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The acoustic behaviour in thermo-viscous gas mixtures involves deviations from the adiabatic and laminar move-
ment in pure gases, which results from the influence of several diffusive fields, namely shear, entropic, and concen-
tration variation fields, taking energy to the acoustic field itself. Actually, a strong coupling between these fields
occurs inside boundary layers while their effects appear to be additive processes in the bulk of the medium.
Although recent literature on this subject leads to results of interest, these results still have limitations because they
do not provide complete solutions for the propagation and diffusive fields in and out of the boundary layers.

The aim of this work is to provide such complete solutions in the whole domains considered, in order to get a
better analytical understanding of the fields above mentioned in closed cavities and ducts. More particularly here,
we consider the possible use of acoustic methods in spherical cavities for the accurate determination of binary gas
mixtures thermophysical properties (speed of sound, first acoustic virial coefficient, thermal conductivity, mutual
diffusion coeflicient), that have been greatly improved during the past two decades.

1 Introduction

Several approaches to describe the behaviour of binary
gas mixtures, starting from hydrodynamical and thermody-
namical fundamental equations [1] or from the point of view
of kinetic theory [2], have been carried out in the past, and
emphasize that the thermophysical properties of a gas mix-
ture are not reduced to a simple weighted mean of the single
properties of each component, but that they result from the
cross-interactions between the different components of the
mixture. Particularly, the phenomena involved are mutual
diffusions of the components depending on the main param-
eters involved in an acoustic field, including concentration
variations actually due to pressure variations (barodiffusion)
and temperature variations (thermal diffusion). Providing
some expressions of mutual diffusion effects on the acous-
tic propagation has been the purpose of several works during
the last decades [3, 4].

More recent works [5, 6], which enabled a description
of the mutual diffusion effects coupled to the viscous and
thermal effects in the boundary layers, were specifically ded-
icated to applications using gas mixtures or humid air. How-
ever, today the analytical procedure whereby a general ana-
lytical model of acoustic behaviours of a binary gas mixture,
near and far from the boundaries, is still missing.

The aim of the present work is to provide such analytical
model for binary gas mixtures, starting from the hydrody-
namical and thermodynamical fundamental equations (§ 2),
leading to solutions in infinite domain (§ 3) and close to walls
together (§ 4). The theoretical results obtained are used to es-
timate the possibilities of determining some thermophysical
properties of binary gas mixtures from the acoustic resonance
properties of a gas-filled spherical cavity (§ 5).

2 Linearised fundamental equations of
acoustics in binary gas mixtures

The gas mixture considered is composed of two gases
named 1 and 2 of respective molar mass M; and M,, mo-
lar fractions x and (1 — x) and static mass concentrations C
and (1 — Cp). The static temperature, pressure and density of
the gas are denoted Ty, Py and pg respectively, and the total
molar mass of the gas mixture is given by

M= M M,
M + (M — M)Cy

=xM; + (1 - x)M, . @))

The acoustic propagation in the gas mixture involves the
particle velocity V, the pressure variation p, the temperature

variation 7, the density variation p’, and the concentration
variation c.

Most of the hydrodynamical and thermodynamical equa-
tions in binary gas mixtures presented in this section are
adapted from the formalism of Landau and Lifshitz [1].

The Navier-Stokes equation

=

> 4 o> o -
poa—: :—Vp+(n+§p)V(V.\7’)—,uV AV AT, (2)

po, n and u are respectively the mass density, the bulk and
shear viscosity coeflicients of the mixture.
The mass conservation equation for the gas mixture
op’ S
5 +poV ¥ =0. 3)
The mass conservation equation for the component
1 of the gas mixture

Bpl Jdc > .
Co— +po—— +CopoV V+V .i=0, 4
05 TP 0PoV .V i “)
where the concentration flux density is written as
2 MM, | M*> o kp o kr o
i=—poD 122 Vc+—PVp+—TVT, ®)
M~ | MM Py Ty

D, kr, and kp being respectively the diffusion coefficient, and
the thermal and baro diffusion ratios, the barodiffusion ratio
being exactly determined by

M, - M
kp = x(1 — x)# . (6)
The Fourier’s equation in the gas mixture
0 A 1 0 P 0
=oAL 20
ot poCp poCp Ot poCp ot

where A is the thermal conductivity of the gas mixture, and
Cp its isobaric specific heat capacity.

Then, using the following differential state equation for
the mixture (ideal gas),

ap’ [1ap 1 ot kp M?> dc
= L0

Y [t . L
ot Py ot Ty Ot x(1=x) MM, ot ®)

and the following identities and notations (ag being the adia-
batic speed of sound in the gas mixture)

PN

TolPo= 1B, pCr= 225 v = o O)

1
M? kp kr
b= , = , =—r 9
ML YT xon TTaxaon P
D A
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the linearised fundamental set of acoustic equations in binary
gas mixtures is given by

1 o7 1 o 2 2 3 A0
G+t V -,V AV AT, (10)
ap Ot Podo
S B 0 0 ob
Vo= 9T_ Y Op 00 gy
Pody ot Loy ot ot
14 y-119
— — - AlT=1— — = Polrb), 12
(ao a " )T yB do i P+ oér?) )
10 14 A
(_ — —¥{p A)b = D—); [kpAp +kT,8AT] . (13)
ag Ot Podg

In equations (12) and (13), the pressure variation p can
be expressed as the sum of a perturbed acoustic pressure
p, and an excess of pressure variation p, + p;, associated
to the heat (index /) and the concentration (index b) diffu-
sion movements. It is the same for the temperature variation
T=Ta+Tp+7Tp.

In equations (11-13), the thermal diffusion and barodif-
fusion ratios both vanish in pure gases, leading to the well-
known equations of acoustics in thermo-visous fluid.

3 Acoustic field in infinite domain

Far from boundaries, the shear viscosity can be neglected
in equation (10). Then, applying the operator (Lo 9 _ &y A)
on equations (10) and (11), accounting for equations (12) to
remove the variable 7, identifying the two resulting equa-
tions to remove the variable Vv leads to an equation involv-
ing the pressure and concentration variations p and b. Then
making use of equation (13) to remove the variable b, and
finally employing the factorization and approximations sug-
gested in reference [7] assuming that p = p, + p, + pp, and
T=1,+71,+ 71 and {pp,Ap, << 1/agdp,/0t leads lengthy
but straightforwardly to

192
ay or b

10
2 ~
1+(€Vh +yx(1 —x)¢ KD)GO t}AP“ ~0,

(14)

10 10
(———th)phzO, (———ZDA)psz, (15)
ag Ot

brn=b + =D, (=0r+X—g. (16)

Considering an harmonic motion of angular frequency w,
equation (14) can be written as

(A+kp)pa ~ 0, (17a)
the acoustic wavenumber k, being given by
ko = koLl = jko(Cun +yx(1 = ) Cp)]. (17b)

The term £p yx(1 — x)¢? related to the mutual diffusion
phenomena vanishes in a pure gas, leading to the well-known
results for the wavenumber k, in a thermo-viscous gas [7].
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4 Acoustic field close to the boundaries

The domain considered here is close to a rigid wall. The
coordinate normal to the wall inwardly directed is denoted
u, the origin (denoted s) being on the wall, and the coordi-
nates tangent to the wall are denoted (wy,w;) or w for the
both of them. The following appropriate approximations are
assumed on the fundamental linear equations (10-13), giving
an accurate description of the small amplitude disturbances
inside the boundary layers: i- the component normal to the
wall of the acoustic velocity v, is much lower than the tan-
gential components v,,,, ii- the spatial variation of the acous-
tic velocity is much higher in the normal direction « than in
the tangential directions w;.

According to these assumptions, for an harmonic motion
(angular frequency w), the particle velocity and the pressure,
temperature and concentration variations are described by
the following set of equations

1 8%, 1 , S .
(1 + k_g ﬁ)vw X —Jw—(l +_]k0£’v)V Wp+a0€v§pV whb,

PO
(18)
0 S . 0% A .
—ut Vb =—jo——@p-p+jwlrb, (19)
Ou Poa
1 -1
(1 +—2A)m L= (p+ Polrh), (20)
ki B
1 1 .
(1 + = A)b ~ L = [kebp+Bhrac| . @D
D poay kp,
where
jkO 2 jkO 2 jkO
K=-2, KB=-12, kK=o, 22
v f’v h gh D €D ( )

and are subjected to the following boundary conditions

P, W) =0 u=s YW, (23)
W) =0 u=s ¥, (24)
bu, ) =0 wu=s WP, (25)
L(u,w) =0 u=s Yw, (26)

where the expression of the concentration flux density i, (5),
assuming that the gradient of the acoustic pressure with re-
spect to the coordinate u in the direction normal to the wall
is negligible, gives

A

0
+y—ﬂ2 T—T ~0.
Pody Ou

ab
e 27)

If a component of the mixture can condensate on the
boundary, the boundary conditions (25 to 27) are not valid
any more. Indeed, if the component 2 is subjected to conden-
sation and evaporation phenomena on the wall, the pressure
variation of component 2 and the normal particle velocity of
component 1 are zero (the latent heat in the liquid having to
be accounted for) [5].

For the purpose of the present work, the pressure and
temperature conditions of the gas are supposed to avoid con-
densation/evaporation phenomena on the wall, and then the
boundary conditions used in the following are eq. (25, 27).



23-27 April 2012, Nantes, France

4.1 Temperature variation

Applying the operator (1 + k% A) on equation (20), mak-
D
ing use of equation (21), expressing the operator A as the

(92

sum A = — +A,, and assuming that the movement tangent

u
to the wall is almost the acoustic movement, which implies
AT %—;‘Aw p leads to the following equation for 7

)( 1 92
1+ — -
k%, ou’
2

k, 1 1
p(W) ~ [1 - _;1 (1 = rkp) - (T + = )Aw]p. (28b)
kD hD th

( 1 62
1+ —
12, o’

where

y—-1
TR —— D7, (28a)
) B

and the complex wavenumbers kj,p and kpy, satisfie the fol-
lowing relations

1 1 .

kip kb ki

The form of this equation illustrates that the temperature vari-
ation field 7 is a superposition of two diffusion processes, la-
belled 2D and Dh, where the concentration and thermal fields
of the gas mixture are strongly intricate, pointing out the im-
portant coupling between the two phenomena.

Assuming that p is quasi-uniform in the u direction inside
the boundary layers, the solution for the temperature varia-
tion 7, subjected to the boundary conditions (24) and (27), is
expressed as the sum of two functions, solutions of the two
homogeneous equations included in eq. (28a), as follows:

(W)[l - 1 (¢hD(M) $on(1) )] ’

“ar \ G T don(s)

-1
= 7—y PeOMI = Y w)], (30)

1+
=S Kk, =Rk

(29)
kb

T(u, ) = L=

a, being determined by the boundary condition (27) where
the variable b is eliminated making use of equations (20, 21),
and is zero in pure gases (i.e. forx = 0or x = 1).

4.2 Concentration variation

1

Applying the operator (1 + Z A) on equation (21), mak-

ing use of equation (20), and app}iying a procedure similar to
the one used above to express the equation which governs the
behaviour of the concentration variation b inside the bound-
ary layers, yields

1 92 1 92
[1+ . ](1+ . Jbzlzp,,. (31a)
ki, Ou? Kk, Ou® Pody
where
k2
(W) ~ x(1 —X)— {p. (31b)

As previously for the temperature variation, the solution
for the concentration variation then takes the following form,
making use of the functions ¢;,p(u) and ¢p, (), and account-
ing for the boundary condition (25) and (27),

oY 1 N, Gpi(u)
b(u, 1- - )
) = po 3 pb(W)[ 1 -8 (¢hD(S) > bon(s) )]
2 PeD[1 = ¢p(w)], (32)
pO 0
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the constant parameter 3, being determined by the boundary
condition (27) where the variable 7 is eliminated making use
of equations (20, 21).

As expected, in pure gases, the concentration variation b
vanishes. Moreover, the factor k2/ klzj ~ j{p ko implies that b
is a first order term of the characteristic length £, .

4.3 Tangential particle velocity

The solution for ¥, of equation (18) at the order one of
the characteristic lengths, is written as, accounting for the
boundary condition (23),

1 . = o (1)
-——Aq kol,)V . 1-
T (1 +jkoty) P(W)[ 505)

1 . > 5
= ——— (1 +jkol,)V w.pO¥) [1 = y)] ,  (33)
JwpPo
where ¢, (u) is solution of the homogeneous equation (18).
The mutual diffusion in the mixture has no effect on the
particle velocity at the order one of the characteristic lengths.

4.4 Reflection on a quasi-plane wall

The acoustic pressure p being quasi-uniform over the
depth of the boundary layers, and the wall being character-
ized by its specific admittance y, (which vanishes when the
wall is perfectly rigid and without condensation-evaporation
process), the mean values of the terms of equation (19) over
a distance from the wall lower than or equal to these depths,
making use of the solutions (30, 32, 33), can be expressed
easily at the lowest order of the characteristic lengths as given
below:

fu i v, du =v,(u) —v,(s) = (34a)
s Ou Podo

f(l P duzpf Uy du, (34b)

f (1 = yx)Ayp du ~ —k>p f Wy du, (34¢)

(u — s) being of the same order of magnitude as the boundary
layer thickness, and the variations of the functions ¢y in the
boundary layers being much higher than those of p (subscript
X stands for subscripts v, T or b indifferently).

Considering the reflection on a wall in a semi-infinite do-
main, ¢x(u) = e % leading then to

¢X_(M) du =~ - ! = 1 _J gX

dx(s) J kx V2

the exponential function e vanishing rapidly when § ~
Ox (evanescent waves associated to diffusion processes from
the wall). Then, integrating equation (19) from s to u, gives
the following impedance-like expression

1+] kﬁ, -

\/f’hD + Vo
+(y—-1)
N e

In pure gases, {,p = €, and €p, = {p, leading to the
well-known expression of the viscous and thermal effects on
the reflection of an acoustic wave on a quasi-plane wall [7].

_ VLI
Yvthd = —P0d0o—
p

}+ys. 35)
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S Determination of gas mixtures ther-
mophysical properties

The methods for speed of sound measurement based on
the use of gas-filled cavities are well-known and have been
constantly improved for decades. In particular, they are used
for primary acoustic thermometry and for the accurate de-
termination of the Boltzmann constant [8, 9, 10], where the
speed of sound is derived from the accurate measurement of
the acoustic resonance frequencies of a pure gas-filled cavity.

The resonance frequencies and the quality factors of the
acoustic field within the cavity depending strongly on the
thermophysical properties of the gas, the high accuracy
achievable on these experiments makes the method suitable
for an accurate and relatively simple determination of these
properties from acoustic measurements. For mixtures, this
approach looks promising in particular for determining the
thermal conductivity A and the diffusion coefficient D, pa-
rameters of interest for a several metrological and fundamen-
tal purposes such as the validation of kinetic theory based on
gas mixtures models [11] or determining the collision diam-
eters and intermolecular force-law [2], or for industrial ap-
plications (thermoacoustic engines [6]). Indeed, a method to
measure these parameters with a high accuracy that would be
easy to carry out in various gas conditions of static pressure,
temperature and composition is still missing nowadays.

5.1 Acoustic resonance properties of a gas-
filled spherical resonator

The acoustic pressure p in a spherical cavity satisfies the
propagation equation (17a), where the dissipative effects in
the bulk are expressed in the wavenumber k, (eq. 17b), asso-
ciated to the boundary condition (out of sound source):

0 .
P ikoywnap =0, (362)

ou

Yuna being the specific admittance expressing the viscous,
thermal and diffusive effects in the boundary layers (35) writ-
ten as follows, considering an acoustic resonant radial mode,

—\/_(y—l)\/_\/jh_ﬁjﬁ.

The perturbing viscous, thermal and diffusive effects on
the mode (m,n) resonance properties [9, 12] are given by

Af()n +j 80n
fOn

zon being the eigenvalue, f;, the resonance frequency without
perturbing effects, A fo, the deviation from f;, due to the vis-
cous, thermal and diffusive effects, and gy, the corresponding
halfwidth of the radial mode (0,n).

The resonance frequencies fy, depend strongly on the
values of the speed of sound and of the first acoustic virial
coefficient, on which there are high uncertainties in gas mix-
tures, then a measurement of f, cannot lead to accurate val-
ues of A and D. Nevertheless, the losses in the cavity do not
depend on the speed of sound and and first virial coefficient
in a significant way. Then the measurement of the halfwidths
gon of the radial modes, the only quantities of expression (37)
that can be measured directly with a high accuracy (relative
uncertainties less than 1x 107%) can provide useful results for
Aand D in gas mixtures.

Yvthd = (36b)

_ 1 Yviha J ko

[l + Epyx(1 —x)7,
20n 2

(37)
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5.2 Thermal conductivity and diffusion coeffi-
cient

A qualitative approach shows that: i- the thermal con-
ductivity A depends on both the composition and the static
temperature of the mixture [11, 13], but not on the static pres-
sure; ii- the diffusion coefficients D depends on the gas com-
position, the temperature, but it is inversely proportional to
the static pressure [2].

The determination of A and D can then been done at a
single static pressure, chosen in a low pressure range allow-
ing however a sufficiently high signal-to-noise ratio, in order
to maximize the thermal and diffusive effects, and then to
increase the accuracy of the determination method.

Considering a cavity of 80 mm radius filled with a helium-
xenon mixture of helium molar concentration x varying from
0to 1 for Pp=100 kPa and T(=273.16 K, the losses (go./ for)
due to the viscous, thermal and diffusive effects on three ra-
dial modes (n = 2,6, 8), are represented in Figure 1. The
isolated contribution of the mutual diffusion effects ((go, —
8onnodift)/ fon) 1s showed on Figure 2.

40H) T T T —

1

o) Sn

Figure 1: Viscous thermal and diffusive effects on the
halfwidths of radial modes of a spherical cavity.

140 T T T T

e = 100

T no didt)

|

0 0.z 0.4

(0.2) — (0.6} -

Figure 2: Effect of the mutual diffusion on the halfwidths of
radial modes of a spherical cavity.

It should be noticed that using radial modes, the viscous
effects are reduced to those in the bulk, which relative contri-
bution to gg, here is less than 1 x 107°, and is not a significant
uncertainty source for the determination of A and D.

The effects on the halfwidths of 1% variation in the values
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of A and D are showed on Figures 3 and 4 respectively, and
give us an estimation of the accuracy of the acoustic method
to determine the thermal conduction and the diffusion coeffi-
cient of a helium-xenon mixture.

3

L&} o T
L6 — \

1.4 "

12| -

o -

1
1)

{ fon)
Y

I |
0.4 prios™ T

0.2 1 1 1 1
0 0.2

| Fiin

(0.2)

(0,6)

Figure 3: Relative errors on the halfwidths of radial modes
of a spherical cavity due to an error of 1% on the value of A.

i
1)
=
T
1

.|I|I..:

(8

(0.2) (0,6) -

Figure 4: Relative errors on the halfwidths of radial modes
of a spherical cavity due to an error of 1% on the value of D.

The thermal effects have a high influence on the half-
widths of low resonance frequencies, whereas the diffusive
effects on these low acoustic modes remain negligible. A de-
termination of the thermal conductivity A of a helium-xenon
mixture with a relative uncertainty of 1% would then be
achievable by comparing the experimental and theoretical re-
sults for the halfwidths of the lowest acoustic radial mode.

Therefore, Figure 4 shows that the diffusion coefficient
D could be determined with a relative uncertainty of 1% by
comparing the experimental and theoretical results for the
halfwidths of the high acoustic radial modes (above (0,8)).

6 Conclusion

The mutual diffusion phenomena have a small effect on
the acoustic propagation but a significant effect, in particu-
lar, for metrological applications such as the determination
of gas mixtures thermophysical properties using acoustical
methods in cavity, that seem very promising in term of accu-
racy and relative simplicity to carry out at several gas condi-
tions (composition, static pressure, temperature).

On the other hand, the analytic modelling described here
is suitable for other purposes involving gas mixtures, such
as acoustic propagation and gas mixture separation along the
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stack of thermoacoustic engines [6], or acoustic propagation
in porous media filled with humid air, in which occur wa-
ter condensation and evaporation on the boundaries [5]. For
this last case, the modified boundary conditions to be taken
into account are those presented ad the end of section 4.
The first results of this work still in progress show that the
condensation-evaporation of one mixtures component on the
wall modify in a significant way the behaviour of the cou-
pled temperature and concentration variations in the bound-
ary layers respect to the model presented here.
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