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Supplementary material for
A penalized algorithm for event-specific rate models
for recurrent events

1. ALGORITHMS AND IMPLEMENTATION
1-1. Link to the lasso 5

The minimizers of the partial log-likelihood (respectively the partial least-squares)
penalized with a covariate specific total variation are defined as:

p
PL( i )
BrVjmutt € 22%5;1:2 L} . g V() (1)
and
An w :
Brv/ada € argmin ¢ LEES(8) + =2 Z TV(5) ¢ - (2)
5€RPXB n j=1

They can be seen as lasso estimators by introducing a block matrix D of size (pB x pB) 1o
with p diagonal blocks being equal to a lower triangular matrix with nonzero elements
equal to 1 and p? — p off-diagonal blocks being zeros matrices:

Tg Op--- Op 1 0 ---0 0O 0 ---0
D= TB: OL? with Ty = | 10 o= | 00 D
OBOB T 1 1 ... 1 0O 0 ---0
The minimization problems of Equations (1) and (2) can then be rewritten as
Brv mutt = DATV mue With
A o A
ATV fmaie € argmin ¢ LEF(Dy) + =23 7Y "|4/(s)] p = argmin {LﬁL (D) + ”H’Yh} .
yERP*B n =1 s—2 yERP* B n
(4)
and
Brv jadd = DTV ada with
PURLAGE:I A
ATV /add € argmin LEES(Dry) + 22 Z Z |77 (s)| ¢ = argmin {LTIIDLS(Dw) + n||7||1} ,
"}’ERPXB n =1 s=2 'YERZ’XB n

(5)

where, in both cases, 47y = (B}V(l), A,@A’F}V@), cee AB@V(B))T. The related R functions
can be found at http://www.lsta.upmc.fr/guilloux.php?main=publications. 20
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Table 1. Simulation results in the multiplicative model for Pops = 28%

n Unconstrained Constant TV two-steps TV
MSE FP FN | MSE FP FN | MSE FP FN MSE FP FN

50 0-164 2 0 | 0402 O 2 | 009 159 0-05 | 0-081 098 0-05
100 0-046 2 0 0403 O 2 | 0042 196 0 0-034 1.02 0
500 0-018 2 0 | 0404 O 2 | 0019 196 0 0-016 147 0
1000 || 0-017 2 0 | 0405 O 2 | 0017 1-99 0 0-015 1-42 0

MSE: mean squared error, Fp: false positives, FN: false negatives.

1-2.  Reweighted lasso
To enhance the sparsity in yrv/mut Y7v/add (or equivalently to force Bry/mqy and

BTV/add to be more constant), we consider a reweighed lasso in Sections 5 and 6. In both
models, the two steps (or reweighted lasso) estimators are defined as

Brv fmutt = DATV . With

B
A 1 ;
PL n 7
Y7V jmute € argmin ¢ LPH(Dy) + 223 "3 — |7 (s)] (6)
vERPXE " iTs= h/TV/mult( s)| + ol

and

BTV/add = Dyrv/ada With

A o e 1 <
V1V/ada € argmin ¢ LPES(Dy) 4+ 223 % )l Q
~ERPX B (sl TV/add( $)| + ol

where Yy /mur and 47y /q4q are defined in Equation (4) and (5) and, in both cases, |yo| =

min{ |39 (s),j =1,...,p,s=1,..., B, %, (s)| # 0}. We refer the reader to Candes
et al. (2008) for a similar algorithm in a different situation.

1.3.  Implementation

The constant and event specific estimators are calculated via the functions coxph
(in the R package survival, see Therneau (2011)) and ahaz (in the R package ahaz,
see Gorst-Rasmussen (2011)). We develop ad hoc functions to calculate the penalized
estimators, they are based on the functions coxnet (in the R package glmnet, see Si-
mon et al. (2011)) and ahazpen (in the R package ahaz). In particular, we choose the
regularization parameters via cross-validation, as proposed in the latter packages.

2. SIMULATION STUDY (CONTINUED)

2-1.  Results for the Weibull distribution with ayy = 0.5
2-2.  Results for the Gompertz distribution with ag =2-5
2-3.  Results for the Gompertz distribution with ag =0-5

3. DATASET

In the bladder tumour data analysis, a small comparison of each estimator in the
multiplicative model is provided using the Akaike and bayesian information criteria. For



Table 2. Simulation results in the multiplicative model for Pops = 14%

n Unconstrained Constant TV two-steps TV
MSE FP FN MSE FP FN | MSE FP FN MSE FP FN
50 NA NA NA | 0433 0 2 10222 138 0-25 | 0-545 098 0-29
100 4-694 2 0 0397 0 2 | 009 1.68 0-01 | 0-201 1-15 0
500 0-032 2 0 0393 0 2 | 0033 190 0 0-030 1-46 0
1000 (| 0-027 2 0 0394 0 2 | 0029 193 0 0-026 1-33 0

MSE: mean squared error, FP:

false positives, FN: false negatives.

Table 3. Simulation results in the additive model for Pops = 28%

n Unconstrained Constant vV two-steps TV
MSE FP FN MSE FP FN MSE FP FN MSE FP FN
50 8794 2 0 [ 0494 0O 2 | 0583 090 079 | 0923 0-66 0-89
100 1410 2 0 [0371 O 2 | 0340 134 022 | 0:568 1-09 0-41
500 0216 2 0 [ 0307 O 2 | 0113 194 0 0-133 167 0-09
1000 || 0-096 2 0 [ 0295 0 2 | 0064 199 0 0-082 1.80 0-02

MSE: mean squared error, FP: false positives, FN: false negatives.

Table 4. Simulation results in the additive model for Pops = 14%

n Unconstrained Constant TV two-steps TV
MSE FP FN MSE FP FN | MSE FP FN MSE FP FN
50 NA NA NA | 0.626 0 2 NA NA NA | 1.618 0.72 1.1
100 6-592 2 0 0436 0 2 | 0987 156 029 | 1-036 1-17 0-47
500 0-429 2 0 0326 0 2 | 0188 196 0 0-248 169 0-09
1000 || 0-223 2 0 0311 0 2 | 0138 199 0-01 | 0-155 1-87 0-01

MSE: mean squared error, FP: false positives, FN: false negatives.

Table 5. Simulation results in the multiplicative model for P,ps = 28%

n Unconstrained Constant ™V two-steps TV
MSE FP FN | MSE FP FN | MSE FP FN MSE FP FN
50 0-498 2 0 0-409 0 2 0-079 1-55 0-045 | 0-069 0-89 0-05
100 0-039 2 0 | 0407 O 2 | 0037 162 0 0-030 0-96 0
500 |l 0-0119 2 0 | 0412 0 2 | 0014 191 0 0-012 1-28 0
1000 0-010 2 0 0-413 0 2 0-012 1-98 0 0-011  1-29 0

MSE: mean squared error, FP: false positives, FN: false negatives.

a given [, these criteria are defined by:

a1c(8) = L(B) + 2k,

BI0(8) = L(B) + log(n)k,

where k =4+, 1(Tv(B7) # 0) represents the complexity of the model and L(B) is

equal to 2nLET(B). Note that no such criteria have been found in the existing literature s
for the additive model. This is due to the additive structure of the model which makes

the likelihood function difficult to work with.

From the results of Table 13, the smallest AIC is obtained from the two-steps estimator
which indicates a better fit from this estimator to the data set. Consequently, this shows
that our estimation procedure can be applied to a given dataset to perform an automatic s
selection of the optimal (or near optimal) estimator in terms of AIC or BIC.



Table 6. Simulation results in the multiplicative model for Pops = 14%

n Unconstrained Constant TV two-steps TV
MSE FP  FN MSE FP FN | MSE FP FN MSE FP FN
50 NA NA NA | 0433 0 2 0244 136 026 | 0290 090 0-36
100 1-790 2 0 0412 0 2 | 0087 1.59 0-03 | 0-07 1-10  0-05
500 0-026 2 0 0410 O 2 | 0027 1.92 0 0-024 1-45 0
1000 || 0-021 2 0 0411 0 2 | 0023 196 0 0-022 1-38- 0

MSE: mean squared error, Fp: false positives, FN: false negatives.

Table 7. Simulation results in the additive model for P,us = 28%

n Unconstrained Constant TV two-steps TV
MSE FP FN | MSE FP FN | MSE FP FN MSE FP FN
50 2-398 2 0 0-409 0 2 0-389 0-90 0475 | 0-520 0-54 0-79
100 1-200 2 0 [ 0350 0 2 | 0297 141 023 | 0396 095 043
500 0139 2 0 [ 0305 O 2 | 0082 194 001 | 0104 147 005
1000 || 0-079 2 0 0-300 0 2 0-054 1-99 0 0-058 1-69 0-01

MSE: mean squared error, FP: false positives, FN: false negatives.

Table 8. Simulation results in the additive model for P,ps = 14%

n Unconstrained Constant TV two-steps TV
MSE FP  FN MSE FP FN | MSE FP FN MSE FP FN
50 NA NA NA | 0537 0 2 | 5318 092 083 | 1362 0-73 091
100 4.071 2 0 0384 0 2 | 0577 153 022 | 0935 1-11 048
500 0-317 2 0 0329 0 2 | 0153 196 0-01 | 0-184 1-67 0-12
1000 || 0-162 2 0 0315 0 2 | 0101 1.99 0 0-124 1.87 0:-02

MSE: mean squared error, FP: false positives, FN: false negatives.

Table 9. Simulation results in the multiplicative model for P s = 28%

n Unconstrained Constant TV two-steps TV
MSE FP FN MSE FP FN MSE FP FN MSE FP FN
50 2964 2 0 | 0411 O 2 | 0091 15 006 | 0071 081 0-07
100 0-043 2 0 |0413 O 2 | 0036 1-64 0 0-032 1-01 0
500 0-013 2 0 | 0409 O 2 | 0013 1-90 0 0-013 1-37 0
1000 {| 0-012 2 0 | 0413 O 2 | 0011 194 0 0-011 1-35 0

MSE: mean squared error, FP: false positives, FN: false negatives

In addition, the total variation estimator in the multiplicative model, the total variation
and reweighted total-variation estimators in the additive model are respectively displayed
in Figures 1-3. It is of great interest to notice that the same number of change of variations

s at the same locations are obtained for the two-steps estimators in each model.

E[dN;(t) | Xi(t), Di A C; > ¢, Ni(t) = s — 1] =

APPENDIX: PROOFS
Proof of Lemma Al
By its definition, dN;(t) = 1(C;(t) > t)dN;(t) and as a consequence

E[sz(t) ‘ Xz'(t), D;NC; > t, N:(t) =85 — 1]

s =1(C; > OE[AN; (t) | X;(t),D; AC; > t,Nj(t) = s — 1] = 1(C; A D; > t)po(t, s, X;(t))dt,



Table 10. Simulation results in the multiplicative model for P,ps = 14%

n Unconstrained Constant TV two-steps TV
MSE FP FN MSE FP FN | MSE FP FN MSE FP FN
50 NA NA NA | 0432 0 2 | 1532 135 0-27 | 0-201 0-86 0-37
100 0-292 2 0 0417 0 2 | 0080 1.66 0-02 | 0-068 111 0-03
500 0-026 2 0 0-409 O 2 | 0027 191 0 0-024 1-37 0
1000 || 0-021 2 0 0411 0 2 | 0023 193 0 0-021 1.27 0

MSE: mean squared error, Fp: false positives, FN: false negatives.

Table 11. Simulation results in the additive model for P,ps = 28%

n Unconstrained Constant TV two-steps TV
MSE FP FN MSE FP FN MSE FP FN MSE FpP FN
50 5-061 2 0 | 0444 O 2 | 0611 1.05 060 | 0686 0-64 091
100 1.311 2 0 | 0350 O 2 1028 139 022 | 0366 091 0-44
500 0-153 2 0 | 0307 O 2 | 0089 195 0 0-109 145 0-07
1000 || 0-083 2 0 | 0300 O 2 | 0057 1.98 0 0-062 1.71 0-02

MSE: mean squared error, FP: false positives, FN: false negatives.

Table 12. Simulation results in the additive model for Pops = 14%

n Unconstrained Constant TV two-steps TV
MSE FP FN MSE FP FN MSE FP FN MSE FP FN
50 NA NA NA | 0530 O 2 10993 1.03 0.89 | 1.433 0.83 0.96
100 4-590 2 0 0391 0 2 | 06564 140 0-27 | 0-815 1-08 0-45
500 0-308 2 0 0329 0 2 | 0142 197 0 0-174 1-66 0-07
1000 || 0-155 2 0 0-316 O 2 | 0093 199 0 0-117 1.84 0:-02

MSE mean squared error, FP: false positives, FN: false negatives.

Table 13. AIC and BIC values in the multiplicative

model
Estimators H K L(B) AIC(B) BIC(B)
Constant 4 1109-9  1117-895 1128 -909
Unconstrained || 20 1097-25 1137-246 1192-317
TV 7 1106 -5  1120-496 1139 -772
Two-steps TV 6 1104-76 1116-759 1133-28

where the last equality comes from Assumption 1.

4. PROOFS
Proof of Lemma A2
From the definition of the partial least-squares criterion, write

n B
L) = 1 303 [(036) - X s d

i=1 s=

1

n B
=~ 233 [1X(08(s) - XUOBEILNA) =)o),

i=1 s=1

70
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Fig. 1. Parameter estimates for the bladder data

in the multiplicative model. The triangles represent

the constant estimator, the filled circles the uncon-

strained estimator and the circles the total variation
estimator.

Apply Lemma Al in the equation dM;(t) =dN;(t) —E(dN;(t) | Xi(t), D; AC; >
t, N;(t) = s) and conclude the proof using the relation

30> [X08(s) ~ X(05(5) et 5) + X (0)fals) Y7 () dt = .

Proof of Lemma A3
Since a function of bounded variation can be decomposed into the difference between
two nondecreasing functions, the process 1/v/n Y, [5 f(T;,6;, Xi(t), Ni(t))dM;(t) is a
nondecreasing cadlag process. Therefore, (i) follows from example 2.11.16 in van der
Vaart & Wellner (1996). To prove (ii), write

1 < (7
sup {\/ﬁ;/o (Fu(t) —F(t>)f(ﬂa5i7xi(t)aNi(t>)dMi(t)}

z€[0,7

te[0,7] z€[0,1

< sup [F(t) — F(¢)] SUP] {\}ﬁzz”;/oz f(Tia5i,Xi(t)aNi(t))dMi(t)}'

The second term is a Op(1) from (i) of this lemma, while the first term converges to 0
in probability.
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Fig. 2. Parameter estimates for the bladder data in

the additive model. The triangles represent the con-

stant estimator, the filled circles the unconstrained

estimator and the circles the total variation estima-
tor.
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Fig. 3. Parameter estimates for the bladder data in

the additive model. The triangles represent the con-

stant estimator, the circles the unconstrained esti-

mator and the squares the two-steps total variation
estimator.
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