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ABSTRACT

In many industrial processes or natural phenomena coupled heat and mass transfer and fluid flow take place

in configurations combining a clear fluid and a porous medium.Since the pioneering work by Beavers and Joseph

(1967), the modelling of such systems has been a controversial issue, essentially due to the description of the inter-

face between the fluid and the porous domains. The validity ofthe so-called one-domain approach - more intuitive

and numerically simpler to implement - compared to a two-domain description where the interface is explicitly ac-

counted for, is now clearly assessed.

This paper reports recent developments and the current state of the art on this topic, concerning the numerical sim-

ulation of such flows as well as the stability studies. The continuity of the conservation equations between a fluid

and a porous medium are examined and the conditions for a correct handling of the discontinuity of the macroscopic

properties are analyzed. A particular class of problems dealing with thermal and double diffusive natural convec-

tion mechanisms in partially porous enclosures is presented, and it is shown that this configuration exhibits specific

features in terms of the heat and mass transfer characteristics, depending on the properties of the porous domain.

Concerning the stability analysis in a horizontal layer where a fluid layer lies on top of a porous medium, it is shown

that the onset of convection is strongly influenced by the presence of the porous medium. The case of double diffusive

∗Address all correspondence to this author.
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convection is presented in detail.

Keywords : Double diffusion - Fluid/porous layer - Stability analysis - Convection onset

NOMENCLATURE

d∗ total thickness,m

d∗m thickness of the horizontal porous layer,m

d̂ depth ratio(d̂ = d∗
f /d∗

m)

D f molecular diffusivitym2s−1

Da Darcy number(Da= K/d∗2)

g gravity constant,m s−2

GrT thermal Grashof number(GrT = gβT∆Td∗3/ν2)

GrS solutal Grashof number(GrS= gβS∆Sd∗3/ν2)

K permeability of the porous medium,m2

k thermal conductivity,Wm−1K−1

Le Lewis number(Le= αTf D f )

Pr Prandtl number(Pr = ν/αT f)

RaT thermal Rayleigh number(RaT = GrT Pr Da)

Sc Schmidt number(Sc= ν/D f )

T temperature fieldK

T1(T2) temperature of the upper or left (bottom or right) boundary,K

S1(S2) concentration at the upper or left (bottom or right) boundary %wt.−1

V velocity field,m s−1

u(w) horizontal (vertical) velocity component,m s−1

x∗P thickness of the vertical porous layer,m

Greek symbols

α slip coefficient
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αT thermal diffusivity,m2s−1

β stress jump coefficient

βS solutal expansion coefficient, %wt.−1

βT thermal expansion coefficient,K−1

ε porosity

εT ratio of diffusivities,αTf/αTm

κ dimensionless wave number

µ dynamic viscosity of the fluid,Kg m−1s−1

ν kinematic viscosity of the fluid,m2s−1

ρ fluid density,Kg m−3

σ growth rate

θ dimensionless temperature

φ dimensionless concentration

Subscripts

0 reference

eff effective property

f fluid property

m porous medium property

1. INTRODUCTION

Processes involving heat and mass transfer and fluid flow in heterogeneous domains consisting of a porous layer with

an adjacent fluid may be found in a great number of industrial applications (thermal insulation, filtration processes, storage

of nuclear waste, drying processes, dendritic solidification, spreading on porous substrates, biofilm growth, gazeification of

biomass, fuel cells ...) or in the context of environmental problems (geothermal systems, benthic boundary layers, ground-
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water pollution ...). In this context the problem of dealingwith momentum conservation at a fluid-porous interface has

been studied for many years. The simple situation of a Poiseuille flow in a partially porous channel, initiated by Beavers&

Joseph [1] followed by many other studies [2–4] allows to identify two classes of problems: 1 - the macroscopic model to be

used in the porous domain, and 2 - the interface condition fortangential velocity and stress.

The present presentation deals more specifically with problems of natural convection in layers or cavities partially filled

with a saturated porous medium. The problem has received some attention in the case of purely thermal convection, but we

will more specifically focus on double diffusive problems which present specific features.

The purpose of this paper is first to discuss the different alternatives proposed in the literature to describe the conservation

equations in such heterogeneous domains, basically thetwo domain formulationwhich considers the porous medium and

the fluid as two distinct domains separated by a discrete interface where specific boundary conditions have to be explicitly

written, versus theone domain formulationcombining the terms for the porous and the fluid domains in a set of generalized

conservation equations valid for both domains. In the second section of the paper, fluid flow and heat and mass transfer due

to thermosolutal convection in a partially porous verticalenclosure are analyzed and it is shown that the presence of aneven

very thin porous layer has a strong influence on the behavior of this double diffusive system. Finally, both formulationsare

compared to study the stability problem at the onset of convection in an double diffusive horizontal layer where the fluid

layer lies on top of the porous medium.

2. MATHEMATICAL MODELLING

Two different approaches are used for dealing with the fluid-porous interface treatment. Thetwo-domainapproach

consists in writing the conservation equations in both the fluid and the porous regions with the associated interfacial boundary

conditions. Generally, these boundary conditions often consider continuity of both the fields (temperature, concentration,

velocity) and fluxes at the interface. However, as commentedlater in the present section, recent studies show that at the

macroscopic scale, continuity is only obtained under particular conditions often related to the theoretical positionof the

interface (dividing surface) [3,5]. When this position is not known, jump boundary conditions could be considered depending

on the physical nature of the problem under consideration [6]. In this context, the momentum transport at a fluid-porous

interface deserves a special attention due to the fact that boundary conditions also depend on the macroscopic modelingin

the porous region. In order to illustrate this problem, let us consider the one-dimensional fluid flow past a porous material

studied by Beavers and Joseph [1]. The analytical solution for the flow is obtained by considering a Stokes flow while the
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momentum transport in thehomogeneousporous layer is described by the Darcy law. Due to the difference in the order of

the corresponding partial differential equations a semi-empirical slip boundary condition has been proposed [1]:

∂u
∂z

∣∣∣∣
z=0

=
α√
K
(u(0)−U(0)) (1)

whereu andU are the velocities in the fluid and porous regions, respectively, K is the permeability of the homogeneous

porous region andα represents a dimensionless slip coefficient which depends on the microstructure and location of the

interface. When the Darcy-Brinkman equation is used in the porous layer [7], continuity of both velocity and shear stress can

be imposed at the interface and the analytical solution for the Beavers and Joseph configuration givesα = (µeff/µf)
−1/2 =

ε−1/2 whereµeff is the effective viscosity andε the porosity. Due to the domain of validity of the Brinkman correction, most

of the studies devoted to the determination of the effectiveviscosity concern sparse porous structures or dilute suspensions

for which the reduced viscosity is found to be close to the Einstein’s law [8, 9]. More recently, using a volume averaging

method at the fluid-porous inter-region where the length-scale constraints are not satisfied, Ochoa-Tapia and Whitaker[10,11]

derived a stress jump boundary condition such as:

µf
∂u
∂z

∣∣∣∣
z=0

− µeff
∂U
∂z

∣∣∣∣
z=0

=
β√
K

u(0) (2)

where the stress jump coefficientβ is found to be on the order of one. For conciseness, the derivation of this boundary

condition will not be presented in the present communication (see references [6,10,12] for details), nevertheless, its physical

meaning deserves some comments. Indeed, it is important to recall that the jump condition given by Eq. (2) is actually an

equivalent representation of momentum transport through the very thin interfacial region characterized by continuous spatial

variations of the averaged properties (porosity, permeability) of the porous structure [8]. In fact, Eq. (2) results from the

difference of the integration (over the inter-region) of the Generalized Transport Equation (GTE) and the integrationof the

transport equations in both homogeneous regions, respectively. Therefore, Eq. (2) applies at the so-calleddividing surface

(e.g.z= 0) and the stress jump coefficientβ is logically found to be dependent both on the spatial variation of the averaged

properties of the inter-region [3, 6, 12, 13]. Let us recall that under its present form, Eq. (2) has been derived assuming

continuity of the intrinsic average velocities. The relevance of this assumption has been addressed by using the matched

asymptotic expansion method [3,5] and more recently in the context of volume averaging method [6]. Both analysis lead to

general formulations involving jump conditions for the fields and the fluxes. However, depending on the physical problem,
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the jump coefficients can be equal to zero and in that case continuity of fields and/or fluxes can be imposed. An alternative

model to deal with the presence of fluid and porous regions is the one-domainapproach. This latter considers the porous

region as a pseudo-fluid and the whole domain is viewed as a continuum where the transition from the fluid to the porous

regions is performed through spatial variations of properties [14]. Using this mathematical formulation avoids the explicit

formulation of the boundary conditions at the fluid/porous interface. For this reason, the one-domain approach has been

extensively used in numerical simulations or stability analysis of natural convection. Let us note that, in this approach,

the derivatives of the macroscopic properties of the porouslayer at the interface are distributional derivatives [15]. In that

case, the one- and the two-domain approaches are shown to be equivalent and very good agreement is actually found when

comparing the results obtained with both approaches [16, 17]. An illustration of the equivalence between the one- and two-

domain approaches is presented in section 4. Except for thiscase, in the forthcoming sections, theone-domainapproach will

be used for performing the simulations presented in this paper.

3. THERMOSOLUTAL NATURAL CONVECTION IN A VERTICAL PARTIALL Y POROUS CAVITY

Among the problems involving natural convection in partially porous domains, we will tackle here the simulation of

double diffusive convective flows in a binary fluid, confined in a vertical enclosure divided into sub-domains: a vertical

porous layer and an adjacent fluid layer. This configuration may refer to many practical but complex situations (solidification

of binary alloys, sewage treatment ...) and we will limit ourinterest in the present paper to very simple boundary conditions,

typically imposed uniform temperatures and concentrations at the vertical walls.

Although a great number of studies have been dedicated to this geometry, the bibliography mostly refers to the case

of thermal convection [18–20]. Our main focus in the presentpaper is to consider the case of double diffusive convection

where the number of publications is more limited. Among them[21] most studies have been concerned with gaseous binary

fluids for which the Prandtl and Lewis numbers on the order of 1and thus extremely limited since the relevant features of

double diffusion are linked to rather high Lewis numbers fluids (Le∼ O(102) for liquids). The case of liquid metallic alloys

(Le∼ O(104)) will not be examined here. We will analyze some specific features of double diffusive convection in such a

partially porous enclosure, emphasizing the influence of the characteristics of the porous layer and the separate role of the

double diffusive parameters.
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3.1. Mathematical formulation

In the two-dimensional rectangular cavity (height H, totalwidth L) sketched in Figure 1, the porous layer (thicknessx∗P)

along the left wall is assumed to be homogeneous and isotropic. The porous medium is saturated by the binary fluid which

fills the remaining of the enclosure. Different uniform temperatures and concentrations are specified at the external vertical

walls of the cavity, and zero heat and species fluxes are assumed at the horizontal boundaries. The flow is assumed to be

laminar and incompressible, and the binary fluid to be newtonian and to satisfy the linear Boussinesq approximation :

ρ = ρ0 [1−βT(T −T0)−βS(S−S0)] (3)

Another classical assumption is to suppose that the porous matrix is in thermal equilibrium with the fluid, and that the Soret

and Dufour effects are negligible. The macroscopic conservation equations both use the Darcy-Brinkman formulation in

the porous layer and the Navier-Stokes equation in the binary fluid. The resulting mathematical model with the one-domain

approach (the expression of the permeability is thus a prescribed function of space) leads to the following set of coupled

equations in terms of the dimensionless variables defined inthe nomenclature:

∇ .V = 0 (4)

1
ε

(
V.∇

V
ε

)
=−∇P+(GrT θ +GrSφ) k− 1

Da
V+

µeff

µf
∇2V (5)

V.∇θ =
1
Pr

∇.

(
keff

kf
∇θ

)
(6)

V.∇φ =
1
Sc

∇.

(
Deff

D
∇φ

)
(7)

At the boundaries, zero heat or species flux conditions are prescribed at the horizontal walls and Dirichlet boundary

conditions at the vertical walls :θ = φ = -0.5 at the porous medium external wall (x= 0) andθ = φ = 0.5 at the vertical

wall in contact with the fluid (x= 1/A).

The problem is characterized by the set of dimensionless parameters generally defined for double diffusive convection

in fluids:

1. the thermal Rayleigh number defined with thefluid properties,RaT ,
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2. the buoyancy ratioN = βS∆S/βT∆T,

3. the Prandtl and Lewis numbers of the fluid,Pr andLe,

plus the parameters characterizing porous media:

4. the Darcy number (dimensionless permeability) of the porous layer,Da,

5. and geometrical parameters, the aspect ratio of the enclosureA, and the reduced thickness of the porous layer,xP = x∗P/L.

µf , kf andDf refer to the dynamicfluid viscosity, thermal conductivity and molecular diffusivity, respectively, while subscript

‘eff’ refers to the correspondingeffectiveproperties of the porous medium. The Nusselt and Sherwood numbers are the

dimensionless average heat and mass fluxes along the vertical walls.

The set of equations (4-7) is solved using a standard finite volume procedure described elsewhere [22]. The method has

been successfully used by the authors to solve heat and fluid flow problems in fluids and porous media in similar ranges of

parameters. It has been first verified that thermal and thermosolutal natural convection results forxP → 1 at any value of the

Da number were in agreement with the standard Darcy-Brinkman version of the code and it has checked that at high values

of the Darcy number the results at any value ofxP were identical to the results obtained for the pure fluid problem. The

calculations in the non-homogeneous cavity have been compared for thermal convection against the existing results [19].

Depending on the permeability of the fluid layer, the strong temperature, concentration or velocity gradients may be located

in the vicinity of the fluid-porous interface. Consequently, for low permeabilities compound meshes are used in order to

limit the computational cost, and two distinct irregular (generally sinusoidal) horizontal grids are taken in the porous layer

and in the fluid cavity. The number of nodes in each domain is a function of the Rayleigh numbers and of the thickness of

the porous region. Typical values range between 145 and 252 nodes for the x-direction and from 202 up to 402 regularly

spaced nodes in the z-direction, in order to solve the multicellular structures.

3.2. Influence of the porous layer thickness and permeabilit y

The first sequence of results for a standard reference configuration (RaT = 106, N = 10, Pr = 10, Le= 100, A = 2)

shows the influence of the thickness and of the permeability of the porous layer. The results are displayed in terms of the

Sherwood number (the average mass transfer) at the verticalwalls (Figure 2). Three main features may be observed from the

figure. First it can be seen that the presence of the porous layer has a significant influence on the mass transfer: if one recalls

that the limit of high Darcy numbers (Da= 1) corresponds to a fully fluid cavity(xP = 0), it may be noted that a porous layer

of any thickness drastically decreases the Sherwood numbercompared to the pure fluid case. For the present conditions a
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decrease by a factor 3 may be observed over the range of moderate permeabilities. The second feature is that the Sherwood

number is practically unsensitive to the thickness of the porous layer over a large range of Darcy numbers fromDa∼ 10−6

to Da ∼ 10−2, corresponding to moderate and high permeabilities. Finally the influence of the porous layer thickness on

mass transfer is essentially noticeable in the low permeability range (Da< 10−6). In this range the mass transfer reduction

is enhanced by the porous layer thickness.

These results are qualitatively the same for all the values of the Lewis number considered in the study (Le from 1 to

100) and they are in agreement with the observations made forheat transfer characteristics of fluid-porous cavities in purely

thermal convection. If we now turn our attention to the average heat transfer variations as a function of permeability over the

same range ofxP the curves displayed in Figure 3 show a quite different behavior. It can first be observed that the Nusselt

number is not monotonically increasing with permeability.One can also note the strong sensitivity of the heat transfer

characteristics to the porous layer thickness at all permeabilities in the [0.1−0.8] range. Note that for thick porous layers

(xP ≥ 0.8) the average Nusselt number remains very close to the pure conduction limit (Nu= A= 2) over a wide range of

Darcy numbers, indicating the absence of convective heat transfer in this range. This shows that the effect of the porous

layer thickness on the boundary layers is not the same for species distribution and for the thermal field. It can be inferedthat

this is due to the difference in diffusion lengths for temperature and concentration, that is to the Lewis number. We willnow

refine our analyis by the description of one particular case (RaT = 106, N = 10, Pr = 10, Le= 100, A = 2 andxP = 0.1)

shown in white circles in Figs. 2 and 3. The evolution of the convective flow with increasing permeability results from the

competition between two opposing effects. First, the flow penetration in the porous layer is easier at higher permeabilities and

consequently the diffusive damping of the imposed temperature and concentration difference by the porous medium layeris

smaller. The effective temperature and composition gradients governing the buoyancy forces are then expected to grow and

the flow to be accelerated, resulting in higher heat and mass transfer. This effect may be observed on the Sherwood number.

On the other hand, due to the difference between the thermal and species diffusivities (Le= 100), a central recirculation

loop is driven at the scale of the thermal boundary layer thickness by a relatively smaller temperature difference. Locally the

ratio of the buoyancy forces decreases, and the intensity ofthe internal thermal loop is decreasing, and also the average heat

transfer. The process is thus dominated by the double diffusive mechanisms. The foregoing analysis is intended to refinethe

interpretation of this behavior in terms of the thermosolutal features of the solution. If we observe in detail the flow structure

in the vicinity of the first Nusselt number minimum (Da∼ 10−7), the streamlines displayed at different values of the Darcy
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number (Figure 4) clearly show that the existence of a minimum is directly related to the flow structure. In the neighborhood

of the minimum, a low velocity zone forms in the bottom part ofthe enclosure: this region is characterized by a stable

vertical concentration gradient and the transverse (horizontal) heat transfer is mainly conductive [23,24]. So the decrease in

the Nusselt is mainly due to the fact that the size of the main recirculation cell decreases. With increasing permeability the

height of the stagnant zone increases, the local vertical concentration gradient decreases and the compositionally stratified

“stagnant” zone gets destabilized by the lateral temperature gradient, resulting in the formation of a secondary co-rotative

cell and a sudden increase of the Nusselt number. Then the formation process of a stagnant zone at the bottom of the

enclosure resumes atDa∼ 2×10−7 with the related decrease in heat transfer, until the development of a third recirculation

cell (not shown) allows for a new enhancement of the average heat transfer. Then, the increase in Darcy number results in a

better penetration of the porous layer by the flow, until, at very high permeabilities a fully symmetrical tri-cellular structure

characteristic of double diffusion in liquids is recovered.

3.3. Influence of the double diffusive parameters

As recalled above, specific features of double diffusive convection appear when the characteristic diffusion lengths for

heat and solute are different. The parameter which governs the ratio between thermal and molecular diffusivity (the Lewis

number) is currently on the order of 102 or more, except for gases whereLe∼ 1. In the latter case, the scale of heat and solute

boundary layers are similar and the buoyancy forces have a merely additive effect. No multicellular structure is expected and

the dependence of the Nusselt number with permeability follows the same variation as the Sherwood number, a smoothly

monotonous increase, as displayed in Figure 2. We now consider the influence of the Lewis number over the range low and

moderate values ofLeon the heat and mass transfer characteristics. All parameters are fixed, except for the mass diffusivity,

meaning that the solutal Rayleigh number is increased in thesame proportion as the Lewis number. The Sherwood number

is uniformly increased withLe (not shown) and we see (Fig. 5) that the Nusselt number variation is similar at low values

(Le≤ 5), and the heat transfer is decreasing asLe increases, as expected from the scaling laws in the solutally dominated

regime (N > 1) [25]. The Nusselt curve shows only one minimum forLe= 10. It could be shown that the flow structure

remainsmonocellularbut the mechanism is similar to the second minimum of the reference case described above and the

decrease in heat transfer is compensated aroundDa= 3×10−5 by the penetration of the porous layer.

The other interesting feature to be analyzed is the influenceof the buoyancy ratio. It is also well known that the double

diffusive features of the flow are of mostly visible in the intermediate regime between the heat transfer dominated (N << 1)
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and the mass transfer dominatedN >> 1) regimes, where both buoyancy forces are in competition. The numerical results

presented here concern the cooperating case, that is, positive values ofN ranging from 1 to 10 for the same set of parameters,

includingLe= 100 (Fig. 5). Again the Sherwood number (not shown) has the same qualitative behavior at different values

of N except that the increase in mass transfer occurs at smallerDa for higher N. If we consider theNu curves (Figure

6), there is almost no difference betweenβS∆S/βT∆T = 1 or 2, for which the Nusselt number variation is monotonous. A

minimum may be noticed atN = 3, but the limiting values (atDa< 10−7 or Da> 10−3) are also identical : here only the

solutal Rayleigh number is modified throughN and it is known to have little influence on the Nusselt number.At N = 3,

one could show that the flow structure remainsmonocellular, a stagnant zone is formed at the bottom of the enclosure in

the intermediate range of permeabilities, which results ina decrease of the average heat transfer. In this particular situation

this zone remains stable, because the flow penetration of theporous layer accelerates the fluid before the stratified zonegets

destabilized. ForN = 5, the flow structure exhibits three minima :

- the first minimum corresponds to the formation of a second cell,

- in the neighborhood ofDa= 10−5 a stagnant zone is formed below the second cell but this zone does not reach destabiliza-

tion and the second cell increases again,

- aroundDa = 10−4 the flow penetration progressively increases the strength of the first cell and the second cell finally

disappears,

- at high permeabilities the flow is mono-cellular.

The N = 5 curve shows the transition between a globally monocellular flow structure atN ≤ 3 and the 3-cell structure at

N = 10.

As a conclusion to this section, it can be shown that the influence of a thin porous layer along a vertical wall of a rect-

angular enclosure has a remarkable influence on the heat and mass transfer transfers. Even if the conditions are significantly

different from those met in real processes involving coupling between thermally and solutally driven flows, such as solidifi-

cation processes, it seems to be important to carefully analyze those features to understand the coupled mechanisms andthe

heat and mass transfer characteristics.
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4. ONSET OF THERMOSOLUTAL CONVECTION IN SUPERPOSED FLUID AN D POROUS LAYERS

Another class of studies dealing with transport phenomena at the interface between a fluid and a porous layer involves

the onset of convection in heterogeneous horizontal layers. A large majority of stability analyses have been carried out using

a two-domain approach, the conservation equations in the fluid and porous regions being coupled by interfacial boundary

conditions. Indeed, for momentum transport, the studies uses Darcy’s law in the porous region and Navier-Stokes equations

in the fluid region [26–29]. In this situation, the coupling between the two homogeneous regions is obtained using a slip

boundary condition [1] where the slip coefficient depends onthe local nature and position of the interface [1]. In the case of

thermal convection, the results using this modeling approach show a bimodal nature of the marginal stability curves where

each mode corresponds to a different mode of convective instability [28]: at small wave numbers the convective flow starts

in the “porous mode”, while perturbations with large wave numbers are confined in the fluid layer. The alternative two-

domain approach is based on the use of the Brinkman extensionof Darcy’s law which allows to satisfy the continuity of both

velocity and stress at the fluid/porous interface [7, 30]. Ithas been shown that the results obtained using the Beavers and

Joseph condition [1] are in quantitative agreement depending on the value of the slip coefficient [31]. The volume averaging

technique leads to a description of momentum transport conservation at the fluid/porous interface which implies a stress jump

boundary condition [10, 11]. This condition involves a jumpcoefficientβ which is explicitly dependent on the continuous

spatial variations of the effective properties (porosity,permeability) at the fluid-porous inter-region [3,8]. In this section we

will show that this latter model is in perfect agreement withthe one-domain approach [14,32]. The objective of this section

is to provide some results at the onset of thermosolutal natural convection in superposed fluid and porous layers with the

one-domain model. The influence of some of the main parameters is also investigated.

4.1. Mathematical model

The configuration of interest in this section consists of an infinite horizontal porous layer (thicknessd∗
m) underlying a

fluid layer of thicknessd∗
f = d∗−d∗

m (Fig. 7). The binary fluid is saturating the porous layer is assumed to be homogeneous

and isotropic, newtonian and to satisfy the linear Boussinesq approximation. In the present analysis we assume thatβT ≥ 0

while βS ≤ 0. The horizontal walls are impermeable and maintained at different temperatures and concentrations:T1, S1

(top) andT2, S2 (bottom). As in the previous section, the conservation equations are set into their dimensionless form using

the following scales:d∗ for length,d∗2/ν for time,ν/d∗ for velocity, and(ρ0ν2)/d∗2 for pressure, whereν is the kinematic

viscosity of the fluid. The temperature and concentration differences(T −T0) and(S−S0), are scaled by∆T = T1−T2 and
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∆S= S1−S2, respectively.V, θ andφ represent the dimensionless velocity vector, the temperature and the concentration

and the set of dimensionless conservation equations writes:
∇ ·V = 0 (8)

∂
∂ t

(
V
ε

)
+

1
ε

(
V ·∇V

ε

)
= ∇ ·

(
µeff

µf
∇V−PI

)

− 1
Da

V+GrTθk+GrSφk
(9)

∂θ
∂ t

+V ·∇θ =
1

Prf
∇ · ( αT

αTf
∇θ) (10)

ε
∂φ
∂ t

+V ·∇φ =
1

Scf
∇ ·

(
Deff

D
∇φ

)
(11)

These equations introduce the usual set of dimensionless parameters characterizing double diffusive convection the thermal

and solutal Grashof numbers based ond∗ and the fluid Prandtl and Schmidt numbers. In the solute transport equation (11),

due to the absence of solute diffusion in the solid phase, theeffective solute diffusion coefficient in the absence of dispersion

effect has been taken such asDeff = εDf (ε = porosity). In the momentum equation (9) the dimensionlesspermeability

Da is the Darcy number while the reduced viscosity in the Brinkman term has be taken such asµeff/µf = 1/ε [33]. The

second Brinkman correction term has been neglected. Finally, αT in equation (10) is the thermal diffusivity (αT = αTf in

the fluid andαT = αTm in the porous region). The associated dimensionless boundary conditions at the external walls are:

V(1) = V(0) = 0 ; θ(1) = T1−T0/∆T ; θ(0) = T2−T0/∆T ; φ(1) = S1−S0/∆S ; φ(0) = S2−S0/∆S. Let us mention that

the effective properties (ε , Da, andαT ) in equations (8)-(11) are Heaviside functions and therefore their differentiation must

use distributional derivatives [15, 34]. The perturbationequations are obtained using the classical general decomposition.

The basic state is assumed to be quiescent with linear functions of z for the temperature and concentration fields. The

linearized system is then written in terms of the following expression for the vertical velocity component, the temperature

and concentration:

(w′,θ ′,φ ′) = (W(z),Θ(z),Φ(z)) eiκx+σt . (12)

κ is the dimensionless wave number andσ is the complex growth rate. Assuming the principle of exchange of stability

(σ = 0) the resulting eigenvalue problem is then solved using theGeneralized Integral Transform Technique (GITT) [35,36].

The critical Grashof is obtained by minimization overκ (see [31, 37] for details). This method has been validated by

comparison with the exact values obtained in full fluid and porous cavities [38].
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4.2. Comparison of the one-domain and the two-domain approa ches

The first feature to be shown in this section is the equivalence of the one- and two-domain approaches. The corresponding

stability analysis conducted using the two-domain approach (2Ω) leads to write the conservation equations in each domain,

and to specify the appropriate interface conditions. Let usremind that in order to be consistent with the 1Ω model, the

momentum conservation is described by the Navier-Stokes inthe fluid and by the Darcy-Brinkman formulation in the porous

layer. The comparison is made in the case of thermal convection and the marginal stability curves obtained with both

approaches, that is, the presentation of the critical thermal Rayleigh numberRaT at the onset of convection versus the wave

numberκ for different values of the depth ratio (d̂). The main feature of the 2Ω model is the explicit expression of the

interface conditions, which in dimensionless terms write,for the thermal convection case:

θf = θm
∂θf

∂z
=

1
εT

∂θm

∂z
(13)

Vf = Vm
∂uf

∂z
=

1
ε

∂um

∂z
(14)

−Pf +2
∂wf

∂z
=−Pm+

2
ε

∂wm

∂z
(15)

whereεT = αTf/αTm. The results presented in Fig. (8) show a perfect agreement between the 1Ω and the 2ΩDB approaches.

Indeed, both formulation lead to the same bimodal behavior whatever the thickness ratiôd. Each mode corresponds to a

different structure of the convective flow. Indeed, at smallwave numbers (κ ∼ 2.5) the convective flow involves the whole

cavity (“porous mode”) while for large wave number perturbations the convective flow is mainly confined in the fluid layer

(“fluid mode”). A transition between the porous mode and the fluid mode is observed at̂d = 0.14.

4.3. Influence of the jump coefficient.

It has been stressed in section 2 that the condition of tangential stress continuity (eq. 14) is a particular case of the

general interface condition (2) withβ = 0. The influence of the stress jump coefficientβ on the stability of the system is

thus of interest. In the case of purely thermal convection again, this influence is presented in Fig. 9 in terms of the critical

thermal Rayleigh numberGrT Prf Da for d̂= 0.10,Da= 10−5 andε = 0.39. The figure shows that the bimodal nature of the

stability curve is not influenced by the value ofβ . It may be seen that the “porous mode” obtained at small wave numbers
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(κ ∼ 2.5) where the convective flow involves the whole layer thickness is unchanged withbeta, while increasing the stress

jump coefficient strongly modifies the fluid mode inducing a more unstable situation at larger wave numbers. This is due

to the fact that the jump condition (2) actually takes into account the spatial variation of the permeability in the interfacial

region leading to an increase of the velocity in the vicinityof the interface [3,8].

Similar conclusions may be drawn for higher depth ratios. The reduction of the critical Rayleigh number is also coupled

to a decrease of the critical wave number of the fluid mode (seeTable 1). Finally, the influence of the stress jump coeffi-

cient depends on the magnitude of the Darcy number. For smallvalues ofDa (not shown) or for very large values of the

dimensionless permeability (Da→ ∞), the stress coefficient hardly influences the marginal stability curves. For small Darcy

numbers the porous layer tends towards a solid wall and a no-slip condition holds at the interface while forDa → ∞ the

porous media behaves as a fluid, and in that case, the interface disappears. For intermediate values of the permeability,it

is shown that the influence of the jump coefficient on the marginal stability curves may be important. These results clearly

illustrate the importance of the fluid-porous interfacial modelling. This is particularly true for very irregular interfaces where

the complexity of the microstructure has to be taken into account. As previously noted, the jump coefficientβ can be related

to the spatial variations of the average properties of the interfacial region (mesoscopic representation). However, amore

accurate description would consist, for a given interfacial microstructure, in determining the jump coefficient by assessing

and solving the local closure problems associated to the derivation of the jump boundary condition.

4.4. Onset of thermosolutal convection

This section is dedicated to the problem of double diffusiveconvection in horizontal fluid-porous layers. In a first step

the solution procedure has been validated by comparing the numerical results to the exact values for the Rayleigh-Bénard

problem both in a pure fluid (Da→ ∞, ε = 1) and in a full porous layer (̂d = d∗
f /d∗

m → 0). As expected, in both cases, the

marginal stability curves plotted in the(RaT ,RaS) plane are straight lines [39] (RaT = GrT Prf Da andRaS = GrSScfDa).

According to the boundary conditions given in section 4.1, the fluid case leads to−RaTf +RaSf = 1707.77 with an associated

wave numberκ = 3.12. The full porous configuration leads to−RaTm+RaSm = 4π2 ≈ 39.48, with κ = π ≈ 3.14. From

the definitions∆T = T1−T2 and∆S= S1−S2, it is possible to identify the regions where the temperature and concentration

gradients are stabilizing or destabilizing. One verifies that the curvesRaS×RaT obtained with the present analysis are

straight lines intersecting the axes at(0,1707.77);(−1707.77,0) and (0,39.48);(−39.48,0). Unless otherwise specified,

all the results presented here have been obtained with the following parameters:Prf = 10, Da = 10−5, ε = 0.39, and
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εT = αTf/αTm = 1. Figure 10 shows the stability curves obtained for different values of the depth ratiôd. RaT = 0 and

RaS= 0 correspond to the pure solutal or thermal cases, respectively. It is shown that asRaT increases (the thermal buoyancy

forces are more stabilizing) higher concentration gradients are needed to destabilize the system. Contrarily to the above

limiting cases, the evolution of the stability curves are not straight lines forRaT ≥ 0. This change can be explained by

representing the critical wave numberκ as a function of the thermal Rayleigh numberRaT (Figure 11). Two regions are

clearly identified: for negative values ofRaT, the critical mode corresponds to convection cells at largewave numbers while

the critical mode forRaT ≥ 0 corresponds to cells at small wave numbers. These results indicate that the bimodal nature of

the marginal stability curves obtained for the pure thermalconvection case [28,36] is also present in the thermosolutal case.

At small wave numbers the convective flow takes place in the whole cavity (“porous mode”) while perturbations of

large wave numbers lead to a convective flow mainly confined inthe fluid layer (“fluid mode”). The streamline patterns

and the vertical velocity profiles for̂d = 0.8 and different values ofRaT are presented in Figures 12a to 12d. Contrarily to

the pure thermal case where a single convection cell is observed, the onset of the thermosolutal case is characterized bya

multi-layer regime forRaT ≪ 0. This change is illustrated in Figures 12a and 12b. Indeed,for RaT =−20 (Figure 12a), three

contrarotating cells are present in the fluid region while the velocity field in the porous region is close to zero. WhenRaT

increases, the wave length of the cell also increases (the wave number decreases) and atRaT = 0 (Figure 12b) a monocellular

flow is obtained (pure solutal case). ForRaT =+20 (Figure 12c) the flow starts to penetrate in the porous medium to finally

occupy more or less the whole cavity forRaT = +50 (Figure 12d). Note that the multi-cellular regime of the thermosolutal

case, had been already observed by Chen & Chen [28] using a two-domain approach. Zhao & Chen [32] also have observed

this type of multi-cellular structures using a one-domain model but they were not able to capture the two convective modes.

It seems to us that one of the possible origin of this difference lies in the fact that the differentiation of the discontinuous

functions at the interface was not taken in the sense of distributions. In addition, in both studies, only one value of the

thermal Rayleigh number was considered (RaT ∼ 50). Finally, the influence of the thermal diffusivity ratio: for d̂ = 0.8 is

presented in Figure 13. It is shown that a lower value ofεT leads to a more unstable situation whatever the thermal Rayleigh

number. As expected, in the absence of thermal buoyancy forces (RaT = 0) εT has no influence on the stability of the system.

Moreover, it can be seen that the differences between the curves obtained forεT = 0.7 and 1 increases with|RaT|. The

marginal stability curves (RaS versusκ) for two different values ofRaT have been computed (not shown). ForRaT = −20

(the temperature gradient is destabilizing) andεT = 1, it is important to remember that the convective flow is confined in the
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fluid region (see streamline patterns on Figure 12a). ForεT < 1 heat diffusion is easier in the porous medium and therefore

the temperature at the interface increases. Under these circumstances, the temperature gradients in the fluid become more

important, giving rise to a smaller value of the critical solutal Rayleigh number. On the other hand, forRaT = 20 it is shown

that the critical mode is obtained for small wave numbers (“porous mode”). DecreasingεT hardly destabilizes the “porous

mode” while the “fluid mode” (large wave numbers) is found to be more stable. This behaviour can be explained by the

stabilizing effect of the temperature gradient.

5. CONCLUSION

This note recalls the main results concerning the problem ofdouble diffusive convection in partially porous domains,

and the interaction between heat and mass transfer and fluid flow in a fluid and a porous layer. It had been seen that

the discussion raised by the formulation of the problem is now clarified, in the limit of validity of the Darcy-Brinkman

macroscopic description. A specific behavior of the heat andmass transfer characteristics and its dependance upon the

double diffusive parameters has been explored in the case ofvertical layers. The consequences on the stability problemin

horizontal layers have been analyzed and the influence of themodel parameters have been assessed.

The limitation of the study lies in the choice of very simple boundary conditions at the external walls and only general

trends may be drawn in this limited frame. More efforts are requested for the solution of more specific problems. In particular

many fields of applications deal with processes where these convective problems are coupled with phase change mechanisms,

such as in solidification processes [40–43] or in environmental problems at the interface between seawater and under-ice melt

ponds in the arctic polar ocean [44, 45]. Such problems are presently under study as developments of the studies presented

above.
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Figure Captions

Figure 1. Schematic description of the problem.

Figure 2. Mass transfer variation with permeability and porous layer thickness (RaT = 106 - N = 10 -Pr = 10 -A= 2)

Figure 3. Heat transfer variation with permeability and porous layer thickness (RaT = 106 - N = 10 -Pr = 10 -A= 2 - Le=

100)

Figure 4. Heat transfer and flow structure around the first minimum: 5∗ 10−8 < Da < 5∗ 10−7; ∆ψ = 0.1 (RaT = 106,

N = 10,xp = 0.1, Le= 100,Pr = 10,A= 2). For comparing the flow structures, the streamlines have been plotted using the

maximum value of theψmax for all cases (ψ = 0 at the walls and∆ψ = 0.1).

Figure 5. Heat transfer variation with permeability for different Lewis numbers (RaT = 106 - N = 10 - xP = 0.1 - Pr = 10 -

A= 2)

Figure 6. Heat transfer variation with permeability for different buoyancy ratios (RaT = 106 - xP = 0.1 - Pr = 10 -Le= 100

- A= 2)

Figure 7. Geometric configuration of the problem.

Figure 8. Marginal stability curves : comparison between the 1Ω and the 2ΩDB approaches for̂d = d∗
f /d∗

m = 0.08 and

d̂ = 0.10 (Da= 7.44 10−6.

Figure 9. Influence of the stress jump coefficientβ for d̂ = 0.10. Da= 10−5, ε = 0.39.

Figure 10. Critical solutal Rayleigh number versus the thermal Rayleigh number, for three values of the depth ratiod̂.

Figure 11. Wave number versus the thermal Rayleigh number, for three values of the depth ratiôd.

Figure 12. Streamline patterns and vertical velocity profiles ford̂ = 0.8: (a)RaT = −20, RaS = −35.1 andκcr = 10.2; (b)

RaT = 0, RaS = 0 andκcr = 6.0; (c) RaT = 20,RaS = 24.7 andκcr = 3.5; (d) RaT = 50,RaS = 38 andκcr = 4.0. The thick

horizontal line represents the fluid/porous interface.

Figure 13. Influence of the thermal diffusivity ratioεT for d̂ = 0.8 and different thermal Rayleigh numbers.

Figure Captions

Table 1. Minimum values of the Rayleigh number for the “fluid mode”. Da= 10−5, ε = 0.39.
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d̂ = 0.10 d̂ = 0.14

−RaTcr κcr −RaTcr κcr

β = 0 132.98 29.0 43.48 22.0

β = 1 121.77 28.0 40.48 22.0

β = 1.5 110.68 27.0 37.16 21.0

β = 2 88.20 24.0 29.18 19.0

TABLE 1 . Minimum values of the Rayleigh number for the “fluid mode”.Da= 10−5, ε = 0.39.
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FIGURE 10. Critical solutal Rayleigh number versus the thermal Rayleigh number, for three values of the depth ratiod̂.
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FIGURE 11. Wave number versus the thermal Rayleigh number, for three values of the depth ratiôd.
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FIGURE 12. Streamline patterns and vertical velocity profiles ford̂ = 0.8: (a)RaT =−20,RaS=−35.1 andκcr = 10.2; (b)RaT = 0,
RaS = 0 andκcr = 6.0; (c) RaT = 20, RaS = 24.7 andκcr = 3.5; (d) RaT = 50, RaS = 38 andκcr = 4.0. The thick horizontal line
represents the fluid/porous interface.
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FIGURE 13. Influence of the thermal diffusivity ratioεT for d̂ = 0.8 and different thermal Rayleigh numbers.
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