N

N

On the penalised HUM approach and its applications to
the numerical approximation of null-controls for
parabolic problems
Franck Boyer

» To cite this version:

Franck Boyer. On the penalised HUM approach and its applications to the numerical approximation
of null-controls for parabolic problems. 2013. hal-00812964v1

HAL Id: hal-00812964
https://hal.science/hal-00812964v1

Preprint submitted on 13 Apr 2013 (v1), last revised 15 Dec 2013 (v2)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00812964v1
https://hal.archives-ouvertes.fr

ESAIM: PROCEEDINGS, Vol. 7, 2013, 1-10
Editors: Will be set by the publisher

ON THE PENALISED HUM APPROACH AND ITS APPLICATIONS TO THE
NUMERICAL APPROXIMATION OF NULL-CONTROLS FOR PARABOLIC
PROBLEMS

FrRANCK BOYER!

Abstract. This article deals with the problem of computing numerical approximations of null-controls
for parabolic equations or systems by using the Hilbert Uniqueness Method (HUM). We mainly review
recent results on this subject but we also provide new elements to emphasize the main ideas underlying
the penalised HUM approach which is at the heart of the methods used in practice. We give many
numerical illustrations.

Résumé. Cet article est consacré & 1’étude du probléme du calcul approché de controles & zéro pour
des équations ou des systémes paraboliques par le biais de la méthode HUM (Hilbert Uniqueness
Method). On donne un apercu des résultats récents sur le sujet tout en mettant en lumiere certains
aspects fondamentaux de la méthode HUM pénalisée, qui se trouve au coeur des algorithmes proposés.
De nombreuses illustrations numériques sont également données.

INTRODUCTION

The main goal of this article is to present methods and results concerning the numerical computation of
null-controls for parabolic problems. Basically one can think of the following general strategy: first build a
semi- or fully-discrete approximation of the PDE under study; then compute a null-control for this discrete
system (which is an ODE or a finite-dimensional discrete-time dynamical system); finally try to prove that this
discrete control is actually an approximation of a null-control for the initial continuous problem. More precisely,
the strategy that we follow is the one initially introduced in the pioneering works [GL94, GLHO08] and is based
on a formulation of the control problem under the form of a suitable convex quadratic optimisation problem.
This approach, which consists in characterizing and building the minimal L?-norm control if it exists, is often
referred to as the Hilbert Uniqueness Method (HUM in what follows).

Unfortunately, this natural and naive approach may lead to some theoretical and/or numerical issues:

(1) Due to the fact that parabolic equations enjoy smoothing properties along time, the original HUM dual
functional (see formula (1.5) with € = 0) is known to be coercive only on a very large abstract space.
This leads to severe issues when the method is applied for numerical purposes (see for instance the
discussion in [MZ10]).

(2) Additionally, it may happen that a fully- or semi-discrete system associated with a null-controllable
continuous problem is not itself controllable for some values of the discretisation parameters. The
above strategy will thus fail.
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(3) Finally, even if the discrete system is known to be controllable, the actual computation of a corresponding
null-control can be very expensive on fine meshes, mainly because one tries to approximate a problem
which is ill-posed in the natural energy space (see the first point above).

For all these reasons, in view of numerical computations, the HUM approach for parabolic problems is almost
never used in its original version. Many authors, including [GL94, GLHO08], make use of a suitable penalised
version of HUM which aims to relax the problem. The discrete problem which is obtained thus depend not only
on the discretisation parameters but also on the penalisation parameter €.

We would like in this paper to contribute to the clarification of the relations between these parameters
by reviewing the theoretical results known up to now on this problem. To this end, we start this article by
giving a careful analysis of the penalised HUM approach at the continuous level for the approximate- and null-
controllability problems (Section 1). In particular, this analysis allows us to recover some well-known results
in PDE controllability theory, using constructive proofs based on HUM, instead of more standard functional
analysis arguments. In addition, our approach allows us to analyse how the controllability properties of the
system depend on the initial data. This is important in view of applications to numerical analysis since the
initial data of discrete problems are, by definition, approximations of the initial data of the continuous problem
(see for instance the discussion in Section 1.7). The main result of this first section is Theorem 1.7 which states
that the controllability of the system can be completely characterised by means of the behavior of the penalised
HUM functional when the penalisation parameter € goes to 0. This result is then sharpened in Theorem 1.11
which shows, in some sense, that the controlled solution at final time always converges as ¢ — 0. It is then
sufficient to check whether or not this limit is 0 to determine if the system is approximately controllable or not.

In Section 2, we apply the ideas developed in the first section to a family of semi-discrete (in space) approx-
imations of the original problem. We explain why uniform null-controllability (with respect to discretisation
parameter) of these problems is not necessarily a satisfactory notion and we rather consider the notion of
¢(h)-null-controllability in which the penalisation idea is used in conjunction with the discretisation process by
choosing a penalisation parameter € = ¢(h) depending on the discretisation parameter. We then review some
recent theoretical results on this problem in various situations.

In Section 3, we discuss the case of fully-discrete approximations of the parabolic problem under study. Most
of the results of the semi-discrete case can be adapted, yet two additional issues appear: it is first needed to
compute the correct adjoint problem in each case and then, suitable conditions between the time step and the
mesh size are identified that ensure a good behavior of the overall algorithm.

We conclude this article by giving in Section 4 various numerical results aiming to illustrate the available
theoretical results but we also investigate some more complex problems, in particular, for parabolic systems.

Before starting our analysis, we wish to mention that alternative approaches have been recently proposed for
computing approximate controls for parabolic problems.

The first one, introduced and developed in [FCM12a, FCM12b, FCM12¢], is to formulate the control problem
as an optimisation problem for a functional different from HUM which involves weighted L? norms of the
control and of the solution of the parabolic equation itself. The (singular) weights are chosen similar to those
that naturally appear in Carleman estimates for the corresponding problem if available (see [FI96]). The schemes
derived from this strategy are shown to give satisfactory results. However, the price to pay is that the PDE
problem that one has to solve at the end is much more complex than the initial one: typically a fourth order
2D elliptic problem has to be solved to address a 1D heat equation. This method therefore seems to be quite
intricate to extend to more general problems (multi-D or systems), in particular because suitable Carleman
weights are not necessarily easy to determine in some cases (in fact Carleman estimates are not always available
for complex systems).

The second alternative strategy that we want to mention, the so-called “variational approach”, was introduced
in [Ped10, MP11]. In short, it consists in viewing the partial differential equation itself as a constraint for an
energy functional defined on the space of all the functions satisfying the boundary conditions and the initial/final
conditions. From a numerical point of view, in the case of the heat equation for instance, each iteration of the
conjugate gradient type algorithm requires the resolution of a corrector equation that is a space/time 2D elliptic
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problem. Here also the dimension of the system is thus in some sense increased, and the development of the
algorithm strongly depends on the problem under study.

Compared to those methods, the simple HUM approach that we study in the present work has the very
important advantage that, at the end, the numerical scheme for solving the forward and the backward problem
(see Section 4.1) can be almost chosen at the user’s convenience. In particular, the two solvers can actually
be used as black-boxes. Moreover, the strategy is almost problem independent (at least for linear parabolic
problems) that is is to say that the same overall algorithm can be used without modifications for N-dimensional
problems and parabolic systems rather than scalar equations even with variable coefficients, as we shall see in
the final section.

1. THE HILBERT UNIQUENESS METHOD AND ITS PENALISED VERSION

1.1. Introduction

Let (E, (-,-)) be an Hilbert space whose norm is denoted by ||-||. Let (A, D(A)) be an unbounded operator in
F such that —A generates an analytic semi-group in E that we denote by t +— e~*A. We denote by (A*, D(A*))
the adjoint of this operator and by t — e~ *A" the corresponding semi-group.

Let (U, [-,-]) be another Hilbert space whose norm is denoted by [] and B be a bounded operator from U
into D(A*)" and B* : D(A*) — U its adjoint. We assume that B* satisfies the following regularity property

(t N B*e—“‘*w) € L*(0,T;U), Vo€ B,

and for some C > 0

Bre Ay <Clyl, Ve eE. 1.1
1B ] o gy SOOI V0 (L.1)
Let T > 0 be given. For any yo € E and v € L?(0,T; U) we consider the non-homogeneous evolution problem
aty + ‘Ay = BU7
_ (P)
y(0) = yo.

Since B is not necessarily bounded from U into F, solutions have to be understood in the following weak sense
(see e.g. [Cor07]).

Theorem 1.1. For any yo € E, there exists a unique y € C°([0,T], E) such that for any t € [0,T] and any
Y € E, we have

W00~ (e 0) = [ [ols). B4 as. (12

This solution is now referred to ast — Yy 4, (t) € E.
Moreover, the map
(yo,v) € E x L*(0,T;U) +— yy 4, € C°([0,T), E),
18 continuous.
Notice that we have
Yo, (t) = e~y
For simplicity, the solution at time 7', which is of particular interest in what follows, will be denoted by

Ly (U‘yO) = Yv,yo (T)

The linear operator ET(.|.) is then continuous from L?(0,T;U) x E into E.
Assumptions on B are satisfied by bounded operators B : U — E but more general operators are allowed. For
instance, for the usual heat equation E = U = L?(Q2), A = —A with D(A) = H?(Q) N H}(Q), the operator B is
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allowed to contain first order differential operators, or to be the operator associated with the Neumann boundary
control. However, (1.1) does not hold for the Dirichlet boundary control problem for the same equation. Indeed,
in that case (1.1) is only valid for v € H2+<(Q) C D(A) and it is necessary to adapt all the framework to
solutions defined in a weaker sense, namely in C°([0,77], D(.A)"). The HUM presented below can be adapted to
this context but we shall not present the details here, see e.g. [BDPDM93, GL94, CT06, GLHO0S|.

For any 6 > 0 we define the (possibly empty) closed convex set

Adm(yo, 8) = {v € L*(0,T;U), s.t. || L+ (v|yo) || < 6}

Definition 1.2. e We say that Problem (P) is approximately null-controllable at time T, from the initial
data yo, if
Adm(yg,8) #0, V5> 0.
If this holds for any yo € E, we simply say that Problem (P) is approximately null-controllable at time

T.
e We say that Problem (P) is null-controllable at time T" from the initial data yo, if

Adm(yg, 0) # 0.

If this holds for any yg € E, we simply say that the problem is null-controllable at time T'.

Remark 1.3. (1) Since the control time T is fixed all along this paper, we shall not systematically recall
that these definitions depend on T'.
(2) Since we assumed that the semi-group is analytic, it can be observed that the range of e=7* is dense
in E. As a consequence, the approximate null-controllability as defined above is equivalent to the more
general property

A

Yyo,yr € E,¥6 >0, Jv e L*(0,T;U), such that ’|£T(v|yo) — yTH <.

We shall thus use “approximate controllability” in place of “approximate null-controllability”.
(3) The problem being linear, the null-controllability property is well-known to be equivalent to the con-
trollability to trajectories that is

V30,90 € E, Jv € L*(0,T;U), such that £, (U‘yo) =L, (0|§0) = e TAg,.

1.2. The HUM approach

In the framework of both controllability notions, if one control exists it is certainly not unique. This is the
reason why for proving controllability results (but also for the actual computation of such controls, see Section
2), it is useful to specify one such control. For instance, the HUM approach consists in finding the control with
the minimal L?(0,T;U)-norm. More precisely, for any § > 0 such that Adm(yg,d) is not empty we shall define
v? € Adm(yo,d) to be the unique control satisfying

6 _ .
F(v) = UeA(}gtEyo,é) F(v), (1.3)

where
def 1 T 2 _ 1 2 2 .
F(U) - 5 0 [[U(t)ﬂ dt - 5 HUHL2(07T;U) 3 VIU S L (O, T’7 U)

Definition 1.4. In the case where Adm(yg,0) # 0, the control v° is called the HUM (null-)control associated
with the initial data yg for the problem under study.
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Even though (1.3) has a unique solution, it can be a difficult task to solve it directly because of the nature
of the constraints that are involved. As usual, the duality theory can help in dealing with the constraints
but will lead to functionals that are either non coercive on the usual dual state space E (for § = 0; in this
case considering a much larger space is required) or that are non smooth (for 6 > 0). Both issues can lead to
important difficulties when using this approach for numerical purposes.

1.3. The penalised HUM approach

Because of the issues described above, it is convenient to deal with a penalised version of the above mentioned
optimisation problems. To this end, for any € > 0, we define the following quadratic functional

a1 [T 1
F.(v) d:f§/0 O] dt+ o |2 (olwo)|, w0 € 220,730,

that we wish to minimise onto the whole space L?(0,T;U).

We shall show in this first part of the article that the careful study of the behavior of the solution of this
penalised optimisation problem as a function of € makes it possible to recover the most usual theoretical results
in the controllability theory for abstract evolution problems.

Moreover, following [GL94, GLHO0S], this penalised method (applied to a family of finite-dimensional discre-
tised problems) will be at the heart of the numerical methods that we shall analyze in Section 2 and 3.

Let us make some preliminary remarks.

e For any ¢ > 0, the functional F. has a unique minimiser on L?(0,7;U) that we denote by v.. This is
due to the fact that F. is strictly convex, continuous and coercive.

e For a given ¢ > 0, it is very likely that v. & {v®, & > 0}, where the notation v
1.2.

e This minimiser is characterised by the following Fuler-Lagrange equation

9 is introduced in section

T
/0 [ve(t), D(t)] dt + % (Lr(ve|yo) , L+ (8]0)) =0, V&€ L*(0,T;U). (1.4)

Applying general results of the Fenchel-Rockafellar theory (see e.g. [ET99]) we can build an associated dual
problem as follows. For any € > 0, we define the functional

e 1 T (T * 2 9 2 _ *
T.(qF) 5/ [[B*e (T—t)A qF]] di 4 . " |I” + <y0,e TA qF> v e B (1.5)
0
e For any ¢ > 0, the functional J. has a unique minimiser denoted by qf € E. Here also, this is due to
standard arguments of convex optimisation. Note that the coercivity of the functional in E' comes from
the term § HqF ||2 which corresponds, in the dual framework, to the penalisation term introduced in F.
Observe also that infg J. < J.(0) = 0.

e This minimiser is characterised by the Euler-Lagrange equation
T N . x
/ {B*e_(T_t)A oF  Bre=(T-0A qF} dt +e(qF ") + <y0,e_TA qF> —0, vif € E. (1.6)
0

The duality properties between these two functional are consequence of the general results mentioned above.
It is however instructive to write an explicit argument here.

Proposition 1.5. For any ¢ > 0, the minimisers v. and qf of the functionals F. and J. respectively, are
related through the formulas
ve(t) = B*e T4 for a.e. t €]0,T7,
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and
L (ve|y0) = Yp. o (L) = —5q5. (1.7)
As a consequence, we have

LQ(%I};U) F.=F.(v.) = —J.(¢f) = —i%f J..

Finally, we have
122 (ve o) | < [1£2(0lo) [ = [|e™" 3ol - (L.8)

Proof. We set w,(t) = B*e~(T-A" qf” and we want to show that w. = v.. Notice that w. € L?(0,7T;U), thanks
to (1.1).
e We start from the Euler-Lagrange equation for .J. that reads, for any ¢ € E,

T
/ [wg(t),B*e_(T_t)A*qF} dt +€<qF,q~F> + <y07e—T,A*dF> —0.
0

By definition of y.,, 4, , see (1.2), we have

<yw5,y0(T),(§F> _ <y0,67TA*(jF> _ /OT [ws(t)vlg*ef(Tft)A*qF] dt.
Comparing the last two formulas, we obtain
(. 30 (T) + 0l 37) = 0. (1.9)
As this equality holds for any & € E, we find
L (welyo) = Yo, 0 (T) = —e4! (1.10)

e We consider now any ¥ € L?(0,7T;U) and write the equation (1.2) satisfied by y; o using 1 = ¢ as a
test function. Since y;,0(0) = 0, we get

T
<ya,o(T),qf>=/ [@,B*Q—G—twqﬂ it
0

[0,w]

Using (1.10), we have
T
N 1
| 1w e+ (D). g (1) =0
0
This formula holds for any o € L?(0,T;U); we have thus shown that w. solves the Euler-Lagrange

equation (1.4) implying that we have we = v..
e We can now compute, using (1.9),

F.(v.) = F.(B*e” T4l

1 /T P 12 1 2

5/0 [[B*e (T-H)A qf]] dt + o || £+ (v |o) | (1.11)
1

2

T
/ [[B*e*”*”*"qfr dt + % [l
0
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Moreover, taking ¢© = ¢ in (1.6) gives

T
J A L I e (112)
0

so that we have

1 /T . 72
R M it A P

Comparing the values of F.(v.) and J.(g%") precisely gives the relation F.(v.) = —J.(¢%).

)
e By definition of v., we have F.(v.) < F.(0) = 2—15 ’|£T(O|y0)||2. We deduce, in particular, that

122 (velyo) | < [[£+ (Olyo) |-
0

From (1.6), (1.7) and (1.8) we deduce the following result.

Corollary 1.6. For any ¢ > 0, the map yo € E + ¢’ € E is linear, continuous and we have

1, _
T ER ]

As a consequence of the previous proposition, we observe that the penalised HUM approach always leads
to a final state whose norm is lower than that of the free solution of the system (the one associated with the
control v = 0). Note that this holds without any additional assumption on the system than the general ones
given in the introduction.

We can now express the approximate- and null-controllability properties of the system, for a given initial
data yg, in terms of the behavior of the penalised HUM approach described above.

Theorem 1.7. (1) Problem (P) is approximately controllable from the initial data yo if and only if we have

L1 (ve|y0) = Yo, o (T) — 0. (1.13)

e—0

(2) Problem (P) is null-controllable from the initial data yo if and only if we have

MyQ0 S 252% (LQ(iOI,lZf;;U)F€> < +o0. (1.14)
In this case, we have
[[UE]]LQ(O,T;U) < M,y,, 1.15)
e (velv0) | < My 2. (116)
Moreover we have [[110]] 2L2(0,T;U) = Mfo and
Ve —o W0, strongly in L*(0,T;U), (1.17)

where v° is the HUM control defined in Section 1.2.

Remark 1.8. Observe that for e; > &3 > 0, and v € L?(0,T;U) we have F.,(v) > F., (v). It follows that the
supremum with respect to € > 0 in (1.14) is actually equal to the limit when ¢ — 0 of inf 2o 1,0 F.
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(1) Tt is clear that (1.13) implies the approximate controllability since it proves that for any 6 > 0,
there exists € > 0 such that v, € Adm(yo,9).
Assume now that approximate controllability holds and that (1.13) does not hold. It then exists

a > 0 and a sequence (gx); such that e — 0 as k — oo and HLT (Uﬁk’yO)HQ > «. By assumption,
Adm(yo, \//2) is not empty; let us choose

0 € Adm(yo, v /2). (1.18)

By construction, we have

@ 1
%, < 2%, ||£T(v€k|yO)H
S FEk(UEk) S Fak(ﬁ)

. 1 A
=35 [[Uﬂiz(o,T;U) + 2%er ||£T(”|y0)| ’

<a/2, by (1.18)

)

so that
« 1

A2
. <3 [6]%20.7,09 >
and we get a contradiction when k — oo.
If the problem is null-controllable, then Adm(yo,0) is a non-empty closed and convex set and we have
already seen that the HUM control v° is nothing but the orthogonal projection of 0 onto Adm(yo,0) in
L2(0,T;U).
1

By construction, we have FE(UO) =3 [[Uoﬂ

2

L2(0.T:0)" This does not depend on € so that we get

. 1 72
>0 <L2(%JI,17f“;U) FE) =3 [ ez o. -

This proves a first implication as well as the inequality

2 072
My, < [T 201y - (1.19)

Assume now that (1.14) holds. We immediately deduce (1.15) and (1.16). We can then find a subse-
quence (ve, ), which weakly converges towards some v € L?(0,T;U) and such that Lz (ve, |y0) P 0.
— 00

The parabolic problem we consider being linear (and so is the operator £, ( | ) ), we can easily pass to the
limit and find that £, (vgk |y0) weakly converges towards L, (v|y0) and in particular that £, (v’yo) =0.
As a consequence, the weak limit we obtained is a null-control for our problem : v € Adm(yg, 0).

By definition of the minimal-norm control we have [v°] 2Ty S [V 22(0,7;0)> S0 that with (1.19),
we deduce M2 < [[U]]iz(O,T;U) .

Moreover, taking the limit in (1.15) we have

. 2 2
lim sup [[UEk]]L2(0,T;U) < My20 = [M]L”(QT;U) ’
k—o0

This proves that the convergence of v., towards v is actually strong and that [[U]]iz O.1:U) = M} . By
(1.19), and since v° is the unique minimal-norm control, we deduce that v = v°, that [[vo]] iz

M2

Yo’

0.130) —
and finally that the complete family (v.). strongly converges to v°.
O
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Remark 1.9. We can slightly improve (1.16) by observing that
|
My20/2 > FE(UE) > 2 [[vs]]LZ(O,T;U) m My20/27

which implies that
1
Vellall = 2 l1x (elwo) || =5 0

e—0

1.4. General behavior of the penalised HUM
We define the space

Qr = {¢" € F, st. Bre tA " =0,vt > 0}, (1.20)
made of the non observable adjoint states and the space
Yr=e TAQp. (1.21)
Notice that Q is closed and that
Qr and Yy are stable through e *4" for any s > 0. (1.22)

Remark 1.10. The semi-group generated by —A* being analytic, we observe that we also have for any T > 0,
Qr ={¢" € E, st. Be ™" =0,vt € [0,T]}.

The following result, which also holds without any additional assumption on the system, gives a general
convergence result for the value of the controlled solution at the final time 7" given by the penalised HUM
method.

Theorem 1.11. For any yo € E, the penalised-HUM sequence (ve)e satisfies

—-TA

L (velyo) — Far (e o),

where Pg,. is the orthogonal projection onto Qr in E.

Remark 1.12. In the finite dimensional case, it is easily seen that Qr is the kernel of the adjoint of the Kalman
matrix

K = [B|AB|---|A"'B], n=dim(E).
Therefore, Qr = {0} if and only if K is full rank, and we recover the Kalman rank condition for the controllability
of finite dimensional linear systems.

Proof of Theorem 1.11. Using assumption (1.1), we can define a bounded non-negative symmetric operator
A : EF — E, usually referred to as the Gramiam operator, as follows

T
(o) = [ [Bre W uBre o] dn, Vo,u e .
0

Observe, using Remark 1.10, that Qr = Ker A. With these notations, the Euler-Lagrange equation (1.6) can
be written as

(A4 eld)gf = —e~TAy,. (1.23)
We set 2 = —e~T4yg and r. = eqf” — Pg, 2. From (1.7), the claim is equivalent to ||r.|| —0.
E—r
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To this end, we write the equation satisfied by 7.
(A+eld)re =e(z —Pgp2).

Since z — P,z is orthogonal to Qr = Ker A, we know that it belongs to Ran A. Thus, there exists a sequence
(n)n C E such that
A, —— 2z —Pg,. 2.
n—oo

We have
(A+eld)(re —eypy,) =e(z —Pgpz — Ay, — ehyy).

Testing this equation against r. — ev,, we obtain
(A+eld)(re —ety),me —ethp) = (2 —Pgpz — Ay, — €y, 7e — 1) . (1.24)

Using the non-negativity of A and the Cauchy-Schwarz inequality, we find
2
ellre —evnll” <ellz =Pqrz — A — ebn| [lre — el

so that
[rell < 2 |[¥nll + (|2 — Popz — A¢n|| -

Taking the superior limit with respect to € leads to

limsup [|re[| < ||z = Pgpz — Al
e—0

Since A, converges to z — Pg . 2z, we finally get that ||r|| - 0 and the claim is proved. O
e—

Remark 1.13. Observe that the previous theorem is a particular case of a general result saying that for any
symmetric non-negative continuous operator in a Hilbert space, the family of operators (1A + Id)_1 converges
strongly towards the orthogonal projection onto the kernel of A as € goes to 0.

In the case where A is a symmetric operator we can obtain additional results.
Proposition 1.14. Assume that A is symmetric then we have
e AYr C Qp, Vs >0, (1.25)
and
Py, (e_TAyO) = TA (Py=v0), Yyo € E. (1.26)

Therefore, for any initial data yo € Y, the following properties hold

(1) For any e > 0, we have v, = 0.
(2) The set Adm(yo,0) is not empty if and only if 6 > HﬁT (O’yo) H and in that case we have v° = 0.

This means that, for such initial data, the value of the free solution yo ,, at time T is the closest to zero that
one can achieve with any other control.

Proof. e Since A* = A and using (1.22) we conclude that, for any s > 0, we have
e—s.AYT _ 6_(S+T)AQF C QF'

Property (1.25) immediately follows since Qp is closed.
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e Let us now prove (1.26). By definition of Y7 = e"TAQr we get
—TA —TA
e ]PQF = Pﬁe ]P)QF .
Taking the adjoint, we obtain

—TA —-TA
HDQF e = ]PQF e Pﬁ?

but the property (1.25) gives that

Pope TPy = e TPy,
and the claim is proved.
o Let yo € Yr.
(1) Since e T4y € e TAYy € Qp = Ker A, it is clear that the unique solution to (1.23) is given by

1
¢ = —ge‘”yo = ==L+(0lyo)

The control is then given by v.(t) = B*e~(T=D4¢F that is v. = 0 by definition of Q.
(2) Assume that there exists a o € L?(0,T;U) such that 12 (3|yo)|| < ||£2(0|yo)|| then, for any & > 0,
we have

1 . 1 N N . 1
5 [[UH%Z(O,T;U) + % ||ET(U}ZI0)H2 = FE(U) > LQ(%)I}Yf“;U) I, = FE(O) = % ||ET(UIZ/0)H2,

and it follows that

- 1 -
(61320 m0 2 < (1 0fwo) |” = 122 (0lw0) ") =5 +oo.

which is a contradiction.
O

Remark 1.15. The previous proposition shows, in particular, that proving a uniform bound on the approximate
HUM controls (ve). is not sufficient in general to ensure that the problem is approximately controllable from
Yo (see for instance figure 13).

Remark 1.16. In the case where the operator A has a closed range (for instance in the finite dimensional
setting), it can be proved that the sequence (v.). is bounded, that ||rc|| < Ce and that, for any initial data,
approximate controllability is equivalent to null-controllability.

Indeed with this additional assumption, and coming back to the proof of Theorem 1.11, we observe that
there is a ¢ € E such that Ay = z — Pg,. 2 so that, from (1.24), we have

(A +eld)(re — &), (re —ev))) = —e? (W, re —e),
yielding € ||re — 51/}“2 <2 ||| ||re — ey||, and finally |- — ev|| < € ]1b]|, so that
rell < 2e 9.

The optimal control is then given by

1

x x 1 *
ve(t) = Bre T4 GF = ZBre=(T=OA (4 1 Py, 2) = —Be T4 0<t<T,
€ €
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recalling the definition of r. and that of Qr. We conclude that

C
[[UE]]L2(O,T;U) < = [rell < 2C ||| = Cy,

which is independent of ¢.

Assume now that Problem (P) is approximately controllable from yg. From Theorems 1.7 and 1.11, this

means that Pg,z = 0 so that

122 (velyo) | = lleaz'[| = llrll < Ce,

and finally

. 1 1 2 1 €
L2({)I,17f‘;U) F.=F.(ve) = ) [[Ua]]i2(0,T;U) + % H‘CT(Ufyyo) H < 5012 + 5022’

so that

sup( inf FE) < +o0.
e>0 \L2(0,T50)

We conclude from Theorem 1.7 that the problem is indeed null-controllable from yq.

1.5. Approximate controllability and unique continuation

It is well known that the approximate controllability property of a linear system is related to the unique

continuation property for the adjoint problem. Let us give a precise statement of this equivalence for a given
fixed initial data yo as well as a proof based on the arguments developed in the previous section.

Proposition 1.17. Let yg € E be given. The following properties are equivalent.

(1) Problem (P) is approzimately controllable from yo.
(2) The following weak unique continuation property holds

{B*e_(T‘“A*qF =0, Wte [O,T]} — (wo.e ™) =0,

(8) For any e > 0 there exists a Cy y, > 0 such that the following weak observability estimate holds

2

(e ™) <2, [Bre @] eldf I vt e B

L2(0,T;U
Proof.
e (1) & (2):
Following Remark 1.10, the property (2) can be rewritten as yo € YTL or also e~ T4y, € Qf, that is
finally
(2) <= Pg. (efTAyO) =0.
Therefore, the equivalence between (1) and (2) is just a consequence of Theorem 1.7 and Theorem 1.11.
e (3)=(2):
This is obvious by letting ¢ — 0.
o (2)=(3):
We assume that, for some € > 0, such a C,,, does not exist. Therefore, there exists a sequence
(¢F"™),, such as
1= ’<y07e—TA*qF,n> >n [[B*e—(T—.).A*qF,n]] + \/quFnH .
L2(0,T;U)

We deduce that the sequence (¢©*™),, is bounded (here € is fixed) and therefore there exists a subsequence

(still referred to as ¢©*™) that weakly converges towards some ¢! in E. In particular <y07 e TA F,n> =1

converges towards <y07 e~ TA qF> =1 and thus ¢!" # 0.
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Moreover, we have by construction

[[B*e—(T—A)A* qF,n 0,

| P
L2(0,T;U) n—oo

so that B*e=(T=)A ¢ — (. This is a contradiction.

O

In particular, we recover here the usual statement saying that if Qr = {0} (that is the adjoint system satisfies
the unique continuation property for any final data) then Problem (P) is approximately controllable for any
initial data.

1.6. Null-controllability and observability

We can now prove an observability-type inequality to characterise the null-controllability property of the
system starting from a given initial data yo. We will see in the sequel that it is of some importance to be
able to specify the influence of the initial data on the controllability of the system (see Sections 1.7 and 2).
As a consequence of the following result we will of course recover the more usual statement of the equivalence
between observability and controllability in Proposition 1.19.

Note that the following proof is based on the analysis of the penalised HUM approach and not on general
functional analysis results.

Proposition 1.18. Problem (P) is null-controllable from the initial data yo if and only if, there exists ]T/fyo >0
such that

’<yo,e*TA*qF>(2 < M2 [[B*e*”*-)f‘*qF]]? vqF € E. (1.27)

L2(0,T5U)
Moreover, in such case, the smallest value of Myo satisfying (1.27) is equal to My, as defined in (1.14).

Proof. e Assume that (1.27) holds. We get from (1.12)

[[B*ef(Tf‘)A* Ak

2 1Y * — —. *
o P Ty R T e

]] L2(0,T5U)

It follows that we have qu“z < Mi} and

AP [[B*e*”*-)f‘*qf < M,,. (1.28)

]] L2(0,T;U)

Therefore, by (1.11), sup. ¢ infr2 7,7y F: is finite and the null-controllability follows by Theorem 1.7.
Moreover, with (1.28) we have

1~ 1 2 1~
Fe(ve) < My, + o [|£5 (velwo) |” —5 5 M

by using Remark 1.9. It follows that M, < Myo.
e Assume now that the null-controllability property holds. From (1.6) we get

T
(0, ™20 ) = (Lo (0clun) ) = [ [ou B TOAG at, v € B
0
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By assumption and Theorem 1.7 we have L, (vg‘yo) —0> 0, therefore the first term in the right-hand
e—

side goes to 0 and we can use (1.17) to pass to the limit and get

T
<y0’e—TA*dF> _ _/ [UO’B*G—(T—t)A*gF} dt.
0
By the Cauchy-Schwarz inequality, we finally get

_TA* - 0 % —(T—)A* ~F
’<y0,€ q >‘ < [[U ﬂLz(o,T;U) [[B € q ]]Lz(o,T;U)’

so that (1.27) holds with Myo =
proof is complete.

By Theorem 1.7, we have M,, = [[voﬂ The

0
v ]]LQ(O,T;U)' L2(0,T;U)"

O
Proposition 1.19. Problem (P) is null-controllable for any initial data if and only if there exists Cops > 0
such that

2 2
—rar F | < o2 [[B* ~(T-)A" F]] V" € E. 1.29
He a H = Hobs |7 € ¢ L20,m;U)’ L (1.29)

Moreover, if Cops is the smallest constant for which (1.29) holds, then it is also the smallest constant satisfying
Myo S C'obs ||y0|| ’ VyO S E7 (130)

where My, is the minimal cost of the control as defined in Theorem 1.7.

Proof. e It is clear that (1.29) implies (1.27) for any yo € E, with Myo = Cobs ||yo]|, so that the null-
controllability for any initial data follows by Proposition 1.18 as well as inequality (1.30).
e Assume now that the problem is null-controllable for any initial data. Then the maps ®. : yo — v, are
linear continuous and for any yo € E, the family (®.yp). converges when € goes to 0.
The Banach-Steinhaus theorem shows that there exists K > 0 such that

[[(PEyOHLP(O,T;U) <K HyOHv Vyo € E7 Ve > 0.

In particular, the HUM-null-control v° = lim._,o v. = lim._,o ®.yo associated with a given initial data
satisfies

MyO = [[’UO]} L2(0,T;U) < K ||y0||
From (1.27) and the fact that M, is the optimal cost of the control, we get

—rA* F\| < ¢ [[B* —(T—.)A* F]] _
‘<y0’e 9 >‘_ ol ¢ a L2(0,T;U)

Since this is true for any yo, we deduce that (1.29) holds with Cops = K.

1.7. The case of approximate initial data

In order to prepare the discussion of Section 2 concerning semi-discrete approximations of Problem (P), we
introduce the following slightly modified problem.

For each value of ¢ > 0 we consider an initial data 1. € I/ that we use in the definition of the functionals
F. and J. instead of yq, the corresponding functionals are denoted by F. and J.

T
(o) %/0 O dt + 5 [Le(olwos) [P Yo € 220,750,
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~ o1 [r T\ A% 2 € 2 A
J(¢" = 5/ I[B*e (T—t)A qF]] dt + 3 ||qF|| + <y0,a,€ 4 qF>, V¢l € E.
0
We assume that (yo,c). is a bounded sequence that satisfies, for some yo € E,

e Ty — e Tyo, thatis Lr(0yoe —yo) — 0. (1.31)
e—0 e—=0
Notice that, this property implies the weak convergence of yy . towards yo as ¢ — 0. We denote by 0. the
unique minimiser of F..

The problem we want to deal with is that, even if Problem (P) is approximately- or null-controllable from
Yo, it may not be approximately- or null-controllable from the approximate initial data yo .. Therefore, the
behavior of the corresponding penalised HUM approach as € goes to 0 has to be made precise. We can obtain
the following facts by slightly adapting the previous proofs.

e Problem (P) is approximately controllable from yq if and only if

L (e |yo,e) — 0. (1.32)

e—0

e Assume that sup_.qinfz2 7.0 F, is finite, then Problem (P) is null-controllable from yg.
e Conversely, assume that Problem (P) is null-controllable from yo and that

1
sup = || £ (0]yo — yoys)HQ < 400, (1.33)
e>0 €

then we have

sup inf F. < +oo.
e>0 L2(0,T3U)

If moreover we assume that )
122 (0fy0 = wo.) [ > 0. (1.34)

then (7.). strongly converges towards the HUM control v° associated with the initial data yq.
e Notice that conditions (1.33),(1.34) are very important for the result above to be true. Let us consider
a simple example.

Assume that A is symmetric and that the space Y7 defined in (1.21) is not trivial (one can think for
instance of a finite dimensional system such that the Kalman rank condition is not satisfied). We choose
any z € Yp \ {0} and set yo = 0 and yp . = €*z with o < 1/2. Tt is clear that (P) is null-controllable
from yo = 0, that it is not approximately controllable from yo . for any € > 0, and that (1.31) holds.

However, we can simply compute

- 1 1
F.(v) =¢* (2 [[U/Ea]]i%o,T;U) + % £+ (v/e%|2) H2> , Yve L*0,T;U),

so that, using Proposition 1.14, we know that the parenthesis is minimal for v = 0. We deduce that

52&

-1
. ~ 2 .
Lz(hr}jf;;m F. = 5 H/_’,T(O’z) H E} +o0, since a < 1/2.

We can summarize this discussion as follows:

e As far as the approximate control property is concerned, the penalised HUM approach associated with
a family of approximate initial data still provides a satisfactory criterion through (1.32), without any
additional assumption.
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e In order to be able to characterise null-controllability from the single observation of the behavior of
the penalised HUM in the limit & — 0, it is necessary to assume that condition (1.33) is fulfilled. If
moreover condition (1.34) is satisfied then we deduce the strong convergence of the family of controls
0. towards the unique HUM control v° associated with the initial data yq.

In other words, it is necessary that (yo.). converges towards yo sufficiently rapidly.

e Moreover, considering a sequence of approximate initial data satisfying (1.33), we can state a relaxed
observability inequality which says that Problem (P) is null-controllable from yq if and only if there
exists a M > 0 such that, for any € > 0, we have

X 2 N 2
’<y0,e,€7TA qF>‘ <M [[B*e*(Tf')A qF]] +e ||qFH2 , Vq¢' € E. (1.35)
L2(0,T5U)

This can be proved by adapting the proof of Proposition 1.18. Observe that this inequality aims to
generalize (1.27) but is different from that given in Proposition 1.17, since the constant M here does
not depend on €.

Relaxed observability inequalities of the form (1.35) will be central in the analysis of semi-discrete and fully-
discrete problems in the next sections. Indeed, we shall see that the space approximation of a null-controllable
problem may lead to a non-controllable semi-discrete system, which typically corresponds to the situation above
where (P) is null-controllable from yo but is not null-controllable from the approximate data yo ..

2. SEMI-DISCRETE APPROXIMATIONS

2.1. General framework

We consider now a semi-discrete approximation of our problem (P), that we write for the moment in the
following abstract form. For any A > 0 (which is supposed to represent the space discretisation parameter), we
are given

e A Euclidean space Ej, whose inner product and its associated norm are denoted by (-,-), and |||,
respectively.

e A linear operator Ay, on Ej,.

e A second Euclidean space U, whose inner product and its associated norm are denoted by [-,-], and

[, L

e A linear operator By, : U, — Ej,. We denote by B} its adjoint, that is,
Vu € Up,Vx € By, (Bpu,z), = [Brx,ul, .

We are now interested in the following semi-discrete control problem

{ Ovyn + Anyn = B, )
h

yn(0) = Yo.n-

The solution of this problem is referred to as t + ¥y, 4, , (t) € Ex and the value of this solution at time 7" is
denoted by

L2 (vn]yo.n) = Yoo (T).

For each value of h, and each initial data yo, € Ep, one can ask if this finite-dimensional problem is
approximately- or null-controllable (notice that for a finite dimensional system, the two notions coincide, see
for instance Remark 1.16). Moreover, if such a null-control vy, exists, can we prove uniform bounds for v, ?
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2.2. The main issues related to discretisation

Two main issues arise when applying the penalised HUM strategy to the family of semi-discrete problems

(Pn).

(1) Tt appears that, even if the initial problem (P) is null-controllable (let say for any initial data for

the moment), then the semi-discrete problem for a given h > 0 may not be null-controllable. This
actually holds even for a very classical finite-difference approximation of the heat equation for instance,
as observed by O. Kavian (see [Zua06]). More precisely, there may exist an eigenfunction vy, of A} (we
denote by py, the associated eigenvalue) such that Bji, = 0. In that case, we see that ), belongs to
the set

Qrn = {¢f € By, sit. l’j’Z(ft““;(JflJ =0, Vt >0}, (2.1)
and therefore, from Theorem 1.11, we know that there exists an initial data yy;, which is not null-
controllable for the semi-discrete system. This can also be checked easily here by taking the scalar
product of (Pp) with 1y, Since By, = 0 and Af ), = uptpn, we obtain

d

= (D)), + pn (i (8), vn) = 0,

so that, for any choice of the control v, we have

(L2 (vn]yon) )y, = (un(T), Yn)), = e " (yo n, Yn),y, s (2.2)

and this quantity (which does not depend on the control v;,) can not be zero as soon as the initial data
Yo,n satisfies (yo,n,¥n), # 0.

In the case of a Cartesian uniform mesh of the unit square in 2D, A; being the usual 5-point discrete
Laplace operator in the finite-difference framework, we show in Figure 1 an example of a non-controllable
eigenmode 15,. As we can see, the difficulty comes from the fact that 1, is supported exclusively on the
diagonal cells of the mesh, that is to say that A possesses eigenfunctions that are compactly supported.
Observe that this pathology does not occur in the continuous setting and this is one of the reason why
the analysis of semi-discrete problems contains new difficulties.

FIGURE 1. A non-controllable mode v, for the five-point discrete Laplace operator on a 2D
uniform mesh; the value of v}, is set to zero in the white cells

Actually, one can observe that, at least in this example, the eigenvalue associated with vy, is asymp-
totically very large (un ~ C/h?). Therefore, even if this mode generates non-controllable initial data,
the quantity <£}TL (vh|y07h) ,wh>h is exponentially small (see (2.2)) and thus should not lead to numerical
difficulties.

We shall see in Section 2.5 that this is, in some sense, the generic behavior. To the author’s knowledge,
the only case for which uniform null-controllability of a semi-discrete approximation of a parabolic
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equation is known is the one given in [LZ98] where the authors study the 1D, constant coefficient,
heat equation on a uniform mesh and with a boundary Dirichlet control. In this particular case, they
managed to prove the result by an explicit computation of the control in Fourier variables. The same
result, even in 1D, for variable coefficient operator and/or non uniform meshes is still an open problem.
We should also mention the 2D result given in [Zua06] which essentially consists, in a very particular
geometry, to reduce the problem to the above 1D case.
Even if we assume that the semi-discrete problem (P}) is null-controllable for any h > 0, we can wonder
whether or not it is desirable to compute such a null-control since the dynamical system (Py,) is itself
an approximation of the original system (P). We shall see that, h being fixed, the computational cost
of the penalised HUM control v, ;, may increase dramatically as e — 0.

Therefore we shall see that is reasonable to choose a penalization parameter € which depends on h in
such a way that the overall accuracy of the computation is of the same order as that of the numerical
scheme under study while maintaining an acceptable computational cost (see Section 4.2).

2.3. Penalised HUM in E}, ¢(h)-null-controllability and relaxed observability

2.3.1. Notation and preliminary remarks

We are now led to the following problem. Given, for each A > 0, an initial data yo,, € E}p, we try to minimise
the following two functionals for any value of the penalisation parameter € > 0

and

T
€ 1
Fop(on) &2 5/0 [on @1 de+ o (|5 onlwon) I von € 2207 03),

e 1 T v —(T— * 2 & 2 _ *
Js,h(qf)d=f§/ IIBhe @ ”Ahqfﬂh dt+g||fl5||h+<yo,h’€ TAhqff>h, Vg € Ep.
0

For a fixed value of h, all the results of Section 1 directly apply.
Denoting by v, j the unique minimiser of F; j, we have seen that, if Q) defined in (2.1) is not trivial, we
may have

gl_I)I%) ||£Z}(vs,h’y0,h)||h 7é Oa Vh > Oa

but, however, since E}, is finite dimensional (and according to Remark 1.16) we have

51;18 [[Uevh]]Lz(O,T;Uh) < +00, Yh > 0.
€

Of course, this bound on (v ). may depend on h.
Still using that E}, is finite dimensional, we know from Remark 1.16 that there is a Cj, > 0 such that

125 (ve.n|vo.n) = Por, (67" yon) |, < Che, Ve >0.

Since C}, depends on h in a non explicit way, this estimate is not very useful from the practical point of view,
when one wants to analyse the limit (¢, h) — (0,0).

2.3.2. Coupling penalisation and discretisation

To circumvent the issues described in Section 2.2 and yet to achieve a satisfactory approximation of a null-
control of the original problem, we propose to consider the penalised HUM method for the family of semi-discrete
problems in the case where the penalisation parameter € is chosen as a function of the discretisation parameter h.
To this end, we suppose given a non-decreasing function h €]0, +o00[— ¢(h) €]0, +00[ such that limp_,¢ ¢(h) = 0.
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Moreover, since we are interested in a family of problems indexed by the parameter h, we naturally need to
introduce the space of families of initial data

B = H Ep.

An element Yy € Eiy; is a family Yy = (yo,n)n with yon € Ej. We say that Y is bounded if supj~q [|yo,xll, <
+00.

As we observed in Section 1.7, in a slightly different framework, the penalisation parameter ¢ should also be
related in some sense to the approximation properties of the initial data (see in particular (1.33) and (1.34)) if
one wants to produce sequences of approximate controls that converge towards a control of the initial problem.
This is an additional motivation for introducing the following definition.

Definition 2.1. Let Yy € Eini;. We say that the semi-discrete problems (P) are ¢(h)-null-controllable from
Yy if there exists a hg > 0 such that we have

dcf
My, 2 sup

inf F < +oo,
0<h<ho <L2(07T;U,L) ¢(h),h)

where the functional Fyg) j is built with the corresponding initial data given in the family Yp.

Observe that, in this semi-discrete setting, the map h — inf 2o 7,0, ) Fig(n),n i not necessarily monotone.
Adapting the proofs given in Section 1, we can easily obtain the following result.

Proposition 2.2. For a given Yy € Einit, the problems (Py) are ¢(h)-null-controllable from Yy if and only if
there exists hog > 0 and My, > 0, independent of h, such that the following relazed observability inequality holds

. 2 . 2
om0t [ < 58, ([ *-45]

IR (0 A ) . VgE € B0 <h <hy  (23)

In such case, the smallest constant Myo satisfying (2.3) is equal to My, and we have

[[v¢(h)7h:|] L2(0,T;Up) S MY07 VO < h < h()’

L5 (vgny,n]yo.n) ||, < My, /d(h) W0 < h < hy.

Remark 2.3. Note that (2.3) is automatically satisfied in the case where Yy is such that [[yo.4[, tends to zero
sufficiently rapidly (using that all norms in the finite dimensional space Ej are equivalent).

Of course, in practice, this case is not interesting. The family Y} is rather meant to approximate a non trivial
continuous initial data yo € E, with for example the convergence of (||yo.nll,)r to |lyol| # 0 as h — 0 (see for
instance Theorem 2.5).

Proposition 2.4. Assume that, for some Cops > 0, the following relazed observability inequality holds

st o ([sne ],

2
o h) Hq,{Hh) , Vg € B, Y0 < h < hy, (2.4)

then for any bounded family of initial data Yo € Eiyit, the problems (Pp) are ¢(h)-null-controllable from Yy and
we have
My, < Cons (500 sl

0<h<hg
Notice that the value of Cyp,s depends in general on the function ¢ that we have chosen at the beginning.

In the sequel of the section, we review some recent results concerning the proof of (uniform with respect to
h) relaxed observability inequalities similar to (2.4) for two slightly different discrete frameworks.



20 ESAIM: PROCEEDINGS

2.4. First example : an abstract Galerkin framework

In [LT06], following the framework introduced in [LT00], the authors study the above-mentioned problem in
a quite general abstract setting that we summarize here.

Even though these authors are able to cope with some unbounded control operators (namely those for which
there exists v € [0,1/2[ such that B : U — (D(A*)7)’) we only state here the result for a bounded control
operator (i.e. for v = 0).

e We suppose given linear mappings P, : Ep — D((A*)%) and Qy, : Up, — U such that

lynll, = Hﬁhyh NVyn € By, and  [up], = [[@h’%]] -

o Weset P, = (P)* : D((A*)2) — By and Qp = (Qn)* : U — Uy, and we assume that

PPy, = 1dg,, and Q,Qy = Idy,

where we have implicitly identified E to its dual space and therefore we have the continuous embeddings
D((A*)2) C E C D((A*)2)".
e We define now Aj, and By through their adjoints by the formulas

Y = Py A*P,, B} = QuB*Py.

We further assume standard approximation properties (see the details in [LT06]) which require that, for some
>0

e the following consistency estimates hold
|0 = Papy | + [Bv - QuauBw] < Cn* A7y, W € D(AY),

QrQnu — u, Yu e U.
h—0

e An error estimate for the underlying elliptic problem holds that is
[ Pu(A9) "L = (A RS, < ORI, VS € E.

e the semi-discrete semi-groups t — e tA» are analytic in a uniform way with respect to h, that is to say
that some uniform resolvent estimates hold.

e Finally, we assume that the numerical scheme is convergent in the following sense: for any yo € E and
any v € L?(0,T;U) we have

H/Sﬁ (Qnv|Pryo) — Prly (U‘yo)Hh = Hﬁhﬁ’; (Qnv|Pryo) — P,PyLr (v‘yo)H — 0. (2.5)

As an example, it can be shown that the standard piecewise-affine finite element approximation for the heat
equation on a quasi-uniform mesh of a polygonal domain enters this general framework.

Theorem 2.5 (see [LT06, Theorem 3.1]). Assume that (P) is null-controllable at time T. Under the previous
assumptions on the semi-discrete systems, there exists a f > 0, such that the relaxed-observability inequality
(2.4) holds as soon the function ¢ is chosen in such a way that

. o(h)
hgnﬁl(r)lf 7 > 0. (2.6)
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In that case, for any yo € E, we define yo , = Pryo and we consider the associated penalised HUM discrete
controls vynyp. For simplicity the corresponding solution of (Pp) is denoted by yn. Then, there exists a
null-control v € Adm(yg, 0) such that, up to a subsequence, we have

A . L2 T
thd)(h),h h—0 U, m (07 7U)7

f)hyh — yv,yoa m LQ(Oa T7 E)7
h—0
Pch (va(n),n|vo.n) = Proyn(T) s 0=_Lr(v|yo), inE.

Remark 2.6. (1) The main line followed during the proof of this result consists in deducing a relaxed-
observability inequality for the semi-discrete adjoint system by using the corresponding observability in-
equality of the continuous problem. In particular, it is mandatory here to assume the null-controllability
of (P).

Notice that this strategy is very different from the one described in Section 2.5.

(2) In this approach, due to the strategy of proof we just described above, the number § > 0 actually
depends explicitly on the various convergence rates that are assumed above. When the value of £ is
computed for specific situations, it appears that it can be quite small. The example of the piecewise-affine
finite element approximation of the 1D heat equation with a Neumann boundary control is described
in [LT06], and it is shown that 8 = 0.45 in that case.

Choosing for instance ¢(h) = h® (this is the best we can do according to the theorem above) leads to
a convergence rate of Py, (T) towards 0 in E = L2(Q) which is given by \/¢(h) = h% = 1225, This
convergence rate is very small with respect to the expected accuracy of the numerical method, which is
second order in the L?-norm, in that case.

We want to emphasize here that this theorem does not claim, in general, that the limit control v is indeed
the unique HUM control v° of the continuous problem. This is the reason why we only have a weak convergence
result up to a subsequence.

In general, even if we assume that the limit v is the HUM control v°, we are not able to show that the
convergence of the approximate control is strong. Indeed, if we would like to mimick the proof of the strong
convergence of penalised HUM controls given in Theorem 1.7, we see that we would need to take (in some sense)
the limit control v as a test function in the minimisation problem associated with Fy) 5. Since v does not
belong to the semi-discrete space L2(0,T;Uy), it is clear that additional arguments are needed!. Let us give an
example.

Proposition 2.7. Consider the same assumptions as in Theorem 2.5. Given an initial data yo € E and the
associated HUM control v°, we set

U(h) =

|£2(Qno°| Payo) ||, = Hﬁhﬁg (tholphyo)‘ , Vh>0.

By the convergence assumption (2.5), and using that L (Uo‘yo) =0, we know that limp,_,o ¥(h) = 0.
We suppose that the penalisation function ¢ is chosen in such a way that

w(h)?
50

=0. (2.7)
Then, the limit v in Theorem 2.5 is equal to the HUM control v° and the whole family (Vg (h),hy Yn)n satisfy the
convergences given in that theorem. Moreover, the convergence of Qpvgyny,n towards 00 is strong in L2(0,T;U).

n the very particular case of the Dirichlet boundary control for a 1D equation, we have U = Up, = R, so that strong convergence
can be proved this way, as noticed in [LZ98].
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Remark 2.8. Condition (2.7) says, in addition to (2.6), that h — ¢(h) should not converge to 0 too fast if
one wants to ensure the strong convergence of the approximate controls. However, in practice, the function ¥
is unknown except if one postulates sufficient a priori regularity properties for the HUM control and the initial
data so that ¥(h) can be estimated by some power of h, depending on the accuracy of the numerical method.
Unfortunately the HUM control is not expected to be smooth enough in general.

Actually, in all the numerical experiments presented here, we never observed a behavior of the approximate
controls that can indicate a possible defect of strong convergence even though it is very likely that condition
(2.7) is not satisfied.

Proof. We need to compute an upper bound of the L2?(0,T;U)-norm of the interpolation of the approximate
control. To this end we use that this approximate control is the minimiser of F ), and the definitions of the
norms in Fj and Uj, as follows

11~ 2
2 [[thd’(h)’ ]]L?(OTU) 3 [vow.n ]]LZ’(OvT?Uh)
< F¢(h),h(v¢(h),h) = _inf  Fymn)n

L2(0,T:Up)
< F¢(h) n(Qn?)

=5 [QhUOHLZ ©O.T:0) T 290 h [res (Qh“O|Phy0)Hh

= HQth ]] thﬁ}% (Qnv°| Pryo) H2

L2(0,T;U) + 2¢(h)

Using (2.7), and the approximation properties of @, we deduce that
lims [[~ ]] < [o° .
s [0 ] oo gy = [0

Since v is, by definition, the null-control with minimal L?(0, T’; U)-norm, we have [[voﬂ L2(0.T:0) < [M]B(o 50)

and thus we deduce that the convergence of the subsequence of (@hv¢(h),h)h towards v is strong and that
[[’U]]Lz(o Uy = [[voﬂ L2(0.T:U)" Therefore, we have v = v? and the whole sequence strongly converges towards

00, O

Remark 2.9. Another sufficient condition for the strong convergence of the approximate control towards the
HUM control is also given in [LT06, Proposition 3.2]. This condition is different from the one given in the
previous Proposition since it consists in assuming that the sequence Hq,lf H ,, of the norms of the optimal adjoint
states is bounded. We will see in the numerical results given in Section 4 that this boundedness property
has almost no chance to be satlsﬁed in general. We rather expect that ||qh ||h ~0 CqS(h)’l/ 2 or equivalently

HL’” (v¢ ’yo h) H ) Co(h ) , excepted possibly in the case of a non-localised control as discussed in Section
4.2 and 1llubtrated in Figure 6.

2.5. Second example : finite-difference schemes for the heat equation

In a series of articles [BHL10a,BHL10b,BHL11,BL13], a different strategy was developed consisting in directly
mimicking at the discrete level various techniques coming from the analysis of PDE control problems. This led
to more precise results (in some sense almost optimal) as we shall see below. The price to pay is that, for the
moment, those results do not exist in a general setting but only in the framework of finite-difference schemes
for scalar equations and distributed controls. However, numerical results seem to prove that the same results
should hold in more general settings (see Section 4).
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2.5.1. The discrete Lebeau-Robbiano strategy

In this spirit, it was first proposed to deal with a discrete Lebeau-Robbiano strategy following the original
proof of null-controllability of the heat equation given in [LR95].

The starting point is to assume that a suitable spectral inequality for the underlying discrete elliptic operator
holds uniformly with respect to h. Proving such a property will be discussed just after.

We assume that Aj is symmetric positive definite in (Ej, (.,.),) and we denote by (¢;); an orthonormal
basis of Ej, made of eigenfunctions of Aj. The corresponding eigenvalues will be denoted by 15, p,-

We also assume that B} is a family of uniformly bounded operators, that is, for some C' > 0,

[[Bth]]h <C ||.13h||h7 Vx € Ep,VYh > 0. (2.8)

This assumption prevent us in particular to deal with boundary control problems with this strategy.
Our main assumption is the following discrete Lebeau-Robbiano spectral inequality: there exists hg > 0,
a €[0,1), 8> 0, and &, ¢ > 0 such that, for any h < hg and for any (a;); € RY, we have

> aitin = Do PP <we B (D agdin 2> VM<£B- (Hop)
h A h

i nS<p i hS<p i, h <p

Remark 2.10. In general, the dimension of U}, is less than that of E}, (typically for a distributed control acting
on some strict subdomain of the computational domain). Therefore we cannot expect (H g) to be true for all
values of p. Actually, we easily see that (H.,g) cannot hold for the values of p such that #{j, ;5 < p} is
greater than the dimension of Uy,.

Moreover, the existence of a particular eigenmode v, satisfying Bjv, = 0 as described at the beginning of
Section 2.2 (see Figure 1), also proves that (Hq,g) can not hold for any value of p. Notice that the eigenvalue
ur associated with vy, is asymptotically of order C/h2?. Thus, assuming a critical value of u of the form h% in
(Ha,3) seems to be quite reasonable and actually essentially optimal.

With this assumption at hand, the following result can be proved. Notice that this theorem does not require
any assumption on the underlying continuous problem (P). Actually it is an abstract result and the existence
of an underlying continuous problem needs not be considered even.

Theorem 2.11. Assume that assumption (Ha.g) holds, then there exists hg > 0, C > 0 such that, the relazed
observability inequality (2.4) holds as soon as the function ¢ is chosen in such a way that

lim inf ¢(n)

minf ——o75 > 0. (2.9)

In such a case, for any family of initial data Yy € Einy, the associated approximate controls and solutions
satisfy

[[vqﬁ(h),h]] L2(0,T:U3) < Cobs ||y0,h||ha Vh > 07
112 (v, n]w0,n) |, < Cobs lyo.nll, Vé(h), Yh>O0.

We emphasize the fact that condition (2.9) only requires that ¢ does not tend to 0 faster than some exponential
term, which is far less restrictive than condition (2.6). In practice, we may thus choose for instance ¢(h) = h??
where p is the expected order of accuracy of the numerical scheme (compare with the discussion in Remark 2.6).

2.5.2. Proving discrete Lebeau-Robbiano inequalities

The original proof of the Lebeau-Robbiano spectral inequality in the continuous case was based on local
Carleman elliptic estimates [LR95]. An alternative proof is available by using global Carleman estimates for an
augmented elliptic operator [Le 07]. This last strategy was adapted to the semi-discrete augmented operator
—9d2 + Ay, by establishing uniform discrete global Carleman estimates in [BHL10a, BHL10b].

More precisely, it is proved that (H g) holds with o = 1/2 and 8 = 2 in the following framework:
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e We suppose given a quasi-uniform Cartesian mesh of the unit cube 2 =0, 1[? (any domain for which a
Cartesian mesh is available also works). The various norms are defined in the usual sense.

e The discrete operator Aj, is the usual 2d + 1-point finite difference approximation of the operator
—div(yV.), where v : Q — R is Lipschitz continuous and coercive.

e The discrete (distributed) control operator By, is simply 1, for some given w C . More precisely it
means that B, only acts on the nodes of the discretisation which belongs to w.

2.5.3. The discrete Fursikov-Imanuvilov strategy

A second strategy was proposed in [FI96] to prove controllability in the continuous case. It is based on the
derivation of (global) Carleman estimates for the parabolic operator. This approach has been efficient to cope
with more general parabolic problems (time dependent coefficients, non-linear, and so on).

It has been adapted to the semidiscrete setting in [BL13]. The general finite-difference framework that we
use here is the same as in the previous section, excepted that the operator we consider is now time dependent
and has the following form

A, :A% + ap,

where A?L is the 2d + 1-point discrete approximation of —div(yV.) introduced above and ay, is any function in
L>(0,T; Ep). Note that we use here the usual abuse of notation which consists in denoting also by a(t) the
operator from Fj, into itself which is the point by point multiplication by the discrete function ap(t,.).

Theorem 2.12 ( [BL13]). There exist C > 0 and hg > 0 such that for any ¢ satisfying

lim inf o(h)

minf 7 > 0, (2.10)

any A >0, and any h < min(hg, A=2/3), the following ¢(h)-relazed observability inequality holds

2 x 12 2
lanO)II; < €4 (IBrand iz + (W) laf ) (211)
for any solution of the adjoint problem

—0vqn + Ahqn + angn =0,
an(T) = qf € E,

where ap, € L(0,T; Ey) is any function satisfying ||ap| L= < A.

Notice that the form (2.11) of the inequality is slightly different from that in (2.4) since the adjoint operator
we consider here has time-dependent coefficient so that the exponential notation is not suitable here.

Note that the dependency of C4 with respect to the L bound of aj (that is to say with respect to A)
can be precisely stated (see [BL13]). With this result at hand we deduced controllability results concerning
semi-discrete semilinear problems can be deduced by adapting the strategy developed in [FCZ00].

Theorem 2.13 ( [BL13]). Let g : R — R be a Lipschitz continuous function and ¢ satisfying (2.10).

o If g is bounded, then there exists C' > 0 such that for any 0 < h < hg, any yo,n € En there exists a
semi-discrete control v, € L?(0,T;Uy,) for the problem

(Py)

Oy + Ay + g(yn)yn = Buon,
yh(o) = Yo,h,
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which satisfies

[[Uh]]L2(O,T;Uh) < Cllyo.nlly

1yn (D)l < €V ¢ (h) 1Yo,

e In dimension d =1, the same result holds as soon as g satisfies, for some M >0 and 0 < r < 3/2

Ih-

lg(s)] < Mlog(1+|s])", VseR.

e In dimension d > 1, we can prove the existence of a semi-discrete control such that

[val p20,00,) < Ch™* lyo,nlly,

lyn(D)ll;, < CVé(h) [lyonlly, -

for some a > 0. In that case, proving an uniform bound on vy, is still an open problem. Therefore, our
result can be seen as a ¢(h)-approzimate controllability result for the nonlinear problem.

3. FULLY-DISCRETE APPROXIMATIONS

In the space discretisation framework introduced in Section 2.5.1, some fully-discrete numerical methods for
(linear) parabolic problems have been studied in [BHL11].
For M > 0, we set 6t = T/M and we consider a §-scheme, 6 € [1/2,1], with respect to the time variable

defined by
yn ™ —un

5 + A0y + (1= 0)yp) = Byoptt, v e [0, M —1],

(Ph.st)
Yh = Yo,n € En,
where, vy 5t = (V) )1<n<m € (Un)M is a fully-discrete control function whose cost, that is the discrete L?;t(O, T;Up)-

norm, is defined by
M }
def n72
[on,51] L2,(0,T;U,) — ( Z 5t [o]y > :
n=1

The final value of the controlled solution of (P, 5;) is denoted by L£hot (Uh75t‘y07h) = yM.
With the above notation, the primal fully-discrete penalised HUM functional reads as follows

1 1
st € U v Fepsi(vnst) = 3 [[Uh,ét]]igt(O,T;Uh) T o L5 (on,5¢ |yo.n) Hi

The first step in the analysis is to identify the correct dual functional.

Proposition 3.1. We define the functional

def

1 N 2 € 2
Jenst(ar) 5 [[BZETJL’& (q;j)]]L%t(o,T;Uh) + by qu};Hh — (Yo.n, g, — 6t(1 — Q)Ahq;l)h, Vay € En, (3.1)
where L3 (af) = (g)1<n<m is the solution of the following adjoint problem

' =qf,
M _ M+
h h M _ .
5t +0Angy” =0, (Ph,ét)
q"rlL _ qZ+1

55—+ Ap(0gr + (1 —0)g ™) =0, Vne[l,M—1].
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Notice that q{l\/[“ is not taken into account in the definition of Lot (q}j)

The functionals F; ps: and Jep s are in duality, in the sense that their respective minimisers ve p s¢ €
L2(0,T;Un) and qf), 5, € Ep satisfy

. F .
inf  Fepot = Fenst(venot) = —Jenot(depe) = —1nf Je st
L2,(0,T;Uy) En

and moreover
_ px pxhot( F
ve,n = BL LY ((Ie,h,ét) .

Notice that, for 6 € [1/2, 1], the first step of the adjoint problem (P} s,) has a particular form which is not
exactly that of the usual backward #-scheme. The important point is that we cannot choose independently the
time discretisation for the forward and the backward problem.

With this fully-discrete problem, we can follow the same lines as in the semi-discrete case and observe that
for fixed h and dt, the computed target converges (as ¢ — 0) to the projection of the free solution onto the set

Qrnst = {df € Ep, st. BLuho! (¢F) = 0}.

Here also, it make sense to choose ¢ depending on the discretisation parameters. More precisely, the following
fully-discrete relaxed observability inequality is proved in [BHL11]. Observe that it is not necessary here to
consider a time-step-dependent penalisation parameter.

Theorem 3.2 (Case 0 €]1/2,1]). Assume that the uniform discrete Lebeau-Robbiano inequality (Ha,g) holds
and let ¢ be such that
lim inf o(h)

h—0 e—C/hﬁ
Then, there exists hg > 0,Cr > 0,Cops > 0 such that for any 0 < h < hg and any 6t < Cr|log¢(h)|~!, the
following relaxed observability inequality holds

> 0.

lak = ot(1 = 0)Anai[; < Cs (IBra T3z, 0.2, + 08 [l II7)

Thus, for any such 6t and h and any initial data yon € Ep, the full-discrete control vy n,se, obtained by
minimising Fypy,n,st (or equivalently Jo(h),n,5t) is such that

[voen).n.oc] L2,(0,T;Up) < Cobs [[yo,nlly, , and H/‘:?& (”dJ(h)’h,ét’yO»h) Hh < CobsV O(h) lyo,nll,, -

Notice that the proof in [BHL11] is only given in the case ¢(h) = e~“/"" with v < 8 but it can be easily
adapted to the more general case stated here. Moreover, the following result for the Crank-Nicolson scheme is
also obtained in [BHL11].

Theorem 3.3 (Case 6 = 1/2). Theorem 3.2 holds for 8 = 1/2 with the additional assumption otp(Ap) < Cr,
where p(Ay,) is the spectral radius of Ap,.

Remark 3.4. Notice that the additional technical condition on the time step 0t that is needed here is very
strong (we typically expect p(Ap) ~ C/h? for instance) and related to the bad dissipation properties for high
frequencies of the Crank-Nicolson scheme.

We do not know whether this condition is really necessary or not, however some numerical tests seem to
show that the Crank-Nicolson scheme may actually behave incorrectly if such a condition is not met.

An error estimate in time between semi-discrete and fully discrete controls obtained by the penalised HUM
approach (as presented here) is also obtained in [BHL11]. More precisely, for § €]1/2, 1], the following estimate
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holds

M
HQﬁ(h),h - Z 1](7L1)6t,7L5t[UZ(h)’hH < Cpét ||y0,h||h )
n=1 L2(0,T;Un)
where the constant Cj, “badly” depends on h. A second-order estimate in time is also obtained for § = 1/2.

4. NUMERICAL ILLUSTRATIONS

4.1. Computational method

We want to address here some questions related to the actual computation of the approximate (semi-or
fully- discrete) controls for a given problem. Above, we saw that such controls are the minimisers of Fy) p,
(resp. Fy(n),n,5¢) but can also be computed by minimising the dual functionals Jys),, (resp. Jg(ny,n,s¢)- Since
these dual functionals are defined on the finite dimensional space E}, (as opposed to the much larger spaces
L2(0,T;Uy) or L%,(0,T;Uy) for the primal functionals), we decided (following [GL94, GLHO8]) to apply an
optimisation algorithm to the dual functionals.

Since these functionals are quadratic and coercive, the conjugate gradient algorithm is a natural and quite
simple choice here even though finding an efficient preconditioner for such problems is still an important and
mostly open problem. To apply this method we only need to compute, at each iteration, the gradient of Jyp),n
(or of Jy(n),n,s¢ in the fully discrete case). Gradients are understood here with respect to the inner product in
E.

Corollary 4.1. For any h > 0,6t > 0, > 0 and any qf € By, we have

Ven(af) = £ (Bre™ T4 gf[0) +2qf + £2(0]yo.n) (4.1)
déf’Ahq{
Venst(ah) = LN (Br i (gf ) |0) +eqf + L2 (0]yo,n) , (4.2)

def
lef \ b, 5t , F
= Aoty

where E;’h’at (q,lf) is the solution of the adjoint fully-discrete system (7727575) associated with the final data q,lj,
as defined in Proposition 3.1.

Remark 4.2. The discrete Gramiam operators A" and A"%% have to be understood as the suitable discrete
version of the continuous Gramiam A as defined at the beginning of the proof of Theorem 1.11.
Solving the optimisation problem for these functionals is thus equivalent to solve, in E}, the equation

(A" 4 eld)gf = — ! (O|y0,h) , in the semi-discrete case,

(ARt 4 eld)gf = —Lhot (O}yoyh) , in the fully-discrete case.

Let us comment on the actual computation of these gradients. The last term in (4.1) or (4.2) (which does not
depend on ¢f") is simply the solution at final time of the semi- or fully-discrete problem without any control and
for the initial data yo.n, € E}. The second term is easy to compute. However the computation of the Gramiam
term for a given ¢/’ requires some comments:

e We first need to solve the backward system associated with the final data q,lf . In the semi-discrete case,
this is t — e~ (T4 ¢F; in the fully-discrete case this is the term £3™°f (af).

e Then, we apply the operator Bj to these adjoint states. This gives us a control in L*(0,T;Uy) or
L%t(o, T; Uh)

e Finally, we solve for the forward semi- or fully-discrete problem with this control in the right-hand side
and the zero initial data.
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In short, computing the gradient of these functionals requires first to solve an homogeneous backward parabolic
problem, and second to solve a non-homogeneous forward parabolic problem. In the semi-discrete case, these
computations can be made in an exact way provided that we are able to compute the eigenelements of Aj; and
Az

We can easily check that, since A" is symmetric non-negative, the following estimates hold for £ > 0 small
enough

ellaill, < 1" +eTd)ar|], < (€ +e) flar

We deduce that the condition number of the operator A" + ¢Id behaves likes ¢! for ¢ small enough. Notice
that A" may not be invertible: for instance, in the setting introduced in Section 2.2 its kernel Qr, contains
the mode 1;,. Similar properties hold in the fully-discrete case, independently of d¢.

It follows from this analysis that the number of iterations expected to achieve a given accuracy with the
conjugate gradient method, which is estimated by the square root of the condition number, should be of the
order of e=1/2. Recall that our method consists in choosing & = ¢(h), which gives a number of iterations of the
solver that should behave like ¢(h)~'/2. We therefore see here that choosing a function ¢ which converges too
rapidly towards 0 will lead to a much more complex linear problem to solve. Moreover we saw that /¢(h) is
the expected size of the controlled target given by the computed controls, it seems that a reasonable practical
rule is to systematically choose ¢(h) ~ h?P where p is the order of accuracy in space of the numerical method
under study. This will be further discussed below.

Iy

Remark 4.3. (1) It is important to notice that, in the fully-discrete case, the size of the time-step has
almost no influence on the condition number. Of course, choosing a small time step will increase the
overall accuracy of the method but will also increase the global computational cost of the algorithm
since we recall that two parabolic problems have to be solved (on the whole time interval [0, T]) at each
iteration of the conjugate gradient solver (see Section 4.3.1).

(2) The behavior of the conjugate gradient solver is not directly related to the lack of uniform null-
controllability of the systems under study. More precisely, even if we assume that the semi-discrete
problems satisfy uniform discrete non-relaxed observability inequalities (that is (2.4) with ¢(h) = 0),
then one may try to minimise Jy; and thus to compute an exact null-control from the semi-discrete
problem. Nevertheless, we still have the following estimate

o~ To(A})

Y 2
jaf [ < [Je ™k || < CBa (Aaf al),,

which proves that the condition number of A" in that case can be estimated by CeT?(4%), In general,
p(Aj) behaves like a negative power of h which gives a huge condition number for small values of h.
Actually, the system is almost ill-posed and it appears that the penalisation term is absolutely necessary
even in that case in order to regularise the problem.

This is somewhat related to the fact that, in the continuous setting, the Gramiam operator A is in
general not coercive in E but only in a suitably defined larger space (which the completion of E with
respect to the norm defined through A, see [GLHO08]).

4.2. Comments on the choice of the penalisation function

We want, in this section, to go further in the discussion on the choice of € as a function of h.
Let us consider the following very simple example. We set F = Ep, =R, A= X >0, Ay, = (A+ ) € R with
o ﬁ 0, B=DB, =1 and yo = yo,» = 1. The exact and semi-discrete problems read respectively
L —

~ Y+ =0, ~ [ yp + N+ On)yn = vn,
(P){ o =1, ™ (7”’){ un(0) = 1.
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The corresponding Gramiam operators defined from R into itself can be explicitly computed
1— 672(>\+5h)T
2(\ + 6p)

1— 672)\T

F_
Ang" = )

q", and A¢" = q", V¢" R,

and we have

CTAL, (6T
e~ T Ay p = e AHIT,

It follows that the optimal adjoint state which minimises J. j, is given by

P 2(\ + 0p)e” AT

Teh = T 20T 1 2e(A + o)

The corresponding semi-discrete penalised HUM control is then given by

2(\ + 0y )e= A+I)T

(t) = — e~ (T=t)(A+0n)
1 — e 204+0)T 4 22(X 4 6p,)

Ve, h

while the exact HUM control is
e e
v(t) = —e (vl

It follows that the following (sharp) estimate holds

[v—vnlr201,0) £ CAT)([0n| +€), for 65 and € small.

Moreover, since U = Uy, in this example, we can simply take the control v, in the original problem (75) to
evaluate the accuracy of the method. A simple computation shows

L1 (ven|1) = C1(A, T)6p + C2(A, T)e + O(e + 63), (4.3)
with ( 2)\T) AT AT
—142XT + e~ e 2 e~
A= —ern 0 G =T

Observe that the coefficients Cy (A, T') and Ca(A, ) are both positive. Thus, if dp, is itself positive (recall that
e > 0), the two leading terms in (4.3) can not compensate each other and we deduce that taking e of the same
order as Jj, guarantees an optimal convergence rate.

Notice that, taking e much smaller than |d5| (even € = 0) is possible here but does not improve the accuracy
of the approximation.

We want to emphasize that this very particular example is in fact quite relevant for understanding the case of
general parabolic PDEs. Indeed, let us consider the finite difference approximation of a 1D heat equation on a
uniform mesh (the mesh points are denoted by (2;)1<i<n) with a control distributed on the whole domain (that
is w =0 =]0,1[). We can then reduce the system to the one of controlling each Fourier mode of the solution.
The eigenfunctions of the 1D Laplace operator are ¢y (r) = sin(k7wx), Ay = k%72 but it is well known that the
discrete Laplace operator in this case has the following eigenelements ¢k = (¢r(2:))i, Ai,p = Alsmr;ﬁ

Therefore, for each value of k, we are exactly in the situation described above with

kimd
Spn=Mon —Ap ~ — 2
S A )

The conclusion of this discussion is that the optimal choice should be e = ¢(h) ~ h?. This seems to be a
contradiction with our general results (see Section 4.1) that rather lead to choose € = ¢(h) = h* since the
scheme is second order in space.
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Actually, this very particular behavior is related to the choice of a non localised control domain w = €.
Indeed, in such a case, the controllability properties of the heat equation are much easier to prove and the
following stronger observability inequality holds for the adjoint problem

T
107 131 < C2is / [eT-D8GF |2, 0 dt, aF € L3(9).

This can be proved by using a Fourier decomposition of the solution. We conclude that, in such case, the HUM
optimal adjoint state ¢ is bounded in H~1(Q) and by (1.7) we obtain the estimate

||LT(UE|ZJO) -1 < Ce.

It thus appears that the convergence rate towards zero of the target given by the HUM penalised approach,
at least in the H~! norm, is ¢ and not y/z as in the general case. Such a behavior will be illustrated from a
numerical point of view in Figure 6.

4.3. 1D scalar problems

We now present some results obtained in various situations with the methods described above. We use the
standard finite-difference scheme on a uniform mesh of the domain © =]0,1[. We denote by N the number
of points in the mesh. We either use the fully-discrete setting in the case # = 1 (that is the implicit Euler
discretisation) and we denote by M the number or time intervals, or we use the semi-implicit discretisation, in
which case we set M = +o00. Note that results using the Crank-Nicolson scheme are given in [BHL11].

4.3.1. The heat equation

We consider here the following problem with a control time 7' =1,

Oy — 0.10%y = 1,v,

yo(x) = sin(mz)°.

We start with the case of a localised control domain w =]0.3,0.8[. In Figure 2, we show the time evolution of
the uncontrolled solution as well as the one of the controlled solution. The control domain is represented as a
darker zone on the plane (¢,z). Of course, we observe that the uncontrolled solution is damped with time but
does not reach zero at time 7', as opposed to the controlled solution.

(a) Case ¢p(h) = h? (B) Case ¢(h) = h*
N M N M

20 80 320 1280 +oo 20 80 320 1280 +Hoo
20 |14 16 16 16 16 20 | 24 30 28 27 32
o0 (22 26 29 29 31 50 | 83 87 87 93 106
100 | 30 38 44 49 48 100 | 235 240 233 262 265
200 | 45 58 69 7 82 200 | 778 850 1098 1230 1374

TABLE 1. Conjugate gradient behavior for System (4.4); w =]0.3,0.8]

In Table 1, we show the number of conjugate gradient iterations needed to achieve a (fixed) stopping criterion.
Two cases are presented depending on the choice of the function h — ¢(h) which serves as the penalisation
term in the HUM functional. The results confirm the discussion of Section 4.1 that is:
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T=1

(a) Controlled solution (M=control domain) (B) Uncontrolled solution

FIGURE 2. Time evolution of solutions of system (4.4); w =]0.3,0.8]

e The converge speed of the conjugate gradient does not depend too much on the time step. Actually,
the number of iterations required in the semi-discrete case seems to be an upper bound for the number
of iterations of the fully-discrete case.

e For a given M, the number of iterations varies like ¢(h)~/2, with h = 1/N.

We observed the same kind of behavior in all the test cases below (except in Figure 6 which is very specific to
the case w = Q).

In Table 2, we show the value (mutliplied by 10?) of the so-called optimal energy, that is the infimum of
the penalised HUM functional Fy ) p,5:- As predicted by theoretical results, we observe that this infimum is
bounded as (¢, h) — (0,0) which implies in particular that the L2,(0,T; Up)-norm of the approximate control
is bounded when refining the mesh.

More precisely, we can observe that for a given number of points N in the mesh, the value of the infimum
decreases when M increases. This intuitively corresponds to the fact that, increasing M leads to a higher
number of degrees of freedom for the approximate control, making the system easier to control.

(a) Case ¢(h) = h? (B) Case ¢(h) = h*
N M N M
20 80 320 1280 +oo 20 80 320 1280 +oo
20 | 7.17 6.54 6.38 6.34 6.33 20 | 10.8 892 843 83 826
o0 | 7.98 7.08 6.85 6.79 6.78 o0 [ 11.5 894 829 812 8.07
100 | 85 7.44 7.15 7.07 7.05 100 | 12.1 9.1 833 &8.13 8.06
200 9.1 775 739 73 7.27 200 | 12.9 9.33 841 8.17 8.09

TABLE 2. Optimal energy (multiplied by 10?) for System (4.4); w =]0.3,0.8]

We begin now a discussion on the accuracy of the method. For a given mesh size h and time step dt, we are
interested in

b

L2 (vgn) o5t | Yo.1) ‘

e The size of the “exact solution” associated with the same computed control vy n,s¢- To compute this
quantity, we use a high order spectral method or a finite difference method with a much finer mesh to
solve Problem (4.4) with v = vg(p) .6+ With a much higher accuracy.

e The size of the computed target ‘
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In Figure 3 (resp. Figure 4) we plot those quantities as a function of h for various time steps in the case

¢(h) = h? (resp. ¢(h) = h*).

10_2 :\ LI \‘ T T 1 171 \‘ T T 1 171 \: .
i 1 Size of the target M = 20 —5-
| i M = 80—-e—
L N M = 320 ——
10-3 I . M = 1280 —-—
E E Exact solution M = 20 —-m—
| | M = 80—e—
10-4 | | M = 320 ——
B ] M = 1280 —a—
i slope 1 |
10—5 [ | (|
1073 1072 1071
h
FIGURE 3. System (4.4) with ¢(h) = h?; w =]0.3,0.8]
1072 E T T T ILLELE .
F 1 Size of the target M = 320 =
\ B 4 M = 1280 —o—
10~ 8 E M = 5120 ——
B . M = 20480 ——
1074+ E o
E ] Exact solution M = 320 —m—
el ) M = 1280 —e—
1072 ¢ E M = 5120 ——
B ] M = 20480 ——
1076 E E
1077 L | L1 \7
10~2 101
h

FIGURE 4. System (4.4) with ¢(h) = h*; w =]0.3,0.8]

We observe that, as predicted by Theorem 3.2, the size of the computed target behaves like ¢(h)~'/2 for any
choice of the time step (the condition in Theorem 3.2 is satisfied here). Actually, all the plots with non-filled
symbols are almost superimposed.

However, one has to be cautious with such a result. Indeed, for a large time step (M = 20), we can not
hope to obtain a very precise approximation of the control since we are limited by the intrinsic accuracy of the
finite-difference scheme itself. This is confirmed by the fact that, the size of the “exact solution” at time T' (the
plots with filled symbols), presents a plateau whose position corresponds to the first order accuracy in time of
the approximation.

More importantly, we want to emphasize that choosing the penalisation parameter too small with respect
to h and dt does not lead to more accurate results whereas it increases a lot the computational cost of the
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overall method. Indeed, in Figure 5 we show the results obtained by choosing ¢(h) = 1000h% and changing
the control domain to w =]0.1,0.9]. As predicted by the theory, the size of the target which is computed by
the numerical scheme behaves like ¢(h)!/2 ~ Ch3. However, the size of the exact solution computed with the
same approximate control does not tend to zero faster than h? which is the expected convergence rate of the
scheme. We also observe the same plateau phenomenon as in the other cases, still due to the time accuracy of
the scheme.

10_3 E T T T T T 13

& | 1 Size of the target M = 1280 —=—
10—4 L e —— i M = 5120 ——

M = 20480 ——
1075 | ; M = 81920 —a—

B E M = +o0—e—
1076 & E .

B e Exact solution M = 1280 —@—
10-7 L i M = 5120 —e—

E e M = 20480 ——
10~8 ; slopes 2 and 3 7; M = 81920 —a—

g ] M = 400 —0—
10—9 L (| L1 \7

1072 1071
h

FIGURE 5. System (4.4) with ¢(h) = 1000h°%; w =]0.3,0.8|

To conclude this section, we consider here the simpler case where w = ) in order to illustrate the discussion
of Section 4.2. We observe the predicted super-convergence phenomenon of the computed target whose size
behaves like ¢(h) instead of \/¢(h). Observe that this appears to hold for the L?-norm even if the argument
given in Section 4.2 only provides such an estimate for the H~!-norm of the solution. However, we observe
again that in any case the size of the exact solution at time T associated with the computed approximate control
behaves like A2, which is the expected accuracy of the numerical scheme.

4.3.2. A semi-linear case

In this section, we are interested in the computation of an approximate null-control at time 7" = 0.5 for the
following semi-linear problem (taken from [FCM12a])

Ay — 0.10%y — 5ylog" (1 + |y[) = 1j0.2,0.5/0,
y(t,0) = y(t,1) =0, (4.5)
yo(x) = 20sin(wz).

Note that the initial data is chosen sufficiently large so as to observe a significant influence of the non-linear
effects. Actually, with such a choice of yg, the uncontrolled solution blows up before the time T" = 0.5. The
controlled solution is shown on Figure 7a.

This solution is computed by a very simple fixed-point type algorithm with relaxation which consists in
computing, at each iteration k, an approximate control for the linear problem

Oy* — 0.192y* — 5y* log"*(1 + |y*]) = 1j0.2,0.8[Vs

y*(t,0) =y*(¢,1) =0, (4.6)
y*(0,2) = yo(x) = 20sin(nz),
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Cost of the control —— Size of the target —m—
Optimal energy —4—  Exact solution —@—

100 T T T T T T T 100 T T T T T T T
00— r—0—0—0
A A A A A— A A A
103 | - 1073 | slope 2 .
slope 2
/. slope 4
1076 1 106} ./0/./. |
107° | 41 1079 B
10—12 [ 10—12 I
1073 1072 1073 1072
(a) ¢(h) = h? (B) ¢(h) = h*

FIGURE 6. System (4.4) with a non-localised control w = €; Semi-discrete scheme

and then, to set y**1 = ay* + (1 — a)y*, for some relaxation parameter o €]0,1[. The initial guess 3° is for
instance taken to be 0.

Note that we are not ensured that this fixed-point algorithm actually converges. Indeed, the theoretical
argument for showing the existence of a null-control for this problem relies on a Schauder-type fixed-point
argument (see [FCZ00]) and not on a contraction fixed-point argument. It appears that, in the test we performed
below, we did not experienced any particular difficulty on this aspect, provided that a suitable relaxation
parameter was choosed, namely o« = 0.3 here. Nevertheless, for other values of the parameters (for instance if
one takes ¢(h) = h*) we can experience convergence problems and then more subtle algorithms are needed (see
for instance the algorithms discussed in [FCM12al).

In Table 3, we observe that the L3,(0,T; Uy )-norm of the approximate control appears to be bounded when
one refines the time step and the mesh size, as in the linear situation. We also observe in Figure 7b that the

size of the computed target ”L’?’& (Va(n) hst|Yo.n) Hh behaves like ¢(h)/2.

M
50 100 150 200

50 [ 97.5 952 944 941
100 | 96.7 94.3 93.5 93.2
150 | 96.4 94.1 93.3 92.9
200 | 96.3 93.9 93.2 928

N

TABLE 3. Cost of the control [[v(b(h),h,(;t] 2 ) for System (4.5) with ¢(h) = h?
s

t(O:T;Uh
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M =50-8-

M =100 —e—
L M =150 —— g
| M =200 —— :

1072.6 1072.4 1072.2 1072 1071.8 1071.6

h
(o) Time evolution of the con- (B) Size of the computed target for
trolled solution (M=control do- various time steps
main)

FIGURE 7. Computation of a null-control for Problem (4.5) with ¢(h) = h?

4.4. 1D systems with one control force

In this section we illustrate the possibilities of the numerical methods discussed here in the case of more
complex problems, in particular controlled parabolic systems characterized by a number of controls less than
the number of equations in the system. This is a very important issue since the theoretical results available in
this framework are far from being complete; we refer to the recent survey article [AKBGBdT11] and references
therein. Numerical simulations may help to highlight expected or unexpected behaviors and then to go further
in the understanding of controllability properties for such systems.

In this section, we systematically use the implicit Euler scheme with M = 400 time steps and the penalisation
function is chosen to be ¢(h) = h'.

4.4.1. A two equation cascade system

Let us consider the case of a two equation/one control cascade system

2 0 0y (1
Oy — 0.105y + <a21(x) O) y= (0> 1,v. (4.7
——_——— ——
=A(z) =B

In such a system, the control v directly acts on the first component y;, whereas the second component y- is
only controlled by the action of y; through the coupling matrix A(z). In the case where A(x) does not depend
on z, it is shown in [AKBDGBO09] that the null-controllability of this system is equivalent to the (algebraic)
Kalman rank condition between A and B (in any dimension).

In the case of a variable coupling matrix, the situation is more intricate. Roughly speaking, if the support
of the coupling term ao; intersects the control domain, then null-controllability can be proved (here also in any
dimension) by means of Carleman estimates. However, if it is not the case but if the sign of as; is constant,
then the same result can be achieved (in 1D) by means of the transmutation method (see [RAT11] and [ABL13]
for some related results in any dimension). We recently gave in [BO13] a complete characterisation of the
approximate controllability properties for (4.7) in the 1D case. As we will see below, some unexpected behavior
may occur when the sign of as; is not constant. Let us describe the different simulations that we performed.
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e Case 1: ag(x) =1o(x) > 0and ONw # O (see Figure 8)

0 =10.2,0.9], w =0.1,0.5[, yo(x) = (sin(3mz), sin(rz)'0)", T = 3.

——

=
==
=
——
—_———
= ——

T=3
(A) First component (M=control domain) (B) Second component (M=coupling domain)
T T 7
o VN VN o
1 @ 14 14 4 B
10 N . N .
slope 2
1078 1
1075 | :
1077 | 1
Ll
1073 102
h

(C) Same legend as in Figure 6
FIGURE 8. System (4.7). Case 1: ONw #
e Case 2: as1(z) =1p(z) > 0 and O Nw = 0 (see Figure 9)
0 =]0.7,0.9], w=]0.1,0.5], yo(z) = (sin(37mc),sin(77:1c)10)t , T =3.
e Case 3: ag1(z) = (z — a)lo(z), with o € O and O Nw = () (see Figure 10)

0 =10,0.5[, a € {1/4,1/8}, w =]0.5,1], yo(x) = (sin(2nz), 3sin(2rz))", T = 2.



ESAIM: PROCEEDINGS 37

0.5

. -,v'm'l':'fu/ .

\ : 7 5
g\q’fl’" ’5\%\2\\\\\ \\\:\\

T=3
(A) First component (M=control domain) (B) Second component (M=coupling domain)
102 T
‘\A\‘\‘
0 %
100 :
1072 1
slope 2
| ./././. |
1070 1
Ll
1073 102
h

(c) Same legend as in Figure 6

FIGURE 9. System (4.7). Case 2: ONw =

In cases 1 and 2, for which we have theoretical results proving that null-controllability holds, we observe that
h*-null controllability of the discrete system seems to hold in both cases. Indeed, the cost of the control and
the optimal energy are bounded as h — 0 whereas the computed target goes to 0 as h%. In the case 1, the
solution is damped quite rapidly since the coupling is strong (because it is supported on the control domain).
By comparison, we observe that the evolution of y; is much more complex in case 2 since the coupling between
the two components is much weaker.

In case 3, we illustrate the fact that the system is approximately controllable for & = 1/8 but is not approx-
imately controllable for aw = 1/4 (see [BO13]). Observe in Figure 10b that, when a = 1/8, the size of the target
actually goes to 0 but its convergence rate is only h and not h2. Similarly, the optimal energy and the control
cost seems to behave like h~!. We do not have any explanation yet for such a behavior, but two conjectures can
possibly be made: either the continuous problem is approximately- but not null-controllable (this could even
depend on the control time T') or the discrete problem is only ¢(h)-null controllable for functions ¢ going to
zero sufficiently slowly.
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105 L 103 T T T T T 17 T
101 - B 10_1 | SlOpC -1 h
slope 1
10~ | —0 ¢ ¢ % 4 1073} ././././. N
1073 | E—8 88 | 10°f |
L1l Ll
1073 1072 1073 1072
h h
(A) @ =1/4. Same legend as in Figure 6 (B) @ =1/8. Same legend as in Figure 6

FIGURE 10. System (4.7). Case 3 : O Nw = () and a9y changes its sign

4.4.2. A three-equation cascade system

In this section, we consider the following cascade system

0 0 0 1
Oy — 0.10%y + [ a2 (x) 0 0)ly=10]1,(z)v. (4.8)
0 6132(1') 0 0
d;fA(z) défB

As in the previous system, null-controllability is known to hold as soon as the support of a2 and azs do intersect
the control domain w with some additional sign conditions. We illustrate in Figure 11 the various behaviors
described in [BO13]. More precisely, we choose T' = 1, yo(z) = (—1, 0, 1]070_5[(30))15 and we consider the following
two cases

o Casel:
a1 = ]_(927 02 :]0705[, azy = 1, w :]05, 1[

Here the system is known to be approximately controllable and what we observe in Figure 11a is similar
to the situation that we already encountered in Figure 10b: the target tends to zero like h?-® instead of
h? = ¢(h)/? that one could have expected. Here also the problem may not be null-controllable or the
numerical approximation may require stronger conditions on the penalisation function ¢.

e Case 2 :

as1 = 1(92, 02 :}0,0.5[, a32(I) = (.27 — 0.5), w :]0.5, 1[.

Here, it can be proved that the system is not approximately controllable and we actually observe that
the size of the computed target does not tend to 0 when A — 0. Observe that the support of ass
intersects the control domain and that its sign is constant in w. The non-controllability is related here
to the change of sign of this coefficient outside w.
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(A) Case 1 (B) Case 2

FIGURE 11. System (4.8). Same legend as in Figure 6

4.4.3. A three equation system with one single control

In this section, we consider the following system of three equations controlled by one single control

0 0 0 1
Oy — 0192y + [az(z) 0 0fy={0]1.(2)o.
asi (x) 0 0 0
défA(m) défB
Observe that this is not a cascade system; in particular for any x € 2, the Kalman rank condition between
A(z) and B is not satisfied. As a consequence, the results obtained for instance in [Maul3] do not apply to this
system.

e In this system, the distributed control v only acts on the first component y; and this component serves
as a simultaneous control for the second and third one through the coupling terms a2 and as;.

e If one simply consider the first two equations (resp. equations 1 and 3), one faces a two-equation cascade
system as in the previous section and theoretical results are known as discussed before. It follows that,
in many cases, a control can be proved to exists that drive y; and y2 (resp. y1 and y3) to zero at time
T.

The more difficult problem that we want to deal with here is to find a single control v that drives
simultaneously the three components to 0 at the same time T'.

There is at least one case where the controllability for this system clearly fails. Indeed, assume that
a2, and az; are proportional, it is then clear that the difference asys — azys for a suitable choice of
the constant coefficients oo, a3 simply satisfies a heat equation without any influence of v and y; and
therefore we can not hope to drive this quantity to zero at time 7.

We shall see below, in our numerical experiments, that the situation can be very different if ag; and
asy are linearly independent.

In all the following tests, we choose T' = 3 and yo(z) = (0, sin(7z)'?, 0)%.
Let us first consider the case where as; and a3 are piecewise constant functions. More precisely, we choose
az1 = 1p, and ag; = 1p, and we will investigate various geometric configurations for Oz, O3 and w.
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For a first series of cases as shown in Figure 12, we proved in [BO13] that the system is approximately
controllable. This is exactly what we observe in numerical results since the optimal energy and the control
cost remain bounded and that the size of the target goes to zero as h?. Those results let us hope that null-
controllability should also hold for such system but, to the author’s knowledge, this is still an open problem.

T L T T T T 1 1] T
10° —a 4 10" | e
o
1072 8 10~ F i
slope 2
slope 2
104 : 103 | :
1076 = 10-5 |- |
L1 |
1073 102 1073 1072
h h
O3 w O3 w
(52 02
(A) O3 =]0.4,0.9], 03 =]0, 0.3, w =]0.5, 1] (B) Oz =]0.7, 1[, O3 =]0, 0.3[,w =]0.4, 0.6]
L
101 [ A\A\‘\A B
9
107" 1
slope 2
1073 8
1075 | :
|
1073 1072
h
w Os w
—
Oz

(c) O3 =]0.55,0.7[, O3 =]0.3,0.45[,w =]0,0.2[

FIGURE 12. Controllable cases (same legend as in Figure 6)

Conversely, in the cases shown in Figure 13, we are able to prove that the system is not approximately
controllable in general. Actually, we observe in numerical results that the optimal energy blows up like h™* =
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¢(h)~1, that the control cost remains bounded and that the size of the target does not tend to zero. We conclude
that the controllability fails for this system in such cases. Note that, we observed that the computed target
converges when h — 0 towards some function, that we plot in the right-hand side of each figure. This function
can be actually shown to be an element of the the space Qr that we introduced in (1.20), see [BO13].

108 e

108

10%

102

10°

102

10

(A) O3 =]0.4,0.6[, 03 =]0,0.3[,w =]0.7, 1]

108 —

100

104 L

102 L

100 [

1073

(B) Oa =]0.2,0.6[,03 =]0,0.4[,w =]0.7, 1]

FIGURE 13. Non-controllable cases (same legend as in Figure 6)
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We conclude this study by considering the case where ao; and az; are not characteristic functions but,
for instance, supported in the same coupling domain O. More precisely, we choose as1(z) = x1lp(z) and
as1(z) = (x + 1)1p(z). These examples are inspired from [BCGAT13] where the null-controllability of such
systems is proved under some specific assumptions on the coefficients, and on the control domain.

In figure 14, we show the results obtained in the case where O has a non empty intersection with the control
domain. The behavior of the system seems to indicate that the system is controllable.

T T 1]
101 [ A A A A —
00—
107 :
slope 2
1073 - 1
1072 1
T
1073 1072
h
w
%)

FIGURE 14. Variable coupling coefficients a2i(x) = zlo(x), azi(z) = (z + 1)1o(z), O =
10,0.8[,w =]0.2,0.9].

In Figure 15, we choose now a coupling domain O which does not intersect the control domain. In this
case, we observe that the system is not controllable and we show the computed target that we obtained on the
right-hand side of the figure.
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FIGURE 15. Variable coupling coefficients az1(x) = zlo(x), azi(z) = (x + D)1lp(z), O =
10,0.2[,w =]0.5, 1.

The author would like to warmly thank J. Le Rousseau and G. Olive for their useful comments on the material contained
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write the present article.
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