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Turbulent flows, due to the presence of obstacles or turbulent boundary layers near the structure, generate vibrations

and can be a major source of noise. This kind of excitation has two components: the aerodynamic and the acoustic

parts respectively in the high and low wavenumbers. The vibrations and acoustic radiations of the wall are more

sensitive to the acoustic component. Indeed, the wavelengths of the aerodynamic part are very small and they

excite modes with low radiation. However, the aerodynamic part has a very high amplitude, so that the acoustic

component becomes very difficult to assess by measurement.

The study aims at using the Force Analysis Technique (FAT), also known by its french acronym RIFF (Résolution

Inverse Filtrée Fenêtrée), to measure these excitations. In this work, the acoustic pressure identification is tested

by performing a numerical experiment where the excitation is obtained by a synthesis method of time signals using

the Cholesky decomposition of the cross-spectra matrices.

The results obtained from the filtering done in the wavenumber domain by the Force Analysis Technique, show

that the acoustic component can be extracted even if its energy level is very small with respect to that of the

aerodynamic component.

1 Introduction
Turbulent Boundary Layers (TBL) are vibration sources

composed of two components (Figure 1): the aerodynamic

part due to the pressure fluctuations of the turbulences and

the acoustic part corresponding to the radiation of the turbu-

lences [1]. The first, represented by an ellipse in the wavenum-
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Figure 1: Plate excited by a Turbulent Boundary Layer.

ber domain (Figure 2), is characterized by

kconv =
ω

Uc
, (1)

the convection wavenumber where Uc is the convection ve-

locity. The second component excites wavenumbers within

the circle of radius kac, the acoustic wavenumber (Figure 2):

kac =
ω

c0

, (2)

where c0 is the sound speed. Although it depends on the stud-

ied cases, the acoustic component is always much smaller

than the aerodynamic part [2, 3]. However, vibration and

acoustic radiation of the plate are more sensitive to the acous-

tic component because the acoustic wavenumber kac is closer

to the flexural wavenumber k f (Figure 2):

k f =
4

√
12ρ(1 − ν2)

Eh2

√
ω, (3)

where ρ, E, ν are respectively the mass density, the Young’s

modulus, the Poisson’s ratio of the material and h is the thick-

ness of the plate.

The Force Analysis Technique (FAT) [4] is an inverse

problem of vibration, based on the motion equation of a plate

ρh
∂2w
∂t2
+ D

(
∂4w
∂x4
+
∂4w
∂y4
+ 2

∂4w
∂x2∂y2

)
= F(x, y, t), (4)

with w(x, y, t) the displacement field, F(x, y, t) the force dis-

tribution and D = Eh3

12(1−ν2)
. In the FAT, the spatial derivatives

are estimated by the finite difference method. FAT is pro-

posed to be used to measure this excitation. The goal is to
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Figure 2: Flexural, convection and acoustic wavenumbers

with respect to the angular frequency ω and for low Mach

numbers. Energy distribution of the excitation in the

wavenumber domain [1, 2].

identify the acoustic component wich is very difficult to as-

sess by measurement because of its low level.

A numerical experiment is performed to test the identifi-

cation of TBL by this method. Section 2 describes the TBL

model and the associated method of synthesis which leads to

the excitation signals used for the direct problem of vibration.

Section 3 presents the turbulent wall pressures identified by

FAT in the inverse problem.

2 Turbulent Boundary Layer excitation:
model and synthesis

TBL are generally characterized by their frequency and

wavenumber-frequency spectra. The first, denoted by S pp(ω),

represents the energy distribution of the excitation in the fre-

quency domain [5]. The second is the spatial Fourier trans-

form of the cross-spectrum S pp′ (rx, ry, ω) between two points

p and p′, and reflects the spatial correlations [6]. It is denoted

S pp′ (kx, ky, ω).

In this study, the chosen frequency spectrum is the semi-

empirical model of Goody. Indeed, it seems to fit the experi-

mental results in the best way (the most accurately) [5]:

S pp(ω) =
3τ2

wδ
(
ωδ
U∞

)2

U∞
([

0.5 +
(
ωδ
U∞

)0.75
]3.7

+
[
1.1 R−0.57

T

(
ωδ
U∞

)]7
) ,

(5)
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where u∗, δ, ν′, τw are respectively the friction velocity, the

boundary layer thickness, the kinematic coefficient of vis-

cosity and the wall shear stress. The parameter RT =
u2∗δ
ν′U∞

is defined in order to take into account the Reynolds num-

ber. Some values of these coefficients are given by Hwang et
al. [5].

For the cross-spectrum, there are several types of models

that can take into account the compressibility of the fluid and

therefore the acoustic component:

• Theoretical models based on the Navier-Stokes equa-

tions such as the Direct Numerical Simulation (DNS).

But these methods are very restrictive in terms of com-

putational cost [7] ;

• Semi-empirical models, like Chase (1987) [8] based

on the Poisson’s equation. However, these models must

be adjusted by coefficients to be estimated experimen-

tally, which is complicated in the low wavenumbers

because the measurement of the acoustic component

is too difficult.

The aim of this work is not to model precisely the excita-

tion but see how FAT identifies the pressure whose cross-

spectrum is similar to that of the TBL. Thus a simplified

model [3] is used. It combines a Corcos field [9]

S aero
pp′ (rx, ry, ω) = S pp(ω) e−ω

|rx |
αxUc e−ω

|ry |
αyUc e− jω rx

Uc , (6)

plotted in Figure 3 (a) and a diffuse field [10]

S ac
pp′ (rx, ry, ω) = A S pp(ω) sinc

(
kac

√
r2

x + r2
y

)
, (7)

showed in Figure 3 (b). The Corcos cross-spectrum (Eq. (6))

is composed of decreasing exponentials which describe the

small spatial correlations of the pressures generated by the

turbulences with the coefficients αx = 8 and αy = 1 [1, 11].

The diffuse field (Eq. (7)) represents the acoustic radiation of

the turbulences. A is the energy ratio between the acoustic

and aerodynamic components. This coefficient is set to 5%

and corresponds to a particular case of TBL measured by

Arguillat et al. [3]. Finally, the simplified model is given by

S pp′ (ω) = S aero
pp′ (ω) + S ac

pp′ (ω), (8)

and is plotted in Figure 3 (c).

The Cholesky decomposition is used in order to gener-

ate the excitation signals that comply with the cross spec-

trum of Eq. (8) for each frequency [12]. This method based

on the decomposition of the cross-spectrum matrix given by

Eq. (8) provides the random signals which are used to excite

the plate in the direct problem.

3 Identification by inverse problem
The direct problem of a vibrating plate excited by the sig-

nals presented above is solved by modal decomposition. The

plate corresponds to a vehicle windshield with h = 3.85 mm,

E = 70 GPa, ρ = 2700 kg.m−3 and ν = 0.22. Damping is

artificially high to limit the computation time. For this case,

the aerodynamic and acoustic coincidences are respectively

fconv = 34 Hz and fac = 3.2 kHz (Figure 2). To approach

experimental conditions, a noise is added to vibration sig-

nals w(x, y, ω) with a Signal-to-Noise Ratio (SNR) equal to

50 dB.
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Figure 3: (a) Corcos, (b) diffuse field, (c) Corcos+diffuse

field cross-spectra (Uc = 35 m.s−1, f = 800 Hz).

Then the inverse problem can be applied. Initially, the

FAT method is presented, then the results are shown before

and around the acoustic coincidence ωac (Figure 2).

3.1 The Force Analysis Technique (FAT)
FAT is an inverse problem of vibration based on the equa-

tion of flexural motion Eq. (4) where the spatial derivatives of

the measured displacement field are estimated by finite dif-

ferences. They correspond to δ4x
i, j , δ

4y
i, j and δ

2x2y
i, j of Eq. (9) and

are given in [4]:

pFAT
i, j = D

(
δ4x

i, j + δ
4y
i, j + 2δ

2x2y
i, j

)
− ρhω2wi, j. (9)

13 points of measured displacements around the point (i, j)
are required to compute the spatial derivatives. As any in-

verse problem, FAT is very unstable and sensitive to the noise

localized essentially in the high wavenumbers. To regularize,

the identified pressure is windowed and filtered spatially with

a cutoff filter

kFAT
c = a · k f , (10)

where a is generally equal to 1, 2, 3 or 4 depending on the

noise level, 2 being a standard value.

In practice, the pressure is windowed by a Tukey function

which weights the field over a width equal to λFAT
c = 2π

kFAT
c

at

the edges of the reconstruction area. Then, a spatial convo-

lution is applied between the identified pressure and a sinc

function windowed by a Hanning function of length 2λFAT
c .

3.2 Wall pressure identification before the acous-
tic coincidence

FAT is applied on the vibration signals of the plate ex-

cited by the Corcos and diffuse fields. Results are shown in

Figure 4. The frequency spectra of the aerodynamic and the

acoustic parts are plotted and they are obtained by the syn-

thesis of signals presented above.

The curve called inverse operator without noise corre-

sponds to the application of the inverse operator Eq. (9) on

the noiseless displacement field and therefore without the
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Figure 4: Frequency spectra of identified wall pressures

where a noise is added to the displacement field

(SNR = 50 dB).

regularization step. It is considered as the optimal solution

of the FAT. It shows that FAT identifies only the aerodynamic

part up to 200 Hz, and exclusively the acoustic part after 600

Hz. Between these two frequencies, the method identifies

only a small part of the aerodynamic component.

If one can apply the perfect inverse operator of the mo-

tion equation Eq. (4), without spatial discretization, the in-

verse problem will identify fully the excitation, the aerody-

namic and acoustic parts at all frequencies. But here, the spa-

tial discretization in FAT associated with the inverse operator

acts as a low-pass filter in the wavenumber domain. Leclère

and Pézerat have showed in [13] that the cut-off number of

this natural filter is around the flexural wavenumber. Thus,

at low frequencies the method reconstructs well the aerody-

namic and acoustic parts. With an aerodynamic coincidence

being in the very low frequencies ( fconv = 34 Hz), when in-

creasing the frequency, FAT is quickly unable to identify the

aerodynamic part because it is filtered by the natural filter-

ing of the method. In other words, the convective energy is

too far from the circle of radius k f in Figure 2. However,

the acoustic component is located inside this circle up to the

acoustic coincidence ( fac = 3.2 kHz), and the method can

reconstruct precisely the radiation part of the TBL.

The last curve of Figure 4 represents the pressures recon-

structed by FAT from noisy signals. The same observations

can be done, but unlike the previous case the regularizing fil-

ter with cut-off kFAT
c can isolate earlier the acoustic from the

aerodynamic at low frequencies.

3.3 Wall pressure identification around the acous-
tic coincidence

This section presents the application of FAT at higher fre-

quencies. To reduce the computation time, the Corcos part

is removed in the signal synthesis. Only the diffuse files

Eq. (7) is kept since the aerodynamic part is not viewed by

the method after 600 Hz. As before, Figure 5 shows the fre-

quency spectra of the excitation, the optimal solution for FAT

and the one identified for SNR = 50 dB.

The optimal solution is first analysed. The diffuse field
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Figure 5: Frequency spectra of the identified wall pressures

in higher frequencies (SNR = 50 dB).

can be reconstructed up to the acoustic coincidence, because

the energy is contained within the circle of radius k f . The

natural filtering of the method cuts around the wavenumber

k f but the shape of this filter is set by the spatial discretiza-

tion [13]. Here, the acoustic part can be identified up to

5 kHz.

For noisy signals, the inverse operator is applied using

the FAT regularization. The latter allows one to reconstruct

entirely the excitation up to about 5 kHz. In higher frequen-

cies, the method takes into account too high wavenumbers

according to Eq. (10). The influence of noise on the inverse

problem is too important and the regularization is no longer

effective. But anyway, at these frequencies, even the optimal

solution can not properly reconstruct the acoustic energy.

4 Conclusion
In this study, a numerical experiment for the identifica-

tion of wall pressures generated by TBL is performed. The

synthesis of the excitation signals that comply with the model

Corcos+diffuse field leads to solve the direct problem of vi-

bration and then to test the inverse problem FAT. Results

show that FAT identifies the acoustic component of the ex-

citation that is usually very difficult to measure. Indeed, its

level is much lower than that of the aerodynamic component.

In addition, a microphone array of only 13 sensors is needed

to apply this method without the need to modify the struc-

ture. The method is much easier to implement than other

current techniques especially since the measurement can be

made on the plate on the other side of the flow. In the near

future, it is planned to make measurements of the displace-

ment by a non-intrusive technique such as near-field acoustic

Holography.
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