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Abstract. In this paper we study the bifurcation of branches of non-symmetric
solutions from the symmetric branch of solutions to the Euler-Lagrange equations
satisfied by optimal functions in functional inequalities of Caffarelli-Kohn-Nirenberg
type. We establish the asymptotic behavior of the branch for large values of the
bifurcation parameter. We also perform a formal expansion in a neighborhood of
the first bifurcation point on the branch of symmetric solutions, that characterizes
the local behavior of the non-symmetric branch. These results are compatible with
earlier numerical and theoretical observations. Further numerical results allow us to
distinguish two global scenarii. This sheds a new light on the symmetry breaking
phenomenon.
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Keywords: Hardy-Sobolev inequality; Caffarelli-Kohn-Nirenberg inequality; extremal
functions; Emden-Fowler transformation; radial symmetry; symmetry breaking;
ground state; Poschl-Teller operator; bifurcation; formal expansion; elliptic equations;
branches of solutions.

1. Introduction

In this paper we investigate how symmetry can be broken in some variational problems
when an external potential or a weight enters in competition with a nonlinearity. An
archetypal example for such issues is the question of symmetry of optimal functions in
Caffarelli-Kohn-Nirenberg inequalities. While all terms are invariant under rotation
around the origin, it is known that optimizers are not always radially symmetric.
Caffarelli-Kohn-Nirenberg inequalities, also known as Hardy-Sobolev inequalities, is a
particularly simple setting for the study of symmetry breaking because weights and
nonlinear terms have simple homogeneity properties, so that Euler-Lagrange equations
inherit scaling properties that allow to further simplify the symmetry issues. Still, ranges
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of parameters for which optimizers are radially symmetric have not been completely
determined yet.

Symmetry breaking issues are present in many areas of physics involving partial
differential equations: quantum mechanics, mean field models, equations for phase
transition, ferromagnetism, mechanics, etc. Symmetry breaking occurs when antagonist
effects are competing, like weights or potentials (or coupling with other fields) on the
one hand and nonlinearites on the other hand. Various mathematical methods are
available either for proving symmetry (uniqueness, comparison techniques based for
instance on moving planes methods, symmetrization: see for instance [I}, 2 [3]) or for
proving symmetry breaking (multiplicity and bifurcation, energy, spectral methods).
However, threshold cases are not characterized even in the simplest cases.

A simple mechanism which can break symmetry is the instability of the symmetric
extremals, that is, the case where the extremals among radially symmetric functions are
not local minima in the larger space of functions with no symmetry assumption. In
the case of the Caffarelli-Kohn-Nirenberg inequalities, this instability has been studied
in several papers (see [4, B [6]) and the corresponding region of symmetry breaking is
delimited by a curve that we will call for brevity the curve of Felli-Schneider. However,
it has been proved in [3] that symmetry breaking can occur even in a range of parameters
for which the symmetric extremals are stable, that is, in cases where they are strict local
minima. In order to understand this phenomenon, and symmetry breaking in general,
we study the solution set associated to the Euler-Lagrange equations corresponding to
a minimization problem associated to the Caffarelli-Kohn-Nirenberg inequalities. For
those equations, we investigate the bifurcation of non-radially symmetric solutions from
radially symmetric ones. The two theoretical contributions of the present paper are
an asymptotic analysis of the branches for large values of the bifurcation parameter, in
Section [2| and a detailed expansion of the non-radial solutions in a neighborhood of
the bifurcation point on the branch of radial extremals, in Section [3] Both results are
consistent with known numerical results and give a significant insight about the local
behaviour of the solutions, either around the bifurcation point or asymptotically, that
is numerically difficult to compute by direct methods. Let us give some further details.

We shall consider a subfamily of the Caffarelli-Kohn-Nirenberg inequalities which,
for a given dimension d > 3, depend on two exponents, p € (2, 2*] with 2* := 2d/(d — 2)
and 0 € [J(p,d), 1] with 9(p,d) := d (p—2)/(2p), and on a parameter A > 0 (see Section
2.1). We shall also consider the two-dimensional case: d = 2, p € (2,2*) with 2* = occ.
Partial symmetry results are known from [7, [8 9] and it has also been shown in [10, [3]
that, in the set of parameters (p, A), a curve separates the region of symmetry from
the region of symmetry breaking. A prior: estimates can be used to localize this curve
(primarily see [I1], and references therein), but the curve itself has not been properly
characterized yet. Our main purpose is to study branches of solutions to the Euler-
Lagrange equations when 6 = 1 (see Section below) and first check the conjecture
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that the threshold is exactly given by the curve of Felli-Schneider, as was strongly
suggested by [IT]. We also aim at understanding the symmetry breaking observed in [3,
Theorem 5] when 6 < 1. This can be done by reparametrizing the solutions set found
in the case # = 1.

Numerical branches of solutions have been computed in great detail in [12]. The
scheme allows us to construct branches of non-symmetric solutions which are candidates
to be minimizers. Even if it cannot be granted that the computed solutions are
extremals, their qualitative properties fully account for all observations, including the
instability results in the range of parameters for which the symmetric extremals are
stable. Based on these computations, two global scenarit can be distinguished at
a qualitative level: for a given dimension d > 2 and a fixed exponent p, either the
branch of non-symmetric solutions is monotone increasing for all admissible values of
the parameter 6, or not. Numerically, we observe that the first scenario always holds
for 6 close to 1 while the second one is observed if p is not too large and only when 0 is
small enough. This picture is reinforced by two observations:

(1) What happens at the bifurcation point is difficult to characterize numerically using
the scheme of [12]. However, the expansion of Section |3| shows that the branch is,
locally monotone increasing if and only if 6 is bigger than some threshold value.

(2) In the limit case § = ¥(p,d), the branch of non-symmetric solutions has an
asymptote. As in [13], the limiting energy can be compared with the energy of
symmetric solutions at the bifurcation point. In case it is higher, we numerically
observe that the branch is monotone increasing for all values of 6 € [9(p, d), 1], but
not in the opposite case.

These two observations are consistent with the global qualitative scenarii. The numerical
agreement of the threshold value for (1), which is local and restricted to a neighborhood
of the bifurcation point, and the threshold value for (2), which is purely asymptotic, is
striking. From a numerical point of view, this is our main result. This suggests that
there is no other scenario than the two described above.

Our paper is organized as follows. Some known facts and preliminary estimates
are collected in Section [2] including the method of the reparametrization of the branch
of solutions for § < 1 by the solution set corresponding to § = 1. The analysis of the
asymptotic regime as A — oo is performed in Section when 6 € [¥(p,d),1] and
the corresponding result, Proposition , is new when 6 # ¥(p,d) or 1. The expansion
at the bifurcation point is done in Section [3, at a formal level. Indeed we make an
ansatz for the non-symmetric solutions, and study the behavior of the branches near
the bifurcation point within the corresponding class of functions. Most likely the ansatz
can be justified to the price of complicated but elementary a priori estimates. This
is the core of our contribution and it goes well beyond the stability analysis that can
be found in [4, 5l 6]. Numerical results have been collected in Section {4 and discussed
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there. Section [5|is devoted to some concluding remarks.

2. Preliminaries and theoretical results

2.1. Caffarelli-Kohn-Nirenberg inequalities

For any dimension d € N*, let us consider the set D of all smooth functions which are
compactly supported in R?. Define the numbers
p—2 d—2

J(p,d) = d%’ e = —5—, Aa) == (a —a.)?, p(a,b) =

2d
d—2+2(b—a)

We also set 2% := ;Td? ifd>3and 2 := 0 if d =1 or 2. For any a < a., we consider
the following Caffarelli-Kohn-Nirenberg inequalities, which have been introduced in [14]
(also see [6]):

Letb € (a+1/2,a+ 1] and 0 € (1/2,1] ifd =1, b € (a,a+ 1] if d = 2 and
b€ la,a+1] ifd > 3. Assume that p = p(a,b), and 0 € [9(p,d),1] if d > 2. Then, there
exists a finite positive constant Kcxn (6, A, p) such that, for any w € D,

KCKN(ea A(G),p)
511

—a —(a 2(1-0
e~ Vel gay o]~ wi iz - (1)

D ™ )20 ey < 1

We denote by K&gn(f, A(a),p) the best constant among all radial functions. We
recall that this constant is explicit (see [0, Lemma 3]) and equal to

_ (20-1)p+2

Kexn (0, A, p) = Kexn (0, 1,p) A S

p—2 6-p p=2

ith K% (9 1 )_|: (p—2)? ]pQP |:(20—1)p+2:|0 [L] 2p F(%—&-%) P
w ckN\Y L D)= | By pr2 200 12 —\/?F(p%z) ]

According to [5], the Caffarelli-Kohn-Nirenberg inequalities on R? can be rewritten

in cylindrical variables using the Emden-Fowler transformation

_ € Ac—a

e ST u(s,w) = |z

s=logle|, w w(z),

|z

and are then equivalent to Gagliardo-Nirenberg-Sobolev inequalities on the cylinder
C := R x S%! that can be written as

0 2(1-0
ey < Kown(0,4,0) (IVulEee) + Alluliae)) lullfiie)” )

for any w € HY(C). Here we adopt the convention that the measure on S%1 is the
uniform probability measure.
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Radial symmetry of some optimal functions in , or symmetry to make it
short, means that there is an optimal function in (2)) which only depends on s and
Kexn(0, A, p) = Kign(0, A, p). We say that there is symmetry breaking if and only
if Kegn(0,A,p) > Kign(0, A, p). Notice that on the cylinder the symmetric case is
equivalent to the one-dimensional Gagliardo-Nirenberg-Sobolev inequality

2 1 6
sy < K (0. 8.) (V2 + A ey ) TS0y

for any v € H'(R). Symmetry breaking of course makes sense only if d > 2 and we will
assume it is the case from now on. Let us summarize known results. Let

d—1 (20-1)p+2 (d—1)(6-p)

A ,0) =4

and  A.(p) :=

Symmetry breaking occurs for any A > Apg(p, ) according to [4] [6] (also see [5] for
previous results and [I5] if d = 2 and §# = 1). If § = 1, from [I1], we know that
symmetry holds for any A < A,(p). Moreover, as shown in [I5] [10, [3], there is a
continuous curve p — Ay(p) with lim, 5, As(p) = co and As(p) > a? for any p € (2,2%)
such that symmetry holds for any A < Ag and there is symmetry breaking if A > A,.
Despite the fact that the exact shape of A, is not known, it can be proved that we
have lim, o+ As(p) = a? if d > 3 and, if d = 2, lim, .., As(p) = 0, or more precisely,
lim, 00 p*As(p) = 4. Moreover, we also know from [7, Theorem 3.1] that symmetry

holds if A < d?/p?.

According to [16], existence of an optimal function is granted for any 6 € (J(p, d), 1),
but only if Kexn (60, A, p) > Kan(p, d) when 6 = ¥(p, d), where Kgn(p, d) is the optimal
constant in the following Gagliardo-Nirenberg-Sobolev inequality

< KGN(pa )

29(p,d (1-9¥(p,d
lellise) < oy IV uliams lelpien ™ ¥Yu € HIRY.

2(R4) Rd)

A sufficient condition for existence of extremals can be deduced, by comparison with
symmetric functions, namely K¢un(9(p,d), A,p) > Kan(p, d), which can be rephrased
in terms of A as A < A&y(p, d) for some non-explicit (but easy to compute numerically)
function p — Afy(p,d). When 0 = ¥(p,d) and A > Af(p,d), extremal functions (if
they exist) cannot be symmetric and in the asymptotic regime p — 2., this condition is
weaker than A > Apg(p, ¥(p,d)). One can indeed prove that lim, .o, Aps(p,¥(p,d)) >
lim, o, Afn(p,d). Hence, for 6 € (¥(p,d), 1], close enough to ¥(p,d) and p —2 > 0,
small (but numerically not so small, actually, as shown in [I3]; also see [3, Section 5] for
estimates and Section for some plots), optimal functions exist and are not symmetric
if A > Agn(p, d), which is again a less restrictive condition than A > Apg(p,#). See [3]
for proofs and [13] for a more detailed overview of known results.

In this paper we study perturbatively the non-symmetric solutions lying in the
first branch bifurcating from the branch of symmetric extremals and show that they
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explain all phenomena of symmetry breaking known or observed so far, including cases
in which the symmetric extremals are stable. Of course, it is not clear that all extremals
for Caffarelli-Kohn-Nirenberg inequalities lie in those branches, even if probably that
is the case. In this paper we provide a complete description of the branch around
the bifurcation point, based on a formal asymptotic expansion. This clarifies the local
behavior of the branch and accounts for all phenomena numerically observed in [12].

2.2. The case of symmetric extremals

We start with the symmetric case for §# = 1 and adapt the computations that can be
found in [6] (also see [II] and the Appendix). Consider the equation

—(p—22w"+4w—-2plw?w=0 in R. (3)

The function w(s) := (cosh 3)_732 is, up to translations, the unique positive solution
of . As a consequence, the function u(s) = (%pu)l/(pfz) w (B2 /jt s) is the unique
solution of

—u" +pu=|uff?u in R. (4)

Now let us turn our attention to the case § < 1. Let

_ Jo IVul? dy
fc uzdy

In the cylinder C, solutions of the Fuler-Lagrange equation satisfied by the extremals

of satisfy

tlu) :

—hAu+ {(1—e)t[u]+A]u:up*1 (5)

after a multiplication by an appropriate constant. Such a multiplication has indeed no
incidence neither on the value of ¢[u] nor on the value of the quotient

] i |

Y

0 1-0

JeIVul* dy + A Jou* dy)” (Jou? dy)

2
(Jew dy)?

since u +— t[u] and Qf}[u] are both zero-homogeneous in u. Multiplying by u and

integrating on C, we find that fc |Vul? dy + Afc u? dy = fc uP dy. As a consequence,
we have

Op—2 2(1-6
N [u] = [[ull Tt

Denote by u, the solution of depending only on s. The same formulae as for u
also hold for u,. To relate Kexn (0, A, p) and Ky (6, A, p) we have to compare Of [u]
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with Q4 [u.]. Then, either Kcxn (0, A, p) = Kégn(6, A, p) and symmetry holds, or the
inequality

1 1
<
KCKN(9,A;p) ~ Kékn (0, A, p)

is strict and then, there is symmetry breaking. The symmetric optimal function u, for

0 < 1 can be explicitly computed. Up to multiplication by a constant, u, solves
—0ul +nu.=ul",

with n = (1 —0) tlu,] + A. After multiplying the above equation by u,, integrating with
respect to s € R and dividing by fR u? ds, we find

Pd
] A= d2 05
Jpu2ds
where u,(s) = Aw(Bs), for all s € R, w solves 1) A= (5 )” *and B = 22, /1.
From this expression, as in [I1], we deduce that

-2 Pd I 2
t[u*]:BzJﬁzp—ﬂ and Ju e ds — Ar22 _ ZPT ,
lb p+2460 Jpu2ds lb p+2
where for all ¢ > 2, |, := [, |w(s)|?ds, and J; := [, [w'(s)|* ds (see |Appendix A.1| for

details). This provides the identity

—2 2
P=21n , ,_ 2p7

p+20 Cp+2
and uniquely determines 1 = @?“ﬁ A. As a consequence, we have
p—2
tuy| = ————
O Yy

2.3. Reparametrization of a branch corresponding to 6 = 1 yielding a branch for 6 < 1

We recall that 6 € [¥(p,d), 1] with d(p,d) = dp . On the cylinder C := R x S, we
are interested in the minimization problem 1/ KCKN(G, A,p) = inf,emep oy Q4 [0]. Any
minimizer v can be taken nonnegative without restriction and solves the Euler-Lagrange

equation
1 1
—Av+ = (1—9)t[v]~|—A]v—— Q/;,[_Uj =0 in C, (6)
0 O vlitoe
. IVela ., 0—1 IVl 2 o)+ A VIS o
with t[U] m and QA[ i Q i i HUHLP(C)
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If & =1 and A = pu, any nonnegative minimizer u solves the Euler-Lagrange
equation
—Au—l—,uu—Q“T[_uiup_lzo in C. (7)
HuHLp(c)

For any 6 € [J(p,d),1), solutions of (6]) are in one-to-one correspondance with solutions
of (7)) through the relation uw = v and (1 — @) t[v] + A = 0 p. Summarizing, if for any p
we have a solution u, of , and if we define

H%Hi?((z)
() = th) and () = oS

)

Hu#Hip(c)

we can parametrize A and

o 2(1-6
( IVul[220) + A ||uﬂlliz(c>> lualZ2(cy”

Jg(/i) = Qi[uu] = [ ||2 ©
HILP(C

N(p)=0p—1=0)r(n) and J(n) = v(p) 0° (p+7(n)°. (8)

For consistency, we adopt the notation u, for solutions of which are non-symmetric
in the range of symmetry breaking, and w,, , for the branch of symmetric solutions which
are optimal in the corresponding class.

All computations of this section are valid for the branch of non-symmetric solutions,
but can be done in the class of radial functions as well. With evident notations, we shall
then denote by w, . the solution of , and define 7, (), v, (1), A?(u) and J? ()

2.4. Gagliardo-Nirenberg inequalities and the corresponding asymptotic regime

In this section we investigate the asymptotic regimes corresponding to A — oo. Let

Jpa IVU? da + [ga [ul? do
MO S5 ([ fule da)?

Sp(Rd) =

inf
ueH! (R4

and recall that the optimal constant Koy = Kgn(p,d) in the Gagliardo-Nirenberg-
Sobolev inequality is given by

2(1-9)

1 IV ull£ a2l —2
= inf PEDTVPED  with 9 =d(p,d) = d
Kan — weH!(RI)\{0} \Sd‘llTIIUHip(Rd) 2p
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An optimization of the quotient in the expression of S,(R?) allows to relate this constant
with Kgy. Indeed, if we optimize N[u] := [, [Vul?® dz+ i [pa |u|?> dz under the scaling
A= uy(z) = Y u(Ax), we find that
Nur] = 2200 [ |ul? d + /\‘”u/ uf? da
Rd Rd

achieves its minimum at

A — [ Ju ||U||L2(Rd)
. 1 =9 |Vullr2ga)

Nun) =97 (1 =0) " Va2 ullf Sy 17

so that

thus proving that, with the choice 1 = 1, Kgx = 97 (1 — 9)!7? S,(R9). For any p > 0,
if w, is the solution of and if it is a minimizer of 1/Kckn(1, A, p), we know from [5,
Theorem 1.2] that as u — oo,

(T(1) + p) v(p) = Quluy] ~ Sp(RY) =

If u is an optimal function for S,(R?), we also know from the above computations that
A, = 1, that is,

(1) v

== = and w__v_
19 7(p) ane =, 0 1-9

Hence,
v(p) ~ (1=9)S(R) p=” as p— oo

Consider now the case 6 > ¢ = ¥(p,d). According to (8), that is, by definition of
J? and A, we obtain that

6 —J(p,d)

N(p)=0p—(1—=0)7(n) = T=9(p.d)

1

T () = v(p) 6 (4 7(1))" ~ 6° (1 = 9(p, d))' =" S, (RY) P,
as u — 0o. Hence we have proved the following asymptotic result.

Proposition 1 With the previous notations, for all @ > 9 = J(p,d),

: J9—0 16 00
Jm @) =

(1—-9)""Kgy -



Symmetry breaking in PDEs 10

Moreover, the parametric curve v (A°(pn), J (1)) is asymptotic to the curve

0° (1 = 9(p, )" "

A 00 )7

Sp (Rd) A@—ﬁ(p,d) 7

for large values of pu or, equivalently, for large values of A = A°(p).

See Figs. for some plots of the curves pu > (A%(u), J%(u)) for various values of @
and how these curves can be compared with the ones corresponding to the asymptotic
regime as described in Proposition [T}

The limit case § = ¢ = ¥(p,d) is of particular interest. Indeed, according to [16],
Gagliardo-Nirenberg inequalities play a special role. See Fig. [6 First of all, since
1/Kern (9, A?(1),p) < J?(u) and using the fact that A — Kegn(9, A, p) is a non-
increasing function of A, we recover the known result that

Kaen < KCKN(ﬁ(p, d),A,p) VA>0.

Such an inequality has deep implications on the existence of an optimal function (see [16]
and in particular [I6, Theorem 1.4]): either the inequality is strict and there exists a non-
trivial optimal function for , or there is equality and a non-trivial optimal function
may exist only if A = inf{\ > 0 : Kgn > Kexn(¥(p, d), A, p)}, but certainly not for any
larger value of A, if the above infimum is finite.

In our setting, we can define gy = inf{u >0 : J%(u) < Kagn}, with 9 = 9(p, d).
It is granted that ugn > 0. Either pugn = oo and there is always a minimizer, or

Kern (9(p, d), A (1), p) = J”(n) ¥ 1 € (0, pian]
and there exists a non-trivial optimal function for if u < pgn, while
Koxn(9(p, d), A’ (1), p) = Kax YV € [pax, 50)

and there is no optimal function for if > peN.

3. A formal expansion at the bifurcation point

In this section, we determine the behavior of the branch of non-symmetric positive
solutions that bifurcates from the branch of the symmetric ones in a neighborhood of
the first bifurcation point. Consider first the case 6 = 1 and denote by u,, . the positive
symmetric solution of

—Au+pu=u"", (9)
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so that Q[u,.] = Huu,*Hi;é) = 1/K&kn (1, i, p). Notice that if u is a solution to @, we

still have Q,,[u] = HuH’L’;é) even if u is not symmetric.

We will search for minimizers of Q,, in a restricted class of functions depending only
on the variable s (see Section along the axis of the cylinder and on the azimuthal
angle ¢ of the sphere because of the result on Schwarz foliated symmetry of [17]. This
guarantees that we are in the right class for minimizers when § = 1. For § < 1, no such
result has been established in the literature but we will work in the same framework. It
is indeed straightforward to cheek that the same result holds.

3.1. Expansion of Q,, at order two

Let f; be the first non-constant spherical harmonic function, i.e. the eigenfunction of
the Laplace-Beltrami operator on the sphere S%~! corresponding to the eigenvalue d — 1
and denote by f, the next one (among the ones depending only on the azimuthal angle

(), with corresponding eigenvalue equal to 2d. See |[Appendix A.4| for details. In the

limiting regime corresponding to ¢ — 0, an expansion at order two in € gives

(foutt o dy)®

Quluy. +ev] L2 qlp, ]
— =T = 2
Huu,*HLg(c)

+ o(e?),
Q#[Uu,*] Huu,*Hizﬂ(c)

+e°(p—2)

where ¢l @] == [ (Vo> + el — (p — 1) w82 |¢|*) dy. By minimizing the term of

order two, we find that

Quluy. +e¢] 2 (1, Huw1)r2(0) as & —5 0
Qﬂ[uﬂ7*] ||uu7*|’€p(c)
where H,, = —% +u+d—-1-(p— l)uﬂ;2 is a Poschl-Teller operator whose

lowest eigenvalue is given by Aj(p) = d — 1+ p — }l,up2, and such that ¢ = ¢ fi
is the corresponding eigenfunction (see |[Appendix A.2|for details). To fix notations, we

normalize ¢ by the condition

||<P||i2((:) = ||901||%,2(R) = ||“u,*|lﬂp(c)a

which slightly simplifies some computations below. This shows in particular that

qlu, ¢

||U;L,*||]1:p(c)

See (|A.2]) for an expression of ;.
As in [], let ups be such that A\ (ups) = 0, that is

= Ai(p) -

d—1
pP—4

prs = 4
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(see [Appendix A.2| for details). For any p > pps, we have

1

M(p) = =7 (0" = 4) (g = pres) (10)

This determines the O(¢?) term. Now we want to investigate the behavior of Q, in a
neighborhood of 1 = pps and therefore need an expansion at higher order.

3.2. Ezpansion of Q,, at order four

Our purpose is to build a formal expansion of the branch of positive solutions of @ that
bifurcates from the branch p — u, . at u,. . =: ups and satisfies Q,[u,] < Qfuy.].
For p in a neighborhood of upg, we look for solutions of @ of the form

Uy = Uy + €@+ 11+ o0(e) +0(n), (11)

with ¢ > 0 and 7 = o(¢). The fact that such an expansion can be built should be
justified in a rigorous proof. We will not do it here and keep our computations at a
formal level. Here ¢ = ¢ fi has been determined above. Recall that ¢, is a function
depending on s only. For convenience, let us define

fc “ﬁ;l Y dy
Jo i dy

Since we are interested in functions depending only on the azimuthal angle (, we

ki/’ =

indifferently use w € S or ¢ € [0, 7] with a slight abuse of notation. We consider

the sequence (fx)ren of spherical harmonics depending only on ¢. See [Appendix A.4] for

details. We denote by 1, the decomposition of 1) in spherical harmonics:

wzkwuu,*+z¢kfk7

k>0

with g (r) := W(r,w) frlw)dv(w) Vrel0,00),

Sd—1

where dr(w) is the uniform probability measure on the sphere. Here we have chosen 1)
in such a way that [, u"""1g dy = 0 because

fc ub, Y (ky up s + o) dy
Je s dy

We know that gl 1] = Y=g alps, ¥ fil , where

fcup 12/}0 dy
fc o dY

qlpe, Vi fi] :/C|V(¢kfk)|2 dy+#/cwi dy—(p—l)/up Zi dy.
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With ug == p+k(k+d—2), for any k > 2, we get that

q[u,mfk]:/cw dywk/cwz dy—(p—1>/up 242 dy

is nonnegative for y — ppg > 0, small enough, and positive unless ¢, = 0. Lengthy but
straightforward computations show that, at least at formal level,
Quluy]
Q]

(a rigorous justification of the order of the remainder terms requires some additional

—1 :a52+b€4+cs2n+dn2+e€n+0(€4+n2+ |a|52+7752)

work), where

i) = A ).

fcuﬁ,*dy
b(n) Jeun 2ot dy 1 Je bz o* dy’
L= p- —fc he @ dy
12 fcuﬁ,*dy ’
Joub 2o dy
c(p)= —2M(Wky+(p—1)(p—2)L2 "k
(1) ) ko (0= 1) (o= 2) s T
Joub P dy
-p-1)pP-2) :
( ) fc“u*dy
Q[:uuqu)] 2
d(p) = ———— — 2k
)= P T =R,
d
c(p) = 2l 2L
fcu#*d?/

With no restriction, we may require that ¢ is optimal in the direction f;, that is

/ ptpdy=0. (12)
c
Such an assumption is of course formal and a complete justification requires delicate
estimates. This amounts to require that e(u) = 0 for any p > pps.

According to (10]), we get

() =~ 07— 4) (u — oes).
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Using [i [f1]* dv = 2% (see [Appendix A.4)), we obtain

= (r-

fRuFS pid ] _dp-3) fR“IE;l‘P% ds

p-1(-2) fR Upg ds d+2 f]R upg ds

All above integrals are computed in [Appendix A.3|and allow to express b(ups) as

4(d=-1p* (p=1)*[2p(5p—6) —d(p* = 16p+12)]

b(prs) = (d+2)(p+2)2(p—2)3p—2)%2(5p—6)

As for the terms which depend on 7, we observe that they sum as
¥ ne(p) + 0’ d(u) +ene(p)

2 [M+(p—2)ki] —2>\1(u)k¢5277

Hu#*HLp(C

Joub ¢ dy & Je w2y dy
do i ¥ 0 gy —

+e2n(p-1)(p—2) [

||uu*||Lp(c ||“u,*||€p(c)

Using the fact that f7 = fo+ k) f2 (see|[Appendix A.4)), it is straightforward to observe
that the minimizer is given by

Y = kyuu fo+ 0o fo + U1 fi + Yo fo (13)

while ¢, = 0 for any k > 2 and solves the Euler-Lagrange equation
—AY+pp = (p—Dul 2+ (p—2) kyul [ fo

6_2{(292(19 D (p— 2)u—2A1(u)> & fo

_l’_
2n 3p—2

DD E (ot m} Lo fi=0.

Here we used the fact that [, uf?¢* dy/|uulllse) = 3”;—_"2 (see |Appendix A.3| for

details). Constraint is taken into account through the Lagrange multiplier £, and

a complete justification should take into account correction terms of higher order: see
Remark 21

The three components 1y, 17 and 15 satisfy the equations

, p(p—1)p B2 Ag 5 Bo
— —+ - + -1 2p-3 0
Vo + 1 %o 2 [cosh(f s)]? i [cosh(Bs))?»2  [cosh(8 s)]* 72
, plp—1)pu _
— Y]+ — W%JFE% =0
B 2
é/+M2¢2_M¢2_ B B — =0

2 [cosh( 5)]? [cosh (8 s)]2 =
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with py =pu+d—1, po = pu+2d and
aP™ g2 (pP(p—1)(p—2
A = 5 (p v ) )M—2)\1(N)> )

B2 2n 3p—2
52 a2p73
Bo=—((p-1)(p—2
0 27] (p )(p ) /82 )
2 o2P—3
Bz:ﬂ@—l)(?—?)“(d) 7 = K(a) Bo,

Recall that 52 = 1 (p — 2)* .

Multiplying the equation for ¢, by ¢, and integrating by parts we get

Al(u)/golwl ds—l—ﬁ/]gpl\z ds =0.
R R

Using Assumption , this proves that £ = 0. This implies that v, is an eigenfunction
of H,, with eigenvalue A;(p). Since Ay (y) is simple, we find that ¢, = 0 by (12).

We may next observe that by taking

Yo(s) = Ao Xop-1(85)+Bo Xo0.2p-3(8s) and 1)a(s) = By x22p-3(85), (14)

the problem is reduced to the set of equations

4x0,p—1 2p (p—1) x0,p—1

-1 __
“Xop-1 F pon? T 2P (eosha? T W =0,

N 4x02p-3  2p(®—1)x02p-3 , 2p—3 _

X0,2p-3 + (p—2)2 (p—2)? (cosh 5)? w =0, (15)
M dpz x22p-3 _ 2p(p—l)Xx22p-3 _ , 2p-3 _

X2,2p-3 + u(p—2)2 (p—2)2 (cosh s)2 w =0 )

where w(s) = (cosh s)_ﬁ. Since

4w 2p(p— 1w 2p

T —22 -2 (coshsf | p-2

it follows that

p—2
= w.
X0,p—1 2]9
We may notice that the equations for xo,-1, Xo02p—3 and X22,—3 are all independent
1y ds =0, we get

ok

of ky. Moreover, since fR ub

/ w?™! (Ao Xo0p-1 + Boxoz2p-3)ds =0,
R

1.€.



Symmetry breaking in PDEs 16
Remark 2 The decomposition of ¥ is formal, because it is done up to higher order

terms. Hence the above equality only holds for u = pgs, as can be checked by computing

-2 p—2
X07,1wp*1d3:— wP ds = —— |
A P 2p Jr 2p *

and, using ,

-2
by 1 = gwP ds = — L ds =275
0,p—1 /RX0,2p 3W s /RXO,p 1w S 3p—2 "7

(also see |Appendiz A.1). With Ay = o & <p2(p_1)(p_2)u—2)\1(u)> and By =

B2 25_77 3p—2
2 P
55 P = 1) (p = 2) *5—, we find that

p—2 p—2
A l, — B l, =0
2p P TP3p—27

holds if and only if \i(n) = 0. As we shall see below, this is consistent with our
expansion in terms of powers of € and n because for p > pgs, close enough to pps, A\ ()
corresponds to a term of higher order.

The reader is invited to check that
X02p—3 = —— —— (2w - wp’l) .

As a consequence, one can compute

1p—2
bo,liz/Xo,z—?,UJdSZ——— 2l —1,) = —
R p 4p_1( P)

p(p—2)
2(p—1)(p+2)

ly. (16)
Altogether we have found that

e?ne(p) +n° d(p) +ene(u) =0’ Q] — *n L[Y]
up to higher order terms in e, n and (u — pps), where

qlu, Y]

H%&*Hip(g)

QY] == +(p—2)k,

and

B Jeub o dy

[ty “ip(c)

-2 .2

||uu,* Hip(c)

Lyl :=—(p—1)(p— ky
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are respectively quadratic and linear with respect to 1. Since we can multiply ¥ by
any positive constant v and n by 1/v simultaneously without changing the value of
n* QY] — 2 n L[], we do not introduce any restriction if we make the ansatz

n=e’, (17)

thus making the sum of the two terms equal to &* (Q[¢)] — L[¢)]) and 1 independent
of €, at least at leading order. Moreover, if ¢ is a minimizer of Q[¢)] — L[], then it is
straightforward to check that 2 Q[¢] — L[] = 0 (multiply the Euler-Lagrange equation
by ¢ and integrate). Altogether, we have found that

e) + P dyn) + e neln) = —5 < L[] < 0

up to higher order terms in € and for p — ppg small enough, if ¢ is a minimizer of

QY] — L[], that is,

Q[uy] 2 4 1 4 4
Sl g ()€ — bu) & = — 5 L[]t + ofeY). (18)
Q[ 4] 2
At this point, we may notice that the solution u,, has not been normalized. Multiplying it
by a constant would not change the value of Q,,[u,]. If we want it to be a solution of (9],
then this implies that Q,,[u] = ||u||€;(20) and we may therefore impose the corresponding

constraint, i.e.

/\Vuulgdy—k,u/uidy:/uﬂdy,
c c c

without changing the equations written order by order (in other words, the Lagrange
multiplier associated to this constraint is zero). Written in terms of ¢ and v, at lowest
order, that is at order €2, this constraint amounts to

plp—=1) ,_
[ (w64 tor = 2P w68 ) dy - -2k [y =0,

Hence by taking the limit as 4 — (urs)+ and observing that Ai(u) = O(p — prs), we
find that, for u = ups,

1 JowZlel?dy  2pP(p—1)(d—1)

s T T -2 Gr—2)

The explicit value of k, will however not be needed later, because of cancellations that
occur in all subsequent computations.

Next comes the observation that, as long as we are interested in computing L[],
we do not even need to normalize u, nor to compute ky. Indeed with ¢ := ¢ —kyu, . =
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Yo fo + V2 fa2, we see that

Jeu, Qdyl% Jeur 2oty dy  [oup 3029 dy
HUM%H HUM%HLPC

Huu,* ”Lp(c

where {/; is fully determined by the coefficients Ay, By, and By, and Equation |D This
also determines

fc P32 dy

HW”

Liyl=(p-1) /-

9

which is not known explicitly but is independent of k,, and can be computed as

b d Ay p—2 B bo2a,—3 B by o,
fc ¥ ¢ Yy_Aop ag + 50 22028 | B2 pp k) 2,2p—3
HuuﬁHLp a 2p a l a ly

with

Jeuinl¢*dy _ pPp
Joubs dy 3p—2’

e — 2p—3
dp = b0,2p—3 -—/X0,2p—3w = ds,
R

— 2p—3
and b2’2p_3 = / X2,2p—3 W P ds.
R

Notice that here we have taken advantage of the facts that xo,-1(8s) = ”2—; Lu(s) and

0 = p? ( fo + K fg). Using the expression of x2,-3, we can also compute

1p—2
b0,2p73 = — 4_1 IIZT:[ (2\/]%11}2(1)1) ds — /Rw3p4 dS)

(P—2)pBp—1)
(p-1)@Bp-2)(5p-6)"
Altogether, with y := b“ff’?’ we have found that

um:4@_nz@—0ﬁ[( (p—2)p ,d=1 p—1 ]

(p+2)? |3p—22Gp—6)  d+2(p—22’

We have not been able to find an explicit expression for by s,_3, but we can prove
that this is a positive quantity and even give an upper bound. According to [I8, p. 74],
the lowest eigenvalue of the Poschl-Teller operator —% — Up (cosh s)~2 is given by

1 1
/\025\/1+4U0—§—U0,

if we assume that Uy is positive. Here we have that Uy is given by

2p(p—1)

UO(p) = <p - 2>2
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and the reader is invited to check that

4,u2
pirs (p — 2)?

1 1 2 d (p2 —4)
= —/1+4U, — = =U, 2

VIO - 5~ Ualp) + g (2+ 205

is larger than 1 for any p > 2 and any d > 2. As a straightforward consequence of ,

o(p,d) := X o+

we deduce that
( d 2 < 2p—3 d < 2p—3
op, )HXQ,ZP*3HL2(R) > [ X22p-3W s < [Ix22p-sllrzm) [Jw L2 (®)
R

and, finally,

1 - 16p(p—1)(3p—4) !
by o, 3 < /wQ(Zp 3) ds = P
2202 o (p,d) Jg (Bp—2)(5p—6)(7Tp—10) o(p,d)

3.3. Optimization

Collecting the above estimates and using , we get

provided p — pups = O(g?). Let

et = 5 02 = ) o)~ 5 210 o

8 lu=prs
so that, in a neighborhood of u = ups,

Qu[uy] _ L, 2 et
m—l—z@ —4)<(M—MFS)5 -

) + o(e)

2 Cp.d
is optimized, up to higher order terms, by taking

e =e*(p) ~ cpa(p— pps) as p— ppsy (19)

if ¢, 4 is positive. Altogether, we have found that

Ly (= pws) 0 (1 — uxs)?) - (20)
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3.4. A consistency check

All above computations are valid under the assumption that c, 4 is positive, but this
is not a priori granted. With the estimate of by s, 3 that has been found at the end
of Section |3.2] we can a posteriori give a sufficient condition for the consistency of the
method. Since

L[Y] < Lapprox[V]
;:4u—1f<

p—lﬂﬁ{ (p—2)p d—1 p—1
(p+2)? |3p—22(Gp—06)  d+2(p—22’

16p (p—1) 3p—4)

with y = G 9 (6r=0) (10 o) Ve know that c,4 is well defined and positive if
Liapprox[¥] < 2b(urs). Moreover, we have
approx ]- 2 1 -
Cpd < Cpq = ] (p” —4) |b(p) — B Lapprox[¥] )
|p=prs

at least as long as Lapprox[¥0] < 2b(upg). This last condition holds if p is contained in a
non empty interval (2, papprox) C (2,2%), where papprox i determined as the largest root
of a fourth order polynomial, namely p — 1 (54 —227d + 103d*) p* — 4 (18 — 37d +
25d%) p* 4 £(63 — 67d +46d%)p* + 16 (d + 3) (5d — 3)p — 240d (d + 1). In practice

d > Papprox(d) is close to 2d/(d — 2) and converges to 2 as d — oo. See Fig. [11]

3.5. Expansion of T(u) around pips

Let 7(1) = t[u,] = felvu! flcv s l;—ydy and

p—2

() = ] = o2t (21)

We can notice that 7(upg) = 82 Ja/ls (see |[Appendix A.1|and [Appendix A.2)) so that

p—2 A(d—1)
HFS = ————5 -
p+2 (p+2)

7(urs) =

With the above expressions in hand, we can now compute the derivative

Tl(:uFS) = @ t[uM]WZMFS :

From we know that t[u, .| — tlups] = ;%2 (1 — prs). By expanding the expression

T(p) — T(prs) = tluy] — tlups] = tluy] — tlups] + tlu,] — t{u,,.] in powers of e with
Uy = s+ @1 f1 +E%) +0(?) where ¢, 1) have been chosen in Section , we get, up
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to higher order terms,

9 -2 ,.2
©* dy J Uine ¢~ dY
th-ﬂWAmfﬂﬁmm—w4wwb%jrg§+@_ %%%FTE_
C % ¢ T

fc Uy ) dy 49 fc uﬁ:kl Y dy
fC UAQM* dy fC uﬁ,* dy

— 2 (p + tuys])
and, by computing as above, we find that
fc u%? o1 dy
fc upg dy

2ppurs Jo ¥l dy
p+2 fc U%S dy
_ Apurs Jo urs o dy}
p+2  foupgdy |
because we notice that the terms involving £, cancel. Hence, using and , we
have found that

+(-1)

, p—2 Ap*pgs  2(p—1)p° ppg
:—_|_ _
mles) = g C’”’d[ b2 2By 2)
2(p—2) A

4p prs Bo b
— o Hrs —
p+2 « p+2 a I
_p—2 8p(d—1) 1 (P—1)p(p+2)bos
S Ak 1+ 2001
p+2 (P=2)(p+2) 2(p—2) b
Here the coefficient by ; is given by bg; := [ Xo0,2p—3w ds. Using , we obtain that

/ p—2 16]92 (d_1)2
= + ) 22
R R T IR )

3.0. Expansion of v(u) around jips

Let us consider v(u) := ||uu||iQ(C)/||uu||ip(C). Again we can write
slfoey  Nlurslliiz [l
() = viprs) = | ) =
||u#,*||Lp(c) HU’FS”LP(C) ||uy,*||Lp(c)
With g = ]%2 11, using expressions that can be found in |Appendix A.1|, we see that
||uu,*||i2(c) =2 |y p—2
) = O g 23)
Huu,*Hip(c) |;2,/p 8
p—2

2 2 P
with x, = (7%2)" <2—7r M) , and hence

V(urs) = lim

H—pEs b — UFS

1 ||Uu,*||i2(C) HUFSHi2(0) _ p—=2 Vs(ptrs)
2p  pps

Huu,*“%p(c) HUFSHin(c)



Symmetry breaking in PDEs 22

If u, = w,. +ecp+e?h +o(e?), where o, 1 have been chosen in Section , after a
Taylor expansion we find that

2 p—2 ,.2
©= dy up = o= dy
v(p) = vi(p) [1 +é’ (m -(p-1) fcfl;p—dy>
C 7ok C ¥
s d rlbd
—|—252fcu“’2w y—252fcu”’p Ld y—|—0(€2):| .
fc uz dy fc Uy« dy

Again we may notice that the terms involving £, cancel and, based on and ,
we arrive at

Viprs) _ p—2 +Cd{qus< 2 _p(p—1>>
vy (prs) 2ppps p+2  3p-—2
9 &E_&b”_l
a |l a
p—2 2 p(p—l))
2p 1 pd[p”“’ (p+2 3p— 2

Claim 3 At the bifurcation point = pups we get the following inequalities.

V. (prs) + T (prs) _ V' (pirs) i 7' (prs) 0.

Vi(prs) — pes + Tul(pes)  vi(prs)  pes + To(prs)

Proof. Recall that Q,[u,..] = vi(p) (1u(p) + p) and Q,,[u,] = v(p) (7(1) + p), so that

1 d v,(prs) | 1+ 7i(prs)
= Quluy. = + . =0
Qpurs [urs] dps - vi(pps) — pes + Tu(pirs)
according to and , and
1 iQ [, _ V(prs) n 1+ 7'(prs)
Queslurs] du " l=vws ™ w(pns)  pes + (pes)

According to , these two quantities are equal, thus proving the result. Alternatively,
the identity can be proved directly using the expressions of 7/ and v/ established in

Sections 3.5 and (3.6 O

3.7. Reparametrization of the branch for 6 <1

Now we are in position to study the local behavior of the branch of the solutions to @
parametrized by p close to the bifurcation point, that is, for i in a neighborhood of pgs.
More precisely, we are interested in the monotonicity of p — A?(u) and the behavior
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of p+— (A%(p), J°(pt)) in a neighborhood of y = pps. According to (8)), we know that
A(p) = 0p— (1 —0)7(u), so that

(A =0-(1—0)7,

can be computed at u = pps using the expression of 7/(ups) that has been computed in
Section 3.5l Hence we find that

(M%) (ups) = 0 (1 + 7' (ups)) — 7' (1rs) -

Claim 4 If 7/(urs) is positive, then we have that % Al (urs) < 0 if and only

7' (prs)
0 < 192(]), d) = H—T(MFS) .

Notice that with this definition, ¥5(p, d) is defined for any p € (2,2*) and any d > 2. As
long as ¥(p, d) < Va(p, d), (A?) (urs) is negative if & € (I(p, d), J2(p, d)). In all numerical
examples that are under consideration in this paper, we find that 7/(ups) is positive.
This is of course automatically the case if ¢, 4 itself is positive, because of .

We recall that J?(10) := 0° (u+ () v(p) and A%(u) = 0 — (1 — ) 7(11). Hence

v 14+ 7
log J°) = — 46
(log J%) ot T

and a similar formula holds for J?. At p = prs, we can use Claim [3| and get

0 (1+7'(urs)) — 7'(pes) _ (A7) (urs)
prs + 7 (frs) pes + T(pps)

(log J?)' (ups) =

Let us define

Claim 5 Assuming that remainder terms are all of lower order in the above compu-
tations, we have

8 (prs) = 0.

In other words, the parametric curves p — (A%(u), J%(u)) and p — (A%(u), J? (1)) are
tangent at u = pps. It remains to decide the relative position of the two branches in a
neighborhood of the bifurcation point. In order to do so, let us define the function

)
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which, up to a positive factor, is the difference of the second parametric derivatives of
J?% and J?.

Claim 6 Assume that ¥5(p,d) > 9(p,d). The parametric curve u — (A°(n), J%(pn)) is
concave and below the parametric curve p — (A(pn), J2(1)) for p — pps > 0, small,
if 0 > Ya(p,d) and E%(ups) < 0. The parametric curve p v+ (A%(u), J%(1)) is above
the parametric curve p — (A2(u), J%(n)) for u — ups > 0, small, if 6 < 99(p,d) and

&% (prs) < 0.

Now let us discuss the range of positivity of £€/. An elementary computation shows that

50 _ (JH)// - (JG)/ (Ae)// - (Jf)” ((Ae)/)2
7y \ary)

because (A?)” = 0. By definition of A%(u) = Ou — (1 — 0)7(u) and 192(]0, al)7

get that (A?)"(ups) = — (1 — 0) 7" (urs) and (A%) (urs) = ?_Zzgg From and

AN(p) = 0p — (1 — 0)1(p), we get that (A?) = %. From and .
(Joy 2p9

we know also that J?(u) = k, (2p0/(p +2))’ ,ue_pr, so that { T = 2pu ) and

(log J9)" = _%. As a consequence of Claim we can write that

(J7) (pes) _ (J2) (uws) (A%)(prs)

J?(pirs) J2(pes) (ALY (ups)

According to , we have the identity

1o, ( J")" ptT() )"
——(p”—4)cpa = |log — prs) + (1 —0) | log —————= ,
4( ) p,d J*g ( FS) ( ) M—{'T*(,U) .

which allows us to compute

()" (prs)
J?(pirs)
:_i@f_@%@+<%%%§§2+&gﬁwmm>
—(1-96) ;p;js ' (prs) — (;p;js (1+7 (qu))>2 + %FS
e (G ()
—(1-0) ;p;js ™ (ups) — (;p;js (147 (qu))>2 T

Because of Claim [5, we also have

() (urs) (A)"(pws) () (pws) (A?)"(prs)
(A%) (kws) S (prs) Sl (prs) (A9 (prs)
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p+2 "
= 1—-0)r .
P2 (1 0) ()
Collecting the above identities, we can compute the value of £?(ups) as
1
& (urs) = — 1 (P* = 4) cpa

+ (log J%)" (pirs)

- [1 (520 +r'<qu>>)2] .

The cancellation of the terms involving 7”(ups) is a remarkable fact. By definition of
192(1% d)7 we get

& (urs) = — 3 (7 — 4 e
~ 2pf—(p—2)

1_< p+2 G—ﬁz(p,d)>2
2p ps 2p0 — (p—2) 1 —a2(p,d)

16 1_<p+2 1 >2
M%s 2p 1 —192(29, d)

p+2 (1—0)(2pda(p.d) — (p—2))°
Ap* s (1 — Va(p,d))* (2p0 — (p—2))

At this point, we can observe that ¥(p,d) > ’)2;;. The reader is then invited to check

that the function 6 ~— £?(ups) is nonincreasing on [9(p, d), 1] and

1 p+2 2pva(p,d) —(p—2)
020) () = = (% — 4 ’
7209 (1) W =it L = 1 g, d)

4
because of . Recall that the positivity of ¢, 4 is required in .

and finally arrive at

1

& (urs) = 1 (p* —4) cpa +

=0

Claim 7 If 95(p,d) < I(p,d), £ (urs) is negative for any 0 € (9(p,d),1]. Otherwise, if
Cp.a 18 positive, £ (urs) is positive if 0 € [9(p, d), V2(p, d)) and negative if 0 € (Io(p,d), 1].

Summarizing, the expansion and the subsequent computations are valid, and
make sense, as soon as the coefficient ¢, 4, whose expression is established in Section ,
is positive. Then for any 6 € (max{d(p,d),J2(p,d)},1), the curve of the energies of
the non-symmetric solutions of the Euler-Lagrange equations is concave, nondecreasing
as a function of A in a neighborhood of the bifurcation point, and below the energies
of the symmetric functions. If ¥5(p,d) > ¥(p,d), then the curve of the energies of the
non-symmetric solutions is above the energies of symmetric functions in a neighborhood
of the bifurcation point if 8 € [J(p, d),V2(p,d)). To decide whether ¢, 4 is positive or
not relies on numerical computations. However, the estimate of Section [3.4] shows that
this occurs at least in a large subinterval of (2,2*).
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4. Numerical results and the two scenariz

4.1. Symmetric and non-symmetric branches, and their asymptotic behavior

In [I2] the branches of solutions which bifurcate from the branches of symmetric
solutions at their smallest possible bifurcation point have been computed numerically.
For completeness, we start by exposing some of these numerical results, which are the
main motivation of the present paper. The branch of symmetric solutions is explicit.
The branch p — (A%(u), J%(p)) bifurcates from the symmetric ones at p = pps and
is computed numerically. The algorithm is based on descent techniques and on an
iteration scheme which allows us to compute the branches of solutions by continuation.
We carried out the computations for dimension d = 5 and various values of p and 6.
We have of course no guarantee that the solutions that we have computed are the
optimal ones, but at least the values that we have found are fully compatible with what
is expected. In particular, the curve of the computed estimates of the best constant
is a concave increasing function of A, which can reasonably be expected to coincide
with A — Kegn (6, A, p). Moreover, when 6 approaches ¥(p, d) from above, the curve
A — 1/Kekn (8, A, p) approaches A — max{K&xn(0, A, p), Kan}. Last but not least, the
asymptotics predicted in Proposition [I| are not only correct (dotted lines in Figs [143)
but provide a good upper estimate of the curve in the whole range A > 0.

o J0 ()
40:—

N I —— asymptotic

Y 7% symmetric
20 4
ré

H —— non-symmetric
s \ . .
bifurcation

A?(p)

S S S SR
20 40 60 80 100

Figure 1. Parametric plot of u ~ (A%(p), J%(u)) for p = 2.8, d = 5, § = 1. Non-
symmetric solutions bifurcate from symmetric ones at a bifurcation point p = upg
computed by V. Felli and M. Schneider. The branch behaves for large values of A as
predicted by F. Catrina and Z.-Q. Wang.

4.2. Two scenarit

The branch of symmetric minimal solutions, (A, u} ), is known explicitly and is monotone
in energy, that is, the function A — Qf(u}) is monotone increasing in (0, +o0o). In the
computations described in [12] we observe that the branch of non-symmetric solutions,
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Figure 2.  Parametric plot of yu — (A%(u),J%(n)) for p = 2.8, d = 5, § = 0.8.
The behavior is similar to the case # = 1 up to the reparametrization described in
Section while the asymptotic behavior of the branch for large values of A is in

agreement with the results of Section

90 ,' _______________ :
e ( 1) F asymptotic
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Figure 3. Parametric plot of u — (A%(u), J%(pn)) for p = 2.8, d =5, 0 = 0.72 >
9(2.8,5) ~ 0.7143. The asymptotic behavior of the branch for large values of A is in

agreement with the results of Section[2.4] We may however notice that the bifurcation
seems not to occur where expected. More detailed computation in the Section will

shed light on this phenomenon.

(A°(p), Q0 [w,]), is monotone for some values of 6 (for instance for § = 1), but not

always.

More concretely, for certain values of p and d, the numerical results show

that there exists an exponent ¥; = ¥(p,d) € (9(p,d), 1) such that for any 6 € [V, 1]
the branch (A?(u), Q[u,]) is monotone increasing. But when d(p,d) < 6 < V1(p,d),

a dramatic change occurs: see Figs. [fl and [6l For the values of p and d that have
been considered numerically in those figures, the branch is not monotone anymore for
1 > urs, thus producing non-symmetric solutions and candidates for optimal functions

in the inequalities for values of A < A?(ups). This phenomenon provides an explanation

for the results proved in [3] using rigorous a priori estimates.

The limiting case 6 = 9J(p,d) is very interesting: see Figs. [f| and [0} Let us define
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A¢n(p, d) and pgn such that

Kan = Kexn (0(p, d), Agn (), p) - and - AYPD (uan) = Mgy (p, d) -

Whether Kgy is larger or smaller than K¢y (9(p, d), Ars(p, ¥(p, d)), p) determines, at
least in the framework of our computations, whether € is smaller than ¢;(p, d) or not.
This has been observed in [I3] and theoretical consequences have been established in [3],
in the limit regime p — 2. Before going further, let us observe that ¥;(p,d) is an
exponent associated to a global property of the branch.

Based on our numerical computations, we are now in position to formulate the
following alternative.

Scenario 1. If Kan < Kipn(W(p, d), Aps(p, ¥(p,d)),p), then for all & > J(p,d), the
optimal functions are symmetric for any A € (0, Aps(p,6)] and the branch of non-
symmetric solutions is optimal for any A > Agg(p, 8). Such solutions exist for arbitrarily
large values of A if 0 > J(p,d): see Figs. [7| and , but may exist only for a finite range

of Aif 6 =(p,d) and Kan < Kign(9(p: d), Ars(p, 9(p, d)), p): see Fig. [0

Scenario 2. 1If Koy > KEgn(P(p, d), Ars(p, ¥(p,d)),p), there exists 91 = ¥41(p,d) €
(9(p,d), 1) such that for any 6 € [, 1] the branch is monotone increasing. We further
observe numerically that ¢; = ¥ (see Fig. , where 95 has been defined in Section :
for any 6 € [¥(p,d),J2(p,d)), we know that the branch of non-symmetric functions is
decreasing in a neighborhood of the bifurcation point, but also has a larger energy than
the symmetric solutions of the Euler-Lagrange equation (for the same value of A). Hence,
in the critical case 8 = 9(p, d) we have ALy (p, d) < Aps(p,¥(p,d)) and for any A in the
range (0,ALy] = {AYPD () © e (0, pgn]}, the optimal functions are symmetric
and Kexn (9(p, d), A, p) = Kéxn(9(p, d), A, p). See Fig. [ Moreover, in the language
of the concentration-compactness method, according to [16], for any A > A&« (p, d) the
optimal constant is determined by the problem at infinity and Kcxn (9(p, d), A, p) = Ken.
From the viewpoint of the reparametrized branch, we numerically observe that both
p— AP (4) and p o JYPD (1) are decreasing for p > pupg, at least for the values
of p for which computations have been done. In the subcritical case corresponding to
YI(p,d) < 0 < V5(p, d), the reparametrized branch (A?, .J?) is not monotone. Numerically
we observe that it is monotone for 6 > ¥5(p, d), hence suggesting that ¥ (p, d) = V2(p, d)

(see Fig. [12).

Altogether, based on our numerical observations, what decides between Scenario 1
and Scenario 2 is the relative value of Koy and K¢y (9(p, d), Ars(p, ¥(p, d)), p). Equality
of these two optimal constants determines a value of p = p*(d). Numerically we find
that p*(5) ~ 3.001 and J(p*(5),5) = U1(p*(5),5) ~ 0.834. For p € [p*(d),2*), only
Scenario 1 occurs (numerical observation). For p € (2, p*(d)) we have 9¥(p,d) > 91(p, d)
and Scenario 2 occurs. More precisely, the fact that the branch cannot be globally
monotone increasing if 6 < ¥5(p, d) is a consequence of Section while the fact that
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the branch is monotone increasing if 6 > ¥5(p,d) is a numerical observation. These
results are fully consistent with the ones of [3] and [I3]. Now let us give some details.

4.8. Bifurcations and qualitative dependence in 0

In Fig. (3| a careful inspection shows that the symmetric and the non-symmetric branches
of solutions differ for values of A strictly less than A?(upg). This is not the case for 6
close enough to 1: see Fig. , but very clear on Fig. . When 6 approaches 9(p, d), the

J (1)

. 4
symmetric
4

/ .
K4 non-symmetric

6 . .
[ bifurcation /

A%(p)

L L L L L
3 4 5 6 7

10

Figure 4.  Parametric plot of pu — (A%(u), J%(u)) for p = 2.8, d = 5, § = 0.95
close to the bifurcation point. For A < A?(ups), all solutions are symmetric, while for
A > A%(ups), non-symmetric solutions provide a better constant in the interpolation
inequalities, exactly as for the case 6 = 1.

branch (locally) converges to its limit: see Fig. @ Figs. 5land @ correspond to Scenario 2
(for ¥ < 6 < ¥,), that is, to the case

KGN > K*CKN<7“9(p7 d)a AFS(pa ﬂ(pv d))ap) .

In other words, this means that p < p*(d).

The case p > p*(d), i.e., Scenario 1, also occurs and corresponding plots are shown
in Figs. [TH9] There we take d =5, p = 3.15 > p*(5) ~ 3.001.
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Figure 5. Parametric plot of p ~ (A%(u), J%(p)) for p = 2.8, d = 5, = 0.72 close to
the bifurcation point. Non-symmetric solutions exist for A < A?(ups). There exists a
value ALy < AY(urs) such that optimal functions are symmetric for any A € (0, A&y)
and are non-symmetric for A > Af . When A = Afy, symmetric and non-symmetric
optimal functions co-exist.

JO(u) /4
symmetric ,#
785+ . . ’
bifurcation s
R S /s
Kekn (9(p.d).Ars (p.0).p) ’
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non-symmetric
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765 symmetric
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Figure 6. Critical case § = 9J(p,d). Parametric plot of u — (A%(u),J%(p))
for p = 2.8, d = 5, § = ¥(2.8,5) ~ 0.7143 close to the bifurcation point. Non-
symmetric solutions exist for A < AY(upg) but, at least for the chosen values of p
and d, are never optimal functions for the interpolation inequalities. There exists a
value Ay < A’(urs) such that optimal functions exists and are symmetric for any
A € (0,A%y] and do not exist for A > A¥y. Moreover, ALy = A%(ugn) with the
notations of Section and Kekn (9(p, d), A, p) = Kan for any A > Ay



Symmetry breaking in PDEs 31

22 -
JO () !
]
20[ H
I
]
1
L 1
18 F
1
1
16]- /
140
bifurcation
12+
A(p)
10 L L L )
0 5 10 15 20

Figure 7. Parametric plot of p + (A%(u), J(u)) for p = 3.15, d = 5, § = 1. The
behavior of the non-symmetric branch is similar to the one found in Fig.
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Figure 8. Parametric plot of pu +— (A?(u), J(u)) for p = 3.15, d = 5, = 0.95. The
behavior of the non-symmetric branch is still similar to the one found in Fig.
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Figure 9. Parametric plot of u ~— (A%(u),J%u)) for p = 3.15, d =

6 = 9(3.15,5) &~ 0.9127, that is for the critical value of 6.
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In Section [3] we proved that the symmetric and the non-symmetric branches of
solutions are always tangent at Aps. What happens in a neighborhood of the bifurcation
point is therefore difficult to decide in view of the plots of the branches, especially when
0 is in a neighborhood of ¥;(p,d). To illustrate this difficulty, we may for instance
observe that figure Fig. [§]is an enlargement of Fig. [3] Hence, in Scenario 1, we have to
discard the possibility of other scenarii than the ones described in Section 4.2] at least
in a neighborhood of the bifurcation point.

The computations of Section |3 are formal for two reasons. We assume that the
solutions in the non-symmetric branch correspond to the ansatz given by and
up to various higher order terms, and we also require that ¢, 4 is positive. This last
condition has been discussed in Section [3.4] but can be checked numerically within the
ansatz: we know that ¢, 4 is positive and finite as long as ¢, is positive (see Fig. |10}

and Fig. 11| for a discussion of the sign of ¢,"7"*), and numerically we find that c, 4 is

always positive.

Figure 10. Computation of ¢, 4 with d = 5 as a function of p. We observe that the
numerical solution is positive for any p € (2,10/3) where 10/3 is the critical exponent
(corresponding to the plain vertical line). The estimate of Section corresponds to
the dotted line and holds for p < 3.2323 (corresponding to the dotted vertical line).

A D

Y

Figure 11. The plain curves are the zeros of ¢,"7"* as d varies in the interval (2, 10),

except p = 2 which is a singularity. The dotted curve is given by d +— 2d/(d —2) = 2*.
approx

For a given d, ¢/;"™" is therefore positive for a large subinterval in p of (2,2%).
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Under the above precautions, we know from Section |3 that there exists a number
U2(p,d) such that the behavior of the branch in a neighborhood of the bifurcation
point pu = pups discriminates between two regimes corresponding to 6 > ¥5(p,d) and
0 < 92(p,d). When 0 < 99(p,d), we have (A?)'(urs < 0 and the contrary happens when
0 > U5(p,d). So, locally, the reparametrized branch is monotone increasing in a right
neighborhood of ppg if and only if 6 > ¥5(p, d). Since global monotonicity implies local
monotonicity near the bifurcation point, if the numerical computations of the branches
are consistent with the formal study of the bifurcation carried out in Section [3| then we
should have that ¥ (p,d) = J2(p,d). It is not easy to establish a qualitative property
such as the monotonicity, but at least we observe in Fig. that for 6 = J(p,d) the
range in p for which J5(p,d) > ¥(p,d) corresponds to the range in p for which the
Gagliardo-Nirenberg constant compares well with the energy at the bifurcation point.

0151
0.10

0.05[

31 32 3

—0.05]-

[ »’
.
-010[ .=

e

Figure 12. Comparison of the local and asymptotic criteria in the critical
case 8 = U(p,d) when d = 5. The dotted curve corresponds to the function
p — 1/Kan(p,d) — J'P9 (upg), that is, the difference of the asymptotic energy of
the branch and the energy at the bifurcation point: when it is negative, this means
that ¥ (p, d) is defined and larger than ¥(p, d), so that Scenario 2 takes place. When
it is positive, this means that Scenario 1 can be expected. The exponent ¥s(p,d) can
be defined for any p € (2,2*). The plain curve represents p — 5 (¥2(p, d) —9(p,d)) and
positivity indicates that, at least locally around the bifurcation point, Scenario 2 takes
place. Hence the local (around the bifurcation point) and asymptotic (as A — +00)
criteria coincide.

5. Concluding remarks

In this paper we have established the asymptotic behavior of the branches for all
0 € (J(p,d),1]. There is a good agreement between this behavior and that of the
numerical branches, which reinforces the conjecture that the computed branches contain
the extremals for the Caffarelli-Kohn-Nirenberg inequalities.

We have also studied the precise behavior of the branches of non-symmetric
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solutions near the first possible bifurcation point on the symmetric branch within the
framework of a particular ansatz. By doing so, we have obtained the existence of a
critical exponent 95 (p, d) above which the branch is monotone, increasing and potentially
optimal, and below which it is certainly not optimal in a neighborhood of the bifurcation
point.

The final result of this paper is the comparison of the above criterion based on
the local behavior of the branch near the bifurcation point and the criterion based on
the asymptotic energy of the branch in the critical case § = ¥(p,d), using numerical
methods. They coincide, which gives solid grounds to the alternative that has been
numerically observed:

Scenario 1. The non-symmetric branch is monotone increasing for any 6 € [J(p, d), 1].
Scenario 2. The non-symmetric branch is monotone increasing for any 6 € (J2(p, d), 1]
but it is not optimal near the bifurcation point if § € [J(p, d), J2(p, d)).

This suggests that no other scenario can take place, consistently with our numerical
computations. Hence we arrive at the conclusion that Scenario 1 takes place when
Ya(p,d) < Y(p,d) and Scenario 2 holds if ¥5(p,d) > J(p,d). The branches of solutions
we have computed are likely to be optimal for the Caffarelli-Kohn-Nirenberg inequalities.

Appendix A. Some useful quantities

Appendiz A.1. Computing integrals

We recall that f(q) = [p —5=7 Coshs % An
2

integration by parts shows that f(q¢ + 2) = #1 f(g). The following formulae are

can be explicitly computed: f(q) =

reproduced with no change from [6] (also see [11]). As in [6], with w(s) = (cosh 8)71’%2,

:/\w(s)\qu and Jo ::/]w’(s)\2 ds .
R R

Using the function f, we can compute |, = f(p%Q), l, = f(pZTp) = f(-% +2) and get

we can define

the relations

VLGS b 41,
(p+2)(p—2)

l2 = (p+2> Py 2=

As a special case, we have

_ L AVAT(5H)
l, == /R(coshs) =2 ds = (p+2)F<ﬂ> :

2(p—2)
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Appendiz A.2. Symmetric extremals and linearization
Consider w(s) = (cosh 5)717%2, which is the unique positive solution of
—(p—2)7w" +4w—2puw’t =0

on R, up to translations. The function u(s) := aw(f s) solves

4P 2pB° 5,
—u’+<p_2)2u—(p_2)2a2 PuP~t = 0. (A1)

With g = 5= 2 JHand a = (% ,u)p%, u = uy,, is given by

Uy () = (g M)FQ {Cosh (1%2 \/ﬁs)}’ﬁ? Vs eR

and solves .

Next we are interested in computing the ground state energy of the Poschl-Teller

operator H,, = —% +d—14p— (p—1)ul?, that is the lowest eigenvalue A;(u) in

the eigenvalue problem

M, 01 = (@) o1

See [18] [19] for further references. The function

v1(8) == g(cosh(ﬁ s)) P 7z — uﬁ/f (A.2)
solves
" 1 2 p—
—@1 g up pr—(p—1Dul 2o =0

and provides a solution with

1
M(p)=d=1+p—7pp’

The Sturm-Liouville theory guarantees that (; generates the ground state and

inf >
y= Hl(]Rd) Huu,*”Lp(

eIz ) = lltwue it

qlp, ¢l () = Je o1 Hupr dy
lelfee

Notice that the condition A;(urs) = 0 determines

d—1
P-4

HFSs =
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Moreover, this shows that

p?—4

M(p) = — 1

(1 — pps) -

Other eigenvalues of H,, can also be computed using classical transformations and special
functions: see [I8] p. 74]. Notice that in Section , we normalize the function ¢ = ¢ f;
in the expansion by the condition ||¢[r2c) = [|tx]|Lr(c) consistently with (A.2)).

Appendiz A.3. Useful quantities

Collecting results of Sections [Appendix A.1| and [Appendix A.2| with o?~2 = L, we
find that

Je?*dy _
fc Up dy ’
Jeui2 ' dy _ fla+2) ., P
Jouhs dy f(q) lo=222, 3p—2°
Jounst ot dy_f(q+4) W2 0-2) _ 2% (p — 1) 12
Jo i dy F(@) o=z, B3p—2)(5p—6)"
and
fc\V@IQdy s 2 +( p ) (1_f(q+2))
e dy @) /=2
_Llpn [y =2
2p+2 3p—2 '
A% d
If 1 = pps, then we find that ffc u;‘ dyy —2r (<§+22)> ((5;2) D 2.

Appendix A.4. First spherical harmonics

Denote by ¢ € [0, 7] the azimuthal angle and consider the Laplace-Beltrami operator £
on the sphere S~!. When L is restricted to functions on S¢~! depending only on (, it
takes the form

Lf=sin>"9¢ d% (sind2 ¢ Z_Jé)

and L is unitarily equivalent to L defined by
Lg=(1—-2°)¢"—(d—1)axgd x€]-1,1]

whose eigenvalues are the Gegenbauer polynomials or ultra-spherical polynomials. The
correspondence between the operators is simply given by

f(€) = g(cos ()
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and one can check that
[irorsw=cac= [ g@pa - e,
0 -1
It is also not difficult to check that the first Gegenbauer polynomials are
gp@)=1, g@) =2, @)=d*—-1, g@)=(d+2)2°-3x,
with eigenvalues respectively equal to Ag =0, Ay =d —1, Ay =2d and A3 =3(d+ 1):
—Lg=0,-Lgr=(d—-1)g1,—Lgo=2dgs,—Lgs=3(d+1)g3.
On [0, 7], we consider the probability measure

dv(¢) = L sin=2 ¢ d¢

Zq
where
T T d—1
Zyg :/0 sin?2¢ d¢ =7 F(é)) )
Then
Q) = 1. £1(Q) = Vieos ¢, fo0) =[5 s (oo = 1)

are normalized eigenfunctions in L?([0, 7], dv(()):

/ |fil?dv=1 Vi=0,1, 2,

0

with eigenvalues Ag =0, Ay =d —1 and Ay, = 24d:
—Lfo=0,-Lfi=Wd-1)fi, =L fa=2df>.

We also have the useful formulae

d 3d ) 2(d—1)
/0 LAl dv ira = LAl f2dv 5o

and

2(d—1)

fi=fo+ d—+2f2:f0+’i(d)f2.
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