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Abstract

We prove some existence (and sometimes also uniqueness) of weak solutions to some station-
ary equations associated to the complex Schrodinger operator under the presence of a singular
nonlinear term. Among other new facts, with respect some previous results in the literature for
such type of nonlinear potential terms, we include the case in which the spatial domain is possibly
unbounded (something which is connected with some previous localization results by the authors),
the presence of possible non-local terms at the equation, the case of boundary conditions different
to the Dirichlet ones and, finally, the proof of the existence of solutions when the right-hand side
term of the equation is beyond the usual L?-space.
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1 Introduction

This paper is concerned by existence of weak solutions for two kinds of equations related to the

complex Schrodinger operator,

—Au+ alu|~ ™y + bu = F, in L*(Q), (1.1)

—Au + alu| ™y 4+ bu+ ¢V = F, in L*(Q), (1.2)
with homogeneous Dirichlet boundary condition
ur =0, (1.3)
or homogeneous Neumann boundary condition

ou
= 1.4
e 0, (1.4)

where Q is nonempty subset of RY with boundary T', 0 < m < 1, (a,b,c) € C?> and V € L®(Q;R) is

N
a real potential. Here and in what follows, A = > % is the Laplacian in €.
J

j=1
In Bégout and Dfaz [3], the authors study the spatial localization property compactness of the support
of weak solutions of equation (1.1) (see Theorems 3.1, 3.5, 3.6, 4.1, 4.4 and 5.2). Existence, unique-
ness and a priori bound are also established with the homogeneous Dirichlet boundary condition,
F e LP(Q) (2 < p < o) and (a,b) € C? satisfying assumptions (2.15) below. In this paper, we give
such existence and a priori bound results but for the weaker assumption F' € L?(€2) (Theorems 2.9

and 2.11) and also for some different hypotheses on (a,b) € C? (Theorems 2.4 and 2.5). Additionally,

we consider homogeneous Neumann boundary condition (Theorems 2.9 and 2.11).

In Bégout and Diaz [1], spatial localization property for the partial differential equation (1.2) associ-

ated to self-similar solutions of the nonlinear Schrédinger equation
iy + Au = alu| "™y + f(t, z),

is studied.

In this paper, we prove existence of weak solutions with homogeneous Dirichlet or Neumann boundary



conditions (Theorems 2.6) and establish a priori bound (Theorem 2.7). For both equations (1.1) and
(1.2) with any of both boundary conditions (1.3) or (1.4), we also show uniqueness (Theorem 2.12)
and regularity results (Theorem 2.15), under suitable additional conditions. We send the reader to
the long introduction of Bégout and Diaz [1] for many comments on the frameworks in which the
equation arises (Quantum Mechanics, Nonlinear Optics and Hydrodynamics) and their connections

with some other papers in the literature.

This paper is organized as follows. In the next section, we give results about existence, uniqueness,
regularity and a priori bounds for equations (1.1) and (1.2), with boundary conditions (1.3) or (1.4).
In Section 3, we give some very simple estimates which will be used to prove the results of this present
section. Section 4, is devoted to the establishment of a priori bounds for the different truncated
nonlinearities of equations studied in this paper. In Section 5, we prove the results given in Section 2.
In Bégout and Diaz [3], localization property is studied for equation (1.1). The results we give
require, sometimes, the same assumptions on (a, b) € C? as in Bégout and Diaz [3] but with a change of
notation. Consequently, in Section 7 we present some planar representations of the assumptions on the
complex parameters a and b which may help to understand this new notation (see also Comments 2.8
below for the motivation of this change). Finally, in Section 6 we will show the existence of solutions
to equation (1.2) for data in a weighted subspace. Existence of weak solutions for equation (1.2) is
used in Bégout and Diaz [1] while existence of weak solutions for equation (1.1) is used in Bégout and

Diaz [2].

2 Main results and notations

Before stating our main results, we shall indicate here some of the notations used throughout. We
write i2 = —1. We denote by z the conjugate of the complex number z, by Re(z) its real part and by
Im(z) its imaginary part. For 1 < p < oo, p’ is the conjugate of p defined by 1% + i = 1. The closure
of a subset © of RY is denoted by Q and its complement by Q¢ = R¥ \ €. The notation w €  means
that the closure @ C Q and that @ is a compact subset of RY. For o € R and r > 0, we denote by
B(xg,7) the open ball of RY of center zg and radius 7, by S(zg,r) its boundary and by B(xq,r) its
closure. Unless if specified, any function belonging in a functional space (L]”(Q)7 WmP(Q), H (D), etc)
is supposed to be a complex-valued function (LF(€;C), W™P(;C), Hj (€% C), etc). For a Banach
space E, we denote by E* its topological dual and by (., .)g+ g € R the E* — E duality product. In
particular, for any T € L? (Q) and ¢ € LP(Q) with 1 < p < oo, (T, @) L' (),Lr () = Re [ T(x)p(r)dz.
Q

We denote by SOx(R) the special orthogonal group of RY. As usual, we denote by C auxiliary



positive constants, and sometimes, for positive parameters ay, ..., a,, write C(aq,...,a,) to indicate
that the constant C' continuously depends only on aq, ..., a, (this convention also holds for constants

which are not denoted by “C”).
Definition 2.1. Let Q be a nonempty open subset of R, let f € C'(H'(Q2); L?(Q2)) and let F' € L*(%).

1) We say that u is a weak solution to

~Au+ f(u) = F, in L*(Q), (2.1)
and
ur =0,
if ue H} () and if
(Vu, Vv)r2(0),22(0) + (f(0),0) 12(0),12(0) = (F,v)12(0),2(9), (2.2)

for any v € H (D).
2) Assume that I' # () and Q has a C' boundary. Let v be the outward unit normal vector to
I'. We say that u is a weak solution to (2.1) and

o _
ovir

if u € H'(Q) and if u satisfies (2.2) for any v € H ().
In particular, for both kinds of boundary conditions, Au € L?(2). It follows then that v € HZ_ ()

and so (2.1) takes sense almost everywhere in € (see, for instance, Proposition 4.1.2; p.101-102 in

Cazenave [7]).

3) In a general way, if one has merely f € C(L} (Q);Li.(Q)) and F € L{ (), for some

loc loc

1 < p < oo, then we say that u is a local very weak solution to
—Au+ f(u) =F, in 2'(Q),

ifuelL?

1o (£2) and if
(—u, Ap) g1 (),2(90) + (f(u), ©) 2/ Q),2) = (F'¢)9/9).2(Q)

for any ¢ € 2(Q). If, in addition, f € C(LP(Q); L*(2)) and u € LP(Q) then u is said to be

a global very weak solution.



Remark 2.2. Here are some comments about Definition 2.1.

1)

More generally, we may introduce some special issues classes of weak solutions: let Z(Q0) —

E C L () be a Banach space with dense embedding. Let

loc
f € C(B; E*) N C(Hioo(Q); Lige (),
and let F' € L?(2). Then u is said to be a weak solution to
~Au+ f(u) = F, in B* + L*(Q), (2.3)
and (1.3) (respectively, to (2.3) and (1.4)) if
u€ Hi(Q) NE (respectively, if u € H (Q) N E),
and if

(Vu, Vo) 12(0) 22(Q) + (f(u),v) B+ B = (F,v)2(Q),2(2)> (2.4)

for any v € H}(Q) N E (respectively, for any v € H'(Q) N E). In particular, for both
kinds of boundary conditions, Au € E* 4+ L?(2) and so (2.3) takes sense in E* + L?(2). It
follows that if E* C L{ _(Q) then (2.3) takes sense almost everywhere in Q. Note that since

loc

f e C(HL(Q);LL.(Q) and Au € 2'(Q2) (with help of the dense embedding Z(Q2) — E),

loc

any weak solution in E* + L2(€) is also a solution in 2'(Q).

Assume that Q is bounded and has a C%! boundary. We recall that if v € H(2) then
boundary condition ujr = 0 makes sense in the sense of the trace y(u) = 0 and that u € H{ ()
if and only if y(u) = 0. If furthermore Q has a C! boundary and if u € C(Q) N H}(Q) then
for any x € ', u(z) = 0 (Theorem 9.17, p.288, in Brezis [1]). Finally, if u ¢ C(Q) and Q has
not a C%! boundary, the condition ur = 0 does not take sense and, in this case, has to be

understood as u € H} ().

Assume that Q is bounded and has a C'! boundary. Let v be the outward unit normal
vector to I' and let u € H(Q2) be any weak solution to (2.1) with homogeneous Neumann
boundary condition (1.4). Then u € H?(2) and boundary condition %\F = 0 makes sense in
the sense of the trace 'y(Vu.I/) = 0. If, in addition, u € C*(Q) then obviously for any = € T,

9u(z) = 0. Indeed, since u € H'(Q), Au € L*(Q) and (2.1) takes sense almost everywhere



in Q, we have y (%) € H’%(F) and by Green’s formula,

ReQ/Vu(x).Vv($>d$ - <7 (?j) ’7(”)>H5(F),Hé(r)

+Re / £ (u(2))v@)de = Re / Fla)ol)dz, (2.5)
Q

Q

for any v € H'(Q) (see Lemma 4.1, Theorem 4.2 and Corollary 4.1, p.155, in Lions and
Magenes [16] and (1,5,3,10) in Grisvard [12], p.62). By Definition 2.1, this implies that

6u>
7(5) ) _, (2.6)
< <5V H™3(T),H*(T)

for any v € H'(Q). Let w € H=(T'). Let v € H'(Q) be such that ~(v) = w (Theorem 1.5.1.3,
p.38, in Grisvard [12]). We then deduce from (2.6) that,

VwEH%(F), ~ % ) =0,
ov H™3(T),H*(T)

and so v (9%) = 0. But also u € L*(Q) and Au € L*(Q). It follows that u € H?(()
(Proposition 2.5.2.3, p.131, in Grisvard [12]). Hence the result.

Example 2.3. Here, we give some examples which fall into the scope of 1) of Remark 2.2.

1) Let Q € RY be a nonempty open subset, let (a,b,¢) € C3,let 0 <m < 1, let V € L (;R)

loc

and set
Y= {ue L*(Q);Vue L*(Q)}, (ulv)s = (ulv)rz + Re/V2uﬁdx, lull% = (v|v)s,
Q
where (.|.)z2 denotes the scalar product in L*(£2). We obviously have that (X, (.[.)s, | .[s)
is a Hilbert space and that 2(Q) — ¥ with dense embedding. For any u € X, let us define
g(u) = V?u.

Let u € ¥ and let (uy,)neny C X be such that u, L u. It follows from the dense embedding
n—oo

2(Q) — ¥ and Cauchy-Schwarz’s inequality that,

lg(u) = gun)lls = sup  (g(u) = g(un),v)g. ¢

{vG@(Q)
llvlls=1
=S )50 )y = 0 T [ V000 o) T
e e &
<V —un)ll 2y s (VO] 2y < llu—unlls === 0.
ot



So that, g € C(3;¥*). In addition, since Z(12) is dense in both L™*(Q) and %, it follows
that

m+1

(ENL™(Q) =S+ L7 (Q),

(see, for instance, Proposition 1.1.3, p.3, in Cazenave [6]). Now consider E = ¥ N L™+1(Q)

and f(u) = alu|~ =™y + bu + ¢Vu. From what precedes, we have that E* = ¥* + L5 Q)

and
€ C(B; E*) N C(Hipeo(Q): Lioe ()
Applying 1) of Remark 2.2, we obtain that for any F € L?(f), u is a weak solution to

m+1

(), (2.7)

—Au+alu| ™y 4 bu+ Vi =F, in 2* + L
and (1.3) (respectively, to (2.7) and (1.4)) if
u€ Hy(Q)NL™ Q)N (respectively, if u € H'(Q) N L™ (Q) N %),

and

(Vu, V) r2(0),2(0)

—(1—m) 2
+ {alu] u + bu + cV-u, v>2*+LmTf1 (@),EnLmH)

= <F, U>L2(Q),L2(Q)7 (28)

for any v € H}(Q) N L™HH(Q) NS (respectively, for any v € H'(Q) N L™ () NX). In
particular, for both kinds of boundary conditions, Au € (¥* + L%(Q)) N LL.(Q) and

loc
m+1

so (2.7) takes sense in (X* + L% (Q)) N L}

loc

(©) and almost everywhere in 2.

Let Q C RY be a nonempty open subset, let a € C, let 0 < m < 1, let V € L>(Q;C) and set
f(u) = alu|~ "™y + V.
Since 2(1) is dense in both L™1(Q) and L?(Q), it follows that
(L*(Q) N L™(Q))" = L*(Q) + L™ (Q),
(see, for instance, Proposition 1.1.3, p.3, in Cazenave [(]). One easily checks that

e C(LA(Q) NL™H(Q); L2(Q) + L™ () N C(Hb(2); L, ().



Applying 1) of Remark 2.2, we obtain that for any F € L?(Q), u is a weak solution to

m-+41

—Au+alu|~ ™y + Vu = F, in L*(Q) + L™ (Q), (2.9)

and (1.3) (respectively to (2.9) and (1.4)) if
we€ Hy(Q)NL™(Q) (respectively, if u € H'(Q) N L™ (),

and if

(Vu, Vo) r2(a),22(0)

a0 Vo)

L2(Q)+L Q),L2(Q)NL™+1(Q)

= (F,v)r2Q),02(), (2.10)

for any v € H}(Q) N L™T(Q) (respectively, for any v € H* () N L™T(Q)). In particular,

" (€) and so (2.9) takes sense in

for both kinds of boundary conditions, Au € L?(Q2) + L
L2(Q) + L5 (Q) and almost everywhere in €.

3) Hartree-Fock type equations. Let V € LP(RY;R) 4+ L°(RV;R), with min {1, 5} <p <
oo and let W € LY(RY;R) + L= (RV;R), with min {1, §'} < ¢ < co. Set r = pzfpl, 5= (;“_—ql,
E = L*RY)n L*®RY) n L™ (RY) n L¥(RY),
flw) = Vu+ (W uf*)u,
for any u € HY(RY). Then H!(RY) < E with dense embedding and by density of Z(RY)

in spaces L™(RY), for any m € [1, ), we have
E* = L*(RY) + L5 (RY) + L (RY) + L* (RN),
fe C’(E; E*),
fec(H RY); HY(RY)).
See Cazenave [6], Proposition 1.1.3, p.3, Proposition 3.2.2, p.58-59, Remark 3.2.3, p.59,
Proposition 3.2.9, p.62, Remark 3.2.10, p.63 and Example 3.2.11, p.63.

Let 0 < m < 1 and let z € C\ {0}. Since [[2|~(!=™)z| = [z|™, it is understood in (2.7) and (2.9) of
Example 2.3 that ||z|~(3=™)z| = 0 when z = 0.

We start now with the statements of the main results of this paper.



Theorem 2.4 (Existence). Let ) a nonempty open subset of RN be such that || < oo and assume
0<m <1, (a,b) € C? and F € L*(Q). If Re(b) < 0 then assume further that Im(b) # 0 or
—Cig < Re(b), where Cp is the constant in (3.2) of Lemma 3.1 below. Then there exists at least one
weak solution u € H} () to (1.1) and (1.3). In addition, any weak solution belongs to HZ ().

Symmetry Property. If furthermore, for any R € SOn(R), RQ = Q and if F is spherically
symmetric then there exists a spherically symmetric weak solution u € Hg(Q) N HZ () of (1.1) and

(1.3). For N =1, this means that if F is an even (respectively, an odd) function then u is also an

even (respectively, an odd) function.

Theorem 2.5 (A priori bound). Let Q a nonempty open subset of RY be such that || < oo and
assume 0 < m < 1, (a,b) € C? and F € L?(Q). If Re(b) < 0 then assume further that ITm(b) # 0 or
*C%% < Re(b), where Cp is the constant in (3.2) of Lemma 3.1 below. Let u € H(2) be any weak

solution to (1.1) and (1.3). Then we have the following estimate.
lull ) < C,
where C' = C(||F||r2(q), 1€, |al, |b], N, m).

Theorem 2.6 (Existence). Let Q C RY be a nonempty open subset and assume V € L>®({;R),
0<m<1, (a,b,c) € C3 is such that Im(a) < 0, Im(b) < 0 and Im(c) < 0. If Re(a) < 0 then assume

further that Tm(a) < 0. Then we have the following result.

1) For any F € L2(R)), there exists at least one weak solution u € H}(Q) N L™TH(Q) to (1.2)

and (1.3). Furthermore, any weak solution belongs to HZ (€2).

2) If we assume furthermore that ) is bounded with a C* boundary then the conclusion 1) still
holds true with uw € H'(2) N HE () and the homogeneous Neumann boundary condition
(1.4) instead of uw € H}(Q) N HE

Q) and the homogeneous Dirichlet boundary condition
(1.3).

Symmetry Property. If furthermore, for any R € SOn(R), R = Q and if F € L*(Q) is spherically
symmetric then there exists a spherically symmetric weak solution v € H*(2) N L™T1(Q) N HE ()
of (1.2) satisfying the desired boundary condition (1.3) or (1.4)'. For N = 1, this means that if F is

an even (respectively, an odd) function then u is also an even (respectively, an odd) function.

Theorem 2.7 (A priori bound). Let Q@ C RN be a nonempty open subset, let V€ L>®(;R), let
0 <m <1, let (a,b,c) € C> be such that Im(a) < 0, Im(b) < 0 and Im(c) < 0. If Re(a) < 0 then

Ior which we additionally assume that 2 has a C! boundary.



assume further that Im(a) < 0. Let F € L*(Q) and let u € H*(Q) be any weak solution to (1.2) with

boundary condition (1.3) or (1.4)'. Then we have the following estimate.
lullz @) + lulFotts ) < MV Lz (@) + DIFIZ2 (),
where M = M(|al, |bl,|c|).
Comments 2.8. In the context of the paper of Bégout and Diaz [3], we can establish an existence

result with the homogeneous Neumann boundary condition (instead of the homogeneous Dirichlet

condition) and F € L?() (instead of F' € LMTH(Q)) In Bégout and Diaz [3], we introduced the set,

A= C\ {z € C;Re(z) = 0 and Im(z) < 0},

and assumed that (@, b) € C? satisfies,
Re(a@)Re(b) > 0,

(@b)eAxA and or (2.11)

M@M@<Omdm@>§%

Im (@),
with possibly b= 0, and we worked with
—iAu + aju|" ™y 4 bu = F.

Nevertheless, to maintain a closer notation to many applied works in the literature (see, e.g., the

introduction of Bégout and Diaz [1]), we do not work any more with this equation but with,
—Au+ alu|~ ™y + bu = F,

and b # 0. This means that we chose, a = ia, b =ib and F = iF. Then assumptions on (a,b) are

changed by the fact that,
Re(a) = Re(—ia) = Im(a), (2.12)
Im(b) = Im(—ib) = —Re(b). (2.13)
It follows that the set A and (2.11) become,
A =C\ {z € C;Re(z) < 0 and Im(z) = 0}, (2.14)

Im(a)Im(b) > 0,

(a,b) e Ax A and or (2.15)
Im(a)Im(b) < 0 and Re(b) >

10



Obviously,
((5,3) € A x A satisfies (2.11)) = ((a, b) € A x A satisfies (2.15)).

Assumptions (2.15) are made to prove the existence and the localization property of weak solutions
to equation (1.1). A geometric interpretation of (2.15) is given in Section 7 (as in Section 6 of Bégout

and Dfaz [3]). Now, we give some results about equation (1.1) when (a,b) € A x A satisfies (2.15).

Theorem 2.9 (Existence). Let ) be a nonempty open subset of RN let 0 < m < 1 and let (a,b) € A2
satisfies (2.15)7.

1) For any F € L*(Q), there exists at least one weak solution w € H}(Q) N L™TH(Q) to (1.1)

and (1.3). Furthermore, any weak solution belongs to HZ ().

2) If we assume furthermore that Q is bounded with a C* boundary then the conclusion 1) still
holds true with uw € H(Q)NHZ . (Q) and the homogeneous Neumann boundary condition (1.4)
instead of u € HY (2N HE () and the homogeneous Dirichlet boundary condition (1.3).

In addition, the Symmetry Property of Theorem 2.6 holds true for equation (1.1).
Remark 2.10. Here are some comments about Theorems 2.4, 2.6 and 2.9.

1) Assume F is spherically symmetric. Since we do not know, in general, if we have uniqueness

of the weak solution, we are not able to show that any weak solution is radially symmetric.

2) Uniqueness for equation (1.1) holds under assumption a # 0, Re(a) > 0 and Re(ab) > 0.

0
Geometrically, this means that .6 =0 or, equivalently, [Z('@, b)| < —rad. For more

T

2
details, see Section 7. Extension is given in Theorem 2.12 below.

Theorem 2.11 (A priori bound). Let Q C RY be a nonempty open subset of RN let 0 < m < 1

and let (a,b) € A? satisfies (2.15)?. Let F € L?(Q) and let v € H*(Q) N L™T(Q) be any weak

solution® to

—Au+alu| ™y 4 bu = F, in L2(Q) + L7 (Q), (2.16)
with boundary condition (1.3) or (1.4)'. Then we have the following estimate.

[ullf @y + lullfths o) < MIF(IZ2(q),

where M = M(|al, |b]).

2See Comments 2.8 and Section 7.
3See 2) of Example 2.3.
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Theorem 2.12 (Uniqueness). Let Q@ C RN be a nonempty open subset, let V. € L (Q;R), let

loc

0 <m <1 and let (a,b,c) € C? satisfies one of the three following conditions.
1) a #0, Re(a) = 0, Re(ab) = 0 and Re(ag) > 0.
2) b#0, Re(b) = 0, a = kb, for some k > 0 and Re(be) > 0.
3) ¢#0, Re(c) 2 0, a = ke, for some k > 0 and Re(b¢) > 0.

Let F € L (Q). If there exist two weak solutions uy,us € H*(Q) N L™(Q) to equation (1.2) with
the same boundary condition (1.3) or (1.4)' such that Vuy, Vug € L2(2) then ui = us.

Remark 2.13. Here are some comments about Theorem 2.12.
1) In Theorem 5.2 in Bégout and Diaz [3], uniqueness for equation

—iAu + du|" "™y 4 bu = F,

holds if @ # 0, Im(a) > 0 and Re(ab) > 0. By (2.12)—(2.13), those assumptions are equivalent
to 1) of Theorem 2.12 above for equation (1.1) (of course, ¢ = 0). It follows that Theorem 2.12

above extends Theorem 5.2 of Bégout and Diaz [3].

2) In 2) of the above theorem, if we want to make an analogy with 1), assumption a = kb, for

some k > 0 has to be replaced with Re(ab) > 0 and Im(ab) = 0. But,
(Re(ag) > 0 and Im(ab) = O) — <3k >0/a= kb).
In the same way,
(Re(aé) > and Im(ac) = 0) = (Elk; >0/a = kc).
3) Note that if || < oo then HY(Q) N L™ (Q) = HY(Q).

Remark 2.14. In the case of real weak solutions (with ' = 0 and (a,b,c) € R x R x {0}), it is
well-known that if b < 0 then it may appear multiplicity of weak solutions (once m € (0,1) and

a > 0). For more details, see Theorem 1 in Diaz and Herndndez [3].

Theorem 2.15 (Regularity). Let Q C RN be a nonempty open subset, let V € LI (Q;C), for any

loc
1<r<oo,let0<m<1,let(a,b) € C? let F €Ll (Q),let1<q<ooandletue Ll () be any

loc

local very weak solution to
—Au+ alu|~Y ™y 4 Vu = F, in 2'(Q). (2.17)
Let g < p < o0 and let a € (0, m].
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1) If F e LP (Q) thenu e W2P(Q). If (F,V) € CO%() x C2*(Q) then u € C2%(1).

loc loc loc loc loc

2) Assume further that Q is bounded with a CY'' boundary, F € LP(Q), V € L"(Q;C), for any
1 <r <oo,ue€ L) is a global very weak solution and wr = 0 in the sense of the trace.

Then u € W2P(Q) N W, P(Q). If (F,V) € C%*(Q) x C**(Q) then u € C*(Q) N Co(Q).

3) Assume further that  is bounded with a CY' boundary, F € LP(Q), V € L"(Q;C), for any

1<r<oo,u€ LiQ) is a global very weak and % = 0 in the sense of the trace, where

T
v denotes the outward unit normal vector to T'. Then u € W2P(Q). If (F,V) € C%*(Q) x

C%%(Q) then u € C*>*(Q) and for any x € T, %(z) =0.

Here and in what follows, for 0 < a < 1 and k € Ng % NU {0},

CEoQ) = ue CF0);Vw € Q, Z HY(DPu) < +o0 p,

loc

|B1=Fk
where H%(u) =  sup % and
{(m,y)€w2
z#yY

R (Q) = {u € CH@;C): Y. HE(DPu) < +oo}.
|Bl=Fk
Of course, C(2) or C°(Q) is the space of continuous functions from €2 to C and for k € N, C*(Q)
is the space of functions lying in C(;C) and having all derivatives of order lesser or equal than k

belonging to C(€; C). Finally,
Co(Q) = {ue C(Q;C);Vz €T, u(x) =0},
when Q is bounded.

Remark 2.16. Let  be a nonempty bounded open subset of RY with a C*! boundary, let V €

N L7(C), let 0 <m < 1, let (a,b) € C% let 1 < g < p < oo, let F e LP(Q) and let u € LI(Q)
;T;:y global very weak solution to (2.17). Let T : u — {7(u),’y (%)} be the trace function
defined on Z(Q) and let Dy(A) = {u € L9(Q); Au € LI(Q)}. By density of 2(Q) in Dy(A), T
has a linear and continuous extension from D,(A) into Wfé’q(lj) X Wﬁlfé’q(F) (Hormander [13],
Theorem 2 p.503; Lions and Magenes [10], Lemma 2.2 and Theorem 2.1 p.147; Lions and Magenes [17],
Propositions 9.1, Proposition 9.2 and Theorem 9.1 p.82; Grisvard [12], p.54). Since u € L9(Q), it
follows from equation (2.17) and Hélder’s inequality that u € Dy(A). Then “wjp = 0 in the sense

of the trace” and “%u“ = 0 in the sense of the trace” make sense and means that y(u) = 0 and

7 (2%) = 0, respectively.
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The main difficulty to apply Theorem 2.15 is to show that a weak solution of (2.17) verifies some

boundary condition. In the following result, we give a sufficient condition.

Proposition 2.17 (Regularity). Let Q be a nonempty bounded open subset of RN with a C11
boundary, let v be the outward unit normal vector to T, let V € LN (Q;C) (V € L?T¢(Q;C), for some
e>0,if N=2andV € L*(;C) if N=1), let 0 <m < 1, let a € C and let F € L*().

1) Let u € H{(2) be any weak solution to (2.17) and (1.3). Then u € H*(Q) and ujr = 0 in

the sense of the trace.

2) Let u € HY(Q) be any weak solution to (2.17) and (1.4). Then u € H*(Q) and %IF =0n

the sense of the trace.

3 Some useful estimates

Lemma 3.1 (Poincaré’s inequality). Let Q a nonempty subset of RN be such that |Q| < co and

let 1 < p < oo. Then,
Vu € Wy (Q), llull v ) < Cr(P)IVullLr ), (3.1)
where Cp(p) = Cp(|2], N, p). In particular,
Vu € Hy(Q), |lullz2() < CellVullr2 (), (3.2)
where Cp = Cp(2) = Cp(|Q], N).

This result is well-known but for convenience, we briefly recall its proof.
Proof of Lemma 3.1. By density, it is sufficient to establish (3.1) for ¢ € 2(Q2). Applying Holder’s

inequality, we obtain

(3.3)

1
lollLeo) <1927+ ||<P||Lp<NN+p) @

Extending ¢ by 0 outside of Q and applying Gagliardo-Nirenberg’s inequality (see for instance

Cazenave [7], Theorem 5.4.9, p.155), we get

N P
Il g o, < NP IVl 55 Ny (3.4)

N (2

Estimate (3.1) then follows from (3.3) and (3.4), and (3.2) comes from (3.1) applied with p =2. O

We will frequently use the following estimate which comes from Holder’s inequality. Let €2 a nonempty

subset of R be such that |Q| < oo and let 0 < m < 1. Then, L*(Q) < L™"1(Q) and

1—m
Ve L), ull Ttk gy < 101 ul 7, (3.5)
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We recall the well-known Young’s inequality. For any real x > 0, y > 0 and p > 0, one has

2
[ L s
In particular,
C3 Cp?
ry < et + =y (3.7)

where Cp is the constant in (3.2).

4 A priori estimates

Lemma 4.1. Let Q a nonempty open subset of RY be such that || < oo, let w a nonempty open
subset of RN be such that w C Q, let 0 < m < 1, let (a,b) € C?, let a, 3 > 0 and let F € L*(Q). Let
u € HE(Q) satisfies

[192ll32 ) + Re(a) (lull 2 ) + allull o)

+ Re(b) (||u||%2(w)+ﬁ||u||L1(wc))‘</9|Fu\dx, (4.1)

[tm(a) (Il oy + allullzs ey ) + m@) (Jullfe) + Blullzwn )| < /Q | Fulda. (4.2)
Assume that one of the four following assertions holds.

1) Re(b) > 0 and one of the two following assertions holds.
a) |w| = 192].
b) |w| < |9, F € L*(Q) and aRe(a) 4 fRe(b) > || F|| Lo (q)-
2) Re(b) = 0. If Re(a) < 0 then assume further that oofjul| 11 ey < ||u||?$j1(wc).

3) Re(b) < 0, Im(b) # 0 and one of the two following assertions holds.

0) lol = 1.
) ol < 9], F € L2(2), —aflm(a)| + HIm(®)] > |Fllze) and allullzs e < [0l .
4) —Cp? < Re(b) < 0, where Cp is the constant in (3.2), allullpi(we) < Hu|2“,,ﬂl(wc) and
Bllullrwe) < llullZe(e):
Then we have the following estimate.
lull ) < C, (4.3)

where C = C(||F|[z2(q), |9, |al, [b], N,m).
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Remark 4.2. Note that when |w| = [Q|, assumptions as a/|u| 1 () < ||u|\zl,ﬂl(wc) and SBl|ul| L1 (e <
||u||%2(wc) are automatically fulfilled, for any «, 8 > 0

Proof of Lemma 4.1. By Poincaré’s inequality (3.2), it is sufficient to establish
IVullz2 @) < CUIF L2, [ [al, [b], N, m). (4.4)

We divide the proof in 4 steps.
Step 1. Proof of (4.4) with Assumption 1).
Let A = aRe(a) + SRe(b). Applying Holder’s inequality (3.5) in (4.1), we get

IVullFa () + (Re®)llulliz() — Re(a)l[Q17=") [ullfsl) + Allwlrwe
( (@)

< IVull3z() + Re(a) (lullfih ) + allulie ) +Re®) (lulfee) + Blulliws) — (45)
< / | Fu|dx
Q
Case 1. Re(b)||ul|;>() — [Re(a) 5L

It then follows that |lu|z2() < C(|Q], |al,[b],m). By (4.5),

I7all32(0) + Allull 1 ey < [Re(a)]|2 = lul 7552, /IFU\dx (4.6)

When |w| = |Q[, we have Allul|z1(wey = 0 and ||lul|z2(q) < C(|2],]al, [b],m). Thus, estimate (4.6), with

help of Cauchy-Schwarz’s inequality, becomes
1-m m
IVulZ2(q) < [Re(@)|Q 7= ull75ig) + 1 E 2@ lullz2@) < CUIF |20, 9, lal, 1B, m),
which is (4.4). Now, assume that |w| < |2|. We apply Holder’s inequality in (4.5) to obtain,

IVul32 0y + Allull 1 ey < [Re(a)||0] " I\ull?z+i)+/g\Fuldw

'm

< |Re(a) |92 ||u ||erl F I z2 @y llull 2 @)y + 1] Loo ey 1wl 21 (wey s

< CO(IF 22, 1921, |al, [b], m) + Allul| 1 (e

from which we deduce (4.4).
Case 2. Re(b )||u||L2 () — [Re(a )92

m.

Applying Young’s inequality (3.7), Holder’s inequality and Poincaré’s inequality (3.2) in (4.5), we get

IVullZs () + llull7zq)
o
< I ) + = llulliz o)

Cl% 9
5 Il o) + *HVUHLz(Q)a
2
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if jw| = || and

IVullZz ) + lullfsl,) + Allullz e

C 2
S S F N2y + ==l Zaqy + IF oo ey el 1)
2 2

C} 1
< 7P||FH%2(Q) + §||VUH%2(Q) + Allull 1 wey

if lw| < [Q2|. We get in both cases, ||Vul|z2q) < Cp||F||r2(q). Then (4.4) holds and Step 1 is proved.
Step 2. Proof of (4.4) with Assumption 2).

Case 1. Re(a) > 0.

We apply Young’s inequality (3.7) and Poincaré’s inequality (3.2) in (4.1). It follows that, HVuH%Q(Q) <
2 ||F||L2 @ T $IVull2, 2(0)- We then have (4.4).

Case 2. Re(a) < 0.

By Assumption 2) and (4.1), we have

IVul320) < [Re(@)] it gy + /Q |Fulda.

Using Holder’s inequality (3.5), Young’s inequality (3.7) and Poincaré’s inequality (3.2), we get

IVulZ2q)
- m—+1 012) 2 1 2
< IRe(@)I025 ul 738, + 7||F||L2 + 51Vl
< IR Q m—+1 C]FQ’ F \V4
< |Re(a)| )+ 5 IFlIZ20) + 5 || ullZ2(q),

which yields,

(IVulltzim) - €) IVulsts, < CRIFI3: ),
where C' = C(|9], |a|, N,m). Both cases,
||V“||L2(Q) <1,
or
IVulltsm, - € > 1,

lead to (4.4).
Step 3. Proof of (4.4) with Assumption 3).

From (4.2), (3.5), Young’s inequality (3.6) with # = |F|, y = |u|, p = [Im(b)|"2 and Hélder’s
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inequality, we get

[tm(3)| (HUIIiz(w) + Bllullz o )

< [Im(a)||9 =" ||UHT2JEi + afIm(a)|[|ull L1 (we)
1 9 \Im b)

|
- 2 N Fll e (e e
* om)] 112 ) [l 20y + 1)l oo ey lull L ey

which yields,

1-m
(llm( Mullzz) — 2m(a)||Q] ) lull75s) + 2(BMm(b)| = allm(a)] — | Fll Lo we)) [l 22 @)
1
< —||F 22 .
Obtaining easily (4.4) when |w| = || with help of (4.1) (by following the method of Step 1), we may
assume that |w| < |Q|. It then follows from Assumption 3)b) that,

. m . 1
(Im®)lllz, = 2@ ) fullzsl, + Blm®)lullz: o) < oy Fliw: (4D
Case 1. [Tm(b)|||ullj2(7) — 2[Im(a) 5L
It follows that
||u||L2(w) < C(||F||L2(Q)7 ‘Q|a |a‘7 ‘b|am)a (48)

and by (4.2), (3.5), Holder’s inequality and Assumption 3)b), one obtains

(B[tm(b)] — aftm(a) ) [full 11 (we)

< [Im(a) 1] 7= |fu 757

Ol ) + 12y lull 2y + 1l zos ey lull 2 wey,

p
CIP 921 lal 1bm) + (511m(0)] - afin(a)]) [l

so that,

BllullLrwey < CUIF L2 (€, |al, [b], m). (4.9)

Case 2. [lm(b)|[[ul 12/, — 2/Im(a)||Q] =" > 1.

Then estimates (4.7) implies that

1
m+1 2
l[ull75(y + BImd)[[|ull L1 (we) < ()] 1022 ()

which yields to (4.8) and (4.9). So in both cases, estimates (4.8) and (4.9) hold.

Finally, by (4.1), Assumption 3)b), Holder’s inequality (3.5), Young’s inequality (3.7), Poincaré’s

18



inequality (3.2), (4.8) and (4.9), one obtains

||VU||%2(Q)
2

- C3 C
< [Re(a)][02 @ F IRe®)| (Il 2wy + Bllulzrws)) + L) + =5 llulliz (o)

m 1
< CollVull iy + O + 7PHF||%2<Q> + 51Vl
where Cy = Co(|], |a|, N,m) and C1 = C1(||F||12(q), €, |al, [b], m). It follows that,

(IVull 26y = 2Co) IVul 7o) < 2C1 + CRIFIIZ2(q) < C(IF L2, 191, lal, b, N, m).

We then easily deduce (4.4) and Step 3 is proved.

Step 4. Proof of (4.4) with Assumption 4).

We use Assumption 4), Holder’s inequality (3.5), Young’s inequality (3.6) with = = |F|, y = |ul, and
Poincaré’s inequality (3.2) in (4.1) to get,

IVull72)

< [Re(a)]

mJEslz) + [Re(d)[|ul2(q) + 5 ||F||L2(Q) +53 202 ||u||L2(Q)

< CIvulgh + (IRewic + M)Wunm BN By

where C' = C(|9], |a|, N,m). We then deduce,

02 m
((1- eIz - 22 ) 19l - ©) 19l < S 1P

Since [Re(b)| < Cp?, we have 1 — [Re(b)|C3 > 0 and so there exists ug = uo(|2,[b], N) > 0 large
enough such that

2

Cp

For such a pyg, it follows that,
—m m ﬂ
(Coll Vullizg, =€) IVulzsts, < BIFIE @),
where Cy = 1 — |Re(b)|CE — CP . Note that Cy = Co(|€],]b], N). We then easily deduce (4.4) and

Step 4 is proved. This concludes the proof of the lemma. O

Corollary 4.3. Let (,)nen a sequence of nonempty open subsets of RN be such that sup |Q,| < oo,
neN
let 0 < m < 1, let (a,b) € C* and let (Fp)nen C L(Q) be such that sup | Fy 20,y < co. If
neN
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Re(b) < 0 then assume further that Im(b) # 0 or —é < Re(b), where Cp is the constant in (3.2) of
P

Lemma 3.1. Let (u}})(n 0penz C Hy(Qn) be a sequence satisfying
Vn €N, VLN, —Au} + fi(u}) = Fy,, in L*(,), (4.10)

where for any ¢ € N,

alu| =y 4 by, if [ul < 4,

Yu € L2(Q,, , u) = 4.11
() D= m & g s e #10
ul -~ Jul
Then there exists a diagonal extraction (“Z(n)) N of (u}})(n,eyenz such that the following estimate
ne

holds.

Vn € N, ||uZ<n)||Hg(Qn) <G

where C' = C (sup | Fnll 202,y sup [2n], |al, [b], N, m) .
neN neN

Proof. One easily sees that (f¢)een C C(L?(2); L?(2)) and it follows that u} and iu} are admissible

test functions in (2.2). We then get,

1902 1220, + Re@) (2170 ey + T cgruzisen)

4

+ Re(b) (||U?H%2({|ug\<e}) Jr€||U2L||L1({|W|>e})) = Re/Q Fhujde,

m—+1 m n
L+ ({|un|<E}) + 7 ||ug ”Ll({\u?bf}))

+1m(b) (g acgpuicen + O oo g ) =T | Fridfda,

m(a) (lu|

for any (n,¢) € N2. We first note that,

Nl o (ugrsen < NUgEth s ey
V(n,0) € N?, ‘ eit=eh (4.12)
n n||2
Ul s (g i>e) < MG NZ2(grug >0p):
For each n € N, let p(n) € N be large enough to have

| FullLoe (0, + [Re(a)]

if
N Re(D) , if Re(b) > 0,
P2 Il + m(a)
n||L>(Q,) .
2 , if ITm(b) # 0.
[Im(b)|
It follows that for any n € N,
»(n)™Re(a) + ¢(n)Re(d), if Re(b) > 0,

| Fnlles (0, < (4.13)

—p(n)™|[Im(a)| + @Hm(bﬂ, if Im(b) # 0.
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If Im(b) = 0 and Re(b) < 0 then we choose p(n) = n. For each n € N, with help of (4.12) and (4.13),

W ()] < o(m)} o = o(n)™ and B = p(n).
Hence the result. O

we may apply Lemma 4.1 to ug(n) with w = {x € Oy |u

Lemma 4.4. Let Q CRY be a nonempty open subset, let w a nonempty open subset of RN be such
that w C Q, let m > 0 and let (a,b,c) € C* be such that Im(b) # 0. If Re(a) < 0 then assume further
that Tm(a) # 0. Let o, B, R > 0, let F € L*(Q) and let

14|b|+R2 R )
4 max {1, +“1r|ﬂ—~£b)| |l ) ‘Ilmegzg} } , if Re(a) <0
max{l,%}’ if Re(a) > 0.

If |w| < |Q| then assume further that F € L>(Q) and 3 > 2A||F|| =) + 1. Let u € H'(Q) satisfies

190l 0y + Re(@) (Jlull it + allullzs )

= (0 R2el) ([l + Bllul xan) < [ 1Pulda, (414

m—+1

(@) ([l oy + allull oy ) + M) (ula) + Bllul 1w ) < / [Fulde.  (4.15)

Then there exists a positive constant M = M(|al, ||, |¢|) such that,

IVullZe@y + lullZe ) + lulFdh o) + Il ey < MR+ 1)IF|Zaq). (4.16)

Proof of Lemma 4.4. Let A be as in the lemma. We multiply (4.15) by A and sum the result
o0 (4.14). This yields,

IVl + Ao (Il ) + oo o) + el + Alellzs ey <24 | |Pulda,

where Ag = A|Im(a)|+Re(a). Applying Holder’s inequality and Young’s inequality (3.6) with z = |F,
y = |u| and p = Vv2A, we get

IVl Z2gqy + lull7eqy + Aollullfth ) + Bllull e
1
< 24| F || oo @y 1ull 1 (we) + 242 F 1220y + 5”“”%?(@7

from which we deduce the result if |w| = |Q]. Now, suppose |w| < |€2|. The above estimate then leads

to,
IVullZa o) + lullfew) + AollullFoits ) + (8 = 241 Fllze()) el we) < 447 F |72 (),

from which we prove the lemma since 8 — 2A||F|| ) > 1. O
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Lemma 4.5. Let (a,b) € A? satisfies (2.15). Then there ezists §, = 6,(|a|, |b|) € (0,1], L = L(|al, |b])
and M = M(|a|, |b]) satisfying the following property. If 6 € [0,d,], Co, C1, Ca, Cs, Cy are siz

nonnegative real numbers satisfying

|C1 + 6C3 4+ Re(a)Cs + (Re(b) — §)Cy| < C, (4.17)
[Im(a)Cs + Im(b)Cy4| < Co, (4.18)

then
0<Cy+ LC3+ LCy < MCy. (4.19)

Proof. We split the proof in 4 cases. Let v > 0 be small enough to be chosen later. Note that when

Im(a)Im(b) > 0 then estimate (4.18) can be rewritten as

Case 1. Re(a) > 0, Re(b) > 0 and Im(a)Im(b) > 0.
We add (4.20) with (4.17) and obtain,

C1 + (Re(a) + |Im(a)|)C5 + (Re(b) — &, + |Im(b)|) Cy < 2Cy.

Case 2. (Re(a) > 0, Re(b) < 0 and Im(a)Im(b) > 0) or (Im(a)Im(b) < 0).

We compute (4.17) — Rfr(f()lgv (4.18) to obtain

Re(a)Im(b) — Re(b)Im(a) + yIm(a)
Im(b)
Case 3. Re(a) < 0, Re(b) > 0 and Im(a)Im(b) > 0.

We compute (4.17) — %(4.18) to obtain,

Re(b)Im(a) — Re(a)Im(b) + vIm(b)
Im(a)
Case 4. Re(a) < 0, Re(b) < 0 and Im(a)Im(b) > 0.

[Re(b)| + [tm(®) + 7,

Gt 0]

Cs+ (v —6,)C4 <

[Re(a)| + [Im(a)| +
(@ "

Cl+703+< —6*>C4<

Note that by assumptions (a,b) € A%, Re(a) < 0 and Re(b) < 0, one necessarily has Im(a) # 0 and

Im(b) # 0. Thus, we can compute (4.17) + max { |P|{fr(s()ll;|'77 ‘Pﬁg’(}g;"”} (4.20) to obtain,

[Re(a)| + [Im(a)| +7 _ [Re(b)| + |Im(b)| + 7> .

C1+79C3+ (v —0,)Cs < ( Im(a)| [Tm(b)|

In both cases, we may choose v > 0 small enough to have
Re(a)Im(b) — Re(b)Im(a) + vIm(a)
Im(b)
Re(b)Im(a) — Re(a)Im(b) + vIm(b)
Im(a)

>0, in Case 2,

>0, in Case 3.
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Then we fix 0 < &, < min {1,, [Im(b)| + [Re(b)|} such that

Re(b)Im(a) — Re(a)Im(b) + vIm(b)

5 < Im(a)

, in Case 3.

This ends the proof. O

Corollary 4.6. Let Q2 C RN be a nonempty open subset, let V.€ L®(;R), let 0 < m < 1 and
let (a,b,c) € C3 be such that Im(a) < 0, Im(b) < 0 and Im(c) < 0. If Re(a) < 0 then assume
further that Tm(a) < 0. Let § > 0. Let (F,)nen C L®(2) N L%(Q) be bounded in L?(Y) and let
(U (n,eyenz C HY(Q) N L™TH(Q) be a sequence satisfying

Vn e N, Ve e N, —Aup + 6uf + fo(u}) = Fn, in L*(Q), (4.21)

with boundary condition (1.3) or (1.4), where for any £ € N,

alu| "™y 4 (b — S)u + cV3u,  if jul <,

e 1200 | o 4.22
( ) fé( ) aémﬁ—F(b—(s)é%_FCVQE%’ zf|u,‘ > /. ( )

For (1.4), Q is assumed to have a C* boundary. Then there exist M = M (||V || 1= (q),al, ], |c|) and

a diagonal extraction (ug(”))neN of (u})m,eyenz for which,

n

n 2 n 2 m+1
¥+ o ({ otmn)) + el

U (n) ‘@’(")})

n < . 2
e lar (g oo}y <M Il
for any n € N. The same is true if we replace the conditions on (a,b,c) by (a,b,c) € A x A x {0}

satisfies (2.15) and & < O, where d, is given by Lemma 4.5. In this case, M = M(]al,|b]).

Proof. One easily sees that (fy)eeny C C(L*(Q2)NL™TH(Q); L2(Q) + LmTH(Q)) and it follows that u}

and iu} are admissible test functions in (2.10). We then obtain,

m—+1

||VU?H%2(Q) + Re(a) (IIU?I L ({up | <L) + gmHu?HLl({lu?lﬂ}))

+ (Rel®) = V1w oy Rele))) (10 gz ) + Afllscronn) < Re | Fridfda, (423

() (1 17 g <) + 1 e g > ) + Tm08) (162 13 g <oy + Ald s qru e )

+ Im(c) <||VU||%2({|u;|<L’})) +€||V2UHL1({|u;"|>Z}))> = Im/QFn@dxv (4.24)
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for any (n,f) € N2. If (a,b,c) € A x A x {0} satisfies (2.15), then we obtain

1930 + 0117 22 + Re(a) (N 155 ey + €182 Nt a5

+ (Re(b) — 9) (HU?H%?(ﬂume}) +€||“?||L1<{\uz|>e}>) = Re/QFn@d% (4.25)

() (g 17 g <) + O 1 e g 56

+1m(0) (g cupicen + 00 s ugioem) =T [ P, (426)

for any (n,f) € N2. For this last case, it follows from Lemma 4.5, Hélder’s inequality and Young’s

inequality (3.6) applied with z = |F|, y = |[u}| and p = /2L that

L m—+1
ni2 n|2 n
[Vug HLZ(Q) + 5”“1{ ||L2({\u;|<e}) + LHW ||Lm+1({|uﬂg})
M? 9
+ (L6 = M|l e @) [ upi>en < S 1F 17200

Then the result follows by choosing for each n € N, p(n) € N large enough to have Lp(n) —
M]||F|| g (q) = 1. Now we turn out to the case (4.23)—(4.24). Let M and A be given by Lemma 4.4
with R = ||V e (q). For each n € N, let ¢o(n) € N be large enough to have p(n) > 2A||F,|[ L) + 1,
if |w|] < || and @(n) = n, if |w| = |Q|. For each n € N, with help of (4.23) and (4.24), we may apply
L Withw = {2 € @ [un,) (@)] e}, a = pm)™, 8= p(n) and B = |Vi|1~)
Hence the result. O

Lemma 4.4 to u™

5 Proofs of the main results

Proof of Theorem 2.15. Let the assumptions of the theorem be fulfilled. Setting f(u) = a|u|~0 =™ u+

Vu, we easily check that,

€ C(Lige () Lie () N C(L7(Q); L*(9)),

loc

for any 1 < s < oo and 0 < € < s — 1. Then the notions of local and global very weak solution make

sense and by Remark 2.16, boundary conditions in Properties 2) and 3) make sense. Property 1) follows

from Proposition 4.5 in Bégout and Diaz [3] while Property 2) comes from Remark 4.7 in Bégout and

Diaz [3]. Tt remains to establish Property 3). Assume first that F' € LP(Q2) and V € ) N L"(Q). It
<r<oo

follows from the equation that for any € € (0,q—1), Au € LI97¢(Q2). We now recall an elliptic regularity
result. If for some 1 < s < oo, u € L¥() satisfies Au € L*(Q) and v(Vu.r) = 0 then u € W2*(Q)
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(Proposition 2.5.2.3, p.131, in Grisvard [12]). Since for any € € (0,¢ — 1), u,Au € L77¢(Q2) and
¥(Vu.v) = 0 (by assumption), by following the bootstrap method of the proof p.52 of Property 1)
of Proposition 4.5 in Bégout and Diaz [3], we obtain the result. Indeed, therein, it is sufficient to
apply the global regularity result in Grisvard [12] (Proposition 2.5.2.3, p.131) in place of the local
regularity result in Cazenave [7] (Proposition 4.1.2, p.101-102). Now, you turn out to the Holder
regularity. Assume F € C%%(Q) and V € C%*(Q). By global smoothness property in W?2? proved
above, we know that u € W2N*1(Q) and y(Vu.r) = 0 in LVNTYT). It follows from the Sobolev’s
embedding, W2N+1(Q) < C1 5 (Q) < CO1(Q), that for any = € T, 2%(z) = 0 and u € C%1(Q). A

straightforward calculation yields,
o2 —(1I—-m —(1I-m m m
V(w,y) € 2, |fu(@)| """ u(z) = Ju(y)| """ uly) | < Slul@) = uly)|™ < 5l —y|™

Setting, g = F — (alu|~ "™y 4 (b — 1)u + cVu), we deduce that g € C%*(Q). Let v € C*%(Q) be

the unique solution to

{—Av+v:g, in ,
v _
v —

on I,

(see, for instance, Theorem 3.2 p.137 in Ladyzhenskaya and Ural’tseva [15]). It follows that u and v
are two H! weak solutions of the above equations (in the sense of Definition 2.1), and since uniqueness
holds in H*(Q) (Lax-Milgram’s Theorem), we deduce that u = v. Hence u € C%%(€Q). This concludes

the proof?. O

Proof of Proposition 2.17. Let the assumptions of the proposition be fulfilled. Setting f(u) =

alu|~ =™y 4+ Vit follows from Sobolev’s embedding that,
feC(H (Q);L*(Q)).

We first establish Property 1). Since 2 has C%! boundary and u € H} (1), it follows that y(u) = 0.
Moreover, Sobolev’s embedding and equation (2.17) implies that Au € L?(£2). We then obtain that
u € H%(Q) (Grisvard [12], Corollary 2.5.2.2 p.131). Hence Property 1). We turn out to Property 2).
It follows from equation (2.17) that Au € L?(2), so that (2.17) takes sense almost everywhere in €.

Then Property 2) comes from the arguments of 3) of Remark 2.2. O

Lemma 5.1. Let O C RN be a nonempty bounded open subset, let V € L>=(Q;C), let 0 < m < 1,
let (a,b,c) € C? and let F € L?(0). Let § € [0,1]. Then for any { € N, there exist a weak solution

4More directly, we could have said that since u € W2N+1(Q), v(Vu.v) = 0 and Au € C%(Q) (by the estimate of
the nonlinearity) then by Theorem 6.3.2.1, p.287, in Grisvard [12], u € C%*(Q). But this theorem requires Q to have a
C?1 boundary.
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uy € HY(O) to
—Auyp + duy + fg(Ug) =F, in L2(O), (51)

with boundary condition (1.3) and a weak solution ui € H'(O) to (5.1) with boundary condition (1.4)
(in this case, O is assumed to have a C' boundary and § > 0) in the sense of Definition 2.1, where

alu| =y 4 (b — Su + V3u,  if |ul <4,

2 —
Yu € L*(2), fo(u) = aémﬁ (b 5)@&

If furthermore for any R € SON(R), RO = O and if F is spherically symmetric then there exists

5.2
\IHV?E%’ if Ju| > . (5:2)
u u

a weak solution to (5.1) which is also spherically symmetric. For N = 1, this means that if F is an

even (respectively, odd) function then u is also even (respectively, an odd) function.

Proof. We proceed with the proof in two steps. Let H = H{(0), in the homogeneous Dirichlet case,
and H = H'(0), in the homogeneous Neumann case. Let § € [0,1] (with additionally § > 0 and I of
class C' if H = H'(0)).

Step 1. For any G € L?(0), there exists a unique weak solution u € H to —Au+du = G, in the sense
of Definition 2.1. Moreover, there exists o > 0 such that for any G € L*(O), |[(—A + 51)’1G||H1(O) <
a||G|| 2 (). If furthermore for any R € SOn(R), RO = O and if G is spherically symmetric then the
weak solution is also spherically symmetric. For N = 1, this means that if G is an even (respectively,
odd) function then w is also an even (respectively, odd) function.

Step 1 is obvious. For existence and uniqueness, apply Lax-Milgram’s Theorem and Poincaré’s in-
equality (3.2), in the homogeneous Dirichlet case, and Lax-Milgram’s Theorem, in the homogeneous
Neumann case. The constant « comes from Poincaré’s inequality and Cauchy-Schwarz’s inequality,
in the homogeneous Dirichlet case, and is equal to % (still by Cauchy-Schwarz’s inequality), in the
homogeneous Neumann case. Spherically property follows by working in Hy.q (the space of functions
f € H such that f is spherically symmetric) in place of H (and in Hoqq def {v € H; vis odd} in
place of H in the odd case when N = 1).

Step 2. Conclusion.

For each ¢ € N, we define g, = — fy+F € C(L*(0); L*(O)). With help of the continuous and compact
embedding i : H < L?(0O) and Step 1, we may define a continuous and compact sequence of mappings

(Ty)een of H as follows. For any ¢ € N| set

(—A481)7!
-_—

T, H & L20) % L2(0) o
v i =u @) o (CA+6u) (g ()
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Let £ € N. Set p = 2a(|a| + [b| + |¢| + 1) ((||VH§OC(Q) + 2) 00| + ||F||Lz(@)> . Let u € H. It follows
that,

T (W) o) = || (—A + 51)71(92)(11)”,{1(@) < allge(uw)|| L2 (0

< 2a(lal + |+ lel + 1) (0" + £+ LVIF ) 1O + 1Fl20y) < p-

Hence, Ty(H) C By (0, p), where By (0, p) = {u € H;||u||gr1(0) < p} . Existence then comes from the
Schauder’s fixed point Theorem applied to Ty. We obviously obtain the spherically symmetry property
by working in the functional spaces H,,q in place of H (and in Hoqq in place of H in the odd case

when N = 1). O

Proof of Theorem 2.4. Let for any u € L?(Q), f(u) = a|u|~~™u + bu. For any n € Ny, we write
Q, = QN B(0,no + n), where ny € N is large enough to have Qy # 0. Let (Gp)neny C Z2(Q) be such
that

L2(2)
e

G, F. (5.3)

n—oo

Let (u;)(n penz C H}(£2,,) a sequence of weak solutions of (5.1) be given by Lemma 5.1 with O = Q,,,

c=06=0and F,, = Gyq, - We define 17? € Hi(Q) by extending u,, by 0 in 2N Q. We also denote by

un
p(n)
of (fg)(n ene Which is bounded in HY(Q). By reflexivity of H}(Q), Rellich-Kondrachov’s Theorem

fg the extension by 0 of f, in QN Q. By Corollary 4.3, there exists a diagonal extraction (N) o
n

and converse of the dominated convergence theorem, there exist v € Hg(Q) and g € L (£ R) such

that, up to a subsequence that we still denote by (17‘\/ ) ,
p(n) neN

—— L2 .(Q)
n loc
n a.e. in Q

u — U,
e(n) noco

< g, for any n € N a.e. in (,

‘“Z(n)

These two last estimates yield,

e a.e. in Q
f<p(n) (ug(n)) e—> f(u)v

n—oo

Vn €N, |fom) (“Z(n))‘ <C(g™ +g) € LE.(Q), ae. in Q.

It follows from the dominated convergence Theorem that

Lioe ()

Tooo (W) I(w). (5.5)

n— oo
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Let ¢ € 2(Q). Let n, € N be large enough to have supp ¢ C ,,,. We have by (5.1) and Definition 2.1,

vn > Ny <_1Aug(n) + f¢(n) (Ug(n)> - Fn7 SO|Q">@I(Q”)’@(Q”) =0. (56)

Estimates (5.4), (5.5), (5.3) and (5.6) lead to,

(—Au+ f(u) = F,0)9/Q),2(9)
= (~u, Ap) g1 ()20 + (f(v) — F,0) 9/ )2
= Jm <_“w(n>’ A¢>@'<Q),@(m = <f i) (u“’(")> = G, Lp>@'<m,.@<m
; _an : n _
nh—>ngo < U/Lp(’ﬂ)? A(‘P\Qn) >9/(Qn)7@(9") + nh—>H;o <f4p(n) (Uw(n)) G’ﬂ|9n s (‘D‘Qn>

2'(2),2(n)

n—oo

D' (), 2(Qn)
=0.

By density, we then obtain that u € Hg () satisfies (2.2) for any v € HZ(f2), so that u € HE(Q) is a

weak solution to
—Au+ f(u) = F, in L*(Q).

Furthermore, any weak solution belongs to H120c

() (Theorem 2.15). Finally, if F is spherically
symmetric then u (obtained as a limit of weak solutions given by Lemma 5.1) is also spherically

symmetric. For N = 1, this includes the case where F' is an even function. O

Proof of Theorems 2.5 and 2.11 . Set for any u € L?(Q) N L™*+Y(Q), f(u) = alu|~ "™y + bu.

It follows from Example 2.3 that v and iu are admissible test functions in (2.10). We then obtain,
IVl 0 + Re(a) ullt ) + Re(®) o) = Re | Fada,
Im(a)Hqun,jil(Q) + Im(b)HuH%Z(Q) = Im/QFﬂd:r.

Theorem 2.5 follows immediately from Lemma 4.1 applied with w = € and Remark 4.2, while The-
orem 2.11 is a consequence of Lemma 4.5 applied with 6 = 0 and Young’s inequality 3.6. This ends

the proof. O

Proof of Theorem 2.7. By Example 2.3, u and iu are admissible test functions in (2.8). We then

obtain,
190l gy + Re(a) Jull 7ty ) + (Re() — Re(@)IV ey ) el < / |Fulda,

[m(a)|[[ull 72 o) + TmO)[[ulFz o) + Tm(e)[VulZaq) S/QIFU\dx-
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The theorem follows Lemma 4.4 applied with w = Q, R = [|[V|| =) and a = 3 = 0. O

Proof of Theorems 2.6 and 2.9. Let the assumptions of Theorems 2.6 and 2.9 be fulfilled.
Proof of the existence. We first assume that € is bounded. Let H = H}(£), in the homogeneous
Dirichlet case, and H = H*(), in the homogeneous Neumann case. Let §, be given by Lemma 4.5
and let for any u € L*(Q), f(u) = alu|~"~™u + bu 4+ ¢V?u (with ¢ = 0 in the case of Theorem 2.9).
Let (Fp)nen C Z(92) be such that

L*(Q)

F, —> F. (5.7)
n—oo
Let (u’g)(n f)en? C H a sequence of weak solutions of (5.1) be given by Lemma 5.1 with O = Q,

6 = 1 for Theorem 2.6, § = d, for Theorem 2.9 and such F,,. By Corollary 4.6, there exists a diagonal

extraction <ug(n)) of (u}’)(n )en? which is bounded in WH(Q) N Hl(Q) Let 1 < p < 2 be such

neN

that WH1(Q) < LP(Q). Then (u;’;(n)) N is bounded in W' () and there exist u € W'P(Q)NH ()
ne

and g € LP(2;R) such that, up to a subsequence that we still denote by (“Z(n)) N’
ne

LAY (5.8)

(M) 5 oo

y — Vuin (LgV(Q))N, as n —» 00, (5.9)

< g, for any n € N, a.e. in Q,

(ug(n)]l{ ul (gw(n)}> neN

where the last estimate comes from Corollary 4.6. These three last estimates and Fatou’s Lemma

is bounded in L*(Q),

yield,
u € L*(Q),

Fom (“Z(m) 22 f(u) = bu,

n—roo

Vn € N, ’f@(n) (u’;(n))‘ < C(g"™+g) € LP(Q), a.e. in Q.

It follows that u € H*(£2). From the dominated convergence Theorem, we get

)
Fotm (W) =2 f () = bu. (5.10)

We claim that in the case of Dirichlet boundary condition, one has u € H{(£2). We recall a Gagliardo-

Nirenberg’s inequality.

Vw € Hy (), ||w||]LV2JE52)) < CllwlFi gy I VWl T2y,
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where C' = C(N). In particular, C' does not depend on . Since (%ﬁ(n)) N C H}(Q) is bounded
ne

in Wh(Q) N H(Q), it follow from the above Gagliardo-Nirenberg’s inequality that (ug(n)) . is
ne

bounded in Hg (). So that u € H}(2) and the claim is proved. Now, we show that u € H is a weak
solution. Let mo € N be large enough to have H™(Q) < L?' (). Let v € 2(Q), if H = H}(Q) and
let v e H™(Q), if H= H'(Q). By (5.1), we have for any n € N,

<vu90(n)’ VU>L2(Q)7L2(Q) + <6u§0(’ﬂ) + pr(n) (uW(ﬂ)) ’ ,U>LP(Q)’L:D' )
— <Fn,v>L2(Q)’L2(Q) =0. (511)
Estimates (5.9), (5.8), (5.10), (5.7) and (5.11) lead to,

(Vu, V) 12(0), 12(0) + (f(u) = F,v) L2(0),12()
= (Vu, Vo) 120, 20) + (0u + (f(u) — 5“),U>LP(Q)$LPI(Q) — (F,v)12(Q),L2()

= lim <VU’Z(”)’VU>L27L2 + lim <(5ug(n) + forn) (ug(n)),v>m’m/ — lim (F,,,v) 2 12

- nh~>n<}o (<vu$(")’ vv>L2,L2 + <5ug(") + o) (u:;(n)>’v>LP,LPl B <Fn’v>L2’L2>
=0.

By density of 2(2) in H}(2) and density of H™0(Q2) in H'(Q) (see, for instance, Corollary 9.8, p.277,
in Brezis [4]), it follows that

Vo € H, (Vu, Vo) r2(a) r2(0) + (f(u),v)12(0),22(0) = (F, V) 12(9),12(0)-

Finally, u € H?

loc

(©) (Theorem 2.15). This finishes the proof of the existence when 2 is bounded.
Assume Q is arbitrary. Then we want to solve (1.2) and (1.3). Let ng € N ve such that QNB(0,n) # 0
and set for any n € N, Q,, = QN B(0,n + ng). It follows from the above proof that for any n € N,
equations (1.1), with external source F;,, = Fjg,, and (1.3) admit at least one weak solution u €
H}(Q,). Extending u,, by 0 in QNQS and denoting by U, this extension, we get by Theorems 2.7 and
2.11 that (Uy,)nen is bounded in Hg () N L™F1(Q). Then, up to a subsequence that we still denote by
(Un)nen, there exist u € HY(Q)NL™T1(Q) and g € L2 (Q;R) such that U,, — uin HL(Q), as n — oo,

loc
leoc(Q) a.e. in Q . . m m m+l .
Up —=—— u, U, ——— v and |U,| < g, a.e. in Q. In particular, |U,|™ < ¢™ € L, )7 (Q), a.e. in Q,
n—oo n—oo

m+1
L m Q
10C—()> u|~=y. Let ¢ € 2(9). Let n, € N be such that supp p C Q,,,. It
¥ 2 .
n—oo

so that |U,,|~—™ U,
follows that for each n > n,, U, satisfies (2.8) in Q with F' = F), and v = ¢. The above convergencies
for (U,)nen allow to pass in the limit in (2.8) and, by density of 2(Q) in H(Q) N L™TH(Q), we

get that u € H}(Q) N L™(Q) satisfies (2.8) for any v € H}(Q) N L™ (Q). So that u is a weak
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solution to (1.2) and (1.3). Furthermore, by Theorem 2.15, any weak solution belongs to H{_

(€2).
This achieves the proof of existence.
Proof of symmetry property. If F is spherically symmetric then u (obtained as a limit of weak

solutions given by Lemma 5.1) is also spherically symmetric and belongs to HZ_

(©) (Theorem 2.15).
For N = 1, this includes the case where F' is an even function. This concludes the proof of the

theorems. O
Proof of Theorem 2.12. Let uy,uy € HY(Q) N L™H(Q) be two weak solutions of (1.2). Set
s={ve L*(Q); Vv e LQ(Q)}7 w=uy —ug, fv)=v|"E"™y,
for any v € L™+1(Q), and let for any v € ¥ N L™+1(Q),
g(v) = af(v) + bv + cV?v.
Assume that Vuy, Vus € ¥. By 1) of Example 2.3, we deduce that u satisfies
mt1

—Au+ g(ur) — glug) =0, in X* + L™= (Q).

From Lemma 9.1 in Bégout and Diaz [3], there exists a positive constant C' such that,

|ug(x) — uz(x)
cf (@) + Juz(@)

2

o de < (f(w) = flug),ur —ug) ma (). (@)’ (5.12)

|
)
where w = {a: € Q; uy ()| + |ua(z)| > 0}.

Proof of 1) of the theorem. We may choose v = au in (2.8) as a test function. We then get,

Re(a)|Vul[Z + [al?(f(u1) = f(uz), ur — u2)  mis

m LM+l

+ Re(ab)||ul|32 + Re (a2) ||Vul|2. = 0.

It follows from the above estimate and (5.12) that,

2 —
dz + Re(ab)||u|32 + Re (ac) ||Vul|7. < 0.

|1 () — ua ()
|

Re(a) || Vull7. + CW/ (lua ()| + \uz?x) )|1"”

Then 1) follows.
Proof of 2) of the theorem. Choosing v = bu in (2.8) as a test function and recalling that
Im(ab) = 0, we get with help of (5.12) that,

2

| _
Jiom do + [b*||ull> + Re(bo)|Vul[f- < 0.

Re(b)[|Vul7 —&-CRe(aB)/ (|U1|?;§Tzr_|uz2(ia;|>
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Hence 2) follows.
Proof of 3) of the theorem. Choosing v = cu in (2.8) as a test function and recalling that

Im(ac) = 0, we get with help of (5.12) that,

Re(c)|| V2. + CRe(az / s () = “2(3”)'? dz + Re(be)||u)|22 + |e/|Vul|2. <0
(Jur(@)] + Jua(z) )=
w
Then 3) follows. This ends the proof of the theorem. O

Remark 5.2. It is not hard to adapt the above proof to find other criteria of uniqueness.

6 On the existence of solutions of the Dirichlet problem for
data beyond L?(Q2)

In this section we shall indicate how some of the precedent results of this paper can be extended
to some data F' which are not in L?(f2) but in the more general Hilbert space L?(£;8%), where
§(z) = dist(z,T') and « € (0,1).

In order to justify the associated notion of weak solution, we start by assuming that a function u
solves equation (2.1) with the Dirichlet boundary condition (1.3), ujr = 0, and we multiply (formally)
by v(z)8(x), with v € H}(;6%) (the weighted Sobolev space associated to the weight 6% (z)), we

integrate by parts (by Green’s formula) and we take the real part. Then we get,

Re/Vu.ﬁé“dx+Re/@Vu.Véadm—kRe/f(u)ﬁéadx: Re/Fﬁéadm. (6.1)
o ol o

To give a meaning to the condition (6.1), we must assume that
F € L*(9;6%), (6.2)

where HF||%2(Q;5Q) = [ |F(2)[?6%(z)dz, and to include in the definition of weak solution (Defini-

tion 2.1) the conditions
w€ Hi(Q;6%) and f(u) € L*(Q;6%). (6.3)

The justification of the second term in (6.1) is far to be trivial and requires the use of a version of the

following Hardy type inequality,

/ ()26~ (2)dz < C / V()29 (2)de, (6.4)
Q Q
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which holds for some constant C' independent of v, for any v € H}(€2; %) once we assume that
Q is a bounded domain of RY with Holder boundary (6.5)

(see, e.g., Kufner [141] and also Necas [18], Drabek, Kufner and Nicolosi [11], p.34, and Opic and
Kufner [19]). Notice that under (6.5), we know that 6 € W1>°(2) and so

N T
‘/”V“-V‘Sadx = |/ (02 Vu). (ﬁV‘S )dx < Vo[ oe @ [IVull L2 @50y V]| L2 (6 2-0) < 00,
Q Q

by Cauchy-Schwarz’s inequality and (6.4).

Definition 6.1. Assumed (6.2), (6.5) and « € (0, 1), we say that u € Hg(Q;6%) is a weak solution of
(2.1) and (1.3) in Hg (£;6%) if (6.3) holds and the integral condition (6.1) holds for any v € Hg (Q;6%).

Remark 6.2. Notice that from the Hardy’s inequality (6.4) and (6.5), we get that H}(Q;0%) —
L?(Q2). Moreover, since

57 ¢ LY(Q), for any s € (0,1), (6.6)

we know (Dréabek, Kufner and Nicolosi [11], p.30) that

2s
s+1°

Hy(Q;0%) < WhP<(Q), with p, =

Remark 6.3. Obviously, there are many functions F such that F € L?(Q;6%) \ L*(Q) (for instance,
if F(z) ~ ﬁ, for some 3 > 0, then F € L*(;6%), if 8 < 2t but F ¢ L?(Q), once 8 > 1. This
fact is crucial when the nonlinear term f(u) involves a singular term of the form of the Example 2.3

but with m € (—1,0) (see Diaz, Herndndez and Rakotoson [9] for the real case).

Remark 6.4. We point out that in most of the papers dealing with weighted solutions of semilinear
equations, the notion of solution is not justified in this way but merely by replacing the Laplace opera-
tor by a bilinear form which becomes coercive on the space H}(€Q; 6%). The second integral term in (6.1)
is not mentioned (since7 formally, the multiplication of the equation is merely by v € HJ (€; 5“)) but

then it is quite complicated to justify that such alternative weak solutions satisfy the pde equa-

2
loc

tion (2.1) when they are assumed, additionally, that Au € L{ (2). We also mention now (although
it is a completely different approach) the notion of L!(£2;d)-very weak solution developed recently
for many scalars semilinear equations: see, e.g., Brezis, Cazenave, Martel and Ramiandrisoa [5], Diaz

and Rakotoson [10] and the references therein).
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By using exactly the same a priori estimates, but now adapted to the space H{(£2;%), we get the

following result.

Theorem 6.5. Let Q be a nonempty bounded open subset satisfying (6.5), V. € L*(Q;R), 0 < a < 1,
0<m<1, (a,b,c)€C3 asin Theorem 2.6 and let F € L?(Q;6%). Then we have the following result.

1) There exists at least one weak solution u € H}(Q;6%) to (1.2) and (1.3). Furthermore, any
weak solution belongs to HE ().
2) If, in addition, we assume the conditions of Theorem 2.12, this solution is unique in the class

of HE(;6%)-weak solutions.

Remark 6.6. In the proof of the a prior: estimates, it is useful to replace the weighted function §
by a more smooth function having the same behavior near I'. This is the case, for instance of the first

eigenfunction ¢ of the Laplace operator,

_A(,Ol = )\14101’ in Q,
(,01‘1" = O7 onI'.

It is well-known that ¢; € W2°°(2) N W, *°(Q) and that
C1é(z) < p1(x) < Cro(x),

for any = € (2, for some positive constants C; and Cs, independent of x. Now, with this new weighted
function, it is easy to see that the second term in (6.1) does not play any important role since, for

instance, when taking v = u as test function, we get that

Re/uVu Veide = - /V|u\2 Velide = —f/|u| Apfd

)\
e / juf2pgda + 212 / (w7 @) |V 2dz > 0.

7 Some planar representations of the assumptions on the com-
plex parameters

In this section, we give some geometric interpretation of the values of a and b. For convenience, we

repeat the hypotheses (2.15) of existence and 1) of Theorem 2.12 of uniqueness. We recall that,

A=C\D,

D = {z € C;Re(z) < 0 and Im(z) = 0}.
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For existence of weak solutions to problem (1.1) in Theorem 2.9, we suppose (a,b) € C? satisfies

Im(a)Im(b) > 0,

(a,b) e Ax A and or (7.1)
Tm(b)
I I
m(a)Im(b) < 0 and Re(b) > Tm(a) Re(a),
while for uniqueness, we assume
a # 0, Re(a) > 0 and Re(ab) > 0. (7.2)

Existence. Condition (7.1) may easily be interpreted in this way: [a,b] N 2 = 0, where 2 is the
geometric representation of I, which is the half-axis of the complex plane where Re(z) < 0. See
Figures 1 and 2 below.

Uniqueness. Condition (7.2) is trivial. Indeed, we first choose a € C\ {0} such that Re(a) > 0, and

we choose b with respect to a. We see a and b as vectors of R?. Then we write, qd = Eﬁgzg ) ,
— [ Re(b)
b = ( T (b) ) and we have

Re (ab) = Re(a)Re(b) + Im(a)Im(b) = E).?, (7.3)

where . denotes the scalar product between two vectors of R2. Then the condition Re (ag) > 0is

equivalent to ‘4(7, _b>)‘ < grad (see Figure 3 below).

Remark 7.1. Thanks to (7.3), the following assertions are equivalent.
1) (a,b) € C? satisfies (7.1)—(7.2).
2) (a,b) € A x A satisfies (7.2).
3) ((a,b) satisfies (7.2)) and (Re(a) —Tm(b) =0 — Re(b) >o).

In other words, when a ¢ D, uniqueness hypothesis (7.2) implies existence hypothesis (7.1) (see

Figure 4 below).
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