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Abstract

Since at least one decade, there is a considerable interest in the study of applied and theoretical
issues related to Multifractional random models. Yet, only a few results about them, are known
in the framework of heavy-tailed stable distributions; in the latter framework, a paradigmatic
example of such models, is Linear Multifractional Stable Motion (LMSM), denoted by {Y'(¢) : t €
R}. Tt has been introduced by Stoev and Taqqu in [28/29], by substituting to the constant Hurst
parameter of a classical Linear Fractional Stable Motion (LFSM), a deterministic function H(-)
depending on the time variable ¢; we always suppose H(-) to be continuous and with values in
(1/a, 1), also, in general we restrict its range to a compact interval. The main goal of our article
is to make a comprehensive study of the local and asymptotic behavior of {Y(¢) : ¢ € R}; to
this end, one needs to derive fine path properties of {X (u,v) : (u,v) € R x (1/a, 1)}, the field
generating the latter process (i.e. one has Y (t) = X(¢t,H(t)) for all t € R). This leads us to
introduce random wavelet series representations of {X (u,v) : (u,v) € R x (1/c, 1)} as well as of
all its pathwise partial derivatives of any order with respect to v. Then our strategy consists in
using wavelet methods which are, more or less, reminiscent of those in [21[5]. Among other things,
we solve a conjecture of Stoev and Taqqu (see Remark 1 on page 166 in [29]), concerning the
existence for LMSM of a modification (in other words, a version) with almost surely continuous
paths; moreover we significantly improve Theorem 4.1 in [29], which provides some bounds for
the local Holder exponent (in other words, the uniform pointwise Holder exponent) of LMSM:
namely, we obtain a quasi-optimal global modulus of continuity for it, and also an optimal local
one. It is worth noticing that, even in the quite classical case of LESM, the latter optimal local
modulus of continuity provides a new result which was unknown so far.
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1 Introduction

Since at least one decade, there is a considerable interest in the study of applied and theoretical
issues related to Multifractional random models (among many other references on this topic, one
can for instance see [ 3,4} [6H9] 1], [14H22] 25| 28-30,[32]). These fractal nonstationary increments
stochastic processes/fields, are natural extensions of the well-known Fractional Brownian Motion
(FBM, for brevity); they have a more rich path behavior than it and they offer a larger spectrum
of applicability, because their local properties, typically the index governing self-similarity as well
as the degree of path roughness, can be controlled via a nonconstant functional Hurst parameter
and thus are allowed to change with location. In the Gaussian case, and more generally when all
their moments are finite, many results concerning path behavior of such random models have been
derived in the literature; yet, much less is known about it, in the framework of heavy-tailed stable
distributions. A paradigmatic example of a Multifractional Process in such a setting, is the so
called Linear Multifractional Stable Motion (LMSM, for brevity), which was introduced by Stoev
and Taqqu in [28,29]; according to these two authors (see page 1086 in [28]): ”"a LMSM model is a
good candidate to adequately describe some features of traffic traces on telecommunication networks,
typically changes in operating regimes and burstiness (the presence of rare but extremely busy periods
of activity)”.

In order to precisely define LMSM, first, we need to fix some notations to be used throughout
the article.

e Recall that heaviness of the tail of a stable distribution is governed by a constant parameter
belonging to the open interval (0,2), usually denoted by «; the smaller « is, the more heavy
is the tail. In the present article, we always assume that a € (1,2), since it has been shown
in [28], that the latter assumption is actually a necessary condition for the paths of LMSM to
be, with probability 1, continuous functions.

e H(-) denotes an arbitrary deterministic continuous function defined on the real line and with
values in an arbitrary fixed compact interval [H, H] C (1/«,1); similarly to the constant Hurst
parameter of FBM, this function will be an essential parameter for LMSM.

e Z,(ds) is an independently scattered strictly « stable (StasS) random measure on R, with
Lebesgue measure as its control measure and an arbitrary Borel function §(-) : R — [—1,1]
as its skewness intensity. Many information on such random measures and the corresponding
stochastic integrals can be found in the book [27].

LMSM'’s are generated by the StaS random field X = {X (u,v) : (u,v) € R x (1/a,1)}, defined for
all (u,v) as the stochastic integral,

X(u,v) = / {(u— s) e~ (—3)1‘1/“}Za(ds), (1.1)
R
with the convention that, for each real numbers = and x,

" if z € (0, 400),

(2); == (1.2)
0,if x € (—o0,0].



Actually, Y = {Y () : t € R}, the LMSM of functional Hurst parameter H(-), is defined for every
t € R, as, B B

Y(t) = X(t,H(t)). (1.3)
Observe that, assuming 3(-) to be a constant, then for each fixed v € (1/a, 1), the process X (-, v) :=
{X(u,v) : (u,v) € R} is the usual Linear Fractional Stable Motion (LFSM, for brevity) of Hurst
parameter v; therefore LMSM reduces to the latter process when one also assumes H(-) to be a
constant. We note in passing that LFSM and Harmonisable Fractional Stable Motion (HFSM,
for brevity) are two very classical self-similar stable processes with stationary increments; they are
considered to be the most two natural extensions of FBM, to the setting of heavy-tailed distributions.
Also, we note that in contrast with moving average and harmonisable representations of FBM in the
Gaussian framework, path behavior of LFSM is considerably more irregular and more complex than
that of HFSM; we refer to [13L27133] for a detailed presentation of the latter two process, as well as
other classical examples of stable processes. Before ending this paragraph, let us mention that an
Harmonisable Multifractional Stable Process, which extends HFSM and thus behaves very differently
from LMSM, has been quite recently introduced in [11].

The main goal of our paper is to make a comprehensive study of the local and asymptotic behavior
of LMSM, under the quite general condition that its parameter H(-) is an arbitrary deterministic
continuous function with values in an arbitrary fixed compact interval [H, H] C (1/a,1); this study
mainly relies on wavelet methods which are, more or less, reminiscent of those in [25]. As we will
explain it more precisely very soon, among other things, we significantly improve two earlier results
of Stoev and Taqqu [29], concerning continuity and path behavior of LMSM. Also, it is worth noting
that, even in the quite classical case of Linear Fractional Stable Motion (LFSM) (in other words, in
the particular case where the functional parameter H(-) of LMSM is a constant), the optimal lower
bound of the power of the logarithmic factor in a local modulus of continuity, was unknown so far;
Corollary and Theorem [[1] in our article, show that, in the more general case of LMSM, this
optimal lower bound is in fact 1/a.

Let us now give the precise statements of the two results in [29], we have just mentioned.

1. Theorem 3.2 in [29] (the existence for LMSM of a modification (in other words, a version)
whose paths are, with probability 1, Holder continuous functions). Let I' C I be two arbitrary
nonempty bounded intervals of the real line, which are respectively closed and open; suppose
that 1/a < H(t) < 1, t € I and that, for all for t',t" € I,

|[H(t') — H({t")| <t = t"|",  with 1/a < p, (1.4)

where ¢ > 0 does not depend on t' and t”. Then, the LMSM {Y (t) : t € R} has a modification
{Y(t) : t € R}, whose paths are, with probability 1, continuous functions on I; moreover, they

are Hélder functions on I', with a uniform Hélder exponent (see (81)) py''(I'), satisfying,
vI(I) > (pAminH(t) ) —1/c.
py()_<p min H(t) | = 1/a

2. Theorem 4.1 in [29] (local Hélder exponent (in other words, uniform pointwise Hélder ex-
ponent) of LMSM). Assume that H(-) is continuous, with values in (1/a,1) and satisfies,
pil(t) > 1/a for all t € R, where py;”(t) denotes the local Hélder exponent (see (83)) of H(:)
at t. Then, py(to), the local Hélder exponent of the LMSM {Y (t) : t € R} at an arbitrary
point tg # 0, can be almost surely bounded, in the following way:

pir(to) A H(to) — 1/a < py(to) < prr(to) A H (to), (15)

where pp(tg) denotes the pointwise Holder exponent at ty (see e.g. Definition 4.1 in [29]) of
the function H(-).



In [29], the proof of the first one of these two theorems, and that of the first inequality in (L), mainly
rely on the strong version of the Kolmogorov’s continuity criterion (see, for example, Theorem 3.3.16
in [31]); while, the main three ingredients of the proof given in the latter article, for the second
inequality in (L)), are the inequality py*(to) < py (to) and Relations (4.11) and (4.12) in [29]. Using
a different strategy, namely wavelet methods which are, more or less, reminiscent of those in [2[5],
in our present work, we have been able to improve Theorems 3.2 and 4.1 in [29]. More precisely:

1. The condition (L4]) seems to be too strong if one is only interested in the existence of a
modification of LMSM with almost surely continuous paths; namely, in their Remark 1 on
page 166 in [29], Stoev and Taqqu have conjectured that such a modification should exist as
long as H(-) is a continuous function with values in (1/c,1); the latter conjecture is solved in
our article. To do so, we construct X = {X(u,v) : (u,v) € R x (1/e,1)} a modification with
almost surely continuous paths, of the field {X (u,v) : (u,v) € R x (1/a, 1)} which generates
LMSM’s; in fact {X(u,v) : (u,v) € R x (1/a, 1)} is obtained as a random series of functions,
resulting from the decomposition of the kernel in (1) into a Daubechies wavelet basis (see
Theorem [21]). Thus, denoting by {Y(¢) : ¢ € R} the modification of LMSM defined for each
t € R, as Y(t) := X(¢t,H(t)), it is clear that the paths of the process {Y (¢) : t € R} are
continuous with probability 1, as long as H(-) is a continuous function on the real line and with
values in (1/a,1); observe that at this stage, we do not need to restrict the range of H(-) to
the compact interval [H, H].

2. Theorem in our article shows that, almost surely, for any ¢y, € R satisfying p}7*(to) > 1/«,
one has, py(tg) = H(tp) — 1/a. Observe that the exceptional negligible event on which the
latter equality fails to be true, actually does not depend on ty. Also observe that this equality
remains valid even in the case where {9 = 0.

The remaining of the paper is structured in the following way. Section 2] is devoted to the
construction of the modification {X (u,v) : (u,v) € R x (1/a,1)} of the field {X (u,v) : (u,v) € R x
(1/a, 1)} which generates LMSM’s; as we have already pointed out, the latter modification is in fact a
random series of functions, resulting from the decomposition of the kernel in (LT) into a Daubechies
wavelet basis. In Section Bl we show that this series and all its term by term pathwise partial
derivatives of any order with respect to v, are convergent in a very strong sense: with probability
1, in the space &,(a,b, M) := C([a,b],C7([-~M, M],R)), where the real numbers M >0, 0 < 1/a <
a <b<1land 0 <~y < a— 1/a are arbitrary and fixed, and where C*(I,B) denotes the space
of the A-Holder functions defined on an interval I and with values in a Banach space B. Notice
that an important consequence of the latter result is that, for each ¢ € Z,, a typical path of the
field {(0¢X)(u,v) : (u,v) € R x (1/a,1)} belongs to &,(a,b, M); thus, not only such a path is a
continuous function but also it has much better properties. In Section Ml fine path properties of
the field {(0¢X)(u,v) : (u,v) € R x (1/a, 1)}, are derived thanks to wavelet methods; namely we
determine a global modulus of continuity on the rectangle [—M, M] x [a,b], also we give an upper
bound for |(83X)(u, v)|, on the domain (u,v) € R x[a,b]. The latter two results are used in Section [5,
in order to obtain global and local moduli of continuity for the LMSM {Y'(¢) : t € R}. The optimality
of some of these moduli of continuity is discussed in Sections[6land [t under some Hoélder conditions on
H(+), it turns out that the global one is quasi-optimal (it provides, up to a logarithmic factor, a sharp
estimate of the behavior of {Y'(¢) : ¢ € R}, on an arbitrary fixed compact interval) and the local one is
optimal (it provides, without any logarithmic gap, a sharp estimate of the behavior of {Y(¢) : t € R}
on a neighborhood of an arbitrary fixed point). In Section B by making use of the quasi-optimality
of the global modulus of continuity of LMSM, we determine its local Holder exponent. Finally, some
technical lemmas as well as their proofs are given in Section [@ (the Appendix).




2 Wavelet series representation of the field generating LMSM’s

Let X = {X(u,v) : (u,v) € R x (1/a, 1)} be the Stas stochastic field introduced in (1)), the goal of
this section is to construct a modification of X , denoted by X, which is defined as a random wavelet
series. We note in passing that, random wavelet series representations of LESM and other self-similar
stable fields with stationary increments, have been introduced in [12].

First, we need to fix some notations related to wavelets that will be extensively used throughout

the article.

e The real-valued function 1 defined on the real line, denotes a 3 times continuously differen-
tiable compactly supported Daubechies mother wavelet [I0L23124]; observe that ¢ has @ > 15
vanishing moments i.e.:

/ t™ip(t)dt = 0, for all m =0,...,Q — 1, and / 19 (t)dt # 0. (2.1)
R R

The fact that ¢ is a compactly supported function will play a crucial role; for the sake of
convenience, we assume that R is a fixed real number strictly bigger than 1, such that

supp¢ C [~ R, R]. (2.2)
e The real-valued function V¥ is defined for all (z,v) € R x (1/a,1) as
v—1/c v—1/a
U(z,v):= /R(s)+ Y(x —s)ds = /R(x —5), T(s)ds; (2.3)
recall that the definition of (-)1:1/ % is given in (L2)). Denoting by T the usual Gamma function:
+o0
I(u) := / t*=Letdt, for all u € (0, +00),
and denoting, for each fixed v, by U(-,v) the Fourier transform of the function ¥(-,v):
:/ 82y (g, v)dx, for all £ € R,
R

one has,
e—isgn(f)(vﬂ—l/a)%@(g)
(5, v)=T(v+1-1/a) i1/ , for all £ e R\ {0}; (2.4)

the latter equality can be obtained by using a result in [26] concerning Fourier transforms of
left-sided fractional derivatives.

e {¢j1: (j, k) € Z*} is the sequence of the real-valued StaS random variables defined as,
€k = 2f'/a/ V(25 — k) Za(ds). (2.5)
R

Now we are in position to state the main result of this section.

Theorem 2.1. Let W be the function defined in (Z3), let {e;) : (j, k) € Z*} be the sequence of the
real-valued StaS random variables defined in (27), and let QU be the event of probability 1 introduced
in Lemma [21] below. The following two results hold.



(1) For all fized w € Qf and (u,v) € R x (1/c, 1), one has
Z 27j”|ej,k(w)H\Il(2ju —k,v) — \Il(—k,v)| < 00. (2.6)
(:k)ez?
Therefore, the series of real numbers:
Z 2_j”ej,k(w)(\ll(2ju — k,v) — ¥(—k,v)), (2.7)
(4,k)ez?

converges to a finite limit which does not depend on the way the terms of the series are ordered;
this limit is denoted by X (u,v,w). Moreover for each w ¢ Qf and every (u,v) € R x (1/a,1),
one sets X (u,v,w) = 0.

(ii) The field {X(u,v) : (u,v) € Rx (1/a, 1)} is a modification of the StaS field {X (u,v) : (u,v) €
R x (1/a,1)} defined in (I1).

In order to prove Theorem 1] we need some preliminary results.

Remark 2.1. (i) |€jklla, the scale parameter of €;, does not depend on (j,k), since classical
computations, allow to show that,

1/a
l€jklla = lleo.olla = {/RI%Z)(t)ladt} : (2.8)

(11) The skewness parameter of €;, is denoted by B; . and is given by,
Bia = leoolla® [ v<> ()82 2 + 2T )da,
R

where 2<% = |z|“sgn(z) for all z € R, and where B(-) is the skewness intensity function of
the StaS measure Z,(ds); notice that, when the latter function is a constant, then the random
variables €}, become identically distributed, since, not only they have the same scale parameter,
but also the same skewness parameter.

(iii) Property 1.2.15 on page 16 in [27], as well as the fact that ||€; |lo does not vanish and does
not depend on (j, k), imply that there exist two constants 0 < ¢ < ¢’ non depending on (j,k),
such that, one has for all real number x > 1,

da™® <P(lej| > x) < "z7 (2.9)

(iv) In view of (Z3), (Z2) and the fact that Z,(ds) is independently scattered, for each fixed integers
p> 2R and j € Z, one has that {€;pq : ¢ € Z} is a sequence of independent random variables.

The following lemma, which has been derived in [2], gives rather sharp estimates of the asymptotic
behavior of the sequence {|ej7k| : (4, k) € Zz}. It can be proved by showing that for every fixed real
number 7 > 0, one has,

E

]l .
(%322 {65 61> (LH DY atn (1 k) og /o2 } | < O
-]7 e

the latter fact, easily results from the second inequality in (2.9)).



Lemma 2.1. [2] There exists an event of probability 1, denoted by €, such that for every fized real
number n > 0, one has, for all w € QY and for each (j, k) € Z2,

leju(w)| < C(w)(1+!j\)1/a+"(1+\/<:])1/a log"/ 1 (24 |k]) < C’(w)(3+\jy)1/°‘+”(3+yk\)1/°‘+’7, (2.10)

where C' and C" are two positive and finite random variables only depending on 1.

The following proposition, which shows that the function ¥ and its partial derivatives of any
order, have nice smoothness and localization properties, will also play an important role throughout
our article.

Proposition 2.1. The function ¥ satisfies the following two properties.

(i) For all (p,q) € {0,1,2,3} x Zy and (x,v) € R x (1/a, 1), the partial derivative (0202V)(z,v)
exists and is given by,

(0090 (2,v) = /( ) log((s) )@ (z — s)ds = /(x—s)il/a log?((z — 8)4 )9 (s)ds
R R
(2.11)
where YP) is the derivative of 1 of order p and 01og?(0) := 0. Moreover the function 9503V is
continuous on R x (1/a,1).

(ii) For each (p,q) € {0,1,2,3} x Z4 and for every real numbers a,b satisfying 1 > b > a > 1/a,
the function OL0ZW is well-localized in the variable x uniformly in the variable v € [a,b]; namely

one has
sup (3 + |z])?|(9209W) (z,v)| < oc. (2.12)
(z,v)ERX[a,b]

Proof of Proposition [2]. Let us first show that Part (i) holds. In view of (Z3]), the function ¥ can
be expressed, for all (z,v) € R x (1/a,1) as,

U(z,v) = /RL(M, s) ds.

where L(z,v,s) := (s)i_l/ai/}(x —s). Also observe that for all (p,q) € {0,...,3} X Z and (z,v,s) €

R x (1/a,1) x R, the partial derivative (0204 L)(z,v, s) exists and is given by
(02081 (v, ) = () o (5) )0 ( — ) (2.13)

Therefore, to show that the partial derivative (95 9¢W)(x, v) exists and is given by ([2.11]), it is sufficient
to prove that for all real numbers M, a and b, satisfying

M>0and 1/a<a<b<l, (2.14)
one has
/ sup [(OROIL) (z, v, 5){ ds < 0. (2.15)
R (z,v)€[—M,M] X [a,b]

This is true, since Relations (21I3)), 22)) and (2I4]), imply that
M+R
[ s (@0t s)lds < [P e [ (56 log((9)2)]ds < o,
R (z,v)€[—M,M]X[a,b] —M—-R

Finally, observe that it follows from (2.I1), [2I3]), (215) and the dominated convergence Therorem,
that for all (p,q) € {0,...,3} x Z, the function dL0¢¥ is continuous over R x (1/a;,1).



Let us show that Part (i7) of the proposition holds. Relations (2Z2]) and (2.IIJ), imply that for all
(p,q) €40,...,3} x Z and for each (z,v) € (—oo, —R) x (1/a, 1), one has

(0209w (z,v) = 0. (2.16)

Combining ([Z.I6]) with the fact O9¢ W is a continuous function over the compact set [—R, 2R] x [a, b,
it follows that

sup (3 + |2[)?[(9203W) (z, v)| < oo.
(z,v)€(—00,2R] X [a,b]

Therefore, it remains to show that

sup 3+ x)2|(8583\11)(3:, v)| < 0. (2.17)
(z,v)E(2R,+00) X [a,b]

In view of (ZII)) and (Z2)), one has for each (z,v) € (2R, +00) X [a,b],
R

@romw)o) = [ Ko, 500 (s) ds,
-R

where K,(z,v,s) := (v — s)""/*log?(x — s). For each I € {1,2,3} and real number s, one sets
PpP=D(s) = I e p@PH1=D () dt; observe that, in view of (1) and (ZZ), the supports of the latter
three functions are included in [—R, R|. Thus integrating three times by parts, one gets that,

R
(OPAIT) (x,v) = — / R(aqu)(x,v,s)W*?’)(s) ds. (2.18)

Next standard computations, allow to show that there is a constant ¢, , > 0, only depending on ¢
and «, such that for all (z,v,s) € (2R, 4+00) X [a,b] X [-R, R], one has,

\(aqu)(:c,v, s)| < cgalz — §) 72 < dcgar 2 (2.19)

Finally, putting together (2I8]) and (2I9]), one obtains (2I7]). O

Now we are in position to prove Theorem 2.1

Proof of Theorem [21] Part (i). Let w € Qf and (u,v) € R x (1/a,1) be arbitrary and fixed. Also,
we assume that 7 is an arbitrarily small fixed positive real number. By using the triangle inequality,
@2I2) (in which one takes p = ¢ = 0 and a, b such that v € [a,b]), and (ZI0), it follows that for all
fixed j € N,

> ler(@)| [T (20— k,v) — U(—k,0)]
keZ

1/a+n 1/a+n
- \1/an (3+ [k[) (8 + IK) )
< Cq( )(3+J) k%((i&—i—ﬂju—k’f—i_ (3—1—]1{\)2

a i a 3 k 1/ackn 3 k 1/a+n
< Calt) (34 ) V(3 4 )Vt 3 (LB IR) INCE DAY
kez \(3+ 27w — [27u] — k) (3 + |K|)

(2.20)

where [2/u] denotes the integer part of 2/u and where C (w) and Cy(w) are two finite constants non
depending on j and u. Then, noticing that,

1/a+n 1/a+n
sup {Z%} SZ% < o0, (2.21)

ze(0,1] | ez (3+ |z — k) i (2+ |l€|)2

8



it follows from (2.20]) that

SN 27 p(w)] [T (2u — K, v) — U(—k,v)] < 0. (2.22)
jEN keZ

Let us now prove that,
SN 27 e ulw) || W(2u — k) — U(—k,v)| < . (2.23)
JEZ_ kel

Applying the Mean Value Theorem, one has for all (j,k) € Z_ x Z,
U (2 — k,v) — U(—k,v) = 2u(0, V) (v — k,v), (2.24)

where v € [—27|ul,27|u|] C [~|ul, |u|]. Then putting together [Z24]), (ZI0) and ZIZ) (in which one
takes p =1, ¢ = 0 and a, b such that v € [a,b]), one obtains that,

> lein@)|[®( @ — k,v) — B(—k,v)|

k|<|ul

< Cg(w)|u|(2|u| + 1) (3 + |u|)1/a+n (2161]1% ‘(&T\If)(x,v)o 2j(3 + |j|)1/a+n (2.25)

and

> len@)|[¥(2u — k) — U(—k,v)|

K[>l

< Cy(w)[ul (3 + [u]) /" (Z (3+ rm)”““) 27 (3+ |j]) 7, (2.26)
keZ

where C3(w) and Cy(w) are two positive finite constants non depending on j and u. Next combining

@28) and [226), with the fact that v € (1/a, 1), one gets (223)). Finally 222]) and [223]) show
that (Z26]) holds. O

Proof of Theorem [2Z] Part (ii). For all (j, k) € Z? and any s € R, we set
Vik(s) = 2/°9(2s — k), (2.27)

where 9 is the Daubechies mother wavelet introduced at the very beginning of this section; observe
that the sequence {t;) : (j,k) € Z?} forms an unconditional basis of L*(R) and the sequence
{204/2=1/@) ). 1 (4, k) € Z*} is an orthonormal basis of L?(R) (see [23,24]). Therefore, noticing that
for any fixed (u,v) € Rx(1/a,1), the function s — (u—s)zj:l/a— (—s)zj:l/a belongs to L*(R)NL%(R),
it follows that,

(w—s)" = (=) =30 wyau, v)wg(s), (2.28)

JEZ kel

where
wj i (u,v) = 2707 / {(w— )M = (=) VY (2 — k)ds
R
=277 W(2u — k,v) — U(—k,0)}, (2.29)

and where the convergence of the series, as a function of s, holds in L*(R) as well as in L?(R);
observe that the limit of the series does not depend on the way its terms are ordered. Next, using



228), @29), @), a classical property of the stochastic integral [, (-)Za(ds), @20) and ZF), we

get that the random series

Z 2_j”ej,k(\Il(2ju — k,v) — ¥(—k,v)),
(4.k)€Z?
converges in probability to the random variable X (u,v); observe that the terms of the latter series

can be ordered in an arbitrary way. Finally, combining the latter result with Part (i) of Theorem 2.T]
we obtain that the random variables X (u,v) and X (u,v) are equal almost surely. O

3 Convergence of the wavelet series in Holder spaces

The goal of this section is to show that when the terms of the series in (2.7]), viewed as a random
series of functions of the variable (u,v), are ordered in an appropriate way, then not only this series
converges almost surely for every fixed (u,v) € R x (1/a, 1), but also, it is, as well as all its term by
term pathwise partial derivatives of any order with respect to v, almost surely convergent in some
Holder spaces. Let us first precisely define these spaces.

Definition 3.1. Let (B, | -||) be a Banach space and K a subset of R. For every v € [0,1], the
Banach space of v-Hélder functions from K to B, is denoted by C7(IC,B) and defined as,

C'(K,B) = {f K= B N(f) < oo},
where

)

N (f) = sup | (2) | + sup If (@) = F@)ll

T€ z,yeC ‘x - yh

is the natural norm on this space. Notice that in the definition of Ny(f), we assume that 0/0 = 0.
Also notice that C*(K,B) is usually called the space of the Lipschitz functions from K to B.

Definition 3.2. Let v, M, a and b be arbitrary and fized real numbers satisfying v € [0,1], M >0
and a < b. We denote by E,(a,b, M), the Banach space

Ey(a,b, M) :=C'([a,b],C7 ([-M, M],R)),

of the Lipschitz functions defined on [a,b] and with values in the Holder space CY([—M,M],R).
Observe that each function f belonging to E(a,b, M), can be viewed as a bivariate real-valued function

(u,v) = f(u,v) := (f(v))(u) on the rectangle [—M,M] x [a,b]; moreover, the natural norm on
E(a,b, M), is equivalent to the norm |||.||| defined as,
Al :
IWfll= s [+ sup (A )2, 0)|
(u,v)€[=M,M]x[a,b] (u1,u2,0)€[—M,M]2x [a,b] |up — ug |7
At
+ sup ‘( Ul—vgf)(u’v2)| (31)
(u,01,02) €[~ M, M] x [a,b]2 |v1 — va
1,1
n “up |(A(ul_u27v1_v2)f)(u2,v2)|
(w1 uz o0 ,02)E |- MM x[ap)? U1 — u2|7|vr — v

where,
(A0 )2, 0) = flur,v) = f(uz,0),
(A1 F)(w,v2) = f(u,v1) = f(u, v2), (3.2)
(A%;ll_m,m_w)f)(uzavz) = f(ur,v1) — f(ur,v2) — fuz,v1) + f(uz,v2).

Notice that in (31]), we assume that 0/0 = 0.
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Now we are in position to state the main result of this section.

Theorem 3.1. We use the same notations as in Theorem[2Z1. The following two results hold for all
w € ), the event of probability 1 introduced in Lemma 21

(i) For each fized u € R, the function X (u,-,w) : v — X(u,v,w) is infinitely differentiable over
(1/a,1); its derivative of any order q € Z at all v € (1/a, 1), is given by

q
(05X) (u,v,w) = Z < > —log 2)” Z 7279 1 (w) ((017PW) (27w — k,v) — (97PW) (—k,v)),
p=0 P (j,k)ez?
(3.3)
where, 0° := 1, for every fized (u,v) the series is absolutely convergent (its terms can therefore

be ordered in an arbitrary way), and T) denotes the binomial coefficient p,(qqiip),.
» . .

(ii) For each fized q € Z4 and M,a,b € R satisfying M > 0 and 1/a < a < b < 1, the function
(08X, w) : (u,v) = (08X)(u,v,w) belongs to the space E(a,b, M) for all v € [0,a — 1/a).

The proof of Theorem [B.I] mainly relies on the following proposition.

Proposition 3.1. Let M be an arbitrary and fized positive real number. For every n € Z.y, denote
by Xnrp = {Xnn(u,v) ¢ (u,v) € R x (1/o, 1)} the StaS random field defined for every (u,v) €
R x (1/a, 1), as the finite sum,

Xum(wv) = Y 277, (U(2u— k,v) — U(—k,v)), (3.4)
(J:K)EDM,n
where
D o= {(j, k) € Z* : |j| < n and |k| < M2"T}. (3.5)

Then, the following three results hold.

(1) For all fivzed w € Q (the underlying probability space) and u € R, the function X, (u,-,w) :
v = Xarn(u,v,w) is infinitely differentiable over (1/c,1); its derivative of any order q € Z
at any point v € (1/a, 1), is denoted by (0L X n)(u,v,w).

(ii) For all firxed w € Q, ¢,n € Zy and a,b € R satisfying 1/a < a < b < 1, the function
(02X pn) (e -, w) belongs to the Banach space & (a,b, M).

(111) For each fizedw € O, q € Zy, and a,b,y € R satisfying 1/a <a<b<1land0<~vy<a—1/a,
((83XM7n)(-, -,u}))neZ+ is a Cauchy sequence in the Banach space E,(a,b, M).

Proof of Proposition [31]. Parts (i) and (ii) of Proposition 3] are more or less straightforward con-
sequences of Proposition 21l In view of Definition B.2] Part (ii7) of Proposition Bl results from the
following four lemmas. O

Lemma 3.1. Let M, a and b be fized real numbers satisfying M > 0 and 1/a < a < b < 1. For all
fized q € Zy and w € ), when n goes to infinity,

‘(83XM,n+l)(u,v,w) — (09X n1,) (u,v,w)‘ (3.6)

converges to 0, uniformly in (u,v) € [-M,M] X [a,b] and inl € Z.

11



Lemma 3.2. Let M, a, b and v be fized real numbers satisfying M > 0, 1/a < a < b < 1 and
v < a—1/a. For dll fired g € Z4 and w € Qf, when n goes to infinity,

‘ (Ailjl.—ug (agXM,nJrl)) (’U,Q, v, w) - (A}A;_uQ (agXM,n) ) (UQ, v, w)‘

3.7
P (3.7)

converges to 0 uniformly in (ui,uz,v) € [~M, M]? x [a,b] and inl € Z,..

Lemma 3.3. Let M, a and b be fized real numbers satisfying M > 0 and 1/a < a < b < 1. For all
fized q € Z4 and w € ), when n goes to infinity,

‘(A;jll_m (OEX ninyt) ) (w, v2,w) — (A;jll_m (53XM,n))(u7vz7w)‘

lv1 — va|

(3.8)

converges to 0 uniformly in (u,v1,v9) € [-M, M] x [a,b]* and inl € Z,.

Lemma 3.4. Let M, a, b and v be fized real numbers satisfying M > 0, 1/a < a < b < 1 and
v < a—1/a. For dll fized q € Z4 and w € Qf, when n goes to infinity,

‘(Al,l (agXM,n+l)> (ug, vg,w) — <A1’1

(u1—uz,v1—v2)

(&(fXM,n)) (uz,vg,w)‘

(u1—uz2,v1—v2)

(3.9)

lur — ug|7vy — vy
converges to 0 uniformly in (uy,ug,v1,vs) € [-M, M]? x [a,b]* and inl € Z.
The proofs of the previous four lemmas are quite similar, so we will only give that of Lemma [3.4]
Proof of Lemma[34) In view of the convention that 0/0 = 0, there is no restriction to assume that
uy # ug and vy # ve. By using (B4), (B2) and Leibniz formula, one can rewrite ([8.9]) as,

q . _
‘ ZZ:O <p> ( — log 2)1’ z(jyk)eDM,rrH\D]M,n ]pejvk(w) (Aéz’i fuz,vrvz)etjl)k‘p> (us, UQ)‘

[ur — uz|7|v — va

, (3.10)

where for all (u,v) € R x (1/a, 1),
1 (u,v) = 277 (91 PW) (2w — k,v). (3.11)

In the sequel, we denote by Df, , the set defined as Df,, = {(,k) € Z* : (j,k) ¢ Dy} recall
that Djy,p, has been introduced in (33]). Using (B.I0), Taylor formula with respect to the variable v,
[B2), and the triangle inequality, one obtains that

‘ (Aa}l—u%vl—?&) (83Xn+1)) (uz, v, w) — (Ab}l—umm—vz) (agX”)) (uz, v, w)‘

lur — ug|7|v1 — vy

1 2
< G]\’f,n(ul,umw,w) + |v; — U2|G1\£n(ulau2avlav2aw)a
where

q

GY (1, g, v, ) ::Z(;)aoga)p 3 mprej,k«u)\‘(

p=0 (,k)€DS, .

Ak (av@;{;p)) (us, UQ)(

T (3.12)
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and

2,9
GMJL(ula u2,v1, 02, W)

q ‘fo 1—s) < L u2(82@q p))(uQ,vg—l-s(vl—vg))ds |

S (o 2 i

= (UK)EDY 4,

(3.13)

Thus, for proving the lemma, it is sufficient to show that, when n — +o0, Gh M, n(ul,uz,vg, w) and
G?wn(ul,u%vl,vg, ) converge to 0, uniformly in (u,ug,v1,v2) € [-M, M]? x [a, b]2.
First, let us study GMn(ul, ug2,v2,w). It follows from (B.I1)), that,

(0,017 (u,v) = 2770 (83 7PW) (2w — k,v) — (log 2)j277" (9 PW) (2w — k,v). (3.14)
Next, putting together (B14]), (B2), the triangle inequality, Lemma 21 (@) and (@.2]), one has,

1 7)) (g0
Z |J'|p|€j7k(w)|‘<Au1 ”2(8UGJ,k ))( 2 2)‘

(4, k)eD]u n

lur — ug|?

. (63“7”\11) (2ju1 — k‘, 1)2) — (63“7”\11) (2jUQ — k?, U2)
< > 2Pl W) | |

(jvk)eDﬁJ’n

ur — ug|?

- 0w (27uy — by va) — (077W) 2z — K, va)
+llog2) D) 2”2|j|p+1|ej,k<w>|‘( ) — ko) - (E78) @~ )

(U:K)EDY 4,

< Cl(w)<An(u1,uQ,vz;M,%n,p, O PW) + By, (ug, ug, va; M, v, m,p, 03“‘”’))

lur — ug|?

+ C1(w)(log 2) (An (w1, ug,v2; M,y,n,p+ 1,087PV) + By, (u1, ug, va; M,~v,m,p + 1, 83*1’\11)),

where C; denotes the random variable C” introduced in Lemma[ZIl Then Lemma@.2land (B12) imply
that, when n — “+o0, G}\’j{n(ul,ug,vg,w) converges to 0, uniformly in (uy,us,v1,v2) € [—M, M]?
[a, 0]
Let us now study G?\’f,n(ul,ug,vl,vg,w). It follows from (3.I4]) that,
(85@?;”)(% v) =279 (9IPU) (2w — kyv) — 2(log2)270Y (9T PE) (20w — K, v)
+ (log2)?j*279(97PW)(2'u — k,v). (3.15)
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Next, putting together (BI5]), [B2), the triangle inequality, Lemma 21 (@) and (@.2]), one has,

Z 7lPle; ‘fo 1-s < wy— UQ(62@§kp))(uQ,vg+s(v1_v2))d5
JPlejn(w T

(4,k)EDS, .,

1
< Cl(w)/ <A (w1, u2,v2 + s(v1 — v2); M, 7y, m,p, 012 PW)+
0
By (u1,ug, v2 + s(v1 — v2); M, 7,1, p, 33+2_p‘1’)>d3
1
+ CQ(W)/ (An(ulau2av2 + S(vl - /02); M,%U,P + 1?8g+17p\1])+
0
By, (u1,u2,v2 + s(v1 — v2); M, v, n,p+ 1,33“”’))&9
1
+ CQ(W)/ (An(U1,U2,vz + s(v1 —v2); M,v,m,p + 2,00 PW)+
0
Bn(ulau2av2 + S(vl - UQ); M,%U,P + 2’83_p\1])>d5a
where Cy(w) = (21og 2)C (w). Then Lemma@.2land (313)) imply that, when n — 400, GMn(ul,ug,vl,vg, w)
converges to 0, uniformly in (uy,us,v1,v2) € [~M, M]? x [a, b]%. O

Now we are in position to prove Theorem B.11

Proof of Theorem[31l. Let w € Qf be arbitrary and fixed. First we show that Part (7) of the theorem
holds. By using Lemma 2.1l Proposition 2.1l and a method similar to the one which allowed to derive
([2:4), we can prove that, for all fixed ¢ € N and (u,v) € R x (1/a, 1), one has,

Z <Z>(log2)p Z |7[P2~ 7”|ejk )| (98~ P) (27w — k,v) — (097PW) (—k,v)| < o0,

p=0 (4,k)ez?

Therefore, the series of real numbers,

Z(Z) —log2)” > 7277 p(w) ((017PW) (2Tu — k,v) — (9TPU) (—k,v))

p=0 (j,k)ez?

is convergent, and its finite limit, denoted by X @ (u,v,w), does not depend on the way the terms of
the series are ordered. Let us now assume that v € R is arbitrary and fixed and that the variable
v belongs to an arbitrary fixed compact interval [a,b] contained in (1/c,1). We denote by M an
arbitrary fixed positive real number such that v € [-M,M]. In view of Theorem 2] Part (i),
Proposition 3] Part (¢ii), and (B1), when n goes to infinity, the following two results are satisfied:

e the function v — Xy, (u, v,w) converges to the function v — X (u,v,w), uniformly in v € [a, b];

e for each fixed ¢ € N, the function v — (9¢Xpm.n)(u,v,w) converges to the function v
X (u, v, w), uniformly in v € [a, b].

The latter two results imply that v — X (u,v,w) is an infinitly differentiable function over [a, b] and
one has, for all ¢ € N and v € [a, b],

(09X) (u,v,w) = lim (99X arn)(u,v,w) = XD (u,v,w); (3.16)
n—+oo
these equalities mean that ([B3]) is satisfied. Thus, it remains to show that Part (i) of the theorem

holds. In fact, the equality X (u,v,w) = lim, 400 Xarn(u,v,w), BI6), and Proposition B.I] Part
(7it), imply that this is indeed the case. O
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Before ending this section, let us stress that for each fixed w € Qf, ¢ € Z; and M,a,b € R
satisfying M > 0 and 1/a < a < b < 1, Theorem Bl Part (ii), allows to derive, uniformly in
v € [a, b], a global modulus of continuity of the function u +— (9¢X)(u,v,w), on the interval [—M, M];
also, it allows to derive, uniformly in v € [—M, M], a global modulus of continuity of the function
v+ (0¢X)(u,v,w), on the interval [a,b]. More precisely, in view of Definition B.2] a straightforward
consequence of Theorem B.1] Part (i7), is the following:

Corollary 3.1. For each fized w € Qf, ¢ € Z4 and M,a,b,n € R satisfying M >0, 1/a <a<b<1
and n > 0, one has,

q _(aq
sup [(08X) (1, v, ) (?”X)(UQ’U’W){ < 0, (3.17)
(u1,u2,0)€[—M,M]2x[a,b] ‘ul - u2’a_ foa=n
and
gX - gX ) )
sup [(08X) (w01, ) = (O8X) (w v )| | (3.18)
(u,01,02) €[ M, M] x [a,b]2 |v1 — v

4 Fine path properties of the field generating LMSM’s

The main two goals of this section are the following:
e to give an improved version of the global modulus of continuity B.I7);

e to derive, an upper bound of |(83X)(u,v,w)|, forallwe Qf, ¢ € Zy, v € [a,b] C (1/a, 1) and
u € R.

More precisely, we will show that the following two results hold.

Proposition 4.1. For each fized w € Qf, ¢ € Z4 and M,a,b,n € R satisfying M >0, 1/a < a <
b <1 andn >0, one has,

s { (89X (ur, v, w) — (89X (uz, v, )| }

(u1,u2,v)€[—M,M]?X|a,b] )q+2/a+n

lug — uglv_l/a(l + |log lug — uQH

< sup
(u17u27v)e[_M7M]2 X [avb]

“, @ (1052)" ¥ ez P27 |eg ()] | (947P9) (2 — ) — (98770) (2a — k.0)

!u1 _ uQ’vfl/a (1 + “Og \u1 . u2’|)q+2/a+n

< 00. (4.1)

Proposition 4.2. For each fized w € Q, ¢ € Z+ and a,b,n € R satisfying 1/a < a < b < 1 and
n >0, one has,

|(98X) (u, v,w)| }

sup
(u,v)ER X [a,b] { ‘u’v(l + | log ‘uH)qul/aJrn

gzo <z> (log 2)7’ Z(j,k‘)EZ2 |j|P2—jv|ej,’f(w)| ‘(agfpg,)(gju — k,v) — (837”\1')(—]@,1;)‘
< sup

(u,v)ERX[a,b] |u|v (1 + ‘ log |u| Dq-i—l/a-f—n

< 0. (4.2)

15



The proofs of Propositions[£I]and L2 are, to a certain extent, inspired by that of Theorem 1 in [2].

Proof of Proposition [[-1]. Let (u1,us,v) € [-M, M]? x [a,b] be arbitrary and fixed; in all the sequel
we assume that uy # uz. Observe that, in view of (ZI2]), there is a constant ¢; > 0, non depending
on (u1,us,v), such that for all p € {0,...,q} and (j,k) € Z2, one has,

(8977 20y — k, v) — (09 PW) (2 ug — ki, v)| < 1 ((3 12w — k) P+ (34 |20ug — k|)_2> . (4.3)

Also notice that |(9§ "®)(27u; — k,v) — (08 "W¥)(2/uy — k,v)| can be bounded more sharply when
the condition ‘
2 |uy — us| < 1 (4.4)

holds, namely using the Mean Value Theorem and (2.12]), one has,

{(ag_pllf) (27uy — k,v) — (007 Pw) (27 uy — k,v){ < 2|uy — o) sup ‘(8x83_p\1’)(2ju - k,v){
(u,v)E[u1 Aug,ui Vuz] X [a,b]
< 127 |ug — | sup (3+ |2ju—k‘|)_2
w€[ug Aug,ut Vus)
S 012j\u1 —U,Q’(Q—i- ]2ju1 —k‘)72, (4.5)

where the last inequality results from the triangle inequality and (Z4]). Denote by jo > — logy(4M)
the unique integer satisfying
271 < 200uy —up| < 1. (4.6)

Then, the first inequality in (2.10), [@3]) and (35, entail that, for all n > 0 and w € Q,

> i en(w)] [ (0777 (2 uy — kyv) — (0P (ug — k,0)| <

(4,k)ez?

Clw) > 2791+ [f)PHV(1 4 k) log!/* (2 + |K])| (97 PW) (27 uy — k,v) — (97PW)(2Tuy — k,v)]
(j,k)ezZ?

< C(w)e </le (u1,v)|uy — us| + Bjy (u1, uz, v)), (4.7

where the random variable C' has been introduced in Lemma 2I]and where for each J € Z, (y1,y2) €
R2 and v € [a,b],

As(yv) =30 3P0+ PV [K)Y og T2 + K) (24 275 — k)T (48)

j<J keZ
and
BJ(yh Y2, U) (49)
= D0 D 2 (L k)Y 10g 4 (24 []) (84 1251 — Kl) 7+ (34 1202 — ) 7).
§>J kez

Let us now give an appropriate upper bound for Ajo (u1,v). Assume that j < jg; using Lemma
(in which one takes 6 = 1/, ¢ = 1/a +n and u = 2/u;) and the inequality |u;| < M, one obtains
that,

< 20/ %(1 + [o|) M/t

O ]) 1/ log /472 + |k|)
o 2+ 2w k)
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where ¢y is a constant only depending on M, a and 7. Next, it follows from the latter inequality,
(#8) and Lemma [0.4] (in which one takes § =1 —wv, 6p =1 —-b, A =p+1/a+mn, np = —oo and
ny = ]0) thata

Ajq(ug,v) < 022j°/a(1 + |j0|)1/a+77 Z 2j(1_v)(1 + |j|)p+1/a+n < ngjo(l—vﬂ/a)(l + |j0|)p+2/a+2n
J<Jjo

< cqlug — u2|v71/a71(1 + | log [y — u2||)p+2/a+2n

: (4.10)

where the last inequality results from (4L8l), and where c¢3 and ¢4 are two constants non depending
(u1,u2,v). Let us now give an appropriate upper bound for Bj,(u1,u2,v). In view of ({3, this
quantity can be expressed as,

Bjo(ul,UQ,U) = Tjo(ul,v) +Tj0(u2,’l)), (411)

where, for each J € Z, y € R and v € [a, b],

5y gL P (g (2 4 K]

(4.12)
i>J keZ (3+ 27y — k|)

Assume that j > jo and that = € {u;, us}; using Lemmal[0.5] (in which one takes = 1/, ( = 1/a+n
and v = 2/z) and the inequality |z| < M, one gets that,

T (14 [k log"/*+(2 + |k|)

< 2/ (1 + |j|) et
keZ (2+ 27z — k)

Next, in view of (£I2]), it follows from the latter inequality and Lemma (in which one takes
0=v—1/a,0p=a—1/a, \=p+2/a+2n, ng =jo+ 1 and ny = +00) that,

Tjo(w,0) < ¢ 3 279011 g [j|)PH2/etn < cpomiolv=1/e) (1 |y |42/t 2n
J>Jjo
< cglun = wo]" "V (1 + [ log fur — gl )7/, (4.13)

where the last inequality results from (46]), and where c5 and cg are two constants non depending

n (z,v). Next, (@I3) and (@II) imply that
> — 2 2
Bjo(ul,uz,v) S 206‘”1 — ’LLQ’U 1/a(1 + {log \ul — U,QH)er fat 77. (4.14)

Next putting together, (£I0), (LI4) and (LT), one obtains that, for all n > 0 and w € Q,

> lilP2 0 en(w)] [ (007PW) 20wy — k) — (9TPE) (up — K, v)
(j,k)ezZ?

< C(w)erlur — ug|"~* (1 4 | log |uy — u2||)p+2/a+2n, (4.15)

where ¢7 is a constant non depending on (uj,ug,v). Finally, (B3], the triangle inequality and (ZI15])
entail that (£J]) holds. O

Proof of Proposition [{.3. Let (u,v) € R x [a,b] be arbitrary and fixed, in all the sequel we assume
that u # 0. Observe that, in view of (ZI2]), there is a constant ¢; > 0, non depending on (u,v), such
that for all p € {0,...,¢} and (j, k) € Z2, one has,

(08PW) (200 — k,0) — (90PT) (—k, v)| < ¢4 ((3 +12u— k)4 3+ |k|)_2). (4.16)
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Also notice that (03 PW)(2/u — k,v) — (9% "¥)(—k,v)| can be bounded more sharply when the
condition '
2u| <1 (4.17)

holds, namely, using the Mean Value Theorem and (2.I2]), one has,
{(ag_pllf) (2ju — k,v) — ((93_”\1’)(—k:, v)‘ < 2j|u| sup {(amag—pxlf) (2jy —k, v)‘

yE[uN0,uV0]

<c2ul sup  (3+ |2jy—kz|)_2
yE[un0,uV0]

< e ?ul(2+ k)7 (4.18)
where the last inequality results from the triangle inequality and ([@IT). Denote by j; € Z the unique

integer satisfying ‘
271 < 20ty < 1. (4.19)

Then the first inequality in (2I0]), (£I16) and [@I8) entail that, for all n > 0 and w € Q,

Z |j|p2*j”|ejvk(w)| |(63*p\11)(2ju — k,v) — (827P0) (—k, v)|

(j,k)ezZ?

<OW) Y 279 (14 37TV 4 k)Y log ot (24 [K]) | (08 PW) (2w — k) — (897PW) (—k, v)]
(j,k)ez?

< C(w)e <\u]/1j1 (0,v) + By, (u,0, v)), (4.20)

where the random variable C has been introduced in Lemma 2T and where A, (0,v) and Bj, (u, 0,v)
are defined respectively by ([A.8) and ([@9). Let us now give an appropriate upper bound for A; (0, v).
Observe that y Vet
14 |k))/*log™” ™ (2 + |k
ey (1) (2.4 1K)

2
keZ (2 + |k])
Thus7 (m) and Lemma (11’1 Wthh one takes 0 =1 v, 00 =1 - b7 )\ — p+ 1/(1 +T’7 nyg = —oo
and ny = j1) imply that,
Aj,(0,0) = ¢ 3 2907 (14 [f)PF/0H < eq90 (=0 (1 4 |y )PH/F
J<ii

< eqlul"" " (1 + | log [u) )7/, (4.21)

where the last inequality results from ([€J9) and where c3 and ¢4 are two constants non depending
on (u,v). Let us now give an appropriate upper bound for Bj, (u,0,v). In view of (43]), this quantity
can be expressed as,

Bj, (u,0,v) == T (u,v) + T, (0,0), (4.22)
where T}, (u,v) and T}, (0,v) are defined by [@I2). Assume that j > j; and that z € {u,0}; it follows
from Lemma [0.5] in which one takes # = 1/ and ( = 1/« + 7, that,

3 (1 + [k log!/ >t (2 + |k|)

: - < C5(1+2j|x|)1/“ logh/ @M (2427 |z|) < 62090/ (1 45— jy)t/otn,
ez (3+ (272 — k)

where the last inequality results from ([€J9) and where c; and c¢g are two constants non depending
on z, v, j and j;. Therefore, in view of (£12), one obtains that

Ty, (2,0) < ¢ Y, 279020790/ (14 |G)7 VO (14 — ) VO (4.23)
J>J
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Next, setting [ = j — j; in the right-hand side of (£23]) and using Lemma [0.7], it follows that,

+oo
th (x,v) < 66227]'11)27[(2)71/04)(1 +l)1/a+n(1 + |l +j1|)p+1/a+n
=1
400
< 672—j1v 22—1(1)—1/04)(1 + l)l/a—l—r]((l 4+ l)p+1/04+7l + (1 + |j1|)p+1/04+7l>
=1
—j1v ~ —l(a—1/a) 1/a+n p+1/a+n - \pt1/ ot
<2y 2 (1+1) ((1+l) + (1 +151) )
=1
< 082—j1v(1 + ’jl’)p+1/a+n7

)p+1/a+n

< colul” (1 + |log |ul| , (4.24)

where the last inequality results from (£I9]) and where the constants c¢7, c¢g and ¢g do not depend on
x, v and j;. Next, ([I22)) and (£24)) imply that,

E’jl (u,0,v) < 2¢qlul’ (1 + {log \uH)pH/aJrn. (4.25)
Next, putting together (20), (£2I)) and (L250]), one gets that,
D P2 e (w)] [(977) (2w — k) — (9P (=K, )|
(4,k)ez?
< Cw)erolul® (1 + | log Jul|)PFH/**, (4.26)

where ¢j9 is a constant non depending on (u,v). Finally, (33), the triangle inequality and (Z.20])
entail that (£2]) holds. O

Before ending this section, let us stress that, thanks to (BI8]) and (41]), for each fixed w € Q§,
q € Zy4 and M,a,b € R satisfying M > 0 and 1/a < a < b < 1, one can derive, a global modulus of
continuity of the function (u,v) — (9¢X)(u,v,w), on the rectangle [—M, M| x [a, b]. More precisely,
the following result holds.

Corollary 4.1. For each fired w € Qf, q € Z4 and M,a,b,n € R satisfying M >0, 1/a <a<b<1
and n > 0, one has,

“up ‘(&?X)(ul,vl,w) — (83X)(u2,v2,w)‘ < oo, (427)
(uruz,v1,02) €[-M,M2x[ab]? | Juy — ug|"1Ve2=1/ (1 + |log |uy — u2]|)q+2/a+n + |vg — v
Proof of Corollary [f-1. For each (uy,ug,v1,v2) € [-M, M]? x [a,b]?, one sets,
OLX ) (ur,v1,w) — (02X) (ug, ve, w
flur,ug, v1,02) = (B, w1,0) = (9% )(q2+2/2a+77)‘ :
Jur — up[r V2 =/ (1 + |log [uy — ual|) + [v1 — w2

with the convention that 0/0 = 0. Using the fact that f(uq,us,v1,v2) = f(ug,uy,ve,v1), it follows
that,

sup {(&q,X)(ul,vl,w) — (agX) (u2,v2,w){ (4.28)
(uuz,01,02) €[~ MM x[ab]? | |ug — u2|”1\/”2*1/0‘(1 + ‘10g ug — u2|‘)q+2/o¢+7l + v1 — o
B ‘(BgX)(ul,vl V vg, w) — (83X)(uz,vl/\v2,w)|
o Sup 1 q+2/a+n ’
(u1,u2,v1,v2)€[—M,M]?x[a,b]? \ul — U,Q’vlvv? /O‘(l + ‘ log ]ul — U,QH) + ‘1)1 — 1)2’
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Moreover, using the triangle inequality, and the inequality for all (uy, ua,v1,v2) € [~M, M]? x [a, b]?,

fax {\“1 — ug| VUV (14 [log fug — ua][) T oy — 7)2’}

q+2/a+n

< Jug — ug|"VP2 V(1 + |log Jug — ua||) + o1 — val,

one gets that,

‘(BgX)(ul,vl V vg, w) — (83X)(uQ,vl/\v2,w)| }
1)2’

sup
(u1,u2,v1,09)E€[—M,M]?x [a,b]2 { lup — ug[1Ve2=1/e (1 + | log |uy — uQH)qH/aJm + v —

< sup { [(03X) (u1,v1 V vg,w) — (02X (ug, v1 V va,w)| }
[a,b]

(u1,u2,v1,02) €[~ M,M]? x luy — ug|vrvvz=t/e(1 + \ log |uy — u2|\)q+2m+77 + o1 — v
N s (98X (ug,v1 V vg,w) — (98X (ug, v1 A v, w)|
(u1,u2,v1,02)E€[—M,M]2 x [a,b]2 ‘Ul _ u2’v1\/”2 1/a(1 + ‘log ’U1 H q+2/a+n + ‘Ul — 1)2’
NX — (02X (
(u1,u2,0)€[—M,M]2x[a,b] |u1 - UQ|U71/O‘(1 + ‘ log |U1 H q /a K

ST 1o S T

(,01,02) €[~ M, M] x [a,5]2 o1 — v

Finally, putting together, (£28]), ([£29), (BI]]) and ([4I]), one obtains (£27]).

5 Global and local moduli of continuity of LMSM

From now on and till the end of the article, LMSM is identified with its modification {Y () : t € R},
defined for all t € R, by,

Y(t)=X(t,H(t)), (5.1)
where {X(u,v) : (u,v) € R x (1/a,1)} is the StasS field introduced in Theorem 2T} recall that
H(-) denotes an arbitrary continuous function defined on the real line and with values in a compact
interval [H, H] C (1/a,1).

First we provide a global modulus of continuity for {Y(¢) : ¢ € R} on an arbitrary nonempty
compact interval; there is no restriction to assume the latter interval of the form [—M, M| where M
is an arbitrary positive real number.

Theorem 5.1. Let € be the event of probability 1 introduced in Lemmal2.1 Then for each w € €
and for all positive real numbers M and 7, one has,

3} |(Y(t7w) - Y(87w)|
o H(t)VH(s)—1 2/atn < 0o
(ts)e[-MMP2 (|t — s|HOVH) =1/ (1 4 |log |t — s]|) + |H(t) — H(s)|

(5.2)
Proof of Theorem [0l The theorem easily results from (G1I) and Corollary 1] in which one takes
q =10, a =minge_pp H(z) and b = maxe|_pra H (7). O

Remark 5.1. (i) Theorem[51 remains valid under the weaker condition that H(-) is a continuous
function on the real line with values in the open interval (1/c,1); indeed, even in this case,
H ([-M, M)) is still a compact interval included in (1/a,1).

20



(ii) A straightforward consequence of Theorem [51 is that: LMSM has a modification with almost
surely continuous paths, as soon as its functional Hurst parameter H(-) is a continuous function
with values in (1/a,1); this solves and provides a positive answer to the conjecture made by
Stoev and Taqqu in Remark 1 at page 166 of [29)].

The following corollary easily follows from Theorem [B.1]

Corollary 5.1. (i) Assume that for some real numbers My < My, one has for each n > 0,

su [H (1) — H(s) < 0 (5.3)
P H(t)VH(s)—1 2/atn ' '
(t,5)€[M1,Ma]? [t — s|HE)VH(s) /0‘(1—1— ‘log ]t—sH)
then it follows that, for all w € Qf and n > 0,
Y(t,w) —Y(s,w)

sup - IJI = | Sjaty [ < (5.4)

(t.)e[M1,Mo]? | [t — s|HOVH()=1/a (1 + | log |t — s||)

(ii) Assume that for some real numbers My < Ma, one has for each n > 0,
H(t) — H(s)

sup | | STty < O (5.5)

(t,s)€[M1,M2]? |t — s]minze[Ml’Mﬂ H(x)fl/a(l + | log |t — 5] D

then it follows that, for all w € Qf and n > 0,

Y(t,w) —Y(s,w
- {’t_ Y (t,w) = Y(s,0)] )2/a+n}<oo. (5.6)

(t,8)€[M1,M>]? s]minze[Ml’Mﬂ H(x)fl/a(l + | log |t — sH

Remark 5.2. (i) The Condition (5.3) is satisfied as soon as

H() € CMaXze[My,Ms] H(ﬂf)*l/o‘([]wl7 MQ], R).

(i) The Condition (Z1) is satisfied as soon as
H() e CMinee [, mp) H(2)—1/a ([Mh M), R).
Let us now provide a local modulus of continuity for {Y(¢) : ¢ € R}.

Theorem 5.2. Assume that the skewness intensity function B(-) of the StaS measure Z,(ds) is a
constant. Let tg € R be arbitrary and fived. Then, one has almost surely, for all positive real numbers
M and n,
Y (t) - Y(t)
sup { | 1/%‘% < 0. (5.7)
te[-M,M] | [t — to|H () (1 + | log [t — to]|) + |H(t) — H(to)|

Proof of Theorem [5.4. First observe that for any fixed to € R, the process {X (¢, H(to)) : t € R} has
stationary increments since it is a Linear Fractional Stable Motion of Hurst parameter H ((); hence,
the processes {X (¢, H(to)) — X(to, H(to)) : t € R} and {X(t — to, H(to)) : t € R} have the same
finite dimensional distributions. Therefore, using their path continuity, and the fact that the set of
the dyadic numbers in [—M, M] is dense in [—M, M], it follows that the random variables,

sup |X(t,H(t0)) — X(to,H(to))‘
te[=M,M] | [t — to| () (1 + |log |t — to| \)1/‘”’7
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and

| X (¢ — to, H(to))]
sup o (°
te[-MM] | [t — to|H(t0) (14 |log |t — to|)

are equals in law; thus, taking in Proposition 2] ¢ = 0 and a,b such that H(tg) € [a,b], one gets
that, almost surely,

(5.8)

sup
te[—M,M]

{ X (¢ H(to) — X (to, H(to))| }

|t — tO\H(tO)(l + |log |t — toH)l/aJm

On the other hand, taking in BI8), ¢ =0, a = H := inf,er H(z) and b = H := sup,.p H(x), one
obtains that,

X(t,H(t)) — X(t,H(t
sup | ( ) ( )) ( ) ( 0))| < 00. (59)
te[—M,M] |H(t) — H(to)|
Finally putting together, (&), (B8] and (B4, it follows that (B7) holds. O

The following result is a straightforward consequence of Theorem

Corollary 5.2. Assume that the skewness intensity function B(-) of the StaS measure Zy(ds) is a
constant. Also assume that ty € R is such that, for each n > 0, one has for all t € R,

|H(t) — H(to)| < e|t — to700) (1 + |log |t — to]|) /", (5.10)

where ¢ > 0 is a constant only depending on ty and n. Then, one has almost surely, for each positive
real numbers M and n,

(5.11)
te[—M,M)

“ { V() = Y (to)] } .
|t — to H(t0) (1 + |Tog |t — to][) /"

6 Quasi-optimality of global modulus of continuity of LMSM

The goal of this section is to show that, under some conditions, a bit stronger than (5.5]), the global
modulus of continuity, given in (B.6]), is quasi-optimal, more precisely:

Theorem 6.1. Assume that My < Mo are two arbitrary fixed real numbers such that the condition,
(A) : H() belongs to the Holder space C+ ([My, Ms],R) for some ~y, € (mingen, ay) H(x) —1/a,1],

is satisfied. Let us set

H(t)— H(t
pi= sup{@ € Ry : Ity € [My,Ms] s.t. H(tp) = min H(x) and  sup () = Hito)] < oo}

‘Te[MlvMQ] te[Ml,MQ} |t - t0|€
(6.1)
and .
14 2a~
T = St , (6.2)
ap —1
with the convention that T := 0 when p = +o0o. Assume that
ap > 1, (6.3)

then, T is a well-defined nonnegative real number, and one has, almost surely, for all n > 0,

Y (1)~ Y(s) } . 64)

sup - =
(1) My A2 { [t — sinectn il HEO-172 (1 4 | log |t — s[]) "
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Remark 6.1. Notice that the Conditions (A) and (6.3) are satisfied when H(-) belongs to the Hélder
space C7 ([My, Ms),R), for some v > 1/c.

In order to prove Theorem .1, we need some preliminary results. Let us first introduce U the
real-valued deterministic continuous function defined, for all (z,v) € R x (1/a, 1), as,
~ 1
v =
@) = S T T 1T —o 7 1)

/R(s — x)i/a_vi/}@)(s)ds, (6.5)

where 1) is the second derivative of the Daubechies mother wavelet ¢ introduced at the very
beginning of Section 2] and where T is the usual Gamma function; also, recall that the definition

of ()}F/ “7" is given in ([2)). By using a result in [26] concerning Fourier transforms of right-sided
fractional derivatives, one has for each (§,v) € R x (1/a, 1),

=~ 1 , x -~
_ v+l-1/a —isgn(§)(v+1-1/a) 5
V(o) = ool a6, (6.

where W(-,v) denotes the Fourier transform of the function U(-,v). Let us now give some useful
properties of the function W.
Proposition 6.1. The function T satisfies the following three properties.

(i) For all real numbers a,b such that 1 > b > a > 1/«, the function U is well-localized in the
variable x uniformly in the variable v € [a,b]; namely one has,

sup  (3+ |x|)2{\1’(:ﬂ,v){ < 0. (6.7)
(z,v)ERX[a,b]

(ii) For any fized v € (1/(1, 1), the first moment of the function {Ivf(-,v) vanishes, which means that
/ U(z,v)dx = 0. (6.8)
R

(iii) Let W be the function introduced in (2.3) then, for each fized v € (1/oz, 1), the system of
functions {27/2W(27 - —k,v) : (j,k) € Z*} and {2j/2\i(2j - —k,v) : (j,k) € Z*} is biorthogonal;
this means that for any j € Z, j € Z, k € Z and k' € Z, one has,

2(]+],)/2/ \I’(2jt - k?, U)i’(2],t — k?,, ’U)dt == 6(j,k;j’,k’)’ (69)
R

where 6; i ey = 1 if (4, k) = (5', k) and 0 otherwise.

Proof of Proposition [61. Part (i) can be obtained by using the fact that

1
<
uzl[g,)b} {F(v +1-1/a)T(1/a —v+ 1)} o

and a method similar to the one used in the proof of Proposition 2] Part (i7). In view of the
definition of a Fourier transform, taking in (G0 & = 0 one gets Part (i7). Let us now give the proof
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of Part (iii). Using Parseval formula, (24) and (G.6]), one obtains for all (j, k) € Z2,

/ D122t — k)27 P02t — K v)dt
R

=2 U [ R 2 e s
R
— 9G24 1-1/0) () -1 / e iE0/2 K /27 0= e\ 07 € de
R
_ 9(—i)(w+1-1/a) / 212201 — k)2 220t — Kt
R

= 05 ks’ k')

where the last equality results from the fact that {2j/ (27 - —k) : (j, k) € Z*} is an orthonormal
basis for L%(R). O

In all the remaining of this section, M; < Ms denote two arbitrary real numbers such that the
Conditions (A) and (6.3]) hold. For the sake of simplicity, we set,

H, = in  H(x). 6.10
pelin, (z) (6.10)

Lemma 6.1. Let Qf be the event of probability 1 introduced in Lemma [Z1 and let {gj,k 2 (4, k) €
N x Z} be the sequence of the random variables defined on € as,

= 20 /Y W (2t — k, H,)dt. (6.11)

Assume that there exists wo € S0, 70 > T and 1y > 0 such that

|V (t,wo) = Y (5,w)|
H*fl/a(l 4 ‘ log ’t _ SH)*TO*WO

(6.12)

(t,S)E[Ml,MQP ’t - S
Then one has

lim sup j0277/ max{{g]k wo){ :k €7 and M +2_% <k/2 < My — 2_%} =0. (6.13)

Jj—+oo

Remark 6.2. Notice that (67) (in which one takes a,b such that H. € [a,b]), Proposition [{-2 (in

which one takes ¢ = 0, a = H := inf,cr H(x), b = H = sup,cp H(z) and n an arbitrary positive

real number) and Relation (2.1]), imply that the random variables gj ) are well-defined and finite on

Q.

Proof of Lemma 6l In all the sequel, we assume that 7 € N and k € Z are arbitrary and satisfy
M, +2 % < 5 < My — 2 3a. (6.14)

It follows from (6.I1]) and (6.8]) in which one takes v = H,, that,

gjx(wo) = 200+ / (Y(t,wo) — Y (k277 ,w0)) U (27t — k, H.)dt. (6.15)
R

In order to conveniently bound { 9j.k(wo)!s
disjoint subdomains:

Bl = [Ml,MQ], BQ = [—2M0,2M0]\[M1,M2] and 83 = R\ [—QMO,QMO],Where Mo = |M1| + |M2|
(6.16)
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Therefore, (6.I5]) implies that, \
|gik(wo)] < AL (wo), (6.17)
=1
where, for each [ € {1,2,3}, one has set,
AL (wp) = 270+ /B Y (t,wo) — Y (k277 wo) || W (27t — k, H,)|dt. (6.18)
!

First, we show that (GI3) holds when |g;:(wo)| is replaced by Aik(wo). Relation (6.12) and the
change of variable u = 2/t — k, yield

Aj (wo) < C1 (wp) 2/ 1+ g it — k277
1

< Cl(wo)Qj(1+H*)/ It — k2
R

H.~1/a <1 + |log |t — k2*jl|>7707n0|\ff(2jt — k, H,)|dt

—T0—"N0 , ~

|U(27t — k, H,)|dt

1:1/0 (14 [log |t — k277

= Cl(w0)2j/°‘/ |u| =1/ (1 + |log |2*ju|‘>_T0_n0|\fl(u,H*)|du
R

, 1 1
= Cyfan)y gl [ oo (; [ 1og(z) - EM
R

—T0—10
) |V (u, Hy)|du,  (6.19)

' ‘} ( w ) } (5 w ){
t? 0 ) 0

C =

1((,00) sup H, 1/ (1 ‘1 ’t H) T0—70

(ts)eB2 [t — s

Let us now show that,

sup/ |u
Jj=1JR

In view of (6.7) and the inequality,

1 log |ul
-+ [log(2) — —
(] ' &)=

1 1
H.~1/a (_' n 'log(2) _ log [ul
J J

—70—10
) | U (u, H,)|du < oo. (6.20)

)Tono - (log 2)*70*1707
-\ 2

which holds for all real number u satisfying |u| < 21/2 one gets, for some constants cs, ..., cs and all
integer j > 1, that,

1 1
[ (2 gtz - 21
R J J

H.—1/a log 2\ —10—n H.—1/«
< 02j7'0+770/ |u| zdu + 02< og > 0 0/ |u 2du
ful>2i/2 (3 + |ul) 2 juj<29/2 (3 4 [ul)

N uH*—l/oz |u H*—l/oz
< 96y / v e /7
=l s2i/2 (3 + )2 ¥ Je B+ Jul)?

9—3/2(1+1/a—H.)
1+1/a— H,

which shows that ([6.20]) is satisfied. Next, (6.I9]) and (6.20) entail that

—T0—10
) |V (u, Hy)|du

du

To+Mn0

<cyj + s,

lim sup j°277/% max {A},k(wo) tk €Zand M; + 97 3a < k)29 < My — Q_i} = 0. (6.21)

j—+o0
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Next, we prove that (6.13]) holds when ‘gj7k(w0)| is replaced by Aik(wo). Let us set,

Cs(wp) = sup |Y(t,w0)‘ < 00; (6.22)
t€[72M0,2M0}

observe that Cg(wp) is finite, since the function ¢ — Y (¢,wp) is continuous over the compact interval
[—2My, 2Mp). Also, observe that, in view of (GI4]) and (6I6]), one has that for all t € Bs,

127t — k| > 29020,
Therefore, it follows from (G.71), that for each t € Bo,
B (2t — k, H)| < ¢r277C73), (6.23)

where ¢7 is a constant non depending on ¢, j and k. Putting together, (G.I8]), (6.22]) and (623]), one
gets that,

A?,k(wo) < Cg(wo)gfj(lfH*,é)’

where Cg(wp) is a constant non depending on j and k. The latter inequality and the inequality
H, < 1, imply that,

lim sup j°277/% max {Aik(wo) tk €Zand M; + 9= 5a <k/2 <M, — Q_i} = 0. (6.24)

j—+o0

Next, we prove that (G.I3]) holds when | gj7k(w0)‘ is replaced by A? x(wo). Observe that by using the
triangle inequality, (614 and (G.I6]), one has, for each t € Bs,

120t — k| =27 |t — 27' > 9i <|t| - %) > 90 (|t| — Mp) > 271 t].

Therefore, it follows from (6.71), that for each t € Bs,
W (27t — k, H,)| < o2 %|t|72, (6.25)

where ¢y is a constant non depending on ¢, j and k. On the other hand, using (&) and Proposi-
tion [4.2] in the case where ¢ = 0, a = H := inf,cgr H(x) and b = H := sup,cr H(x), one obtains
that for any fixed n > 0, and for each t € Bj,

[Y'(t,wo)| < C’1o(w0)|t|ﬁ(1 + | log |t||)1/oz+n,

where Cio(wp) is a positive finite constant non depending on ¢. Next, combining the latter inequality
with (6.14) and ([6.22)), one gets that, for all j € N and k € Z satisfying (6.14]), and for each ¢ € Bs,
one has,

¥ (fown) — Y (K29, w0)] < Crn(eo) (1 + | og e]]) /", (6.26)
where C11(wp) is a constant non depending on j, k and t. Next, ([GI8]), ([€25) and ([6.26]), yield

A3 (wo) < Cha(wg)2~ I,

where C2(wq) is a constant non depending on j and k. Moreover, the latter inequality implies that,

lim sup 70279/ max{A?k(wo) k€Zand My +2 % < k/27 < My — 2’%} =0. (6.27)
Jj—+oo ’
Finally, putting together, (6.17)), (€21]), (624]) and (6.27]), it follows that (6.13]) holds. O
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Lemma 6.2. Let Qf be the event of probability 1 introduced in Lemma [Z1 and let {ﬁj,k 2 (4, k) €
N x Z} be the sequence of the random variables defined on € as,

Gy = 290 ) / X (¢, H(k2 )0 (2t — &, H,)dt. (6.28)
R

Assume that H(-) satisfies the Condition (A). Then, for each w € QO and all
0 € [0,min{v, + 1/a — H,,1 — H.}), one has,

lim sup 2/(0—1/¢) max{‘gj,k(w) —§j7k(w)| tk €Z and M; + 9~ 3% <k/2 < My — 27i} =0. (6.29)

j—+o0

Remark 6.3. Notice that (6.7) (in which one takes a,b such that H € [a,b]) and Proposition [{.2
(in which one takes ¢ =0, a = H, b = H and n an arbitrary positive real number), imply that the
random variables g; ;. are well-defined and finite on €.

Proof of Lemma 62 In all the sequel, we assume that ;7 € N and k € Z are arbitrary and satisfy

(614). Using (510, (€11) and (G.28]), one has,

3
19j%(W) = Gjp(w)] < ZLé‘,k(w)a (6.30)
1=1
where for all [ € {1,2,3},
LY (w) = 200D [ X (4 H(t),w) — X (¢, H(k277),w)||[W(27t — k, H,)|dt; (6.31)

B,

recall that the sets By, By and Bs have been defined in (GI6]). Let us now prove that (629]) holds,
when |gj7k(w) — gjk(w)] is replaced by L]{k(w). It follows from the definition of B;, (B.18) (in which
one takes ¢ =0, M = My, a = H and b = H), ([614)), the Condition (A), and the change of variable
u = 27t — k, that,

L} () < a2/ | B~ Hk27) [t~ b, H )t
1

< Cy(w)2/ ) / It — k27|
B1

U(2Pt — k, H,)|dt

Y

(20t — k, H,)|dt

< 02(w)2j(1+H*)/ It — k2~
R

T {IV/(U, H*)|du

— Ca(w)2™ [ 27
R
< Cg(w) 2/ He =), (6.32)

where the positive and finite constants C(w), C2(w) and Cs(w), do not depend on j and k. Then,
using ([6.32) and the inequality 6 < 7, + 1/a — H,, one gets that,

lim sup 270~1/) max{L},k(w) k€Zand My +2 % < k/29 < My — 2_%} =0. (6.33)

Jj—+oo
Next, let us prove that @29) holds, when |g;,(w) — gjx(w)| is replaced by L?k(w). Let us set,

Cy(w) == sup | X (u, v,w)| < oo; (6.34)
(u,v)E€[—2Mo,2Mo] % [H,H]
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observe that Cy(w) is finite, since the function (u,v) — X(u,v,w) is continuous over the compact
rectangle [—-2My, 2My| x [H, H|. Putting together, (6.31]), ([6.34]), and (6.23)), one obtains that,

L2)(w) < Os(w)2 9010, (6.35)

where C5(w) is a constant non depending on j and k. Then, using (6.35]) and the inequality 8 < 1—H,,
it follows that,

lim sup 2~/ max {Lik(w) k€Zand My +2 % < k/27 < My — 2_%} =0. (6.36)

Jj——+o0

Next, let us prove that (6.29) holds, when |g;(w) — gjr(w)| is replaced by L;’k(w) Setting in

Proposition £21 ¢ = 0, a = H and b = H, one gets that for any fixed n > 0 and for each t € B3,
| X(t,H(t),w) — X(t,H(k:Q_j),w)| < C'6(w)|t|ﬁ(1 + { log |t|‘)1/a+n’

where Cg(w) is a constant non depending on ¢t and (7, k). Next combining the latter inequality with

(631) and (6.25]), it follows that,
L34 (w) < Cr(w)2~ 1=, (6.37)

where C7(w) is a constant non depending on j and k. Then, using (6.37]) and the inequality 8 < 1—H,,
it follows that,

lim sup 2/0~1/) max{L?k(w) k€Zand My +2 % < k/29 < My — 2_%} =0. (6.38)
j—4o0 ’
Finally, putting together, ([G30), [€33]), [@306]) and ([G38)), it follows that ([G29]) holds. O

Proposition 6.2. Let Qf be the event of probability 1 which has been introduced in Lemmal2.1l. Then
for allw € Q, v € (1/a,1) and (j, k) € Z2, one has,

2i(1+v) / X (t,0,w) T2t — k, 0)dE = e;(w), (6:39)
R

where €;, is the random variable defined in (Z.3).

Proof of the Proposition [6.24. First observe that by using (61 and (Z) in which one takes ¢ = 0
and a, b such that v € [a,b], it follows that, for all w € Q% and (j,k) € Z2,

210 N 2 e ()| [ W2 =K ) = U(=HK,0)] | (2 - —k,v)| € LE(R);
(7',k')ez?

therefore we are allowed to apply the dominated convergence Theorem, and we obtain, in view of
Theorem 2.1] Part (i), that

21 (1+42) / X (t,0,w)U (2t — k,v)dt
R

=2/H) 3" zj/vej,,k,(w)/R (W27t — K, v) — U(—k,0)) U (2t — k,v)dt.
(7' k) EeZ?

Finally, combining the latter equality with Proposition 6] Parts (i) and (ii7), one gets (639). O
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Remark 6.4. Let 7 and p be as in Theorem [G 1, also we suppose that (G.3) holds. We denote by 1o
an arbitrary real number such that 19 > 7 > 0.

(i) One has,
1420+ 1

< aTgp. (640)
p

(i) Denote by d(mo) and e(1y) the positive real numbers defined as,

2 /1+2a71 1 1/1+2a7 ! 2
d(19) == 3 (#) + 5(047'0) and e(rp) := 3 <w> + g(on'o), (6.41)

then,
1420 47

P < d(TO) < 6(7’0) < aTp. (6.42)

(iit) For any fized to € [My, M) and j € N, denote by Dj(to, o) the set of indices, defined as,
Dj(to, 7o) := {k €7 : k279 € [My, Mo] and j~¢ < |tg — k29| < j*d%)}, (6.43)
then, for all j big enough, the set Dj(ty, 1) is nonempty and satisfies,
D;(to, ) C {keZ:MﬁQ*% < k)2 gMz—Q*%}. (6.44)

Proof of Remark[6.4] Observe that, in view of (6.2]), one has

1420+ 7
P

therefore, (6.3]), implies that Part (i) holds. Part (ii) easily follows from (640) and (6.41]). Let us
give the proof of Part (iii), for the sake of simplicity we set d = d(79) and e = e(7y). Observe that
the set Dj(to, 79) is nonempty for all j big enough, since lim;_, 29(j7% — j7¢) = 4o00. Let j > 1
and k be two arbitrary integers such that j is big enough and k € D;(tp, 7). In order to show that,
they satisfy (6.14]), we will study three cases: tg € (M7, Ms), to = My and tg = M.

Let us first suppose that M; < tg < My i.e. min{tg — My, My — to} > 0, then in view of the fact
that j is big enough, one can assume that j~%¢ + 2750 < min{tg — My, My — to}; the latter inequality
and the inequality |ty — k277| < j~¢ imply that (G.I4]) holds.

Let us now assume that tg = Mj. It follows from the equality |to — k277| = k277 — M; and the
inequalities j7¢ < |to—k277| < j~¢, that, My +7¢ < k277 < My +;~?. Moreover, in view of the fact
that j is big enough, one can assume M +j ¢ > M; +27 % and M; +57 < My — 27 3a; thus ©14)
holds. At last, the case where tg = Ms, can be treated similarly to the case where tqg = Mj. O

= Qr;

Lemma 6.3. Let 7 be as in Theorem [G1, also we suppose that (G.3) holds. We denote by 19 an
arbitrary fized real number such that 7o > 7 > 0. Then, for all ty € [My, Ma], there exists Q7 . (to)
an event of probability 1 (which a priori depends on 1o and ty) included in QU (recall that the latter
event has been introduced in Lemma(21), such that, for each w € Q7 . (to), one has,

lim inf j0277/ max{‘ejk(w)‘ ke Dj(to,TQ)} > 0, (6.45)

Jj——+o0

where the €. ’s are the random variables defined in (2.3) and where D;(to, o) is the set introduced
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Proof of Lemma 6.3 Let p be a fixed integer such that p > 2R (see ([2.2]) for the definition of R).
We assume that j is an arbitrary big enough integer, so that the set,

Dito o) = {q € Z : pq e Dy(to,m)} {q €L : % € [My, M) and j=¢(0) < |pg277 —to| < j=4(0)

(6.46)
is nonempty. From now on, for the sake of simplicity, d(mp) and e(7y) are respectively denoted by d

and e. Notice that, since j is big enough, the cardinality of the set D;(to, 79) satisfies,
c157 927 < card (Dj(to,m0)) < coj 427, (6.47)

where ¢; and ¢z are two positive constants non depending on j. We denote by I'; the event defined
as,

T = {w ey max{‘ejk(w)‘ ke Dj(to,ro)} < j*TOQJ'/a}. (6.48)

Let us provide an appropriate upper bound for the probability P(Fj); since j is big enough, there is
no restriction to suppose that j=™ 27/® > 1 and that cs j270277 < 1, where c3 is the positive constant

d in (Z39). Next, using, (648), ([6.46]), Part (iv) of Remark 21, (29), and the first inequality in
(641, one obtains that,

P(y) <P ﬂ {‘eﬁpq‘ < jimzj/a} = H P<|€jqu‘ < jiTOQj/Q)

q€D;(to,70) q€D;(to,m0)

= II  (1=P(lejpal > 7 27))

q€D;(to,m0)
.7d2j

\ 17
< (1 — e jO‘TOTJ) ; (6.49)

moreover, the inequality log(1 — z) < —z for all = € [0, 1), allows to prove that,

d9j

(1- csj“TOQ*j)cljf ’
Finally putting together (6.42]), (6.49) and (6.50]), one gets that,

ZP(FJ) < 003

JjeN

= exp (clj7d2j log(1 — 03ja7027j)> <exp (- clcgjmofd). (6.50)

thus Borel-Cantelli Lemma implies that (6.45]) holds. O

Lemma 6.4. Let 7 be as in Theorem also we suppose that (6.3) holds. We denote by 19 an
arbitrary fized real number such that 7o > 7 > 0. Then there exists tg € [My, Ms] (a priori ty depends
on 19) such that, for all w € Q (the event of probability 1 introduced in Lemma[21)), one has,

lim sup 70277/ max{‘fq’j,k(w) —ejpw)| k€ Dj(t(),’r())} = 0; (6.51)

j—+o0

recall that the random variables g; 1 and €; 1 have been defined respectively in (6.28) and (24), also
recall that the set D;(to,m0) has been introduced in (6.43).

Proof of Lemma[6] Let p be as in (6.1]). Assume that pg € (1/a, p) is arbitrary and such that,

14207t + 7 _ 1427t + 79

< d(To) < 6(7’0) < aTg, (6.52)
p P0
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where d(7y) and e(ry) are defined in (@41]). Then, in view of (GI) and (G.I0)), there exists ty €
[M7, Ms], which satisfies,
H(ty) = H.,
(6.53)
su [HO-Ho)| -
ptE[Ml,MQ] |t t0|PO

In all the sequel, we suppose that j is an arbitrary big enough integer, thus the set D;(tg, 1) is
nonempty and ([6.44) holds; also we suppose that k € D;(tg, 1) is arbitrary. Using (€33)) in which
one takes v = H,, ([6.28]), and the equality, for each fixed ¢t € R,

X(t,H(k277),w) — X(t, H,w) = (H(k277) — H,) /1 (0,X) (¢, He + 0(H (k277) — H,),w)do,
0
one gets that

Gik(w) = ejp(w) = 270+ / (X(t, H(k2),w) = X (¢, Hyyw) )W (27t — k, H,)dt
R

:23‘(1+H*)( (k2~7) // a X t H, +60(H(k277) — )w)\fl(zjt—k,H*)det.

Therefore, it follows from (G.8]) in which one takes v = H,, that,

lejr(w) = Gix(w)| < |H(k277) — H, !Z (6.54)
where, for each [ € {1,2,3}

Flj(w) = 270+ / / \W(27t — k, H.,)| (6.55)
x |(8,X) (t, Hy + 0(H(k277) — H,),w) — (0,X) (k277 H, + 0(H(k277) — H,),w) |dbdt;
recall that the sets B; are defined in (6.I6). Observe that, in view of (653]) and (6.43)), one has,
|H(k277) — H| < cyj= 2000, (6.56)

where ¢; is a constant non depending on j and k. Also, observe that in view of ([6.52)), there exists
11, an arbitrarily small positive real number such that
14 2a~! +70+Mm
Po
Let us now, prove that (G5I) holds when |g;x(w) — €;x(w)| is replaced by |H (k277) — H*\Fjlk(w)
Using Proposition E1] (in which one takes ¢ = 1, M = My, a = H, b= H and 1 = 1), the inequality
H(k277) > H, and the fact that k277 € By C [~My, Mo, one gets that,

1 ~ .
Fiiw) < Co()2 048 | [ — k)
1

< d(7o). (6.57)

' —3 N\ 142/
X |t — 2 [Hem ot O (R ~ 01 <1 + | log |t — k2*7||) " dodt
: U (27 j N 142/at
< Cy(w)2? HH) (027t — k, H,)||t — k23 |H—1/e (1 n |log it — kQ’JH) m
B
1 1 . )
x {/ |t — koI |P(H (k2 ”*Hﬁde}dt
0
/ (27 j N 142/a+
< Cg(w)21(1+H*)/ (2t — k, H,)||t — k279 |1/ <1 + | log |t - k2_jH) mdt,
R
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where Ch(w) is a constant non depending on j and k and where C3(w) = (1 + 2M0)H_H*CQ(W).
Then, setting v = 2/t — k in the last integral, and using Lemma [3.1], one obtains that,

Fl(w) < Cy(w)2i/ /R fu

< 04(w)2j/a/ fu
R

< Cs(w) g T2/otm gile, (6.58)

, 142/a+m ~
H*fl/a(1+|log\2*JuH> NG, H) | du

Hi—1/a (j1+2/a+7]1 + (1 + |log ’uH)1+2/a+m )‘\“I’,(%H*)]du

where C4(w) and C5(w) are two constants non depending on j and k. Putting together, (6.56), (6.57)
and ([G.58), it follows that

lim sup j™2 9/ max {|H(1<:2*J’) — H,|F} () : k € Dj(to, TO)} = 0. (6.59)
Jj—+o0
Let us now prove that (G5 holds when |g; x(w) — €1 (w)| is replaced by |H (k277) — H*|F]2,k(w) We
set,
Co(w) == sup (0uX) (u,v,w)| < o0; (6.60)
(u,v)E€[—2Mo,2Mo] % [H,H]

observe that Cg(w) is finite, since the function (u,v) = (0, X)(u,v,w) is continuous over the compact
rectangle [—2My, 2My| x [H, H]. Putting together, (6.55]), (6.60), ([6.44]) and (6.23]), one obtains that,

F? () < Cr(w)2 7907 H—2), (6.61)

where C7(w) is a constant non depending on j and k. Then, using ([GGI]), the fact that H(-) is a
bounded function, and the inequality 0 < 1 — H,, it follows that,

lim sup j°279/% max {]H(kQ_j) - H*]sz,k(w) ke Dj(to,To)} =0. (6.62)

Jj——+o0

Let us now prove that (G5I]) holds when ‘§j7k(w)_— ej7k(w)| is replaced by |H(k277) — H*|F]%k(w)

Setting in Proposition £2] ¢ = 1, a = H and b = H, one gets , in view of (6.60]), that for any fixed
n > 0, for each t € B3 and for all § € [0, 1],

(8, X) (t, He+-0(H (k2 /) H.),w)— (8,X) (k277 , H4+-0(H (k27 )= H.),w)| < Cy(w)[t] (14| log [¢]|) /",
where Cs(w) is a constant non depending on t, 6§ and (j, k). Next combining the latter inequality
with (6.55) and (6.25]), it follows that,

F3).(wo) < Co(w)2~1=H)I, (6.63)

where Cy(w) is a constant non depending on j and k. Then, using ([G.63]), the fact that H(-) is a
bounded function, and the inequality 0 < 1 — H,, it follows that,

lim sup j7°277/® max {|H(k2_j) - H*|F]3k(w) ke Dj(to,To)} = 0. (6.64)
j—+o0 ’
Finally, putting together, (6.54]), (€59) ([6.62]) and (6.64]), it follows that (6.51]) holds. O

Lemma 6.5. Let 7 be as in Theorem [6.1], also we suppose that the Conditions (A) and (6.3) hold.
We denote by 1o an arbitrary fized real number such that 7o > 7 > 0. Then there exists Q5 = an
event of probability 1 (which a priori depends on o) included in S (recall that the latter event has
been introduced in Lemmal2.1), such that, for each w € Q3 ., one has,

lim inf j70277/« max{‘gj,k(w)‘ k€Z and My +2 35 < k/2 < My — 2*%} > 0, (6.65)

Jj—+oo

where the g;.’s are the random variables defined in [G11).
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Proof of Lemma[6.3. Putting together (6.44]) and Lemmas [6.4] [6.3] 6.2} one gets the lemma. O
Now, we are in position to prove Theorem

Proof of Theorem [61l. Denote by %, the event of probability 1, defined as,

03 = ﬂ Q3 103

T()EQ and TQ>T

recall that the events 25 have been introduced in Lemma It is clear that (6.65) holds for all
w € Q3 and for all real number 79 > 7 > 0; therefore, it follows from Lemma [6.1] that for each
we Q3,790 > 7 and 19 >0,

‘Y(t,w) — Y(s,w)‘

su
(ts)eMi a2 [t — s|He =1/ (14 [log |t — s [) 7™

Then, in view of (6.I0]), one gets the theorem. O

7 Optimality of local modulus of continuity of LMSM

The goal of this section is to show that under a condition a bit stronger than (5.10)), the local modulus
of continuity given in (E11]), is optimal, more precisely:

Theorem 7.1. Let M be an arbitrary positive real number. Assume that to € (—M, M) satisfies for
some constant ¢ > 0 and all t € R,

t) — to)| < — t og |t —tg ! . .
|H () — H(to)| < cft — to["@) (1 + | log |t — to][) " (7.1)

Then, one has almost surely,

sup { [Y() = Y(wo) } = 00. (7.2)

el=a) | [t — ol #(t0) (1 + |log |t — to][)

Remark 7.1. Let us mention that, even in the quite classical case of Linear Fractional Stable Motion
(LFSM) (in other words, in the particular case where the functional parameter H(-) of LMSM is a
constant), the optimal lower bound of the power of the logarithmic factor in a local modulus of
continuity, was unknown so far; Corollary and Theorem [7.1] in our article, show that, in the
more general case of LMSM, this optimal lower bound is in fact 1/c.

The proof of Theorem [I1] relies on (BI8]) in which one takes ¢ = 0, also, more importantly, it
relies on the following proposition.

Proposition 7.1. Let M be an arbitrary positive real number. For all ty € (—M, M), one has almost
surely,

sup (7.3)

te|—M,M)

{ | X (t, H(to)) — X (to, H(t0))| }:
£ to]10) (1. + [ log ¢ — to]|) "

In order to show that Proposition [[.1] holds, we need to introduce some additional notations, also
we need to derive some preliminary results. Let mg be the positive integer defined as,

mo := [logo(3R +2)] +1; (7.4)
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recall that, R is a fixed real number strictly bigger than 1, such that ([Z22]) holds. For all j € N, one
sets,
r(7,mo) := jmo and I(j,mg) := [QT(j’mO)to +R+ 2]; (7.5)

observe that, the inequalities,
(R+1)2770m0) < 1(§,mg)27"0m0) —to < (R4 1)2'770m0) < 4/5, (7.6)
hold. One denotes by €; the StaS random variable,
€j = €r(mo).d(Gmo) » (7.7)

in other words, €; is defined through (Z3]) in which j and k are replaced, respectively by 7(j,mg)
and (7, my).

Lemma 7.1. The StaS random variables €;, j € N are independent and they all have the same scale
parameter, namely, for each j € N,

1/a
5lla = { /R |¢<t>|adt} | (78)

Proof of Lemma[71] First observe that (Z.8) is a straightforward consequence of (L7) and ([2.8]). Let
us now prove that the random variables €;, j € N are independent. Notice that (2.2), entails that,

suppq/)(Qr(j’mO) - —1(F, mo)) C [l(j, mO)Q*T(j,mo) _ R27T(j’m0),l(j, mO)Q*T(j,mo) + RQ*T(j,mo)];

therefore, in view of (2.5) and the fact that the StaS random measure Z,(ds) is independently
scattered, it is sufficient to show that the intervals [l(j, mg)2-"0mo0) — R2=r(:mo) [ (j mg)27T@m0) 4
RQ*T(JMO)], 7 € N are disjoint. The latter result can be obtained by proving that, the inequality,

R27r@mo) 4 Ro=rUHPmo) |15, mg)27"Um0) — (5 + p,mg)2 " UFPmO)| (7.9)

holds for all (j,p) € N2. By using the triangle inequality, (Z6) and the first equality in (ZH), one
has,

|1(j,m0)27 ") —1(j 4 p, mo)2 IR | > 15, mg)2 70 — to| — (15 + p,mo)2 U PO — |
> (R+1)2770mo) — (R 4 1)217rUtpmo) = (R 4 1)279m0 (1 — 217Pm0) > (R 4 1)279m0 (1 — 217m0),

(7.10)
On the other hand, the first equality in (Z3]), imply that
RQ*T(J)mo) 4 RQ*T(jer,mo) — R2~Imo (1 + 2*pm0) < R2-J™mo (1 + Q*mo)_ (7_11)
Next, notice that (Z4]), implies that 270 < (3R + 2)~! and consequently that,
_ 3R(R+1) 1—
R(1+27™) < ————= < (R+1)(1—-2"7"0), 7.12
e < D g2 e
Finally, putting together (ZI0)), (CII)) and (ZI2]), one gets (7.9l O
Lemma 7.2. One has, almost surely,
: [
lim sup - > 1. (7.13)

jotoo jHlogt/e(5)
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Proof of Lemma[7.2 Notice that, in view of Lemma [T1] the events {]éj\ > jl/e logl/a(j)}, JjeN,
are independent; moreover, (L7 and the first inequality in (2.9I), imply that,

ZP(|€ | > Y% 1og* () )>c Z] Nog™(j) = 4.

Thus, applying the second Borel-Cantelli Lemma, one gets (Z.13]). O

Lemma 7.3. Let S be the event of probability 1 introduced in Lemma 21 Assume that for some
to € (=M, M) and wy € €, one has,

X(t,H(t — X(tg, H(t
wp { LB 00 = X ) )] _—
te[-M,M] ([t — to[F(t0) (1 + | log [t — to]|)
Then, it follows that,
lim sup & wo)l < 0. (7.15)

Jj—+oo jl/a

Proof of Lemma[7.3. First notice that, (ZZ), (€39) in which one takes v = H(tg), (68, and the
change of variable x = ¢ — [;27"7, imply that,

5 (w) = 279 (LHH ) /

[ (00 H ), 00) = X (t0, H(t0),0) ) ¥ (298 = . H(10) e

= 2T1<1+H(to)>/ <X(x+zj2*%,H(to),wo) —X(to,H(to),wo))EI(QW,H(tO))dx, (7.16)
R

where, for the sake of simplicity, we have set r; = r(j,mo) and l; = I(j,mo). Let s, := |to| + 2,
observe that, in view of (Z.0]), one has,

Ve eR, |z| > s, = [z +1;2777] > 1. (7.17)

Also, observe that (7.16]) entails that,

|€j(wo)| < 8+ Z;, (7.18)
where
S; = oril+H(to)) /| ; X(x 41,277, H(tg),wo) — X(tO,H(tO),wO)(\\Tl(zw,H(to)){dm (7.19)
and
7; = 2ri(+H(t)) / N X (z+1;27"7, H(to),wo) — X(tO,H(tO),wo)“xi(zw,ﬂ(to))wx. (7.20)

Let us now give an appropriate upper bound for S;. Notice that, the fact that t — X (¢, H(to),wo)
is a continuous function over R, entails that, (ZI4]) remains valid, when [—M, M] is replaced by any
other compact interval; also notice that, in view of (L&), when |z| < s, then x + [;27"7 belongs to
the compact interval [ — s, — [to| — 4/5, s, + |to| + 4/5]. Thus, using (ZI4)) in which M is replaced
by s« + [to] +4/5, one gets that,

lvj + x| t(’)(1+ |log |v; +x|D ‘ (2", H(to))|dx
|z <s«

< O (wp)2rs I HH o) / lvj + x| t(’)(l + |log |v; —HUH) ‘ (2", H(to))|dz, (7.21)
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where, C(wp) is a constant non depending on j, and

vy i= lj2_rj - t(); (722)
observe that (6] implies that,
R+1<2%y; <2R+ 2. (7.23)
For the sake of convenience, let us set,
Co 1= sug 3+ |y|)2‘\1’(y,H(t0))| < 00; (7.24)
ye

observe that the inequality in (Z.24]) results from (6.7]). Next, making in (Z.2I]) the change of variable

u = z/vj, and using the triangle inequality, (Z23)), (C24), (Z22)), the last two inequalities in (Z.6l),
and the the first equality in (1)), it follows that,

1/a, ~
Sj < C(wp) 2miIHHE)),, /]R v 4 vjulH ) (1 + |log |v; + VjuH) |W(2" vju, H(to))|du
. Ve, ~
= C1(wo) 2r1(1+H(t0))V;+H(to) /R 1+ u‘H(to) (1 + “Og(yj) +log |1 + “H) {\1;(2 ivu, H(to))\du
< Cy(wo) (27703) 1 [1og ()
< Cylwo) 51/ (7.25)
where, the constant,

{24— llog\l—i-uwl/a

(3 + Ju) =0

Cs(wo) := ca(log(5/4)) ™ “C1(wo) i du < o,

and the constant Cy(wp) = C3(wo) (2R+2) 1+H(to)m(l]/a. Let us now give an appropriate upper bound

for Z;. Using (CZ20), (Z24) and the triangle inequality, one obtains that,

Zj < ep27i (1 H00) / | X (x 41,2777, H(to),wo) | 2~ 2da + C(wp)2 ™" (17 H0), (7.26)
|z| =5
where, the constant
05((,«.)0) = CQ‘X(tO,H(tO),WO){ z %dx < oQ.
|z|>s4

Next, observe that, (ZI7) and (Z.6]) imply that for all real number = which satisfies |z| > s, and for
each j € N, one has,
1< |z + ;277 < ||+ [to] + 1;

thus, taking in [@2]), ¢ = 0, a, b such that H(ty) € [a,b], and n an arbitrary fixed positive real number,
it follows that,

1/a+
| X (z+1;27"7, H(to),wo) | < Colwo) (|| + [to] + 1)H(t0) (1 +log (|z| + |to| + 1)) " (7.27)

where the finite constant Cg(wp) does not depend on z and j. Next, combining (7.26) with (7.27),
one gets, that,
Z; < Crp(wp)2 (- H o)) (7.28)

where the finite constant

C7(wo) = C5(wo) + 02/

|z[> s

Finally, putting together, (TI8]), ((24]), ((28) and the first equality in (ZX)), one obtains (ZI5) O

1
(lal + lto] + 1)) (1 + log (o] +[to] +1)) "2~ %da.
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Now, we are in position to prove Proposition [(.I] and Theorem [7.1]

Proof of Proposition [7.1. The proposition is a straightforward consequence of Lemmas and
]

Proof of Theorem [7.1 Using (5.]) and the triangle inequality, one has, for all ¢ € [—M, M],
| X(t, H(to)) — X (to, H(to))| < |Y(t) =Y (to)| + | X (¢, H(t)) — X(t, H(to))

)

and, as a consequence,
| X(t, H(to)) — X(to, H(to))|
sup s
te[-a,M] (|t — to| (1) (1 + | log |t — to|)
) ¥ (1) - Y(to)] X (0 H(1) — X (1, Hlto)|
< sup o + sup Vo (
te[-M.M] (|t — to[H(t0) (1 + | log |t — to]|) te[-MM] | [t — to|H(t0) (1 4 |log |t — to|)
Thus, in view of (Z.3]), in order to show that (7.2) holds, it is sufficient to prove that,

X(t,H(t) — X(t,H(t
sup [ (8, H(2)) - X(t, A 0))|1/ < (7.29)
te[-MM] | [t — to|"(t0) (1 + |log |t —to|[) '
Taking in BI8) ¢ =0, a = H := inf,eg H(z) and b := H := sup, g H(z), one gets that,
{X(t’ H(t)) N X(t’ H(tO)){
sup < 00 (7.30)
te[— M, M)] { |H(t) — H{(to)|
Finally, combining (7)) with (Z.30), it follows that (.29]) holds. O

8 Local Holder exponent of LMSM

The goal of this section is to determine the local Holder exponent of a typical path of LMSM. Let
us first recall, in a general framework, the definition of this exponent.

Denote by f an arbitrary deterministic real-valued continuous function defined on the real line.
The critical global Holder regularity of f, over an arbitrary nonempty compact interval [M;, Ms],
can be measured through,

i f S/ _ f S//
Py "([My,My]) :==supdp>0: sup w <00 g, (8.1)
s’,s//G[Ml,MQ} |S -8 |

the uniform (or global) Holder exponent of f over [Mj, Ms]; observe that one has
p}nif([M{’ Mé]) > p}nif([Mla M2])’ (8'2)
when [M{, M}] C [My, Ms]. The local Holder regularity of f in a neighborhood of some point ¢y € R,
can be measured through,
p}nif(to) = sup {p}nif([Ml,Mg]) My € R, My € R and My < ty < MQ}, (8.3)

the local Holder exponent of f at ty; notice that the latter exponent is sometime called the uniform
pointwise Holder exponent of f at to (see [29]).

Let t — Y (t,w) be a continuous path of the LMSM {Y(¢) : ¢ € R}. The uniform Hélder
exponent of ¢ — Y (t,w) over [Mi, My, is denoted by py!([My, Ma],w); the local Holder exponent
of t = Y (t,w) at to, is denoted by py*(to,w).

Thanks to Part (ii) of Corollary B.Jland thanks to Theorem [6.1], under some Holder condition on
H(-), one can, almost surely for all ty € R, completely determine py*(¢p,w), more precisely:
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Theorem 8.1. There is 2} an event of probability 1 (non depending on to), such that for all w € O
and for each tg € R satisfying,
pi(te) > 1/a, (8.4)

one has,
Py (to,w) = H(tg) — 1/cv. (8.5)

Notice that the latter theorem is a more precise result than Theorem 4.1 in [29].

Proof of Theorem [81l The theorem does not make sense if there is no ¢ty € R which satisfies (84,
so in all the sequel, we assume that (84]) is satisfied for some ¢y € R. In view of (82) and (83]), this
assumption implies that the set,

A= {(p1, p2) € Q% : py < o and pf ([, po]) > 1/},
is nonempty. Next, observe that, (81, Part (ii) of Corollary 5.1l Theorem and Remark G.1],
implies that, for all (u1, u2) € A, one has, almost surely,

PV ([, p2]) = min H(z) —1/e; (8.6)
xe[ﬂlvﬂﬂ

moreover, the fact that A is a countable set, entails that (86 even holds on €2}, an event of probability
1 which does not depend on (p1, p2). Also, observe that, for each ty € R which satisfies (84]), one
has, for all w € Q,

unif unif

Py (to,w) = sup {py""([u1, pal) + (p1, p2) € A and py < to < pa} (8.7)

the latter equality can be obtained by using ([82), (B3] and the fact that the set of the rational
numbers is dense in the set of the real numbers. Finally, since H (-) is a continuous function, combining

([B6) with (BT, one gets (83). O

9 Appendix

The following lemma is a standard result.

Lemma 9.1. For all fived positive real number A, there exists a finite constant ¢ which only depends
on A, such that for each nonnegative real numbers x and y, one has,

(z+y)>* < cla* + ),
with the convention that 0* = 0.

The following technical lemma plays a crucial role in the proof of Part (iii) of Proposition BJ] as
well as in those of other important results in our article.

Lemma 9.2. Let (p,q) € {0,1,2} x Z, be arbitrary and fived. We set ¢ := 0502V, where W is the
function introduced in (2.3). Let M, v, a, b and k be arbitrary and fized real numbers satisfying
M>0,1>b>a>1/a,a—1/a >k anda—1/a —k >v > 0. At last, let i be an arbitrary and
fized nonnegative integer. For all n € Z, and (t,s,v) € R? x (1/a, 1) we set,

An(t,SaU;Ma K, V,’L',Qb)

— Y Y PR SO Tk e s e ()

— K
7| <n |k|>M2n+1 |t — s|
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and
Bn(t7 87 U; M7 Ii? V? 2‘7 ¢)

— Z Z 9—jv ‘(b(QJt — k7T) — (Vs — k,U)‘ 3+ |j|)i+1/a+u(3 + |k|)1/a+u, (9.2)

t— s|®
lj|>n+1keZ |

with the convention that Ay (t,t,v; M, k,v,i,¢) = By(t,t,v; M, k,v,i,¢) = 0 for any t € R. Then,
when n goes to +00, An(t,s,v; M,k,v,i,¢) and By(t,s,v; M, k,v,i,¢) converge to 0, uniformly in
(t,s,v) € [-M, M]? x [a,b].

In order to prove Lemma [0.2] we need some preliminary results.

Lemma 9.3. For all fized real numbers & > 0 and M > 0, there exists a constant ¢ > 0 such that
for each integer n > 0,

S o4k <2
k>M2n+1

Proof of Lemmal[Z3. Clearly, one has for all integer k > 1, (1+k)~17¢ < fkk,l(l + 2)~'=¢dz. There-
fore,

+00
Y o4k / (14 z) 1 8de = ¢t —S2- (e
k>M2n+1 M2nti-1
O
Lemma 9.4. Let A € R and 6y > 0 be fived. Set ¢ := Y+ 2700 (1 + m)MN < +o0. Then for all
real number 6 such that |0] > 0y and each ng,ny € {0,%1,...,+too} satisfying ng < ny, one has,
ni 0 A .

2m0% (1 0 <0
S (1l <ol 2, LoD 9.3)

n=no 2m7(1 + [m|) if 6> 0,

with the convention that 27°°(1 4+ 00) = 0 and 2t°°(1 + c0)* = 400

Proof of Lemma[9.4] First, notice that the lemma clearly holds in the following three cases:
e ng = —o0 and n; = +00;
e ng=—oc and 6 < 0;
e n; = +oo and 6 > 0.

Indeed, in the latter three cases, (@.3) becomes +o0o < +00.
Let us study the case where § < 0 and —oc0 < ng < n; < 400, the case where § > 0 and
—o0 < ng < nj < oo can be treated similarly. One has

ni “+o00o “+oo 1_|_ |m+n0| A
3 21 4 [n)* < 37 2070 (1 4 i 4 ) = 27071 + [ )N S 27 <7>
m=0

n=ng m=0 1+ |’I’Lo|
+00 A
_ 1+ |m + ng|
< 2n09 1+ no A 9 m0g (7 )
L+l 3 .
Thus, it remains to show that
+o0 A +oo
_ I+ |m+n0|> —m# A
gmbo (1T ) <=y 27m00 (1 4o, 9.4
S (2 < S o
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In fact, ([@4]) can be obtained by proving the following: for every integer m > 0, one has,

1 <1+|m+n0|

<14m. 9.5
1+m =~ 14no| — (9:5)

Clearly the second inequality in (@.5]) is satisfied. To prove that the first one holds, we argue by
cases:

e if ng > 0, one gets 1—:‘:1':070‘ = 1417_7:7—1—0710 =1l+-2>1= ﬁ§
e if nyp < 0 and m > —ng = |ng|, then 14;%:07?0\ > 1+|1no\ > H}m;
e if ng < 0 and m < —ng = |ng|, then
1+|m+n0|:1—m+|n0|: om o om 1
1+ |ng 1+ |no 1+ |no| — 1+m 1+m

O
The following lemma is a more or less classical result, we refer for instance to [2] for its proof.

Lemma 9.5. [2] For all fized real numbers 6 € [0,1) and ¢ > 0, there exists a constant ¢ > 0 such
that for any u € R, one has,

3 (1 + |k])% 1og® (2 + |K])

CENPEEIE < (14 |u))? log® (2 + |ul).

keZ
Now, we are in position to prove Lemma [3.2]

Proof of Lemma 32 Let t,s € [-M,M] be arbitrary and fixed; there is no restriction to assume
that s # t. We denote by jo > —logy(2M) — 1 the unique integer such that

270l |t — 5| < 2790, (9.6)
From now on, for the sake of simplicity we set:
Ay (t,s,0) = Ap(t,s,v; M, k,v,i,¢) and By, (t,s,v) := By(t, s,v; M, Kk, v, i, ).

Let us first prove that, when n — 400, A,(t,s,v) converges to 0, uniformly in (¢, s,v) € [-M, M]? x
[a,b]. So, in the sequel, we assume that j is an arbitrary integer satisfying |j| < n. We need to derive
suitable upper bounds for the quantity

|p(27t — k,v) — ¢(27s — k, v))|

|t — s|*

(3 + |k]) /ot (9.7)

Al (t,5,v) == Z

|k|>M2n+1
For this purpose, we consider two cases j < jo and j > jo + 1 separately. First, we suppose that
J < Jo- (9.8)
Using the Mean Value Theorem, ([Z12]), ([@.6]) and ([@.8]), one obtains that
(27t — k,v) — ¢(2's — k,v)| < 27|t — s|sup(3 + |u])

uel
<2t —s|(2+ (27t — k|) 73, (9.9)
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where I denotes the compact interval with end-points 2/t — k and 27s — k. It is worth noticing that,
in view of (0.6) and (@.8), the length of I is at most 1; this is why the last inequality holds. Next,

[@9) and ([@.1) entail that

Al(ts,0) S t—s"" > B+[E)YOT 2+ 20t - K|)2 (9.10)
|k|>M2n+1

Moreover, using the inequalities |t| < M, |j| < n and |k| > M2""! one gets
(B4 [R)YOF (24 278 — k)72 < B+ k)T (2 + K| = 27 M) 72 < ep(L+ [R])"E ) (9.10)
Putting together (@.I0) and ([@.I1]), one obtains that

Al (t,s,0) < 32|t — 5|77 Z (1+ |k|)~C Ve,
||>M2n+1

Then Lemma (in which one takes £ =1 —1/a — v) and Relation (@.0), imply that
Al (t,5,v) < g0 DHg—n(=1/a-v) (9.12)
Let us now study the second case where
Jo+1<3. (9.13)
It follows from (@.7)), ([@.6) and (@.I3]) that

Al (ts,0) <2 3" {[6(27t — k,0)| + [6(27s — k,v) |} (3+ (K] (9.14)
|k|>M2n+1

Moreover, using (2.12]) and the fact that |j| < n, one has for all (u,v) € [-M, M] X [a,b] and k € Z
satisfying |k| > M2"+L,

(27w — k,v)| < e5(3+ [27u—k|) 7% < c5(3 + [k| — 27 |ul) 2

5(3+ k| — 2" M) < cs(3 + [K|) 2. (9.15)
Combining (@15 with (@.I4]), one gets that

A;L(t, S,U) < C62jli+1 Z (3 + |k|)f(271/a7u)‘
|k|>M2n+1

<c
<c

Thus, it follows from Lemma (in which one takes £ =1 —1/a — v), that
Al (t,5,0) < ¢p2inni=1/azy) (9.16)

Putting together (@), @), (@I2]) and ([@I6l), one obtains that

Jo +oo
An(t,s,v) < CSan(lfl/afu) 2j0(nfl) Z 2]’(171))(3_’_ ’j‘)i+1/a+u + Z 2]’(/171))(3_’_ ‘j’)iJrl/aJru
JR—— j=jo+1
(9.17)
Next, using Lemma [0.4] with ng = —oco, ny = jo, 0 =1—v>0,0p=1—band A =i+ 1/a + v, one
gets that

Jo
> PUTIE )T < 20U (L o)/ (9.18)

j=—o0
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and using again the same lemma with ng = jo + 1, ny = 400, 6 = Kk —v < 0, 6y = 1/« and
A =1+ 1/a+ v, one obtains that
“+oo
Z 2]’(/171))(3_}_ |j|)i+1/a+1/ < 6102_]‘0(/{71})(1 + |j0|)i+1/a+u‘ (9‘19)
Jj=jo+1
Putting together (@.17), (@I8), (@19), the inequality v—k > 1/« and the inequality jo > — logy(2M)—
1, one obtains that

An(s,t,v) < cllz—jo(v—m)(1+ ‘jo‘)i—l—l/a—l—uz—n(l—l/a—u) < 0122—71(1—1/04—1/)7 (9.20)

where ‘ '
c12 = C11 sup{Qﬁ/a(l + )T L j e Z and j > —logy(2M) — 1} < 400.

The last inequality in ([@.20) implies that when n — +o0, A, (t,s,v) converges to 0, uniformly in
(t,s,v) € [-M, M]? x [a,b].

From now on our goal is to prove that B, (t, s,v) converges to 0 uniformly in ¢, s, v, when n goes
to infinity. So, in all the sequel j denotes an arbitrary integer satisfying |j| > n + 1. First we derive
a suitable upper bound for the quantity

Z|¢ (27t — k,v) — ¢(2 js—k:,v)‘

|t — s|®

I(t,s,0) (3 + |k|)Y/otv, (9.21)

As above, we distinguish two cases : j < jo and j > jo + 1. First, we suppose that ([O.8]) is verified.
Similarly to (@.I0), one has that

BI(t,5,v) < c1327|t — s|' %> (34 KV (2 4 (278 — k|) 7
keZ
Then, using (@.6), Lemma (in which we take § = 1/a 4+ v and ¢ = 0), and the fact that [t| < M,

one obtains that, ‘ o '
BI(t,s,v) < ¢1420T00=1) (1 4 97yt (9.22)

Now let us suppose that (@.I3)) is satisfied. By using this relation, (@.6]), the triangle inequality,
(212), Lemma[@.5] (in which one takes # = 1/a+ v and ¢ = 0) and the fact that ¢,s € [-M, M], one
gets that,

Bi(t,s,v) < 2% Y 3+ k)Y {627t — k,v)| + |¢(2s — k,0)| }

kEZ
< 0152j52(1 + |k:|)1/a+u {(2 + |2jt _ k‘|)_2 e+ |2j8 B k:|)_2}
keZ
< 0162j“ {(1 + 2j|t|)1/a+u + (1 + 2j|8|)1/a+y}
< ¢, 20kt aty) (0.23)

There is no restriction to assume that n > logy (M )42, then in view of the inequality jo > — logy (M )—
2, one has that —n — 1 < jp and thus ([0.22]) entails that,

—n—1 —n—1
D 2Bt s, 0) Sen Y OTIRETI( 4 o) et (g o )t e
j=—o00 j=—00
—n—1
§6182j0(n—1) Z 2j(1—v)(3+|j|)i+1/a+u.
j=—00
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Next, using Lemma (in which one takes np = —o0, ny = —n—1,0 =1—wv, §p =1 —0b and
A =i+ 1/a+v), the inequality 2701 < (4M)'=* and the inequality v < b, one gets that
7n71 . . . .
S 2934 ) BI (1, 5,0) < e1g2 00 (4 4 Y (9.24)
j=—00
Let us now give a suitable upper bound for .-, ., 277Y(3 4 |j) T/ etY Bi(t, s,v). First we assume
that jo > n + 1; then, using (@.22]), one has that,

Jo Jo
S0 @ ) B 5,0) < 2D ST 0 (3 )1 g ek
Jj=n+1 Jj=—00

Jo
< 6202j0(n—1+1/oz+u) Z 2j(1—v)(3 + |j|)i+1/a+y

j=—o0

< 6212—j0(a—1/a—n—u)(3+ |j0|)i+1/a+u
< 6222—n(a—1/o¢—n—u)(3_}_n)i—f—l/a—l—u. (925)

Observe that the third inequality in (@.25) follows from Lemma (in which we take ny = —o0,
ny = jo, 0 = 1—v, 0y = 1—band XA = i+1/a+v) as well as from the inequality v > a. Also observe that
the last inequality in (I25), results from the fact that the function 2 — 2-#(@=1/a=rk=v)(3 4 gyitl/aty
is continuous over R4 and decreasing for = big enough.

On the other hand, by making use of (@.23]), one has that

+00 +oo
> 2B )T Bt s,0) < erp Y Hetvmg 4 jittaty
J=Jjo+1 J=jo+1
< 62327]'0((171/0:7/@71/) (3 + |J-O|)i+1/a+u
< 6242—n(a—1/04—n—u)(3_}_n)i—f—l/a—l—u. (926)

Observe that the second inequality in (@.26]) follows from Lemma (in which we take ng = jo + 1,
ng =400, § =k+1l/a+v—v, 60y =a—-1/a—k—vand A =i+ 1/a+ v) as well as from
the inequality v > a. Also observe that the last inequality in (@26]), results from the fact that the
function x s 2-%(a—1/a—r=v) 3+ x)i+1/°‘+” is continuous over R, and decreasing for = big enough.
Combining ([@.25]) with (@.26), it follows that one has, in the case where jo > n + 1,
+o0
Z 27]'1)(3 + |j|)i+1/a+VBj(t, S,’U) < 6252711((171/0:7/@71/) (3 + n)i+1/a+l/‘ (927)
j=n+1

Let us now assume that jo < n + 1, then, by making use of ([@.23]), one has that

+o0 +oo
D 2B B (s ) S g Y PR3y
j=n+1 j=n+1
< 62627n(a71/a71171/)(3+n)i+1/a+u, (928)

where the last inequality follows from Lemma (in which we take ng = n+ 1, n; = 400, § =
k+1l/a+v—v,0g=a—1/a—k—vand A =i+ 1/a+v) as well as from the inequality v > a.
Finally, (@2), (@21)), (@24), @27) and ([©@28)) imply that, for all n > log, (M) + 2,
Bn(t,s,v) < C27(2—71(1—b) + 2—n(a—1/o¢—n—u))(4 + n)i—i—l/a—i—u; (929)

which in turn entails that when n — +oo, By(t,s,v) converges to 0, uniformly in (¢,s,v) €
[—~M, M)? x [a,b]. O
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