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Abstract

This study deals with asymptotic models for the propagation of one-dimensional internal
waves at the interface between two layers of immiscible fluids of different densities, under the
rigid lid assumption and with a flat bottom. We present a new Green-Naghdi type model in
the Camassa-Holm (or medium amplitude) regime. This model is fully justified, in the sense
that it is consistent, well-posed, and that its solutions remain close to exact solutions of the full
Euler system with corresponding initial data. Moreover, our system allows to fully justify any
well-posed and consistent lower order model; and in particular the so-called Constantin-Lannes
approximation, which extends the classical Korteweg-de Vries equation in the Camassa-Holm
regime.

1 Introduction

1.1 Presentation of the problem

In the present paper, we study the propagation of internal waves in a two-fluid system, which
consists in two layers of immiscible fluids of different densities, under the only influence of gravity.
The domain of the two layers is infinite in the horizontal space variable (assumed to be of dimension
d = 1) and delimited above by a flat, rigid lid, a below by a flat bottom. Moreover, we assume that
the fluids are homogeneous, ideal, incompressible and irrotational. We let the reader refer to [24],
and references therein, for a good overview of the ins and outs concerning density-stratified fluids
in oceanography, and the relevance of our setup as a model for such system.

The governing equations describing the evolution of the flow under the aforementioned configu-
ration may be reduced to a system of two evolution equations located at the interface between the
two layers (following a strategy initiated in the water-wave configuration in [16}/43], and achieved
in the bi-fluidic case in [7]), named full Euler system. However, the study of this system is ex-
tremely challenging. In particular, the well-posedness of the Cauchy problem has been answered
satisfactorily (that is, with a predicted lifespan of solutions consistent with physical observations)
only recently; see [31].

Under these circumstances, a great deal of interests has been drawn to asymptotic models, in
order to predict accurately the main behavior of the system, provided some parameters describing
the domain and nature of the flow are small. Parameters of interests include

d? a d — p1)\?
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where a is the maximal vertical deformation of the interface with respect to its rest position; A is a
characteristic horizontal length; d; (resp. ds) is the depth of the upper (resp. lower) layer; and p;
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(resp. p2) is the density of the upper (resp. lower) layer, g the gravitational acceleration and o the
interfacial tension coefficient. Mathematically speaking, © and € measure respectively the amount
of dispersion and nonlinearity which will contribute to the evolution of internal waves, and Bo™!
(the Bond number) expresses the ratio of surface tension forces to gravitational forces. It would be
quite tedious to make an attempt at acknowledging every work on this aspect, but let us introduce
some earlier results directly related to the present paper.

Shallow water (p < 1) asymptotic models for uni-dimensional internal waves have been de-
rived and studied in the pioneer works of [34135,/37]. More recently, Choi and Camassa developed
models with weakly (e = O(u)) and strongly (e ~ 1) nonlinear terms, respectively in [11,/12] with
horizontal dimension d = 2. They obtain bi-fluidic extensions of the classical shallow water (or
Saint-Venant [17]), Boussinesq [9,/10] and Green-Naghdi [22,/40] models. Similar systems have been
derived in [38] (with the additional assumption of v ~ 1) and in [15] (using a different approach, i.e.
making use of the Hamiltonian structure of the full Euler equations). However, the aforementioned
results are limited to the formal level. Let us mention now the work of Bona, Lannes and Saut [7]
who, following a strategy initiated in [4.|5] in the water-wave setting (one layer of fluid, with free
surface), derived a large class of models for different regimes, under the rigid-lid assumption, ne-
glecting surface tension effects and with flat bottom (see also [2] where a topography and surface
tension is added to the system, and [18] where the rigid-lid assumption is removed). The same
technique has been used to derive Green-Naghdi models [20,[21] as well as intermediate long wave
(e ~y/mand § ~ /;) systems [42]. The models derived in these papers are systematically justified
by a consistency result: roughly speaking, sufficiently smooth solutions of the full Euler system
satisfy the equations of the asymptotic model, up to a small remainder.

Yet the consistency is only one of the properties that an asymptotic model shall satisfy, for its
validity to be ascertained. Indeed, it leaves two important questions unanswered: for a large class
of initial data (typically bounded in suitable Sobolev spaces)

1. (well-posedness) do the full Euler system, as well as the asymptotic model, define a unique
solution on a relevant time scale?

2. (convergence) is the difference between these two solutions small over the relevant time scale?

As mentioned earlier, Lannes has recently proved [31] that the Cauchy problem for bi-fluidic full
Euler system is well-posed in Sobolev spaces over large time, in the presence of a small amount
of surface tension. Thus the full justification of a consistent system of equation as an asymptotic
model, in the sense described above, follows from its well-posedness and a stability result; see [29]
Appendix C] for a detailed discussion and state of the art in the water-wave setting.

A striking discrepancy between the water-wave and the bi-fluidic setting is that in the latter,
large amplitude internal waves are known to generate Kelvin-Helmholtz instabilities, so that surface
tension is necessary in order to regularize the flow. A crucial contribution of [31] consists in assert-
ing that “the Kelvin-Helmholtz instabilities appear above a frequency threshold for which surface
tension is relevant, while the main (observable) part of the wave involves low frequencies located
below this frequency threshold”. It is therefore expected that the surface tension does not play an
essential role in the dominant evolution of the flow, especially in the shallow water regime. This
intuition is confirmed by the fact that well-posedness and stability results have been proved for the
bi-fluidic shallow-water system [23], a class of Boussinesqg-type systems [19] as well as intermedi-
ate long wave systems [42], without surface tension and under reasonable assumptions on the flow
(typically, the shear velocity must be sufficiently small).

However, the original bi-fluidic Green-Naghdi model (or more precisely the linearized system
about solutions of constant non-trivial shear velocity) is known to be unconditionally ill-posed in
absence of surface tension [33], due to growing modes appearing above a certain frequency threshold.
These instabilities are therefore similar to the Kelvin-Helmholtz instabilities of the full Euler system,
but are actually wilder; see Section [£.2] for more details. Let us recall that the Green-Naghdi model
consists in a higher order extension of the shallow water equation, thus is consistent with precision
O(u?) instead of O(u), and allow strong nonlinearities (whereas Boussinesq models are limited to
the long wave regime: € = O(u)). As a consequence, and conversely to aforementioned models, it
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contains nonlinear dispersive terms in the form of high order, nonlinear differential operators, which
are responsible for these instabilities. Various regularized models, that is systems with the same
precision as the original Green-Naghdi model in the sense of consistency but improved stability
behavior, have been proposed in the literature; see [3},8,/14] and references therein. However, these
works are restricted to the formal level, and do not provide the complete justification in the sense
described above.

In this work, we present a new Green-Naghdi type model in the Camassa-Holm (or medium
amplitude) regime, € = O(\/1), for the propagation of internal waves. More precisely, the regime
of validity of our model is, with fixed pmax, M 0L Smax < 00:

0 < pt < pmax, 0 < e < min(My/p,1), Omin < 0 < pax, 0 < 7 < 1.

Our model is fully justified: we prove that the full Euler system is consistent with our model, and
that our system is well-posed (in the sense of Hadamard) in Sobolev spaces, and stable with respect
to perturbations of the equations. These results hold identically without or with (small) surface
tension.

In order to obtain these results, we write our system as a quasilinear infinite dimensional first
order system, that is a system defined by matrices whose coefficients are differential operators. A
similar strategy was used in [25,/32] for the Green-Naghdi system in the water wave situation (one
layer of fluid), and later on for various Boussinesq systems in [39]. The system we obtain is not
symmetric, but has a pleasant structure, which allows to decompose it as the sum of a symmetrizable
principal part, and a lower order part that is genuinely controlled in the energy space thanks to the
assumption of the Camassa-Holm regime and using the extra regularity of the energy space provided
by the dispersive terms. At this point, direct well-posedness results are not readily available in the
literature, and the conventional technique of a priori estimates in high regularity Sobolev spaces
towards the existence of solution and stability of our system has to be precisely conducted. The
control of the difference between a solution of the full Euler system and the solution of our model
with corresponding initial data is then a direct consequence of the well-posedness, stability and
consistency of our model.

Let us emphasize that in addition to its relevance as an asymptotic model, our system offers
an important tool for the justification of other models. Indeed, it suffices to check that a given
approximate solution solves our system up to a small remainder, to ensure that it is truly close
to the solution of our new model, and therefore to the corresponding solution of the full Euler
system. Such strategy has been used in particular in [6] in order to rigorously justify the historical
Korteweg-de Vries equation as a model for the propagation of surface wave in the long wave regime
(with a Boussinesq model as the intermediary system); and this result has been extended to the
bi-fluidic case in [19]. Higher order models in the Camassa-Holm regime have been introduced and
justified in the sense of consistency in [13] in the water-wave case, and in [20] in the bi-fluidic case.
We are therefore able to fully justify the latter model, in the sense described above.

1.2 Organization of the paper
The paper is organized as follows.
Section 2: The full FEuler system.
Section 3: Main results.
Section 4: Construction of our model.
Section 5: Preliminary results.
Section 6: Linear analysis.
Section 7: Proof of existence, stability and convergence.
Section 8: Full justification of asymptotic models.

Appendiz A: Product and commutator estimates in Sobolev spaces.
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We start by introducing in Section 2 the non-dimensionalized full Euler system, describing the
evolution of the two-fluid system we consider. In Section 3, we present our new model, and we
announce the main results of this paper. This asymptotic model is precisely derived and motivated
in Section 4. Sections 5 and 6 contain the necessary ingredients for the proof of our results, which
are completed in Section 7. In Section 8, we explain how our system allows us to justify any
well-posed and consistent lower order model. Finally the title of Appendix A is self-explanatory.

We conclude this section with an inventory of the notations used throughout the present paper.

Notations In the following, Cy denotes any nonnegative constant whose exact expression is of no
importance. The notation a < b means that a < Cy b.
We denote by C(A, A2,...) a nonnegative constant depending on the parameters A\, Ag,...and
whose dependence on the A; is always assumed to be nondecreasing.
We use the condensed notation

As = Bs + (Cy)

to express that A, = By if s <s and A; = B+ C, if s > s.
Let p be any constant with 1 < p < co and denote LP = LP(R) the space of all Lebesgue-measurable
functions f with the standard norm

§>s7

e = ([ 1r@)lra)'”” < .

The real inner product of any functions f; and fo in the Hilbert space L?(R) is denoted by

(fl,fz):/Rfl(x)fg(x)dx.

The space L = L*°(R) consists of all essentially bounded, Lebesgue-measurable functions f with
the norm

||z = esssup |f(z)| < oo.

We denote by Wh(R) = {f, s.t. f,0,f € L>°(R)} endowed with its canonical norm.
For any real constant s > 0, H®* = H*(R) denotes the Sobolev space of all tempered distributions
f with the norm |f|gs = |A®f|1> < oo, where A is the pseudo-differential operator A = (1 —92)'/2,
For a given p > 0, we denote by H3™'(R) the space H**!(R) endowed with the norm

| ' ‘f’ifﬁl = | ’ ’i]b + :U" : ’2Hs+1'

For any functions v = u(t,z) and v(t,z) defined on [0,7) x R with T" > 0, we denote the inner
product, the LP-norm and especially the L?-norm, as well as the Sobolev norm, with respect to the
spatial variable z, by (u,v) = (u(t,-),v(t,-)), |ulee = |ut,)|Lr, |u|rz = Ju(t, )|r2 , and |u|gs =
|u(t, )| g, respectively.

We denote L>([0,T"); H*(R)) the space of functions such that u(t,-) is controlled in H?®, uniformly
for t € [0,T):

= esssup |u(t, )|gs < oo.

H“HLOO([O,T);HS(R)) te[0,T)

Finally, C*(R) denote the space of k-times continuously differentiable functions.

For any closed operator T' defined on a Banach space X of functions, the commutator [T, f] is
defined by [T, flg = T(fg) — fT(g) with f, g and fg belonging to the domain of 7. The same
notation is used for f an operator mapping the domain of T into itself.

2 The full Euler system

We recall that the system we study consists in two layers of immiscible, homogeneous, ideal, in-
compressible fluids only under the influence of gravity (see Figure [1)). We restrict ourselves to
the two-dimensional case, i.e. the horizontal dimension d = 1. The derivation of the governing



October 21, 2014 Vincent Duchéne, Samer Israwi and Raafat Talhouk 5

z
az¢1 =0
' dy
V1=V .1 div vy = A1 =0 01 + %|VI,Z¢1|2 _ 7/)31 —gz
API= k() 36 = TF O Pons = TF O Pt
¢(t, )
v =V 02 divve = Agy =0 Butps + L[V ahol? = _p% ~ gz
(‘az¢72 =0 d

— w2
i
Figure 1: Sketch of the domain and governing equations

equations of such a system is not new. We briefly recall it below, and refer to for more
details.

We assume that the interface is given as the graph of a function ((¢,2) which expresses the
deviation from its rest position (z,0) at the spatial coordinate x and at time ¢. The bottom and
surface are assumed to be rigid and flat. Therefore, at each time ¢ > 0, the domains of the upper
and lower fluid (denoted, respectively, Q¢ and Qb), are given by

O = {(2,2) ERxR, ((tyx) < 2 < di},
Q) = {(v,2) ERxR, —dy < z < ((t,z) }.

We assume that the two domains are strictly connected, that is there exists h > 0 such that
dy —¢(t,x) >h >0, and ds+((t,z) >h>0.

We denote by (p1,v1) and (pz2, v2) the mass density and velocity fields of, respectively, the upper
and the lower fluid. The two fluids are assumed to be homogeneous and incompressible, so that
the mass densities p1, ps are constant, and the velocity fields vy, va are divergence free. As we
assume the flows to be irrotational, one can express the velocity fields as gradients of a potential:
v; = V¢, (i =1,2), and the velocity potentials satisfy Laplace’s equation

Dl + 02¢; = 0.

The fluids being ideal, they satisfy the Euler equations. Integrating the momentum equation
yields the so-called Bernoulli equation, written in terms of the velocity potentials:

Ori + }|Vx7z¢i|2 = . gz inQ (i=1,2),
2 Pi
where P denotes the pressure inside the fluids.

From the assumption that no fluid particle crosses the surface, the bottom or the interface, one
deduces kinematic boundary conditions, and the set of equations is closed by the continuity of the
stress tensor at the interface, which reads

[P(t,a)] = lim ((P(t,2.C(t2) +€) — Plt,a,C(ta) —2) ) = ok(C(ta),

where k(¢) = —0, (\/ﬁmg) denotes the mean curvature of the interface and o the surface

(or interfacial) tension coefficient.
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Altogether, the governing equations of our problem are given by the following

i + 92¢i = 0 in Qf, i =1,2,
3t¢¢+%|vm,z¢i|2:*£*92 in Q, i=1,2,
2.1) 0.1 =0 on Iy = {(z,2),z =di },
' 0¢ = v1+ |6:r<|2an¢1 = 1+ |am<|26n¢2 onl'= {(x,z),z = C(t,l‘)},
O.02 = 0 on Ty, ={(z,2),z = —da},
[P(t,z)] = ok(C) on T,

where n denotes the unit upward normal vector at the interface.

The next step consists in nondimensionalizing the system. Thanks to an appropriate scaling, the
two-layer full Euler system (2.1) can be written in dimensionless form. The study of the linearized
system (see [31] for example), which can be solved explicitly, leads to a well-adapted rescaling.

Let a be the maximum amplitude of the deformation of the interface. We denote by A\ a
characteristic horizontal length, say the wavelength of the interface. Then the typical velocity of
small propagating internal waves (or wave celerity) is given by

(,02 - p1)d1d2

cy = .
0 pady + prda
Consequently, we introduce the dimensionless Variableﬂ
~ z T ~ Co
= — N t = —t
dy’ A A7
the dimensionless unknowns
7o~ C(t,.’l?) T (T & oz dl .
t = 7 t7 ) = i t7 ) = 172 )
(i) = S5 a0 = Shatas) (=12

as well as five dimensionless parameters

pL_ a i s _ d g(p2 — p1)d}

vo= , €= —, WU = = —. bo =

P2 d1 ’ ﬁ’ o d2 ’ g
Remark 2.1. We use here bo = uBo instead of the classical Bond number, Bo, which measures the

ratio of gravity forces over capillary forces. As we assume later on that bo is bounded from below,
this amounts to the assumption Bo™' = O(y).

We conclude by remarking that the system can be reduced into two evolution equations coupling
Zakharov’s canonical variables [16,43], namely (withdrawing the tildes for the sake of readability)
the deformation of the free interface from its rest position, ¢, and the trace of the dimensionless
upper potential at the interface, ¥, defined as follows:

T/) = ¢1(ta z, C(t, :C))
Indeed, ¢; and ¢ are uniquely deduced from (¢, %) as solutions of the following Laplace’s problems:

(pd2 + 82) ¢1=0 inQ ={(x,2) € R, (a) <z<1},

(2.2) 0.1 =0 on Ty = {(z,2) e R? z=1},
p1 =1 onI' = {(z,2) € R?, 2 =e(},
(pd2 + 9%2) ¢2=0 inQy={(z,2) € R?, f%<z<eC},
(23) an¢2 = an(i)l on F,
0,02 =0 on Ty, = {(z,2) € R?, z=—1}.

More precisely, we define the so-called Dirichlet-Neumann operators.

1We choose d; as the reference vertical length. This choice is harmless as we assume in the following that the two
layers of fluid have comparable depth: the depth ratio é do not approach zero or infinity.

2Such assumption is very natural in the context of internal gravity waves in the ocean. For example, using the
values of the experiment of Koop and Butler [28] and a typical surface tension coefficient o = 0.005N.m ™! as in [31],

one has 0.005
bo~l = g ~ - ~ 1.87 x 1074,
9(p2 — p1)d2 9.81(1563 — 998) x 0.069482
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Definition 2.2 (Dirichlet-Neumann operators). Let ¢ € H+1(R), tg > 1/2, such that there exists
h>0withhy = 1—e(>h>0and hy = % +eC>h>0,and let i € L2 (R), 0,1 € H/2(R).
Then we define
Guw = G”[€C]¢ = v 1 + M'eaa:qz(an(bl) |z:e§ = _Ne(awg)(aw¢l> |z:e§ + (82¢1) ‘z:eC )
H#’(sw = H”’J[ECW = 8z(¢2 |z:6€) = (8w¢2) |Z:€C +6(8IC)(62¢2) |z:€C )
where ¢1 and ¢ are uniquely defined (up to a constant for ¢2) as the solutions in H?(R) of the
Laplace’s problems (2.2])—(2.3).

The existence and uniqueness of a solution to (2.2)—(2.3)), and therefore the well-posedness of
the Dirichlet-Neumann operators follow from classical arguments detailed, for example, in [29].

Using the above definition, and after straightforward computations, one can rewrite the nondi-
mensionalized version of (2.1]) as a simple system of two coupled evolution equations, namely

8tC - lG#q/’ = 0,
o
@A) (00 —0,0) + (4 8)0.C + SO (IHM P 20,0

bo e/l ’

= ,UleazNu’é —H

where we denote
(2GH + (@O HPP)” — (2G4 + €(0:0) (0:0))
2(1 + pledsCl?)

We will refer to (2.4)) as the full Euler system, and solutions of this system will be referred to as
exact solutions of our problem.

2

NWS =

3 Main results

We now present our new Green-Naghdi type model, that we fully justify as an asymptotic model for
the full Euler system 7 for a set of dimensionless parameters limited to the so-called Camassa-
Holm regime, that we describe precisely below.

Let us introduce first the so-called shallow water regime for two layers of comparable depths:

(31) PSW = {(ﬂa€75777b0)5 0 < 12 < Hmax 0 < e < 1’ 0 € (5min35max)7
0 S 7 < 1) bOminSbOSoo}7

with given 0 < pyax, 5;111]0, Omax, bo;ﬁln < 00. The two additional key restrictions for the validity of

our model define the Camassa-Holm regime:

1+y8 1
2 = : < M = - >
(3.2) Pcu {(,u,e,é,'y,bo) €Psw: € < Vi oand v (70 o> vy },

with given 0 < M, v, ! < 0. We denote for convenience
_ -1 -1 _ -1
Msw = max {,umax, Ornins 5max,bomin}, Mcy = max {Msw, M, v, }

Our new system is:
hihgy
O+ 0y | ————— = 0,
S <h1 + vhs U)

(3.3)
TleC] (0¢0 + esv0,0) + (v + 8)q1(€¢)0z€

P h2—~yh2 |- _ - _
+501(e000s (g |12 = o[o]?) = —pel (02 ((9:9)%),
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where hy =1 — €( (resp. he = % + €¢) denotes the depth of the upper (resp. lower) fluid, and o is
the shear mean velocitif’] defined by

1 hiho

el - _ 2z
(3.4) LG eCly ax(hl +Wh2v).
The operator ¥ is as follows:
(3.5) TV = @V~ jwd(a2(e0)0,V ),

with ¢;(X) =14+ kX (i =1,2) and v, k1, ko, s are constants displayed in (4.10)), (4.11) and (4.14)),
later on.

Our model is fully justified by the following results.

Theorem 3.1 (Consistency). For p = (u,€,8,7,bo) € Psw, let UP = (¢P,9P) be a family of
solutions of the full Euler system (2.4) such that there exists Co, T > 0 with

o8 S <|CP|H5+% 0P| g +[000P p + |8taz¢p|Hs+%) < Cy,

for some s > sg +1/2, so > 1/2, and uniformly with respect to p € Psw. Moreover, assume

(H1) Jhor > 0 such that hy = 1—€e(P> hgy > 0, hy = % +eC®> hyy > 0.

Define v* as in . Then (¢, vP) satisfies , up to a remainder R, bounded by
||RHL°°([0,T);HS) <+ pe?) O,

with Cp = C(Msw, hall, Co), uniformly with respect to the parameters p € Psw.

For parameters in the Camassa-Holm regime (3.2), our system is well-posed (in the sense of
Hadamard) in the energy space X* = H*(R) x H**!(R), endowed with the norm

VU= (¢o)" € X% |UXe = K + [0l + plduvls,
provided the following ellipticity condition (for the operator ¥) holds:

(H2) Jhga > 0 such that iré%(l +€raC) > hoa > 0 ig%(l +ex1¢) > hga > 0.

Theorem 3.2 (Existence and uniqueness). Let p = (u,¢€,0,7,bo) € Poug and s > so + 1, sg >
1/2, and assume Uy = ({o,v0)" € X* satisfies ,. Then there exists a maximal time
Tmax > 0 such that the system of equations admits a unique strong solution U = ({,v)" €
CO([0, Timax); X*) N C([0, Trnax); X°71) with the initial value ((,v) |i=o0 = (Co,v0) and preserving
the conditions (HI),[H2) (with different lower bounds) for any t € [0, Trax).

Moreover, there exists T, Co, A = C(MCH,hgll,h(TQl, U0|XS), independent of p € Pcu, such
that Tmax > T/€ and one has the energy estimate
T
VOo<t<—, U]y + |00 )] g.or < Coe™ .

€

If Thhax < 00, one has
U, )| xs —> 00 as t — Tmax,

or one of the two conditions (H1)),(H2) ceases to be true as t — Tiax.

3

U is equivalently defined as v = @2 — 41 where @1, 42 are the mean velocities integrated across the vertical layer

in each fluid: @ (¢,z) = ﬁ felg(t,z) Oz¢1(t,z, 2) dz and ua(t,z) = hz(lt,z) ffc%(t’z) Ozpa2(t,z, 2) dz.
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Theorem 3.3 (Stability). Let (u,€,d,7v,bo) € Pcu and s > so+1 with so > 1/2, and assume Uy 1 =
(Co’l,voyl)—r € X° and Uy = (CO’QJU()’Q)T € X*t! satisfies (H1)),(H2). Denote U; the solution
to |' with Uj |t:0 = Uo,j.Then there exists T_l, A Co = C(MCH, hall, ho_zl, ‘U071|X5’ |U072|Xs+1)
such that

T
vVo<t< - [(Uy — Ua)(t < CoeM|Uo — Uo 2| .-

’)|Xb

Finally, the following “convergence result” states that the solutions of our system approach the
solutions of the full Euler system, with the accuracy predicted by Theorem

Theorem 3.4 (Convergence). Let p = (p,€,6,7v,bo) € Pen and s > so + 1 with so > 1/2, and
U= (¢°¢°) T € H*N | N sufficiently large, satisfy the hypotheses of Theorem 5 in [5’1 as well
as (H1)),(H2). Then there exists C,T > 0, independent of p, such that

e There erists a unique solution U = (¢,v) " to the full Euler system ([2.4), defined on [0,T]
and with initial data (¢°,4°)T (provided by Theorem 5 in [31)]);

e There exists a unique solution Uy = (Cq,vq)" to our new model (3.3)), defined on [0,T] and
with initial data (¢°,v°)T (provided by Theorem ;

o With v = o[, 9], defined as in (3.4),0one has

Vt € [O7T]7 ‘(C?’D) - (CGJ /Ua)}LOO([O’t];XS) S C IJ’Q t

Remark 3.5. The above proposition is valid for time interval t € [0,T/e] with T bounded from
below, independently of p € Pcu, provided that a stronger criterion is satisfied by the initial data;
see criterion (5.5) and Theorem 6 in [31].

Remark 3.6. We would like to emphasize here that, contrarily to the full Euler system, our model is
well-posed even in the absence of surface tension (the only modification consists in setting bo ' =0
in the constants v, k1, ke,s). Thus the subtle regularizing effect of surface tension highlighted by
Lannes in [31] does not play a role in our model. See Section below, for a more detailed
discussion.

We conclude this section by asserting that our new model allows to fully justify any well-posed
asymptotic model, consistent with our model (3.3)) in the Camassa-Holm regime.

Proposition 3.7. Consider (S) a system of equations such that

e The Cauchy problem for (S) is well-posed in X", r sufficiently large.

o For U = (¢°,0"T € H*TN | N sufficiently large, the solutions of (S) satisfy our model (3.3)),
up to a remainder R of size O(1) in L ([0,T]; H® x H*®).

Then under the assumptions of Theorem[3.], the difference between the solution of the full Euler

system (2.4), U = (¢,¥) ", and the solution of the asymptotic model (S) with corresponding initial
data, Uy = (Ca,va) T, is estimated as follows:

‘(Ca@[C’w]) - (Ca’va)|L°°([0,t];XS) < C(L + Mz)t.

This procedure of full justification is precisely described in section[8] and applied to the so-called
Constantin-Lannes decoupled approximation model.

4in particular, it satisfies a stability criterion, which in the shallow water configuration (¢ < 1), can be roughly
7’ (r+8)*
(1+7)8

expressed as T = %bo is sufficiently small ; see section 5.1.3 of [31].
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4 Construction of the model

This section is dedicated to the construction of the model we study. The key ingredient for construct-
ing shallow water asymptotic models lies in the expansion of the Dirichlet-to-Neumann operators,
with respect to the shallowness parameter, y; see Proposition[4.1] below. Thanks to such an expan-
sion, one is able to obtain the so-called Green-Naghdi model (for internal waves), displayed in .
This model has been introduced by one of the author in [20], and generalized in [21]. It is justified
by a consistency result recalled in Proposition roughly speaking, any solution of the full Euler
system satisfies the Green-Naghdi asymptotic model up to a small remainder, of size O(u?).

As we discuss in Section the Green-Naghdi system develops Kelvin-Helmholtz type
instabilities at high frequencies (in absence of surface tension), which advise against any attempt
towards the well-posedness of this system. These instabilities persist for the simplified model using
the additional assumption of the Camassa-Holm regime, ¢ = O(/z), and withdrawing O(u€?) terms.
In Section [£:3] we use several additional transformations, similar to the well-known Benjamin-Bona-
Mahony trick, in order to produce an equivalently precise (that is consistent of order O(u?) in
the Camassa-Holm regime) but well-prepared model. This model is system , and has been
introduced previously as . The justification of this model, in the sense of consistency, is stated
in Theorem M The stronger results (well-posedness, stability, convergence) described in Section
are proved in subsequent sections.

4.1 The Green-Naghdi model
The following Proposition is given in [20] (see also |21]), extending the result of [7].

Proposition 4.1 (Expansion of the Dirichlet-Neumann operators). Set s > so + 1/2, so > 1/2.
Let ¢ € L}, be such that 0,1 € H¥T1/2(R), and ¢ € HtY/2(R). Let hy =1 — ¢, hy = 1/5 + ¢

loc

be such that there exists h > 0 with hi,ho > h > 0. Then

(4.1) |iGw — 0p(M0)|,,. < pCy,
(4.2) G = O.(md) — ugdE0G0E) . < 4 Ca
(4.3) [#7 + 20,0] .. < 4 Co
(4.4) 1055 4 20,0 — o, (o (Fo.w) — ho2v)| . < w Ca

with C; = C(%, Lmax, ﬁ, Omax, |(’H5+3/2+j, |8x1/)|H5+5/2+].), The estimates are uniform with respect
to the parameters € € [0,1], 1 € [0, ttmax), 0 € (Omins Omax)-

Plugging these expansions into the full Euler system (2.4, and withdrawing O(u?) terms, im-
mediately yields an asymptotic Green-Naghdi model. This model is presented in [20] and justified
in the sense of consistency. However, such a Green-Naghdi model is only one of the variety of
models which satisfy such a property. In the following, we introduce an equivalent model, using as
unknown (instead of 1, the trace of the upper velocity potential at the interface) the shear mean
velocity, defined by

(45) V= U — ’Y’L_Ll,

where 1, Ug are the mean velocities integrated across the vertical layer in each fluid:

1 1 1 eC(t,x)
i (t,z) = — L (t,x, 2) dz, d a(t,z) = — otz 2) dz.
a1(t, x) hi(to) /EC(t,z)a $1(t,x,2) dz, and uq(t,x) ha(t.7) /—§ O P2(t,z,2) dz

Equivalently (as shown in [20]), one has

hihao ,).

1
ZGM&p = -8,
pheiiie (h1 Fhs
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Such a choice has been used in [11}[12] for example, and present at least two benefits. First, the
equation describing the evolution of the deformation of the interface is an exact equation, and not
a O(u?) approximation. Indeed, one has immediately from the full Euler system (2.4):

hihso 17)
hy +~hy /-

What is more, the system obtained using mean velocities have a nicer behavior with respect to its
linear well-posedness, thus one can expect nonlinear well-posedness only for the latter.

¢ = ~arey = —o,(
i

Altogether, several technical but straightforward computations yield the following Green-Naghdi

model
hihao ,)
P O’

8t< + 8 (h1 +’)/h2

0|5 + pOlhy,halo | + (v+06)duC + Ea.(mw) = pedy (R[ha, hol)
t 9 T 2 x (h1+’7h2)2 €T )

Y+0 3
—0
TS LG

where we define:

_ 1 5y MV 39 (M2 V
Q. halV = g5 (hla <h s (h1+vh2)) + ot (h - (h1+7h2)>>

_ (VN ke

1 \% hy hi V ha ha V
S p (P30, (———)) — 7=0. (R30, (———r— .
T 3+ hs (hz ( (h1+7h2)) T ( L (h1+7h2)>
This model has been derived in [20] and justified in the sense of consistency, as follows.

Proposition 4.2. For p = (u,€,d,7,bo) € Psw, let UP = (CP,¢P) be a family of solutions of the
full Euler system (2.4) such that such that there exists Co, T > 0 with

||Cp||Loo([07T);HS+ +H tCPHLm ([0,T); H5+2)+||azq/}pHLoo([o7T);Hs+12 )+||8t zw HLOO(OT) HS+ 2) < CO’

for given s > so +1/2, so > 1/2, uniformly with respect to p € Psw. Moreover, assume that there
exists hor > 0 such that

1
hlEl—GCp2h01>07 h255+6<p2h01>0.
Define v° as in (4.5)) or, equivalently, by
1 hiho _
SGFecPlYP = —0, ).
LG ey ™)

Then (¢, v) satisfies (4.6]), up to a remainder R, bounded by

||R||L°°([O,T);H5) < Oy,

with C; = C(Mgw, hall, Co), uniformly with respect to the parameters p € Pswy.

Remark 4.3. In [20], the author works with bo~" = 0. However, it is clear that the results are
still valid with the surface tension term, using

—u Oy (K 2¢2
%M - ol < B2 o
o €/1b o e o}
where we used Lemma[A.J} Of course, one could have simply kept the surface tension term un-

changed at this point, as in [21]. The smallness of surface tension, expressed by bo~ < bor;lln, 18
useful in the derivation of our new model, in the following subsection.




12 A new fully justified model for the propagation of internal waves  October 21, 2014

4.2 Kelvin-Helmholtz instabilities

As discussed in the introduction, it is known that the bi-fluidic full Euler system is ill-posed in
absence of surface tension, due to the so-called Kelvin-Helmholtz instabilities. In [31], Lannes
shows that the Kelvin-Helmholtz instabilities appear only above a frequency threshold, so that the
combined regularizing effects of gravity on the low-frequency component of the flow, and (small)
surface tension on the high frequency component is sufficient to ensure the well-posedness on a time
interval consistent with observations. A very rough and simplistic statement of his result is that
the flow is stable provided that (using our notation)

ebo is sufficiently small.

As the Green-Naghdi model is derived in the shallow-water regime, it is expected to predict cor-
rectly the low-frequency component which describes the main part of the flow. On the contrary, we
cannot expect that the evolution of the high-frequency component of the flow is correctly captured
by the Green-Naghdi model. It is therefore interesting to verify whether the Green-Naghdi model
is subject to Kelvin-Helmholtz instabilities, as described above.

As a matter of fact, the calculations below suggest that the Green-Naghdi model suffers from
stronger instabilities than the full Euler model, in the sense that unstable growing modes appear
unless

€%bo is sufficiently small.

The phenomenon persists for the simplified model in the Camassa-Holm regime, with a non-physical
condition on the depth ratio of the two layers, namely § > 1.

On the contrary, we show that such growing modes our absent from our model , presented
in Section [3|and constructed in Section below. This explains why we are able to show that our
model is well-posed even in absence of surface tension.

Our formal discussion in this section is based on the explicit study of linearized systems around
the solutions of constant shear: ({,7) = (0,v) where v is a constant. When plugging the Ansatz
(¢,v) = (04 v+ »0) in system and keeping only terms of size O(x), one obtains the
following linear system in (C~ ,0):

- 1 . 02—~ .
0i¢ + maﬂ}+€m25‘zf = 0,
0 )
(4.7) ( {HV 825 + e% C})

+(0+0)- %itsm 7)o + eiirods

= 'y+5) ( {}H_’ga2~ Azgl_tg[sé '0824}) + /~L7+6a35‘

One obtains (calculations are tedious but straightforward and easily checked with a computer
algebra system, thus we omit them) the following dispersion relation when solving for plane waves
of the form {(t,z) = ((k,w)e!**=“t) and & = (k, w)e!Fr—wb).

Agn(k)w® + Ban (k)w + Can(k) = 0,

where

1 1+70 > 5 — 1—~y 5
Aan(k 14+ ———ulk Ban(k) = =2 k
k) = 1 (1+ it ulbl?) . Bex(() = —2eu (ks + gl

Con(k) = -k <{ 2|v|2(’y::__7} + qu{bo — 62|’U|271)2}> .
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Introduce
Acn(k) = EBGN(k)Z — Agn(k)Can(k)
_ (bo_lg(sl(::zd(s) _ GQQIMUF)#QM
+ (& - 533§7mlvl2)uk2 + (1 - eZWIUF) (1+ ;mwf),
and Koy = ﬁ 51;“12) — 62%}[((;;132 |v]2. Onme sees that if Kgn < 0, then the system has growing

modes at high frequencies, that is negative imaginary part $(w(k)) < 0 for |k| large. More precisely,
if Kgn < 0, one has for k sufficiently large,

—Acgn(k) \/_KGN.

V_SGNVW o 4
AGN(k) |k|—+o0 361(—’_’)/71%)

Swe(k) = £

The rate of growth of the unstable modes, namely —S(w4 (k)), is arbitrarily large in that case, thus
one expects the nonlinear system to be strongly ill-posed.

Let us finally note that the criterion Kqn < 0 roughly states that e?bo should be sufficiently
small. It is therefore similar to the criterion on the full Euler system, but is actually more restricting
as e < 1.

Recall now that the present work is limited to the so-called Camassa-Holm regime, that is using
additional assumption € = O(,/x). It is therefore natural to look at the system obtained form the
Green-Naghdi system when withdrawing all terms of size O(ue?). In particular, one can check
that the following approximations formally hold:

Olhi, ho]v = —vd%0 — ¢

TEO (8- )02 + (0 28)0:(¢0,0) — BCO3T) + O(E),

Rlh1, ho]v = a(é(@xv)Q—&-;v@iv) + Ofe).

with

1 0 1-—
+7 04177 and (=

L (1449)(3° )
= 36(y+9) (v +4)2

(4.8) s 7

Plugging the truncated versions of these expansions into system yields a simplified model,
with the same order of precision than the original model, that is O(u?), in the Camassa-Holm
regime. Following the same method as above for this system yields the new dispersion relation
Aan (k)w? + Ban(k)w + Can(k) = 0, where only Can (k) has changed:

~ 2012 5 opp 1 a2 (l=7)(8% =
Con(k) = —k ({l—e v (3176)3} — uk {bo —€”|y] W})

The behavior is therefore similar to the above with the new criterion

L 1490 191 =)0 = 1)(5 +1)?

Reon = ——
N Bhod(y+o) 9 5(7 +0)5

lv|* < 0.

Thus we see that the strongly unstable modes do not appear if § < 1, that is when the lower layer
is thicker then the upper layer.

However, we show in the following that these instabilities never occur in our model, which is
equivalent to the previous one in the sense of consistency and in the Camassa-Holm regime. Indeed,
when linearizing system introduced in Section [3| around the solution of constant shear, one
obtains the following dispersion relation:

A(k)w? + B(k)w + C(k) =0,
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where
1 9 B 82—~ 1,6 - 9
)= (bl B0 = <2 (5 4 g e ).
_ 92 VT30 2 125(6% =) 2
0) = =k (1= G = )
Thus
Alk) = iB(k)Q — AR)C ()
ol =7 125 9,4 200+ 1) 2
_ |4J ‘ _(7+5?2 VY + (1—6 WM )(1—|—yu|k\ ).

Recall v > 0 by assumption (3.2]). Thus the system has no growing mode provided that the following

criterion is satisfied:

_ 2 Y8(6 4 1)
(y+9)*

Notice however that the unstable modes when criterion (4.9)) is not satisfied behave much differently
from the above unstable modes of Kelvin-Helmholtz type. Indeed the growing modes when K < 0
arise at low frequency, and the rate of growth satisfies

(AL W
am S et K

Thus the rate of growth is uniformly bounded, for all wavenumbers, by /—Kvu~1.

This is the reason why the criterion does not appear in the results of Section |3| Indeed,
as the energy of the flow is initially bounded, in order to have K < 0, one needs € = 1. Since we
are restricted to the Camassa-Holm regime, this yields /i 2 € 2 1, and both the linearized study
above and our nonlinear results of Section [3] predict a control of the energy of the solution up to
time T'= O(1). Furthermore, we indicate in Remark [6.1| that one could actually work without the
Camassa-Holm assumption, € = O(,/it), by using another energy which, in order to be a convex
entropy of the system, would ask for an additional assumption. This assumption reads

Qo(€€) + €Q1(e¢, ev) > 0,

where the functions Qg and Q1 are defined in (6.5)), and corresponds precisely to (4.9) when ¢ = 0.
Notice finally that the above criterion may be seen as a hyperbolicity condition for the first order
(1 = 0) shallow-water system; see [23].

(4.9) K=1 lv|> > 0.

[S(ws (k)] <

4.3 Our new model

In this section, we manipulate the Green-Naghdi system (4.6]), systematically withdrawing O(u?, pe?)
terms, in order to recover our model presented in (3.3]). The first step is to introduce the following
symmetric operator,

TV = @V — s (ga(C)0V ).

where g;(e¢) =1+ k;e¢ (i =1,2) and v, k1, K2 are constants to be determined, so as to write

ql(eC)Bt(fz + u@[hl,hg]@) —ql(ec)u%aﬁg = %[e€]0:v + remainder terms.

More precisely, one can check

Teow — an(eQ)d (5 + pQlhn,halo) + ar(eQn "0k

= —uuaiat@ + ug@i@tf) + u%@ﬁ( — eV, (gaxat@) + ,uengaﬁatT)

v+

3
. 0.

+6
+ peqr(eC) =

20,((6 ~ @)002C + (a + 26)0,(CO.0) — 5020 + pema
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where 7, a,  have been defined in (4.8]). The first order (O(n)) terms may be canceled with a
proper choice of v, making use of the fact that the second equation of system (4.6)) yields

00 = —(7+0)0:C — 68 ((g+ el )+0(62,u)-

Indeed, it follows that

7+5 3, “dogg . € 62— 2
P00 = oo 5 L 2 (192) + 02, ),
thus one defines
1 1++6 1
4.1 - - - = -7 =
(4.10) T E T 36(y+4) bo’

and one has

Tl — ql(eC)at(@ 4 @lhn, hole) +an (e 203

= ¢ 0% - (| | ) — uewwam(gaxam) + ueum(@ 5tU+M€"€1C

6 3
2bo(5+7)2 @ o 0xC

+ [LE 68t ((B - Oé)ﬁazC + (a + 25)31@5&7) - BC&%@) + (9(,u2, Iugz),

Use again that yields 0,0 = —(7 + 6)9:¢ + O(e, ) and 9;¢ = =10, + O(e, u), one obtains

343

Yo — a0 (o + ulhs, haJo) + (o

= el +0) (o (CO2C) — wmaCC) + pem 0o

B ME@ (5~ )(@:0(02) + (a+26)0,(¢O2¢) — D)

1
— e (8= )093 + (a+28)0.((9:0)) — B(2,0)(02))
1 62—~
O(u?, pe?).
Mo 0172 x<lvl ) + O(u*, pe)
It becomes clear, now, that one can adjust k1, k9 € R so that all terms involving ¢ and its derivatives

are withdrawn. More specifically, we setﬂ

v = 050, w- L = ras,

and one obtains consequently

(4.11)

(4.12) F[eC)Os — ql(eC)at(ﬁ + u@[hl,hg]z’;> —l—ql(eC),u—é[“)i(

-1 62—~
= pe({— o) od3o +
K ( bo (6 +7)% 5 } {55

However, one of the remaining terms in , as well as in 0, ( [h1, ho]v ), involves three
derivatives on 7. In order to deal with these terms7 we introduce T[eC](estd,T) where, again, ¢ € R
is to be determined. More precisely, one has

2bo 5+'y) ot ﬁ}a )—i—(’)(,u pe®).

TleC)(es00,0) + pear ()0 (Rl ha]o)

= ar(eQ)p0,0 — pevsd, (e (00,7) ) + peas (€)ads (5 (0,0)° + 50020,

50f course, the definition of k1, k2 in (@.11) and ¢ in (4.14)) forbids the value bo™! = v = 361::/71{;) Thus in order

to be completely rigorous, one should exclude a small neighborhood around this value as for the set parameters for
which Theorem (Theorem [3.1)) holds true. This restriction is automatically satisfied in the Camassa-Holm regime

used thereafter; see (3.2)
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This yields

(4.13)  T[eC](es00,) + peq (eC)dy (ﬁ[hl, hg]T))
= €5q1(eC)00,U + ped, ((% —v6)(0,0)% + (% — V()f/@i@) + O(u?, pe?).
Combining with (4.13)), one can check that if we set

1 20— 1 6% —x

_E)gzi_ii

(4.14) (v 3 bo (3 +7)2’

then the following approximation holds (withdrawing O(u?, pue?) terms):

T[eC](8,7 + €590,7) — qu(eC)d, (@ + 4Q[h, hg}@) + g (€) (Vbi‘sagg + 0, (R[ha, h2]z7))

O

2
= e5q1(€Q)00,T — ue?@x((axﬁf) + O(p?, pue?).

When plugging this estimate in (4.6]), and after multiplying the second equation by ¢ (e(), we
obtain the following system of equations:

hihy  _
0 Op | ———— = 0,
¢+ <h1 . U)

(4.15)
TleC] (0:v + esv0,0) + (v + 8)q1(€¢)02€

P h2—~yh2 | _ _ - _
+§Q1(€C)8I (W‘UIQ — g|’U|2) = —Me%(;_’_ig)gﬁi((@w)?)’
where we recall that

(4.16) TV = @V — i, (ga(Q)0V ).

with ¢;(X) =1+ k; X (i = 1,2) and v, K1, ke, s are defined by (4.10)),(4.11)) and (4.14).

System (4.15)) has been introduced in Section |3, and is the system studied in the present work.
We reproduce and prove below Theorem which asserts the validity of (4.15) as an asymptotic
model for the full Euler system in the sense of consistency.

Theorem 4.4. For (u,€,8,7v,bo) =p € Psw, let UP = (¢P,¢P) be a family of solutions of the full
Euler system (2.4) such that such that there exists Co, T > 0 with

o S (!C"!HH% +[0CP] g +1000P |y + |8t3xw"|Hs+g) < Cy,

for any s > so + 1/2, so > 1/2, and uniformly with respect to p € Psw. Moreover, assume that
there exists hgr > 0 such that

1
h151—€<p2h01>0, h255+6<p2h01>0.

Define vP as in (4.5)) or, equivalently, by

hihso ,p).

1
Lomp e — 7
LGPy 8I(h1+7h2”

Then (¢,v) satisfies (4.15)), up to a remainder R, bounded by
HRHLOO([O’T);HS) < (M2 +M62) Yy,

with Cy = C'(Msw, hgll, Cy), uniformly with respect to the parameters p € Pswy.
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Proof. Let U = (¢, ) satisfy the hypotheses of the Proposition (withdrawing the explicit depen-
dence with respect to parameters p for the sake of readability). As a consequence of Proposition
we know that ({,v) satisfies (4.6]), up to a remainder Ry, bounded by

||Loc([o,T);Hs) <

1 %o
with C; = C’(Mg\;v,hall,C’o)7 uniformly with respect to (u,¢€,d,7,bo) € Psw. The proof now
consists in checking that all terms neglected in the above calculations can be rigorously estimated
in the same way.

The formal expansions can easily be checked. When turning to control the remainder terms
in H® norm we make great use of classical product estimates in H*(R), s > so + 1/2, recalled
in Lemma A technical issue appears when such products involve terms as h—ll, since ﬁ is
controlled m L* (thanks to the non-vanishing depth condition), but not in H*® (as it does not
decay at infinity). We detail in Lemmata and how such difficulty can be treated.

For the sake of brevity, we do not develop each estimate, but rather provide the precise bound
on the various remainder terms. One has

|0¢(Qlh1, ha]V)¥ + 102010
v+

+63

280 (B8 — )02 + (o + 26)0,(CO.0) — ACO2T) |1, < EC(s +3),
with C(S + 3) = C(MCHa ho_117 |<|H-§+3v |8t<|Hs+2’ |®’HS+3’ |at1_}|Hs+2)7 and

|0z (R[h1, ha]D) — 0 [a(%(az@)Q + %@aif))} | 7o < €C(s+3).

Then, since ({, ) satisfies (4.6)), up to the remainder Ry, one has
1
000 + (v + 8)02C] 1y, + 06 + maxﬂm < €C(s+3) + | Ro| .-

It follows that is valid up to a remainder R;, bounded by
|Ri|,. < (4% + pe®)C(s +3) + ple + p)| Ro| .-
Finally, (¢, ) satisfies (4.6]), up to the remainder Ry + Ry, and
|Ro + Ri|,. < p*C(Mcu,hgi', Co),

where we use that
}T]|Hs+3 + }af'(}‘Herz < C(MCH7 halla OO)

The estimate on v follows directly from the identity 8m<hfj_};’j‘l2 T)) = —iG“’ew = 0¢¢. The esti-
mate on 0,0 can be proved, for example, following [18, Prop. 2.12]. This concludes the proof of
Theorem (4.4 O

5 Preliminary results
In this section, we study the operator T[e(], defined in (4.16]) and recalled below:
(5.1) TleClV = (1 + ex1Q)V — pvdy (1 + €520)0,V) .

with v, k1, ko are constants. In our setting, v, K1, k2 depend on the parameters +, §, bo; but in what
follows, we use only that the restrictions of the Camassa-Holm regime ensures that v > 0 is bounded
from below (by hypothesis):

149

1
- >
3(5( Y + 5) bo i O’
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and v + |k1| + |k2| is bounded from above, uniformly with respect to any choice of parameters
p = (i, €,0,7,bo) € Pcy (see (3.2)).

When no confusion is possible, we write simply T = ¥[e(]. In the following, we seek sufficient
conditions to ensure the strong ellipticity of the operator ¥ which will yield to the well-posedness
and continuity of the inverse 1.

As a matter of fact, this condition, namely (and similarly the classical non-zero depth con-
dition, ) simply consists in assuming that the deformation of the interface is not too large. For
fixed ¢ € L™, the restriction reduces to an estimate on 6max|C|Lm, with €pax = min(M\/m, 1),

and (HIJ)-(H2)) hold uniformly with respect to (i, ¢, d,7,bo) € Pcu; see Lemma below.
Let us shortly detail the argument. Recall the non-zero depth condition

(H1) 3 ho1 > 0, such that  min (inf Ay, inf ho) > hoy,
z€R zeR

where hy =1 — e and hse = % + eC are the depth of, respectively, the upper and the lower layer of
fluid. It is straightforward to check that, since for all p € Pcy, the following condition

)

emax|C|Loo < min(l,(s
max

is sufficient to define hgp; > 0 such that (H1)) is valid, independently of p € Pcy. Briefly, since
€ < €max, One has inf,cghy > 1 — e|C|Loo >1- emaX|C|Lm and similarly inf,cg ho > % — EMLOO >
% — emaX|C | 1+ Note that conversely, for (H1)) to be satisfied for any p € Pcn, then one needs

1

emax|C| e < max(1, 5

Indeed, with € = €pax, €max( = 1 —h1 < 1 —hgy and —€pax( = % —hy < % — ho1.
In the same way, we introduce the condition

(H2) 3 hga > 0, such that inﬂf{(l +ekal) > hoa > 0 inﬂf{(l +ek1C) > hoa > 0.
xe xe

As above, such a condition is a consequence of a smallness assumption on e|C | Lo

Lemma 5.1. Let ( € L™ and emax = min(M /limax, 1) be such that
3 ho > 0, such that max(|k1], |f€2|7175max)€max’§’mo < 1—hyg < 1.
Then there exists ho1, hoa > 0 such that (H1|)-(H2) hold for any (u,¢€,0,7,bo) € Pcn.

In what follows, we will always assume that (H1) and (H2) are satisfied. It is a consequence of
our work that such assumption may be imposed only on the initial data, and then is automatically
satisfied over the relevant time scale.

Before asserting the strong ellipticity of the operator T, let us first recall the quantity | - | HY
which is defined as
Vv € H'(R), |U|%Ii = v + p| 0w |3a,

and is equivalent to the H!(R)-norm but not uniformly with respect to u. We define by H ; (R) the
space H!(R) endowed with this norm.

Lemma 5.2. Let (u,€,0,7,bo) € Peu and ¢ € L*°(R) such that (H2)) is satisfied. Then the
operator
Tle(] : H,(R) — (H,(R))*

m

is uniformly continuous and coercive. More precisely, there exists co > 0 such that
(5.2) (Tu,v) < colulmy vl

1
(5.3) (Su,u) > —fufl,
O 13

with ¢y = C(MCH7h5217€|C|Loo)-

Moreover, the following estimates hold:
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(i) Let so > % and s > 0. If ( € H*(R) N H*(R) and u € H*™(R) and v € H'(R), then:

G4) (ATl v)] < Co (1 el o)l + (el

u|HZO+1>S>SQ) ’v‘H}L ’
(ii) Let so > 1 and s > 0. If ¢ € HT' N H*(R), u € H*(R) and v € H'(R), then:
(5.5) |([A", TlecT]u, v)| < e Co (K’HSOJrl’u‘Hﬁ + <}C|Hs’u‘H;‘°“>s>so+1> ‘U’H}L ’

where Co = C(Mcw, hpy )-
Proof. Let us define the bilinear form

a(u,v) = (Tu, v)=(Q+es1Qu, v)+vu( (14 ex2l)dpu , v ),
where ( -, - ) denotes the L?-based inner product. It is straightforward to check that

la(u,v)| <sup|l+eriC|(u, v )+ prsup |l + erol|( Opu , Opv ),
zeR rzeR

so that (5.2)) is now straightforward, by Cauchy-Schwarz inequality.
The Hi(R)—coercivity of a(-,-), i.e. (5.3, is a consequence of condition (H2):
a(u,u)=(Tu, u) = /(1 + er1 Q) |ul? do + z/u/(l + ekl |ug |* dz
R R

> hoz min(1, VO)‘“G{;'

Let us now prove the higher-order estimates of the Lemma, starting with the product estimates.
One has

(A°Tu, v) = (A {1+ erQu}, v)+vp( A°{(1+eral)0pu} , Opv ).

Estimate (5.4)) is now a straightforward consequence of Cauchy-Schwarz inequality, and Lemma
As for the commutator estimates, one uses

( [Agv‘z]u , U ) = 6K/l( [AQ,C}’U/ , U ) +I//~L€K/2< [Agac]awu ; awv )
Estimates (5.5)) follow, using again Cauchy-Schwarz inequality, and Lemma O
The following lemma offers an important invertibility result on ¥.

Lemma 5.3. Let (u,€,0,7,bo) € Peu and ¢ € L*°(R) such that (H2)) is satisfied. Then the
operator

Tle¢] : H*(R) — L*(R)
is one-to-one and onto. Moreover, one has the following estimates:
(i) (Zle¢])™" : L? — HL(R) is continuous. More precisely, one has
1T 2@y mim < co,
with Co = C(MCH, ha;, 6|C|LOC).

(ii) Additionally, if ¢ € H*°*T1(R) with sy > %, then one has for any 0 < s < so + 1,

1™ e @y argtim) < Csorts
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(iti) If ¢ € H*(R) with s > so + 1, so > %, then one has

|| 371 ”HS(R)%H,i*l(JR) < ¢

where ¢z = C(Mcm, hg;, €|C|ms), thus uniform with respect to (u,€,d,7,bo) € Pon.

Proof. To show the invertibility of ¥ we use the Lax-Milgram theorem. From the previous Lemma,
we know that the bilinear form:

a(u,v)=(Tu, v)=((1+exiQu, v)+pr( (1+er2()dpu, v )
is continuous and uniformly coercive on H},(R). For any y > 0, the dual of H,(R) is H'(R), of

whom L?(R) is a subspace, and one has (f, g) < |f|H1 |g|L2, independently of p > 0. Therefore,
m

using Lax-Milgram lemma, for all f € L?(R), there exists a unique u € H i(R) such that, for all
ve H.(R)
a(u,v) = (f,v);

equivalently, there is a unique variational solution to the equation

(5.6) Tu=f.

We then get from the definition of ¥ that

(5.7) v (14 eroC) 02u = (1 + er1Q)u — pevkn(0:C) (0pu) — f.

Now, using condition , and since u € H'(R), ¢ € L>®(R) and f € L?(R), we deduce that
02u € L*(R), and thus u € H*(R). We proved T[e¢] : H?(R) — L?(R) is one-to-one and onto.

Let us now turn to the proof of estimates in (i) — (¢i1).
We start from the equality a(u,u) = (f,u). Using elliptic inequality (5.3) and Cauchy-Schwarz
inequality, one has

1
%W@;; < a(wu) = (f,u) < |flplulp. < ‘f’m’“‘H};

Dividing by c5* |u‘H1 yields the estimate in (7).
m

Let us now assume that f € H*(R), for s > 0. We apply A® to equation (5.6) and we write it
under the form:
T(Au) = A f — [A°, Fu.

Proceeding as above, we use the L? inner product with A*u, and deduce
1

AS 2
Co| U"H}L

IN

a(M°u, Au) = (TA°u,Au) = (A°f—[A°,TJu, Au)

N

(5.8) A f] 2N, + (A, Fu, Au)|.

The result is now a consequence of (5.5)).
— If0<s<sg+1, one has

1
amﬁ{;ﬁl < | flgelulye + ECO|<|H50+1|U”H§ “|H;°;+1’

thus
ulgger < co (Flye + € Colclyrapnalulyy, )-

The estimate of (ii) for 0 < s < 1 follows, using estimate (i) and [A*~* < }u|H1 The result

U‘H,{
for greater values of s, 1 < s < sp + 1, follows by continuous induction.

— If s > sg + 1, then plugging (5.5) into (5.8]) yields

1
a'“ﬁﬁ;*l < |flgelulye + €Co (|<|Hso+1|“’H; +1¢] e “‘H,j(’“)‘“’]{j“’
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thus

u|H,‘i0+1))'

As above, the result follows by continuous induction on s. O

uligger < co (17]e + € Co (1<l [l + 1l

Finally, let us introduce the following technical estimate, which is used several times in the
subsequent sections.

Corollary 5.4. Let (u,€,0,7,bo) € Peu and ¢ € H*(R) with s > sg+ 1, sg > %, such that (H2)
is satisfied. Assume moreover that u € H*~1(R) and that v € H*(R). Then one has

[([A%, T ed]]u , Tlelv )| |([A%, Zled]] T ellu , v )|
e C(Men, hgy', [¢] )

IN

(5.9)

Ul e MH;
Proof. The first identity can be obtained through simple calculation: using that T[e(] is symmetric,
([A, ‘I_l[e(:]]u, Tle¢]v) (TleC][A”, ‘I_l[e(]]u, v)
= (Tle¢]A*T ellu — A°u, v)
— (= (AT T el ).

The estimate is now a direct application of (5.5)) and Lemma From point () and (iii) of
Lemma [5.3] one has

[T ey, < Clulyams

with C = C(Mcs, ha;, e|C‘HS_1 , €|C|H50+1)' Now apply commutator estimate (|5.5)), and one obtains
straightforwardly our desired estimate. O

6 Linear analysis

Let us recall the system (4.15)) introduced in section

hihy  _
0 Op | ———— = 0,
ot <h1 +7h2v>

(6.1)
TleC] (040 + €sv0,0) + (’yz-i— 5)2ql (e€)0.C
+50 ()0 (i ol = o|o)?) = —ped 230, ((0:0)),

with hy =1—€e(,he=1/0+€e( ¢;(X) =1+ kX (i =1,2), K, < defined in(4.11)),(4.14)), and
T[eClV = q1(eQ)V — uvd, (q2(e€)0, V) .
In order to ease the reading, we define the function

(1-X)(61 + X)
T-X+4(6 1 +X)

f:X—

One can easily check that

hlhg ’ h% — ’yh%
) = ———, and €«¢) = .
F(e€) hy + vhe F(eQ) (hy + ’7h2)2
Additionally, let us denote
2 1—v 1, h? —~h3
== d - - _
Sk Yraen q3(€C) 2((h1+fyh2)2 ),
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so that one can rewrite (here and in the following, we omit the bar on v for the sake of readability)

O+ J(eQ)0rv + Dl (v = 0,
(6.2) .
T (00 + 5602 (%)) + (7 + )1 (€)0:C + €1 () (aa(€C)v?) + ey ((D,0)?) = 0.

The equations can be written after applying T~ to the second equation in (6.2) as
(6.3) U + Ap|U0,U + A1 (U0, U = 0,
with

(el 1) _ 0 ’
(6.4) Ao[U] = <‘I_1(Q0(6<)-) E‘I_l(D[EC7U]')> , A|U] = <62I—1(Q1(5C,v)-) e(?)) )

where Qo(e(), Q1(eC,v) are defined as

(6.5) Qo(e€) = (Y+)q(el), Qi(e¢,v) = qr(eC)gs(eC)v?
and the operator Q[e¢,v] defined by
(6.6) Qle¢,v]f = 2q1(eQ)az(€Q)vf + prdy(fOrv).

Following the classical theory of hyperbolic systems, the well-posedness of the initial value
problem of the above system will rely on a precise study of the properties, and in particular energy
estimates, for the linearized system around some reference state U = ((, v) '

oU + Ap|U)0.U + A1 [U)0,U = 0;
(6.7) U
lico = Uy.

In the following subsection, we construct the natural energy space for our problem. Energy esti-
mates are then proved in section Finally, we state the well-posedness of the linear system
in section

6.1 Energy space
Let us first remark that by construction, one has a pseudo-symmetrizer of the system, given by
Qo(eC) Qo(eC) 4
(6.8) S[U] = [ 70 0 ’ S[U]A[U] = €70 f(eQuv  QoleC) .
0 T Qo(eC) eQle¢, v

Notice that S[U] is symmetric, as T[e(] is symmetric, and one can easily check that S[U]Aq[U]

is symmetric as well. On the contrary, the operator

0 0
S[UJA U] = <€2Q1(€C’U) ec‘I[EC](U')>

represents the defect of symmetry.
However, T[e(](v-) has the desired following property:

(T[EQ(@@IV),V) = ( 1(eQ)v0,V — 0y (q2(€€) 02 (0, V) , V. )
( Ox(1(eQ))V , V ) —|—,uz/( q2(€0) 0, (20, V) , 0,V )

<

(Da (a1 () V) + 1 (@2(e) (0r0) 02V, 0, V) — B2 (00 (g2 ()0, V, D,V

(6.9) = :

N — N~

Therefore, the inner product (‘I[ed (v0.V), V) is controlled by ‘Vﬁ{l, bounded in our energy space,
= w

as defined below. In the same way, one can control the contribution of eQQl(eg ,v), using the
smallness of € through the assumption of the Camassa-Holm regime € = O(,/x).
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Remark 6.1. In the analysis below, the only place where the smallness assumption of the Camassa-
Holm regime, € = O(\/t), is used (apart from the simplifications it offers when constructing sys-
tem (6.1)), stands in the estimation of the contribution of €2Q1(eC,v). As a matter of fact, this
assumption is actually not required: one could replace Qo(eC) by Qo(eC) +€>Q1(eC,v) in the pseudo-
symmetrizer S[U], thus canceling out the €2Q1(eC,v) term. Note however that the energy would
then be slightly different than the one defined below, and that for Lemma[6.3 to hold, one needs an
additional smallness assumption on ev, in order to ensure Qo(eC) + €2Q1(eC,v) > hoz > 0.

Let us now define our energy space.

Definition 6.2. For given s > 0 and p, T > 0, we denote by X* the vector space H*(R) x H*+1(R)
endowed with the norm

VU =(Cv) e X, |Uke = Clae + [vffs + pl0avlie,
while X5 stands for the space of U = (¢, v) such that U € C°([0, £]; X*) and 8,¢ € L*°([0, L] x R),

€
endowed with the canonical norm

||U||X%E sup |U(t,-)|x= + esssup |0:C(¢, 2)|
te[0,T/¢€] te[0,T/e],zeR

A natural energy for the initial value problem (6.7)) is given by

(6.10) ES(U)? = (A°U, S[UJAU) = (ASC, C;O(ZC)) A%C) + (A%, T[e¢CAD) .

The link between E°(U) and the X*-norm is investigated in the following Lemma.

Lemma 6.3. Letp = (p1,¢€,6,7,bo) € Pcu, s > 0 and ¢ € L>=(R), satisfying (HI) and (H2). Then
E5(U) is equivalent to the | - |xs-norm uniformly with respect to p € Pcu. More precisely, there
evists co = C(Mcm, hyy', hos ) > 0 such that

~EBWU) < U]y < @B )
Proof. This is a straightforward application of Lemma [5.2} and that one has for Qq(e¢), f(e¢) > 0,
.. Qo(Q) ) . Qo(€C) ) 3
inf ) > (inf Qo(eg))(ilelgf(eg)) S ’ < (igﬁ Qo(e0))(inf f(eC))™,

where we recall that if (HI)) is satisfied, then hy =1 — € and hy = % + € satisfy
inf hlzhol, sup‘h1| §1+1/(5, inf thh()l, sup|h2}§1+1/5
z€R— z€ER zeR™ z€R ~

O

We conclude this section by proving some general estimates concerning our new operators, which
will be useful in the following subsection.

Lemma 6.4. Let (pi,¢,6,7,bo) = p € Pcu, and let U = (Cu,u)' such that {, € L*> satis-
fies (H1),([H2). Then for any V,\W € X°, one has

(6.11) (s, w)| < ¢ V]wW g

with C = C(Mcn, hoy's hoy > €[Cul o) -
Moreover, if ¢, € H*,V € X571 with s > sg + 1, so > 1/2, then one has

(6.12) ‘( [A®, S[UN)V , W )‘

IN

C [V]xers| Wl

AN

(6.13) (([As s WV, SIW )| < C V] sy g W o

with C = C<MCH7h6117h62176|C“‘H5) :



24 A new fully justified model for the propagation of internal waves  October 21, 2014

Proof. Let U = (Cu,u)" € X5,V = (C,v)" € X5, W = (Cp,w) " € X°. Then by definition of S[/]
in , one has

(S[U}V,W):(QO(C)QU,QU) (z[egu]v,w).

f(eCu)
The first term is straightforwardly estimated by Cauchy-Schwarz inequality:
Q0(6<u) QO GCu
|( f(C)<U7<w)}*’ |L°°|<'U’L2|CU)‘L27
and %ﬂ(izcu)) is uniformly bounded since (,, satisfies (H1)).

The second term is estimated by Lemma [5.2](5.2).
|( TleCulv , w )| < colvlmslwla < colVIxo[W]xo.
Estimate (6.11]) is proved.

Now, let us decompose

( (A%, S|V, W) - ( A, ?f(g‘))]g . Cu ) +( (A%, T[eCu)]v s w )

By Cauchy-Schwarz inequality and Lemma one has

Qo(€Cu) Q€Cu
(I e 16 o )= 10 va\szcwuz

— |C'U|Hs—1 |C’LU’L2

_|m

S C(€|CU|H5)

C’U|Hs—1 |<w|L2a

where we used Lemma and continuous Sobolev embedding for the last inequality.
The second term is estimated using Lemma [5.2] (5.5):

[([A%Tleullo s w )| < Cleléuln)
Estimate is proved.

Finally, one has

_ feCu) Qo(eCu) 1
A, STHUIV , SUIW ) < ([A®, v w )+ ([N T e, TleCu]w ).
([ s, sow ) < ([0 gl eyt ) + (357 ke, Sletw )
The first term is estimated exactly as above, noticing that both f(e(,) and Qo(e(,) are bounded
from above and below since (H1) and (H2)) are satisfied.

The second term is estimated using Corollary (5.9). Estimate (6.13)) follows, and the Lemma
is proved. O

Voot [W]xo.

6.2 Energy estimates

Our aim is to establish a priori energy estimates concerning our linear system. In order to be
able to use the linear analysis to both the well-posedness and stability of the nonlinear system, we
consider the following modified system

6.14
( ) U,_o = UO.

where we added a right-hand-side F', whose properties will be precised in the following Lemmas.

We begin by asserting a basic X° energy estimate, that we extend to X*® space (s > 3/2) later
on.
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Lemma 6.5 (X° energy estimate). Set (u,¢€,d,7,bo) € Pcu. Let T > 0 and U € L>(]0,T/¢); X°)
and U,0,U € LOO([O T/e] x R) such that 0, € L>=([0,T/e] x R) and ¢ satisfies (HI)),(H2), and
U,U satisfy system (|6 , with a right hand side, F, such that

(F,SUIU) < Cr el + F(#) U] o

with Cr a constant and f a posztwe integrable function on [0,T/€].

Then there exists A = HatCHLOO([O 7wy 1 Lo 0.7y 19 Ul| e 0.7/ xry» CF) such
that
T t '
(6.15) Vo<t<L .,  EVU)@#) < eMEU) + / N (¢!
€ 0

The constant X is independent of (i, €,0,7,bo) € Pcu, but depends on Mcn, h6117 ha;,
Proof. Let us take the inner product of (6.14) by S[U]U

(0.U,S[UJU) + (AolU]0,U,S[UJU) + (A[U]0.U, S[UIU) = (F,S[UJU) ,

From the symmetry property of S[U], and using the definition of E*(U), one deduces
(6.16)
1d

L4 ) -

(U, [0, SWI]U) = (S[U]Ao[U]0,U, U) — (S[U]A:[U]0,U, U) + (F, SUJU).

DN =

Let us first estimate (S[U]Ao[U]0,U,U). Let us recall that

S| Aol = ( 2D POy Qolel) )
Qo(e¢)  eleC, ]

so that

(SWIAUU. V) = (Cwaw(qu(g)

EA1+A2+A3

F1(eQ)C) = (¢ 0:(Qu(e)v) + €(lec,vldrv,v)

The estimates concerning A; and A, are straightforward. Using Cauchy-Schwarz inequality,
there exists C' = C’(HQHLOO + ||3xQ||Lw) such that

As| + [Aa| < €C(¢[7a +[v]72) < €ClU .
As for As, one has (recalling the definition of Q in (6.6)):
(Qle¢, v]0zv,v) = —(0a(q1(eQ)gs(eQ)v)v,v) — pr((050)(05v), xv)

Those two terms are controlled, again thanks to Cauchy-Schwarz inequality, so that
[(Qle¢, 110sv.0)] < CUUN o + 10U ool < CUL o + 028 ) U o
Altogether, we proved

(6.17) |(S[U)A0[U)0,U,U)| < C(||U]| o + |0:U ]|, |U o

Let us now estimate (S[U]A;[U]9,U,U). One has

( Q1(e¢,v)0:(, )—i—eg(‘I[eg](yamv),v)
Ay + As.

(Sw)A[U)o.U, U)
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In order to control the term A4, we write
(Q1(e¢, 0)0:¢,v) = € (q1(eQ)g5(eQ)v?0uC,v) = —€*(02(q1(€Q)q5(eC)vv), C)
= —(8:(q1(eQ)a5(eQ)v*)v, ¢) — € (g1 (eQ)a5(eQ)v* D, C).
Since p € Pcy, as defined in , one has € < M, /i, and therefore

4] < (U] + 10T )V o

(where we used, once again, Cauchy-Schwarz inequality.)
In order to control A5 one makes use of the identity given in , applied to V = v, and deduce
easily

45| < cC(U] o + [[0:T ] o) B (U)2.
Altogether, one has
(6.18) (ST L]0V, 0)] < eC(U] oo + 0L o) |U o
The last term to estimate is (U, [9;, S[U]]U).
One has
(U, [0, SNV = (v, |01, E]0) + (¢, |8, ij((f))}o
= (0 Q)0 + (020 (Ouaat @) + (600D )
= €Ky (v, (atg)o) — UERo (&61}, (8,593:,31)))
Qo (€¢) f(e€) — Qo(eQ) f'(€C)
+e(. iCoE (2:0)¢)
From Cauchy-Schwarz inequality and since ¢ satisfies , one deduces
1
(6.19) | ( [8,5, ] ) | < eC( ||atc||L°° ([0,T/€]xR)? ||£||L°C([O,T/e]><]R))|U|,2XU'

One can now conclude with the proof of the energy estimate. Plug (6.17)), (6.18) and (6.19)
into (6.16)), invoke Lemma and make use of the assumption of the Lemma on F'. This yields

1d
s
where Cp = HatCHLOO ([0,T/€]xR)’ ||U||Loo([o T/ xR)’ [ UHLoo OT/e]XR)’CF)' Consequently

%EO(U) < CoeE(U) + f(t).

Making use of the usual trick, we compute for any A € R,

E°(U)?) < e CoE°(U)? + f()E°(U),

Moy (e MEO(U)) = —eAE°(U) + %EO(U).

Thanks to the above inequality, one can choose A = Cy, so that for all ¢ € [0, %], one deduces

d —€ —€
S NEOU) < f(B)e N,
Integrating this differential inequality yields
T ¢ /
(6.20) VO<t<L  EOU) < eMEO(U) + / A=) (¢!
€ 0

This proves the energy estimate (6.15]). O
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Let us now turn to the a priori energy estimate in “large” X*° norm.

Lemma 6.6 (X° energy estimate). Set (u,€,0,v,bo) € Pceu, and s > sg+ 1, s > 1/2. Let

= (¢,v)" and U (¢, v)" be such that U,U € L>([0,T/€; XS) 8,5( € L*>([0,T/e] x R) and ¢
satzsﬁes . 2) uniformly on [0,T /€], and such that system (6.14)) holds with a right hand side,
F, with

(MF SUIAD) < Cr e|Uf5. + 1) U] ..

where Cp is a constant and f is an integrable function on [0,T /€.
Then there exists X = C(HQHXS + CF) such that the following energy estimate holds:
T

(6.21) E%Um)<éME%my+/lﬂw¢meﬂ
0

The constant X is independent of (i, €,0,7,bo) € Pcu, but depends on Mcn, hgll, ha;.

Remark 6.7. In this Lemma, and in the proof below, the mnorm ||Q||X 18 to be understood as
T
essential sup:

[Ullxs = esssup [U(,-)|x- + esssup [0:((t, )]
te[0,T/¢€] te[0,T /€], x€R

Proof. Let us multiply the system (6.14)) on the right by A*S[U]JA*U, and integrate by parts. One
obtains

(6.22) (A°0,U,S[UIA®U) + (A°Ag[UJ0.U, S[UIAU) + (A®A1[U]0,U, S[UIA®U)
= (A°F,S[UIAU) |
from which we deduce, using the symmetry property of S[U], as well as the definition of E*(U):

(6.23) ?

L(B(0))" = (AU, [0, S AD) — (S0 Ao[U]0, AT, A°D)
— (S[UJAL[U)0, AU, A*U) — ([A®, Ao[U] + A1 [U]] .U, S[UJASU)

+ (A°F, S[UIAT).

DN =
Q.‘g‘

We now estimate each of the different components of the r.h.s of the above identity.

e Estimate of (S[U]Ao[U]0,A*U, A*U) and (S[U]JA1[U]0,A*U, A*U). One can use the L? estimate
derived in (6.17)), applied to A*U. One deduces

(6.24) (S Ao[U10:A°U, A°U)| < eC((|U] o + 1|05 )|
Now, thanks to Sobolev embedding, one has for s > sg + 1, sg > 1/2

CTll + 19:U]] )

so that

(6.25) (S A0[U10,A°V, A°D)| < eC(||U]] )

Similarly, using (6.18]), applied to A*U and continuous Sobolev embedding, one has

2

(6.26) |(S[U]A1[U)0A°U, AU )| < eC’(HQHX%) Uly.
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o FEstimate of( A[U)|8,U, S|U]|A®U), where A[U] = A¢[U] + A;[U]. Using the definition of
A[-] and S[] in ., one has
Q(eC,v)

([A°, AN .U, S[UIAT) = ([A%, ef ()] + A%, f(eO)v e ‘)

+ (1A% QUG v)0:C) , TA™)
([ A, T Qe ]+§y]8zv,§/\sv>
=By + By + Bs.

Here and in the following, we denote T = T[e¢] and Q(e¢,v) = Qo(e€) + €Q1(e¢,v). Let us treat
each of these terms separately.

— Control of By = ([As,e F1(eQ)0]0:C + [A®, £(e0)]0pv (f;)Asg)

From Cauchy-Schwarz inequality, one has

Q(va v)
f(©)

Since s > sg + 1, we can use the commutator estimate Lemma to get

AC

[Bil < [IA% €f (eQ)]onC + A%, F(e)0v

L2 2’

S (10z(ef" () m==1 + |02 (f(€) [ 1r5-2) 102U 11
S 0(|[Ull )1V ko

1A%, e (010 + (A%, £(e))0wv]

where we used, for the last inequality, 9, (f(e¢)) = €(0:¢)f'(eC). It follows, using that £ ) ) ¢ oo
since ¢ satisfies .

il < (Ul

— Control of By = ([AS “H(Q(e€, v)))0xC gA%).
By symmetry of €, one has

By = (ZIA" T (Q(eC.))]0C + A%):
Now, one can check that, by definition of the commutator,

T[A%, T7HQ(e€, 0))]0:C = TA* T Q(e¢, 0) D¢ — Qe€, v)A*D,C
= TAT ' Q(€, 0)0:¢ — A°TT(Q(e, ©)0:()
+ A*(Q(e6, 0)92C) — Q(e€, v)A* D¢
—[A%, Z]THQ(€, )02C) + [A%, Q(e€,1)] Dl

We can now use Corollary and deduce

(1A%, IT QUG 2)0:0) » A*0)| < Cleld] )| QUG )0
<c(|Uly.)

_ ‘U’ s+1
Hs—1 Hj,

Clye ol

The last inequality is obtained using Lemma [A7]]
From Lemma and the explicit definition of Q = Qy + €2Q; in (6.5), one has

Hs—1?

| [A%,Q(e¢,1)]0:€ | . = €][A%, (v + 8) k1l + eq1(e) g5 (eQ)v]0xC| . <

so that we finally get
2
|B2| < C([IU]| )|V .
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— Control 0f33:e<[ A%, 10, ]+§’u]8 v, TA® )
Let us first use the deﬁn1t10n of Qle¢,v - ) to expand:

By = ¢([A*, T (@1 (€Q)as(eQ)v)] 0w, TA™) + puer([A*, T70,((000) )]0rv, TA™D)
+ eg([AS,y]ﬁmv,zAsv)
= Bs1 + B3y + Bss.

In order to estimate Bs; and Bss, one proceeds as for the control of By. One can check

TN, T g1 (eQ)gs(eQ)ur)]0v = —[A%, T (g1 (eC)g3(e)vdrv) + [A%, q1 (€0)g3(€C)v] D

As above, using Cauchy-Schwarz inequality, Corollary and Lemma one obtains
Bt < C(|[U]l )0
In the same way,
TIA*, T71(0:((80) )]0zv = —[A%, Z)T 1 (82 ((850) (82v))] + 05 ([A%, 00]0,v).
Again, using Cauchy-Schwarz inequality, Corollary [5.4] and Lemma [A72] one has

] (A", DT @0 (0:2) @) A%)| < anlC] o[22 ((02) D)) 0]
2
S Cs SlHs v Hi+1‘U’HZ+1a
and
) (02 (10%, Bu2100), %) | = [ (1%, Bu0]0, 4°0,0) | < o] [0]0n

Thus we proved
2
|Bsz| < eC([|U]| ,)|U .-

Finally, we turn to Bsg = eg([As v]0yv, TA® v) From Lemma one has

[Bas| < [IA%, 21000] gy [A70] gy < (1A%, 00050] 2 [A%0] g + V/E|Os (1A%, 2]050) | 2 [A%0] .

Note the identity
9: (A%, 0]0,v) = ([A®,0,0]0,v) + ([A%,v]020),

so that Lemmayields V|82 ([A%,0]0,v) |L2 < }Q|HS+1 |U|Hs+1.
" m
Altogether, we proved

(6.27) |([A%, AlU)]0,U, SO AU)| < eC([[U] ) [T

e Estimate of +(A°U, [0, S[U]JA®U).
One has

QoleC)7 .,
T )0

_ (Asv, (8tq1(e§))ASv> - ,uV(ASU,5‘m((8tq2(e£))(8z/\sv))>

s Qo(eC) AS
+(vea g v
= €ry (ASU, (8,59/&511) + prers (AS U, (atg)Asawv))

Qo(eQ) f(e¢) — Qo(eQ) ' (€¢)
f(e€)?

(AU, [0y, SIUI|A*U) = (A*w, [atg] A%v) + (A%, [r‘%,

+e(ace, CISINS
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From Cauchy-Schwarz inequality and since ¢ satisfies (HI]), one deduces

1 S S 2
| 540, [0, SIIAU) | < OS] oo g0 7761y 161 oo 10,7710 T e

and continuous Sobolev embedding yields

1 ;
(6.28) | 5 (T [0 SAD) | < eo(U]|y) U]
Finally, let us recall the assumption of the Lemma:
(6.29) (A°F,S[UIA*U) < € Cp|U|%. + F(B)|U] 4.

We now plug (6.25)), (6.26), (6.27), (6.28) and (6.29) into (6.23). From Lemma[6.3] it follows

1d
§aE5(U)2 < CoeE*(U)* + ES(U) f(2),

with Cy = C(HQHX% + CF), and consequently

d
aEs(U) < eCoE*(U) + f(2) .
Now, for any A € R, one has
Moy (emME(U)) = —eAE*(U) + %ES(U).

Thus with A = Cj, one has for all ¢ € [0, T],

LB W) < flH)e .

Integrating this differential inequality yields

T t /
VO<t< =,  EU)(t) <eME(Up) + co/ e M= F ()t
€ 0
This concludes the proof of Lemma O

6.3 Well-posedness of the linear system

Let us now state the main result of this section.

Proposition 6.8. Set p = (u1,€,0,7,bo) € Peu (see 3:2)) and s > so + 1 with so > 1/2, and
let UP = ((P,0P)T € X35 (see Deﬁmtion be such that (HI),(H2) are satisfied for t € [0,T/€],
uniformly with respect to p € Pcu. For any Uy € X°, there exists a unique solution to ,
UP € C°0,T/e; X*) N CY([0,T/e); X*~1) € X5, and Co,Ar = C(|U| .. T Mcn, hoy's hgy ),
independent of p € Pcu, such that one has the energy estimates !

T
VO<t< =, ESUP)t) <e?ES(Uy) and E*L(0UP) < CoetES(Uy).

€

Proof. Existence and uniqueness of a solution to the initial value problem ([6.7) follows, by standard
techniques, from the a priori estimate (6.21)) in Lemma

(6.30) E(U)(t) < eME*(Uy),
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(since F' = 0, and omitting the index p for the sake of simplicity.) We briefly recall the argument
below, and refer to |36L|41], for example, for more details.

First, let us notice that using the system of equation , one can deduce an energy estimate
on the time-derivative of the solution. Indeed, one has

latU’Xsfl = ‘ - AO[Q]awU - Al [Q]awU|Xsf1
< |€f/(6£)gazv + f(EQQazﬂHs_l
+ | Tle¢] ™ (Qo(€€)02¢ + €Qle¢, v]0xv + € Q1 (¢, ©)02C) + esvDav)| ;.
(6.31) <C(|U|)|U] . < Coe? B (Up),

where we use Lemmata [A.T] and .3

The completion of the proof is as follows. In order to construct a solution to , we use a
sequence of Friedrichs mollifiers, defined by J, = (1 — vd2)~'/2 (v > 0), in order to reduce our
system to ordinary differential equation systems on X°, which are solved uniquely by Cauchy-
Lipschitz theorem. Estimates , hold for each U, € C°([0,T/e]; X*), uniformly in v > 0.
One deduces that a subsequence converges towards U € L%([0,7/¢]; X*), a (weak) solution of the
Cauchy problem . By regularizing the initial data as well, one can show that the system induces
a smoothing effect in time, and that the solution U € C°([0, T'/¢]; X*)NC([0,T/e]; X*~1) is actually
a strong solution. The uniqueness is a straightforward consequence of (with Up = 0) applied
to the difference of two solutions. O

7 Proof of existence, stability and convergence

In this section we prove the main results of this paper. We start by proving an a priori estimate
on the difference of two possible solutions. Existence and uniqueness of the solution of the Cauchy
problem for our new Green-Naghdi type system, in the Camassa-Holm regime ¢ = O(,/z) and
over large times, is then deduced from the linear analysis of the previous section and this a priori
estimate. The estimate also provides

e the stability of the solution with respect to the initial data, thus the Cauchy problem for our
system is well-posed in the sense of Hadamard, in Sobolev spaces; see subsection [7.2]

e the stability of the solution with respect to a perturbation of the equation, which allows,
together with the well-posedness, to fully justify our system (and any other well-posed, con-
sistent model); see section

7.1 Omne more a priori estimate

In this subsection, we control the difference of two solutions of the nonlinear system, with different
initial data and right-hand sides. More precisely, we prove the following result.

Proposition 7.1. Let (u,€,6,7,bo) € Peu and s > so + 1, so > 1/2, and assume that there
exists U; for i € {1,2}, such that one has U; = ((,v:)" € X5, Uy € L¥([0,T/e); X°F1), (1
satisfies (H1),(H2)) on [0,T/¢€], with hoi,ho2 > 0, and U; satisfy

U + A[th)0,Un + A[U4)0, U1 = Fy
0 Uy + AO[UQ]&ZUQ + A1[U2]81U2 = b,

with F; € LY([0,T/e]; X*).
Then there exists constants Cy = C(MCH,hall,h521,e|U1
C(|Us| oo (jo,1/¢);x5+1)) such that for all t € [0, %]

6|U2 as well as A\p = Cy X

o €[T2] )

t
E3(Uy — Us)(t) < eAE*(Uy |y=0 — Usa |10 ) + Co / eI Bs(Fy — Fy)(t)dt.
0
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Proof. When multiplying the equations satisfied by U; on the left by S[U;], one obtains

S[U110:U1 + Xo[U1]0,Ur + X1[U41]0,U; = S[U1|F1
S[Ug}atUg + EO[U2}6$U2 + El[Ug]awUl = S[UQ]FQ;

with Xo[U] = S[U]Ap[U] and £,[U] = S[U]A;[U]. Subtracting the two equations above, and
defining V = U; — Uy = ((,v) " one obtains
S[Ul]atV + Eo[Ul]axV + Zl[Ul]&cV =
S[Uh](Fy — F2) — (Xo[U1] + 21 [Un] = Eo[Us] — X1 [U2]) 05Uz — (S[U1] = S[U2])(0:U2 — F3).

We then apply S~![U;] and deduce the following system satisfied by V:

(7.1)

{ oV + Ao[Ul]awV + Aq [Ul]awV =F
V(0) = (U1 = U2) |i=0 ,

where,
(72) F = Fi—F — STHUL(So[U1] + Z1[U1] — So[Us] — £1[U2]) 0, Us
— STHW(S[U] = S[U2)) (0,Us — F).

We wish to use the energy estimate of Lemma to the linear system (|7.1). Thus one needs to
control accordingly the right hand side F'.
In order to do so, we take advantage of the following Lemma.

Lemma 7.2. Let (u,€,0,7,bo) € Pcu and s > sg > 1/2. Let V = ((,v) ", W = (Cp,w) " € X
and Uy = ((1,v1) T, Us = (Co,v2) T € X* such that there exists h > 0 with

1 1
176(12h>0, 176(22h>0, g+€§12h>0, g+€<22h>0

Then one has

(7.3) ‘ (AS(S[Ul] AN W) ’ < C U = Ua| o [V] | W ] o
(7.4) ( A*(S[UA]A[UY] — S[UL] ALV, W ) < € C UL = U] | V] 4o W] o
with C' = C(MCH,h_l,e|U1‘Xs,e|Ug|XS), and denoting A['] = Ao[-] + A1]].

Proof. Let V = (¢, v) T, W = (Cw,w)"T € X% and Uy = (G1,v1)7, Us = (C2,v2)" € X*. By
definition of S[] (see (6.8)), one has

Qo(eC1)  QoleC2)
f(e€r)  fleca)

(A (st =SV, w) = (A )Go s Gu) + (A%(TheCi] = TeGal)v, w ).

Now, one can check that

TleGi]v — FleGalv = (q1(e¢1) — qr(e€2))v — prde{ (g2(€C1) — g2(€C2)) Duv}
= 6(*@1 (C1 = C2)v — pwdp{ra(C1 — 42)8:10'0})7

so that, after one integration by part, and using Cauchy-Schwarz inequality and Lemma one
has

(7.5) ’ (AS (T[e¢r] — Tleta))v , w ) ‘ < € Clh1,vm)|G — Gl 4y

U|Hj+1 |w|H;'

In the same way, we remark that one can write % as a rational function:

B I+X)1-X+9('+X)) _ PX)
B ([ TR eTo o)

Qo(X)
f(X)
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It follows
Qo(eqr) — Qo(eGa) _ P(61)Q(ea) — P(ea)Q(eCr)
f(er) f(e¢2) Q(eC1)Q(eC2)
_ (P(e¢1) — P(e¢2))Q(eCa) — P(e€2) (Q(e1) — Q(eCz))
Q(e€1)Q(eC2) '

Since P(X) and Q(X) are polynomials, and using Lemma it is straightforward to check that
for s > sop > 1/2, one has

|(P(e¢1) — P(e¢2)) Q(eC2) — P(e€a) (Q(e1) — Q(€62)) | 1y < €Cle|Cr| yar€lCal ) |G — G2l e

Now, applying Cauchy-Schwarz inequality and Lemma [A 1] together with Lemma [AZ3] one deduces
that as long as
hi(eC1), ha(eCr), hi(eC2), ha(eCz) = h > 0,

one has (again thanks to continuous Sobolev embedding for s > so > 1/2)

s Qo(eC1)  Qoled2)
(4 CRey ~ T

with C' = C(Mcu, b=, €|C1| ., €|C2| . )- Estimates (T3] and (7.6) yield (7.3).
Let us now turn to (7.4)). One has

(7.6) Joos Go)| < €Ol =Gl ol o

(7.7)

(AS(S[Ul]A[Ul] . S[UQ]A[UQ])V , W) _ 6<A5(Q0(6<1) ’ QO(ECQ) l

e (€ = S (@) )
+ (A7(Qole¢) — Qole2))v s Gu)

+ (A (Qolect) = Qule))G » w )

+ 62( A (Q1(eCr,v1) — Q1(eCa,v2)) 6w , w )

+ 6( A®(Qle¢r, v1] — QleCa, v2])v , w )

+ eq( A (TleCi](vr v) — TleGa)(v2 v)) , w )

The second and third terms in the right-hand-side of (7.7) may be estimated exactly as in (|7.6)),
and we do not detail the precise calculations. The first term follows in the same way, using the
decomposition

Qo(eCt) ,, Qo(et2) ,, ~Qoley) "  Qulet2) e (e
e( F(eCh) fH(eCi)v — FeC) f(eC)ve) = ( () f(ec) F(eG) f'(e6a)) (evr)
. Qo(€C2) e
+ €e(vr —v2) () f(eCa),

so that one has

s Qo(eCr) . ~ QoleC2) TP
(2 () e - B e, )

< Cle]vr] el = Gl el Gol e |G 12
+ C(EICQ‘H‘s)GI’Ul - U2’HS‘C’U’HS‘C’LU|L2'

The fourth term is similar, as €2Q1(e(;, v;) = Q1(e(;, €v;) is a bivariate polynomial. Let us detail
the last two estimates. One has

(7.8)  (Qle¢r, v1] —QleCa, va])v = 2(q1(eC1)gs(eCi)v1 — q1(€C2)g3(€Ca)v2) v + pkdy (VI (v1 —v2)).
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Again, the contribution of the first term in (7.8) is estimated as above (recalling that this term is
multiplied by a e factor), and the contribution of the last term in ([7.8) is estimated below:

’e,tm( A®O, (v@I(vl — ’Ug)) , W )‘ < C’en’vl — Vg

Hﬁ“‘U’HS “”H;L'

We conclude by estimating the last term in (7.7). One has

Tler](v1 v) — FleGa](v2 v) = (qu(eCr)vr — qu(eCa)va)v — D { (g2(€C1) D (v1 V) — 2(€C2) B (v2 v) }
= (%le¢i] = ZleGa]) (v1 v) + e(v1 — v2) (g1 (C2)v)
— uvdp{g2(e2)u (01 — v2) v) }.

One finally uses Cauchy-Schwarz inequality, Lemma [A-1] as well as (7.5)), and obtain

v v

6( A® (5[641](7)1 v) — Tle2](v2 'U)) , W ) ‘ < €& C(ﬂl,V@)Kl - C2|Hs
+ € C(I€1€|<2 H )

ol
H;, H}

U|H5 w|L2

+ve C(”26|42’Hs)|01 - U2‘Hj+1 |U|H;+1 ‘w|H}L'

U1 _v2|Hs

Altogether, we obtain (|7.4]), and Lemma is proved. O

Let us continue the proof of Proposition by estimating F' defined in ([7.2), that we recall:

(79) F = F—F, — STHUL(So[U1] + Z1[U1] — So[Us] — £1[U2]) 0, Uz
— STHL(S[U1] - S[U:]) (8:Uz — F2).
More precisely, we want to estimate
(A°F, SNV ) = (AN FL = A°F,, S[U1]A°V)
+( AS(E [Ul] + 51[Uh] — Bo[Us] — £1[Us))0, Uz , AV)

— (A%( S[U2))(0:Uz = F) , A°V')

+( [A° ](EO[Uﬂ + 31 [U1] = Bo[U2] = %1 [Us))8, Uz , S[U1]A°V )
= ([A° STHON(SIUA] = S[U))(@U = F) , S[H]ATV)

=)+ ( ) (IH) V) + (V).

Let us estimate each of these terms. The contribution of (I) is immediately bounded using
Lemma [6.4}

(7.10) | (I) | < ClFy = Fa|x:|[Vxs,

with C' = C(Mcu, b, e|U1], ).

The contributions of (II) and (IIT) follow from Lemma Indeed, recalling that V = U; —
Us, (7.3)) yields immediately

(7.11) | (I11) | < Ce|oUz — Falx+|V[%-,
and yields

(7.12) | (II) | < Cel0.Us|x+|V k-,
with C' = C = C(Mcu, h™1,€|U; o€ Ug‘XS).

Finally, we control (V) and (V) using Lemma [6.4] (6.13):

[([A%, ST AU, S[AIATYV )| < ClU

eeteret|V]xe,
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with C' = C(Mcg, h™!, e|<1|HS).

Thus it remains to estimate |U|ys-1, where U = Uy = (8o[Ur] + X1 [U1] — Xo[Uz] — £1[U2])0, Us
orU = U(”) = (S[Uﬂ — S[UQ])(@tUQ — FQ).

We proceed as in Lemma [7.2] helped by the fact that one is allowed lose one derivative in our
estimates. Let W = 0,Us — Fy = ((w,w)". One has

Qo(eCi) Qo(ﬁﬁz))C

_ _ ( _ (G
Uiy = (S[U] = S[U)W = | N fe€r)  flega) = (>6))
@ (cg[gcl] _ 5[642])w <u(ii)>

Recall that
TleGi|w — TeGlw = G(Hl(Cl — Q)w — prdy {K2(C1 — C2)3a:w}>7

so that one has straightforwardly

‘U(ii)|H5*1 < eC(k1,vk2)|C1 — ColHs w|Hi+1.

As for the first component, we apply (7.6) and deduce

Cean [Frar = (A iy, A7 any) < €ClG1 — G2 He1-

HS*1|<w|HS*1|C(ii)
It follows

(7.13) | (V)| < CelowUs — Falx:|Vke,

with C' = C(Mcu, b=, €|U1| .., €|Us| ..).
Now, recall Uy = (Eo[U1] + 1 [U1] — Xo[Uz] — £1[Us])0,Us. Proceeding as above, one obtains

| U < C|oUs|x-

) ‘Hs—l V|Xsa

and thus

(7.14) | (IV) | < Ce|0,Us|x+|V X

Altogether, we proved (using Lemma that F', as defined in (7.2)), satisfies
(7.15)  |(AFSIAV )| < Col|0.Us|x- + 01Uz = Falx-)eE* (V)2 + CoB* (V)E*(Fy - F).

with Cy = C(Mcu, h™", €|U| ., €|Us
(see detailed calculations in (6.31]))

|XS). Notice also that by the system satisfied by Uz, one has

|6tU2 — F2|XS = —|(A0[U2] + Al [UQ])@IUglxq
< C(|U2|xs+1)

We can now conclude by Lemma and the proof of Proposition [7.1]is complete. O

7.2 Well-posedness result

In this section, we prove the well-posedness of the Cauchy problem for our new Green-Naghdi
type model @ in the sense of Hadamard. Existence and uniqueness of the solution is given by
Theorem while the stability with respect to the initial data is provided by Theorem These
results correspond to Theorems [3.2] and as stated in section

Theorem 7.3 (Existence and uniqueness). Let p = (u,¢€,0,7,bo) € Poug and s > so + 1, sg >
1/2, and assume Uy = ((p,v9)| € X* satisfies ,. Then there exists a maximal time
Tmax > 0, such that the system of equations admits a unique strong solution U = ((,v)" €
CO([0, Tmax); X*) N CH([0, Trax); X~ 1) with the initial value (o, v0) |t=0 = (Co,v0), and preserving
the conditions , (with different lower bounds) for any t € [0, Tinax)-
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Moreover, there exists T~',Cy, N = C(Mcs, hall, hazl, |U0
that Tmax > T'/€, and one has the energy estimates
T

VO<t<—, UM )|x. + [0 )]s < Coe™

|XS), independent of p € Pcu, such

If Tihax < 00, one has
U, )|xs —> 00 as t — Tmax,

or one of the two conditions (H1|),(H2|) ceases to be true ast — Tax-

Proof. We construct a sequence of approximate solution (U™ = ({™, u™))n>0 through the induction
relation

o U™+ A[U™O, U™ = 0;
0 __ t xT 9
(7.16) U’=Uy, and VneN, { UI?:ol — U,

By Proposition[6.8] there exists U™+ € C°([0, Tyi1/€]; X*) NC([0, Tyi1 /€]; X*1) unique solution
to (7.16) provided U™ € C°([0,T,,/€]; X*) N C1([0, T, /e]; X*~1) C X35, and satisfies (HI]),([H2).
Existence and uniform control of the sequence U™. The existence of T’ > 0 such that the sequence
U™ is uniquely defined, controlled in X3, and satisfies (H1|),(H2)), uniformly with respect to n € N,
is obtained by induction, as follows.

Proposition [6.8] yields

(7.17)  ES(UYH(t) < eMES(Uy), [0, U™TH(E, )| < C E3 (U™ < Chert B (Uy),

Xs—1
with A, Cp, = C(Mcu, h(ilnv hazln, |U”HXS ), provided U™ € X3, satisfies (H1)),(H2) with positive
; ; t n

constants hoi.n, ho2,n on [0, T}, /€.
Since U™ = (¢",v™) T satisfies (7.16)), one has

DU = —ef (€0 B¢ = F(eCM) D0

Using continuous Sobolev embedding of H*~1 into L (s—1 > 1/2), and since (" satisfies (1)), ([2)
with ho1 p, hoz,n on 0,7, /€], one deduces that

(7.18) 10, |1 < C(MCH7hall,nvh&lm)HUnHX; :

Let g" ™ = a + be¢" ™, where (a,b) € {(1,-1),(5,1),(1,1), (1,52)}. One has

¢
gt =g " o + bﬁ/ ¢,
0

so that ([7.18)) yields

9" = g™ imo [ < et x 0O (Mo, hott s hootn) [ U |, -

Now, one has g"*1|,—g = ¢°|i=o > min(ho1,0, ho2,0) > 0, independent of n. Thus one can easily
prove (by induction) that it is possible to chose T > 0 such that g"™! > «/2 holds on [0,7" /€],
and the above energy estimates hold uniformly with respect to n, on [0,7”/¢]. More precisely, one
has that ¢" satisfies (HI)),(H2) with ho1/2,ho2/2 > 0 and the estimates

(7.19) ES(U™)(t) < eME*(Ug)  and  |8,U"(t,-)] (., < Coe™E*(Uy),

on [0,7" /€], where \,Cy = C(Mcu, hgll, h521, Uy are uniform with respect to n.

Convergence of U™ towards a solution of the nonlinear problem. We now conclude by proving that
the sequence U™ converges towards a solution of our nonlinear problem. In order to do so, let us
define V* = Un*t! — U™. V,, satisfies the system

[xc-)

(7.20) V" + AUM0,V + MU0,V = F
V=0 =0,
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where,
(7.21)
F" = —S7HUM(Z0[U™ 4+ 21 [U"] = So[U™ Y] = S [U™ )0, U™ — STHU™(S[U™] — S[U™])o.U™.

We wish to use the energy estimate of Lemma to the linear system (|7.20). Thus one needs to
control accordingly the right hand side F™.
More precisely, we want to estimate

( " S[omvn ) = —( (Bo[U"] 4 21[U"] — So[U™ Y = 2y [U )0, U™, V" )
—((S[U™ -swroun, vr).
Proceeding as in Lemma one can easily deduce

(B STV )| < U 0= [V o (07 o + 007 o),

with C' = C(Mcwu, hop' s hog €U oo €] U™ |11.00)-
Using the uniform control of U™, ;U™ in (7.19), one deduces

[CF™ SV )] < eColV ™ o V" o

with Cj independent of n. Thus Lemma [6.5] yields, for any ¢ € [0, 7" /e],

t t
E2(V™)(t) < €Cy / e EO (V1) (¢)dt < eC / EC(vrh(hdt,
0 0

where C' is independent of n and ¢t. Hence

T/ nin n
weo, 1] Bwme < St wp B,
€

n! t'€[0,T /€]

and the sequence U™ = U? + Y V™ converges in C°([0,T"/¢]; X©).

Completion of the proof. Since U™ converges in C°([0,T"/e]; X°) and is uniformly bounded in X?,
standard interpolation arguments imply that the sequence U™ converges in C°([0,T"/e]; X S/), for
any s’ < s. Similarly, one proves 8,U™ converges in C°([0,7"/e]; X*'~1). Choosing s’ — 1 > 1/2,
one may pass to the limit all the terms in system , and one deduces that the limit U is a
solution of system . Passing to the limit the properties of U", and in particular the energy
estimates (7.19)), one deduces U € L>([0,T/€]; X*),0,U € L>([0,T/e]; X*~'), and U satisfies the
energy estimate of the Theorem (using Lemma, and preserves the conditions , for any
t €0, TT/], independently of p € Pcy.

Finally, as in Proposition (with U = U), one can prove that U actually satisfies U €
CY([0,T"/e]; X%) N C([0,T"/e]; X*~1). The uniqueness of U follows from the stability result of
Proposition with F} = F; =0, and one can therefore define a maximal time of existence of the
solution, that we denote Tinax- Tmax 18 bounded from below by T'/e > 0, and the behavior of the
solution as t — Tiax if Thmax < 0o follows from standard continuation arguments. O

Theorem 7.4 (Stability). Let (u,¢,d,7,bo) € Pcy and s > so+1 with so > 1/2, and assume Uy 1 =
(Co1,v01)" € X® and Upz = (Co2,v02)" € Xt satisfies (HI),(H2). Denote U; the solution
to " with Uj |t=0 = UOJ.Then there exists Tﬁl, /\, Co = C(MCH, hall, hazl, |U071}X5’ |U072|Xs+1)
such that

T
Vo<t< =, |(Uy — Ua)(t

; < Coee/\t|U0,1 - U0,2|Xs~

’ ) ‘Xs
Proof. The existence and uniform control of the solution U; (resp. Usz) in L*(]0,T/¢]; X*®) (resp.
L>([0,T/€]; X**1)) is provided by Theorem The proposition is then a direct consequence of
the a priori estimate of Proposition with F; = F5, = 0, and Lemma [6.3 O]
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8 Full justification of asymptotic models

We conclude our work by explaining how the results of the previous sections allow to fully justify
our system (and other consistent ones) as asymptotic model for the propagation of internal waves.
A model is said to be fully justified (using the terminology of [29]) if the Cauchy problem for both
the full Euler system and the asymptotic model is well-posed for a given class of initial data, and
over the relevant time scale; and if the solutions with corresponding initial data remain close. As
described in [31} Section 6.3], the full justification of a system (S) follows from:

e (Consistency) One proves that families of solutions to the full Euler system, existing and
controlled over the relevant time scale satisfies the system (S) up to a small residual.

e (Existence) One proves that families of solutions to the full Euler system as above do exist.
This difficult step is ensured by Theorem 5 (or Theorem 6 for large times) in [31], provided
that a stability criterion is satisfied (see details therein).

e (Convergence) One proves that the solutions of the full Euler system, and the ones of the
system (S), with corresponding initial data, remain close over the relevant time scale.

The last step supposes that the Cauchy problem for the model is well-posed, and is a consequence
of the stability of its solutions with respect to perturbations of the equations, so that the first two
steps of the procedure (consistency and existence) yield the conclusion (convergence), and therefore
the full justification of the model. Let us refer to Theorem 7 in [31] for the application of such
procedure for the full justification of the so-called shallow-water/shallow-water asymptotic model,
which corresponds to our system, when withdrawing O(u) terms.

The consistency of our model has been given in Theorem The well-posedness of the Cauchy
problem is stated in Theorem and the stability results is a consequence of Proposition
Thus we have all the ingredients for the full justification of our model, stated in Theorem [3:4] and
that we recall below.

Theorem 8.1 (Convergence). Let p = (u,€,0,7,bo) € Pcu (see (3.2)) and s > so + 1 with

so > 1/2, and let U° = (¢O,90)T € HTN(R)2, N sufficiently large, satisfy the hypotheses of
Theorem 5 in [31)] as well as (HI)),(H2). Then there exists C,T > 0, independent of p, such that

e There exists a unique solution U = (¢,¥)" to the full Buler system ([2.4), defined on [0,T]
and with initial data ((°,4°)T (provided by Theorem 5 in [31]);

e There exists a unique solution U, = (Cq,vq)" to our new model (3.3)), defined on [0,T] and
with initial data (C°,v°) T (provided by Theorem ;

o With v = v[(, ], defined as in (3.4), one has for any t € [0,T],

|(C7T)) - (Ca?va)|Loc([07t};Xs) S C /Lz t.

Proof. As stated above, the existence of U is provided by Theorem 5 in [31], and the existence of U,
is given by our Theorem [3.2| (we choose T as the minimum of the existence time of both solutions; it
is bounded from below, independently of p € Pcy). If N is large enough, then U = ((,9) " satisfies
the assumptions of our consistency result, Theorem and therefore (¢,)" solves (3.3 up to a
residual R = (ry,72) T, with ’R‘LN([O,T];HS) < C(Mcn, hot's [U°| o in ) (12 4 p€?). The result follows

from the stability Proposition with Fy = (r1,%[e¢] tr2) " and Fy = 0. O

In addition to allowing the complete, full justification of our model, the results of the previous
sections allow to rigorously justify any lower order, well-posed and consistent model. We quickly
show how to apply the procedure to such models, with the example of the so-called Constantin-
Lannes decoupled approximation, introduced by one of the authors in [20], and that we recall
below.
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Definition 8.2 (Constantin-Lannes decoupled approximation model). Let ¢°,v° be given scalar
functions, and set parameters (u,€,6,7,bo) € Pcu, as defined in (3.2), and (A, 0) € R2. The
Constantin-Lannes decoupled approximation is then

Uor = (v+(t,x —t) o (b4 1), (v +0)(vy (o — 1) —v_(t,a:—i—t))),

1)0

275) le=0 and vy = (1+ pAO2)~Lv) with v} satisfying

where vy ;=g = 3(¢°+

(8.1) 8} £ eanv}d) + Eaa(v))?00) + EafM (W) vy

+ ;wz’Aagvj‘E - uuf’kagf)tvi + ue@z(nf’AviﬁzviJr/ig(azvi)Q) = 0,

with parameters defined as follows:

52 — 56 +1)2 52(6 +1)2~(1 —
ar= 3020 o g0 DT O DT Z)
244 (v +9) v +0)3
QA_Q 1+’7 9)\_1_9 1+’y(5 1
i U e Y
(8.2) 66(y+0) 6 6(y+0) 2bo
' 9,AE(1+75)(52—’7)(1 1-6 (1—-7) 30° — vy

! 38(y +6)2 4)_6(%5) 2740’
g(1+75)(52*7) 1-0,  (1-9)

= oz T g

R

Remark 8.3. The scalar equation has been introduced as a model for gravity surface wave
(one layer of homogeneous fluid) in [20], and its rigorous justification has been developed in [15].
The justification is to be understood in the following sense: if one chooses carefully the initial data
(so as to focus on only one direction of propagation), then the Constantin-Lannes equation provides
a good (unidirectional) approzimation of the flow. The reason why a bi-directional, decoupled ap-
proximation as above has not been developed in the water-wave setting is that lower order scalar
equations offer the same accuracy. The specificity of internal waves lies in the existence of a critical
ratio (62 = ~) for which quadratic nonlinearities vanish, thus calling for higher order decoupled
models, especially in the Camassa-Holm regime.

The Cauchy problem for the equation ({8.1)) has been proved to be locally well-posed in [13], and
a property of persistence of spatial decay at infinity has been proved in [20]. We state these results
below.

Proposition 8.4 (Well-posedness and persistence). Let u® € H*TL with given s > so+1, so > 1/2.
Let the parameters in (8.2) be such that y,e, I/f’)\ > 0, and define m > 0 such that

(8.3) VA )T+ e+ e+ o]+ lao| + las| + 8 + [T + K] < m.

Then there exists T = C(m, ’u0|Hs+1) and a unique u € C°([0,T/e); HiT )N CY([0,T/e); Hy) such
I3

that u satisfies (8.1) and initial data u|;—o = u°.
Moreover, u satisfies the following energy estimate for 0 <t < T/e:

Hat“HLoo([o,T/e);Hﬁ) + H“HLw([O,T/Q;Hj“) = C(mv|“O|H5+1)'

Assume additionally that for fived n,k € N, one has 2/u® € H*TS, with 0 < j < n and
S5=k+142(n—7j). Then there exists T = C(m,mk,Z}LO ‘ijO’HSJrkJrlJrQ(n—j)) such that for
0<t<Txmin(l/e,1/p), one has

n
Hxna’catuHLoc([o,t);Hﬁ) + Hxn@kuHLoo([O,t);H,‘?“) < C(m, n, k, Z |Iju0|Hj+’“““("*j>)'
j=0

The decoupled model of Definition is consistent with our new model (3.3)), in the following
way.
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Proposition 8.5 (Consistency). Let ¢°,0° € H®**S with given s > so + 1, so > 1/2. For
(1, €,0,v,bo) = p € Pcu, we denote U(pJL the unique solution of the CL approximation, as de-
fined in Definition . For some given M}, s > 0, sufficiently large, assume that there exists
T* > 0 and a family (U )pepon Such that

™ — max{ T >0 such that HUCPLHLOO([O,T);H5+6) + H@tUSLHLw([o’T);HS%) < M }

Then there exists U® = UC[UEL] such that U = UgL + U¢ satisfies our Green-Naghdi type
system (3.3]) up to a remainder R bounded for t € [0,T*] by

1Bl e o,y = € max(€(0% = 7)%, %) (1+ V),
with C = C(M}, s, Mcwu, |, 10|), and the corrector term U° is estimated as
loe

)+ llo.ue|| ) < C max(e(6% — ), u) min(t, Vt).

||L°<>([0,15];HS Lo ([0,t];H*

Additionally, if there exists a > 1/2, M£+6, T! > 0 such that

[}

5

Z 11+ xz)aaﬁUSLHL%([O,T);HS) + Z 11+ x2)aa§atUgLHLOO([O,T);HS) < Mis,
k=0 k=0

then the remainder term, R is uniformly bounded for t € [0, T%):

1Bl e oy < € max(e(62 — )%, 1),

with C = C(Mf%, Mecu,|Al,10]) and U€ is uniformly estimated as

c c 2 .
U ||L°°([0,t];HS) +||o.U HLw([o,t];Hs) < C max(e(6” — ), p) min(¢, 1).
Proof. A similar statement concerning the consistency of the Constantin-Lannes decoupled approx-
imation towards the original Green-Naghdi system (4.6) (in the shallow water regime (3.1) and
neglecting the surface tension contributions) has been given in [20, Proposition 1.12]. Taking into
account the surface tension contribution only requires a slight modification in one of the parameters

(one has v = 124 éwzg) — X in [20]), as shows tedious but straightforward calculations. Finally,

using the boundedness of U(pJL assumed in the statement, and following the proof of Theorem
one easily checks that the corresponding result holds with regards to our system ({3.3)), in the more
stringent Camassa-Holm regime (|3.2]). O

Remark 8.6. Let us note that Proposition[8.]] ensures that the above result is not empty, but on
the contrary is valid for long times (provided that I/f’)\ > 0 and the initial data sufficiently smooth).
More precisely, if the initial data (¢°,0°) = U® € H*%7,s > so+1, so > 1/2, then for any p € Pcu
and X, 6 such that Vf’)‘ > vy > 0, then there exists C1, Cy independent of p, such that for M7, ¢ > Cy,
the decoupled approzimate solution satisfies the uniform bound of Proposition with T* > Cq /€.

Moreover, upon additional condition on the decaying in space of the initial data, there exists
C1,Cy such that for any M£+6 > C1, one has T* > Cy/ max(e, ).

The above properties, thanks to the well-posedness and stability of our Green-Naghdi type
system proved in this work, are sufficient to fully justify the solutions of the Constantin-Lannes

decoupled approximation as approximate solutions of our model, and therefore as approzimate
solutions of the full Euler system (2.4)).

Proposition 8.7 (Convergence of the decoupled model). Let \,0 € R and p = (p,¢€,0,7,bo) €
Pcu be such that holds. Let U = (¢°,¢°)T € H**N with N sufficiently large, satisfy the
hypotheses of Theorem 5 in [31] as well as ,, Denote by UP = (¢,9) T the solution of
the full Fuler system and by USL the decoupled approximation defined in Deﬁnition with
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initial data U°. Then there exists C, T > 0, independent of p € Pcu, such that for any 0 <t < T,
one has

U8, = T°[| e oryzrey < € (c0 min(t,67*)(1 + eot)),

with g = max(e(62 — ), p), and U' = (¢, 0[C,¥])T where v[C, ] is defined as in (3.4).
Moreover, if the initial data is sufficiently localized in space, as in the second part of Proposi-

tion[8.5], then one has
||U(%L_UPHLOO([OJ];HS) < C (g0 min(t, 1)(1 + eot)).

Proof. By Proposition we know that for any U, there exists U¢ = U°[U};] such that
U= UéL + U€ satisfies the Green-Naghdi type system , up to a small remainder R. Con-
trolling the difference ||U —Ugn® ||, where Ugn? is the solution of system with corresponding
initial data, is done exactly as in Theorem [3.4] and we omit the proof. The result is then a straight-
forward consequence of the triangular inequality, as HU" —Ugn® H is estimated in Theorem and

|Ue [UgL]H in Proposition O

A Product and commutator estimates in Sobolev spaces.

Let us recall here some product as well as commutator estimates in Sobolev spaces, used throughout
the present paper.

Lemma A.1 (product estimates).
Let s > 0, one has Vf,g € H*(R) [ L>®(R), one has

[ gl S1F 1<l ol +]Flul o]~
If s > so > 1/2, one deduces thanks to continuous embedding of Sobolev spaces,
|fg|H5 < |f‘Hs 9|Hs‘
More generally, for s >0 and sg > 1/2, one has Vf € H*(R)(VH**(R),g € H*(R),
| fa }HS S | f |Hso 9 |Hs +<| f |H5

Let F € C*°(R) such that F(0) =0. If g € H*(R)( L>*(R) with s > 0, one has F(g) € H*(R)
and

9 |H50>s>so ’

| F(g) |H5 < C(‘9|L°°’|F|C°°)| 9 |H5'
Finally, we will use
| fa |Hj‘*'1 <C | f |H,i+1| g‘Hf[*'l'

The first estimates are classical (see |1,[27,[30]), and the last one follows straightforwardly from
2 2 2 2

We know recall commutator estimate, mainly due to the Kato-Ponce [27], and recently improved
by Lannes [30] (see Theorems 3 and 6):

g2+l g 0uf | +ul £ g |3

Lemma A.2 (commutator estimates).
For any s >0, and 0,.f,g € L®(R)( H*~1(R), one has

| A% flg (e S | 0af |gonal 9 g +10nf ] 9 |os
Thanks to continuous embedding of Sobolev spaces, one has for s > so+ 1, so > 3,
| IA° flg | S 1 0ef | el 9 | 4es-
More generally, for any s > 0 and so > 1/2, 0yf, g € H*(R) () H*~*(R), one has
| A% f1g |2 S| 0f | e

9 |H5*1 + <| O f ‘H571| 9 |Hso>s>so+1‘
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We conclude this section with two corollaries of Lemma used in particular in the proof of
Theorem {4

Lemma A.3. Let f,( € L°(H?, with5 >0 and hy = 1—¢€(, with h1(e) > h > 0 for any x € R.
Then one has

1 -1

V(e + €l el )
Proof. We make use of the identity

1 eC

1
hTf = @f = f+ 1_€<f-
Moser’s tame estimates (Lemma yield
1
‘Hf‘Hé < ’f‘HE +
eC €C
S e + |1 ol + Il e

The only non-trivial term to estimate is now }
a function F € C*°(R) such that

;Cec ’Hg' Using that hy = 1—e¢ > h > 0, we introduce

X if1-X>h>0,

F(X) = { X
0 if 1 - X <0.

The function F satisfies the hypotheses of Lemma and one has

€C
|§|H

The Lemma is now straightforward. O

s = |F(€<)|H§ < C(|E<|Locah71)|edH§'

Let us apply this Lemma to the rigorous estimate of specific expansions.

Lemma A.4. Let f,( € L>([0,T); H®), with 5 > so > 1/2, be such that one has hy =1—e( > h > 0
for any (t,z) € [0,T) x R. Then one has

1 -1
and
_ 2
\f A+e)f|y < € Ch N el F g
Proof. Let us first remark that the formal expansions are straightforward:
1 1
—— =1 X ——=1+X X2 f X| <1
T x + O(X) and T—x + X +0(X7) or | X <

The rigorous estimate is obtained thanks to Lemma applied to the identities

€C 1 €2¢?
*f [ = o and Ef_(1+6<)f Tlf

Indeed, one has for s > so > 1/2,

_ ‘GC

1 1 _
‘/Tlf_f’Hs s S le¢| ] 1f’H§ < eC(h™

’) f’Hé?

where we used Lemmata and The second estimate, concerning ’h%f —(1+ eC)f’Hg,, is
obtained identically. O
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