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Abstract

The purpose of this paper is to relate two notions of Sobolev and BV spaces into metric spaces,
due to N. Korevaar and R. Schoen on the one hand, and J. Jost on the other hand. We prove
that these two notions coincide and define the same p-energies. We review also other definitions,
due to L. Ambrosio (for BV maps into metric spaces), Y.G. Reshetnyak and finally to the notion
of Newtonian-Sobolev spaces. These last approaches define the same Sobolev (or BV) spaces,
but with a different energy, which does not extend the standard Dirichlet energy. We also prove
a characterization of Sobolev spaces in the spirit of J. Bourgain, H. Brezis and P. Mironescu in
terms of “limit” of the space WP as s — 1, 0 < s < 1, and finally following the approach

proposed by H.M. Nguyen. We also establish the We= s regularity of traces of maps in W*P
(0<s<1<sp).
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1 Introduction

The aim of this paper is to relate various definitions of Sobolev and BV spaces into metric spaces.
The first one is due to N. Korevaar and R. Schoen (see [12]), which follows the pioneering work of
M. Gromov and R. Schoen [9]. The second one is the approach of J. Jost ([11]). We will next focus
on other approaches. For the domain, we restrict ourselves to an open bounded and smooth subset
Q of RN, N € N*. Many results extend straightforwardly when €2 is a smooth riemannian manifold.
Extensions are also possible when () is a measured metric space (see [11], [20], [10]). However, we do
not aim such a generality. For the target space, we will work with a complete metric space (X, d).

First, we recall the definition of LP(£2, X), for 1 < p < co. A measurable map with separable
essential range u : 2 — X is said to be in LP(Q, X) if there exists z € X such that d(u(-),z) €
LP(Q,R). If Q is bounded (and more generally if || < o0), then the point z is not relevant: if
u € LP(Q, X), then for any z € X, d(u(.),z) € LP(Q,R). The space LP(£2, X) is complete for the
distance

dro(u,v) = ( /Q d(u(z), v(z))? da;)‘l’



if 1 <p < oo and for p = 0o, is complete for the distance

dreo(u,v) = supess,cod(u(z),v(z)).

We recall the definitions of Sobolev spaces W1P(€2, X), 1 < p < oo and BV (Q, X ) spaces proposed
by these authors. These spaces naturally appeared in the theory of harmonic functions with values
into spaces coming from complex group actions, or into infinite dimensional spaces. This is the reason
why [12] developped in the context of metric spaces targets the well-known theory of Sobolev maps:
compact embeddings, Poincaré inequality, traces, regularity results for minimizing maps for non-
positively curved metric spaces (even though X is only a metric space, the notion of “non-positively
curved metric space” does make sense, and we refer to [12] for instance for the definition)... Since
we allow the target space X to be singular, one can not reasonably define Sobolev spaces of higher
order. Our interest for these spaces was motivated by the study of topological defects in ordered
media, such as liquid crystal, where an energy of the type Dirichlet integral plus a potential term
appears naturally for maps with values into cones (see [6]). It is then important that this Sobolev
theory extends naturally the usual Dirichlet integral.

1.1 Definition of W'?(Q2, X) and BV (2, X).

Let 1 < p < oco. We recall in this subsection the definition of Sobolev spaces of N. Korevaar and
R. Schoen given in [12], naturally based on limits of finite differences in LP. For € > 0, we set

={z €Q, d(z,00) > e}.

For u € LP(£, X) and € > 0, we introduce!

du(), wy)’ o N1y
|SN 7/ €N+p T dHT T (y) if z € QF,

e<(u)()

0 otherwise.

Here, Sg(z) is the sphere in Q of center z and radius R > 0. For u € LP(Q, X), e-(u) has a meanning
as an L'(Q,R) function. We then consider the linear functional E* on C.(Q2) defined for f € C.(f2)

by
- / F@)e(u)(z) da.
Q

EP(u) = sup (lim sup Eg(f)) € Ry U{oo}.
FECL(Q), 0<f<1N =0

Next, we set

Definition 1 ([12]) Let 1 < p < co. A map u € LP(Q, X) is said to be in W1P(Q, X) for1 < p < o
or in BV (Q, X) forp=1 if and only if EP(u) < co.

We summarize now some of the main properties of the spaces W1P(2, X) and BV (Q2, X), which
come from the theory developped in [12] (section 1 there).

'Notice that we have chosen to divide the original density measure e.(u) of [12] by the factor |[SV™!| so that all
approximate derivatives are based on averages.



Proposition 1 ([12]) Let 1 < p < co. Then, for every u € LP(Q, X) such that EP(u) < oo, there
exists a non-negative Radon measure |Vul|, in Q such that

e<(u) = [Vul,
weakly as measures as € — 0 (hence EP(u) = |Vu|,(2)). Moreover, if 1 <p < oo,
\Vul, € L*(Q,Ry).

Remark 1 We lay the emphasis on the fact that the weak convergence of e.(u) to |Vu|, as e — 0
holds for the real parameter € — 0 and not for a sequence £,, — 0. This is due to a “monotonicity”
property (see Lemma 5 below).

The last statement in Proposition 1 is valid only for p > 1, which motivates the definition of the
space Wh1(Q, X).

Definition 2 ([12]) We define WH1(Q, X) = {u € BV(Q, X), |Vu|; € L'(Q,R)}.

Let us define for 1 < p < oo, the constants 0 < K, y < 1 by
_ 1 N-1
Ky N = ST /SNl w-eP dH™ T (w), (1)

€ denoting any unit vector in RY. Definitions 1 and 2 extend the classical Sobolev spaces W 1?(Q, R)
and BV (Q,R).

Theorem 1 ([12]) Assume X = R is endowed with the standard distance. Then, for 1 < p < oo,
wir(Q, X) = whP(Q,R) and BV (Q,X) = BV(Q,R).

Moreover, if u € WHP(Q,R) for 1 <p < oo or u € BV(,R), then
EP(u) = Ky /Q VP o E'w) = Ky |Val(9),
Remark 2 If p = 2 and X = R" (euclidean), n € N* arbitrary, then, by Theorem 1, we have
E2(u) = KZN/S;‘VUP,

hence E? coincides, up to a constant factor K 2,~ with the usual Dirichlet energy. This remains true
if X is a smooth complete riemannian manifold. However, for X = R" but p # 2, |Vul, or |Vu|; (in
the sense of measures) may not be equal (even up to a constant factor) to the standard quantities
|[VulP or [Vu| (in the sense of measures).

The second result is the lower-semicontinuity of EP for the LP(), X) topology.

Theorem 2 ([12]) Let 1 < p < oo. Then, the p-energy is lower semicontinuous for the strong
LP(Q, X)) topology. In other words, if up, — u in LP(Q, X) as n — +o0, then

EP(u) < liminf EP(u,) € Ry U {+o0}.

n—-+o0o



1.2 Alternative definition (J. Jost)

We recall now the alternate definition proposed by J. Jost ([11]). We mention that this work
considers a metric measured space as a domain instead of an open subset of RV or a riemannian
manifold as in [12]. We will however not consider this general setting. Let, for z € RN and ¢ > 0,

pz(y) = dyl Be(x), (2)

and consider the functionals for 1 < p < oo

o= [ Jodu@) @) dus(y)
& )_/ﬂ Tole—yP disly)

Note that the initial point of view of J. Jost was to deal with harmonic maps, and thus he only
considered the case p = 2. The definition relies on I'-convergence (see [7]), and is as follows. First,
we define JP : LP(Q, X) — R4 U {oo} to be the I-limit of J? as € — 0, or for a subsequence &,, — 0
as n — o0, for the LP(Q2, X) topology. We recall that this means that for any sequence u. — u as
e — 0 (or u, — u asn — +o0) in LP(Q, X),

lim i(I)lf JP(uz) > JP(u) (or liminf J? (u,) > Jp(u)),
E—

n—-+o0o

and there exists a sequence u, — u as € — 0 (or u, — u as n — +00) in LP(£2, X) such that
lim JP(u.) = JP(u) (or lim J? (u,) = Jp(u)).
e—0 n—+oo "

The existence of this I'-limit for some subsequence ¢, — 0 as n — 400 is guaranteed if LP(§2, X)
satisfies the second axiom of countability (see [7]).

Definition 3 ([11]) Let be given 1 < p < oo and u € LP(Q, X). Then, u is said to be in WHP(Q, X)
for1 <p< oo orinBV(Q,X) for p=1 if and only if

JP(u) < 0.

We denote for the moment WP(Q, X) and BV(2, X) since we do not know yet that these spaces
are actually WP(Q, X) and BV (€, X). Notice that the approach of J. Jost does not allow to define
directly W1(Q, X).

Let us point out that the notion of I'-convergence is in general stated for a countable sequence
en — 0, and not for a real parameter € — 0. One main problem with Definition 3 is that we do
not know at this stage if the I'-limit has to be taken for the full family ¢ — 0, or for a subsequence
en, — 0. In particular, it is not shown in [11] that the functional J does not depend on the choice
of the subsequence ¢, — 0. This will be however a consequence of our result, and in fact that the
I"-convergence holds for the full family € — 0.

Theorem 3 Let 1 <p < oco. Ase — 0 (resp. for any sequence €, — 0 as n — +00), the functional
EP is the pointwise and the T'-limit, in the LP(Q, X) topology, of the functionals JE (resp. JE, ). The
functional JP is now well-defined and

JP = EP.

In particular, for 1 < p < oo,

WiP(Q, X) = Wwhr(Q, X) and BV (Q,X) = BV(Q, X).



This theorem clarifies the notion of W1P(Q, X) (for 1 < p < 0o0) and BV (Q, X) (for p = 1) of J.
Jost: JP does not depend on the choice of some subsequence.

Although natural, we have not been able to find in the literature a result concerning the fact
that these two definitions coincide. If the definition of J. Jost allows to derive existence results more
general than in [12] for harmonic maps into homotopy classes in non-positively curved metric spaces,
[12] gives regularity results (namely lipschitzian). Fortunately, these two notions coincide for the
Sobolev space H'(Q, X) = W12(Q, X), with the same energy thus, one can apply, for harmonic maps,
the existence results of [11] and the regularity results in [12]. Notice however that [13] establishes
existence results similar to those of [11] in a slightly different context.

Our second result concerns the pointwise and I-limit of the functional E. : LP(Q,R) — RT,
defined as

E.(u) = / c(w)x) dr=E*(1)=  sup  EN(f).
Q feC:(Q), 0<f<1

as ¢ — 0 in the LP(Q, X) topology.

Proposition 2 Let 1 < p < oo and €, be a positive sequence, €, — 0 as n — +oo. Then, the
functional EP is the pointwise and the T'-limit for the LP (S, X)-topology of the functionals E. (resp.
E.. ) ase— 0 (resp. n — +00).

We turn now to other approaches to the definition of Sobolev spaces into metric spaces, based on
a characterization through post-composition with lipschitz maps.

1.3 Characterizations of Sobolev and BV maps by post-composition

In this Section, we are interested in characterizations of BV and Sobolev maps with values in X
by composition with 1-lipschitzian maps ¢ : X — R.

1.3.1 BV maps into metric spaces

In [1], L. Ambrosio has proposed another approach to define the space BV (€, X) when X is
a locally compact and separable metric space. First, let us define for v € L1(£, X) the measure (of
possibly infinite mass) |[Du| on  to be the least measure such that for every borelian set B C Q and
every l-lipschitzian map ¢ : X — R,

[ oulpyr)(B) < [Dul(B).
Here, |¢ o u|py(qr) is the usual measure in the BV sense. From [1], such a measure exists.
Definition 4 ([1]) We define BV(Q, X) = {u € L1(Q, X), |Du|(2) < oc}.

Here, we do not know at this stage that BV(Q2, X) = BV (€, X) in the sense of Definition 1, which
justifies that we denote BV (€2, X) this space to avoid confusions.

Proposition 3 Assume X is locally compact and separable. Then,
BV(Q,X) = BV(Q, X).
Moreover, for u € BV (Q, X), we have in the sense of measures

KLN|DU| < |V’LL‘1 < |Du|



Remark 3 In the case N =1 (since then K; y = 1) or X = R, then E'(u) = |Vu|(Q) and the two
BV energies are equal. However, in general, the two constants K y and 1 are optimal in the sense
that for X the euclidean space RY and with vy, vy : © — RY defined by v1(z) = (21,0, ...,0) and
vo(x) = x, then

Kl,N‘DUl| = Kl,N dr = ’VUl‘l >0 and |V1)2|1 =dx = ’DU2| > 0.

Therefore, the two BV energies are only equivalent and not equal up to a constant factor even in the
usual euclidean (vectorial) case: the minimizers of [Du|(2) or El(u) (in some subset of BV (Q, X))
may then be different. To overcome this difficulty, when X has dimension n, we should choose maps
o with values into R™ instead of R.

L. Ambrosio has developped in this framework the well-known results concerning BV maps, in
particular the definition of the regular part of the measure |Du|, the definition of the jump set of of
a BV map as a rectifiable set of locally finite H¥~! measure and the notion of approximate limit
along the orthogonal direction to this jump set. By Proposition 3, one can use equivalently any of
these two definitions, when X is locally compact and separable.

1.3.2 Reshetnyak’s characterization of Sobolev spaces

In [19], Y.G. Reshetnyak proposed a similar approach to define the Sobolev maps for a metric
space target. Let 1 < p < oo and u € LP(2, X). Set

R(u) = inf {Hw”ipm Ry VZE€X, IV(d(u(-),2))] < w a.e. in Q} € Ry U{oo}.
Definition 5 ([19]) Let 1 < p < oo be given. The Reshetnyak-Sobolev space is defined to be the set
RYP(Q, X) = {u € LP(Q, X), R(u) < oo}.

Paralleling the proof of Proposition 3, we have the following result (see also [10] for a similar
result when X is a Banach space).

Proposition 4 Let 1 < p < co. Then, we have

RYP(Q, X) = WHP(Q, X).
Morever, for u € WHP(Q, X), we have

K, nR(u) < EP(u) < R(u).

Remark 4 When X is locally compact and separable, we could also have defined the Reshetnyak-
Sobolev space as the set of maps u € BV(, X) in the sense of L. Ambrosio such that the measure
|Du| belongs to LP(£2,R), with p-energy || |Dul| ||Izp(Q). This gives, in this case, the existence of a
minimizer w for R(u) for any 1 < p < oo (this is not obvious for p = 1).

Remark 5 Asin Remark 3,if N =1 or X = R, then E? = R. Moreover, the constants K, y and 1
are optimal (consider the maps vy, vo : Q — RY defined in Remark 3). Therefore, if we are interested
in the minimization of the Dirichlet energy into a riemannian manifold with singularities, then R
does not extend the standard Dirichlet integral (up to a constant factor).



1.4 Link with the Newtonian-Sobolev and Cheeger-Sobolev spaces

The paper [10] generalizes a definition of Sobolev spaces introduced in [20] as Newtonian-Sobolev
spaces, for an arbitrary metric space as target space.

Definition 6 ([10]) Let 1 < p < oo be given and uw € LP(Q,X). Then, u is said to be in the
Newtonian-Sobolev space NP (2, X) if there exist p, w € LP(Q,R) such that for any 1-lipschitzian
curve vy : [0,4] — Q,

74 74
d(uov(ﬁ),uov(o))é/pov or /ww:oo
0 0

The Newtonian p-energy of u is then the infimum of HpHiP(Q) for all the possible p’s:

N(u) = ir;f/ﬂpp.

The maps p are called upper gradients for u. Theorem 3.17 in [10] establishes that the Newtonian-
Sobolev energy is the same as the Reshetnyak-Sobolev energy. In particular, for p = 2, this energy
R(u) is not equal to the standard Dirichlet energy [, [Vul* dz (up to a constant factor).

Proposition 5 ([10]) Let 1 < p < co. Then, in LP(Q), X), we have R = N. In particular,
NEP(Q, X) = RMYP(Q, X) = WHP(Q, X).

We emphasize that neither [19] nor [10] (extending [20]) allow to define the space BV (2, X).
Moreover, neither compactness result (as Theorem 1.13 in [12], when X is locally compact) nor
lower-semicontinuity (see Theorem 2) result for the energy are given. In fact, R = N is not lower
semi-continuous for p = 1 and for the L!(£2, X) topology.

Finally, [16] extends the notion of Cheeger type Sobolev spaces (see [5]) to a metric space target.
Let 1 < p < 0o be given and u € LP(2, X). We set

H(u) = inf { ljminf/ g;’} € Ry U{oo},
i—+o o

where the infimum is computed over all sequences (u;) € LP(2,X) and (g;) € LP(2,R) such that

uj — u in LP(Q, X) as j — 400 and for any j € N and any 1-lipschitzian curve 7 : [0, 4] — Q,

4
d(’le 07(€),uj O’}/(O)) < /0 gj o7 (3)

Definition 7 ([16]) Let 1 < p < oo. The Cheeger type Sobolev space is defined to be the set
HY"(Q,X)={uec LP(Q,X), H(u) < co}.

Remark 6 We would like to emphasize the role played by the target space for all these definitions
of Sobolev and BV maps. Let (X,d) be a complete metric space and let X be a closed subset of X
endowed with the induced distance, so that X is also a complete metric space. Then, if we view u as
amap u in LP(, X) instead of LP(, X) the quantities EP(u), JP(u), |Du|(Q), R(u), and N(u) do
not change?. However, it is not clear whether H(u) = H () or not since the computation of H ()
uses sequences (u;) X-valued instead of X-valued. In view of Proposition 6 below, we have at least
H(u) < CoH(u), for some constant Cy > 1, when X is a length space.

2This follows from the definitions. For | Du|, we use the well-known fact that any 1-lipschitzian map ¢ : X — R can
be extended in a 1-lipschitzian map ¢ : X — R, for instance by the formula @(x) = sup¢c x (¢(§) — d(z,§)).



Actually, Proposition 5 is a direct consequence of Remark 6 and Theorem 3.17 in [10], using
an embedding of X into ¢°°(X). In the statement of the following Proposition, we will need the
definition of a length space.

Definition 8 Let (X, d) be a complete metric space. Then, (X,d) is said to be a length space if, for
every points x, y € X, there exists a 1-lipschitzian map v : [0,d(x,y)] — X such that v(0) = z and

y(d(z,y)) = y.

The result in the next Proposition is already known for 1 < p < co and X a Banach space in [20]
(Theorem 2.3.2.). However, for sake of completeness and in view of Remark 6, we have included a
proof here when X is an arbitrary metric space. Furthermore, the following Proposition takes into
account the case p =1 when X is a length space.

Proposition 6 Assume 1 < p < oo. Then, in LP(Q, X), we have H = N = R. In particular,
HY(Q,X) = N"P(Q, X) =R"(Q,X) = WP (Q, X).
Assume p = 1 and, moreover, that X is a length space. Then HY(Q,X) = BV(Q, X), and there
exists a constant C = C(Q, N) > 1 such that for every u € BV (2, X),
KiNE'(u) < H(u) < C(Q,N)E' (u).

Remark 7 We emphasize that for p = 1, the result may be false if X is not a length space. Indeed
(see [16]), if X = {0,1} C R, then u : (—=1,1) — X defined by u(z) = 1if 2 > 0 and 0 if z < 0
belongs to BV ((—1,1),R) = H%!((—1,1),R) (by Proposition 6) but not to H!((—1,1), X), since

X is not path-connected (see also Remark 6).

Remark 8 Actually, the 1-energy in the space H11(£, X) is “close” to the BV energy in the sense
of L. Ambrosio (see Lemma 8 in section 2.7).

1.5 Other characterizations of Sobolev spaces

In [2], J. Bourgain, H. Brezis and P. Mironescu have introduced a new characterization of
the usual Sobolev spaces W1P(Q,R) of real-valued maps, viewed as the limit of the spaces W 5P,
0 < s <1, as s — 1. This does not require a notion of gradient, and is very close to the two previous
definitions ([12] and [11]). We generalize in the following Theorem the results of [2] and [8] in the
case of a metric space target.

We consider a family of radial mollifiers (p:)->0 (or a sequence (p,)). We recall that this means
that pe is in L' (RY), radial, p. >0, [pn p- =1 and for all § > 0,

/ pe(x)de — 0 ase—0.
|z|>d

Then, given 1 < p < oo, we define, for u € LP(Q, X),

_ dP (u(x), u(y))
) = /Q/prs(ﬂf —y) dzdy € Ry.

Theorem 4 Let 1 < p < 0o and (g,,) be any positive sequence, £,, — 0 as n — +oo. Then, for every
ue LP(Q,X), lim._¢ Fz(u) and llmn_)_l’_oo an( ) exist in Ry U {400} and

P (u
hmF —;1_{%/ / |a:—y|P >p (|l —yl) d:cdy:ngrfooan(u) = EP(u).

Moreover, the functionals (Fy) (and (F%,)) I'-converge as € — 0 (and as n — +00), in the LP(§2, X)
topology, to EP.



Theorem 4 combined with Theorem 1 extend the results of [2] and [8] which correspond to the
case of real-valued maps. Indeed, from [2] and [8], given 1 < p < oo and f € LP(Q2,R), then

_ P

liminf/ / Mpn(\x —yl|) dedy = KpJV/ IVFIP de € Ry U{oo}. (4)
n—t Jo Jo |z —yP Q

The quantity (4) is oo if f & WIP(QR) (if 1 < p < o0) or f &€ BV(Q,R) (if p = 1). Moreover,

the right-hand of (4) has to be understood as the mass of the measure |Vu/| in the BV case. This

approach defines the same p-energy as [12] (thus extends the classical Dirichlet energy), but does not
allow to define W11(Q, X).

Remark 9 Theorem 4 emphasizes that the result of J. Bourgain, H. Brezis and P. Mironescu (and
also J. Davila) does not require a linear structure, neither usual Sobolev tools, such that density of
smooth functions or integration by parts.

Remark 10 It is a natural question to wonder what may occur if one chooses non-radial functions

pn- The problem is that in the non-radial case, there can be privileged directions for p,,, for instance,

in R2, p, can be the characteristic function of the thin rectangle in the ; direction [—%, ﬂ X [n%, n%]

suitably normalized, and then we have

- |[f(z) = F)IP _
lr{r—I}JlrI;g/Rz /IR? an(\x —y|) dedy = /]R?

However, for p,’s which do not privilege any direction, A. C. Ponce (see [17]) proves the existence
of a non-negative measure p on the sphere such that the results of [2] still hold with the right-hand

side of (4) replaced by
/ / |w - Vf‘p du(w)dz.
QJsN-1

Therefore, it is reasonable to take radial distributions of masses to define W 1?(Q2, X) and BV (Q, X).

of |p

Remark 11 Finally, we mention that if N > 2, then A.C. Ponce in [18] (theorem 1.2) showed that
for a family u. € LP(Q2,R) (or for a sequence &, — 0), the inequality
liminf F; (u:) < 0o
e—0
yields precompactness in LP(2,R) for (u.) as € — 0 (if Q is bounded). This result is false if N =1

(see [2], counterexample 1). It is plausible that these result extend to the case where R is replaced
by a complete metric space X, at least locally compact.

We conclude this section with a generalization of the paper [15] of H-M. Nguyen. This arti-
cle gives a generalization of the previous work [14] of H-M. Nguyen and the paper of J. Bourgain
and H-M. Nguyen [3]. For this approach, we consider a sequence of functions g,, : R; — R such that:

(a) for every n € N, g, is non-decreasing;

“+oo 1
gn(t) gn(t)
(b) SuanN/o tZJrl dt < oo and for every n € N, /0 tZ+1 dt = 1;

(¢) (gn)nen converges locally uniformly in (0, 4+00) to 0.



Define then for n € N and v € LP(2, X) (comparing with the quantity used in [15], we have just
introduced the factor ‘gN—l_ll)

o gu(d(u(z). uw))
Gt = gy [ [ e ey

Theorem 5 Let 1 < p < oo, and (g,) be a sequence verifying (a), (b) and (¢). Then, for every
we LP(Q, X), limy 400 Gp(u) exists in Ry U {+o0} and
hI}_l Grn(u) = EP(u).

The key point in the proof of Theorem 5 is the generalization of the result by J. Bourgain and
H-M. Nguyen in [3] (Lemma 1) given in theorem 4 in [15].

Remark 12 The above theorem remains true when we replace the sequence g, by a familly gs,
0 < § < 1 satisfying the corresponding hypothesis to (a), (b) and (¢). It would be interesting to know
whether the functionals G,, I'-converge as n — +o0, in the LP(Q2, X) topology, to EP. When X = R,
see the partial result Theorem 5 in [15].

Remark 13 As shown by an example due to A. Ponce, these results do not hold for p = 1. Namely,
there exists a map f € W11(0,1),R) such that Gs(f) — 400 as § — 0, with gs(t) = péPX;>s.
However, the inequality E'(u) < liminf,, o Gy (u) for u € LY(Q, X) remains true.

1.6 Metric topology for W1P(Q, X) and BV (Q2, X)
It is a natural question to wonder whether the spaces WHP(, X), 1 < p < oo, and BV (2, X)

can be endowed with a metric topology. Actually, one may propose (at least) two distances on these
spaces. Then, we define:

Dll,(u,v) =dpro,x)(u,v) + ‘Ep(u)% — Ep(v)% if EP(u) + EP(v) < oo,

1 1
D‘Q,Vl,p(u,v) = dpr(,x)(u,v) + H|Vu|;§ — |Vulp if u, ve WH(QR), 1<p<oo

LP(Q,R)
and

D% (u,v) = dpia,x)(u,v) + H|Vu|1 - |VU|1‘ if u, v € BV(Q,R).

[Co(,R)]*

Note that these quantities are well-defined on the spaces W1P(Q, X) for 1 < p < oo, and on the
space BV (2, X). Moreover, it is easily checked that they define distances on these spaces.

The first natural question is to ask if Dll,, D‘%Vm and D%V induce, for X = R, the same topology

as the classical one on W1?(Q,R) and BV (Q,R), induced by the norm
fllwie = [1fllr@r) + IV fllr@r) i f € WHP(Q,R), 1<p< o0,

[fllev = IfllLvor) + IV fllicory i f € BV(Q,R).
Given u, v € W1P(Q,R) or BV (2, R), there holds (by Theorem 1 and note that K, y < 1)

Dy(u,v) < Dy (u,v) < |lu—vllwis and Di(u,v) < Dy (u,v) < |lu—vllpv. (5)
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Lemma 1 Assume X = R. If 1 < p < oo, then D; and D?

wie induce the same topology as the
classical one on WHP(Q, R).

Proof. Assume first 1 < p < oo. If u, — u in WHP(Q,R) in the topology of the norm, then (5)
implies that D} (un,u) — 0 and D31, (up,u) — 0. Assume then that D}(up,u) — 0 as n — +oo.
Then, u, — u in LP(Q,R) and (Vu,) is bounded in LP(2, RY), hence (1 < p < o) Vu, — Vu in

LP(,RN). Furthermore, since D;(un, u) — 0 and using Theorem 1,
Kp,N/ |[Vu,|P de = EP(u,) — EP(u) = KpJV/ |[Vul? dz,
Q Q

thus by strict convexity of LP(£2,RY) (since 1 < p < 00), we have Vu,, — Vu in LP(Q,RY), so that
[|un, — ully1p — 0. O

We have nevertheless some negative results for these metrics.

Lemma 2 (i) The distance D1 does not induce the classical topology on WH1(Q,R) and BV (Q,R).
(i1) For 1 <p < oo, the space W'P((0,1),R) (resp. BV((0,1),R)), endowed with the metrics D, or
D31, (resp. Di or D%,y,) is not complete.

Proof. We consider the sequence vy, : (0,1) — R defined in the following way. Let, for 0 < k < n,
=ty Liand I = £+ L &4 L[ Then, let, for 0 < k < n, vy(z) =z — 2 if 2 € I;” and

2n’n

vp(z) = % —x if x € I,_. The map v, is Lipschitz continuous, and we have (X is the characteristic
function)
1 n—1
— I
lonllzo (o, = 5. v, = kZ_OX,; — X

As a consequence, v, — 0in L*((0,1)) as n — +o0, but |v},| = 1 a.e. in (0,1). Therefore, (vy) is

not convergent in BV ((0,1),R), but (v,) is a Cauchy sequence for Dll), D‘Q,Vl,p and D%;,. This proves

(ii). Consider now u,(z) = = + v,(z) in (0,1). We have then u,, — u(z) = z in L*((0,1),R) but
(uy,) does not converge in BV ((0,1),R). However, we have |u],(x)] = 1 + v}, (z) (since v, = +1 a.e.)
and |u'(x)| = 1, hence E'(u,) = fol 1+ (z) dv =1 and E'(u) = 1, so that, as n — +o0,

Di (un, w) = [Jun = ull 1 = ||vallzr — 0.
Hence Di(uy,u) — 0 but ||u, — ul|pv = |[un — ully11 = |[v],]|;1 = 1 /4 0. This proves (i). O

1.7 The trace problem

In [12] (Section 1.12), the trace of a map in WhP(Q, X) is defined, namely, for 1 < p < co and a
smooth  C RY, there exists a map

tr: WhP(Q, X) — LP(09, X)

such that tr(u) = upq for v € WHP(Q, X) N C(Q, X). Moreover, for 1 < p < oo, the map tr is
“continuous” in the sense that if u,, € W1P(Q, X) is such that (EP(u,))nen is bounded and

u, —u in LP(Q, X),

then tr(u,) — tr(u) in LP(0Q, X). In view of (5), this implies that the trace map is continuous from
WP(Q, X) endowed with the distances D1 or Do into LP(Q,X), 1 < p < oo. We complete this
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1
notion of trace by proving the Wl P regularity of the trace. First, given a compact submanifold

M of RN of dimension M (such as  or 99), we define, for 0 < s < 1 and 1 < p < oo,

d(u(z), u(y))”
WeP(M, X E{UELP M, X), upwsp E/ : dzdy < oo p.
( ) ( )- I TMX) T e |z —ylrM Y
Proposition 7 Let 1 < p < o0 and 0 < s < 1 such that sp > 1 or s = 1. Then the trace map

tr : WoP(Q, X) — LP(0Q, X) is well-defined and has values into WS_%’p(OQ,X). Moreover, there
exists C, depending on 2, s and p such that for every £ € X,

|tr(u)] < C(ld(w, )| rr) + [ulwsr,x))-

a1
WP P(90,X)

Similarly to W1P(Q, X), we may endow W*P(M, X) (0 < s < 1) with the distances defined by

D11, 0) = o x) (,0) + |lulwas = [olwar

)

D2, (1) = s x) () + ||d(u(e), u(y) - dlo(@), @) | (Y
ERRaR

The following Lemma summarizes the properties of these distances on WP,

Lemma 3 Assume 0 < s < 1.

() IfX=Rand 1< p< 0, Di,p and Dg,p induce the usual topology on W5P(2, R).

(i1) For 1 <p < oo, the space W*P((—1,1),R) endowed with the metric D} , is not complete.
(791) If 1 < p < oo, WP(Q, X) endowed with the metric Dg,p is complete.

Proof. Assertion (7) follows as in Lemma 1 since, for 1 < p < oo, W*P(Q,R) is uniformly convex. To
prove (ii), let w : R — R be defined by: w(z) = 1— |z| if |z| < 1, w(z) = 0 otherwise. Consider then
wy, : (—1,1) — R defined by: w,(z) = n~*w(nz). Then, ||w,||;1 =n"% — 0 as n — +oo. Moreover,
simple scaling yields [wy|ws» = [w|ws» = Cte > 0. Hence, (wy) is Cauchy for D} but does not con-
verge in W*P((0,1),R). Assertion (iv) is straightforward: if (u,) is Cauchy for D2, then (u,) and

$,p?
(Mﬁ&y») are Cauchy sequences in LP(Q2, X) and LP(Q2 x Q,R), hence converge. Thus, u, — u
lz—y["" P
in LP(Q), X) and M’T]\%’)) — g in LP(Q x Q,R). Clearly, g = %ﬁ(ﬁ/}), SO Dgp(un,u) —0. O
lz—y|*" P lz—y”" P ’

We have not investigated whether the trace map is continuous or not, from W*P(, X) into
1
W »P(0Q, X) for the distances we have defined.

The plan of the paper is the following. Section 2 contains the detailed proofs of Proposition 2
(subsection 2.2) Proposition 3 (subsection 2.4), Proposition 4 (subsection 2.5), Proposition 6 (subsec-
tion 2.7). For the main results, Theorem 3 is proved in subsection 2.3, then Theorem 4 in subsection
2.8 and finally Theorem 5 in subsection 2.9. We conclude with the proof of Proposition 7 about
traces, given in Section 3.

2 Proofs of the main results

2.1 An extension Lemma

Here is a standard extension lemma for smooth domains (a lipschitz boundary is enough).

12



Lemma 4 Let 1 < p < oo and Q@ C RN be smooth. Then, there exists 5o > 0, depending only
on the smoothness of 0, and C, depending on p and the smoothness of 02 such that, for any
u€ WHP(Q, X) or BV(Q,X), there exists U € WP(Qs,, X) or BV (Qs,, X) such that

U=u inQ and EPU)<CEP(u).

Proof. The extension is done by standard reflection across the boundary. Hence, by standard
localization and using local charts, we may assume for simplicity that € is locally the half-plane
RY = RV~! x R%. Then, we define U : RY — X as U(z) = u(z) if 2y > 0 and if zy < 0,
U(z) = u(zy,...,xn—1,—xn). It then follows directly that e.(U)(z) < 2e.(u)(z), which establishes
the Lemma. [0

2.2 Proof of Proposition 2

A useful fact we will need in the sequel is to allow other approximate derivative than e.(u), for
instance ball averages instead of sphere averages. Therefore, we consider as in [12]

+oo
)@ = [ enu)(o) dul),
where v is a probability measure on (0,400), and we define , E. : LP(Q, X) — R™ U {+o00} by

uEs(u) = /deE(u)(:E) dx.

Note that in [12], it is required that v satisfies
2
Supp v C (0,2) and / AP du()N) < oo. (6)
0

When v = 01, , E:(u) is simply the norm of the linear functional E.(u) : C.(©2,R) — R. Therefore,
Proposition 2 is a particular case of Theorem 6 below when v = 4.

Theorem 6 Let 1 < p < oo and v be a probability measure on R* . Then, the functional EP is
the pointwise and the T-limit for the LP(Q, X)-topology of the functionals ,E. as e — 0 (or for any
sequence €, — 0 as n — +00). Moreover, the following inequality holds, for u € LP(§, X),

yEP(u) < C(Q,p)EP(u).

Proof. Let us first assume that v € W1P(Q, X) or BV(Q, X). Using Lemma 4, we first extend u,
defined in 2, in a map U defined in the g neighborhood €25, of 2. The energy of the extension is
finite and

EP(U,Qs,) < C(Q,p)EP(u).

Combining Theorem 1.8.1 and Lemma 1.9.1 in [12] about directional energies, we infer, for |h| < g

/de(U(x+h),U(x)) dz < C(Q, p, N)|h|PEP (w). (7)
Therefore, using Fubini’s Theorem,
1 +o0 . ) dHN—l(y) , .
B < e [ [ 0@ U)o ) d
_ 1 e d(U(z +h),U(x))\e  dHN"'(h)
o), fowh w0
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By (7), we then deduce

+oo HN 1 )
JE-(u) < C ST dv(\) = C(9.p) ¥ (u)
: |SN d S0 RN
which concludes the proof of the last assertion.

Proof of the liminf inequality. Let u, u. € LP(Q, X) be such that u. — u in LP(Q, X) (the case
of a sequence is analogous). We wish to prove that

EP(u) <lim i(I)lf vE:(ue), 9)

and we may assume without loss of generality that the right-hand side is finite. There exists a
decreasing sequence £; — 0 such that

liran_}(r)lf vE-(ug) = ]ETOO vEe, (ue,;) < oc.
We argue as in Lemma 1.4.2 in [12], letting, for € > 0, n; be the integer part of €/¢;. Therefore,
njej — € as j — +o00. Since u., — u in LP(Q, X), then ,e,.c;(ue;) — Lec(u) pointwise almost
everywhere, thus by Fatou’s lemma,

vE:(u) = /Ql,eg(u) < liminf/g,,enﬁj (ue;) = liminf , B, o (ue;). (10)

j—+o0 j—+o0

We apply now the following Lemma, stating a result analogous to the fact that the approximate
length of a lipschitz curve with respect to a partition is increased if the partition is refined. This
Lemma comes from [12], Lemma 1.3.1, with the only change that we take f = 1 (the proof clearly
works for this f).

Lemma 5 Assume v is a probability measure on (0,400). Let 1 < p < 0o, and u € LP(Q2, X). Then,
giwenn € N* and \; >0, 1 < i <n such that Y. ; \i = 1, we have for every ¢ > 0

0h <3N (VEAiE(u))%
=1

Applying Lemma 5 with u = u.;, n = nj, ¢ = nje; and \; = % > 0 (thus Y A\; = 1) we obtain

‘tH»—A

1 1
vEn (uaj)p <JE, (UE )p < EE](UEJ)

i€
Passing to the limit as j — 400 and using (10), we infer

vEc(u) < ljlgilolf vEne;(ue;) < l;%ﬁnf vEe; (ug;) = hrn 1nf Ec(ue).

As a consequence,

limsup , B (u) < lim i(I)lf vEe(ue) < 00,

e—0
and (9) follows.
Proof of the pointwise limit. Let u € LP(2, X). We wish to prove

lin%),,Eg(u) = EP(u) € RT U {+o0}.
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We know from (9) (with u. = u) that the equality is true if EP(u) = +o00, hence we may assume
EP(u) < 400, and, still with (9) (and u. = u), it suffices to show

limsup , E:-(u) < EP(u) < +00. (11)

e—0

First, by monotone convergence, v((1/R, R)) — 1 if R — +00, hence for R > 1 large enough (so that
v((1/R, R)) > 1/2 for instance), we can define the measure

e = v (1/R,R)
= U(1/R,R))

This probability measure satisfies

Supp vr C (0, R) and / AP dvgp(N) < R_p/ dvp = R7P < o0.

This is not exactly (6), but this is sufficient however to apply Theorem 1.7 in [12], which asserts that

lim._q (,,REa(u)) exists and

lim (,,RES(U)) — EP(u). (12)

E—>

Therefore, using (7) and arguing as for (8), we deduce that, for R > 1 large enough,
yEe<u>—v<<1/R, R) (v Be(w)|

Ule +0),U@) e, dHY1(R)
|SN 1 Jaasmm /Mo/ 7 )" o er )

<C,p)v(RL\ (1/R,R))EP (u

Now, letting ¢ — 0 and using (12) gives

limsup , E.(u) < v((1/R, R))EP(u) + C(Q,p, N)v(RY \ (1/R, R))E? (u).

e—0

We may now let R go to +o0o to deduce, since v(R% \ (1/R,R)) — 0 and v((1/R, R)) — 1, that

limsup , B (u) < EP(u).

e—0

This finishes the proof of (11), and hence of the pointwise limit. Combining the liminf inequality
together with the pointwise limit, we deduce Theorem 6. [J

2.3 Proof of Theorem 3

Proof of the liminf inequality. First, we have, for x € Q¢ and u defined by (2),

€ N—-1
J T e A
Q 0 N+p

Thus, denoting dv = (N + p)AVTP~1 d)N_(0,1) the measure giving ball averages, we infer that for
every u € LP(£, X)

JP(u) > /s vee(u) de = B (u).
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Therefore, for any family u. — w in LP(2, X) as € — 0 (or for a sequence u,, — u in LP(Q, X) with
en — 0 as n — +00), we deduce from Theorem 6 that

lim i(r]lf JP(uz) > lim i(I]lf vE:(us) > EP(u),

or the corresponding statement for the sequence ¢, — 0. In particular, if JP(u) < oo, that is if
u € WHP(Q, X) (or u € BVYP(, X)), then u € WHP(Q, X) (or u € BV1P(Q, X)).

Proof of the pointwise limit. We now prove that there will be equality in the above inequality
for the particular family u. = u for all € > 0 (or u,, = u for all n). First, we extend by Lemma 4 u in
U of finite p-energy in the dg-neighborhood of Q. Furthermore, we have for any ¢ > 0 and x € 2\ Q°¢,
since € is smooth,

/ |z —y|P du(y) > L/ |z — y|P dus(y) = L‘SNJENM
Q T OQ) @) * C(Q) N+p ’

where C(€Q) depends only on the smoothness of 9. As a consequence, fixing 0 < n < dg, we have
for every 0 < e < n/2

Jo d(U(z),U(y))P dus(y)
oo Jolr—ylP dus(y)

0 < JP(u) — o B.(u) = iz < C(Q) /Q e O)) e

from which we deduce, using Theorem 6,

EP(u) = hgﬂ_}i(l)lf vE:(u) < hgﬂ_}i(l)lf JP(u) < limsup JP(u)

e—0
< lilgljélp (VEE(U) + C(Q) /Qn\m vee(U) () dfv)

_ () + C(Q)/ VUl da.
0\

Letting n — 0, the last term tends to 0. Indeed, |VU|, € L' if 1 < p < o0, and if p = 1, |[VU|;
is a measure such that |VU|;(0€2) = 0 (since U is the extension by reflection across the boundary).

Thus, we infer
lin%] JP(u) = EP(u),
£—

which is the desired equality: JZ T'-converge at u to EP(u), which is finite if v € WHP(Q, X) or
u € BV(€Q,X) and infinite otherwise. [

2.4 Proof of Proposition 3

In this subection, we prove the equivalence of the two definitions of BV maps into a locally
compact metric space X, namely Definitions 1 and 4.
First, if u € BV (€, X), and ¢ : X — R is a 1-lipschitzian map, then for every ¢ > 0 and = € Q°F,

el ou)(s) = i [, oo~ pouty)] H ()

1 —
< g /. o) ) a7 ) = o)
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Passing to the limit as € — 0 and using Proposition 1 and Theorem 1, we obtain
Kin|D(pou)lpv < [Vulr.

Since this is true for any 1-lipschitzian map ¢ : X — R, we deduce that v € BV(Q, X) and
KLN|DU|(Q) < \Vu|1
Let now u € BV(Q, X) be given. We claim that for every ¢ > 0 and |h| < ¢, we have

/5 d(u(z), u(z + b)) dz < |h] - | Dul(Q). (13)

Proof of (13). If N =1 and Q = (a,b), then (13) follows from the inequality for = € (a +¢,b —¢)
and 0 < h<e
d(ut(2), uy(z + h)) < [Dul(Jz, 2 + b))

valid for the right-hand side continuous representative u of u. Integrating this inequality yields
b—e b—e
/ d(u(z),u(z + h)) do = / d(uy(x),uy(z + h)) de < h|Du|([a, b)),
ate ate

which is the desired inequality for N = 1. The general case follows by slicing in the direction h and
using (2.5) in Proposition 2.1 in [1] (see the analogous proof of (i) in Lemma 3.2 in [1]).

We conclude now the proof of Proposition 3. For e > 0 and v = (N + 1)AY dA\_ (0,1) giving ball
averages, we have, using (13),

/ vee(u)(x) dx = ]]Xt 1N / / u(z + h)) dx dh
€ ‘S |€ 5(0 €

N+1 N+1 N
< h| - |Du|(2) dh Du dr = |Du|(2
_‘SN_”EN/E(O)IIIu() S Dul(@) [ dr = |Dul(@)

From Definition 1, we infer v € BV (2, X') and
E'(u) < |Du|(Q).

We have therefore K n|Du|(Q) < E'(u) < |Du|(Q) for any u € L'(Q, X), which implies that
BV(Q,X) =BV(Q,X). Given now u € BV (2, X) and an open ball B C 2, we may apply this to
u € BV(B, X) to infer K; y|Du|(B) < |Vu|;(B) < |Du|(B), hence K1 y|Du| < |Vu|; < |Du| as
borelian measures. This concludes the proof of Proposition 3. [

2.5 Proof of Proposition 4

Given 1 < p < 0o and u € W'P(Q, X), we have K, yR(u) < EP(u). Indeed (as in section 2.4),
for any z € X, since d(-, z) is 1-lipschitzian,

Ky n|V(d(u(), 2))IF = [V(d(ul), 2))lp < [Vul, € L'(Q,R).

Hence, one can take w = (Kp_}\,|Vu|p)% and infer K, yR(u) < EP(u) for v € WHP(Q,X). The
inequality EP(u) < R(u) will follow as in section 2.4 from the inequality, for |h| < ¢,

/8 dP(u(z),u(z + h)) dz < |h|PR(u), (14)
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which is the analogue of (13). Let us first consider some w € LP(Q,R) such that for all z € X,
V(d(u(-), 2))| < w

a.e. in Q. Using Fubini’s Theorem, for a.e. € QF and |h| < ¢, [0,1] 3 t — d(u(z +th),u(z)) € WP
and |%(d(u(:1: + th),u(x)))| < |hlw(z + th), thus by integration

1 P 1
&P (u(z), u(z + h)) < ( e+ ) dt) < |h|19/0 wP (z + th) dt. (15)

Integrating over Q° and using Fubini’s Theorem, we obtain [ d”(u(x),u(x + h)) dz < |h|P||w]|[},,
and the conclusion follows by taking the infimum over all such w’s.

This proves (as in section 2.4) that EP < R in LP(Q, X). This concludes the proof of the second
assertion of Proposition 4, together with the fact that if p > 1, RVP(Q, X) = WP(Q, X), and (if
p=1) WH(Q, X) c RV(Q,X) € BV(Q,X). In order to finish the proof, we have then just to
prove that RY1(Q, X) ¢ WHH(Q, X). Consider then u € RY1(Q, X), and a function w € LY(Q,R)
associated, so that (15) holds (with p = 1). Therefore, by integration and changing variables, one
has for € > 0, Xqe standing for the characteristic function of ¢,

X =
et < i [ wte ket dnare ).

We notice that the right-hand side is in L!(Q,R) and converges to w in L!(£,R) by dominated
convergence, thus, by Proposition 1, e.(u) converges as measure to |[Vu|; < w € LY(Q,R), thus
|Vu|; € LY(Q,R) and v € W11(Q, X). This ends the proof. [

2.6 An approximation result

Before going to the proof of Proposition 6, we prove the following approximation result. Such a
result is analogous to Theorem 3.3 in [1], which is an approximation result in L!(€, X) of BV maps
by maps constant on cubes, with a control on the energy. Theorem 3.3 in [1] is stated for X a locally
compact separable metric space, and we will state first this approximation result when X is just a
complete metric space.

Lemma 6 Let N > 1. Forn € N*, P, is the usual partition of ]0,1[¥ in n™ cubes of edge % There
exists a constant Coy = Co(N, X) such that, for every n € N* and every uw € BV (Q, X), there exists
vp, € BV(Q, X)) such that v, is constant on each cube of P,

drigoa,x) (U, vn) < %El(u) and E'(v,) < CoEY(u).

Proof. The proof is based on the following Poincaré type inequality (see Theorem 1.4.1 in [13] for a
general version in W1P(Q, X), 1 < p < 00). There exists a constant Cp, depending only on N such
that, for every £ > 0 and every u € BV (]0,¢[", X), there holds

. N
nf /MN d(u(z), &) dz < Col|Vul1 (0, [V). (16)

Proof of (16). By simple scaling, it suffices to treat the case £ = 1. For u € BV (]0,1[", X), we first
extend u as a map U :] — 2,3[Y— X by successive reflections across the boundary (as in Lemma 4).
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Next, we may write, using (13),

/ d(u(z), u(y)) dedy < / / Ul + b)) dedh
10,1~ x]0,1[V ]-1,1[N J]jo,1[™
< [ M IVURO =280 dh < K9l 0010

As a consequence, by the mean value formula, there exists y €]0, 1[Y such that ¢ = u(y) verifies (16).

We complete now easily the proof of Lemma 6. Let u € BV(]0,1[V, X) and n € N* be given. For
any cube @ € Py, there exists by (16) some &,(Q) € X such that

/Q Au(r),6(Q)) do < 22|y (Q). (17)

Therefore, we may define v, :]0,1[¥ — X, constant on each cube Q of Py, of value &,(Q). Summing
(17) over all Q’s in P, yields the first estimate for v,

2Kn
n

El(u).

drigoa,x) (U, vn) <
We turn now to the second estimate. We have easily
1 1 1 !
E'va) =5 D, —x= d(Q).&(Q)),
QNQIEPTL
where Q ~ Q' means Q # Q' and @Q, Q' have one face in common. Moreover, for Q ~ Q' € P,,, say

Q=1[0,21N and @ = [2,2] x [0, 1]V"1 = Q + L&}, with &1 = (1,0,...,0) € RY for simplicity, we
have by the triangle inequality

L d6(@).£4(Q)) < /Q d(u(z), £(Q)) da-+ / d(u(e) ula-+~ 81)) dot / Ao+ -61), 60(Q") dr.
The last integral is simply fQ’ (),£,(Q")) dx. Thus, using (13) and (17),
L 6@, 60(@) < Tl (@) + 119l (10, 2] 0, 2187) + 22Ny (@),

Summing this inequality for Q ~ Q" € P,, yields the desired estimate. [J

This Lemma 6 will enable us to establish the following approximation result when X is a length
space (the proof is not very different from that of Theorem 3.3 in [1]).

Lemma 7 Let N > 1 and assume X is a length space. Then, there exists a constant Cy, depending
only on N such that for every u € BV (]0,1[N, X), there exists a sequence u,, € WH(]0,1[V, X) such
that |Vu,|1(]0, 1[V) < Co|Vul1(]0,1[N) for every n € N and, as n — 400, u, — u in L'(]0,1[V, X).

Remark 14 The map u,, € WH1(]0,1[", X) we construct is actually in a smaller space. If N = 1,
Uy, is by construction Lipschitz continuous. For N > 2, u, is continuous except at 3,, where X,
is a finite union of subsets ¢ 1 < i < g¢,, where each X! is the image by a linear injective map
RN=2 RN of [0,1]V=2. If N =2, ¥ is by convention a point.
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Proof. Let u € BV(]0,1[Y, X). For n € N*, we consider the approximation v, given by Lemma
6, constant on each cube of the partition P,. The map v, is not in Wt1(]o, 1[N,X), thus we now
approximate the v,’s. We denote v = v, for simplicity, and let 0 < ¢ < 1/(2n). Assume first
N =1 Forl<j<n v=aonQ = (1) Let 20; = d(aj_1,a;). We fix, for every

n ’'n
1 < j < n, a unit speed geodesic v; : [=¢;,¢;] in X from a;_; to aj. These geodesics exist since X

is assumed to be a length space. We define then naturally u.(z) = a; if z € (% + s,% —¢) for

some 1 < j <n, us(z) =aif z € (0,2 —¢), uc(z) = ay if v € (=2 —¢,1), and for 1 < j < n and
4

x € (% —e, % +e) =I5, u(w) = v (Z(x — %)) We easily check that u. — v a.e. in [0, 1], hence in

L'(J0,1[", X) by dominated convergence, and |Vu.|; = P %ijs — [Vulp = 377 ¢; in measure

as € — 0, with |Vuc|1(]0, 1[N) = |Vo|1(]0, 1[V) (here, Xie stands for the characteristic function of
I7). Since u. € W0, 1[¥, X), the proof is complete if N = 1.

geodesic homogeneous
interpolation extension
constant

a;

az ag

ay

[

1

1

1

1

1

1

1

1

1
[
(W
(W
(W

The map v (left) and its approximation u. (right)

We assume now N = 2. We follow the approximation scheme given in the figure above, where
we assume for simplicity that n = 2. By geodesic interpolation, for the upper rectangle for instance,
we mean that, as in the 1-dimensional case, u.(z) = 7(5(3:1 — 1)), where 2¢ = d(a1,a2) and v :
[—¢,¢] — X is a unit speed geodesic from a; to as (in this rectangle, we have |21 — 3| < ¢). Finally,
by homogeneous extension, we mean that in the square C. = a + [—¢,¢]?, where a = (%, %), we have
Ue(x) = us(a+ Eﬁ) Notice indeed that at this stage, u. is already defined on the boundary of the
square. The map u,. is therefore continuous except at a (if we are not in the case a1 = as = ag = ay),

and in WH1(]0,1[V, X) since wu, is lipschitz outside C. and a direct computation gives

/ V| do = 5/ Vuly dH ().
€ 0Ce

Since |Vuc|; < Ce™! on 0C., where C = C(a1,as2,as,a4), we infer sz |[Vucsly de < Ce. As a
consequence, from the computations in the 1-dimensional case, we have

d(ai,az) d(as,as) d(as,a1)

d(az,
+ Xrs M-I—Xm +XRilf+0Ll(€),

|Vu5|1 = XR?2 23 € 34

where Rf, is the rectangle “between” a; and as, where u, is a geodesic interpolation between a; and
as (and similarly for the other rectangles). Then, as ¢ — 0, u. — v in L*(]0,1[Y, X) and
|Vu5|1 — |VU|1

as measure. This concludes the proof in the case N = 2. Finally, one extends easily this construction
to an arbitrary N > 2. The map u. we construct in this case clearly belongs to W11(]0,1[", X), and
this completes the proof of the lemma. [
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2.7 Proof of Proposition 6

First, given 1 < p < oo and u € N''P(Q, X), consider some functions w, p € LP(Q,R) as in
Definition 6. With the sequences u; = u and g; = p+ %, (3) is always satisfied for any 1-lipschitzian

curve v : [0,¢] — © (even when foew 07 ds = 00) one has immediately u € H?(Q, X) and
H(u) < N(u).

The case p > 1. Let us embed X “isometrically” into a Banach space, for instance into £°°(X) by
the Kuratowski embedding

t: X — 02°(X)
defined by «(z) = (d(x, z) — d(x,y0)).ex. Here, yo € X is an arbitrary fixed point and “isometric”
means that |[c(z) — t(y)|[s~(x) = d(z,y) for every z, y € X. It is clear that H(.(u)) < H(u). Hence,
by [16], Theorem 3.2, there exists (since p > 1) a function g € L?(Q,R) such that H(c(u)) = [, ¢* dz
and for any 1-lipschitzian curve ~ : [0,4] — €,

¢
[le(u) 0 y(£) = e(w) 0 Y(0)[ge (x) = d(u 0 y(€),u 0 7(0)) < /0 goy ds.

Therefore, u € N1P(Q, X) and N(u) < [, ¢” dv = H(u). Thus, if 1 < p < oo, then, in LP(Q2, X),
H=N.

The case p=1. We assume now p = 1. Let v € HY(,X). Then, there exist sequences
u; € LY(Q,X) and g; € L'(Q,R4) such that u; — u and Jogj de — H(u) as j — +o0, and, for any
1-lipschitzian curve v : [0,¢] — €,

4
dlu; 07(0).1;09() < [ g0 ds

In particular, we have u; € N1(Q, X) (take w = 0, p = g;) and N (u;) < [, g; dz. As a consequence
of Propositions 4 and 5, we infer u; € W (Q, X) and

K1 E (1) < Rluj) = N(wy) < [ g5 do
Q

Taking the liminf as j — 400 and using the lower semi-continuity of E! in L'(Q, X) (Theorem 2),
we deduce
Ky nE'(u) < Ky N 11m+infE1(uj) < H(u).
j—+oo
Therefore, H(Q, X) € BV(Q, X), and K; yE' < H on HY(Q, X).

Assume now u € BV (£, X). To prove that u € HY1(Q, X), we have to construct a sequence in
WhH(Q, X) approximating u in L*(£2, X) with controled 1-energy. First, since ( is smooth, we may
extend u by an arbitrary constant outside €, so that the energy of the extension is < C(Q)E!(u).
We may now assume, without loss of generality, that €2 is a cube, and by scaling, that this cube is
10,1[¥. Now, we apply Lemma 7: there exists a sequence u,, € WH(Q, X) such that u, — u in
LY (9, X) as n — +oo and E'(u,) < CoE!(u) for every n € N*. Therefore, u € H(Q, X) (take
gn = ﬁ|Vun|1 as in section 2.4) and we obtain the second inequality

liminf B (u,,) < KCO E'(u). O

n——+o0o 1,N n—+oo 1,N

H(u) < liminf/ gn dx <
Q

In the case where X is locally compact and separable, the link between H(U) and the BV energy
|Du|(©2) in the sense of L. Ambrosio can actually be made more precise.
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Lemma 8 Assume that X is locally compact and separable. Then,
|Dul(Q) < H(u) if u€ BV(Q,X), |Du|() = H(u) if ue WhH(Q,X).
If, furthermore, X is a length space, then there exists Co(N, X, Q) such that for every u € BV (Q, X),
H(u) < Cp|Dul(Q2).

Proof. The last inequality follows from Propositions 3 and 6. Let us prove the first one. Let
u € LY(Q,X) and g € L'(©,R ) be such that

¢
A0 ~(£), u07(0)) < /0 g0y (15)

for any 1-lipschitzian curve 7 : [0,¢] — Q. Then, if ¢ : X — R is 1-lipschitzian, v = pou: Q - R
satisfies

l
vor(=vor) < [ gon

Hence, given £ > 0, w € SV~! and taking, for z € QF, v(s) = = + sw, s € [0, ], one obtains

1
[v(z + ew) —v(z)] < 5/0 g(x + etw) dt.

Assume for the moment that v, g : @ — R are smooth. Dividing by ¢ and letting ¢ — 0 yields
w - Vu[(z) < g(x)

for every w € S¥~!, which implies
Vol < g.

The general case follows easily by standard regularization. As a consequence, u € W11(Q, X) and
Dul) < [ g do (19)
Q

If u € HH1(, X), then there exist sequences u; € L1(2, X) and g; € L*(Q,R) such that (18) holds
for any j and H(u) = lim;_ 4o [, g; dz. Therefore, |Du;|(Q) < [ g; da by (19) gives at the limit

|Du|(2) < liminf |Du;|(©2) < lim inf/ gj dz = H(u).
j—+oo i—+oo Jo
Here, we have used that u +— |Du|(Q) is lower semi-continuous for the L(€, X) topology (see [1],
section 1). This finishes the proof of the first inequality.

Assume now u € WhH(Q, X). Let v : [0,£] — Q be a 1-lipschitzian curve, and consider the
1-lipschitzian function ¢ = d(-,u 0 y(0)) : X — R. Then, v = pou € WLH(Q,R) and |Dv| < |Dul.
Moreover, since v is real valued, |Dv| = |Vv| € L1(Q,R) (in the classical sense, see [1], Remark 2.2).
This implies

¥ l
A0 A(0),u07(0)) = [v0 (D) —vo(0)] < /0 I/ (s) - (Vo) 0 ()] dt < /0 Dul o (t) d.

Since |Du| € L'(Q,R), we infer that u € H1(Q, X) and H(u) < [, |Du| dz = |Du|(2). The second
inequality is proved. [
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2.8 Proof of Theorem 4

Let (pe) be a family of mollifiers (or (p,) be a sequence of mollifiers), and recall

i

We first prove that for any v € LP(Q, X),
limsup F;(u) < EP(u). (20)

e—0

Proof of (20). We may assume EP(u) < oo, that is u € BV(Q,X) (if p = 1) or u € WIP(Q, X) (if
1 < p < o). First, we have

001~ oy (Y it )

Let us fix £ € X and 1 > 0. Then,

(u(z), u(x + h))\P o (1, €)\P
/RN\Bn(O) </ﬂﬂ(9—h)(d A = ) pe(h) dw)dh = <%> /IRN\Bn(O) pelh) dh

and the last integral tends to 0 as € — 0. Therefore, for any 1 > 0,

Moreover, letting U be the extension by reflection across the boundary of u on {25, as in Lemma 4,
and using Theorem 1.8.1 and Lemma 1.9 in [12], we infer, assuming |h| <71 < d¢/2,

/ & (u(z), u(z + 1)) dz < C(p, Q)|h|p/ VU, da.
@n(@-m)\er O

As a consequence,

/ / <d(u(x),u(x + h)))PpE(h) dx) dh < C(p, Q)/ \VU|, dz.
B, (0) J(@n(Q—h))\Qn |h| 02\,

Inserting this into (21) yields for n < dg/2

limsup F;(u) < lim sup/ / (z), (@ + b)) )p d:E) pe(h)dh
e—0 e—0 B, (0) JQMN(Q—h) |h|
+Cp) [ VUl do (22)
Q277\QQ77

We denote p. € L'(R%) defined by p.(z) = p(|z|). Finally, “ EP(u) standing for the p-energy in the
direction w € SV~! (see [12], section 1.8), we have, using polar coordinates and [12],

d(u(z),u(x + h))
/Bn(O) /Q"ﬂ(Q—h)< |h| )p dﬂf) pe(h)dh

< / pe(r)rN = 1/ / x+rw)))ﬁ dedHN 1 (w)dr
0 SN=1.Jan

N-1 N-1 1 w p N-1
< SN /0 pe(r)r [‘SN_” B w) dnt (w)} dr.
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From [12], Theorem 1.8.1, the term between brackets is EP(u), and [SN7Y [ pe(r)rV 1 dr =
an pe: — 1 as € — 0, hence

hI?_Sﬁcl)lp /Bn(O) /Qnm(Q_h) (d(“(‘”)’ IlfLL(Ix = )p dm) pe(h)dh < EF(u).

Combining this with (22) gives, for n < d¢/2,

limsup F.(u) < EP(u) + C(p, Q) / VU, da.
Q21\Qay

e—0

As in the proof of Theorem 3, the last integral tends to 0 as 7 — 0. This finishes the proof of (20).

We now prove that if ue — u (or u, — u) in LP(§2, X), then

EP(u) <lim iélf F.(u:) or EP(u) <liminf F,(u,). (23)
E—>

n—-+o0o

This will conclude the proof of Theorem 4, since for the pointwise limit, it suffices to take u. = u
(or u, = u) to obtain by (20) and (23) lim._,g F:(u) = EP(u) (or lim, 4. F,,(u) = EP(u)), and the
proof of the I'-limit follows from (23) and the pointwise limit.

Proof of (23). We will prove (23) only in the case of the sequence p,, — dp, since the general case
will then follow. We may also assume without loss of generality that the “liminf, " is actually
a “lim,_1". We denote py(r) € L},.(R% ) defined by p,(z) = pn(|z|). First, for any u € LP(, X),

loc

Fp(u) = //QXJW)]DMW—Z/) drdy

01 (MY ]

| 0 ( [ ert@) do) = [T By an (2)

|SN_1|TN_1

v

where p,(r) =
for all 4 > 0,

pn(r) is a probability measure on R* such that p, — dp as n — +oo, i.e.

/ pn(r)dr—0 as n— 4o0. (25)
é

Suppose for a while that u, = u for all n € N. Then, since E,(u) — EP(u) € Ry U {400} as r — 0,
one infers easily that since u, — dg as n — 400, then

/OOO E,(u)pn(r) dr — EP(u) € Ry U{4+00} as n— +oo.

Hence, liminf,, 4o Fy(u) > EP(u) € Ry U{+00} as desired. To prove the result in the general case,
we will prove in fact that there exist a subsequence n; and a sequence r; > 0 such that

g 1 1
VjieN, r; < 7 and B (un;) < Fp;(ug,)(1+ ;) (26)

We proceed by induction on j, and for j = 0, there is nothing to prove. Assume now 7;_; € (0, J%l)
and nj_; constructed (satisfying (26)), such that (ni,...nj_1) is increasing. We fix, by (25), n; large
enough so that n; > n;_; and



Then, by (24) with n = nj, one has

1
J
F’nj(unj) 2/0 ET(unj)/’Lnj(T) dr.

Thus, by the mean-value formula, there exists r; € (0, %) such that

Erj (unj) < ij Er(unj):u‘nj (T) dr < Fnj (un])(]_ n 1)

] j
ij Nnj (T) dr
This concludes the proof of (26) by induction.

From (26), we infer u,, — u in LP(€2, X) (it is a subsequence of (u,)) and r; — 0, hence we may
apply Proposition 2 (with v = §1) to infer, by (26),

EP(u) < 1]121_&1;5 By (un;) < ljlglilgof Fo; (un;)

which concludes the proof. [

2.9 Proof of Theorem 5

The proof is divided in two steps.

Step 1: u € WHP(Q,X). We assume first N = 1, and, by scaling, that Q = (0,1). Let
u € WIP((0,1), X). Since p > 1, we may assume u (Holder-)continuous up to a modification on
a negligible set. The proof of the pointwise limit for G,, relies on the dominated convergence theorem.

Pointwise convergence. We first show that for almost every = € (0, 1),

! ul\x),u
ey = [ LU0

|z —y|P Tt

dy — 2|, () as n — 400. (27)

Indeed, we know from [12] that for almost every x € (0, 1),

d(u(z), u(y))

|z — |

D=

= |/ (@) = (Ju'lyx)) as y .

We fix such an x € (0,1) and assume first |u'|1(z) > 0. Then, for 0 < e < |u|1(x), there exists § > 0
(depending on € and z) such that, if |z — y| <, then

d(u(z), u(y))

0<|u1(z) —e <
lz -yl

< )1 (z) +e.

Without loss of generality, we may assume (z — d,2 + ) C (0,1). Thus, since g,, is non decreasing,

[ e =2 [ D) [l 4D

5 |z — y|Ptt s |z — y|Ptt s |z — y|Ptt

By simple change of variables, we have

+6 _ ' S(lu']1(x)£e)
gnllz —yl(u'li (=) £e) . » gn(t)
/H I dy =2y () £ < | )t
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Using hypothesis (b) and (¢) on (g,), we infer that, on the one hand,

S(|u'[1(z)+£e)
gn(t)
/0 T dt — 1 as n — +oo,
and on the other hand (u is bounded),
/ gn(d(U(fﬂ),li(ly))) dy — 0 as 17— oo,
(y—z|>53 |z —ylP

Consequently, for every 0 < e < |u/|1(x), there holds for n large enough (depending on € and x)

b gn(d(u(z), u(y)))

o S 2 @) et

2|y (z) — e)P(1— &) — ¢ < /0

and (27) follows. If |u/|1(z) = 0, then it suffices to consider only the right-hand side inequalities to
infer (27). We can notice that (27) holds even for p = 1 if u € WH1((0,1), X).

Domination. We now try to find an integrable function dominating the A,’s on (0,1). Here, the
hypothesis p > 1 is crucial, since we use, as in [15], the theory of maximal functions in L?. We let
U € W'P((—1,2), X) be its reflexion across the boundary. We denote, for € (0,1), M the maximal

function
z+h

1
M(x)= sup — |U’|(t) dt.
0<h<12h Jy_p

For x € (0,1), we have

du(o)u) < | [0 dt] < 20— gl @),

Therefore, since g, is non decreasing,

1 T — €T
WPy S

This last integral can be estimated by direct computation:

L 9,2z —y|M L gn(2tM 2M(@)
/ 9n(2|lz — y|M(x)) dy§2/ gn(2tM (z)) dt:zpﬂM(x)p/ 9n(7) dr.
0 |z — y[Ptt 0 tp+1 0 Pt

In view of hypothesis (b) for (g, ), the last integral is bounded independently of x and n by a constant
A, hence, for x € (0,1),
Ap(z) < 2P AM ()P,

Since p > 1, we know from the theory of maximal functions that M € LP((0,1),R), hence the
functions A,, are dominated by 2P AM (x)? € L1((0,1),R).
Consequently, we may use Lebesgue’s Theorem to deduce that for u € WHP((0,1), X),

1! 1!
Gn(u) = 5/0 Ap(z) dx — 5/0 2’|, (z) dz = EP(u) as n — 400.

Assume now N > 1 arbitrary. Then, using polar coordinates,

1 n(d(u(x), u(xr + tw _
Glu) = W/stm /Iwg (d(u( 1p+§ D) gidrN1 (),
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where I,,; C R is open and contains the interval (0, dist(x,99Q)). If u € W1P(Q, X), then for almost
every z € Qandw e SV w e WLP(1,.,, X), so that, using the case N =1,

[ ot ) ,
Iz 0

tp+1

tends to “e(u)(z) (note that ¢ > 0, hence there is no longer the factor 2 as in (27)) as n —
+oo and, M(z,w) standing for the maximal function along the half-line x + R ;w, is dominated by
C(p, QAM (z,w)P € L' (2 x SN=1 R) (since p > 1). Hence, by dominated convergence, we have

lim G(u) = EP(u).

n—-+o00

Step 2: (Gn(u))nen is bounded. We assume now u € LP(£2, X) and the sequence (G, (u))nen
bounded, and show that this implies u € W1P(Q, X). The proof relies on Lemma 4 in [15] and
follows the lines of the proof of Theorem 3 in [15].

Let us first consider the extension of u by reflection across the boundary U € LP(Qs,, X) (Q is
smooth). It follows then straightfowardly that

Gn(U,Qs,) < C(p, 0)Gp(u, Q).

This allows, for u, to reduce the problem to the following: Q = B(0) € RY, (G, (u, B2(0)))nen is
bounded and let us prove that EP(u, B1(0)) < oo.

Next, we follow word for word the lines of subsection 3.2 in [15], just replacing, for k¥ € N,
{10~ < |g(x) — g(y)| < 107%} by A = {10-*+D) < d(u(z),u(y)) < 107%}. This implies that for
every s > 0,

dxd 1 p(k+1)
// Y 00, and lim inf // 0 dedy < oco.  (28)
{d(u(e)u(y))>s) [T =yl h—-+o0 | —yPtN

We set, for k € N and w € SV=1, Ap(w) = {(z,h), 10-* D) < d(u(x), u(z + hw)) < 107%}. From
(28), passing to polar coordinates and using Fatou’s Lemma, we deduce

o 10~ p(k+1) N 1 10— p(k+1)
/SN_1 i / /Ak(w —pprr - e dHTT(w) < fm it / / e — gy <o

dxdh
for every s > 0, / // a:H dHN (W) < 0.
SN-1 (z),u(z+hw))>s} hp

N-1
ST,

and

As a consequence, for every s > 0 and almost every w €

10—P(k+1)
// dmf? < 00, = lim inf // 0 ——— dhdx <oco  (29)
{d(u(z),u(z+hw))>s} hP k—too ) J Ay (w) hp

and V € LY(SNV~1). In view of [12], section 1.10, we first show that, for these w € SV~

E(u) < V(w). (30)

Pick then one such w € SN¥~!. Up to a rotation, we may assume w = (0,...,0,1). We write
x = (2/,xy), and use once again Fatou’s Lemma to infer from (29) that for every s > 0,

dx ndh
/ // xé\il dz' < oo
lz'|<1 {d(u(z’,xn),u(z’ ,xn+h))>s} h
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and
10~P (k+1) ,
/ lim inf //Ak(wx — drydh dz” <V (w) < oo, (31)

/‘<1 k—>+OO

where Ap(w,z’) = {(zn,h), 10-* D) < d(u(z’,zn),u(a’,zx + h) < 107F}. Therefore, for almost
every |2'| <1 and every s > 0,

dxndh 10— P(k+1)
// xLH <00, V(w,z')=liminf // o ———— dandh < co.
{d(u(@ o) (@ @y +h)>sy P bmtoo JSaywary I (32)

Now, we are reduced to one-dimensional problem. Let € > 0, 2’ as above and let us prove the estimate

w / < / .
/%NIS el ) dey £ Gy () (33)

For that purpose, we argue as in the proof of theorem 4 in [15]. Let us define J € N such that

(J—1)e < y/1—|2/|> —e < Je. Hence, we have
/ , z‘]: (j+1) ,
Yee(u)(x',xn) dey < / Yee(u)(z',zN) day. (34)
lzn|<+/1—|2'|2—¢ j=—J e

Let now —J < j < J, zy € [je, (j + )], and let ¢g(t) = d(u(2’, zn),u(z’,zn + 1)) : (—2¢,2¢) — R.
In view of (32), it follows from Theorem 4 in [15] that ¢ € W1P((—2¢,2¢),R). In particular, g is
continuous and then, Lemma 4 in [15] yields the estimate

10~ p(k+1)
( sup g — inf g) < CpeP™ Him inf // — T dxndh,
(—2¢,2¢) (—2¢,2¢) k—+o0 Ag (w,x")N(je,(j+1)e) X (—2¢,2¢) hp

where C}, depends only on p. Consequently, since inf(_s. 5.y g = 0 (g is continuous, non-negative and
g(0) = 0), we infer

10—P(k+1)
sup g < Cpel™ im inf // — dxndh.
(—2¢,2¢) k=400 JJ Ay (w,a)NGe,(G+1)e) x (—2¢,26) PP

Thus,

(G+1)
/ Yeo(u)(2',zN) dzy
j

(+1)
:%/ﬁ dP(u(x' o), u(x’,zy +¢€)) + dP(u(z', on ), u(x’, oy — €)) den

10—P(k+1)
< Cpliminf // — T dxndh.
k—>+oo A (w,z")N(je,(+1)e) x (—2¢,2¢) hP

We now sum this inequality for —J < j < J, and use the fact that, for any sequences (a,) and (b,)
bounded from below, liminf a,, + liminf b,, < liminf(a,, + b,). By (34), this leads us to

J 10—P(k+1)
/ “eo(u)(z',zn) dzy < Cpliminf Z // — T dxndh
len|<y/I=[7/ P—e k—>+<>° S A @annGe, i+ D)) x (~2e,26) P

and (33) follows. Integrating then (33) in 2’ and using (31) yields (30).
To conclude the proof, we integrate (30) for w € SN=1 and apply [12], section 1.10, to deduce
that EP(u) < +o0, i.e. u € W1P(Q, X). This finishes the proof of theorem 5. [
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3 Traces of maps in W*P(Q2, X)

Let Q be a smooth bounded domain in RY (with lipschitz boundary is enough), and let 1 <
p < 0o, 0 < s < 1. Then, arguing as in Lemma 4, there exists g > 0, depending only on €2, and
a constant C' depending on €, p and s such that for any u € W*P(Q, X), the extension U of u by
reflection across the boundary on s, is in W*P(Qs,, X) and for any § € X,

Ulwsn,,,x) < CA+ |d(w, §)| o) + [ulwsro,x))-

We now introduce the quantity

% (U (x), Uz + t&))?
LA Z / / 2 dudt,

where (€1, ..., €y) is the canonical basis of RY and U is the reflection of u across the boundary.
We expect, as it is well-known for real-valued Sobolev maps, that the “semi-norm” ||u||ys.p (o x) is

“equivalent” to |ulws.p(q,x)-

Lemma 9 Let 1 <p < o0, 0<s<1andue LP(Q,X), where X is a length space. Then, there
exists a constant C > 0, depending on p, s and 2, such that for any £ € X,

[ullwsr@.x) < C(ld(w, e + [ulwsr) — and  fulwsrx) < Cld(w,&)|e + l[ullwss).

3.1 Proof of Lemma 9

First, note that for any £ € X,

d(u(z), u(y))?
>~ dxd Cs |d
/{w ydo) T —ylPHN y < Coold(u, Ol

hence, it suffices to show that

du(z),u
Cullulyer < Alw) = /{ o % dedy < Colu|fye. (35)
T 0

Proof of the right-hand side of (35). For a.e. x and y € 2 such that |x —y| < §p and 0 < i < N,
we define z; = (1,..., %4, Yit1,- .-, Yn). Since |z — y| < Jp, we have z; € Q5,. Moreover, zp =y and
zN = x, hence, by the triangle inequality,

N

d(u(@), u(y)) = d(U(2),U(y) <Y d(U(z),U(zi-1))-

i=1

Noticing that d(U(z;),U(z;—1)) does not depend on y1,...,%i—1, Tit1,--., TN, we infer

N
u) S Z/Gi(IL’l,...7xi_1,yi+1,...,yN)d(U(Zi),U(Zi_l))pd:L’l da:ldyldyN, (36)
where g p g p
- QY;—10T441 ... ATN
Gi(ajla"'vxi—layi 17"'7yN)E/ !
i {Jz—y|<o} |z — ylsptN
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By equivalence of norms | - |, and |- |2, there exist positive constants K7, Ko such that
K1G; < G; < KyGi, (37)

where

dyy...dy;—1dxiy1 ... dzy
Gi($17--~7xi—17yi+1,---7yN)E/ — S}ZH-N :
{lz—ylco<b0} |z y|

Using {|z — y|oo < o} = (21— 00,21+ 60) X ... X (Tj—1 — 0o, Ti—1 4+ 00) X (Yi+1 — o, Yi+1+ o) X (yn —
30, YN + dp), Fubini’s theorem and the inequality

/50 dt 1
< b
0 (a+t) = (60 —1a°1

valid for & > 0 and o > 1, and (37), we deduce

01(37])7 N7 50) ~ = 02(37p7N7 50)
— T < KG <G < KhGy < 2 T 38
|$Z_y2|sp+1 — 1 7 = 1T = 2 1T = |$Z_y2|sp+1 ( )
Inserting (38) in (36) yields
Ul(zi-1))?
) < Oy Z |$ e dry...dx;dy; . ..dynN. (39)
1
Using the change of variables z;+1 = yiy1, ..., 2y = yny and y; —x; =t € (=6,0), we see that the

right-hand sides of (39) and (35) (since z;_1 becomes x + té€; and z; becomes x) are equal.

Proof of the left-hand side of (35). To prove the left-hand side of (35), it suffices to show

/ /60 d(U(z),U(x + tey))P dzdt < C1A(u).

tsp-i—l

First, note that, by (38),
1 G , dé
< —— = - > @
o S -9 /Bgvl [(XI]kan
0

where Bég_l = {¢ e RV~1 |€] < g}, hence

% QU (z),U(z + téy)) % Uz +ter))?
// tsz>+1 iy dt<01// /BN 1 t/2 ey dadtds

By the triangle inequality, for any £ € Bég -1

AU @), Ul + 1)) < d(U(), UG +(0,6) + 58)) +d(Ule + (0,€) + 560), Ula +161)),

thus

5 d(U(@),Uls +161) 5 U+ 0.6) + o)’
/ / t8p+1 e / / /BN . t/2 £)[p N dwdtds

w o AU+ 0.6+ 18) U +ie))
dxdtdé.
+Cl/§2/o /B /2O rtds
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Setting y = z+(0,&) + té’l in the first integral and ' = x+tey, v = 2+ (0,8) + % = a:’+(0,§)—%_’1
in the second integral, so that |x — y| = |2’/ — ¢/| = |(¢/2,£)|, we conclude

[
//Od Ul + 801" 1t < cyA(u),

tsp+1

and the proof of the left-hand side inequality in (35) is complete. [

3.2 Proof of Proposition 7

By standard localization, we can reduce the study to the case where, locally, 2 is the half-space
]Rf = RN~1 x (0, 4+00). Suppose the result proved for N = 2, namely Q = (a,b) x (0,1) and

[[ul < Cilul

W (@b),X) W5 ((a,0),X)
Then, the general result follows using Lemma 9 and integrating this inequality. We assume then
N =2 Q=(0,1) x (0,1), and the trace is on (0,1) x {0}. Let u € W*P(Q, X), with 0 < s <1 < sp
(if s = p = 1, there is nothing to prove, the trace is only in L'(99Q, X)). We extend u by reflection
across the boundary as a map, still denoted u, on (—1,2) x (0,1).

< Clulwsp((a,p)x(0,1),X) -

The case s = 1. If f € WLP(Q R), then the standard estimate for traces (see, e.g. [4], Chapter 5,
Theorem 3) starts with the inequality, for z, t € (0, 1),

[£(@,0) = fle+£,0)] < |f(2,0) = f@,0)| + |f(2.t) = fla+ 0] +|f@+t0) ~ fla+1,0), (40)
which implies
%|f(x,0)—f(a:+t0 /\32f\w7 ) dr+— /\({hf\x#—rt ) dT+ — /|(91f|x+t T) dr. (41)

The classical estimate for traces, namely |tr(f)|;_1 , < C|Vf|r» comes then from the majorization
p?

of the LP norm of the right-hand side of the above inequality (see for instance the proof of Theorem
3, Chapter 5, in [4]):
[hs of (41)][ 15y < CIV |10 (42)

Turning back to the estimate for u, for a.e. x € (0,1), we apply (41) to f = d(u(-),u(z,0)) €
WLP(Q,R). Then, we use |V f| < C|Vu|; and obtain

1 1
Sd(u(@ +1,0),u(@,0)) = 7| f(,0) = f(z +1,0)|
I I I
< Z/ |Vuli(z,7) dr + Z/ |Vuli(z +7,t) dT + Z/ |Vuli(z +t,7) dr.  (43)
0 0 0
Estimating the LP norm of the right-hand side of (43) using (42), we obtain the desired estimate

latl? , , = ||t + o, wwe)|

1
“pP LpP(z,t)

< CpLEP(u).

The case 0 < s < 1 < sp. We first define the trace of u € W*P(Q, X) as a map in LP(02, X)
exactly as in [12], section 1.12, using the Sobolev inequality, for v € W*P((0,1), X),

d(v(@), v(y)) < Clolweslz —y|"7. (44)
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u(z +1,0)).  (45)

Next, the analogue of (43) writes
(2,0)) + d(u(z + t,t),u(z,t)) + d(u(z + t,t),

(2,0)) < d(u(x,t),u

d(u(x +1t,0),u
Dividing by t® and taking the LP(x,t) norm yields
2 1
[P ) §/ ﬁ—pd(u(w,O),u(az,t))p dtdac—i—/ tTpd(u(x%—t,t),u(a;,t))p dtdzx. (46)
Q
To estimate the second integral in (46), we write the scaled version of (44)
sp—1 dydz
d(u(z + t, 1), u(z, )P < CtP~ u(w +y, ) ule +y+2,)"
thus,
1
/ (a4 t,0) e, )P did
1
dzdz
’ 2sp+1 gL

gC/ll/t/t/ dlu(z +y,t),u(x +y + 2,t))?
dmdz)d dt = Cllulyen.  (47)

<0/ /// (e + 2, 1)

For the first integral in (46), we first choose a 1 < ¢ < p such that sq > 1 (which is possibe since
sp>1and p > 1since 0 < s < 1). Then, we also write the scaled version of (44)
dzdy

1 t
du(e,0),uw0) < Claye [ [ dlutety).utasty + )1 5.
0 0 ZS‘H-
| (fifth line), and finally

We divide by ¢*? and take the L (z,t) norm, then use successively the triangle inequality for integrals
(second line), [; y~9P dy < oo since p >g>0andset 7=ty € [0,y] C[0,1

Hoélder inequality with the measure 22, to infer
dzdy

(/Old(u(m,O),u(x % C’H// u(z, ty), :Ety—i-z))qm L,?(OJ)
<C/ H/ u(z, ty), u(z, ty + 2))? ziil‘ dy
/ /[/0 u(z, ty), u(z, ty + 2))? %]
<o [([1] dwtwr.utwr+ 2 %}%)Zj_y
dz® q

u(z, T—i-z)))q —Fd?)E

e[ ] (e :
d , (48)

(// u(z, )Zsp(f17+z)) dsz)
< Cllullwsr. O

W

Combining (47) and (48) with (46), we obtain ||u|
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1
Remark 15 To define traces from W*P(Q, X) into W* »"*(9Q, X) for 1 < s < 2, one has to impose
some smoothness to X to define Vu. If X = £ is a smooth riemannian manifold complete, but

possibly non-compact, and isometrically embedded in R?, then we set for s > 1 and 1 < p < o©
WeP(Q, &) = WP(Q,R?) N LP(£2,E). Assume for instance s — % <1< s <2, then

fr: WEP(,E) — WP (90, ).

The case s — % > 1 follows direcly from standard trace theory and the fact that the trace of a map
in WlP(Q,€) is in LP(09,€) (from [12], section 1.12).

Proof of Remark 15. We just point out the modifications to make in the proof of Proposition 7.
Inequality (45) becomes

IIull” <2//d (z,h),u(z,t + h)) p dtdz //d (x +t,t+h),u(x,t +h))? dfix.

For the second integral, we write as before the Sobolev embedding into Holder continuous functions

d(u(x +t,t + h),u(x,t + h))?

sl t t t dde
<t (| (onuly(@+y.t+ h) dy+ Orul@ +y.t +h) = dyue +y + 2t + B)P 5.
0 0 JO
For the first integral, we write
d(u(z,t + h), u(z, h))
[t t ot dydz
<t ([ oo +y,t+h) dy+ Orule +y,t+h) = Orulz +y + =t + )| L),
0 0 JO

and argue as for the case 0 < s < 1. 0
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