N
N

N

HAL

open science

Vortex helices for the Gross-Pitaevskii equation
David Chiron

» To cite this version:

David Chiron. Vortex helices for the Gross-Pitaevskii equation. Journal de Mathématiques Pures et
Appliquées, 2005, 84 (11), pp.1555-1647. hal-00809292

HAL Id: hal-00809292
https://hal.science/hal-00809292
Submitted on 9 Apr 2013

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00809292
https://hal.archives-ouvertes.fr

Vortex helices for the Gross-Pitaevskii equation

David CHIRON
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Abstract : We prove the existence of travelling vortex helices to the Gross-Pitaevskii equation in R3. These
solutions have an infinite energy, are periodic in the direction of the axis of the helix and have a degree one at

infinity in the orthogonal direction.

Résumé : Nous prouvons 'existence d’ondes progressives a vorticité sur une hélice pour I’équation de Gross-
Pitaevskii dans R?. Ces solutions sont d’énergie infinie, périodiques dans la direction de I’axe de I’hélice et ont

un degré un dans la direction orthogonale.

Keywords : Travelling wave; non linear Schrodinger equation; helix; Ginzburg-Landau; vorticity.

1 Introduction

1.1 Statement of the result

In this paper, we are interested in the existence of travelling waves solutions to the Gross-Pitaevskii
equation in space dimension 3

0

2 _
iS5+ MY+ (1= [0 =0, (1)

where 1) : R? x R — C. This equation is used as a model for Bose-Einstein condensates, nonlinear
optics and superfluidity. On a formal level, it possesses two important quantities constant in time

e the energy
1 1
B) = 5 [ I60OE + 50— [0l P da,

e the momentum
Bw)=tm [ v Vido= [ (0.90) d
R3 R

3

where (., .) is the scalar product in R? ~ C. The first component of P is denoted P (1)) = Jgs (i), 01) da.

Travelling waves solutions to (1) are solutions of the form (up to a rotation)

¢(x7t) = U(.’El - Ct7$2ax3)‘



The equation on ¢ reads now on U

iU _ Av + (1 — |UP)U. (2)
83:1
The question of the existence of such travelling waves for small speeds has been studied in [BS] in
dimension 2 and in [BOS] and [C1] in dimension larger than 2. We refer to these papers for details
and references about the Gross-Pitaevskii equation. In [BS], travelling waves with a structure of two
vortices of degrees 1 and —1 are exhibited, and in [BOS| and [C1] the travelling wave is a vortex ring
(like a “smoke ring”).

We consider a function U} defined in the following way. We use cylindrical coordinates (z1,7,6),
where (r,0) € Ry x (R/27Z) are the polar coordinates in the (z2,z3)-plane. We set T := R/277Z (we
do not identify T with S! to be able to define 9,, for example). We fix L > 0 and define in cylindrical
coordinates

Hp:={zcTxR% r=1L, z; =0}

This is an helix of axis z1, of pitch L, and length M(H ) = 27v/1 + L2, that we denote H; when
endowed with the orientation given by the natural parametrization

T>6+— ~v(0):=(0,Lcosh, Lsinb).

If L =0, then Hy = T x {0} is the z; axis. We may then see 27r7'_fL as a prescribed vorticity and
consider a map U; € C°°(T x R?\ H, S'), which will be precisely defined at the end of the subsection,
such that its vorticity concentrates on the helix H; in the sense that

curl(Uf x VUF) =2nHy  and  div(Uj x VU) = 0, (3)

that is the vector field U; x VU7, representing the gradient of the phase of U7, is given in the figure
below. The map U7 is therefore smooth outside Hp, is S'-valued and has a degree one around H, and

i

Figure 1: The vector field U; x VU;}

at infinity (in the (x2,x3)-plane). Our main result states the existence, after rescaling, of solutions to
(2) close to U}. Due to the degree one at infinity, they are of infinite energy. Moreover, these solutions
are periodic in the x1 variable of the axis of the helix.



Theorem 1. For every L > 0, there exists eo(L) > 0 such that, for every 0 < e < eo(L), there exists
a solution U, to (2), 2?”—periodic in the x1 variable, with C = C(g) verifying, if € — 0,

C(e) 1 L\2
P =2(m—) . 4
loge] iy o P (”a) (4)
Moreover,
|Ue(z)] — 1  as |(z2,23)] — +00 (5)
and, for every k € N,
x * . k 2
Ue(g) S UP in CE(T x R2\ Hy). (6)

Remark 1. In the limiting case L = 0, we can find solutions of (2) independent of z;, that is
U(z) = V(x2,x3), with V solution of infinite energy (in R?) and with a degree one at infinity of

AV +V(A—|V]*)=0 inR% (7)

These solutions have been studied in [BMR] and also [Sha], [Sanl] and [Mi]. The associated functions
U clearly have a vanishing momentum and are solutions of (2) for any speed C' € R. There exists a
particular radially symmetric solution of (7) of degree one at infinity of the form

Volz) = p(!zl)é,

where p(r) increases from 0 to 1 as r goes from 0 to +oo.

Remark 2. It is important to note that the solution is 2?”—periodic in the x; variable, and its singular
set is an helix of pitch % Therefore, we will work with functions U which are defined on T, x R2,

with T, := R/(%£Z).

Remark 3. We finally emphasize that the momentum in (4) is not exactly the one already introduced.
Indeed, since the solution U, is periodic in the x; variable, the integral which defines the momentum
is clearly not convergent in R3. We will instead consider a momentum defined only on a period, that
is T, x R2. Even in this case, we clarify just below the definition.

We clarify the notion of momentum for our problem, and adapt to the situation with a degree one
at infinity the definition given in [BOS]. Note that neither the definition of P, since (iU, 91U) may not
be in L' at infinity, nor an energy space is clear, since the degree one at infinity makes the energies
to diverge. We denote Dg (R > 0) the disk in R? of radius R centered at 0. We consider the class of
functions

Y. :={U € H, N L>(T. x R%,C), [1  p2|01U* + 5(1 = [U[*)? < 00, 3R> 0 s.t.

loc

for r > R, |U(x)| > 1/2 and U has degree one outside T, x Dg}.

Note that if U € Y. and |U(x)| > 1/2 for r > R, the degree of U outside T, x Dpg is well-defined.
Indeed, from [BLMN], we know that, for every R’ > R, since

U _
i HY(T. x (D' \ Dg),S"),

then its degree on almost every slice {1} x (Dg' \ Dg) is well-defined and is independent of x; and
R’ > R : we will call this integer the degree of U outside T, x Dg. For U € Y., we may then write

Ux) = p(a) explip(x) + i),



for r > R, where p(x) = |U(z)| > 1/2 and ¢ € H} (T. x (R?\ Dg),R) is well-defined modulo a

loc

multiple of 27 (note that imposing 01U € L?*(T. x R?) prevents U from having a degree in the
variable). We define then

PO = [ @ [ a6 -Daes [ -, )
T xR2 Te xR2 Te xR2
where y is a smooth function compactly supported, such that 0 <y <1land y =1on T, x Dg. It is
easy to verify that this definition of P(U) does not depend on the exact choice of x and .

For our problem, it is convenient to perform the rescaling

_ C(e)
7 glloge|”

The function u. is then defined in T x R? and equation (2) reads now on u,

Ou,

8:E1

ice|log €]

1
= Aue + €_2u€(1 - |u6|2)‘ (9)

The expressions of the (diverging) energy and momentum are now

1 1
E.(u:) =e¢E(U;) = —/ \Vug\2 +—(1- ]uE|2)2 dx :/ ec(u:) dx
2 JrxRr? 2e? TxR2

and
p(ue) = 52P(Ue) = / (iug,alua) dz.
TxR2

Finally, we would like to mention why we have been interested in these solutions. In [BOS]| (see
Theorem 4), the study of the asymptotic of a general Ginzburg-Landau equation including (9) in a
domain Q € RY, N > 3 under assumption sup, |c.| < oo for solutions u. satisfying the natural energy
bound

Ex(ue) < Molloge|

leads to the mean curvature equation for the concentration set

H(z) = *(cé’l A *ZZ*),

where (all these limits are for a subsequence ¢, — 0) ¢ = lim._,g ., * is Hodge duality, J, is a limiting

ec(ue)dr  dJ,
[loge| * dyx

measure of the jacobian, p, a limiting measure of is the Radon-Nikodym derivative and

H is the generalized mean curvature of the varifold V(2,,,0+) (O, is the 1-dimensional density of /i

and ¥,, = {O©, > 0} its geometrical support). If N = 3 and % = 1, the singular set is a smooth
curve v and this equation rewrites

R =céy x 7, (10)

where 7 is the unit tangent and < := fil—j: is the curvature vector of v. The solutions in R? are the circles
a+ {0} x dD(0,¢!) (a € R?), the straight lines a + Ré; (a € R?), and helices of axis parallel to €.
The case of a singular circle comes from Theorem 1 in [BOS]| (for N = 3). A straight line singular set
comes from a two dimensional solution (independent of =) of the classical Ginzburg-Landau equation
in two dimensions, having a singularity of degree 1 in (x9,z3) = (0,0), as the map Vj (see Remark 1),
having radial symmetry. We have constructed the last type of solution.



Definition of the map U;. In order to define precisely the map U;, we note that the natural vector
field ¥ verifying (3) is given by Biot-Savart law

W=t [ (o—y) x @rHu) , 1 [,

v(x) i= —
47

y_
|z =yl 2) o =P

Note that the integral is convergent since [|[7/||*> = 1+ L? and |y(0)|| ~ |0] for |§] — +oo. By
construction, the vector field ¥ is smooth outside Hj, satisfies dive = 0 and its vorticity

(11)

curlv = QWﬁL

is concentrated on Hj;. Moreover, ¥ has a circulation 27 around ﬁL. We remark that we could have
reversed the orientation of the helix, which would have led to the vector field —%. Another natural
helix, turning in the other sense, is

Hp:={zeTxR%r=L,z =—0},

which may be seen as the image of Hy by the symmetry x — (—xz1,x2,x3), and will be denoted Hr,
when endowed with the orientation T 3 6 — (0) := (=0, Lcos6, Lsinf). The oriented helices H,

and Hy, are “right-hand” for the natural orientation of T x R2. The reference vortex helix Uj is defined
to be the only map U; € C*°(T x R? \ ‘H,S') such that

U x VU; =7,

where, if a,b € C ~ R2, a x b = a1by — asb; denotes the exterior product. The map U; is unique
up to a phase change (since T x R?\ Hy, is connected and U; x VU; is the gradient of the phase
of U;). The map U} has therefore a degree one around Hy, and at infinity (in the (z2,23)-plane).
Changing the orientation of the helix is only complex conjugation for the solution (up to a phase

change). Furthermore, changing the helix H, for Hy, changes v for 5(3;) = (—v1,v2,v3)(—x1, T2, T3),
still of circulation 27 around Hp, and changes U} for Uj(z) := Uj(—x1,22,23), still of degree one
at infinity. In the degenerate case where L = 0, Hy is just the axis T x {0} and U{ is then the

(CCQ,I;;)
[(z2,23)]

2-dimensional map (in the (zg, z3)-plane) Uj(z) = with a singularity of degree one at 0.

Remark 4. Denoting (U.,C, P) as in Theorem 1 and U.(z) := U.(—x1, 2, x3), We remark that U,
is solution for (—C, —P) and the oriented helix H, with reverse orientation; U, (resp. U.) is solution
for (—C, P) (resp. (C,—P)) with the helix Hy, (resp. with the other orientation).

1.2 Stability of the solution

Concerning the stability of this solution, U. must be seen as a minimizer on the whole T, x R2, with
the constraints of degree one at infinity and P = 2%2(5)2 but in view of the infinite energy, we can
only allow local perturbations, which will preserve the condition of degree one at infinity.

Theorem 2. For all 0 < € < go(L), U. € Yz and is a constrained minimizer in the following sense.
For all R >0, for all V € H- N L*>®(T. x R?,C) such that

loc

V = U, outside T, x Dg
(then V € Y. and P(V) is well-defined) and such that

P(V) = 2(7%)2,

then
E(V, Ta X DR) > E(UE,T‘E X DR).



The proof of Theorem 2 is based on a decay result for the energy at infinity (keep in mind that
the solution has a degree one at infinity in the variables (zg,x3)).

Proposition 1. There exist smooth maps @, p: T x (R?\ Dry1) — R such that for |(z2,23)| > L+1,
U.(x) = p(ex)e? D+ — y_(ex),

and p > 1/2. There exists Cr, > 0 and A = A\(L) € (0,1] such that, forr > L+ 1,

(1-p?)* _Cp
IVol? + p* Vel + —5— < =, (12)
/TX(RQ\DT) 2¢2 rA
that is, for L+ 1 <r < R,
R C
‘EE(UE,T x (Dg \ Dy)) — 27* log<?>‘ < r—f
Furthermore, the asymptotic of the energy near the helix as € — 0 is
Ee(us, T x D
S B(U.,T. x Dypynye) = 2o X Deel) o AT (13)

7|log ¢ 7|log €|

Remark 5. The solution U(z) = Vy(x2,z3) with a straight line vortex satisfies a stronger stability
result. Indeed, from [BMR], [Sha], [San2] and [Mi], we know that Vj is a local (in space) minimizer
of the Ginzburg-Landau energy £ on R?, and the only local (in space) minimizers are only, up to a
translation and multiplication by a complex of modulus 1, Vg and V. Therefore, U is also a local (in
space) minimizer of E without the constraint on the momentum.

Remark 6. Note that we first fix a (large) period 27 /e for U, and then the result is that “local”
(in space) minimizers of the energy with the constraint on the momentum have vorticity on an helix
with the same period. Therefore, the solution U, is not locally (in space) minimizing for perturbations
on m € N periods, m > 2 (with the appropriate constraint on the momentun which is for m periods
P = 2m(7r§)2), since the vorticity of this other minimization problem is an helix of period 27m/e
(and not 27/e). This last minimizer is the one obtained by changing ¢ for ¢/m and L for L/+/m.

Remark 7. Note finally that there exist maps of finite energy, if we drop the condition of degree one
at infinity. Replacing Y. by the space X of maps in L*° N H lloc(TE x R2,C) of modulus greater than
1/2 in a neighborhood of infinity, in which we can define the momentum, the problem of minimizing
FE in X. with the constraint P = 2(#%)2 has solutions and the corresponding minimizers of E are, as

in Theorem 1 in [BOS], vortex rings (%—periodic in the x; variable) of radius L.

As in [BOS], we will not tackle the problem of the stability of the solution U, for the Cauchy
problem associated to (1). The situation is here even more involved since the solution is of infinite
energy. The adapted context should be on a bounded domain (see subsection 1.4). Finally, we would
like to mention that vortex helices have been observed numerically in [ABK] for the general Ginzburg-
Landau type equation, with real constants ¢ and b,

HA=A— (14ic)|APA+ (1 +ib)AA.

For ¢,b — 400 (and a suitable renormalization), we recover the standard nonlinear Schrédinger
equation (1). In section V of [ABK], in the case b = 1/e > 1, a stable travelling vortex helix is
numerically obtained. The boundary conditions are of periodic type as well as the homogeneous
Neumann condition. Even for small values of ¢ and b (see [RCK] and [GGNO)] for phase twisted initial
data), there is convergence to an helical vortex.



1.3 Discussing symmetries

In 3-dimensional space, the existence of travelling vortex rings is proved in [BOS]. This vortex is the
circle {0} x 9D1(0) and has the cylindrical symmetry. Therefore, it is natural to consider for this
problem cylindrically symmetric solutions, that is solutions of the type

U(x) =U(zq,r).

For our problem, even though we work on a (periodic) cylinder and the condition at infinity is

~ (22,23) _ i
V) ™ [y, 2a)

)

thus cylindrically symmetric, we emphasize that the solution does not have the cylindrical symmetry
(except for L = 0). The more appropriate symmetry is “helicoidal symmetry”, that is

Uz)=e ™ Ulex; —0,7) or Ulx)=e “"U(ex; +0,7), (14)

for a U : T x Ry — C. A straightforward computation shows that U(z) = e *®*1U(ex; — 0,7)
(resp. U(z) = e~ (exy + 0, 7)) precisely means that the vector field U x VU satisfies the property
that its components in the cylindrical basis (€7,€,,6p) are constant on each helix (a,0,0) + Hp (resp.
(a,0,0) + H r), R >0 and a € T. We may impose the first symmetry, for instance, for the solutions
without changing the main ideas of the proofs.

Theorem 3. For every L > 0, there exists eq(L) > 0 such that, for every 0 < e < eo(L), there exists
a solution U to (2), 2?”—joem'odic in the x1 variable, with C' = C(e) verifying (4), (5) and (6) ase — 0,
and such that U, is helicoidally symmetric in the sense that

U(z) = e =Y (exy — 0,7).

For the proof, it suffices to work on the subspace of maps with the helicoidal symmetry (14). One
may also work with the variables ex; — 6 and r, changing (2) for a 2-dimensional equation with a
degenerate elliptic operator.

Remark 8. We have not been able to prove that the solutions provided by Theorem 1 are helicoidally
symmetric. The solutions U, and U, are presumably the same up to a rotation, translation and
multiplication by a complex number of modulus one. For the helicoidally symmetric solution U,
we can prove a stability result analogous to Theorem 2. We have however to restrict ourselves to
perturbations which are also helicoidally symmetric.

Remark 9. One may obtain the other vortex helix l?}j imposing the other helicoidal symmetry
Uz) = e ™10 (exy + 0,7).

1.4 Link with Euler equation

Let us perform on v the Madelung transform
¥ = Vpexp(ip),
which has clear meaning if |1)| # 0. We may then rewrite equation (1) in the variables (p, v :=2Vy) :

{ % + div(pv) = 0,

_ 2
% 4 7. Vi + V(2p) = —v(% —%).



Neglecting the last term in the right-hand side, often called “quantum pressure”, this system reduces
to the Euler equations for compressible ideal fluids, with speed ¥ and pressure p2. Concerning the
existence of vortex helices solutions for the incompressible Euler equation, that is divv = 0 and

% +7- VU =—-Vp, (15)
we may mention the work of [Du], where the question of global in time solutions with helicoidal sym-
metry to the incompressible Euler equation is investigated. In this context, helicoidal symmetry means
vector fields ¢ such that the components in the cylindrical basis (€1,€,.,6p) are constant on each helix
(,0,0) + Hr, R > 0, a € T (this is the condition we impose in Theorem 3) and such that the vector
field ¥/ is orthogonal to every helices (a,0,0) +Hpg for R > 0 and o € T (that is 7 (€1 + rép) = 0 for
every x ~ (x1,7,0)). We can not impose this last condition to U, in Theorem 3 since U} x VU; does
not satisfy it (we will see that Uj x VU] ~ %9 as 1 — +00). Notice also that we did not require the
first condition for the solution U, though the limiting vector field U; x VU7 satisfies this constraint.
Note that in dimension 3, the solutions to Euler equation may become singular in finite time. The
main point is that imposing the helicoidal symmetry reduces the problem to a two-dimensional prob-
lem, for which global in time existence results for the incompressible Euler equation are known. The
result of [Du] implies for instance that, given R > 0 and an initial vector field ¥y which has helicoidal
symmetry, is divergence free and tangent to the boundary of the cylinder R x D g, then there exists a
unique solution ¥, global in time and divergence free, to (15) with initial datum #y. Moreover, ¥/(t, .)
has helicoidal symmetry for all ¢ > 0. However, it is stated neither that we may choose ¥y such that
the vorticity concentrates on an helix, nor that the solution may be a travelling wave, and a fortior:
its propagation speed is not computed. In any cases, the vector field 7 = U; x VU] is not orthogonal
to the helices («,0,0) + Hg, a € T, R > 0, that is the second hypothesis in [Du] is not satisfied.

Concerning the dynamics of vortex filaments described by a map X = X(s,t), where ¢ is time and
s is arclength, the equation governing the motion of X in a perfect inviscid fluid, known as LIE (or
LIA) (Localized Induction Equation (or Approximation)), has been derived first by L.S. da Rios (see
[dR] and also [R]), and then rediscovered by F.R. Hama ([H]), and reads

X = 0,X x 02X (16)

(see also [KM] for the case where the filament may be self-stretched). Assuming the map X smooth,
this equation writes, in the Frenet basis (7, 3, V),

X = (H-7)3, (17)

where H := % is the (mean) curvature vector, 3 being called the binormal. In the case X is a travelling
wave with constant speed cet, i.e. X(s,t) = Y (s) + ctéy, we clearly recover equation (10). A motion
verifying equation (17) is known as a (smooth) binormal curvature flow. The paper [GV] studies
self-similar solutions to (17) and shows that this equation is ill-posed and can develop singularities.
We mention the work of R.L Jerrard [J1], where the convergence in dimension N > 3 as € — 0 to a
(weak) binormal curvature flow is proved for the scaled Gross-Pitaevskii equation (1)

1
i|log e|Opu + Au + gu(l — |ul?) =0,

if the initial datum is in 1 + H'(R") and has a jacobian concentrated on some round (N — 2)-
dimensional sphere. In the 2-dimensional case, the situation is different and involves the renormalized
energy W introduced in [BBH2]. In [LX] (Theorem 1) (see also [CJ]), it is proved that if u. solves

1 _
—ue(1 — ]u5|2) =0, u0=4

10 + Auge + = . o



(either in a bounded domain with a boundary condition of degree n, either in R? with n = 0 and
u? tends to 1 at infinity sufficiently fast), then the linear momentum p converges to a solution to
Euler equation, provided the vortices of the initial datum are of degree +1. We note the different time
scalings for N =2 and N > 3. Moreover (Theorem 2 in [LX]), if the datum u? is almost minimizing,
that is E-(u!) = mnlloge| +7W (a(0)) +0(1) as € — 0, the vortices a;(t), 1 < j < n, obey the so called
Kirchhoff law for fluid point vortices

da; ow oW . da; ow

() = (=, —=—— e i—L(t) =2=—

dt() (8a?’ 8(1})’ e zdt() daj’
where W is seen as a function of the n complex variables (aq,...,a,).

From (16), R. Betchov establishes in [B] the intrinsic equations on the curvature K and torsion T'
of the curve, namely

0K = —204KT),
02K

oT +2T0sT = %((‘%K + &K (8;{12)3 B 2(851([){(2331())7

and the helicoidal solution (among others) is exhibited as a solution for 7" and K constant. However,
the corresponding linearized equations are shown to be unstable. These equations have then been
solved for vortex filaments without change of form in [K] and here again the helix is shown to be
unstable. On the other hand, vortex helices (and other vortex filaments) in an axial flow have been
experimentally observed by T. Maxworthy, E.J. Hopfinger and L.G. Redekopp in [MHR]. Later, Y.
Fukumoto and T. Miyazaki in [FM] have studied the stability of vortex filaments in axial flows, which
changes LIE for a more complex equation, and have shown that vortex helices are stable under some
conditions on the axial flow and the torsion of the helix, corroborating the observations of [MHR]. It
would be interesting, by analogy with the the study of [FM], to investigate the stability of the solution
U. in the context of rotating superfluids. In this case, the energy in the rotating frame, taking into
account the Coriolis force, denoting b = we; the rotation vector and w the angular velocity around
the axis x1, is
(1 — |ul?)?

22
where Q C R3 is, for instance, a cylinder of axis 1. In this context, a homogeneous Neumann condition
should be prescribed, at least on the lateral boundary of the cylinder.

For superfluids like Helium II, an equation analoguous to LIA can be derived (see for instance [Do]
or [Sam]). This equation, called the Schwarz’s equation, writes

1
—/|Vu~l—iuc3><x|2—|-
2 Ja

DX = T + Tap + 005 X X (G — Tap — T;) — 00 X X <8SX X (T — Tap — 172-)),

where 4, is the applied flow, %, is the velocity of the normal fluid, and ¥; is the velocity induced by
the filament. This term is given by the Biot-Savart law, and is approached in the Localized Induction
Approximation by (up to a physical constant factor) 9sX x 92X. The constants o and o’ are friction
coefficients between the normal fluid and the superfluid. If there is no friction, a = o’ = 0. The LIA
is not always a good approximation, especially when parts of the filaments get close one another or
self-intersect. However, for our helicoidal vortex, (16) remains a good approximation.

Acknowledgement : I would like to thank Fabrice Bethuel for suggesting me this problem.

2 Strategy of the proof

In this Section, we give the scheme of the proof of Theorems 1 and 2. The idea is to approximate the
problem on cylinders of growing diameter. We will point out the problems related to the fact that the
solution is of infinite energy. We will give the precise proofs in Sections 4 to 8. In the sequel, C, will
denote a constant depending on L only.



2.1 Setting

We will denote (€1, ¢€,,€p) the usual cylindrical basis. The next Lemma states that ¥ behaves like
£ = “V@* at infinity, that is U} is expected to be close to e as r — 4o0.

T

L

.

Lemma 1. We have

L €
/ 17— 2|2 < +oo.
Tx{r>L+1} r

Since both energy and momentum are not easily defined, we approximate the problem on cylinders
Q,:=Tx D,,

for n € N*. In view of Lemma 1 above, we expect that the behavior of the solution U, is

U () ~ ‘gzﬁg‘ as |(x2,23)] — 400,

thus we naturally impose a boundary condition on 92, = T x 0D,,

i0 _ ($27 $3)

g:x—e .
(22, 23)|

The function g is well-defined and smooth on T x (R?\ {0}), and will impose a degree one on the
boundary (in the (x9,x3)-plane). We work on the affine space

R 1
X, = HY(Q,,C)

(note that H'(€2,) embeds compactly in L*(£,)). Since €, is bounded, we can define the momentum
p(u) := / (tu, O1u) dx.
Qn

We will work in the (clearly non void) set
T, = {u e X,, pu) =2r°L?},

where the momentum 272L? has to be understood as 27 x (7L?), that is 27 times the area of a disk
of radius L. We then consider the minimization problem

(P2) IT .= uléllf E.(u).

The existence of a minimizer for the problem (PI) is straightforward.

Proposition 2. There ezist a minimizer ue n € Iy, for the problem (PL) and a constant c. , € R such
that ., satisfies (9), that is

. 1 )
ice pllog e|Ohue n = Atg  + ?ue,n(l - |u5,n|2) in Q,. (18)

Moreover, the following upper bounds hold for n > L + 2

I" = E.(uc,) < 2n%logn + 212/1 + L2|loge| + Cf, (19)
and
1 2 2 1 242
S | 10l + [Vagluen | + 55 (1~ Jueal?)? do < Crlloge (20)
2 JrxD, 2e
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Remark 2.1. The constant <" [loge| € R in (18) is the Lagrange multiplier, due to the constraint on
the momentum. In (19), the term 272 logn is the diverging term due to the degree one at infinity. The
term 272v/1 + L2|loge| is the one that will bound the length of the singular set. The upper bound

(20) is deduced from a lower bound taking into account this degree at infinity.

An important remark has to be made concerning the momentum. We recall the definition of the
jacobian for u € H(2,C)

Ju = = d(u x du) = Z(@u x 0ju) dxi N\ dxj,

1<j

DO =

and define £ as the 2-form
& :=1xy dr1 Ndro + 23 dx1 N drg = rdry Adr,

which appears when we integrate by parts the momentum, since d*{ = 2dx;. Indeed, in view of the
boundary condition, we have (ugy X duz )T = (9 X dg)T = df = # *&on T x 8D, thus integration
by parts yields

) = | (o).

Our first aim is to bound the speed c. ,, to be able to use the equation. However, this bound does
not rely directly, as in [BOS], on Pohozaev identity, since the left hand side of (9) is of the order of
logn. A strategy could be to try to localize the energy, or the momentum, but this can not be done
with the use of the equation, which requires precisely a bound on c.,. To break this vicious circle,
our approach will be to use a regularization technique.

2.2 The regularized problem

We consider the following parabolic regularization problem. First, define

ia) = { Ue () If |uepn(z)] <1,

Reaty if mot.

It is clear that
liloo <1 and  E.(0) < E.(uep) =12

We then consider the minimization problem

n . \a—vlz
(R2) vle%can‘f(”H/Qn 2

for which the existence of a minimizer v, , is straightforward. Its first properties are given in the
following lemma.

Lemma 2.1. The map ve,, satisfies forn > L+2 and 0 <e < 1/4

E.(ven) +/ W < I < 27%logn + 272\/1 + L2[loge| + Cr. (21)
It satisfies also the equation
Ave p, + E%ve,n(l — |venl?) = é(v&n —a) on Qy (22)
and for a constant Cy independent of €, n and L,
[Venloo < 1, | Ve n]oo < %. (23)

11



Proof of Lemma 2.1. To obtain (21), just take @ as a comparison map, and (22) is the Euler
equation for (R7). Consider the orthogonal projection of v, , on the disk D;

3(z) = { Ve () if Juen(z)| <1,

vy if mot.

By convexity of Dy, we have |V3| < |Vue |, |0 — @] < |ve, — @ and

/ (1— [5P)? = / (1~ Joenl?)? < / (1~ foeal?)?,
n {‘Us,n|§1} Qpn

with strict inequality unless |v. ,,| <1 a.e. in Q,,. Therefore,

~’2

EE(@)JF/nu

2e

| — Ua,nP
2e

g&mw+/

n

with strict inequality unless |ve p|oo < 1. Since v, is minimizing and 0 = g on 9y, (Ve ploo < 1. For
the estimate on the gradient, consider the scaled map 0(z) := v, p(ex), which satisfies

Ab 4+ 9(1 — |9)%) = e(d — a(ex)),
0

and the estimate on the gradient comes from classical estimates for elliptic equations since 0 = g = e’
on T x 0Dy, /¢, [0]oo < 1 and [i(e.)]oo < 1. O

The advantage of working with v, ,, instead of u., is that it is close enough to u. , and satisfies
the bound (23) for the gradient, whereas u. ,, does not since ¢, 5 is not bounded yet. The next lemma
states that the two expressions integrated for the calculus of the momentum of v, , and u. , are close
(say roughly in L'(€,)), hence it suffices to localize the first one to localize the second one.

Lemma 2. For a constant Cp, independent of 0 < e < 1/4 and n > L+ 2 and for every (measurable)
set B C D,,, we have

‘/ u%m&%m—/"(mmﬁwm)gqyw%d. (24)
TxB TxB

One of the main advantage of working with v, ,, is that we will be able to localize sufficiently the
singular set of v, , in order to bound the speed c.,. This will use a result of [San2] (see also [J2])
concerning lower bounds for the Ginzburg-Landau energy. We denote

C(a,R) =T x Dgr(a) and C(a,R):=Q,NC(a,R),
and prove that the singular set {|v. | < 1/2} of v, ,, is included in some not too large cylinders.

Lemma 3. For 0 <e < 1/4 andn > Cp|loge|, there exists a finite family of cylinders (C(a;,r;))jecr,
depending on € and n, such that

{|ven| <1/2} C UjesClaj,r;)  and er < Crllogel.
Jj€J

Since now the singular set of v, , is localized, thus the momentum of u. ,, we are now in position
to control the Lagrange multiplier, using carefuly a Pohozaev-type identity.

Proposition 3. We have, for a constant K(L) depending on L but independent of 0 < ¢ < eo(L) and
n > Cpllogel?,

|Cein| < K(L). (25)

12



2.3 First estimates
Since now, ¢, is bounded, we can make use of equation (9) and derive the first estimates for u .
Lemma 4. The function u.,, satisfies the L> bounds

c Cr
|u€m|2L°<>(Qn) <1+ (%sﬂogsw <Cp  and  |Vuep|pe(q,) < - (26)

Proof of Lemma 4. We argue as in Lemma 3 in [BOS]. Note u. , = u for simplicity. From (9), we
deduce

Alu* = 2(u, Au) + 2|Vaul? = =272 |ul?(1 — |ul?) + 2¢-n[log e| (u, i01u) + 2| Vul?
> —Slul(1 = ul*) = 2lecn] - [loge] - [u] - [Vu| + 2| Vul?
— 2 2 NG) |Ceinl 2 eewl 2 2
= —lul (1 = ul’) + ( V2|Vl - [ul - floge| ) — = —Iul” - |loge|

el
2 c
Sl (1= fuf? + (Selloge))?).

v
|

(Cen

Since |u| =1 on T x dD,,, the function w = 1 — |u|? + elloge|)? satisfies

2
—Aw + 5—2|u|2w >0 in Q,,
w>0 on d,,

and by the maximum principle, we deduce w > 0 in €2,,, which is the first estimate. Concerning the
second one, we consider the scaled map u(x) := u(ex), which satisfies

At +a(1 — |a]?) = ic- nelloge|dra in T x D/,
o= e on T x 9D, ..
By standard elliptic estimates (see [GT]),
|Vi|r~ < Cr
and we conclude by scaling back. O

We will also use the following Clearing-Out (or n-ellipticity) result.

Theorem 4. Let 0 > 0 be given. Then, there exist n > 0 and 9 > 0, depending only on o and L,
such that, for xo € Q,, 0 < e <¢gp and " <r <1 (withn > Crlloge|? and p € (0,1) absolute), if

T_lEa(ua,n7 Br («TO)) < U’log €|7

then
|tue n(x0)| > 1—0.

This result is an easy consequence of Theorem 2 in [BOS] inside the domain €2,, and Theorem 2 in
[C2] near the boundary, since the boundary condition g(z) = ¢ is uniformly smooth for n > 1 and
of modulus 1, and the constants in [C2] involving the curvature of the boundary 92, = T x 9D, are
uniformly bounded in n.

We infer from Theorem 4 the finer localization of the singular set of u.,, defined by

S™ = {|ue.n| < 1/2}.

13



Corollary 1. Let 0 < ¢ < go(L) and n > Cy|loge|?. There exist Ry > 0 and | € N*, depending on L
only, and q cylinders C(a;, Ry) (1 <1i < q), with ¢ <1, such that the cylinders C(a;,8Ry) (1 <1 <q)
are mutually disjoint,

Sg - Ug:lc(ai’RO)v

/ ee(Uepn) < 212/ 1+ L2[loge| + Cr. (27)
nglc(ai,Ro)

Moreover, for every a € R?, we have
/ ee(ue,n) < C’L|10g5|' (28)
C(a,8Rp)

We then define a rectifiable 1-dimensional integral current by the mean of the I'-convergence results
of [JS] and [ABO]. This is possible thanks to the localization given in Corollary 1. Nevertheless, we
will be compelled to work with

2ue () I |uepn(x §l,
ot { ) Mf

Rty i not.

It is clear that Ja, ,, is supported in Ug:10 (ai, Rp), since outside this set, . ,, is smooth and of modulus
1, thus two partial derivatives of . , are both tangent to St at Ue n, hence are colinear. Notice that,
comparing with Lemma 3.1 in [BOS], we do not know yet that Ja. , and Ju., are close globally in
Q,, since the energy diverges as n — +o00. We define (27 times) the flux of €7 through a 1-dimensional

current T' with compact support, by
F(T) :=n(T,%€).

The name flux becomes clear when T' = OR is a boundary, since then integration by parts yields
F(T) = m(0R,*€) = m(R,*d*€) = 21 (R, *dx1).

It has been noticed in [BS] and [BOS] that the momentum p may be interpreted as the flux F(7T'). In
our context, since T' is x1-periodic, the projection R of T' on the (z9,z3)-plane is a closed “curve” R
and F(T) is interpreted as the flux of €; through the surface enclosed by R.

Lemma 5. Forn > Crlloge|? and 0 < € < eo(L), there exists a 1-dimensional integral current Ty ,,
without boundary, supported in the cylinders C(a;, Ry), 1 <1i < q, such that

D) [ iien = 7Tepllien1 g < 7(E),
i) |p(uen) — F(Tep)| < 7(e),

Ee s,n,Ug: C ivSR
i) M(Tp) < o Wllogefa . +r(e),

where r(¢) is a function which tends to 0 if € — 0 uniformly for n > Cplloge|>. Moreover, for every
a € R?,

|| J e n — J“€7n||[08’1(c“(a,8R0))}* < Cprellogel. (29)
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2.4 An isoperimetric problem

As in [BOS], we characterize the limiting singular set with the help of the equality case in an isoperi-
metric type inequality. We define the projection on the zi-axis of T’

Pri(T) := (T,dxa N dx3) € R.
For their purpose, in [BOS], it is made use of the standard isoperimetric inequality. We will make use
of the isoperimetric type problem given in the next lemma.

Lemma 6. Let L > 0 and T be a 1-dimensional integral current in T x R? compactly supported and
without boundary such that

Pri(T) =27 and F(T)=2r?L>.

Then,
M(T) > 27/ 1 + L2.

If, moreover, we assume M(T) < 27\/1 + L2, then there exists a translation 7 in T x R? such that
7(T) = Hr.

Remark 2.2. We emphasize that this is the exact values of the flux F(7T') and Pr;(T) that fix the
orientations and thus the exact helix. Indeed, one could have thought about the helix H j with reverse
orientation, but this would have changed the sign of Pry(T") or choose the helix Hi, (with an orientation
to be chosen) already mentionned, but this time, F(7") would have changed sign since Pri(T) > 0
imposes the orientation of HJ, to be the one of the parametrization T 3 6§ — (0, Lcosf,—Lsinf)).

T

*1

-

\
\

NN

£

S

Figure 2: The isoperimetric problem

Remark 2.3. Let us explain this isoperimetric type problem. The “curve” T is periodic in the x4
variable, thus the projection R of T" on the (x2, z3)-plane is a closed curve enclosing an algebraic surface
S. The constraint on the flux imposes S to have an area at least 7L2. By the isoperimetric inequality
in R?, R has a length at least 2rL. Moreover, T has a length at least 27 in the 2 variable, hence
T has length at least 2rv/1 + L2. The equality case imposes equality in the isoperimetric inequality,
and then R is a circle of radius L. We then conclude that T is the helix H .

This result combined with Corollary 1 enables us to give a precise location of the singular set of
Ue n, included in a single cylinder, which concentrates the [loge| term of the energy. The diverging
term logn is non-local and entirely outside the cylinder. We can also give the asymptotics for the
energy around and outside the cylinder containing the helix.

15



Proposition 4. There exist eg > 0 and Ry > 0 such that, for alln > Cp|log 5]2 and 0 < € < g, there

exists b= b(e,n) € D,, such that

Sg C T x DRO(b) = CRO(b),

E. (ug pn, C‘Ro(b)) =2m2\/1+ L2|loge| + r(e)|log €|,

B (tepn, Qn \ C’Ro(b)) < 2n%logn + r(e)|logel.

Moreover,

1
Canzi"i_rgv
TV1I+L? ©

(30)

(31)

(32)

(33)

and up to a translation in the x1 variable, denoting T_y the translation of vector (0,—b) € T x R2,

||T—bTe,n - ﬁLH[CS,l}* <r(e).

(34)

Statement (34) in Proposition 4 will imply that u., is close to the solution U; we want. In the
next Section, we complete the proofs of Theorems 1 and 2 and of Proposition 1 letting n — 4o00. In
Section 4, we give the proof of Proposition 2. Lemmas 2 and 3 are proved in Section 5, Proposition 3,
Corollary 1 and Lemma 5 in Section 6. The proof of Proposition 4 is given in Section 7. Finally, the

proofs of the auxiliary Lemmas 1 and 6 are given in Section 8.

3 Proofs of Theorems 1 and 2 completed

3.1 Limits of growing cylinders

Before going further, we prove that b is not too close from the boundary.

Lemma 3.1. There exists 0 < v < 1 such that, for n > e/ and 0 < e < eo(L) sufficiently small,

1b(e, )| < n.

Remark 3.1. Though it might be, we do not prove that the helix T ,, is centered around the x-axis,

that is ||b|| = r(g), or even ||b|]| < C. However, in Lemma 3.6 below, we will prove that

b
lim M =0.

n—4too N

Proof of Lemma 3.1. From (19) and (20), we deduce by averaging that there exists a 1 € T such

that
1

5 Wasentar )P +
Dn

(1 = Juepn(z1,.)|?)
2e2?

2
< 7logn+ Crlloge|.
Consider the scaled map @ : D1 — C defined by

W(y) = Uen(z1,nY).

Then @ = € on dD; and, denoting & := £/n, we have by scaling

1 oo (1—a])?
5 |Val® + o5 < 7llog é| + Cplloge| < mllog d|(1 + o(1))
Dy
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since by hypothesis, n > e'/¢. Therefore, we may apply the results of [J2] or [San2] stating that @ has
only one “bad disk”, the center of which is clearly % + O(9). Adapting the arguments of chapter I
and Lemma VI.1 in chapter VI in [BBH2], we infer that the vortex can not be on the boundary, for
otherwise the energy would be > 27|log d|(1 + o(1)). Therefore, ||%|| < v < 1 for £ small enough and
n > elle. ([l

From now on, we translate the problem so that the helix is centered around the x; axis, that is we
consider u. ,, o T_p : 2,(b) :== T x D, (b) — C instead of u . In particular, (z1,7,0) will now refer to
cylindrical coordinates centered around the singular helix. From Lemma 3.1, we have ||b|| < yn, and
therefore dist(0,0,(b)) > (1 —v)n — +o00 as n — +o0.

We let now n — +oo with fixed (small) ¢ to obtain a solution u. on T x R%2. To extract a
subsequence as n — +00, we use the local boundness for u., in H}  given in (28) in Corollary 1. As
a consequence, up to a subsequence, we may assume, as n — 400,

(T x R2,C) and  ue, —u. in L}

loc

(T x R?,C) and a.e.

: 1
Uey — U in Hj

and for every a € R?
E.(us,Cpry(a)) < Cpllogel. (35)
Moreover, by ellipticity of equation (9),
Uy — ue  in HL (T xR?C) asn — +oo.

Note also that (ue ), is bounded in L*, so is u., and since ¢,y is bounded independently of € and n,
we may assume also the existence of the limit
e = lim ¢, €R.
n—-—+o0o
We may then pass to the limit in equation (9) to obtain that u. satisfies (9) in T x R? with speed c..

Note that, in view of (33) in Proposition 4, the assertion (4) concerning the speed in Theorem 1 is
proved.

3.2 Bounds in W,P(T x R?) and in CF_ away from H.

loc

The first step is to establish bounds for u. in VVllocp(']I‘ x R?).

Lemma 3.2. Let 1 <p< % We have, for every a € R2,

/ Vel < Cu(p).
CRO (a)

Proof of Lemma 3.2. The proof of Lemma 3.2 follows exactly the lines of Step 3 of Appendix C in
[BOS]. This uses the confinement property of the jacobian Ju in the cylinder Cr, and the bound for
the energy of the Dirichlet datum (of modulus 1) [, |Vg|? = 472 /n < 47%. The only difference is
that the Hodge-de Rham decomposition (see (C.19) there) of u. , X duc y on §2,(b) now writes, since
T is not simply connected,

Ueqp X dug p = dp + d* + adzy, (36)

for a constant o € R. This constant is easily controlled since a = ﬁ—j Indeed, from (36), we infer

2’n’a = |Q,(b)|a = /

( )<ua,n X dua,nyd$1> = / (iua,nyalua,n) = p(ue,n) = 27T2L2,
Qn (b

Qn (b)
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and the conclusion follows. O

We then establish uniform bounds in Clkoc for ue , away from Hpy. We follow closely the lines of
[BOS] (Steps 6 and 7 in Section 4). These bounds are a direct consequence of the concentration of the
density energy (see the proof of Proposition 4) on Hy, as ¢ — 0 and n > Cp|loge|? and the bounds
I/Vllocp just established.

Lemma 3.3. Let B C T x R?\ 'Hy, be a closed ball and k € N. Then, for constants C(k, B, L) and
e(k,B, L) > 0 depending only on k, L and a lower bound for the distance from B to Hy, we have, for
every 0 < e < e(k, B, L), |ucn| > 1/2 on B, thus we may write, for a smooth 1, ue ., = e’ on B and

it) 252 + eflogeldillen s < Clk, B, L).
In particular,

IVl oo @upncrg) < Cr and  |[1 = p?|| oo, )\Cny) < Creflogel. (37)

Proof of Lemma 3.3. We proceed as in Steps 6 and 7 in Section 4 of [BOS]. First, by (32) and Step
4 of the proof of Proposition 4 in Section 7,

Y. =Hr and  E(uen, Q(b) \ Cry) < 272 logn + r(e)|loge|.

We apply Lemma 4.4 in subsection 4.3 with H = Dg,(a) \ Dg, for an a € R?\ Dg, and n sufficiently
large (the radius |H| is defined at the beginning of subsection 4.3)

1 1- 2)?
= / Va3t n|? + M > 2% logn + 272(1 — t2)[log e| — 272 log(|H|) — C,
2 JTx(Dn(o)\H) 2e
where C' is a constant independent of €, n and H and
b= 14 ( mE )2 e
o 2v2|H| 2V2|H|

Here, |H| < Ry, and since t, € [0, 1],

E-(ten, () \ (Cr(a) N Cry)) > 2% logn — Cy.
As a consequence of (32), we infer
E.(uer,Cry(a) NCr,) < r(e)|logel. (38)

Thus, for any closed ball B C T x R? \ Hp, in view of the Clearing—Qut result given in Theorem 4
(Theorem 2 of [BOS]), we have for ¢ sufficiently small (depending on B) and n sufficiently large,

1 _
|t pn| > 3 in B.

Writing in B ., = pe™, and using Lemma 3.2, we obtain, as in Step 7 in Section 4 of [BOS], for all
k € N, statements i) and i) by exactly the same proof. O

We will finally use the following lemma concerning the behavior of the phase at infinity. It is close
to statement i) of Theorem 4 in [BOS], but has to be adapted to our problem with a degree one
at infinity. We state it only for our solution and not (as in [BOS]) for every solution (on the torus
(R/(2n7Z))N, N > 3).
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Lemma 3.4. The map ue , writes, for r > Ry, Uey = pew”g for a smooth ¢ x1-periodic and

| weksc (39)
Qn(b)\Cr,
Proof of Lemma 3.4. We write, for r > Ry, u., = pew”g and denote
V= e_wug,n = pe'?,
which satisfies the equation on Q,(b) \ Cr,
19) 1
Av — % + 2iri2v + 6—2@(1 — |v|?) = ice n|log|Orv. (40)

We perform a Hodge-de Rham decomposition for v x dv in U,, := Q,(b) \ Cg,
v X dv=d¢+ d P+ adr, (41)

where ¢ is a smooth function such that ¢ = 0 in 9U,,, o € R is a constant and 1 is a 2-form such that
diy = 0 and 11 = 0 on OU,,. Applying the operators d and d* to (41) and using (40), we deduce the
equations in U,

Bp(p* — 1)

CE n
_A¢ = - é |10g5|81(p2 - 1) - r2 ’ (42)
—Ay = 2Jv. (43)
We now turn to estimates for ¢, ¥ and a.
Estimate for a. We claim that
r(e) _ r(e)
< L < 2 44
ol < 7 < 0 (44
We have, since v = pe'¥ for r > Ry, with ¢ periodic in the z; variable,
Ula= [ Wwxdvde)= [ fo= [ (- Do,
n n Un
thus, by Cauchy-Schwarz and using (20) and p > 1/2 for r > Ry,
€ 2 1 2
|Unl - laf < 5/ L 5 ) + 01¢]? < Crelloge|
Un €
and the conclusion follows.
Estimate for ¢. We claim that
/ |Vo|? < Cre?(1+ K(L)|loge|)?|loge| < Cy. (45)
Indeed, multiplying (42) by ¢ and integrating yields (¢ = 0 on 0U,,)
Cem O(p? —1
| vor = —E2iogel [ ap-ve- [ A=y
Un 2 Un U T
- 21 Opgp p* — 1
=% e[log£|/ P 81gz5—€/ L;bp
2 v, € v, T €
(p? — 1)2\1/2 2\ 1/2
< Mo
< (K(tosel +2)( | L) ([ iwor)
1/2
< (K (Dlloge| + 1)Cliogel ([ Vo) (46)
Un
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by (20), which yields the conclusion.

Estimate for ¢. We claim that
/ Vo = / dl? < C1 —i—r(a)/ v x dof?. (47)

Note that from (41), we have (d*¢)T = (v x dv)T — adxy on 9U,,. Therefore, 1) is solution of

AY = 2Ju in Uy,
Yyr= 0 on 0U,,
(d*Y)T = (vxdv)T —adx; on dU,.

v
[v]

Recalling |v| = |ue n| > 1/2 in U, we define v := % and consider the solutions o and ¢ of

—Ayg= 2Jv in Uy, =AY = 2(Jv—J0) in U,,
(Yo)T= 0 on OU,, and (Y1)T= 0 on OU,,
(d*o)T = (v X dv)T —adzy on dU, (d*1)T= 0 on OU,,.

The existence of 1y and 1, are given by Proposition A.1 in the Appendix of [BBO] and we have
1 = g + 1. Note also that Jo = 0 in U,. Thus, multiplying by g and integrating by parts gives

/ |V1/10\2 = —/ ((v x dv)T — adzy) A (*o)T — / ((v x dv)T — adxy) A (%) T.
Un 9 ()

9Chr,

Moreover, since the norm of the trace operator from Hi(Dpg), with the norm HuHH# = [|[VullL2(pp)

(which is equivalent to ||u|| 1), into L2(ODp) is by scaling < K R'/? for an absolute K, we have
/U Vo |? < K(n”(v X dv)T — adle%Q(aﬂn(b)) + Ro|(v x dv)T — O‘dxl”zL?(acRo))' (48)

From (44), we have

r(e)
nlladz 720, @) + 30”0465331”%2(30%) < Ko*(n® + Rj) < Cr—5 =),

from (37) in Lemma 3.3
[[(v x dU)TH%Q(BCRO) <C1
and finally, in view of the boundary condition, with z = x5 + iz3,

—ip Z—b
Eail

we have, since r > (1 — v)n on 99Q,(b) by Lemma 3.1

1 1 Cr
(v x dv)T 112200, 4)) < K"(ﬁ * W>

from which we infer

/ [Vapol* = / [d*¢o|* < r(e) + CrL < L. (49)
Un

n

Moreover, for an absolute (by scaling) constant K

(/U |V¢1|2)1/2 = (/U |d*1/11|2)1/2 < Ksup{/ (Jv—Jo,h), heCFU,), / |Vh|? = 1}.

n
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Since 9 x dv = p~2v x dv on Uy, for all h € C§°(U,) such that fUn |Vh|? = 1, we have
- 1 < s
‘/ <Jv—Jv,h>( - 5(/ (v x dv— 7 x di,d h>‘

S = Pl ([ toxal) ([ wnp) " <re( [ oxar)”

n n U’rL

IN

in view of (37). As a consequence,

/n Vi |? = /U d=n ? < r(e) / o x dof?. (50)
We deduce (47) from (49) and (50).

Combining (44), (45) and (47) with (41) yields

/ o x dvf2 < Cp + r(e)/ v x dvf?
n UTL
and (39) follows. O

3.3 Convergence of u. to U}

Convergence in Wlf)’g'(']I‘ x R%,C). Up to a subsequence, we may assume, in view of Lemma 3.2
(and |uc|eo < CL), that, for 1 <p < 3/2,

u: = u,  in WEP(T x R%,C) and a.e. as € — 0.

Note also that outside Cg,, since |uc | > 1/2 and u., converges a.e. to u., we have |uc| > 1/2 there,
thus

lus(x)] > 1/2  for r > Ry.

We will show that u, = U;. Since u. satisfies (9), taking the exterior product of (9) with u. yields

d(ue x dus) = 2Jue.

Passing to the weak limit in H,. . as n — +o0, we deduce from (20) that

/TXW |01 ue|? + % < Cpllogel.
Thus U; € Y, and, if ¢ — 0,

lloge|(1 — |us/*) = 0 in L*(T x R?),
0 |ux| =1 a.e. and since |c.| < K (L), as ¢ — 0,

cellogeldr (1 — |ucl®) — 0 in H (T x R?). (52)

Concerning the second equation, we use (34) in Proposition 4 and the local jacobian estimate (29) to
see that, in the distributional sense, as € — 0, up to a translation in the z; variable,

Ju, — QWﬁL.
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Passing to the limit in (51), we obtain

{ div (us X Vuy) = 0,

curl(uy x Vu,) = 27Hy. (53)

In order to identify us, we note that u, X Vuy is x1-periodic and in Lfoc (1 <p<3/2) since

lus| =1, and Vu, e L?

loc*

Therefore, the vector fields u, x Vu, and ¥ (defined in the introduction) both satisfy (53), except that

uy X Vi, is, for the moment, only a L7 map (for 1 < p < 3/2). Moreover, u, x Vu, satisfies

Use ><Vu*—e?(9 € L*(T x {r > Ro})

by passing to the limit in (39), and by Lemma 1,

7 %" e L3(T x {r > Ro}).

Furthermore, it is easily seen that ¥ € Lf (T x R?) for 1 < p < 3/2. As a consequence, x denoting a
smooth function with support in Cr,41 such that x =1 in Cg,, we may write

Uy X Vit — T = x(ts X Vg — T) + (1 = x)(us X Vu, — ) € (L? + L?)(T x R?) (54)
for 1 < p < 3/2 and satisfies
div (us X Vu, — ) =0 and  curl(uyx x Vu, — 9) =0, (55)

from which we infer u, x Vu, — 7 = 0, that is u, x Vu, = ¥ and thus u, = Uy (up to a constant
phase). Indeed, by (54), one may perform a Hodge-de Rham decomposition :

u*xVu*—ﬁ:dg0+d*1,b+ad:L‘1:V¢+cur1$+a€1 in T x R?,

with a € R, d¢p = divyy = 0, and ¢ (resp. ) writes ¢ + ¢ (resp. ¥ + ¥) with ¢, ¢ € H' and
@,1 € WP such that ¢, 1) are O(r~2) as r — +oo. By (55), we deduce that ¢ and ¢ are harmonic
and thus vanish in view of their behavior at infinity. Therefore, u, X Vu, — ¥ = a dxr;. Moreover,
from the proof of Lemma 1, we know that, as r — 400, 7 - &, = O(r~2). Finally, passing to the limit
in Lemmas 3.3 and 3.4, we deduce that u, = exp(if + ip,) for a smooth and xj-periodic ¢,, thus

2T = / U X OLUsx — U - €1 dx1 = / 81<p* + O(r_2) = (9(7“_2) — 0 asr — 400,
T T

1.p

that is & = 0. In view of the uniqueness of the possible weak limit, we have in W, ",

ue, ~Up as j— +oo

for any sequence €; — 0. We turn now to strong convergence outside Hp,.

Convergence in Cf (T x R2 \ Hr). The weak VVllof (1 < p < 3/2) convergence implies in particular

loc

(up to a phase for u.)
u. — U inLj, ase— 0.

Moreover, by Lemma 3.3, u. is bounded in CF (T x R\ H[), thus, as € — 0,
u. — Ui in Cf (T x R?\ Hy)
for all k£ € N, which is (6) in Theorem 1.
Assertion (5) (Jue(z)| — 1 as 7 — 4o00) in Theorem 1 is easily deduced from the fact that u. is

lipschitz (for instance, |Vuc|oo < Cr/e) and [, g2 (1—|uc|*)? < co. We complete the proof of Theorem
1 with the following decay result.
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Proposition 5. We may write, for r > Ry, € sufficiently small and n > exp(1/e),

Ue n(x) = peigo(x)—&-ié’

for ¢ a smooth real-valued function unique up to a multiple of 2w and p > 1/2. There exists constants
Cr >0 and A = X\(L), independent of n > exp(1/e), such that, for Ro < R < (1 —~v)n,

1—p2)2 CL
Vol 4 2 vl + L O o, 56
/Qn@\cR' pP + 0?1Vl + = < 5+ oue) (56)

where v € (0,1) is the one of lemma 3.1, and for Ry < Ry < Ry < (1 —~)n,

| Ec(te.n @a(b) 1 (Ciy \ Cy)) = 27 log<g—?) < % + 20, (2), (57)

where oy, (g) depends only on n and € and o,,(¢) — 0 as n — +oo. In particular,

lim  p(uen) = p(ue) = 22 L2 (58)

n—-4o00

Note that (12) in Proposition 1 is deduced from (57) in Proposition 5 by passing to the limit
as n — +o0o and (58) concludes the proof of (4) in Theorem 1. The asymptotic (13) of the energy
on T x Cp41 stated in Proposition 1 is a direct consequence of (31) in Proposition 4 and the strong
convergence (for L+1 < r < Ry if necessary) given in Lemma 3.3. Proposition 1 is thus a consequence
of Proposition 5.

3.4 Proof of Proposition 5

The proof of Proposition 5 is based on the following decay lemma.

Lemma 3.5. There exists a constant C, > 0 such that, for every Ry < R < (1 —~)n, n > exp(1l/e)
and 0 < e < gg(L) sufficiently small,

C 1
/ faSCLR fa+%€+_an(€)7
0 ()\Cr Qn (H)NOCR R 2

where

= L2 4 (v 4 L2
foi= 5 (PIVel + Vol + 5 )

and oy, (€) depends only on e, n and L and, for fized €, 0, — 0 as n — +o0.

Proof of Lemma 3.5. We argue as in [BOS] (Lemma 5.1). Since |u.,| > 1/2 for r > Ry and u.,,
has a degree one outside C'g,, we may write, for » > Ry,
Uen = peigo-i—w’

where ¢ is a smooth real-valued function on ,,(b) \ Cg, and 1/2 < p < CL. Equation (9) reads now
for r > Ry (with €y = (0, —siné,cosf)),

€p 12 1
—Ap+p|Ve+ —|" = cenllogelpdrp = 5p(1 = p?). (59)

The estimate for the modulus is very close to the one in [BOS], whereas the estimate for the phase is
slightly different because of the degree one at infinity.
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Estimate for the modulus. Multiplying (59) by p? — 1 and integrating over Q,,(b) \ Cr gives

1— 2)\2 o o
/ QP|VP|2+p# :/ a—p(l—p2)+/ p(1—p?)| Ve + 2|
2 (6)\Cr e (2 (b)\Cr) WV 2, (5)\Cr r

_Ca,n|10g5| p(l— p2)8190- (60)
Qn(b)\Cr

By Cauchy-Schwarz, since p = 1 on 9€,,(b),

‘/Qn(b new O 1 . ‘ } ‘/n(b nocn v )‘ =% /Qn(wnacR & (®1)

From Lemma 3.3, we know that |V + €79| < Cp, for r > Ry, thus |Vy| < Cf, and then

e, 1—p?)2 1
[ smAver 2Pl sae [ LoD peeps L
\Cr r Q.(b)\Cr  2€ r

OLE

< CLE/ f + =5 62
e TR (62)

since |, (TXR2\Cr} r~* < CR~2. For the last term, Cauchy-Schwarz yields

el ogel-| [ (1= Powg| < K(Lyelioge .. (63)
Qn (b)\Cr Qn(b\Cr

Combining (61), (62) and (63) with (60), we deduce, since p > 1/2,

1—p?)? Cre
/ IVp[? + (272) < CLR fe+ T(E)/ fe+ —];2 . (64)
Qn(OH\Cr € Qn (b)NOCR Qn(\Cr

Estimate for the phase. Concerning the phase, we will argue as for the proof of Lemma 3.4.
Nevertheless, we need a more precise estimate for ||b||, ensuring us that the helix is nearly centered
around the 7 axis, so that the phase ¢ is nearly 0 on 9, (b). The result is given in the following
lemma, whose proof is postponed to subsection 3.5.

Lemma 3.6. We have, for fized ¢,
lim M

n—4too N

=0.
For the proof of the estimate for the phase, we follow the lines of the proof of Lemma 3.4 and then
consider, on V;, := Q,(b) \ CR, for Ry <r < R < (1 —~)n,
v= e_wue,n = pe'®
We note that, by Lemma 3.1, for R < (1 — y)n, Cr C Q,(b). We then perform a Hodge-de Rham
decomposition of v X dv on V,,

v X dv = adzxy + dp + d*i, (65)

where ¢ is a smooth function such that ¢ = 0 on dV,,, @ € R is a constant and v is a 2-form such that
diy = 0 and Y1 = 0 on dV,,. Applying the operators d and d* to (65) and using the equation (40) for
the phase, we deduce the equations in V,,

(p2 o 1) _ 89([)2 - 1)
rz

—AY = 2Jv. (67)

—Ap=—
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We now turn to estimates for ¢, ¥ and a. For R < (1 — «)n, we still have

n2

V| > 2n(7n? — 7R?) > 27%(1 — (1 — 7)?)n? > roh

~

and the estimate for « follows as for (44)

ol < &) o

Vil

M\Q

To estimate ¢, we have as for (46)

/Vn IVo|? < e(K(L)loge| + 1) (/n @:;21)2>1/2 (/Vn ‘v¢’2> 1/27

2 (PQ - 1)2
/vn Vol < rie) /vn B /Qn(w\cR = (09

We finally estimate . As for the estimate (47), we write 1 = g + 1, where 0 = v/|v|,

and therefore

—Atpg= 2J0=0 in Vp, —Ay = 2(Jv—J) inV,
(Yo)T= 0 on OV, and (Y1) = 0 on 9V,
(d*o)T = (vXxdv)T —adzy on dV, (d*Y1)T= 0 on OVj,.

The estimate for v, follows as for (50)
[ wak @ [ oxal <o) [ £ (70)
n n Vn
Concerning v, we still have, as for (48),

/v [Vio|? < K("H(U X dv)T — ada1|| 220, ¢y + Rl (v x dv)t — Oédxl”%z(acR))-

n

Since R < (1 —y)n, we deduce from (68) that

Cr
nHadleiz(aQn(b)) +R‘|adx1H%2(BC = _2

and there holds

R||(v x dU)T||L2(aCR <CLR Je.
oCRr

It remains to estimate nl|(v x dv)T||2L2(aQn(b))' To that aim, we note that on 99, (b),

oIl — e ),

with z = (z9 + ix3)/n € 0D1(6,) and (3, := b/n. By scaling, we then have

v(r) =e

e x @l = [ [9(e = m0)[ 0
1

We use Lemma 3.6 to deduce that this last integral tends to 0 as n — +o00. Indeed,

‘V(e_ie(z—ﬂn)>‘2 :712“_2@’ (71)

r
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where (1,w) are the polar coordinates of z — 3, (that is z — 3, = ). By Lemma 3.6, as n — +00,
Bn — 0,80 7 — 1 and § —w — 0 pointwise and the right-hand side of (71) is uniformly bounded (since

r > 1— ), thus by dominated convergence,
n(e) == 1) (v x )T [|22(00, @) — 0 asn — +oc.

As a consequence, we have

C
/‘W%FSK%U+CJR £+
Vn OCRr

From (70) and (72), we infer

C
VPP <CLR | feotr(e) | fot Kanle) + —2.
Vi, dCRr Vi n

Finally, combining (68), (69) and (73), we obtain

1
/ PVol? < CL/ wxdl? <R [ f —i—r(a)/v ot 30n(e)

oCx
where 0,(¢) — 0 as n — 4o00. From (64) and (74), we conclude, for Ry < R < (1 — v)n,

C 1
[ orgar| pare [ p+GE e
Qn (b)\Cr 9Ck Qn(b)\Cr R 2

Taking 0 < € < go(L) sufficiently small (so that r(¢) < 1/2), we are led to the conclusion.

Proof of Proposition 5. Consider the function, for Ry < R < (1 — y)n,

gn(R) = / fe
Qn (W)\Cr

From Lemma 3.5, we deduce that g,, satisfies

< = — -
gn(R) < CLR o ST 50u(e) = —CLRg(R) + T + 500(6).

Therefore, we have, with A := Cgl > 0,

d

C
dR £+ )

(ngn(R)) _ AR’\_1<gn(R) + CLRg;(R)) < ARH( 5+ 50(0)

(73)

(75)

Enlarging Cp, if necessary, we may assume Cf, > 1, so A < 1. Integrating between Ry and R yields

1 A (e o
R gu(R) = Rygn(Ro) < 50u()(R* = BY) + Coy (R*2 = R)7?).

A —

Moreover, we have by Lemma 3.3
9n(Ro) < C1,

thus applying (75) with R = Ry, we obtain, for n sufficiently large, g,(Ro) < Cpr, and therefore

C 1
Ri—i— Un()

which concludes the proof of (56). Concerning (57), it suffices to write

1 €y
Beluem Cr\Cr) = [ fotg [ (Ve L VeP)
R1<r<R3 R1<r<Ry r
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Since Cr, C Cr, C Q,(b) for Ry < Ry < (1 —v)n, we have by smoothness of ¢,

Ri<r<Ry T
3990)‘

Bt Cr, \ Crs) = 20 (72| < lou(Re) — (Rl + 5] [ G (2%
17T 2

thus

r2

1 1 |0p ]
< |gn(R2)| + |gn(Ra +—/ p2—1(——|—2
|90 (B2)| + lgn(B1)| + 5 R1<T<R2| (2 2

N——

e Ce (P*—-1)?% 1 )
< =5 +204(8) + = / S+ S+ |V
R (&) Ri<r<r, 267 vy

< m
Cr Cre|log 5]
< — + 20, _— 20,
_i\—l-cr(z—:)~l— R R1+a()
which is (57). We easily deduce from this decay that
p(u.) = 2w L2 (76)

Indeed, let R > Ry and fix x a smooth function compactly supported such that 0 < y <1, x =1 on
Cr(0), and x = 0 outside Cyr(0). We can choose x radial. Recalling the definition of the momentum
(8), we have (we already know that U, € Y;)

pu) = [ (o [ 0= - Vv (77)

since the last term in (8) vanishes if x is radial. On the other hand, for n > exp(1/¢), since, as already
seen, @, is periodic in the x; variable,

Puem) = / (ke D1t )X + / (1= (2 — 1)Orgem. (78)
TxR2 TxR2

By strong H} . convergence as n — o0, the first term in (78) converges to the first term in (77). For
the second terms in (77) and (78), they both have the decay established in Propositions 1 and 5, thus,
for any Ry < R < (1 —v)n and any n > exp(1/e),

[ =062 - Do
Qn ()

Next, let n — 400 to deduce

C
[ =06k - Do < T+ oule)
TxR? R

lim su U —plue)| < =
fm sup [p(uen) = plue)l < 25,

and then let R — +o00. This proves (76), which is the assertion (4) in Theorem 1 for the momentum,
and thus completes the proof of Theorem 1. O

3.5 Proof of Lemma 3.6

The proof of Lemma 3.6 relies on the reduction to a 2-dimensional problem, for which results about
the location of the vortices can be proved, with the help of the renormalized energy (see [BBH2]): the
limiting vortices are critical points of the renormalized energy. We consider the map w,, : T x D; — C
defined by

Wy (2) 1= Ue (21, NT2, NT3)
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with ¢ fixed and let n — 4o00. By scaling from (19) and (20), we have, with ¢ := ¢/n,

1 1— 2\2 2
§/T . |V zwn|? + % + %/T B 101w, |? < 272 logn + Cr|logel, (79)
X Dq XD
1 (1= Jwg*)* | n?
5/}1‘><D T; +?/]1‘><D |81wn\2 < CL|log€], (80)
1 1
w, = e on T xdD, (81)
and, with Ag 3 := 93 + 92,
w .
Ag 3wy, + 5—;(1 — |wn|?) = icen|log e[n?d1w, — n*0wy,. (82)

Here, we adopt the point of view € > 0 fixed and n — +oo, that is 6 — 0. We expect that, as
n — +oo, w, tends to a map independent of the variable x;, with only one vortex at (3, := b/n
(the bound (79) is then the natural one for w, to have only one vortex) and merely satisfies the
2-dimensional Ginzburg-Landau equation (82) (provided the right-hand side of (82) is small in some
sense), so that we expect that the limiting vortex must be a critical point of the renormalized energy,
which is 0. The proof is divided in several steps, and we prove all the ingredients needed in the proof
of Theorem VIL.4 in [BBH2|. In the sequel, K will denote a constant independent of n, but depending
only on € and L.

Step 1: WP bounds for w,. We prove that, for any 1 < p < 3/2,

/ Vw,|P < K,. (83)
TXDl

We proceed as in the proof of Proposition C.2 in Appendix C in [BOS].

Estimate for the modulus. Since w, satisfies (82), then p := |w,| satisfies

—A2,3p2 —n201p° + 2|V273wn\2 + 2n2|81wn\2 =2_-(1- p2) — ca,nn2|log el(w,, i01wy,). (84)

We consider p := max(p, 1 —51/2). Since p = 1 on Tx 0Dy, then p?—1 = 0 on T x 9D; and multiplying
(84) by p? — 1 and integrating yields

[ Ty (Vaa) 2@ @n) + 5 [ -0 (55)
Tx D Tx D1

=/ 2(1 — 12)(|Vagwnl* + n20rwn[?) + coan?logel [ (1= ) (iwn, Brw,).
TXDl TXDl

We note that the integrand in the second integral of the left hand side is non-negative, since either
p>1—06Y2and then p=pso (1 —p?)(1 —p?) = (1 — p?)? > 0; either 0 < p < 1 —6Y/2 <1 and then
p,p €10,1] so (1—p?),(1—p?) > 0. Moreover, 0 < 1— 5 < §'/2 by construction, so 0 < 1 — 52 < 26%/2
and then, by (79),

/ 2(1 — p)(|Vagwnl? + n2|Dywn|?) < 45V/2 (47 log n + K) < K, (86)
TXDl

since 6'/2 < Kn~/2. Finally, we carefully estimate the last term in (85). First, note that, by (80),

{p <1-62} < K6
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As a consequence, by Cauchy-Schwarz and (80),

ce,nn2|10g6| (1-— ﬁz)(iwn,alwn)
{p<1-5/2}

< K(L)51/2|loge|n2/ |O1wp, |
{p<1-61/2}

1/2
< K51/2n2<£2) P(wo) < K,
n

since § < Kn~'. Moreover, since p = p in {p > 1 — §'/2}, by (80),

cenn?|log el (1 — %) (iwy, Oywy)
{p>1-41/2}

< K(L)|log¢| /T @l = oy

1— 2\2
§K/ #+n2|81wn|2 < K.
TXDl 5

Therefore, the last term in (85) verifies

cenn?[logel (1 — 72)(iwn, Oywy)| < K. (87)

TXDl

Finally, V(5%) = V(p?) if p > 1 — §'/2 and 0 otherwise, so, inserting (86) and (87) into (85) yields

/ VR < K
{p>1-61/2)

and then, since p > 1 — §1/2 > 1/2if§ <1/4,for 1 <p <2,

/ Vol < K. (88)
{p>1-61/2)

Since, as already seen, |{p < 1 — §'/2}| < K4, we infer by Holder inequality that, for 1 < p < 2,

/2
/ Vol <o < 1= 8 ( [ weR)" < Kt log )t < Ky (89)
{p<1-61/2} TxD;
We deduce from (88) and (89) the estimate for the modulus, for 1 < p < 2,

[ e <, (90)
TXDl

Estimate for the pre Jacobian. We perform a Hodge-de Rham decomposition of w,, x dw,,:
wp, X dw, = dp + d*p + adxq, (91)

where o € R is a constant, ¢ is a function satisfying ¢ = 0 on T x 9D, and 1 is a 2-form such that
Y1 =0o0n T x 0D and dyp = 0. To estimate «, we write

2722
n2

1
oo = a|T x Dq| = / (wp, X dwy,dx1) = —2/ (tUe p, O1Ue ) =
Tx Dy " JTx D,

by scaling and in view of the constraint on the momentum, so

L2
o= —;.
n2
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Applying the d and the d* operators to (91) and using (81) and (82), we deduce the equations

Ay = 2Jw, inT x Dy,

P = 0 on T x 9D+,
(d*¢)T = db on T x 0D;
and
Aoz 4020 = —%llogeln?dy(p? —1) in T x Dy,
o = 0 on T x 0D;.

From Proposition 3.1 in [BO] (since |df|~ = 1), we infer from (93) that, for 1 < p < 3/2,

/ Vo < K,
TXDl

Multiplying (94) by ¢ and integrating by parts yields by Cauchy-Schwarz and (80)

C
[ (Daal 4 2i0i0P = Srflogel [ (n(s? - D)wdre)
Tx D1 Tx D1

2 1\2
< K(L)/ % +n2)ovel? < K.
TXDl

As a consequence, by Holder inequality, for 1 < p < 2,

/ Vgl + nP|orgl? < K.
TXDl

Therefore, combining (92), (95), (96) with (91), we obtain, for 1 < p < 3/2,

/ |wy, x dwp [P < K.
TXDl

To conclude, we use the identity

p?L|an|2 = pi|vpn|2 + [wy % dwn|2a

and the estimate |Vwy|s < Kn, which comes by scaling from (26), to deduce,

|an|2 = |an|2 + [wn x dwn|2 + (1 — |wn|2)(|an|2 - |an|2)
< |Vpnl* + |lw, x dw,|? + Kn|1 - |wn|2‘ -V, |

1
< ‘Vpn|2 + [wn x dwnP + E‘anp + Kn2(1 - |wn|2)27

thus
[Vuwnf? < K (1Vpnf? + lwn x duwn|? +n3(1 = [wa|)?),

and then, for 1 <p < 3/2,

1-— 2)2\p/2
[ vk [ v s [ OBy
Tx D1 Tx Dy TxDq 5

Estimate (83) follows then from (80), (90) and (97).
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From Step 1, we know that, up to a subsequence, w,, weakly converges in WP to a map w, in
WLP(T x Dy,SY) for 1 < p < 3/2, as n — +oo0, satistying w, = € on T x dD;. Moreover, from (80),

K
/ Bl < 2 0,
Tx D1 n

thus w, is independent of the variable T1. We will denote w, = wy(x1,.) for any 27 € T. We denote
also By = lim, 4~ b/n € Dy (and not € Dy, since we already know that [|b]| < (1 —v)n).

Step 2: The vector field w, X V33w, is divergence free. Let ¢ € C(l)(Dl,R). We write the
right-hand side of (82) as 01 Y,,, where T, := z'ce,nn2|log e|lwy,, — n?01w,. Therefore, by (82),

<diV2,3(wn X v2,3wn)7 C> = <wn X A2,3wn7 C> = <81Tn7 C> = 07

since ¢ does not depend on x; and T, is zi-periodic. As a consequence, passing to the limit as
n — 400 (up to the subsequence), we obtain that the vector field W, x Vg 3w, is divergence free. [

We then apply Remark I.1 in chapter I of [BBH2] to conclude from Steps 1 and 2 that

where z = x9 + ix3, wp is the canonical harmonic map associated to the boundary map e and the
singularity (., k is a real constant and y the solution of

—Axy = 0 in Dy,
X+ rlog|lz—pF« = 0 ondD;.

Step 3: Strong convergence outside T X {3.}. We prove that, a ball Br(a) in T x (D \ {8:})
being given, for n sufficiently large (depending on the ball), we have

K
lwn| =1 < = in Bg(a),

Va3l 2o (Br(a)) + P21O1Wnll oo (Br(a)) + 7107 wall Lo (Br(a)) < K-

These estimates are similar to the bounds in Cf' (T x R? \ H[) given in Lemma 3.3, and are also

related to the result given in Theorem VI.1 in [BBH2]. We define
- — CEn o 2\—1/2 Cen
Wy (z) = (14 s log e[%) eXP(—Z7|IOg elz1)wn ()

in T x D1, which verifies

Wy

(Ag3 + 207 )b, + 5—2(1 — [, ?) =0, (99)

~ 2
where 6% := (1 + %T’”52|log g|2)7162. We will follow the lines of the proof of Theorem IV.1 in [BBO].
We do not prove Step 1 there. However, from Lemma 3.3, we know that

ni=sup ||uen|—1| < Cre?lloge| < 1/2 (100)
TXDn\CRO

for 0 < & < go(L) sufficiently small. Let us fix R € (0,1) and a € T x (D1 \ {8:}), and denote Br(a)

the ball in T x D; of radius R centered at a. By (100), we have for n sufficiently large (depending on
BR((I)),
|| > in Br(a),
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so that we may write w,, = p,e’" in Bgr(a), for a ¢, such that

1

S ©n € [0,27).

In the proof of [BBO], we replace each time the standard Laplace operator A by Aj 3+ n2a%, so that
the scaled energy now writes

~ 1

D “ R 1 — |l 12)2
Ey(tn, a,7) = o / " Vastonl® + 0|0y 2 + L@l )"
Br(a

2r 2452

We follow the lines of Step 2 of the proof of Theorem IV.1 in [BBO], which implies the existence of
no = no(€, L, R,a) € N such that, for x € Bygr/g(a), n > ng, p € (0,1/2) and 0 < r < R/8, then

Fy(a, pr) < Ko(p? + p~H(n ™ +0)) Fy(a,7),

where K is absolute. Note that we may here reach the boundary T x dD1, but since the boundary
map € is independent of n and smooth of modulus 1, this does not change the proof. In particular,
for u and € < ¢ sufficiently small (u and £y absolute) (note that n — 0 as € — 0 uniformly in n by
(100)), we have

. 1~
Fy(x,pr) < SFy(z, 7).
Consequently, we infer from this decay and the W1? bound (83) as in Step 3 in [BBO] that
[@nlleo.o(Bypysa) < K
for an a € (0,1) depending on u, and K depends only on L, ¢, and Bg(a). In particular,
lonllco (Bggs(a)) < K-
The equation for the phase is then
diva3(p; Vaspn) + 1201 (ppd1en) =0 in Bgrs(a),
from which we infer by Schauder estimates
lonllere(Bsps(@) < K- (101)

We finally have the estimate for 1 — p2

K

0§1—pi_ﬁ

in Br/(a). (102)

The lower bound is usual for the Ginzburg-Landau equation (99), and here is also a consequence of
Lemma 4. The upper one is derived as in Step 5 in [BBO]. The equation for h,, := 1 — p? is

—(Ag3 4+ n?0)hy, + g—g(l + pn)hn = po|Ven|*  in Brpys(a),
thus by (100) and (101),
1
—(Ag3 +n20)hy, + ﬁhn <K in Bsgs(a),

and hy, = 0 on T x9D;. Therefore, as in Lemma 2 in [BBH1], we obtain (102). A bootstrap argument,
as in [BBH1] and Step 6 in [BBO], shows that

n?)|0Fwnll Lo (B4 s(a)) + P2 101wl Loo (B (@) < K (103)
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and then w, € C®(Dy \ {B:}) NCY(D1 \ {B:}). O

Step 4: Convergence for the potential term. Let

(L — Jwn[*)?

W, = 157

Then (up to a subsequence), in the weak x topology of C(D1),
/ W, dx1 — W, = mé{ﬁ*}, with m € R.
T

This step is the analogue of Lemma VIL.1 in chapter VII of [BBH2]. First, note that by (80),
fT W,, dz1 is bounded in L!(D;), thus we may assume fT Wy, dxr1 — W, in the weak * topology of
C(Dq). It remains to establish the structure of the measure W,, which will follow from the strong
convergence results of Step 3. Indeed, (102) implies that for Br(a) C T x (D; \ {B«}), we have

K
Wa(Bryo(@) < 5 — 0 asn— +oo,

thus W.(Bg/2(a)) = 0. The measure W, is then nonnegative and has a support included in {,} : it
is then of the form mdyg,y, with m € R, O

Step 5: An auxiliary problem. Let
dn ‘= (aana alTn) - Z'(a?fwna al’rn)p

that we extend by 0 outside T x D;j. There exists A = A(¢) € R such that, for all ¢ € C'(D,C), as
n — +00o,

/ on(2)6(@2, 73) da::n2/ (co.n[log 2| (i, Dr ) — [y )g? —A@(ﬁ*) (104)
Tx D1 Tx D1

where 2% = (02 — i03). In other words, the distribution in R? S, : ¢ foDl qn()p(x2,23) dx

converges as a distribution to )\%5@*. Moreover, the distribution in R?

1
A, = %log |(x2,x3)| * Sy

is bounded in LP(D;), 1 < p < 2 and converges in the sense of distributions to

A0

. = w55 log |(z2,x3)] * 63, .

Let us first derive the first identity in (104) by integration by parts (¢ does not depend on 1)

/ (Oawy, B2 wy )P, 23) dr = _/(8281wn781wn = ——/32 01w, |?) ¢ /|31wn\ 0o,
TXDl

where we have used that dyw, = 0 on T x 9D;. Similarly, since 2(Jowy,, i01wy,) = 201wy, X dyw, =
01 (wy, X Dowy,) — O2(wy, X Oqwy,),

/ (Owy,, 10 wy,)d(x2, x3) dr = ! /82(wn X O1wp) ¢ = 1/(z’wn,(‘3110”)82(;5.
Tx D1 2 2
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The case of the other term (with d3wy,) is similar. To conclude, note that py =12 [ |O1wy|* dzy and
p2 = n? Jp(iwn, O1wy) dxy, extended by 0 outside D, are bounded in L'(R?). Indeed, for the first
one, this follows from (80), and for the second one, we write first

1/2 , K\ 1/2
n?|(iwy,, dywy)| < nC /n2|8 wy|? — <K,
/’]I‘XDRO/n(ﬁn) ‘ ! ‘ L( ! ) (n2)

by (80) and Cauchy-Schwarz, and then, since p,, > 1/2 outside Cg, /() and writing for a real-valued
map 1, xi-periodic, wy, = pre¥" 1t we have

/ n2‘/(z’wn,81wn) dml‘ :/ n2‘/p%81¢n dml‘
Di\DRg/n(Bn) T D1\DRrg/n(Br) T

2 _1 2 _1)2
= 5/ ‘/ P = (nd1ibn) d«'El‘ < K/ M +n?|O1w,|* < K.
Dl\DRO/n(ﬁn) T 5 Tx Dy 5

Therefore, we may assume that ul and p? weakly converge as measures to pl and p? respectively.
From the strong convergence result of Step 3 (as in Step 4), we deduce that the supports of ;L and p2
is in fact included in {8.}. As a consequence, there exists A = A(e, L) € R such that (104) is satisfied
for any ¢ € C1(D1). The convergence in the distributional sense for A,, then follows. Concerning the
LP bound, we write by (104)

B 0/ 1 2 1
A, = £<%10g |(ZE2,33'3)| * (Mn - 'un))’

and since p) — p2 is bounded in L!(R?) and with compact support in D1, we deduce that

1
o log |(z2,z3)| * (12 — k) is bounded in Wli’f(]R2), for 1 <p<2,
s
and thus A,, is bounded LP(D;) for 1 < p < 2. The proof of Step 5 is complete. ([l

Step 6: We prove that Kk =0 and B, = 0. We follow chapter VII of [BBH2] (the proofs of
Theorem VII.1, Step 1, and Theorem VII.2). We introduce the Hopf differential defined in T x D4

wn = |Bawn|* — [Bswn|* — 2i(Dwn, Bzwy),

where, we recall, (.,.) is the scalar product in R? ~ C. A straightforward computation shows that
since w,, satisfies (82), then
%—Q(QW)—F%(?w nY,) — 2i(0sw 8T)—£(2W)+2 () (105)
82_82’ n 2Wn, U1 1n 3n71n—8z n qn T ),
where 2% = (O2+103). Identity (105) has to be compared with (5) in Step 1 of [BBH2]. We define also
W, =W, in T x D; extended by 0 outside T x D; in T x R2, and define the distribution T" := %(%)
We consider «,, := T % fT W,, dz1 in the sense of distributions. Furthermore, by definition of A,,, we
have

0 0
n dry = —AN, = —4——A\,,.
/Tq o 0z 0z
Therefore, by (105), we have in D1,
0 0 0
_- n — 20, ) =2 " =-—8——A,. 1
82(/11‘w dr1 — 2 ) /Tq () dxq 882 P (106)

Let us denote f, := fT wy, dx1 —204”—1—8%An. By Step 5, %An is bounded in LP(Dy), 1 < p < 2. From
Step 3, [rwy dxy is bounded in L7 (D1 \ {f:}), thus in L} (D1 \ {B:}), 1 < p < 2. Moreover, as for

loc loc
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the claim in [BBH2|, o, is bounded in L{° (D; \ {B:}). Consequently, f, is, by (106), a holomorphic

loc
function in D; bounded in LP (D1 \ {8:}), 1 < p < 2 thus bounded in Cf\ (D;) for any k € N (by the

loc
Cauchy formula and an averaging argument), and we may then assume, up to another subsequence,

that

fun— f« inCE_ (D)) VkeN. (107)
Since, by Step 3, fT W, dxp converges as measure (up to a subsequence) to md (8.} we have
m .
Oy — Oly :mT*é{ﬁ*} = —m m D/(Dl) (108)
Finally, combining Step 5, (107) and (108), we have in D’(Dy)
oA, O\,

— Wy = fu + 20, — 8

/wn dri = fn + 2a, — 8 (109)
T

0z 0z’
and in view of Step 3, this convergence holds in CF (D1 \ {3.}), Vk € N and w, is 27 times the Hopf

loc

differential of w, in D; \ {B«}. To conclude, note that, by Step 5,

A0
A, = %glog |(z2,x3)| * 0g, ,
S oA a9 0 A A A
=] 0, = — (Al dg, = =g x g, = —0g, .
= o (. 5) B, = o (Alog (w2, 29)]) * 85, = 005, = 705,
From (109), we then infer, in D'(Dq \ {8:}), with z = x5 + ix3,
2m
s = feF20 = fo — ———. 110
This has to be compared with (13) and (14) in [BBH2], chapter VII. From (98) and the fact that the
canonical harmonic map wg writes é :gi‘ eX1 for some harmonic map xi in a neighborhood of 3., we
infer that
~ z — ﬂ*

exp(irlog |z — ] +iX'),

Wy =

|z — B4
for some smooth real harmonic map X’ near .. Computing then the Hopf differential of w, and
comparing with (110), we obtain as in [BBH2] that for z near (5, and z # [,

[

2m ZW*:27T</€—i 8x’)2:27r[((/€—i)2 _1_4/1—2'8)(’ 4<8x’)2]

e 9ZA e e
w(z — B.)2 Py R P AR A P =

Since f, and x’ are continuous in a neighborhood of 3, (including 3,), multiplying by (z — 3.)? and
letting z — (,, we obtain

2

ok — )2 = — =, (111)

s
and then, multiplying by z — 8, and letting z — G, we deduce
ox’
0z

, since k € R, thus w, = wgy the canonical harmonic

8m(k —i)—=—(B«) = 0. (112)

From (111), we infer that x = 0 and m = 72

map. From (112), it follows %—’g(ﬁ*) = 0, which means Vx/(x) = 0 since x’ is real-valued. This last
condition is equivalent to the fact that [, is a critical point to the renormalized energy (see [BBH2],
chapter VIII). From Theorem VIIL6 in [BBH2|, we then know that the only critical point of the
renormalized energy with one vortex and the boundary map €% is 0. Therefore, 8, = 0 and the proof
is complete. O

Remark 3.2. With a little more work, one can show that A = 0.
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3.6 Proof of Theorem 2 completed

In order to complete the proof of Theorem 2, we notice that U. € Y. is already proved. Hence, we
are just left with proving that U, is a “local minimizer”, that is, in view of the scaling, that u. is also
one. Therefore, we assume that there exist R >0 and v € H. (T x R?, C) such that

v=u. outside Cgr, p(v)=2r°L?=p(u.) and FE.(v,Cg) < E.(u.,CR).

We recall that since v = u. outside T x Dpg, p(v) is well-defined. Taking R larger if necessary, we may
assume

1
[v| = |ue| > 3 outside Cp.

If we had v = €% outside T x D where g is a real constant, for n > R, the restriction of e =0y
to Q,, would be a map in X,, having momentum p(v) = 272 L? (since in that case, (iv,d1v) = 0 outside
CRr) and energy strictly less than the one of the minimizer u. ,, which is a contradiction. For the
general case, as in [BOS], we construct such a map.

Outside Cg, since v = u., we may write
v =u; = pexp(ip + i0).
We then define the functions (using cylindrical coordinates),

_2R—r '_3R—r 1

: : d =
7@) R’ @) R W BT R < <3R)) 2R§r§3RQ0
and then
pr(x) ==o(x)p(x) + (1 —o(x)), ¢r(@):=7(@)p(r)+ (1 - 7(x))1Er.
We then set
v(x) if r <R,
vR(z) = pr(z)exp(ip(x) +16) if R <r < 2R,
R explivr(z) + i6) if 2R <r < 3R,
exp(ipug + i6) if r > 3R.

We claim that, for a constant C' independent of ¢, n > 3R and R

1
plor) = pu)| < Cz [ forucl + 550 )P (13)
r>R €
C
and ‘Ee(ue, 0, \ CR) - EE(URa Q, \ CR)‘ < R_i + CLUn(E)- (114)

Proof of the claim. We first note that, in the definition of p given in (77), we may let x tend to the
characteristic function of Cr (for R > Ry) to obtain

pma:L;mmm+/ (0 — Dorg.

TXRQ\CR

Therefore,

or) ~ pluc) < | [

(p— PR)aISO‘ + ‘ / (T - p2)(91s0‘ + ‘ / (p* — 1)orep|.  (115)
R<r<2R 2R<r<3R r>3R
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For the first term, by Cauchy-Schwarz, since p > 1/2,

€ (1- 02)2 2
‘ (p—pR)alsO( < 1 —of-[1—pl-[01p] < 3 ———— +[01¢]
R<r<2R R<r<2R 2 Jr<r<2r €

1
< 05/ Oyl + (1~ Jup)?. (116)
R<r<2R 2e

For the second term, note that since ¢ is periodic in the variable 1 and 0y7 = 0,

/ (1 — p*)O1p = —/ p2ovp = / (1 - p*)op,
2R<r<3R 2R<r<3R 2R<r<3R

thus

1
I ey B R TR (117)
2R<r<3R 29R<r<3R 2e

Concerning the last term, write also

1
‘/ (0~ Drg| < 05/ Ol + 5 (1~ Jul?). (118)
>3R >3R
Inserting (116), (117) and (118) into (115) yields (113).

Concerning the energy, we have similarly

PP (L=’
B, 2\Cr) = Bolom 0\ Crll < [ 1P = gl [+ D [ - LRl

R<r<2R
€9 |2

H [ A 2 Vet PP [ R - e
2R<r<3R r r 3R<r<n T

and we estimate each term in (119). First, notice that |1 — pr| = |(1 —or)(1 — p)| < |1 —p|, so

(119)

(1= pR)* < CL(1—pr)* < CL(1—p)* < CL(1 - p?)?,

and then, by the decay result (12) in Proposition 1,

- e [ U<
_ < (1-p%?
/R<r<2R‘ 2¢2 2¢2 ‘ <Co R<r<2r  28% T = ' + CLon(e).

Next, since |Vg0 + 7“_16'9! < (', and using Proposition 1 once again

= - Vet 2 < o P~ we+ Ly <o e
P pR| | p+ | =~ Cre (| 90|+ 2) >~ L f DN + Lan( )7
R<r<2R r R<r<2R € r R<r<2R R

since 772 € L?({r > 1}). We then infer the estimate for the first term in (119)

A s ‘_ + Croa(e). (120)

2 2 €y
e [CTii
/R§r§2R Ip” = PR ‘ 4 + t+ 252 2e2

For the second term, since Ogipr = Jyip, expansion yields

€9 (2 €0 2
WSD+ P !VSOR + o IVeol® = [Ver|,
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thus,

—

[ e LR = Ve LR | [ P19 = Teal?) (121)
2R<r<3R r 2R<r<3R

r

1 P* =1

s [ =1l [ .
2R<r<3R 2R<r<3rR T

In (121), we estimate the second term by Cauchy-Schwarz, with the decay result (12), and the third
one by Cauchy-Schwarz also, since r=2 € L?({r > Ry}), to obtain

1 / 2 ¥ =1 _ Cyp
1 72 —1]- Vel + / <% Clon(e). (122)
R Jar<r<sr 9R<r<3R 17 RA "

For the first term in (121), using |Vegr| + |[Ve| < CL, Vo — Vor = (1 — 1)V + (¢ — ur) V7 and
|V7| = R™1, then Poincaré-Wirtinger inequality and finally the decay result (12), we deduce

‘ /23<r<33(p2 —1)- (IVel* - \VsOR\2)( < ‘ /ZR<T<3R(/)2 —1)- (Vo + Vg, Vo — VQOR)‘

<o [ -l - vel+ B
2R<r<3R
2 1 2
< CLE/ IVel? + M
2R<r<3R €
Cr
< 25 + CLon(e). (123)
Inserting (122) and (123) into (121) yields
€l Z C
(/ Plve+ 2P - |wR+e_9|2‘ < L4 Croge). (124)
2R<r<3R r r R
From Proposition 1, we know that the last term verifies
- eatw] =] | *os(5) | <
— |7 —e(ug)| = ec(ug) —2m°log| —= )| < = + on(e). 125
[ 2P et = | [ et —2nton(5)| < B + o) (125)
Inserting (120), (124) and (125) into (119) yields (114) and concludes the proof of the claim. O

Hence, if R — 400, we have vp = e*® outside T x D3p and
p(vr) — p(v) = 2n°L2.
We may then define for R sufficiently large
Or(z) := vr(x1, \RT2, ART3),
where A — 1 is uniquely defined by the equality
p(ig) = 27° L2
Furthermore, we recall that v = u. for > R, and in view of the claim (114), we have
|Ec(ue, 2, \ Cr) — Ec(0Rr, Q2 \ Cr)| < % + Cron(e)
thus for fixed (but large) R, we have for n sufficiently large
E(0R, Q) < Ee(ue, ),

with o = TR on 9Q,,, where g is a constant. We are led to the desired contradiction. O
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4 Proof of Proposition 2

The proof of the existence of a minimizer is standard and relies on the weak lower semicontinuity of the
energy E. on X,, and on the fact that the momentum is, by Rellich compactness, weakly sequentially
continuous on H', that is if u;, — u weakly in H' as k — 400, then u; — wu strongly in L? by
compactness of €,,, hence

2L = plug) = / (g, Druug) — (i, yu) = p(u).
TXDn TXDTL

Ce,n

The Lagrange multiplier is written ~5™|loge| € R and we expect the speed c., to be bounded. We
give the proof of Proposition 2, providing a bound for the energy of u. , and a bound in |loge| for

232

2 1—|u
/ |81U6,n|2 + ‘v2,3|u57”|‘ + ( |2 3n| :
Qn c

4.1 Definition of the comparison map

For the proof of the upper bound for I[', we have to construct a comparison map, behaving like an
helicoidal vortex. To that aim, we first prove the following lemma, stating that the projection of the
nearest point from T x R? onto H, is well-defined on the L-neighborhood of H, but first, notice that
the Frenet basis for 7'ZL at the point (a, Lcos a, Lsina) € Hp, is given by

T(a) = \/14er (1,—Lsina, Lcosa),
Ba) = (0, —cosa, —sina),
v(a) = \/14er (L, sina, —cosa).

We then define the following map (note that it is defined for o € R and not for a € T)
®y:RxR* R xR?
(a,u,v) — (v, Lcos o, Lsin o) + uf(a) + vi(a).

Lemma 4.1. The map ® is injective on R x Dy, and, if L < 1/2, on T x Dl/g; it induces a map,
still denoted ®r,, from T x R? into T x R?. Moreover,

1+ L(L—u)
Vi+LZ

Proof of Lemma 4.1. In view of the expression of the Frenet basis, for (a,u,v) € R x Dy, and
r € RxR? &1 (o, u,v) = z if and only if

det Jac(®p) =

o+ ’71—5—[/ = X,

L — + in = x
COS (¥ — U COS (¥ \/1+—L sin & 2, (126)
. . o
— - 2 o = I3.
Lsina — usina 77 CO8 3

For (u,v) € Dp, we have L — u > 0, thus we may write

(L —u, ﬁ) = p(cos @, sin p) (127)

for a p > 0 and a phase ¢ € [~7, 5], since L —u > 0, well-defined except for (u,v) = (L,0). Using
cylindrical coordinates (x1,r,0) with § € R for z, the two last equations in (126) become

pcos(a go = x9 = rcosf
{psm —¢) = x3 = rsinb, (128)
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which yields
r=p and «a—¢ =0 mod 27. (129)
Substituting (129) in the first equation in (126) yields
r1 =a+ Lrsing = a+ Lrsin(a — 0). (130)
We conclude noticing that, for fixed (r,6), the map
Y +— 1) + Lrsin(yp — 0) (131)

is smoothly increasing on the set Ugez [0 — 5 42k, 04T +2k7] (since sin is increasing on [—F, T]), thus
relations (129) and (130) define at most one couple (k, ) € Z x [~%, 5] such that, if o = 0 + ¢ + 2k,
then

o+ Lrsing = xq,

which proves that @ is injective and concludes the proof in the first case.

For the second case, we may also write (L — u, ﬁ) = p(cos ¢, sin p), but for (u,v) € Dy /5 now,
we do not know that ¢ € [-F,5]. However, we may use the fact that Lr < V5/4 < 1. Indeed, if
(u,v) € Dyjp and L < 1/2, we deduce from (127) and the equality r = p that

2

1 5
<l4+-=-

2 2 2
= :L—
re=r=Cmut T st

thus r < é, which implies 0 < Lr < % < 1. Therefore, the map (131) writes Identity plus a
perturbation whose lipschitz constant is < 1. Hence, it is a smooth increasing diffeomorphism from R
onto R.

For the computation of the jacobian, it suffices to write

! O G
Jac(®r) = —(L —u)sina + ﬁcosa — COs & \/S% ,
(L —u)cosa+ ﬁ sina —sina _ffLi
and the computation of the determinant follows. .

From its definition, it is then clear that ®; is a diffeomorphism from T x Dy, onto the closed
L-neighborhood (or 1/2-neighborhood if L < 1/2) of H, in T x R2. For z in this neighborhood, the
closest point of x on Hy, is the point (e, Lcosa, Lsina) € Hy, and ||(u,v)|| = dist(x, Hr). In parti-
cular, the projection of the nearest point onto Hp, is always well-defined in the 1/2-neighborhood of H .

We then come back to the definition of the comparison map. For R > 0 and 0 < ¢ < 1/4, we
define w, g in the 1/2-neighborhood of H g, denoted H}f, by setting, with

@El(a:) = (a,u,v),

et i )] < e
wer(®) = w0 < 1/2,

which is the usual test function constructed with the projection on the orthogonal plane to the curve
Hpg. The function w, g has therefore a degree one around Hpg, and is of modulus one in H}f \ H.
We also define we g outside T x Dy o by

we p(z):=e? if L+2<r<n.

We are then just left with defining we gr on T x D49 \H}f, which is done in the following lemma.
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Lemma 4.2. For 0 < R < L+ 1 and 0 < € < 1/4, the map w. g, defined on T x 0D 4o U H;ﬁ,

admits an (helicoidally symmetric) extension to T X Dy \H}%/Q, still denoted we g, S'-valued and
having an energy < Cp, on T X D2 \H}{?

Proof of Lemma 4.2. The proof of Lemma 4.2 follows the one of Theorem 1.3 in chapter I of [BBH2],
therefore, we only sketch the proof. The energy of the extension is related to the energy of the solution

of the elliptic problem for the (closed) 2-form W., where h denotes the restriction of w. r to 87‘(}{2
(ie. h= \Zi%)v
AT, = 0 in T x Dpyo \ H)l?,
(W)t = hxdh  on dHY?
(d*\I/E)T = (d@)‘r on T x 8DL+2,
(T)r = 0 on T x @D, 45 UOH.

Since (df)+ and h x dh are uniformly bounded, we infer ||VU_|| < Cr. The conclusion

L2(TxDpyo\HY/?)

then follows as in [BBH2], since the capacity of H}f inTx Dp,0is<Cpfor R<L+1. O

The following lemma summarizes the estimates concerning the energy and momentum of w. g.

Lemma 4.3. For0<e<1/4,neNand0<e < R<L+1<L+2<n, the following inequalities
hold for a constant Cr, depending only on L and a function p such that |p(s)] < Cps for all 0 < s < 1.

() 322 Jo, (1 = |we,r|?)? < O,
(11) %fﬂn |Vwe g|? < 272logn + 27%V/1 + R2|loge| + O,

(i) Jo, (e, 0w ) = 20°R2 (14 p(5)).

To prove the upper bound (19), note that in view of (ii7), since L > 0, there exists for ¢ sufficiently
small (¢ < L) R = R(e) such that

plwer) =2m%L* and  |R(e) — L| < Cpre.
Hence, this w, g satisfies, by (i) and (ii),
Ee(we rey) < om?logn + 212\/1 + R(e)?|loge| + Cr + CLR(e) < 2x?logn + 2%2\/@|10g el + Cp,
which proves (19). We turn now to the proof of Lemma 4.3.

4.2 Estimates for the comparison map

Here, we prove the estimates of Lemma 4.3 for the energy and the momentum of the map w. g.

Proof of (i) (the potential term). By construction, w, g is of modulus 1 outside H%, and <1 in
% which is of measure < C 1e2. Therefore,

_ 2)2 _ 22
/ (1 |w€2,R| ) :/ (1 |w62,R| ) <0y,
Qn 4e H 4e

£
R

which is (7). O
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We will use during the proof the estimate

Cr,
|vw€,R| < ?7

valid in H}{‘l. This estimate is due to the definition of w. g there, namely w. r = 6_1(u + iv), and

the fact that @ is uniformly lipschitz for 0 < R < L + 1. Indeed, from the computations of Lemma

4.1, the first column of Jac(®r) has a norm 1+ (R — u)? +v2/(1 + R?) = 1+ r?2 < Cp, the two last

columns have a norm 1 and (either R —u >0 and R < L+ 1, either R <e <1/4 and |R—u| <1/2)
. 1 + R(R — U) -1

det JGC((bR) = W > CL .

Proof of (ii) (the gradient term). First, since w. g = € if r > L + 2, we have |Vw. g|? = r~
for r > L + 2, thus

2

1

"o dr n
— Vuwer|? = 2772/ — =272 log(—) < 272 log n. 132
2 /L+2<r<n [Vie,rl L+2 T L+2 (132)

In order to estimate the gradient on H%, we just write |Vw, g| < %, hence integrating on ‘H% which
is of measure < CLEQ, we have

/ \Vwe gr|* < Cp. (133)
Hy

Furthermore, by definition, we have |Vw. g|? = W on H}f \'H% thus, integrating, using the change
of variables + = ®r(«, u,v) (for which Jac(®r) = %\/%;) > 0) and passing to polar coordinates

(u,v) = (p, ) yields

5 [ 1Vwenl = ——— [ v J "+ RR )dp®?
5 We,R|” = —=———== I+ —pcosp))dp—
2 i, VI+R2J: o P

1/2 d
:2712\/1+R2/ % < 272/1 + R2|log ¢|. (134)
€ p
We conclude the proof of (i) combining Lemma 4.2, (132), (133) and (134). O

Proof of (i¢¢) (the momentum). For the momentum, we integrate by parts, to obtain

pwer) = [ Gone) = [ (ueno).

R

since, outside H%, we g is lipschitz and of modulus 1 (if 1 < i < j < 3, the two partial derivatives
O, we R and 8xwa,R are both tangent to S' C C at the point We R € S! thus are colinear and then
Jwe r = 0). We then write

& = xodry Ndxo + x3dxy N dxs = rdxy Adr,

so that (Jwe g, &) = roywe g X Opwe g. From (127) and (129), we have

u=R—rcosp and v=+/1+ R2rsin, (135)
which yields
u :rsimpa—gp, G _ \/1+R2rcosap8—¢, (136)
01 Oy 01 0y
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%:—Cosgp—krsingpg—w, g: —\/1+R2rcos<pa—+\/1+R2smg0. (137)
r

In view of (129), we have

890 o« Jdp  Oa
- 1
83:1 8:E1 and or or (138)

Moreover, from (130), we obtain

S—Z+chos¢§—z=1 and g—j—kRsinso-i-R’f’COSSOg—f:O‘ (139)

Combining relations (136), (137), (138) and (139), we deduce, by (135) and recalling R — u > 0,

agD -1 agD _ . . —1
. =1+ R(R—u)) and 5 (Rsinp)(1 4+ R(R —u))
and therefore
= w1l R0 RR =), L~ VTT (R~ )1+ R(R—w) ™,
1 1
ou Rv? 1 ov 1
P = —(R-w) - T (U RER—w) ™ = o1+ RR—w)

We thus infer that, since w. g = e 1 (u + iv) in H5,

8u 82} ov 8u>

=21+ RY) V(1 + R(R — )~ [7)2 +(R—u) (Rv2 4 (1+ RY)(R —u)(1+ R(R — u)))] .

Next, we integrate and successively use the change of variables z = ® g(«, u,v) (we have computed
its jacobian det Jac(®r) = (1 + R?)"/2(1 + R(R — u)) in Lemma 4.1) and use polar coordinates
(u,v) ~ (ep, 1) to obtain, with § := /R,

ot 2l ) .
p(we,r) = m/o /0 (14+ R*(1 —pdcostp))”

[R2(52,02 sin ¢4 R(1—6pcos 1)) (R352,02 sin? ¢+ R(14+R?)(1—dpcos1p)(1+R*(1—dpcos w))ﬂp dpdi).

To conclude the proof of (iii), we notice that the integrand is a smooth function in the variables
(6, R, p,v) in [0,1] x [0, L + 1] x [0,1] x [0, 27] since there 1 + R%(1 — pdcostp) > 1, and the integral
has value for § =0

2 1
1+ R YR*(1 + R®?)p dpdyy = 2m> R2.
[ R R+ R dpa = 2

Hence there exists p : [0,1] — R, such that |p(s)| < Cps for s € [0,1], and for 0 <e < R< L +1
£
pluwer) = 20 R* (14 p(5))

which is (i27). O
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4.3 A preliminary result

In this subsection, we present a preliminary result concerning a lower bound for the Ginzburg-Landau
functional taking into account the degree at infinity. These lower bounds, as in [San2| (see also [J2]),
will provide directly the desired result (compare with Theorem 3 in [San2]). Comparing with [J2], it
has the advantage of separating the energies of the modulus and of the phase globally in 2, which is
crucial for our problem. We consider a lipschitz map

w:Tx D, —C

satisfying w = g = € on T x dD,,. We follow very closely the lines of [San2]. We will need to extend
w on a larger domain. In view of the boundary condition, it is natural to extend w by setting

w:=¢? inTx (D3, \ D).

The energy of the new w is then the old one plus 7 log 37" = 7mlog 3. We recall the definition of the
radius from [San2] (in our context). Let K C R? be compact. We define the radius |K| of K by

|K| := inf { Zri, neN, a; e R:LK C U?:lD(ai,n)}.
i=1
We will make use of the following Proposition taken from [San2].

Proposition 4.1. Assume Q C R? is a bounded open set and w C € is compact at distance greater
than 2p > 0 from 0S2. Then, for any v: Q\ w — S' C C having degree d € Z on 052,

1 2 P
— > 1 — .
5 9ol 2 mlaios((5)

For the extended map w, we will have Q = Dj,, p = n and d = 1, and we deduce the following
corollary.

Corollary 4.1. Let w C D,, be compact and v : D, \ w — S' C C such that v(z) = z/|z| = € on

oD,,, then
1 n

- 2> rlog(— ) — mlog3.
Q/DR\WWUI > og(|w|> mlog3

We deduce from Corollary 4.1 the main lower bound for a map having a degree one at infinity.

Lemma 4.4. Let H C D,, be compact and w : T x D,, — C be a lipschitz map such that w = e on
T x 0D,,. Then, there exists C, independent of 0 < e <1/2, n € N* and H, such that

1 1—Jwl?)?
—/ Vo 3w|* + % > 2% logn + 272(1 — t2)[log | — 272 log(|H|) — C,
2 Jrx(Da\H) 2e

with

e

TE 2
= \/ '+ (Gam) ~ avam <O

and the convention that t, = t2log(|H|) = 0 if |[H| = 0.

Notations: We will use the following notations. For ¢ > 0 and a € T, set

O ={y € Dn\ H, |wla,y)| > t}, wi:={yeDu\H, [wa,y)| <t}, w*:=uwla,.),
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1
v = 00¢\ 0D, = 0wy and E(w):= 3 /{ ) |V 3w +
a}x(Dy,

For a € T and t > 0, consider the functions
a 1 w” a a 1
O%(t) := = V( - )‘ dy and V(t) = |V]w®||dH".
2 Jag |we| g

Proof of Lemma 4.4. First, we fix a € T. Since w? is lipschitz, the coarea formula gives

+o00o
E%(w) = / /\vyw“\\+22|v|) dHl}—2t2(®a)()d.

waH

/ L g s HOR?
Y ve(t)

and from the definition of the radius,

By Cauchy-Schwarz inequality,

HY (v > 2diam(yf) > 4w},

since if u,v € 7{ are such that diam(y{*) = |u — v|, then w{ C D((u + v)/2,|u — v|/2) and therefore
lwe| < |u—v|/2 = diam(y§)/2. Tt follows from the inequality (a? + b?)/2 > ab that

+o00 _42)2 2 +o0
B (w) > %/0 ua(t)+% dt—/o (0% (t) dt
/-i-oo 2\/_
0

\%

v

—+00
|1 — 2] - |wi| dt — /0 t2(0%)'(t) dt.

We integrate by parts the last term. Since w is lipschitz, ©% has compact support in Ry and is locally
lipschitz on R* (note that ©%(0) = +00). Since ©¢ > 0 and —(©%)" > 0, we have by monotone
convergence

_ /0 " 209 dt = lim — /7 " 209 (1) dt = lim (2 /77 e dt + 726" (n))

n—0 n—0

1 1
> lim 2/ t0%(t) dt = 2/ t0°(t) dt.
n 0

n—0

From Corollary 4.1, we know that

|wi

H
e%(t) > —7rlog<+’) —mlog3, (140)

hence, since |wi U H| < |w| + |H],

Eg(w)z/ 2\/_(1—t)|wf| 2tﬂlog<%) dt — C.
0

Next, we notice that, for fixed € > 0, t € (0, 1), the function f(r) := 2y/2e 7 (1 —t2)r —2tm log(rHH‘),

defined for » > —|H| has a minimum for r = r, := 27 27et(1 — t*)~! — |H| (note that r, > —|H|),
but it can occur that r, < 0. If r, > 0, then

2\/_(1 — %) |wf| — 2tw log(wﬂ) f(wil) = f(ry) = =2t log(m/;gg_ tz))’
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and if r, < 0, f is increasing on R and then

2\/_(1_t Nwi'| — Wlog(ﬂ)

Fllof) > £(0) = ~2emlog (1),

Moreover, we have r, > 0 if and only if ¢ > t,, thus

/t* / 2f1_t)|wa| (th|+| |)dt—0

2/0 —2t7rlog(\H|) dt — /t 2tw1og<n\[(f€_t2)) dt — C
>7rt210g<‘H|>+7r(1—t2)10g<) C

since t — tlog (t(l - t2)_1) € L'(0,1). The conclusion follows integrating in a € T. O

4.4 Proof of Proposition 2 completed

We are now in position to complete the proof of Proposition 2. We are just left with the (important)
inequality (20). We will follow closely the lines of the proof of Theorem 3 in [San2]. We also denote,
for the lipschitz map v = u.,, : T x D,, — C having boundary condition u = e on T x OD,, and for
a €T,

+oo 1 1 — | 2\2
T = _/ 20 (t) dt, N®:= 5/ |V 51u?||* + (Gl Ul 2|u2 ) drodrs,
0 D €

~ 1 2 1
e ::/ 20°(t) dt, I := / £| e/(1—t2) dt and J° ::/ 2t7rlog(‘ :
0 0 0 Wy

From the proof of Lemma 4.4 with H = () (so t2log(|H|) = 0 and 7, > 0), we know that for any a € T,

)dt C.

J<T*<T? I*<N® and /(I“—i—f“)daz/
T

(I* 4+ J) da > 27* log(ﬁ) - C. (141)
T 9

Moreover, we have by the upper bound (19)

1
E.(u) = /(T“ + N%) da + 3 / |O1ul? < 272 logn + 27%\/1 + L2[loge| + Cf. (142)
T

n

Writing 1 = fol 2t dt, we deduce from (141) that for a € T
ny [
T¢ —wlog( ) > J— wlog(—)/ 2t dt:/ 2t7r10g< - ) dt — C,
€ €7 Jo 0 jw]
and since t — log(1 — t2) € L(0,1),

T —wlog(?) > - /1 2tlog<2€£|wf (1-— t2)) dt — C.
0

By Jensen inequality applied with the concave function log and the interval [0, 1] with measure 2¢ dt
(hence the total mass of [0,1] is 1),

1 2v/2 L2v/2
/Ozﬂog(Tﬂ G101 —2)) di < log / 4t—| wo|(1— 12) dt)glog(/o Tf|wg|(1—t2) dt) +log?2.
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We therefore deduce
T — 7rlog<g) > —7rlog</01 27\/5@?\(1 — %) dt) —C=—-mlogl®—-C.
Adding N¢, with (141), integrating for a € T and using (142), we infer
2% logn + 2ﬂ2m\loga| +Cr > %/Q |O1ul® + /T(T“ + N%) da
> %/Qn |O1u|? dx + 27 log<g) + /T(N“ —mlog N%) da — C,

and thus

1
E/Q 01u)? + /(N“ —mlog N%) da < Cplloge| + Cr.
n T

We then use Jensen inequality with log again but on T with measure da/(27) to obtain

d d
/logNa da:27r/logNa ca §27rlog(/ N? _a) :27rlog(/ N¢ da) +C,
T T 2T T 2T T

which implies
1

—/ |81u|2—|—/N“ da—27r210g(/ N¢ da) < Cprlloge| + Cp,
2 Ja, T T

from which we easily deduce
1
5/9 |O1ul® + /TN“ da < Cp|loge]. (143)

Estimate (20) comes from (143) and (141). O

5 Proofs of Lemmas 2 and 3

5.1 Proof of Lemma 2

We recall that Lemma 2 states that the two expressions integrated in the momentum of u. , and v
are close (nearly in L*(£,)). From (19) and Lemma 2.1, we know that

~ 2
Ee(ven) +/ ‘“27””‘ < 1" < 27 logn + 2721 + L2[log ¢| + C.. (144)
Qn, €

Since v. ,, is lipschitz and has value g = e’ on T x 0D,, we may apply the arguments of subsection
4.4 to ve , and obtain first the following lemma.

Lemma 5.1. The map v., satisfies, wi being defined for v. p,
2 1 22, [Ven — 4
Orvepl? + 55 (1= foenP)? + P22 < Oy flogel, (145)
Qn & 3

1
/ / e w(1 — t?) dtda < Cp|loge]. (146)
T J0o

The proof is the same as for Lemma 4.4, just replace (142) by (144). Estimate (146) is then
deduced as (143) and will be used in the proof of Corollary 1. We can therefore prove Lemma 2.
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Proof of Lemma 2. Let B C D,, be a measurable set. In view of the periodicity in the x; variable,
integration by parts yields

/ (10ems Dy vem) — / (i, 0110) = / (i(ven — 1), 01 (0o + ).
TxB TxB TxB

Thus, by Cauchy-Schwarz and (145),

[ o~ [ o] < [ a- vl + o)
TxB TxB TxB

1 1
<VE([ fu-vnP) ([ P+ i)’
TxB TxB
< Cyvaflogel. (147)

We estimate similarly, since |014| < [01uc | and using (20),

‘ / (iﬂ, 8122) - / (iue,m 8lue,n)
TxB TxB

< / e — (101 + [Orte )
TxB
1 1
< i — 2)2 2)?
_2(/M|u el (/Twalum )
1 1
:2/ 1—u222/ 8Un22
( ('J1‘><B)ﬂ{|u|>1}( ") ) ( 'J1‘><B| ttien )

< Crellogel. (148)

Combining estimates (147) and (148) yields the result. O

5.2 Proof of Lemma 3 : rough localization of the singular set

In this subsection, we prove Lemma 3 concerning the rough location of the singular set of v, ;,, defined
by S := {|ven| < 1/2}. We will make use of the following trivial observation.

Lemma 5.2. Let (D;);cr be a finite collection of closed disks in R? of radii r;. Then, there exists a
finite collection of pairwise disjoint closed disks (Dj)jecy in R? of radii Tj such that

UierD; C Uje Dy,

the sets ({i € I, D; C ﬁj})jg induce a partition of I,

and §J < $I with strict inequality unless (D;)icr is pairwise disjoint.

Proof of Lemma 5.2. If D, N D; # () for i,7 € I, i # j, then we replace them by a disk D of radius
r such that D; UD; C D and r < r; + r;, and then delete the disks Dy, C D (k € I, k # 14,j); we
repeat this until the collection is pairwise disjoint, which occurs in a finite number of steps since I is
finite. O

Proof of Lemma 3. In order to locate the singular set S := {|v. | < 1/2} of v, p, we consider the
covering of S by the balls B(z,5¢/(4Cy)), x € S (where Cj is the constant in Lemma 2.1). By the
Vitali“s covering theorem, there exists an at most countable family (a;);er in S such that

S C UierB(ai, 5¢/(4Co))
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and
Blai,=/(4C0)) N Blaj,e/(4C)) =0 if i # j.

The question is then to determine a bound for §/. To that aim, from (146) in Lemma 5.1

1
/ / e 1wt|(1 — 12) dtda < Ciflogel,
TJO

there exists, by the mean-value formula, 7, € [3/4,1] such that
/T\w;u da < Crelloge|. (149)
For each ¢ € I, we have |v.(a;)| < 1/2, so, since |Vve n| < Cp/e,
B(ai,e/(4Co)) C {|ven| < 3/4}.

Hence, if |a — a}| < ¢/(4C)) (where a; = (a},a?,a}) and |.| denotes the distance in R/(27Z)),

17T

D((a,a?), \/(¢/(4C0)2 o — al[2) € {Jue(a. )] < 3/4} C wi,

and since the balls B(a;,e/(4Cy)) are pairwise disjoint, we deduce

wr, [ = ZX{\a_ag\ge/(wo)}\/(5/(400))2 —la—aj?,

el

where X stands for the characteristic function. Integrating for a € T yields

/|wa | da>Z/X{a al|<e/(4Co }\/ (£/(4Co))? — |a — a}|? da.

i€l

By periodicity, all the integrals are equal and have value (for £/(4Cp) < )

/5/(400) VETACOTE =2 dt = (2)(ACh)) /\/1—t2dt e
_ 0

€/(4Cp)
/ W | da > ME

Comparing with (149), we obtain the upper bound

thus

1
ttI<CL|0ge|

(150)

Applying Lemma 5.2 to the family of closed disks (D(a;, 5¢/(4C0)))icr, there exists a family of closed
pairwise disjoint disks (D(bj,7;));es such that

Iogel

ﬁ'] < ﬁ-[ < C ) UiEI D(al75€/(400)) C U]eJD(b],T])
and, by (150),
er < 255/(400) = tI x 5e/(4Cy) < Cplloge]. (151)
jed icl

By construction, we have therefore localized S in disjoint closed cylinders :
S = {|ven| <1/2} C UjesC(bj,15), (152)

which concludes the proof of Lemma 3. (]
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6 Proofs of Proposition 3, Corollary 1 and Lemma 5

6.1 Proof of Proposition 3 : the speed is bounded

We give here the proof of Proposition 3 : the speed c. ,, is bounded for 0 < & < £9(L) and n > Cp[log |2
We first recall the Besicovitch Covering Theorem.

Theorem 5. Let E be a subset of RY and let r : E — R be a positive bounded function defined on E.
Then one can choose an at most countable family of points (x;)icr in E such that

(i) E CUierB(zi,r(zi)),
(ii) the balls B(x;, %r(;vz)) are mutually disjoint,

(iii) the balls B(x;,m(x;))icr can be distributed in at most ((N) families of disjoint closed balls,
with ((N) depending only on N.

Strategy of the proof of Proposition 3. The proof is based on Pohozaev identity (Step 1). The
question is then to find a cylinder (or more) such that the momentum is large enough on this cylinder
(Step 2) and fé(a, R)<Ju5,n,£> is close to the momentum on this cylinder. This introduces boundary
terms when integrating by parts, that we will have to control (Step 4). We have also to bound the
right-hand side of the Pohozaev identity. We can not use a too large cylinder (or too many) since the
energy diverges as n — 400. We will then have to bound the energy in some “small” cylinders (Step
5) : the lower bound given in Lemma 4.4 will be useful here. The estimates for the boundary terms
will be established through an averaging argument, thus we will need to dilate a little the cylinder(s),
and then to choose a suitable radius (Step 6). To conclude, note that one cylinder will not be enough
and thus we will be compelled to work with many of them. In order to control the overlapping of
these cylinders, we will make use of the Besicovitch Theorem.

Step 1: Pohozaev type identity. The following Pohozaev type identity holds for the solution u.
of (9). Let C(a, R) be a cylinder, with a € D,, and R > 0, then

1 — |uenl?)? c
[ e+ S Lt - g [ (g
C(a,R) € C(a,R)

(1— |u5,n|2)2]
2e2 ’

1

/ Oug y, |2
2 Jrxa(D(a,R)NDn)

ov

(153)

((x2,z3) —a) - V[|VTUa,n|2 _

For the proof, multiply, as for Pohozaev identity, the equation by x20suc , +x303uc ,, and integrate
by parts over C'(a, R) (note that we do not need an identification R/(27Z) ~ [0, 27) since the Pohozaev
multiplier is 27-periodic in the 1 variable).

Step 2: Localizing the momentum of v.,. We now estimate the contribution outside the

cylinders (C(b;,75))jes given by Lemma 3 for the integral for the momentum of v, ,. We claim that,

for any measurable set w C G := D,, \ LOJjQJD(bj, r;), we have

‘/(w&n,aw&n) dzx| < Crelloge|,
w

for n > Cp|logel|, with C depending only on L.

First, notice that since the closed disks (D(b;,7;))jes are pairwise disjoint, for 0 < € < £9(L) and
n > (Cr + 1)|loge| (Cr, being the one in (151)),

G = Dy \ UjesD(bj, 7))
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is connected. Hence, since |v.,| > 1/2 outside €, \ Gje]é(bj,'f'j), for every y € G,

Us,n('7y) ‘T — St

Ve ()l
has a degree 0. Indeed, there exists at least one point, denoted y,, in 9D, \ Lcjje sD(bj,r;), for
otherwise, since the disks are pairwise disjoint, r; > n for at least one j € J, which contradicts (151)
if n > (Cr+1)|loge|. Consider y € G. One can connect y to y., which gives rise to an homotopy from

Us,n('ay) T — Sl to Ve n( )

T — Sl
‘Ua,n(wy)’ |”En( Yx )’

which is constant (of value ‘z:‘) in view of the boundary condition, and then has degree 0. Therefore,
one may write for y € G

Ve (- y) = p(,y) expliv(,y)) onT, (154)

where p(.,y) > 1/2 and ¢(.,y) € R are lipschitz maps defined on T (the periodicity of ¢ comes from

the fact that it has degree 0). We can not write (154) in the whole Q,, \ LOJ]-EJC_’(bj,Tj) since v 5, is
expected to have a non-zero degree around (at least) one cylinder (in the (z2,z3) variables). Let

wC G=Dy,\ LOJjeJD(bj,Tj) be measurable. Since (ive (., y), 010 (., y)) = p(.,y)?01¢(.,y) for y € w,
it follows that

/M(z'vg,n,awg,n) dx:/w/TP(.,y)Qﬁlgo(.,y) dxidy = /M/T<p(,7y)2 _ 1)(9“0('&) de1dy

(since ¢(.,y) is well-defined on the torus, i.e. 2mw-periodic). Hence, by Cauchy-Schwarz and (145)

j (1 — |ven|?)?\ 1/2 / N\ 1/2
< S D L A <
‘ /EXW(ZUE,na alva,n) dx‘ = 8¢ (/]I‘Xw 4e2 ) ( Txw |817)E’n| ) — CLE‘IOgEL

which concludes the proof of the claim. O

Step 3: Going back to the Pohozaev identity. We infer from the Pohozaev identity of Step 1

q

2¢ d
Cen Jugn,ﬁ _— / ee(tepn) +C / e (Ue,n)- 155
| | ‘Z/l |10g5| dA JZE; é(bj,ATj) ( ) g 0, ( ) ( )

=

We apply the Besicovitch Covering Theorem to the family (D(bj,3r;))jes. It provides us a partition
(J1)1<i<q of J C J, with ¢ < ¢ (¢ being an absolute integer), such that

UjGJD(bj,?)Tj) C UjEjD(bj,?)’l“j) (156)
and for 1 <[ < g, the disks D(b;,3r;), j € J;, are pairwise disjoint. Next, for every 1 < \ < 3, we

apply Step 1 on each C(bj, Arj) and deduce by summing over j € J; (since the disks D(b;, Ar;), j € Ji,
are pairwise disjoint for 1 < A < 3 and 1 <1 < ¢) that, denoting w) := Ujc;,D(bj, Ar;),

q 2\2
— |Ue,n
cE,nuoge|§ / (Jtens€) —2§:/ [Oruenf* + %dw
2 1— ETL22
T

2¢2

Oue

ov

((@2,28) = by) - v | [Vt -

(157)
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Since ¢ < ¢, we deduce from (20) that the first sum in the right-hand side of (157) satisfies

2)2 2)2
- |u 1—u
2 E |81u5n|2 (= luenl’)” |2 62"| ) dzx < Qq/ |01t | + (= luenf’)” |2 62"| ) dx
€ UjesD(b;,3r5) €

< 2¢Cr|loge|. (158)
Concerning the last sum in (157), we note that, there, |((z2,23) — b;) - v| < r; and

e (2 | (1= |usnl?)?
ov 2¢2
thus, since the disks D(b;, Ar;), j € J;, are pairwise disjoint for 1 <1 < gand 1 <X < 3,

>y [

I=1 jeJ, aC( (bj,Ar5)

“VTUE,nF -

‘ < 268 (Ua,n)a

8ue,n
ov

Ul

((xa,x3) — bj) - 1/[|VTu5,n|2 — 522

<230 [ e

jeJ AC (b, A1)
2C_Z/C Usn +2gz / uen)

(bJ,ArJ ier  J02unC(b;Ary)
2g— / (e n +C’L|log€|/ (e n) (159)
Z C’(bj,)\rj - :
by (151). Combining (158) and (159) with (157), we are led to (155). O

Step 4: Control for the momentum and the boundary terms. We prove that

>
‘Z/wl <Jua,n,§>‘ = ‘Z/wl\g(zuan,aluan) Crelloge| — 4\/_60\2/0(1) . (160)
=1 Y%A =1 Y%A jeJ AT )
and
n/ e-(uepn) < Cplloge| + Crleen| - [logel. (161)
TxODy,

First, note that integration by parts yields

. 1 .
/ <Ju6,ny§> = / (Zua,m 81U6,n) - E / ((332’ 333) - b]) : V(Zus,m alue,n)7
C(bj,Arj) C(bj,Arj) Txd(D(b;,Ar;)NDn)

and therefore (the disks D(bj, Ar;), j € Ji, are pairwise disjoint for 1 <A <3 and 1 <[ <q)

- —‘ Z Z / (w2, x3) — bj) - v(iue pn, O1ucyp)|. (162)
= i Jaci )
As in the proof of Lemma 2, we have
| / ((22,23) = bj) - (itte,, Drtic,) — / (@2 ws) = by) v (i, 01| (163)
aC (b; Ar) AC (b Ary)

. - - d

- (/ (w2,5) = b)) Vi(utesn — @), 01 (e + )| < srj/v fo=ew | L

8C (b; M aC (b; Mrj) dA Jew; ar))
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where oo . I
(1 — Juecnl?) (1 — [venl?) i [Ven — T
2e? 2¢? € ’

since by definition of g, f. = 0 on 02, and similarly

‘/ (w2, 23) — bj) - v(it, Oyil) —/“ (22, 23) — bj) - V(e s Dr02)
OC (by Ar aC (bjArj)

= |alu€,n|2 + |81U5,n|2 +

< \/ET]' / B Je = \/gi e (164)
8C(b]-,)\r]-) d)\

é(bj,ATj)

Moreover, we also have (since |ve,| > 1/2 on C(b;, Ar;), we may write ve (., y) = p(.,4)e?t¥) on T
for y € 0D(bj, Arj) and for a lipschitz ¢, z1-periodic), as in Step 2, by Cauchy-Schwarz and (145)

(/ /02(.,?;)81@(.711) dwldy‘
8(D(bj,\r;)NDy) JT

_E‘/D(b Ar;)NDn) /Mf)w(ww dmldy‘

<94 £.. (165)
dX Jew; ary)

‘ / x27«733) b; ) (Zva nyalva n
8C (bj,Ar5)

Combining inequalities (163), (164) and (165) with (162) implies

‘g/wguue,m@‘ > ‘Z/w (T 1, O1Ue ) 4\/_d)\ Z/ (166)

=1 b] ,)\r]

Next, notice that

q
E / Ue ny O1Ue )
_ (.U

where, we recall, G = D,,\ ng] D(bj,rj) is the set where the momentum is ~ 0. From Step 2 with

—i( / G(ius,m@lus,n) : (167)

=1 wé\ﬂ

q
> ‘Z/‘L)A\G(iue,malus,n)

=1

w = wlA\ (Uje]D(bj,Tj)) caG

for 1 <1 < gq, we have
< Cprelloge|,

‘ /l \G(iua,na alua,n)
“X

thus summing these inequalities for 1 <1 < g < ( yields

S| (e dres)

=1 J\\G

< Crlellogel. (168)

Combining (166), (167) and (168) gives (160).
Concerning the boundary energy, we know that u., =g = e? on 09, so Vg2 =n

1 Oug.py |2 472 OUe 1y, |2
2 = —_— - _ e
/89n ea(ua,n) LQH Tl2 + 81/ n + \/E’Qn 81/

Next, by the Pohozaev identity of Step 1 on Q,, = Cy,(0) (recalling p(uc) = an(Jugvn,Q =212L2%)

2 and

(169)

1— 2)\2 o 2
/Q |01t n|* + (= Juenl)” dr — L. y|loge| = 27% — E/T . Ten (170)
n X n

2e2? 2
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From (20), (169) and (170), we infer (161). O
Step 5: Upper bound for the energy on the cylinders. We claim that
E.(uen,UjesC(b;,3r;)) < Crllogel. (171)

Applying Lemma 4.4 with H = D,, NU;je;D(bj, 3r;) yields

1 1— 2\2
—/ Va3t n|? + % > 212 logn + 272(1 — t2)[log | — 272 log(|H|) —
2 Jrx(Da\H) 2e
2
. o re .
where C is independent of ¢, n and H and ¢, := /1 + (2\/—|H|) ~ V] € [0,1]. We then infer

E-(tien, Q0 \ Ujes Ujes C(bj,3r;)) > 2n*logn — 2% log([log e|) —
since from (151), we have
|H| <3 r; < Cilloge],
JjEJ
and (171) follows from (19).
Step 6: Choice of \. Notice that, since G = D,, \ UjcsD(b;,7;),
Wi\ G = Ujes, D(bj, ;).
Hence, the disks D(bj,r;) for j € J being mutually disjoint,
q
Z/ (iua,na alua,n) = / B (iua,nyalua,n)‘
1= JTxwi\G Uje 7C(b5m5)

Moreover, in view of the constraint P(uecn) = 2122, Lemma 2 and Step 2 with w = G, we have,
denoting Jy := J \ J,

/ (ius,m 81”5,11) + / (ius,m 81”5,11) = / (iue,m alue,n)
7D (bj,r5) UjegoD(bj,r5) UjegD(bj,r5)

JEJ
> 2m?L? — Crelloge| > w2L* >0, (172)

for € > 0 sufficiently small. Assume

1
iUg p, O1Ugp) > =2 L2 > 0, 173
9 9 2

JGJD(bJ7T])

then (160) rewrites

Now, we choose A € [1,3]. From (20) and (145), we know that

MQ

1
/ Jugn,ﬁ 2 — Crelloge| — \/_dAZ/C(b . (174)

1 1§, AT5)

Il
—

Je dN<( . fe < (CLllogel. (175)
/ d)\ Z\L(bJ,ATJ U]'EJC(bj,?)Tj)
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Moreover, by Step 5, we have

c(Uuen) dX < ¢ e (ue ) < Cpllogel. (176)
/ d)\ Z / b]y)‘rj Uje]é(bj,?ﬂ“j)

Combining (175) and (176) and the mean-value formula, we deduce that there exists A € [1,3] (de-
pending on ¢, n and L) such that

c(uen) < Cplloge 177
‘p\z:/cayj,,\rJ dAZ/ ol ) < Crfloge]. a7

jeJ jeJ M?‘J

In particular, for £ > 0 sufficiently small, (174) implies

1
‘Z/ (Jte s, €) ZZWQLQ. (178)

Inserting (161), (174) and (178) into (155) yields

n2L? €
\%MSMMWE:/NMM@W<C-HS‘g|u+mﬂy (179)

If n > Cp|loge|? and € is small enough so that CL@ < %772L2, then

2L2

1
|C€ n| <Cr+ 87T2L2|Ce n|

which yields the desired estimate (for L > 0)
|Cen| < K(L)

in the case where (173) is satisfied. If it is not, from (172), we deduce that therefore
. 1 2 2
(iU, NUe ) > s7°L° >0, (180)
Ujeo D(bj75) 2

which means that the cylinders C (bj,r;) for j € Jy concentrate a “good part” of the momentum. We
may then “forget” the other cylinders and argue as previously (Steps 2, 3 and 4) with the new collection
of disks (D(bj,37;))jes, instead of (D(bj,3r;))jes. Indeed, when we have applied the Besicovitch
Theorem, we have obtained a partition (J;), 1 <1 < ¢, of J such that

UjeJD(bj, 37“j) C UjejD(bj,?)Tj).

Since B - ~
UjeJD(bj,Tj) C UjeJD(bj,3Tj) C UjejD(bj,?)Tj),

this induces a partition of Jy in
Jo :=A{j € Jo, D(bj,rj) C Usc; D(bs,3r5)}

for 1 <1 < g < ( such that the disks D(bj, 3rj),j € J(l), are mutually disjoint. We follow then Steps 2,
3 and 4 with this collection satisfying (180) and with controlled overlapping. The proof of Proposition
3 is then complete. [l
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6.2 Proof of Corollary 1 : fine localization of the singular set

We now apply the arguments used in subsection 5.2 for the (rough) location of the singular set of v, ,,
to ue . This enables us to exhibit a family of cylinders, for which the sum of the radii is not too large,
and that concentrate the |loge| term of the energy.

First, we apply the results of the previous subsection 5.2 to . ,. This is possible since it uses the
upper bounds (19) and (20), together with the estimate on the gradient (4)

C
|Vu5,n| § ?L

The consequence is that there exists a family of disks (D(bj,7;))jes such that

1
tJ < CL@, er < Cp|logel, (181)
€ :
JjedJ
S C UjesC(bjyry)  and  Ee(uen,UjesC(bj, 7)) < Crllogel. (182)

We may therefore apply the Clearing-Out result of Theorem 4 to assert the existence of Ry > 0 and
n > 0 (independent of £, n > Cp|loge|? and of the b;’s and r;’s) such that for each z € SZ,

E.(uepn, B(z, Ry) N Qy,) > n|loge|. (183)
Applying Lemma 4.4 with H = UjeJD(bj, rj + Rp), we obtain

1 »  (1-— |Us,n|2)2 2 2 2 2,2
= Ve n|” + ——F5—— > 2r"logn + 27°(1 — t;)|log | — 2"t log(|H|) — C,
2 JTx(D\H) 2e

for C' independent of €, n and H and t, € [0,1]. By (181), |H| < @, thus, using (19),
E-(uen,UjesC(bj,rj + Ro)) < Cpllogel. (184)

Therefore, S being covered by the balls B(y,5Ry), y € SZ, it follows from Vitali’s covering theorem
that there exists an at most countable family of points (y;)icr in SI' such that

S? C Uie]B(yi, 5R0)
and the balls B(y;, Ry) are mutually disjoint. As a consequence, from (183) and (184), we deduce

41 < % = . (185)

We then proceed as in Step 1 of the proof of Theorem 4 in [BOS] (Appendix C) to conclude to the
existence of cylinders C'(a;, Rp) (1 <i < ¢ <) (with a different Ry than before) such that

S™ c UL, C(as, Ro)

and the Cyl_inders C (cy, 8Ry) are mutually disjoint. We are then left with (27). We apply Lemma 4.4
with H = D,, NU!_, D(a;, Ry), as for (184), to deduce

EE(UE,nJT X (Dn \H)) > 2m? logn — Cr,

since, by (185),
|H| < qRy < IRy < Cf.

This implies (28) by (19). The proof of Corollary 1 is complete. O
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6.3 Proof of Lemma 5 : defining the limiting current

The proof follows the one of Lemma 5 in [BOS|. Arguing as in Lemma 3.3 of [BOS], we have the
following lemma.

Lemma 6.1. Let My >0 and R > 0 and X := {u € H'(C4g,C), |u| > 1/2 in C4r \ Cr}. Then, for
any 0 > 0, there exists eg = €9(My, R,0) > 0 such that for any 0 < € < &g and any u € X satisfying
E.(u) < My|loge|, there exists a 1-dimensional integral current T without boundary supported in C'r
such that

<6 and M(T) < =W

Ju — 7| -,
17 = 7Tl oo ~ 7lloge]

(Car)I*

Proof of Lemma 5. First, we extend u., by e? outside €,. The energy of the extension on
C(a;,8Ry) \ C(as, Ry) is less than or equal to 272 log(”+8RO) < CL. We then apply Lemma 6.1 to this
extension of 4., on each cylinder C(a;,4R). This provides us, for 0 < € < g¢(L) sufficiently small a
1-dimensional integral current 7" without boundary supported in C(a;, Ry) such that

Ea (ua,na C(aia 4RO))
7|log €|

|| J e m — T('EH[CSJ(C(%ARO)}* <r(e) and M(T;) < +7r(e).

We let T := Y7 | T;. Then, we have

E. (ug’n, ngl C’(ai, 4R0))

M(T) <
(T) 7|log €|

+r(e),

which is ii7), and i) follows easily. We are then left with ii). For 1 <i < ¢, let &; : C(a;,2Rg) — A*R3
be a smooth map compactly supported such that & = (a;)2 dxy A dxg + (a;)3 dzy A dxs in C(a;, Ry)
and ”giuLoo(C(aiQRo)) < Cp. Then, since Ju,, and Ty, are supported in U!_, C(a;, Ry), we infer from
the equality p(uen) = [o (Juen,§) that

|p(u€7n)— ‘/ (Jue p, — JUg p, §) +Z‘/ (JUey, — 7Tz 0, &) (186)

C(a;,2Ro)

For the second term, we write, by construction of &;,

Z(/ o - nT,8)| < 2: ‘/C (Jiiep — T3 € — &)

(ai,2Ro)

< qCrr(e) =r(e), (187)

since ||€ — £¢||cg,1(c(ai’2Ro)) < Cr, (but ||§HCS'1(C(ai,2RO)) — +o0 if [Ja;|| = 400 as n — +o00) and ¢ < [

Concerning the first term, we integrate by parts (note that uc, = e, = g = e on 0Qy,) to obtain

‘ / <Ju5,n - Jﬁa,n7€>‘ = ‘ / (iua,na alua,n) - (iaa,rn 81'&8,71) . (188)
Qn Qn
It suffices then to write that, by Cauchy-Schwarz,
/ |(iue,m alue,n) - (iﬂe,m alﬂe,n)| < 3/ |(ius,na alus,n)‘
{lue,n|<1/2} {lue,n|<1/2}
1/2
< Culfluenl < Y22( [ 1orueal?) (189)

< CLE(/Qn %)1/2 (/Qn |alu€7n|2) 1/2 =r(e)
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by (20). Also, still by (20),

/ ‘(iue,malua,n) - (iaa,malaa,n)‘ < CL/ : ‘(ius,malus,n)‘ (190)
{lue,n|>1/2}

{ten|>1/2} ‘ |ua,n|2‘

< CLE(/Qn %)1/2 </Qn \31168,“\2) 1/2 = r(e).

Combining (187), (188), (189), (190) with (186) gives ii). We emphasize however that i) is stated
with Ji, ,, and not Ju, 5, since we do not know yet that these two jacobians are close globally in €2,
(compare with Lemma 3.1 in [BOS]) since we do not have a bound E.(u.,) < My|loge|. However,
since . ,, satisfies the local bound (28), we deduce (29) from Lemma 3.1 in [BOS]. O

7 Proof of Proposition 4 : the current tends to the helix

The proof of Proposition 4, where we prove that the integral current 7%, is supported in a single
cylinder and tends, up to a translation, to the helix Hy, is divided in several steps.

Step 1: We prove that T, is close to an helix.

Lemma 7.1. For every sequence €5 and n; > Cr|log 5j|2, there exists a subsequence, still denoted € ;
and nj, and a translation 7; in T x R? such that

Tj(ngmj) — ﬁL mn [C?’l(']l‘ X RQ)]* as j — +oo.
Proof of Lemma 7.1. We first note that, by Lemma 5, T ,, is without boundary and satisfies
M(T.,) <27V1+L2+7(e) and  |F(T.n) —20°L? < r(e). (191)

Therefore, from [F] (Theorem 4.2.17), there exists, up to a possible subsequence, a translation 7; in
T x R? and a 1-dimensional integral current 7', without boundary, such that

7i(Tejm;) — T in [CONT x RY)*  as j — +o0.
Passing to the limit in (191) yields
M(T) <2ry/1+L2 and F(T)=2r’L>

Moreover, in view of the boundary condition, (Jt, ,,dzs Adzs) = 27. Since J, y is supported in the
cylinders C(a;, Rg) for 1 < i < ¢ <1 (I being independent of ¢ and n) with the cylinders C(a;, 8Ry)
mutually disjoint, we can construct a 2-form ¢ in T x R? (depending on the cylinders C(a;, Ro),
1 <4 < ¢q) such that (¢ is supported in the cylinders C(a;,3Ry), 1 < i < q, ( = dxa A dxs in the
cylinders C(a;, 2Rp), 1 < i < ¢, and |[(]|0n < Cr. Thus, by Lemma 5 i),

(TxR2)
2 = <Jﬂe,m dxo A d333> = <Jﬂe,m O = <T€,m C> + T(E) = <T, O + 7“(5),
since ( is uniformly bounded in cl ’1(T x R?). Consequently,

PTl(T) = 2.

We may now apply Lemma 6 to obtain the existence of a translation ¢ in T x R? such that ¢(T") = ﬁL,
and the proof of Lemma 7.1 is complete by replacing 7; by ¢ o 7;. O
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From now on, we work for any sequence ¢, n; > Crl|log 5j|2. From Step 1, we have extracted a
subsequence, still denoted €;, n;.

Step 2: We then prove (30), that is
there exist Ry > 0, depending only on L, and a € T x R?, depending on €; and nj, such that

Supp(TEj,TL]') C O(CL, RO)

We proceed as in the proof of Lemma 6 in [BOS]|, arguing by contradiction. By Step 1, (up to a
subsequence) we have

7(Teym,) = Hy i [CONT x RY))*  as j — +oc.

Let a := Tj_l(O). We may assume, relabelling the a;’s if necessary, that a € C(a1, Ro). If, for some
1 <9 <gq, S’?f N C(a;,8Ry) # 0, then by Step 1, Theorem 4 with o = 1/2 and Lemma 5 iii),

9

E. (ue, n.,Cla1,8R E. (ue, n.,Cla;,,8R
M(Hy) < liminf Uy, Clar,8Ro)) 0 < =1 /2 < lim inf 25 (Uejiny, O, 8Ro))
j——+oo 7T|10g €]| j——+oo 7T|10g €]|

thus
E. (ue, n., UL Cla;,8R
M(HL) +n =21+ L2+ n < liminf 2 (Ueyiny Vit €103, 8R0)) <om/1+ L2,
j—+oo m|log €]
by (27) in Corollary 1. This is a contradiction. O

Up to a translation of vector €jai, we may assume that a = a(ej,n;) = (0,b), b € Dy, and, 7
denoting the translation of vector —a,

T_ng.mj — HL.

J

Step 3: We prove (31) and (32), that is

{ B (ue,n;, Cla, Ro)) = 27°VI+ L2|loge;| +1(e;)lloge;l,
Ee;(te; ;> Uy \ Cla, Ry)) = 2m*logn; +r(ej)|loge;l.

We first note that from (27) in Corollary 1, the upper bound
E, (ugj,nj,Cv’(a,Ro)) <o2m?\/1+ L2|loge,| + CL,

holds. The lower bound will be a consequence of the isoperimetric type inequality. Indeed, denoting
R, »; the orthogonal projection of T, ., on the plane (z2,23) and Telj,n]. the projection on the z-axis,
we have from claim (202)

€5,M5

M(T, ) > ¢M(Raj,nj)2 +M(TL )2,
Arguing as for Lemma 6 and using Lemma 5, we deduce
M(T;, n;) > 20V 1+ L% —7(g5).

Using #i¢) in Lemma 5, we have the lower bound

E.;(te; n;, Cla, Ro)) > 2w/ 1+ L2|loge;| — r(e;)[log g,

which finishes the proof of (31). We then infer (32) from (19). O
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Step 4: We prove that

dl|J«|
dpy

=1 px —a.e., (192)

where J, and p. are weak limits (up to another subsequence) of the (translated) jacobian 7_qJuc; n;
and the energy measure 7_gpe; = ec;(Uz; n,)(a + ‘)\I%Iej\ on Cgr, N Cy(—b).

In fact, we already know from [JS] and [ABO] that % <1 ps - a.e.. From Step 1,

T o JUe; n; — Hy  in [CON(T x RY)]*  as j — +oo0,

thus, using Lemma 5 iii), we infer

I.] = M(Hy) = 27/1 + L2.

Moreover, from Step 3, we have
||| < 270/1 + L2,

Combining these two relations, we are led to the conclusion. O

Step 5: We prove
1

This relies on the study of the limit equation for the curvature of the singular set given after
Theorem 3 in [BOS]. Indeed, applying Theorem 3 in [BOS] for the solution wuc ,,(a+.) on the domain

+7r(gj). (193)

j
Cgr, N Cp(—=b), which satisfies the bound (27), we obtain that the varifold V = V(X,,,©,) satisfies
the equation

ﬁ(aj) = *(cél A *dJ*>,
dis
where, we recall, H is the generalized mean curvature of V', x refers to Hodge duality, ¢ is a limit of
Ce;n; (bounded sequence in view of (25)), J, is a weak limit of 7, Juc; »;, ps @ weak limit of 7_qpie;
and g}ﬁ is the Radon-Nikodym derivative. In fact, it is easy to see that, even though we have a domain
depending on j, the equation is valid in the limiting domain (which is the intersection of a cylinder
and a half-plane). From Step 4, we know that % =1 py-a.e. in ¥, , thus (see Remark 5 in [BOS])

V' is a smooth curve and the curvature equation rewrites

—

K =cel XT, (194)
where T is the unit tangent vector and < := Z—j the curvature vector. From Step 1, the curve is the
helix Hp, for which 7(0) = (1 + L?)~Y/2(1,—Lsin6, Lcos#) and ds = v/1+ L2 df, thus

dr  df dt L
K= —=— — = ——— 0,sin6).
= ds do 152 heostsing)

Inserting this into (194) yields

L L
112 (0,cos0,sin6) = cé1 X T = _ﬁ(O,COSQ,Sine),
from which we deduce the result ¢ = ———. 0

1+L2

In view of the uniqueness of the possible limit, we have proved the assertions for all 0 < ¢ < g
sufficiently small and n > Cp |loge|?.
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8 Proofs of Lemmas 1 and 6

In this Section, we give the proofs of the auxiliary Lemma 1, stating that the vector field ¥ behaves
like 679 at infinity, and Lemma 6, which exhibits the helix as the unique solution, up to a translation,
of an isoperimetric type problem.

8.1 Proof of Lemma 1 : behaviour of ¢ at infinity

We recall that Lemma 1 states that |7/ — %9 | € L2(T x {r > L+1}). First, we consider the case L = 0,
for which we denote the vector field v, that is the vortex is the straight line T x {0}. In this case, the
Biot-Savart law (11) gives

R 1/+°°(x—go€1)x€1d

Vo ‘= < —
2 ) lz =il

We will denote (x1,7,0) the cylindrical coordinates for z and (€1, €, &) the corresponding basis, and
(x1, p, @) will be the cylindrical coordinates for v(¢) and (€1, €,,€,) will be the corresponding basis.
Since = X €1 = rép, we have (writing t = tan«, o € (—7/2,7/2) for the last integral)

. Tép /+OO dp €y /+OO dt €y
vy = — = — _ = —,
D2 e (@R 2 e (LR

For the general case, recalling v(y) = (¢, L cos ¢, Lsin ) = e + Lé,, we first compute

(2 —7(9) x 7'(p) = (& — @é1) x €1 + L(z — &) X €, — L&, x &1 — L*€, X &,

= (x — &) X & + Lré, x €, — L(x1 — )€, + L&, — L?&).

From the Biot-Savart law (11), we deduce

1 —+o0 _ /
o _/ (z —7(p)) X 73(90) dy
2 ) Mlz=A(l
_ 1/+oo (g:—gpé’l)xf’l 4 +Z/+oo € X €, i d¢_£/+oo (ml—go)t?pg dy
2 ) e =7(0)l 2 ) llz=7(p)l| 2 ) [z =7(p)ll
L [*e° é, R d
+_/ S - el/ L (195)
2 ) [z =(o)ll 2 Jooo llz =7l
We then compute, for 7 > L + 1 and denoting A := ((z1 — ¢)? 4+ r2)Y/2 = ||z — @&, ],
lz = ()7 = A7 (14 007). (196)
Moreover, from the inequality
T — )2 + 12
e~ > SO LT
valid for » > L + 1 and C' depending only on L, we deduce
+00 “+oo “+oo
/ Ay / C dp - Q/ __dar 20 (197)
oo e =7@IF 7 S (@1 =92 +r2)32 12 [ (1482)32 r?

so that the last two integrals in (195) are O(r~2) as r — +oco. Similarly, fjoooo At dp < Cr3.
Inserting (196) and (197) into (195) yields for r — 400

1/+°° (x — pe1) X €] Lr /+°° €r X €y L [t (21— p)E, _g
oy [ EE R e [ a2 [ TR dp k002,
2 ) lx—valP 2 Jooo ll—een|f® 2 ) |l —pen]?
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The first term is vy = e%“’ For the first term, we set ¢ — x1 = rt and obtain

Lr /+°<> & x &, Lé, /+°<> &p(a1 + 1)

dp=—— X% e (1 +t2)3/2

> dt.
2 —00 |\$—<P€1H3 2r

de,

We then note that €,(y) = —s thus we may integrate by parts and obtain

Lr /+°° €r X €, J 3Lé, /+°° té,(z1 + rt)
Y = NZECIC N

2 e — oe: |13 - dt = —2y. 1
2 Jooo llz—ven|P? 272 X oo (1412)5/2 O(r™) (198)

The case of the other term is similar. We have therefore proved that, for r > L + 1,
" _ e _
F=0+ 0 ==+ 00,
which concludes since r=2 € L?(T x {r > L +1}). O

8.2 Proof of Lemma 6 : the isoperimetric type problem

Lemma 6 is the isoperimetric type problem. To prove this Lemma, we proceed as in the proof of
Theorem 3.2.27 in [F]. We consider R the orthogonal projection of T on the plane (z2,r3) and T on
the z; axis. Since T has no boundary, neither has R. The current R is therefore compactly supported
(since T is), has finite mass (since T has), without boundary and is in R?, thus, there exists a 2
dimensional integral current S such that

R=0S

(this was not true for T since T x R? has the homotopy type of the circle: for instance, T x {0} is not
a boundary in T x R?). Choosing S such that (this is possible by [F], theorem 4.2.17)

M(S) = inf{M(S’), S’ = R},

the following isoperimetric inequality holds (see [A])

M(S) < Mif)z. (199)
Moreover, by definition of R and integrating by parts,
F(T) =7n(T,x€) = w(R,*§) = 2m(S, *dx1) = 27(S, dxo A dxs),
that is F(T') is 27 times the flux of €; through S. Therefore, we have by (199)
|F(T)| < 2rM(S) < %M(R)Q. (200)
Furthermore,
|Pry(T)| = [(T,*dx1)| < M(T"). (201)
On the other hand, we claim that
M(T) > /M(R)2 + M(T1)2. (202)

Proof of claim (202). We denote o : Supp(T) — N* the multiplicity of 7. Following the proof of
Theorem 3.2.27 in [F], we apply Lemma 3.2.25 in [F] to the rectifiable set T: it provides a H L T-
measurable map &, with values in the simple 1-vectors of norm 1, such that, for H'_T-a.e. € T, the
subspace associated to £(z) is the tangent space to T at z. We decompose £ € A1R3 ~ R? as

é-:gl +€T7
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where & € R(1,0,0) and &1 € Span((0,1,0),(0,0,1)) = (1,0,0)*. Moreover, by 3.2.20 in [F],
(/ o€ dHl‘ =M(T!) and / ollét|| dH' > M(R).
T T
Therefore, since [[£]| = 1 a.e., using Cauchy-Schwarz,
M(T) = M(T) [ ol dr = M(T) [ sl ant +MT) [ olerl? ant'
T T T
2 2
> L/‘leﬁ{w +—(/cﬂMTHdTﬂ) (203)
T T
> M(T)

Th? + M(R)?
and the proof of the claim is complete. O
Combining (200), (201) with the values imposed F(T) = 272L? and Pry(T) = 27, we obtain
M(R)? > (2rL)*> and M(T') > 2n,

which implies, using (202),

21/ 1+ L2 < /M(R)2 + M(T1)2 < M(T),

which is the first assertion. If, moreover, we impose M(T') < 27v/1 + L2, then

21V 1+ L2 < /M(R)?2 + M(T")2 < M(T) < 2m\/1 + L2.
Therefore, equality holds everywhere, in particular in (200), (201), (203) and also
M(R) = 2rL.

We then deduce, with the equality case in the isoperimetric inequality (199), that R is a circle of
radius L that is, there exists an a € R? such that (with the natural orientation of R? since F(T) > 0)

R =08D(a, L).

We then go back to the equality case in (203) to deduce that o, {1 and ||£7|| are constant and, since
Pri(T) = 2w > 0, necessarily, 0 = 1, £ = ¢(1,0,0) and {1 = cL(cos(0 — 6p),sin(0 — 0p)), for a 8y € R
and ¢ = (1 4+ L?)~'/2, thus, there exists a rotation r of axis z1 and angle 6y such that

T = (0,a) + r(Hz).

Denoting 7 the translation of vector (6g,a) € T x R?, then T = T(ﬁL), which ends the proof. O
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