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We are interested in the numerical simulation of time harmonic acoustic scattering in presence of a complex flow
on an unstructured mesh. Galbrun’s equation, whose unknown is the perturbation of displacement, is attractive,
compared to the linearized Euler’s equations, because it is close to a wave equation which allows the use of
classical Lagrange Finite Element, and it is well adapted to take into account boundary conditions, like impedance
or interface with an elastic structure. However, a direct discretization of Galbrun’s equation with Lagrange Finite
Elements leads to numerical troubles. We propose a method that allows both to obtain a stable numerical scheme
and non-reflecting artificial boundary conditions. This method requires to introduce a new quantity related to
hydrodynamic vortices which satisfies a convection equation. A hybrid numerical method is proposed, coupling
Finite Element for Galbrun’s equation and a Discontinuous Galerkin scheme for the convection equation. Several
2D numerical results are presented to show the efficiency of the method.

1 Introduction

The reduction of noise in aeronautics motivates an inten-
sive research in aeroacoustics. In particular the radiation of
the sound produced by aircraft engines is strongly influenced
by the presence of the flow around the airplane. A more ef-
ficient numerical simulation of acoustic propagation would
be a useful tool to improve noise reducing in planes or cars
industry. The main difficulty when acoustic waves propagate
in presence of a mean flow is the coupling between acoustics
waves and hydrodynamic vortices.

Our objective is to develop a numerical method to solve
the acoustic radiation in time-harmonic regime (¢~*"), in an
unbounded domain and in a quite general case in the sense
that the geometry, and therefore the mean flow, can be com-
plex. As a consequence, discretization methods written on
an unstructured mesh will be privileged. The unknown is a
small perturbation of a given flow, which naturally leads to
consider linearized equations. Contrary to the classical case
of acoustics in a fluid at rest, the obtained problem is vecto-
rial because of the coupling between acoustics and hydrody-
namics.

In the time domain most of the works mentioned in liter-
ature deal with Euler’s linearized equations, using Finite Dif-
ference methods [1, 2, 3, 4, 5, 6] or discontinuous Galerkin
methods [7, 8]. In the time-harmonic regime, an extra diffi-
culty has to be faced: the treatment of unbounded domains
is hard to take satisfactorily into account and requires to in-
troduce some well-adapted boundary conditions around the
calculation domain.

Up to our knowledge, only the potential case (when the
flow and the source are irrotational) which leads to a Helm-
holtz like scalar equation has been completely handled [9].
In this case, acoustic perturbations are modelized by a scalar
generalized Helmholtz equation : in particular, if the flow is
uniform far from the source, the problem can be solved in a
classical way, by coupling Finite Elements with modal [9] or
with integral [10] representation of the far-field.

For an arbitrary flow, the problem is much more difficult
to solve, due to the presence of hydrodynamic phenomena.
In the sequel we explain why the Linearized Euler Equa-
tions do not seem to us well adapted to the time-harmonic
regime. Then we show that the Galbrun approach, less usual
than the Euler one, seems more adapted, in particular to deal
with unbounded domains. We present our method, based on
the introduction of Perfectly Matched Layers (PMLs) com-
bined with a Finite Element discretization of an augmented
formulation of Galbrun’s equation. We show that the acous-
tic waves can be discretized using continuous Finite Ele-
ments whereas the vortices require the use of discontinuous
elements. Numerical validations are then presented and the
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strengths of the Galbrun equation are highlighted: we illus-
trate why this model seems also more adapted than Euler’s
equations to take into account general boundary conditions,
like lined walls or elastic boundaries.

2 Geometry and flow

We consider a general geometry including the presence
of rigid obstacles and/or rigid walls confining the fluid. This
leads to a complex flow circulating between the rigid bound-
aries (Figure 1).

Figure 1: The complex geometry

We note Q, the domain filled with a compressible invis-
cid fluid and I, the union of all the rigid boundaries. The
flow is supposed stationary and homentropic (entropy is con-
stant and uniform). It is characterized by its non uniform
fields of velocity vy, density pg, pressure py and solves in
Q. the stationary Euler Equations combined with the state

law:
div(povo) = 0,

po (Vo - V)vo +Vpo =0, ey
Po = KP5~

where « is a constant, y = ¢,/c, with ¢, the specific heat

capacity at constant volume and ¢, the specific heat capacity

at constant pressure. On the rigid boundaries:

von=0 (), 2)
where n denotes the exterior normal vector to I'.

A first difficulty, rarely mentioned in the literature, raises:
although the system (1) is valid for a general compressible
non-potential flow, its direct numerical resolution leads in
general to an incompressible and potential flow which is of-
ten not physical. For instance it is difficult to capture recir-
culation areas behind obstacles. This is why in practice to
deal with a non-potential flow, “academic” flows like paral-
lel shear flows of the form vy(x,y) = up(x)e, (shear layer or
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jet flow in particular) are considered. In more realistic ge-
ometries like the one in Figure 1, it appears to be necessary
to add some viscosity to get a non-potential flow. Note that
introducing viscosity implies that the flow does not satisfy
(1) anymore. The relevance of neglecting the viscosity in
the equations for the perturbations is up to our knowledge an
open question and should be clarified.

Now we want to determine how acoustic perturbations
propagate in this complex flow. The most popular model is
the Euler equations. It has been proved to be efficient in the
time domain and on structured meshes. We will show that it
is not the case in the time harmonic regime and on unstruc-
tured meshes.

3 Resolution of Euler’s equations: the
difficulties

The flow is perturbed and the small perturbations of ve-
locity v and of pressure p satisfy the Linearized Euler Equa-
tions:

D
2w Vv +v(£) - f,
Dt Po
D
por (%) +divipy) = 0,
Dt p()CO
where D/Dt = —iw + vy - V, f is a source term compactly

supported in Q. and where we have linearized the state law
to get p = clp with p the density and ¢} = ypo/po the non
uniform sound velocity.

Therefore the Linearized Euler Equations read naturally
as two coupled transport equations. It is known that first
order systems of equations are not adapted to a continuous
Finite Element resolution and more sophisticated elements
must be chosen. To illustrate this fact, let us focus on a model
transport equation of the form:

Dy

Dt
Note that Euler’s equations reduce exactly to this equation
in the case of a uniform flow and a divergence-free source:
then we can prove that divv = 0 thus v = curly and we
get the transport equation if we note f = curlg. A direct
discretization with Lagrange (continuous) Finite Elements of
such transport problem does not lead to good results . Such
discretization is performed in Figure 2 for a shear flow and
spurious oscillations are clearly observed.

P

Figure 2: Numerical solution of Eq. (3) obtained by a
discretization with Lagrange (continuous) Finite Elements

3

g, with ¥ =0 upstream the source.
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A discretization using a classical discontinuous Galerkin
method is better adapted to take into account transport phe-
nomena [11]. Such method based on Discontinuous Ele-
ments has been used to solve Linearized Euler’s Equations
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with the choice of plane wave solutions on each element [12].
However it is numerically more expensive than continuous
Finite Elements and in 3D it becomes numerically too costly.
We have developped an alternative method, based on the Gal-
brun equation, whose main advantage is to allow the use of
Lagrange Finite Elements.

4 A remedy: resolution of Galbrun’s
equation

4.1 The Galbrun equation

Galbrun’s system [13] corresponds to a linearized model
whose unknown u is the perturbation of the Lagrangian dis-
placement, linked to the usual Euler unknowns by:

u
d = — —(u-V)vp.
an A . (u-V)vy

Plugging these expressions in linearized Euler’s equations
leads to the Galbrun equation:

p= c%p = —c% div(pou)

D*u

"D
The normal component of the displacement vanishes on the
rigid boundaries:

Jol - V(c(2) div(ppu))+(diva+u-V)Vpyg =f (Qu). 4)

un=0 ). (%)

Galbrun’s model is more attractive than Euler’s one: con-
trary to the Linearized Euler Equations, it does not involve
any derivatives of the mean flow quantities. In particular it is
more adapted to study a discontinuous shear layer. Moreover
Galbrun’s equation is a second order equation in time and in
space, at first sight similar to more classical wave models and
thus well adapted to a Lagrange Finite Element discretiza-
tion. However although Galbrun’s equation has been known
for a long time, its numerical solution has always been prob-
lematic. Indeed it is not exactly a wave equation, since we
do not have Au but only V(divu). A consequence is that the
direct use of a Finite Element method to solve it leads to very
bad results. Moreover the introduction of PMLs arround the
calculation domain to deal with unbounded domain causes
numerical troubles. Introducing the pressure as a new un-
known, a mixed Finite Element scheme has been developed
[14, 15], which has been checked to be stable in several appli-
cations. However this mixed approach does not help to deal
satisfactorily with the convection of vortices in unbounded
domain.

The method we propose to get rid of these difficulties is
the so-called augmentation of Galbrun equation, based on
the use of the identity V(divu) — curl(curl u) = Au.

4.2 The augmented Galbrun equation

The augmentation process consists in adding to the equa-
tion a term which does not change the value of the solution
(the additional term vanishes for the solution) but which im-
proves the mathematical properties of the equation. As a con-
sequence, it is well-suited for a discretization by Lagrange
Finite Element.

We consider the following “augmented” formulation:

D*u

"Dr2
+divu+u-V)Vpy =f (Qu),

p — V(c} div(pou)) + eurl[pyci(curlu — )]

6
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where we have introduced a new unknown :
Y = curlu,

called here the “vorticity” (in the literature, the vorticity is
usually defined as the curl of the Eulerian velocity). To get
equivalence with the Galbrun equation we need to add the
boundary condition:

curlu—y =0 To). @)
It has been proved in [16] that ¢ satisfies the following equa-
tion: )
Dy D 1
m = _ZE‘(BU) -Cu+ p_o curl f (8)
with
2 ou
Bu = Z VVOj A 6_)61

The expression of Cu is more complicated and is not men-
tionned here because in practice this term is negligible (in
particular Cu vanishes everywhere for a parallel shear flow).
Let us point out that the equivalence requires the regularity
of Iy, (see for instance the remark 3.5 in [17]), and the treat-
ment of reentrant corners still raises open questions of mod-
elization. Moreover in the case of a mean flow without re-
circulation (closed streamlines) [18, 19], Eq. (6) and Eq. (8)
constitute a well-posed problem.

Note that the ¢ unknown can be eliminated for a slow
flow [16]: we can then replace the exact non-local expression
of by a simple local formula. Indeed since D/Dt becomes
simply —iw, Eq. (8) becomes the explicit relation:

2
Y = —(Bu).
iw

This low Mach approach has been validated in the case of
both a potential and a parallel flow, for which reference solu-
tions are available [16, 20].

Now we want to solve Eq. (6) and Eq. (8) using a Finite
Element method.

4.3 Numerical solution of the coupled prob-
lem

4.3.1 The numerical scheme

As already mentioned in the first part, the convection equa-
tion (8) can not be solved with Lagrange Finite Elements.
We have developped a hybrid numerical method for the so-
lution, coupling Finite Element for Galbrun equation (6) and
a Discontinuous Galerkin scheme for the convection equa-
tion (8). The same mesh is used to discretize u and . For
the Discontinuous Galerkin scheme, a penalized formulation
and upwind fluxes have been chosen. Finally our formulation
allows to easily increase the order of the Finite Elements.

4.3.2 The Perfectly Matched Layers

To compute the outgoing” solution of the coupled prob-
lem (5, 6, 7, 8), we have chosen to introduce PMLs. This is
a commonly used method in the literature, although it does
not extend easily to acoustic propagation in presence of a
flow, the difficulty being to handle simultaneously acoustic
and hydrodynamic phenomena. Around the domain of inter-
est [-R, R] X [-R, R] we introduce absorbing layers of width
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L (see Figure 3 for a rectangular calculation domain). The
model in the PMLs involves a complex parameter a such
that Re(a) > 0 and Im(a) < 0. It consists in modifying
the operators according to the substitution:

7= 2 ai(X)—

6x,- (9xi ’

with @; defined by a;(x) = 1 if |x;] < R and a;(x) =
a if |x;| > R. For example, divu becomes

divou = a2 4 02
ﬁxl 6x2

Figure 3: The PMLs

To select the ”good” hydrodynamic solution (the causal
one), we impose iy = 0 = Dy/ Dt on the vertical PML bound-
ary at x; = —R — L where the flow enters: this means that no
vortices are convected by the flow from outside to inside the
calculation domain. Note that no condition is required on the
symetric side x; = R + L where the flow exits the calculation
domain. To impose such non symetric boundary conditions
is natural in the Discontinuous Galerkin framework, it would
not be the case if continuous Finite elements are used in a
variational framework.

Remark: this is another interest of our method based on
an augmented Galbrun equation: adding to the fact that the
stability of a classical continuous Finite Element scheme is
ensured, our method is well-adapted to the introduction of
PMLs since the acoustic and hydrodynamic phenomena are
solved separately. In particular the use of PMLs for the non-
augmented Galbrun formulation leads to bad results because
these layers are able to select the outgoing acoustic waves but
are not able to deal satisfactory with the vortices. Indeed the
PMLs are designed for wave phenomena, propagating in all
directions, but not for transport phenomena, which propagate
only in the direction of the flow.

5 Numerical illustrations

5.1 Academic tests

In this part, we present an academic numerical result ob-
tained from the augmented Galbrun equation. We use the jet
mean flow described on the left of Figure 4. On the right of
Figure 4 is represented Re(u;) induced by a source whose
support is delimited by a red circle. Two different kinds of
structures corresponding to acoustic and hydrodynamic phe-
nomena are clearly observed. The inclined lines correspond
to the vortices, mainly produced by the source and convected
by the flow. The acoustic waves correspond to the large pat-
terns, associated to short wavelengths upstream and to large
ones downstream (Doppler effect).



Proceedings of the Acoustics 2012 Nantes Conference

Figure 4: Numerical solution of of augmented Galbrun’s
equation for a jet flow

5.2 Domain of validity of the potential model

When the flow is potential v = V¢, the perturbations are
potential v = Vg and the potential satisfies the wave equa-
tion:

D(1Dg) 1 .

—|=—=|-—d \Y = f Q)

Dt(cg Dt) 2 v (poVe) (Q0)
d¢
— = 0 (To).
n (T)

Of course these equations can be solved for any flow, in par-
ticular for a non-potential flow. Then this potential model is
wrong but when curl(vy) is weak one could expect the results
to be rather good. Since we have with the Galbrun equa-
tion an exact alternative model, we can check the validity of
using a potential model for a non-potential flow. Figure 5
shows a comparison of the acoustic velocity Re(vy) com-
puted from the potential and the Galbrun models in presence
of a non-potential flow (the jet flow described on Figure 4).
The radiation of a quadripole source located above the shear
layer is considered and the refraction effect of the jet core
is highlighted. We clearly see the influence of the hydrody-
namic phenomena on the wave directivity, effect that can not
be caught by the potential model.

Figure 5: Numerical acoustic velocity: potential model (left)
and Galbrun’s model (right)

5.3 Treatment of non-rigid boundary conditions

The Galbrun approach allows a very simple treatment of
the boundary conditions, which are generally expressed with
respect to the displacement (rather than the pressure of the
velocity). This applies in particular for lined boundaries or
fluid-structure coupling.

5.3.1 Lined walls

In presence of lined walls the boundary condition due to
Myers [21] reads:

p=-iwfu-n,
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where 3 is the impedance. Expressed only versus the dis-
placement, the liner boundary conditions reads:

¢y div(pou) = iwf u - n.

Note that it does not depend on the grazing flow. In partic-
ular the velocity is not required to vanish on the lined wall.
Such boundary condition is very easy to take into account
in the Galbrun model (a numerical example comparing sit-
uations with and without impedance on an obstacle is pre-
sented in Figure 6) and it leads to a very simple term in a
variational form: multiplying Eq. (6) by u and integrating by
parts makes appear the boundary term:

f ¢ div(pou)(@ - n)dy = iw f Blu - nl*dy.
T T

Note that the Myers boundary condition is not convenient to
express versus the Euler unknowns. Indeed the link between
the normal components of the velocity and of the displace-
ment [22]:

v-n:[DBt—n-(n-V)vo](um),

leads to the condition (in the case of a constant impedance to
simplify the presentation):

D
2 h@mv ] — —iwB V.
Dr n-(m-V)v|p iwBv-n
This expression does not appear explicitely in Euler’s equa-
tions and note also that the gradient of the grazing flow is
involved which was not the case with the Galbrun model.

Figure 6: Effect of the impedance value on the acoustic
field: rigid case (left) and impedance case (right)

5.3.2 Fluid-structure coupling

It is also convenient to consider a fluid-structure coupling
problem in the Galbrun framework. The Galbrun model is
well-suited to couple a compressible fluid in flow to an elas-
tic medium since the natural unknown in elasticity is the dis-
placement, as for Galbrun’s equation.

Let us consider the interface I' between a fluid in flow and
an elastic solid. The displacement is also noted u in the solid,
characterized by the stress tensor o(u). On I the coupling
conditions are:

ouw-n = —-pn= c% div(pgu)n,

[u-n] = O,

where [] designs the jump accross I and n is a normal vector
to I'. These boundary conditions are natural in the sense that
when writing the variational formulation of the coupled Gal-
brun/elasticity equations the boundary term on I vanishes:

f cg div(ppu)(@ - n)dy — f (oc(u) -m)(a-n)dy = 0.
r r
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