ 50(BU - Bu - h) - 250(BU - Bu)] dudv.

REMARK 4.1. The reader should be aware of the fact that expression
(51) is formal, since the self-intersection local time is a divergent quantity for
a two-dimensional Brownian motion. Notice, however, that only projections
on fixed chaoses will be considered in the sequel, and all projections of the
random distribution defined by (51) are well defined.

Next, we introduce the equivalent of the functions ® introduced at Nota-
tion 3.1. In the 2-d case, we will let this set of functions appear in a Fourier
transform procedure, as follows.

NOTATION 4.2.  For every n > 2, every i = (iy,...,iy,) € {1,2}" and every
h € R?, we define a function ®;(t1,t2) as

Di(t,s) = Py p(t,s) = /R? dg(H 5%) {1- CTZTih7§>)}€(tS)|£|2/2-
k=1

REMARK 4.3. In order to draw a link between ®; and the function ® =
®'d introduced at Notation 3.1, observe that, at least for n = 2m even (the
only cases of interest in our study), one can also write ™4 as

h
Bid (1) = /O P ) (h— ) dy

t—s t—s

1 m— m— m—
= o2 () + 00 (k) - 2P (0))

—c / dE€>™2{1 — cos(hg) e 1=9E/2,
R
where we have used the Fourier representation p;_(z) = ¢ [ d¢ @ (t=9)E%/2,

The continuity properties of the functions ®;, mimicking (30)—(32), are
summarized below.
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LEMMA 4.4, Fizxm >1 and o € (0,2). Then there exists a constant ¢y, o
such that for every h € R? and all 0 <t; < s <t <ts,

(52) a0t )| < cmal [t = s,
(53) ma By (8 11) — By (s, t1)] < el D[t — s[5 — ty |7 (@/2)=A
(54) leg%ml@l n(t2, ) — @ (g, 8)] < ol bl [t — sty — ¢~ HI—(@/2=A

The strategy of the proof for Theorem 1.3 is now similar to the one-
dimensional case of Theorem 1.2: exact computation of the chaos decompo-
sition, analysis of the variance and contraction properties for HJ'(B). This
is why we shall skip some details below, and mainly stress the differences
between the 1-d and the 2-d case.

4.1. Stochastic analysis in dimension 2. The Malliavin calculus setting
we shall use in this section is very similar to the one explained at Section 3.1.
However, we stress here some differences between stochastic analysis for 1-d
and 2-d Brownian motions.

Notice first that our standing Wiener space is now the space of R?-
valued continuous functions C(R;R?), while the related Hilbert space is
H = (L?([0,1]))%. We set B = (B!, B?) for the two-dimensional Wiener pro-
cess and for h = (h',h?) € H we define B(h) = BY(h') + B2(h?). Starting
from this definition of Wiener integral, the Malliavin derivatives and Sobolev
spaces are defined along the same lines as in Section 3.1.

Stroock’s formula takes the following form in the two-dimensional situ-
ation: designate by i= (i1,...,i,) a generic element of {1,2}". Then for a
functional F € D2, we have J,,(F) = I,(f,), with

. / filtrs oot dBJ1 - dBjr.
01

ie{1,2}n
(55) ;
E[D}, .+, F]

n! '

filte, .. tn) =

Finally, Propositions 3.3 and 3.4 are still valid in our 2-d Wiener space
context, except for the fact that the expression for the rth contraction (r €
{1,...,n}) of a given kernel f reads as follows: for k!, k% € {1,2}"" and
tl t2 0,1,

(56) (F @0 et 89 = 3 /01] dsf g 1) (£1,8) fe ) (82.5).

le{1,2}7
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4.2. Chaos decomposition of HJ'(B). We are now ready to compute the
projections X™" of H"(B) on chaoses, which is the analogous statement to
Proposition 3.6 in the 2-d situation.

PROPOSITION 4.5. For every n > 1 and every nonzero h € R?, recall
that we have set Xf’h = J,(HMB)) for the projection of H]'(B) onto the
nth Wiener chaos. Then we have th’h =0 if n is odd and

xph= Loy / (At vtn) + gialtas. o t)}dBiE - B
(57) 16{1 2yn / [0:L]"
if n is even
for some universal constant c. In the previous equation, the symmetric func-
tions f; € L*(R") and giy € L*([0,¢]") are defined for each i€ {1,2}" by

filte,- o tn)

(58)
= fl(ty, ... ty) == ®i(min(ty,...,t,), max(ty,...,t,))
and
Git(t1,. . tn)
(59) =gly(t1, .. ty)

= —®;(min(ty,...,t,), 1) + ®;(0,1) — ®;(0, max(ty,...,t,)),

where we recall that the functions ®; are introduced at Notation 4.2.

PRrROOF. By applying Stroock’s formula (55) to expression (51) in a sim-
ilar manner as in the proof of Proposition 3.6, we obtain that X" M i equal

to
_ ¢ 0"py—u 0"py—u .
Conl Z /[O,t]n </Sf [ 0x; (h) + ox; (=h)

ie{1,2}n

x H1[w dudv) dB;! - dB}"

WA AL U

ie{1,2}n

0" Py—u i in
-2 B2; ( )} dud’u> dBtll dBtn>
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where p(x) stands here for the 2-dimensional Gaussian kernel and where we

have set Oxj := Ox;, --- Ox;,. Observe first that anp”‘“ (h)y+ & et (—h) —

28715%(0) vanishes When n is odd, which yields our clalm X = 0 in this

situation. In the case where n is even, use the Fourier representation

Po—u(r) =c / et(@:€) = (v-wlel*/2 g¢
R2

and Fubini’s theorem in order to derive

X = Z/ i(tn,t1) — ©i(t1,t) + @5(0,t) — ®;(t,,,0)] dBy -+ B

ie{1,2}n

Formula (57) follows by symmetrization. [

4.3. Asymptotic behavior of the variance. With expression (57) in hand,

we now proceed as for the one-dimensional case, and compute E[ X} 2msh g 2m. h]

in order to see how this kind of quantity scales in h. Let us first label the

following analytic lemma which will feature in our future computations.
LEMMA 4.6. Fizm>1 and ¢:R? =R such that

(60) o(a,y)| < effal eyl == + |2 oy )

for some small € > 0. For every nonzero e € R?, set

2m
60 o= [ s [ S totie e trenexn( 5067+ 1nP))

: 5 - T2 _
s well deﬁned and for all unit vectors e, e € R*, one has Lfm e =

Then L?

2m,e

We denote by Ly this common quantity.

2me

PROOF. The fact that L e is well defined can be easily checked us-
ing (60). As for the second assertion, introduce the rotation A which sends
e to € and then use the isometric change of variables £ = A*¢, n= A1, so

as to turn LY into LY O

2m,e 2m,e"

We will also make use of the following uniform estimate for gifft, which (as
in the proof of Lemma 3.8) can be easily derived from the bound (52):

LEMMA 4.7. Fiz m > 1, and recall that for every t >0 and every i €
{1,2}*™ gi s is defined by (41). Then there exist a constant ¢, and a small

e >0 such that for every h € R?,
h (12 2
sup ||9i,tHL2([o,t]2m) < el R
tel0,1],ie{1,2}2m
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We can now compute the correct order of E[X2™"X2™"] as follows.

PROPOSITION 4.8. Fix m>1. Then for all 0 < s <t <1, it holds that
lim |h| 2E[X2™" X200 = o2 with o2, L
h—0 t s m (2m —2)!”

where c is a universal constant, where o is defined for every (x,y) € R? by

> du
plrg) = [ 1 cos(un {1 - cos(ug)}
and where we recall that Ly =~ has been introduced at relation (61).

Proor. Recall that

m, m &
E[X;""X? ’h]ZW > (fitgi) Logem, (fitgis) Lo.spm) 2 @em)

Tie{1,2}2m
and thanks to Lemma 4.7, we only have to focus on the sum of the terms
= (fi-Lpgem, fi- 1j,52m) L2 (R2m)-

An integration over the snnplex gives

. 2m)! _
st= ﬁ / . D (tam, t1)? (tam — t1)*" 2 dt1 dtop,.
— ) Ja2

The change of variables to,, —t; =7 and t; = ¢ easily leads us to

i 2m)! s
s,t:ﬁ/o (s = 7)@; p,71/2(1,0) dr.

1/2

Setting ej, = ﬁ, the change of variable u = |h|/7"/* now gives

. 2(2m)! 9 [ _3 |h|? 9
Al = 2B, g, L (1,002 du
SET(2m — 2)! 7 /|h/sl/2 T e e, (1,0)7 du

By using (52), one can check that |h|? f‘ZT/Sl/Q U D 4e,, (1,0)2 du — 0 as h —
0, so that the main contribution will come from the terms

Li=—"—|h D; e, (1, du.
8t (2m—2)!‘ | s/|h/81/2u ’ eh( 0) b

Now write

D; e, (1,0)?

Hk 15%77%
= d
/Rz ) L T

x {1~ cos(ulen, £))}{1 — cos(u{en, ) ye /2 +l)
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and observe that 3 ;¢ ¢ g3om H L&imi, = (€,m)*™. Thus, thanks to Lemma 4.6
and using Fubini theorem, we deduce that

_ 2(2m)!
|h|~2 Z A 2) s-Ls",
ie{1,2}2m
where ¢y, is defined as

o) = /Oo {1 = cos(uz) }{1 — cos(uy)} du

h|/sl/2 u3

Finally, the convergence of L" toward LY easily follows from the fact that
¢ satisfies relation (60) for some small € > 0, and this achieves the proof.
O

4.4. Contractions. We now turn to the contractions estimation for the
functions f3, gn, where our two-dimensional contractions are defined by (56).
The following is of course an analog of Proposition 3.10 in our 2-d setting.

PROPOSITION 4.9.  For every r € {1,...,n — 1}, one has
I1(f Ljo,qn + 9.4) @r (f Ljo,n +g.0°
= Z H((f.]-[o,t}” + g.,t) X (f.l[o,t}” + g.,t))i”%?([o,t]2n72r)
ic{1,2)2n—2r
= o(|h|*).
Proor. Thanks to Lemma 4.7, it suffices to focus on the sum
2
> I oge) @ (F o)) et aey 72 (0 2020
k! k2e{1,2}7—"

Assume first that 2m >4 and 2 <r <2m — 2. Then we can follow the lines
of the proof of Proposition 3.10 and deduce that

> I ) @ (f Lo.m)) g sy 72 (0,120 -2r)

k! k2e{1,2}n—"

=cCm / . / . H P (1 19, max(aQ,TQ) HllIl(O'l,Tl))
k! k2e{1 gyn—r 7 (S5)* J(SF)
11 12e{1,2}"

2
k__k\r—2
X H(UQ —ay)"

k=1

X (7’4c — 7'{“)”77"72 dalf daIQC de de.
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Now, plugging the bound (52) (uniformly over (k?,17)) into the latter ex-
pression yields, similar to (49): for any small € > 0,

Z ‘|((f1[07t}n) Qr (f-]-[O,t}”))(klkz) ||%2([07t}2n—27‘) < Cm|h‘4+45j5
kl k2e{1,2}n—"

with

2
A ::/ / max O’i,Tj — min O’i,Tj —3/2—¢/2
o S TL mx(ehrd) = minGo} )

ij=1

2
X H do¥ dok drl drk.
k=1

By Lemma A.13, we know that this integral is finite for € > 0 small enough,
which achieves the proof of the proposition in the case (2m >4, 2 <r <
2m — 2).

The two situations (2m >4, r € {1,2m —1}) and (2m =2, r = 1) can also
be handled with the same arguments as in the proof of Proposition 3.10
(with the help of Lemma A.13 as well). Details are left to the reader. O

As in Section 3.4, by combining Propositions 4.8 and 4.9 we end up with
the following convergence in law result for the finite-dimensional distribu-
tions of X 2™l

ProrosiTION 4.10. Taking up the above notation, consider ti,...,tq €
[0,1] and m > 1. Then as h — 0, we have
L 2mph 2m,hy (@ 2 cLy
W(thm e X )JJmN(O,F) where Um:(QT—mQ)!

and N(0,T) is the centered Gaussian law in R with covariance matriz
I'(i,j) = min(¢;,t;). Recall that the quantity L =~ has been defined in Propo-
sition 4.8.

Let us briefly check point (iii) of Theorem 1.3, that is, the divergence of
the series of variances, as it is less obvious than in the 1-d case.

ProprosITION 4.11.  With the notation of Proposition 4.10, it holds that

22:1 U?n = 00.

PrROOF. One has
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:C/ df |<§£\4?|777>\4{e<§n +e ©M (e, m)e —(1/2)(1€]2+In|?)
(62)
/]R2 /Rg |§‘4 ‘490 (&1, )e” 1/2NE=P

e
d
20/{3,@ $ L, e e m)

for every R >0 and where the notation B¢ refers to the unit ball around &.
Now observe that for R large enough, & € [R,00)? and 7 € Be, one has

m . .
p(&,m) =& -<p< 51) >& e,  with ¢y = 1/212£§2<P(1»$) >0

and also (£,1)? > 1[¢|*. Therefore, going back to (62), one has for R large
enough and a suitable (finite) R,

o0 2
9 13 dr
S0t >e / dc>e | <,
" 2 € |4 RT
which achieves the proof. [J

4.5. Tightness. In order to complete the proof of Theorem 1.3, we are
now left with the tightness property for the family of processes {h~ 1X 2m,h ,te
[0,1]}. The following proposition is thus the equivalent of Prop051t10n 3.12
in our 2-d context.

PROPOSITION 4.12. Fix m >1. Then:

(i) There exist A>0 and a constant ¢,, such that for all 0 < s<t<1,

(63) sup E[| X" — X202 < e |t — s

|h|€(0,1) |h‘2
(ii) The family {X?>™";|n| > 0} is tight in C([0,1]).

PrOOF. We use the same arguments as in the proof of Proposition 3.12.
First, observe that

E[|I X" - X2 P < o > {AL+ Bl llgie— Gisll72([0,512m) I
ie{1,2}2m

where

Ais,t = / D;(t1, tom)? dty - - - dtgpm,
0<t1 < <tom

s<tom <t
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Bui%t = / gi,t(tla cee >t2m>2 dty -+ dton,.
0<ty<-<tom

s<tom <t

By using both (53) and (54), it is readily checked that

=20, 2 A
e I lgie = gz o,gom) < el = 5]

for some A > 0. Then the treatments of > ;) 5y2m Al and D ief1,2)2m Bi,,
as well as the derivation of assertion (ii), follow the lines of the proof of
Proposition 3.12. For the sake of conciseness, we do not repeat the details
of the procedure. [

APPENDIX: A TECHNICAL LEMMA

It only remains to prove the technical result on which the contraction
computations of Propositions 3.10 and 4.9 rely.

LEMMA A.13. The three following integrals

2
©9 / / H (max(o?,77) — min(o”, 7'j))73(S do' do? drt dr?,
[0’1]2 [071}2 i,jil

2 2
65 / / max (o, 7J) — min ol 7)) dot do? drF dry
6) [ o o LT (ax(otsrd) —minio ) [T art ar}

ij=1 k=1

and

2 2
(66) / / H (max (o, T%) — min(o?, Tf))_m H do¥ do¥ drl dr¥
(AD2J(AD)? 55 k=1

are convergent if and only if 6 <1/4.

We only focus on (66), since (64) and (65) can be treated with similar
arguments (see Remark A.15 at the end of the proof). In order to ease
notation, we shall also change our time indices and set (o},03) = (21, 75),
(02,03) = (22,76), (71,75) = (x3,27), (13,75) = (24, 28). Our integral of in-
terest can thus be written as

lo = / (27 Vas5) = (23 A w)] (w8 V @5) — (w2 Awy)] ™"
D

(67)
X [(w7 V xg) — (w3 ANwo)] “[(ws V w6) — (24 A w2)]” “ du,

where D = {z € [0,1)%:2; <2414, 1<i<4} and a < 7/4.
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The necessity of the condition « < 7/4 for the convergence of (67) stems
from the following fact: observe that if
S:={ze [0,1]4:0<:L‘1<x5<m2<x6<m3<m7<m4<m8<1}

one has

I > /(m — 1) g — 21) T M7 — 22) T Mg — 20) T dady
s
> c/ (u1 + )™ (uy + ug +uz) "/
[0,1]?
Xy " (up + us) T uruus duy dus dug

tar

o T

>c
by using spherical coordinates.

In order to prove the convergence of I, when a < 7/4, we propose to
rely on some block-type representation of the integral, described as follows.
First, given x € D, denote Jy := [z3 A x1,27 V 5], Jo := [14 A x1,28 V T5],
J3 =[xz AN xa,x7V x6], Jy = [x4 N x2,28V T6], SO that

4
Ia:/Dil—[lé(Ji) where £([a,b]) =b — a.

Now and for the rest of the proof, we fix a generic permutation o € &g and
consider the simplex 87 generated by o, that is, S7 := {x € [0,1]® 1 Te(1) <
o < Tyg)}, assuming that 87 C D. If J; = [T5(m,)s To(n,)] on 87 (for m; <
n; € {1,...,8} depending on ¢ as well), we introduce the block BY := {m;, m;+
1,...,n;} and set B :={BY,...,BJ}. Then, using an elementary change of
variables, it is readily checked that

4 4
Ia,cr = /g Hg(Ji)ia = /a H(l‘a(ni) - '/L‘U(mi))ia = La,B9,
=1 =1

where we have used the following general notation:

NoraTioN A.14. Given B; := {m;,m; +1,...,n;} (i =1,...,4) with
m; <n; €{1,...,8} and B:={DBj,...,Bs}, we set

4

I.B ::/ H(mnz — Tm,;) @ €[0,00].
0<z1 < <ag<1 i=1

Of course, In =3 .socplao =D v.50cplaps. Our key argument to
prove that I, go < 0o for every o € Gg and a < % lies in the following three
basic observations regarding the four blocks B composing B:
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o | o

Case 2 l
o © > © .

Case 3
. o J © o [

Fic. 1. Representation of the “extremal” situations in each case, that is, the By
(k €{0,...,4}). Each line connects the extremities of a block in By. In case 2 (resp.,
case 3), the black lines are the ones common to B1 and Bz (resp., Bs and Bs).

(i) Card(BY) >4 (J; involves the min/max over four points);

(ii) Card(By UBJ)>6 if i #j (J; UJ; involves the min/max over at
least six points);

(iii) Each of the extremum points 1 and 8 appears exactly twice in B7.
Indeed, on &7, the minimum z,;y [resp., maximum =z, )| appears exactly
twice as a left (resp., right) bound in Jy, ..., Js.

Let us now discriminate the possible situations for B9 according to this
last condition (iii) (see Figure 1 for a representation in each case):

Case 1. 1 and 8 never appear in the same block BY,...,Bf{. Then, by
focusing on the possibilities for the two blocks with left-hand side 1 (resp.,
the two blocks with right-hand side 8), and given the above constraints
(i)-(ii), we end up with I, g < I, B, where

Bo:={{1,...,4},{1,...,6},{5,....8},{3,....8}}.

Case 2. 1 and 8 appear once and only once in a same block (and so
each of them appears once “alone” in another block). Then it remains to
pick one block over the points {2,...,7}, and given the constraints (i)-(ii)
on this block, we can easily conclude that there exists k € {1,2} such that
I, 5 <1, p, where

By :={{1,...,8},{1,...,4},{5,...,8},{2,...,5}},
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Byi={{1,...,8},{1,...,4},{5,...,8},{3,...,6}}.

Case 3. 1 and 8 appear twice in a same block (necessarily {1,...,8}).
Then we have to pick two blocks over the points {2,...,7}, and given the
constraints (i)—(ii) on these two blocks [note, e.g., that, given (ii), 2 and 7
are necessarily involved in the union of these blocks|, we can easily conclude

that there exists k € {1,2} such that I, go <1, where

Botks
Bs:={{1,...,8},{1,...,8},{2,...,5},{4,...,7}},
By:={{1,...,8},{1,...,8},{2,...,7},{3,...,6}}.

As a consequence of this reasoning, the problem is now reduced to the sole
consideration of the five “extremal” integrals I, 5, (k € {0,...,4}), which
can be very easily done with basic estimates. For instance, if a = g — ¢ with
€ >0, one has

InB, = / dr(xg — 1) %(x6 — 1) “(28 —25) ¥ (28 —23)"“
O<z < <zg<1

:c/ du(uy +ug) *(ug + - +ug)™ @
[0,1]°

X (U4 + U5)7Q(UQ + -+ U5)7QU,1U5

<c/ duu;”ﬁug1+su2—1+(2/3)6u;1+(2/3)eu21+(2/3)a <o,
[0,1]5

where we have used the elementary bounds

(ur +u2)”* <wuy“, (ug +us) *<ug?,

(ug + - ug) ™ <y T uy Pug Fug "

; —1_ ¢
Wlthli.—Q 5

REMARK A.15. This reduction of the problem, based on a block repre-
sentation of the integral, can be easily adapted to prove the convergence of
(64) [resp., (65)], by working with blocks {1,...,4} (resp., {1,...,6}) made
of at least two (resp., three) elements. Thus, for relation (64) [resp., (65)],
one can check that the situation reduces to the sole consideration of two
(resp., three) easy-to-handle integrals on specific simplexes.

Acknowledgements. We are grateful to the Associate Editor and to an
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44

1]

2]
3]
[4]
[5]

[6]

[7]

[8]

[9]

(13]

(14]
(15]

(16]

A. DEYA, D. NUALART AND S. TINDEL

REFERENCES

BarLow, M. T. and YOR, M. (1982). Semimartingale inequalities via the Garsia—
Rodemich-Rumsey lemma, and applications to local times. J. Funct. Anal. 49
198-229. MRO680660

CHEN, X., L1, W. V., MaRrcus, M. B. and RosEN, J. (2010). A CLT for the L? mod-
ulus of continuity of Brownian local time. Ann. Probab. 38 396-438. MR 2599604

Franpoul, F. and GUBINELLI, M. (2002). The Gibbs ensemble of a vortex filament.
Probab. Theory Related Fields 122 317-340. MR1892850

Havasui, T. and MYKLAND, P. A. (2005). Evaluating hedging errors: An asymptotic
approach. Math. Finance 15 309-343. MR2132193

Hu, Y. and NUALART, D. (2005). Renormalized self-intersection local time for frac-
tional Brownian motion. Ann. Probab. 33 948-983. MR2135309

Hu, Y. and NUALART, D. (2009). Stochastic integral representation of the L? mod-
ulus of Brownian local time and a central limit theorem. Electron. Commun.
Probab. 14 529-539. MR 2564487

Hu, Y. and NUALART, D. (2010). Central limit theorem for the third moment in
space of the Brownian local time increments. Electron. Commun. Probab. 15
396-410. MR2726086

Hu, Y., NUALART, D. and SONG, J. (2008). Integral representation of renormalized
self-intersection local times. J. Funct. Anal. 255 2507-2532. MR2473265

Hu, Y., NUALART, D. and XU, F. (2014). Central limit theorem for an additive func-
tional of the fractional Brownian motion. Ann. Probab. 42 168-203. MR3161484

NUALART, D. (2006). The Malliavin Calculus and Related Topics, 2nd ed. Springer,
Berlin. MR2200233

NuaLART, D. and PEccaTi, G. (2005). Central limit theorems for sequences of mul-
tiple stochastic integrals. Ann. Probab. 33 177-193. MR2118863

PEeccaTi, G. and TUDOR, C. A. (2005). Gaussian limits for vector-valued multiple
stochastic integrals. In Séminaire de Probabilités XXXVIII. Lecture Notes in
Math. 1857 247-262. Springer, Berlin. MR2126978

ROSEN, J. (2011). A stochastic calculus proof of the CLT for the L? modulus of
continuity of local time. In Séminaire de Probabilités XLIII. Lecture Notes in
Math. 2006 95-104. Springer, Berlin. MR2790369

STROOCK, D. W. (1987). Homogeneous chaos revisited. In Séminaire de Probabilités,
XXI. Lecture Notes in Math. 1247 1-7. Springer, Berlin. MR0941972

VAN DER HOFSTAD, R., KLENKE, A. and KONIG, W. (2002). The critical attractive
random polymer in dimension one. J. Stat. Phys. 106 477-520. MR 1884542

WATANABE, S. (1984). Lectures on Stochastic Differential Equations and Malliavin
Calculus. Tata Institute of Fundamental Research, Bombay. MR0742628

A. DEvA D. NUALART

S. TINDEL DEPARTMENT OF MATHEMATICS
INSTITUT ELIE CARTAN UNIVERSITY OF KANSAS
UNIVERSITE DE LORRAINE 405 SNOW HALL

B.P. 239 LAWRENCE, KANSAS

54506 VAND@®UVRE-LES-NANCY USA

FRANCE E-MAIL: nualart@math.ku.edu
E-MAIL: aurelien.deya@univ-lorraine.fr

samy.tindel@Quniv-lorraine.fr


http://www.ams.org/mathscinet-getitem?mr=0680660
http://www.ams.org/mathscinet-getitem?mr=2599604
http://www.ams.org/mathscinet-getitem?mr=1892850
http://www.ams.org/mathscinet-getitem?mr=2132193
http://www.ams.org/mathscinet-getitem?mr=2135309
http://www.ams.org/mathscinet-getitem?mr=2564487
http://www.ams.org/mathscinet-getitem?mr=2726086
http://www.ams.org/mathscinet-getitem?mr=2473265
http://www.ams.org/mathscinet-getitem?mr=3161484
http://www.ams.org/mathscinet-getitem?mr=2200233
http://www.ams.org/mathscinet-getitem?mr=2118863
http://www.ams.org/mathscinet-getitem?mr=2126978
http://www.ams.org/mathscinet-getitem?mr=2790369
http://www.ams.org/mathscinet-getitem?mr=0941972
http://www.ams.org/mathscinet-getitem?mr=1884542
http://www.ams.org/mathscinet-getitem?mr=0742628
mailto:aurelien.deya@univ-lorraine.fr
mailto:samy.tindel@univ-lorraine.fr
mailto:nualart@math.ku.edu

	Introduction
	L2 modulus of continuity of Brownian Riesz potentials
	Reduction of the problem
	Elimination of some negligible terms
	Study of the martingale term

	L2 modulus of one-dimensional local time on chaoses
	Stochastic analysis preliminaries
	Chaos decomposition of Hth(B)
	Asymptotic behavior of the variance
	Contractions
	Tightness

	L2 modulus of 2-dimensional local time on chaoses
	Stochastic analysis in dimension 2
	Chaos decomposition of Hth(B)
	Asymptotic behavior of the variance
	Contractions
	Tightness

	Appendix: A technical lemma
	Acknowledgements
	References
	Author's addresses

