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The KdV/KP-I limit of the Nonlinear Schrodinger equation

D. Chiron* & F. Rousset.f

Abstract

We justify rigorously the convergence of the amplitude of solutions of Nonlinear-Schrédinger
type Equations with non zero limit at infinity to an asymptotic regime governed by the Korteweg-
de Vries equation in dimension 1 and the Kadomtsev-Petviashvili I equation in dimensions 2
and more. We get two types of results. In the one-dimensional case, we prove directly by energy
bounds that there is no vortex formation for the global solution of the NLS equation in the
energy space and deduce from this the convergence towards the unique solution in the energy
space of the KdV equation. In arbitrary dimensions, we use an hydrodynamic reformulation of
NLS and recast the problem as a singular limit for an hyperbolic system. We thus prove that
smooth H* solutions exist on a time interval independent of the small parameter. We then pass
to the limit by a compactness argument and obtain the KdV/KP-I equation.

1 Introduction

We consider the n-dimensional nonlinear Schrodinger equation

zg—\f + %Azqf =701 U =0(r,2): Ry xR" - C. (NLS)

This equation is used as a model in nonlinear Optics (see for instance [19]) and in superfluidity and
Bose-Einstein condensation (see, e.g. [23], [10], [13]).

We assume that, for some pg > 0, f(p3) = 0, so that ¥ = py is a particular solution of (NLS).

We are interested in solutions ¥ of (NLS) such that |¥| ~ py. In the sequel, we take py = 1, the

general case follows changing ¥ for ¥ = Po ' and f for f (R) = f(p3R). Then, from now on, we

consider smooth nonlinearities f € C*°(R,R) such that

fy=o0,  f(1)>0 (1)
and will be interested in situations where |¥| ~ 1. Note that this means thanks to (1) that we shall
study the equation in a defocusing regime. A typical example of nonlinearity is simply f(R) = R—1
for which (NLS) is termed the Gross-Pitaevskii equation. Equation (NLS) is an Hamiltonian flow

associated to the Ginzburg-Landau type energy (when it makes sense)
1

E(D) = 3 /Rn V.02 + F(|9)?) dz,

R
where F(R) = 2/1 f(r) dr.
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1.1 KdV and KP-I asymptotic regimes for NLS

In a suitable scaling corresponding to |¥| ~ 1, the dynamics for the amplitude of ¥ converges,
in dimension n = 1, to the Korteweg-de Vries equation

1

and in dimensions n > 2 to the Kadomtsev-Petviashvili - I equation

200 + kvO,v —

By (28,521 + kvdy — é af;v) FA0=0 (KP-1)

where v = v(t,X) € R, X = (z,71) € R x R""!. The coefficients ¢ and k are related to the
nonlinearity f by

c=+f'"(1)>0 and kEG—i-c%f”(l). (2)

Note that the KP-I equation reduces to the KdV equation if v does not depend on x| .
The formal derivation of this regime is as follows. First, we consider a small parameter ¢, and
rescale time and space according to

t=c?r, X1=z= ez —cr), X;= EQZJ', je{2,..,n}, Y(r,z)=19(t,X). (3)

In this long wave asymptotics, the nonlinear Schrédinger equation for ¢ reads now

e 2 4
ice® g; — icedp Yt + %&31/)6 + %AM = ¢° f(|¢°)?), X =(z,2z;) eRxR". (4

We shall use the following ansatz for °
V(X)) = (1+ EQAE(t,X)) exp (iep®(t, X)) (5)

where the amplitude A® € R is assumed to be of order 1 and the real phase ¢* € R is also assumed
to be of order 1. This ansatz is natural in the stability analysis of the particular solution * = 1
to slowly modulated perturbations (see [18], [19]). We focus on perturbation that travels to the
right and are slowly modulated in the transverse direction thanks to (3). Important solutions of
NLS that arise in this framework are the travelling waves. The use of the ansatz (5) to study their
qualitative properties is classical in the physics litterature.

The ansatz (3), (5) is adapted so that nonlinear and dispersive effects are all of order one on the
chosen time scale. Note that the occurence of the KdV or KP-I equation as enveloppe equations
in such regimes is expected. We refer for example to [2] and references therein for the derivation
of these equations from the water-waves system.

By plugging (5) in (4) and by separating real and imaginary parts, we can rewrite (4) as the
system

1
£200, A° — O, A® + €20, A0, 0% + 3 (14 e24%)02¢" + €'V A%V ¢
2
+%(1 +E2A4°)ALpf =0
(6)
s 02AT 4 DA e?
2(1 + £24¢) 2(1+e24) 2

£2c0,0° — Oy — €




Now, assuming that A* — A and ¢°* — ¢ as € — 0, we formally obtain from the two equations of
the above system that

—cO, A + % D20 =0, —cOyp +2f'(1)A=0. (7)

Note that we have used that f(1) =0 and thus that f((1+&2A4%)?) ~ 22 f/(1)A at leading order.

In (7) and from the definition (2) of ¢, the first equation is just o times the derivative of the

c
second equation with respect to x, hence, we have found for the limit the constraint

2cA = Oz. (8)

1
To get the limit equation satisfied by A, we can add the first equation in (6) and % times the
c

derivative of the second equation with respect to x in order to cancel the most singular term. This
yields the equation

9 48 :E 9 T ] :—.2 45 é :E c 9 () :—.2 45
¢ t( 2C ) 4C (1 + (3 A ) 2 ( ) g ( ( ))
2 46 20

2o () -

£12 2 € £
L2 Y Sy, _ AS . :
1T 24 463 (IVLe®|?) =’V ,1IA® -V p

where
AQ(r) = f((1+ 7“)2) =2 (Wr— (f'(1) + 2f”(1))r2 =00 r—0.
Still on a formal level, if A* — A and ¢® — ¢ as € — 0, this yields

2 1 1
20, A + [6 n C—Qf”(1)} A A= 500 A+ 5= Atp =0

by using the relation (8). Consequently, we have obtained the sytem

Opp = 2cA
20,A + |6 2 "(1)| Ad, A 183A 1A =0 "o
0 +[+C—2f()} v = 750 +2—c 1=

which is a reformulation of the KP-I equation. Note that in dimension 1, 7.e. when n = 1, this
amounts to assume that all the functions involved in the derivation do not depend on x, then the
equation for A in (10) just reduces to the KdV equation since A ¢ = 0.

Finally, let us notice that because of the scaling (3), for the solution ¥ of the original (NLS)
equation with time-scale 1, the convergence to KdV or KP-I dynamics takes place for times of order
g3,

In dimension n = 1, the formal derivation of the KdV equation from the (NLS) equation in
this asymptotic regime is well-known in the physics literature (see, for example, [18]), and is useful
in the stability analysis of dark solitons or travelling waves of small energy. In the case of the



Gross-Pitaevskii equation, for instance (that is for f(R) = R—1), the travelling waves are solutions
to (NLS) of the form ¥(7,z) = U(z — o7), so that U solves

1
—i00.U + 50::U = U(U?-1), z€R (11)

with the condition |U|(z) — 1 as z — £oo. For this nonlinearity, explicit integration (see, e.g. [26])
gives for 0 < o < 1 the nontrivial solution

Us(2) =0 —iv1—02 th(zx/ 1-— 02>.

In this scaling, the speed of sound is 1, hence the travelling waves are subsonic. In the transonic
limit o ~ 1, thus we set 0> = 1 — 2, ¢ > 0 small, and we obtain

g2

Us(z) = —ieth(ez) + V1 —e2 = |1 — ——— exp (i (¢2)),
ch*(ez)
with ¢°(ez) = —th(ez) + O(e?), and we see that this corresponds to the ansatz (5) as ¢ — 0.
Furthermore, here, A° = —1/ch? does not depend on & and is the soliton of the KdV equation

(¢c=1, k=6). Note that (11) is also often adimensionalized in the form
~i00,U + 0,,U = U(|UJ* - 1).

In this case, the critical speed one which is the sound speed, is changed for /2.

In higher dimensions n = 2, 3, the convergence of the travelling waves to the Gross-Pitaevskii
equation (i.e. (NLS) with f(R) = R — 1) with speed ~ 1 to a soliton of the KP-I equation is
formally derived in the paper [15], while in [3], this KP-I asymptotic regime for (NLS) in dimen-
sion n = 3 is used to investigate the linear instability of the solitary waves of speed ~ 1. On the
mathematical level, in dimension n = 2, the convergence of the travelling waves of speed ~ 1 for
the Gross-Pitaevskii equation to a ground state of the KP-I equation is proved in [5].

Here, we shall study the rigorous derivation of KdV/KP-I from (NLS) for arbitrary time depen-
dent solutions. All our results are in particular valid for the Gross-Pitaevskii equation f(R) = R—1.

When n = 1, there are global in time solutions of (NLS) in the energy space and we shall prove
that the smallness of the energy prevents ¥ from having zeros. This will allow us to justify the
ansatz (5). By using the conservation of energy and momentum, we shall get directly that if the
initial datum is well-prepared in the sense that |9,¢§ —2cAf|r2(r)/€ tends to zero (cf. (8)), then we
can pass to the limit directly on arbitrarily large interval of time from the global solution of (NLS)
in the energy space towards the solution of KAV in the energy space without assuming additional
regularity of the initial data (Theorem 3). When the dimension is larger than one, it does not seem
possible to prove that if ¥ has a small energy then W does not vanish. As a first step, to deal
with the higher dimensional case, we thus need to prove directly that there indeed exists a smooth
solution of (4) under the form (5) with (A%, ¢®) bounded in H* for s sufficiently large on an interval
of time independent of €. This existence result (Theorem 4) is established by recasting (4) as an
hydrodynamical type system close to (6) but with a particular singular PDE limit structure as in
[20], [12], [24]. Next, we shall justify the KdV/KP-I limit by using weak compactness arguments.
For general initial data (i.e. ”ill-prepared” data in the terminology of singular PDE limits), that is



without assuming that 2cA® — 0, ¢ tends to zero at the initial time (in order to be compatible with
the constraint (8)), we are able to pass to the limit (Theorem 5) in a weak sense: the amplitude
A® converges to the solution of the KdV/KP-I equation weakly in L2([0,T] x R™). If the data are
better prepared according to the constraint (8), we can justify the KdV/KP-I asymptotic limit
with stronger convergences, namely pointwise in time and global strong in space (Theorem 6).

1.2 KdV asymptotic regime for (NLS) in the energy space

We first focus on the description of our result in the one dimensional case n = 1, and work only
in the energy space for (NLS) and the H' energy space for KdV. The Cauchy problem for (NLS)
is not standard because of the condition at infinity |¥| — 1 (see [9], [27], [8]) which is expected in
order to give a meaning to the energy £(¥). We have the following:

Theorem 1 ([27]) There exists & > 0 such that for every Vo € HL (R) verifying (o) < &o,
and |Yo|(z) — 1 as |z| — 400, there exists a unique solution U to (NLS) such that ¥ — ¥y €

C(R4, HY(R)). Moreover, E(¥(t)) = E(Vg) fort > 0.

This Theorem is not exactly formulated under this form in [27] (Theorem II1.3.1). Nevertheless,
as we shall see in Lemma 1, if £(V) < & is sufficiently small and |¥| — 1 at infinity, then we can
write ¥ = pe’® with

102pl 2wy + |p — ULoo(®) + [1020] 2 (m)

sufficiently small and hence we can indeed use [27] (Theorem II1.3.1).

It is also known that the Cauchy problem for the KdV equation® [16] is well-posed in the energy
space:

Theorem 2 ([16]) We consider the Cauchy problem for the KdV equation
L 3
200 + kvOzv — 12 dyv =0, Vjt=0 = Vo-

Ifvg € H'(R), then there exists a unique solution of the KdV equation satisfying v € G (R+, Hl(R))
and d,v € L} (R4, L®(R)).
Note that it is possible to prove the well-posedness of KdV in spaces of much lower regularity than
H! (see [17] for example) but we shall not use these results here.

Our first result relates the solution of (NLS) obtained in Theorem 1 in the scaling (3) and the
solution of KdV obtained in Theorem 2:

Theorem 3 (n = 1) Assume that (A5)ocec1 € H' and (¢5)o<c<1 € H' enjoy the uniform esti-
mate

g ]‘ £ g
M= sup {1451y + 210205 — 2645 | ogay } < +o0 (12)

and that
A5 — Ay in L*(R) as &—0.

'Here, it might happen that k = 0, in which case the KdV equation reduces to the so-called (linear) Airy equation
2010 — ﬁaﬁgv = 0 and the Cauchy problem is then trivial to solve.



Consider the initial datum

V5 = (14 2Af) exp (iepf) (13)
for (4), and let ¢¢ € 4§ + C(Ry, H'(R)) be the associated solution to (4)(given by Theorem 1).

Then, there exists €9 > 0, depending only on M, such that, for 0 < ¢ < gy, there exist two

real-valued functions ¢, A® € C(Ry. x R,R) such that (A%, ¢%);—o = (A, ), and

P = (1 + 2 A°) exp (iey®) (14)
with 1+ g2A% > % . Purthermore, as € — 0, we have the convergences

A*— A in C([0,T),H*(R)), 0p¢° —2cA, in C([0,T],L*(R))

for every s <1 and every T > 0, where A is the solution of KdV with initial value Aq.

Note that the convergence holds for arbitrarily large interval of times [0,7]. Moreover, let us
emphasize that the initial data are well-prepared (see (8)) in the sense that

H@xgog — QCAEHLQ(R) =0(e). (15)
Under a stronger assumption on the preparedness of the initial data, namely
Ha$()08 - 2CA(E)HL2(R) = 0(5)> (16)

one can reach the convergence in H! for the amplitude (see Theorem 7 in Subsect. 2.5). This
assumption will not be needed when we work with more regular data as in Theorem 4 below.
Finally, note that the usual assumption of well-prepared data for a singular system (see [20] for
example) like (6) in order to get that 0;A°* = O(1) would be that

025 — 2cAG O(e?).

HL2(R) -
Consequently, we note that our assumptions (15) and even (16) are weaker.

Related results have been obtained simultaneously in [6] for the Gross-Pitaevskii equation
(f(R) = R — 1) by using different methods, namely the complete integrability of the equation
through the conservation of higher order energies.

The strategy of the proof is as follows. By using the conservation of the energy and of the
momentum

PZE/@%@Mdz
2 Jr

(actually one of its variants since P is not well-defined for functions which tend to 1 at infinity),
we shall prove that one can write

P =(1+ 52A5) exp (iey®),

with 1 4+ e24¢ > % and the uniform bounds

I3 1 £ I3
0<s<Sslol,pteR+ {HA HHl(R) * guaﬂo — 2 HLQ(R)} < oo



The H' bound on A® will provide compactness locally in space. Then we shall get compactness
in time by using the properties of the singular part of the equation (6) namely properties of the
transport equation with high speeds

9 A" — E%agc (A° =) = 55

(17)

€ 1 € € €

This will allow to extract a subsequence which converges strongly in LZQOC(]RJr x R) towards the
solution of the KdV equation. Finally we shall prove that we actually have a better convergence
which is in particular global in space as stated in the theorem. This uses the conservation of the
energy & for ¥ and the conservation of the L? norm for the solution of KdV.

1.3 KdV and KP-I asymptotic regimes for smooth initial data

In arbitrary dimension, we will work with H® norms and local in time smooth solutions in
H?*(R™), with s sufficiently large. Our first result is:

Theorem 4 Let n > 1 and let s be such that s > 1+ g Assume that

My = sup H(Af)aaac@(%agvl@(%)HH5+1(Rn) < 400 (18)
O<e<1

and consider the initial datum for (4)

v =(1+ EQAS) exp (iej).
Then, there exist T > 0 and ey € (0,1), depending on My, such that for every e € (0,2¢), there exists
a unique solution 1° to (4) with 1/)|5t:0 = 1§ such that ¢Y° — g € C([O, T], HSH(R”)). Furthermore,

there exist two real-valued functions A° € C([0,T], H**'(R™)) and ¢ € C([0,T], H**'(R")) N
C([0,T] x R™) such that (A%, ¢%);1—0 = (A§, ©§) and, for 0 <t <T,

¥ = (1+°A%) exp (iey®), 1+e%A° >1/2 (19)
and
D A iy + 1069 16°) oy } < Hoo (20)
0<e<eo, t€[0,T)

The important result in Theorem 4 is the qualitative information that there exists a uniform time
T for which the representation (19) and the uniform bounds (20) hold.

To prove Theorem 4 we shall rewrite (4) as a hydrodynamical equation. As in [11], we shall use
a modified Madelung transform where we allow the amplitude to be complex. This allows to get an
hydrodynamic system with a much simpler structure than (6). It is a first order hyperbolic system
with a singular perturbation made of a skew-symmetric zero order term and a skew-symmetric
second order term. The uniform time existence for the obtained system will then follow from
uniform H?® estimates as in the works [20], [11], [24].



In the recent work [4], the linear wave regime for the Gross-Pitaevskii equation is investigated.
This regime occurs for larger data on a shorter time. In this regime the equivalent of Theorem 4
is obtained in [4]. The proof in [4] is different from ours since the uniform bounds are obtained
through the study of a different hydrodynamical system (namely the one obtained by the standard
Madelung transform).

The next step will be the study of the convergence towards solutions of the KP-I equation of
the solutions constructed in Theorem 4. Note that for an initial datum in H® with s > 1+ n/2, the
Cauchy problem for the KP-I equation is well-posed: there exists a unique local in time H® weak
solution. Note that it is actually known to be well-posed in spaces of much lower regularity [14],
[22]. Moreover, in dimension n = 2, the solutions are global in time whereas in dimension n = 3,
the solution of KP-I may blow-up (in H') in finite time (see [21]).

Our first convergence result is:

Theorem 5 Under the assumptions of Theorem 4 and the additional assumption
(Ag, 0zpg) — (Ao, Ozp0) in L*@R"™) ase— 0, (21)

let A be the solution of the KdV/KP-I equation

1
By (28tA + kAG,A — @agA) FAA=0

1 1
with initial value Ap—y = §(A0 + 2—8$<p0) e H*"Y(R™). Then, we have the weak convergences, as
c
e —0,
AT — A Opp® — 2cA weakly in  L*([0,T] x R™)

and, with the additional assumption
eVips—0  in L*R"),
the strong convergence, for o < s,
Lre 1 e : 2 o (N
5(A + 5000 ) —A i L3([0,T), HO(RY)).

Note that the result of Theorem 5 holds for smooth but ill-prepared initial data in the sense
that they do not satisfy the constraint (8). We shall actually get in the proof of Theorem 5 a
stronger type of convergence. Namely, we get that 9,A° and (92¢°)/2¢ converge strongly to 9, A

in L2 (0, T, HZ .(R™)) for every o < s if n > 2 and that A® and (0,¢%)/2c converge strongly to A
in L2 (0,7, HJTH(R™)) if n = 1.

Finally, for slightly well prepared data, we are able to recover global strong convergence in
space:

Theorem 6 Under the assumptions (18) and (21), and assuming moreover that

(

(n

) H@c@% — 26A8HL2(R) —0 as &—0,

1
2) [ 0h — 2045 o ggny = O), IV L65lin) = O(), (22)

v



then we have the convergences, as € — 0,
A®— A strongly in C([0,T],H° (R")), Oup® — 2cA  strongly in C([0,T], H" 1 (R™))

for every o < s+ 1. Furthermore, if n > 2, there exists K > 0 such that, for 0 <t <T,0 < e < €q,
/ IV1i¢®|? dX < K. (23)
R”

We emphasize that in dimensions n > 2, the hypothesis in the last theorem is stronger than in

dimension n =1 in order to ensure the bound for / |V L ¢°|> dX. Moreover, in dimension n = 1,
Rn
(22) is weaker than the hypothesis in Theorem 3.

The paper is organized as follows. Section 2 is devoted to the proof of Theorem 3, and section
3.1 to the proof of Theorem 4. The proofs of Theorems 5, 6 are finally given in sections 3.2, 3.3.

2 Proof of Theorem 3

We shall split the proof in many steps. In the first step we prove that the modulus of a solution
of (NLS) remains away from zero if its energy is sufficiently small so that it can be written as (14)
and we prove that one can define a variant of the momentum which is well-defined. Then we shall
use the energy and the momentum to get uniform H' x H' estimates for (A%, ¢°). The third step
will be the study of the system (17) in order to get compactness in time. Finally, the last part will
be devoted to the passage to the limit in the equation.

2.1 Preliminaries

For the regime of interest to us, the energy is small. In this case, we shall prove that the
modulus |¥| remains close to 1. A first useful remark is that since F'(1) = 2f(1) = 0 and
F"(1) = 2f'(1) = 2¢2 > 0, we have for some § € (0,1/2) sufficiently small,

[

F(R)> S(R=1)°,  |R-1<3 (24)
and also
F(R) < C(R-1)?, IR—1| <6 (25)

for some C > 0. Our first lemma shows that if the energy £(¥) is sufficiently small, then |¥|?
remains uniformly in the interval [1 — §,1 + 6] where F(R) ~ ¢2(R — 1)%.

Lemma 1 For every d € (0,1/2) as above, there exists & > 0, depending only on the nonlinearity
[, such that if ¥ € H. _(R) verifies E(V) < & and |V|(z) — 1 for z — +oo, then

(45 <.

o 1HL°°(R)

Note that for an initial value under the form (13), we have, since M is finite, that

(i) < C=( [ H0A5P + 201+ AP (0e0)? + (5P do) < O

R



where C' depends only on M. Consequently, since the energy is conserved, we can indeed use
Lemma 1 for ¢ sufficiently small to write the solution ¥* of NLS given by Theorem 1 under the
form ¢° = pe'® with p, ¢ € H} and |p? — 1| < 1/2. The functions p and ¢ are indeed in H} (R)
as can be easily seen using the continuity of ¢¥° : R4 x R — C* and local complex logarithms. Note
that p and ¢ depend on £ but we omit this dependence in our notation.

Proof of Lemma 1. Since |¥|(z) — 1 for z — 400, we have
2 oo
vieR,  (JUP() - 1) :_4/ W02~ 1)0.|w], (26)
z
and we can define the maximal interval I = [a, 4+00) such that ||¥|* — 1| < § in I. Then,

2
/Ww\? + %(\\1/\2 —1)%dz < / 10,9)* + F(|¥|?) dz = 26().
I R
As a consequence, by (26) and Cauchy-Schwarz,
[ = 12 gy < VT 01192 = Llgary - 0211 1o p) < KoS(W),

where Ky depends only on f. The result follows from an easy continuation argument, taking
50 = 52/K0. U

Next, we recall that the Schrodinger flow also formally preserves the momentum, that should
be defined by

P = 1/ (i¥,0,¥) dz.
2 Jr

However, this quantity does not make sense as a Lebesgue integral for a map ¥ which is just of
finite energy with |¥| — 1 at infinity. Notice that if ¥ = pexp(i¢), then

1
P:—/p28z¢ dz.
2 Jr

Variants of the momentum P are also formally conserved by the Schréodinger equation (NLS),
namely

1
5/ (i(V —1),0.9) dz if ¥ —1 at infinity
R

and )
! / (7 — 1)0.6 d=.
2 Jr

This last integral has the advantage to be a Lebesgue integral if ¥ € H lloc(}R) satisfies
E(V) < +oo, [¥|(x) =1 asz— +oo and ||¥[*—1| <,

since then
1 Im(0,¥)

Lfie_ _1 2 _ q)m@:¥)
2/]R(p 1)0.6 dz 2/R(|\11| =G

10



As we have seen in the remark after Lemma 1, in our regime, the map ¢ satisfy the bound
H || — 1H L= (R) < ¢ and hence, we have a well-defined momentum, if we take this last definition.

Finally, in view of the scaling (3), it is usefull to introduce a rescaled version of the energy:

E(T 1 1
g = S =] [P+ SR P o
1 1
= 5 [0l + 10uf + () da (1)

since 1)° = pe’®. In a similar way, we define a rescaled momentum

PE(yF) = %/R (% = 1)0,0 da. (28)

Note that both quantities are conserved.

2.2 Uniform estimates

We shall prove the following:

Lemma 2 Under the assumptions of Theorem 3, there exists €9 > 0, depending only on M, such
that, for 0 < e < &g, there exist two real-valued functions ¢°, A* € C(Ry x R,R) such that

(AE’ ¢€)|t=0 = (A(E]v ¢6)7
1
Yt = (1 + 52A5) exp (isgps), 1+e24° > 3

and

13 1 (3 13
0<s<Selol,pteR+ {HA HHI(R) + EH&BSD —2ed HLQ(R)} < oo

Proof of Lemma 2. The proof relies on the use of the conservation of £ and P¢ as noticed in
[5]. In particular, the quantity E° — 2cP¢ gives valuable information.

As we have already noticed in the remark after Lemma 1, we can write ¢° = pexp(i¢) for
some continuous real-valued functions p > 1/2 and ¢ in Hﬁw(R) satistying pi—o = 1 + g2 A5 and
Pli—0 = €. Note that

0:0° = (02p)* + p*(0:00)°.

Next, we set
F(R) = *(R—1)°+ F3(R), with Fy(14+71)=00%), r—0.
By using (27) and (28), this yields

1 2

P(0) = 5 [0u0P + G2 =1+ (P = 1) (00 + oo + R do (20)

and

B#(4) — 20P*(0%) = /R (0 = D)(@:0)* + @ep)? + (306~ (7 1))+ 5 () da, (30)

11



where we have used the identity

2

@07 + 5 (7~ 12 = 2 = 1)hs = (010~ S(7 — 1))

The proof of Lemma 2 is divided in 3 Steps. In the proof, K stands for a constant depending
only on f and M.

Step 1: We first prove the following expansions for E°(¢§) and E°(¢§) — 2c¢P(¢§) as € — 0:

2
E°(¢5) = % /R402(A8)2 + (0p05)? d + O(eh) = 40252/ A2 dz + o(e?) + O(e?)

R

and
B (45) — 20P°(45) < K"

This follows from (29) and (30) with p = 1 + €245 and ¢ = ep§. Indeed, from the uni-
form bound in H! for A5, we immediately infer by Sobolev embedding H'(R) C L*(R) that
|45 < K and [§] = |1 + 2A5| € [1/2,2] for 0 < & < g sufficiently small, depending on
M. Moreover, p* — 1 = 2e2A§ + Opec(ry(e?). Since |F3(R)] < K|IR— 1> for 0 < R < 2, we
have |F3(p?)| < Ke%(A§)?, and the expansion for the energy follows. Concerning the expansion for

E.(v§) — 2cP-(¢f), it suffices to use the assumption |9,4§ — 2cA§[3. ® <M 2¢2,

Step 2: We shall prove that for every t € Ry,

Hp2 - 1HL°<>(R) < Ke’.

This will be a consequence of the conservation of energy and momentum. Let t € R. We first

infer from (30) a better estimate for / (0up)? dx. Since p > 1/2, we have, on the one hand,
R

| /]R (0 = 1)(0:0)* do| < 4|0 = 1] o ) /]R (0:0)° dor < Ko 1] pgyr (31)
and on the other hand, in view of |p? — 1| < 8, F3(1 +7) = O(r?) as r — 0 there holds
[ S B d] < K] - 1] L (P 1) de < K207 1] (32)
R €2 3 = L=R) [, &2 = Lo (R)"
Since E° and P¢ do not depend on time, inserting (31) and (32) into (30) yields

K=t > B (yF) — 2P () > + /gcp da:—\/p—l 0p0)? da:—(/ Fy () da

1
5 @) do = K| 1]

v

12



so that
/ (0u0)? dx < K=+ K220 = 1] .
R

We now write, since p = [¢°| — 1 as |z| — +o0,

(1)@ == [ o = 1)0up < Co VBT [ (0u0)" dr) "

x

“+oo

by Cauchy-Schwarz inequality. From the above estimate (33) and letting

1
Ne = 5_2Hp2 - 1HL°°(R)’

we obtain
that is

This estimate provides immediately the result

1
e = 5_2Hp2 - 1HL°°(R) < K.

We then set
A== ((p-1) and ©°

—_
o -

Step 3: We finally prove that

AN my) < K, 100972y < K and 247 = 0:¢%| o) < Ke.

Indeed, from Step 2, (31) and (32) imply

1
‘/}R(p2 —1)(9,0)? d:z:‘ < K&t and ‘/RE—QFg(pQ) daz‘ < Ke',
Inserting this into (30) gives

E

6_2([,2 —1) < K, /R(axgb)Q dr < Ke*  and /R (c%qb - g(p2 - 1)>2

|

and the conclusion follows. This finishes the proof of the Lemma. O

13
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2.3 Properties of the wave operator

In the previous subsection, we have obtained uniform bounds which will provide (local) com-
pactness in space. We shall try now to obtain some compactness in time.

Lemma 3 Consider (A®(t,z),u°(t,z)) a solution of the system

047 — 0, (A7 ) = 55
(35)
1
oyu® — 6—2835 (uE — AE) =S,

with initial data
£ _ 1> £ _ £
=0 = A0, Uj—o = Up

and assume that, for some o € N,
i) (A§)o<e<1 and (u§)o<e<1 are uniformly bounded in L*(R);
i) (9%)o<e<1 and (S5)o<e<1 are uniformly bounded in L™ (R4, H°(R)).

Then, for every T >0, R > 0,

(A%)p<e<1 and (uf)o<e<1 are uniformly bounded in Hz ((0,T),H " Y(—R,R)).

1
Proof of Lemma 3. These bounds come from the fact that the speed — of the characteristics of
€

the transport equation is extremely large compared to the size of the space domain (—R, R).
We start the proof of Lemma 3 with the following lemma, where we take into account only the
initial data, and not the source terms.

Lemma 4 Consider (A®(t,z),u°(t,z)) a solution of the system

B AT — éax (AE — u) —0
Bt — E%ax (u . A5> —0

with initial data
€ . £ € . £
=0 = Ao, Uj—o = Yo

Assume that (Af)o<e<1, (uf)o<e<1 are uniformly bounded in L2(R). Then for every T >0, R > 0,
A® and u® are uniformly bounded in H? ((0,T),H ' (-R, R)).

Proof of Lemma 4. At first, we notice that
8t (148 + UE) =0

and that
2

Oy (A° —uf) — 5—2890 (A° —wf) =0. (36)

14



The resolution of these transport equations gives
A (t,z) +us(t,z) = Aj(z) + ug(z)

and
At x) —uf(t,x) = AS(x + 2e72t) — u§(x + 2 2t). (37)

This immediately yields that
A® +uf is uniformly bounded in H'((0,7), L*(R)) (38)

and hence by continuous injection, it is in particular bounded in H? ((0,7),H '(—R,R)).
Next, we shall study A° — u®. From the explicit expression (37), we first get that

T (R ) T (R )
/ / |A® = w|"(t, 2) dadt = / / |A§ — ug| (= + 262t) dadt.
0 -R 0 -R

Consequently, by using Fubini Theorem and then changing the variable ¢ into 7 = & + 2e—2t, we
get

T rR 9 E2 R
/ / |A® —uf|"(t, z) dedt < = / | A5 — u|72(r) dz < CRe®. (39)
o Jor 2 J.Rr

In the proof, C' denotes a constant depending on R and the uniform bounds for (A§)p<c<1 and
(u§)o<e<1 in L2. We have thus in particular proven the uniform bound

14° = [l 20,0911 (- r.my) < C (40)

To estimate the time derivative, it suffices to remark that (36) yields

g g 2 g g 2 g g
H&(A —u )(t")HHfl(—R,R) = E_QHaw (47 —w)(t, ')HH*(—R,R) < E_ZH (4% —u)(t, ')HLQ(—R,R)'
Hence, taking the L? norm in time and using (39) gives
g g C
|00(A" — u )HLQ((O,T),H—l(fR,R)) < P (41)
Interpolating in time between (40) and (41), we deduce
147 — | <c (42)

H3((0,T),H-1(~R,R)) —

The combination of (38) and (42) ends the proof. [

We shall now give the proof of Lemma 3. Since the system (35) is linear, we can write its solution
as the sum of the solution of the homogeneous system and the solution of the nonhomogeneous
system with 2e10 initial data. Thanks to Lemrlna 4, we already know that the first term is uniformly
bounded in H2 ((0, T), Hl;g) and hence in H?2 ((0, T), Hl;gfl). Consequently, we can focus on the
second term. This means that we consider the solution of (35) with zero initial value.

We notice that

O(A® +u®) =55+ S;,

15



and we recall that the initial values are zero. Hence,

t
(A 4+ uf)(t) = / (55 + 55)(s) ds,
0
thus we immediately get that
A® +uf is uniformly bounded in H'((0,7T), H 7 (R)). (43)

Similarly, since A — u® solves

2

O (A° — ) — E—an (A° —u) =85 - S; (44)
with zero initial value, we infer
t
(A° —u®)(t,x) = / (59— 55) (5,2 +2e72(t — s))ds. (45)
0

By assumption ii), S§ — S5 is uniformly bounded in L (R+, H *"(R)), hence, using a standard
characterization of H “(R), o € N, there exists ¢° = (g§, 95, ...,95) € L= (R4, L*(R,R7!)) such
that

= Z aggj- with 0<E<sll71§)§j§0 Hgﬂ‘LOO(R+,L2(I,R)) =C < o0.

Furthermore, for almost every ¢ and any interval I,
1053 - so)(, ')HH*U(I) = HQEHL2(I,RU+1) <C.

Here, C stands for a constant depending on R, T' and the uniform bounds for (A, uf)o<e<1 and
(5%, 55)0o<e<1 in H77(R). As a consequence, we get from (45) that

IN

2
(45 — w2 / o (s + 22720 = ) | 2y ey )

t/o lg® (s, + 2e7%(t - 5)) Hi2([—R,R},RU+1) ds

2
) ')HH*U(—R,R)

IN

and hence that

T T rt rR
/0 H(AE_UE)(ta')HiI—o(,R,R)dt < T/o /O/R|gs|2(s,x+2€2(t—s)) dxdsdt,

which we can rewrite, by using Fubini Theorem, as:

T 9 R T (T
/ (4% —uf)(t, -)HH,G(_R Rt < T/ / / 97| (s, + 2e72(t — 5)) dtdsdx.
0 ’ —-RJO Js

By changing ¢ into 7 = x + 2e72(t — s), this yields

T 9 1 ) R T
LI =)ot <= 572 [ [ 600 dsde < €22
0 —RJO

16



We have thus proven that

|47 = UEHLQ((O,T),H—"(fR,R)) < Cs, (46)

which implies in particular that
| 4°

_ ugHL2((0,T),H—071(_R’R)) < Ce. (47)

To estimate 0;(A° — u®), we infer from (44)

€ € 2 € € € €
Hat (A —u )HH—U—l(fR,R) 5_2“8»’6 (A —u )HH—U—I(fR,R) + HSA - SUHH—"—l(fR,R)

IN

2
22 |A° — UEHH—U(fR,R) +C,

which yields, for 0 < £ < 1 and in view of (46),

C
Hat (A€ - “a) HL2((0,T),H*U*1(—R,R)) < e’ (48)
Interpolation in time between (47) and (48) yields
4% — | <c (49)

H3((0,7),H-~1(~R,R)) —

To end the proof, it suffices to combine (43) and (49). O

2.4 End of the proof of Theorem 3

Since p* = 14+ ¢€24° > 1/2in Ry x R for 0 < £ < g9, we may then rewrite (4) under the form
(6). In dimension 1, this reads

1
20 A° — 0L A + 20, AT0ng" + 5 (142 47) 03" = 0

9 8% A° g2

2 G €
e°COpp" — COpp° — " o + —
COrp COx P 2(1+€2A5) 2

(0e%)” + 5—12 F((1+624%)2) =0,

and we wish to pass to the limit as € — 0. Let us define

1
e — — €
R
We shall first prove that the functions (A%)pce<s, and (u®)p<e<e, are strongly precompact in
L? (R4 x R). Indeed, we may rewrite (50) as

B, A° — E%ax (A° — ) = 55

g 1 g g €
O — 00 (u” — &%) = S,

where

S5 = —2uf0, A7 — ACO,u°

02 A®
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and
f(r) = ciQ ((1 + 7”)2) —2r = O(T‘Z) as 7 — 0. (51)

In order to use Lemma 3, we shall prove that for some constant K depending only on M, we
have
150l too s -2y + 19all Loy -2y < K (52)

We first note that, if ¢ € Ry and ¢ € C°(R),

(Sa(t),0) = — (u=(£)0: A%(1), ¢) + (u () A%(¢), 0xC)
= Hua(t)HLQ(R) Haan(t)HLQ(R)HCHLOO(]R) + Hua(t)HLQ(]R) HAa(t)HLOO(R) HaxCHLQ(R)’

Hence, by using the embedding H!(R) C L>°(R) and Lemma 2, we get:
HSE(OHH*(R) S H“E(t)HB(R) HAa(t)HHl(R) < K.
In a similar way, we have, for ¢t € Ry and ¢ € C°(R),

€ _ €\2 Lz o e 52(8xA5)2 0y A® 2

= K([H“E(t)HiQ(R) + HAE(t)Hi?(R) + 62Ha"3AE(t)HiQ(]R)} 102¢]| oo (g

100 4°0) |y 1020 o)

where we have used that f(r) = O(r?) as r — 0, and e?|A%|eor) < 1/2. Using again the
embedding H'(R) € L>(R) and Lemma 2, this yields, for 0 < ¢ < &g,

2 2
192 -2y S 1w 2y + 1A gy + 14%] 11 gy < K-
Consequently, thanks to (52) and the fact that by our assumptions, Aj and uf are uniformly
bounded in L?, we may apply Lemma 3 with o = 2 and deduce that (A%)p<c<e, and (u)g<c<e, are
1

uniformly bounded in Hp2, (R+, H I;S (]R)) In particular, since (A%)g<e<e, is uniformly bounded in

1
L>®(Ry, H'(R)) and in H? (R, HZ;S(R)), we can use Corollary 7 of [25] to get that (A%)p<ce<e, 1S
strongly compact in L? (R4, L7 (R)) = L? (R4 x R). Since, by Lemma 2, A° — u° tends to zero
strongly in L*° (R+, L? (]R)), we also get that (u®)g<.<e, is strongly compact in L? (R+, L? (]R))

loc loc
loc loc

Let now A € L (Ry,L? (R)) and 0 <e; — 0 as j — +oo such that

loc loc

A% converges to A strongly in L (R4, Lj,.(R)) and weakly in Li (R4, Hp (R)); (53)
u converges to A in L}, (R4, Lj,.(R)). (54)

Note that the weak convergence of A° just comes from the uniform H! bound which comes from
Lemma 2.

The next step in the proof is to obtain that A is a weak solution to the KdV equation.

18



For that purpose, let us write from (50) the equation satisfied by A% + u% in the weak form:

1 Ez(a:BAEj)Z

A% 1) 0,C dtd +/ ) 4 = f(e24%) —
/R+XR( u ) tC v R+XR <(u ) E?f(g ) 402(1 +5§A6j)2
0, A%

_I_ - -
/RJFX]R 4c2(1 + sgAai)

:/R(Agj—i—ugj)g(o,x)dx

)axg dida
O2¢ dtdx + / (= u¥0,A% ¢ + A% 0,() dtdx

R+XR

for every ¢ € C°(R x R). One can pass to the limit easily in most of the terms by the strong
convergence. Moreover, we can use that

/ WD, ATIC Ad,AC
R+XR R+XR

since u¥ — A strongly and 9, A° — 9, A weakly in L?(R, x R). Since A is uniformly bounded in
L (R4, H'(R)), we have that

£5(0, A% )? bl g
‘/R_‘_XR 402(14‘5?1451)2 € ac‘ < Kej — 0.

Moreover, since

0, A% 0, A% A% 9, A%
92 dtd :/ T 92¢ dtdx — 2./ T 92¢ dtde,
/HMR 42(1 + 2A%) G did e 26 dtde = R, xi A2 (1 + e2A%) G dide

we get that the first term converges to

/ 0.4 03¢ dtdx
R

xR 462

by weak convergence and that the second term converges to zero because of the uniform bounds.
Therefore,

i A% A
/ 0 e drdr %l o dtd.
R, xR 4c* (1 + €7 A%) R xR 4c

Finally, we write

fry=[1+ 62—2]”/(1)]7“2 +0(r?) as r—0

to infer

/ %f(siAé‘j)axgdtdx — [ +2f"(1)] / A%0,¢ dtdz.
R R, xR

+xR &

Consequently, we finally obtain that A satisfies

/ (QAEM +Eaac %aangg) dtdz = / 240(2)C(0, z) da,
Ry xR 2 4c R

which is the weak form of the KdV equation.
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Next, by passing to the limit in the bound of Lemma 2, we get that A € L (R+,H1(R)).
Moreover, since it is a solution of the KdV equation, we deduce that

1 k o _
A = @agA — A% A€ L (Ry, H2(R)).

Hence A € Lip(Ry, H *(R)), and by interpolation in space, we get that A € C (R, H*(R)) for
any 0 < s < 1.

We shall now prove that A = v the unique solution of the KdV equation given by Theo-
rem 2. This fact can be deduced from a general uniqueness theorem for the KdV equation [28].
Nevertheless, here, by using that the solution v given by [16] verifies the additional property
O,v € L?OC(}RJF,LOO(]R)), one can get that A = v by a very simple weak strong uniqueness ar-
gument. Indeed, let us set # = A — v and observe that § € L™ (R, H'(R)) NCY (R, H*(R)) for
0 < s <1 solves

1
2040 — ﬁ8§0 = —kA0,0 — k00,v = —k00,0 — kOO, v — kv0,.0, 0)t=0 = 0.
c
Consequently, the standard L? energy estimate for this equation gives
d
G |8 da < 2lkljocolu 1913
R

By the standard Gronwall inequality, this yields immediately that 6 = 0, since 6,y = 0, and
dzv € Ly (Ry, L®(R)) C L}, (Ry, L®(R)).

loc loc

As a consequence of the uniqueness of the limit, the full sequence A® converges to v as € — 0
strongly in L7 (R, L? (R)) and weakly in L7 (R, H] (R)), where v is the H'-solution of the

loc loc loc loc

KdV equation of Theorem 2.

It remains to improve the convergence of A° i.e. to prove that we actually have the local in
time global in space strong convergence, as € — 0,

A*—v in C([0,T],L*(R))
for every T > 0.
From Lemma 2 and the proof of Lemmas 4 and 3, we infer that
A® +uf  is uniformly bounded in L>°(Ry, L*(R)) N Lip(Ry, H*(R)).
In particular,
A® + v is uniformly bounded in C%V?(Ry, H™'(R)) N L™ (R, L*(R)).
Since we already have that
A+ u® —24=20 in L} (R4, L7 (R)),
it follows by a new use of the Aubin-Lions lemma that

A+ —2v0 in C.(Ry, H, (R)). (55)

loc
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Consequently, we can write for every T' > 0, R > 0,

1
sup |A® — UHH—l(fR,R) < ) sup (HAa +uf — 2U||H—1(7R,R) + [A® —u® ”H—l(fR,R))
(0,77 (0,77
and since by Lemma 2, we have that A° —u® — 0 in L (R, L*(R)), this yields thanks to (55)
that

A® = in Clooc (RJH Hl;i (R)) :
Let us now fix T > 0. We then prove that, as ¢ — 0,

sup |<A5 - v,v)Lz(R)| — 0.
[0,7]

Indeed, let n > 0 be given. Since v € Cg (R+, LQ(]R)), there exists R > 0 such that

sup/ v? dx < 772.
(0,77 /|z|>R

Next, with ¢ € C3°(—2R,2R) such that 0 < ( <1 and ( =1 on [—R, R], we split

sup |(A° — v, v) r2r)| < sup [(A° — v, Cv) 2w | + sup [(A° — v, (1 =)o) 2wy

(0,7 [0,7] [0,7]
The first term tends to 0 as € — 0 since (v € C) (R+, HI(R)) is compactly supported and A — v
in C) (R, Hl;i (R)). Since 1 —  is supported in {|z| > R}, the second term is < 1 Supyo, 7 |4 —

’UH L2(R) < K7, and the limit follows.
Therefore,

£ 2 I 2 2 I3
up [ 4° = vl 12ge) E;}g{ﬂfl 72 = Il — 2045 = v, 0012w |

sup {14 ey = ol + ol (56)

We now use that E°(¢)°) and Zo(A) = [ A? dx are independent of ¢, thus

HA(t)HiQ(R) = HAOHiQ(R) (57)

and, using Lemma 2 and the same expansion as in Step 1 of the proof of Lemma 2, we infer
2

B (0) =5 /R 4R (A (1) + (0o (1) da + O(Y) = 4c2e? /R (A°(8))? do + O().

Note that the O(e?) is uniform with respect to ¢t € Ry. Since E*(¢°(t)) = E*(¢§5) and the same
expansion holds at ¢t = 0 (this is Step 1 in the proof of Lemma 2), we deduce

/ (A1) de = / (45)% da + O(e), (58)
R

R

where O(e) is uniform with respect to ¢t € Ry. Consequently, thanks to (56), (57), (58), we obtain
that

[Soujl% |4 - UHiQ(R) = HASHiQ(R) - HAOHiQ(]R) +o(1),
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and since A5 — Ay in L*(R) by assumption, the result in L? follows.

The proof of Theorem 3 is now complete, since the convergence of A° in L (R;, H*(R)),
0 < s < 1 follows by interpolation in space using the convergence in Lj OC(R+,L2(R)) and the
uniform bounds in L> (R4, H'(R)).
2.5 Convergence in H?!
In this subsection, we shall put a more restrictive assumption on the initial data, namely
HaxSO(% - QCAEHLQ(]R) = O(E)
instead of O(e) in order to get the strong convergence in H! of the amplitude A°.

Theorem 7 Under the assumptions of Theorem 3, if, at the initial time, we have the additional
assumptions

AS — Ay in H'(R)
and
0265 — 245 gy = 0(2), (59)

then
A=A in C.(Ry, H'(R)).

Proof. The idea follows the one in the end of the proof of Theorem 3, but relies on the conservation

of the energy for (KdV)

T, (A(t) = / —(0:4) +§A3 dw

on the one hand, and of E.(¢°(t)) — 2¢P¢(¢*(t)) for (4) on the other hand. First, we expand to
third order

1
F(R)=c(R-1)?2+ gf”(1)(R — 124+ F4(R), with Fy(1+7r)=0@r, r—0,
so that (30) becomes now
1 c 2 "1 1
() -2eP () = 5 [ (1)) 4@+ (0.6~ S02-0) + LG (P-) 4 5 1 (7)o
R € 3e €
By using the hypothesis (59) , we infer
2 2
/ (awg — 2cAf — 052(A8)2> dx = / (8;,;@8 — 2cA6) dx + O(3) = o(e?).
R R
Therefore, at time ¢ = 0, we infer, as in Step 1 of the proof of Lemma 2, that

4 81" (1
E*(4F) — 2¢P°(y) = %/RQAE(&BQDS)Z—F (0. 45)% + f3( ) (45)8 da

e 2 22 6
+ = / (81906 — 2cAf — ce”(4p) ) dz + O(e°)
2 Jr

= [@eagy s+ L8] a5 o+ ot
= 262 (A5) + ( 4 =2¢ 64I1 (Ao) +o(e H,
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since A5 — Ag in H(R) C L3(R). Similarly, given ¢ € R and using Lemma 2, we have

2

B (45 (1)) — 26P° (45 (1)) = 2634, (A5(1)) + % / (ang(t) - chE(t))2 dz + O(e°),
R

where O(e”) is uniform with respect to time. Since Z; (A(t)) and E°(¢)°) —2cP?(4°) are independent
of time, this implies,

T (A®) = Ta(A°(0) + 135 | (2(0) = 204°(0)) o+ o) (60)

uniformly in time.

Now, let us study the term involving the L3-norm term in Z;. Let T > 0 be fixed. From Lemma
2, A¢ is uniformly bounded in L>*(R; x R). Moreover, we have proved in Step 4 that A° — A
in C([0,T],L?(R)). As a consequence, A° — A in C([0,7],L*(R)). Inserting this in (60) yields,
uniformly for ¢ € [0, T,

1> 1 £ 1> 2
We now consider

1
AT = mp {1087 =004y + 102 2T}

Since A € C([0,T], H'(R)), arguing as in the end of the proof of Theorem 3, we infer

5 _ el|2 2 1 5 12
vi(T) = [SOUZP] {HawA HLQ(]R) - HawAHm(R) + ?Haﬂ@ —2cA HLQ(]R)} +o(1).

Combining this with (61) gives v°(T") = o(1) as desired. This ends the proof of Theorem 7.

3 The general n dimensional case

3.1 Proof of Theorem 4

It is more convenient to use a different hydrodynamic form of (NLS). As in [11], we shall seek
for a solution of (4) under the form

. 1
¢8 — (1 + EZCLE(t,X))eZEG (t,X)7 af € C, oc € R, 52|a5| < 5 (62)
that is to say that we allow the amplitude to be complex at positive times. The reason for this
choice is that we can obtain an hydrodynamic equation for (a, %) which is much simpler. We shall

prove that a® and 6° are well defined on [0,7] for some 7" > 0 independent of ¢ and satisfy for
s > 14 n/2 the uniform estimate

160 s gy + 1068 ey + T L) ey < . W€ LT, Ve € (0.20] (63

for some C' > 0 independent of ¢.
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Note that once this estimate is proven, the representation (19) and the estimate (20) immediately
follow. Indeed, for ¢ sufficently small, we get that |¢)°| remains far from zero on [0,7] and we have
the relations

A€

o |1 +52a5|—1 6( 8ja5 8jA5 )
- 1+e2a8 14 e2A4¢

2 ) 95" = 9;6° + -

. 1<j<n (64)
(3

9

from which we deduce by standard Sobolev-Gagliardo-Nirenberg-Moser estimates that
\|A€(t)\|H5+1(Rn) + ||8$go€(t)HH5(Rn) + EHVlgos(t)HHs(Rn) <C WVtel0,T], Vee(0,¢e)

for some C' independent of € since s > 1+ n/2.
Let us now write down the equation for (a®,0%). By plugging the anzatz (62) in (4), we get
iced <€28ta5 +ie(l+ 52a5)8t95) —qce <€28xa5 +ie(1+ 52(15)89605)
2
—1—% (52A5a5 + 2ie3Ve0° - Vea® +ie(1 + £2a®) A%0° — (1 + EZaE)WEOE\Q)
—(1+e%)f(|1+£%*) =0
where we use the notation

Ve = (0,,e0.), A°=V".V° =9 +2A,.

Since we allow the amplitude a® to be complex, we have some freedom to write down hydrodynamic
equations. As noticed in [11], it is convenient to split the above equation into the system

(1+e%a®)A%6° = Iy

1 1
95 — —0.a° + —V0° - Veal
ta g2 =@+ c @+ 2ce? 2ec

1 1 1
g — — xes - 5052 . 1 2 €12\ _ )
o =0 + 5| VO] +C€4f(\ +e%a’) =0

1
Consequently, by using the new unknown v* = 2—V595, we get
c

1 1 ;
opa® — —0,a° +20° - Vea® + (1 + e2a%)Ve - 0f = L A%qf
5 € 2ec
(65)
1 1
O — 00" + 20° - Vu© + 11+ %) <2V5Re a® + EZVE‘(IE‘Q) = 0.
g2 2c2e?
We add to this system the initial condition
1
as(())X) :AE(X)a UE(())X) = 2—VEQ08(X) (66)
c

Consequently, we can set U° = (Re a°, Im a,v%)! € R?*™", ¢ = (0,,20,) and write the above
system under the abstract form:
1

oUe + é_lQH(e?Ua, VU = gL(aa)Ua (67)
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where L(0°) is a constant coefficients second order differential operator
L [ JA® 0 0 —1
€ e e
Lo = 2c<0 0>’ J_<1 0)
and H(c2U¥?,0°) is a first order hyperbolic operator
H(’U*,0°) ZH’“ e2U*°)d)

with symbol

H2US6) = 3 HY2U%)g, = ( :

k=1

(=& +2e%0° - &)1 (e + e2a%)¢! >
1+ g(e%a))&(e + EQaE)t (=& +2%° - Q)1

e:<(1)>€R2

Cigf'(l +2a-e+a]*) =1+g(a), g(a) =O(lal), |a| <1 (68)

where

and ¢ is defined by the expansion:

since f/(1) = c2.

Note that the structure of (67) is much simpler than the one of the usual hydrodynamic system
for (A%, VE¢F)! that is obtained from (6) by the standard Madelung transform. Indeed, (67) is a
simple skew-symmetric constant coefficient perturbation of an hyperbolic system.

Note that the difficulties du to the presence of vacuum which arise in the study of (NLS) with
solutions which tends to zero at infinity (as in [1], [7]) are not present here. The above system can

be easily symmetrized by using
I 0
S(2U°) = 02 .
1+g(e2a®)

which is positive. Indeed, we have
1/ JA® 0
277€ AR
S(sU)L(@)——2C< 0 0)

which is a skew symmetric operator:
(s (20 L@WVV) =0, W e HA(R") (69)
where we use the notation (-,-) for the L*(R™) scalar product. Moreover, we also have that

(=& +2e%0° - €)1 ) (e +e%a)¢!

§(€+€2a5)t W(_£1+252’U€'f)1n

S(e2U)H (£*U*?,¢) =
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is symmetric for every £ € R.
The local existence and uniqueness of a smooth solution U¢ € C([0,7¢), H**1(R")) for this
system is classical. Moreover, let us define

T2 = sup {T € [0,T%), Wt € [0,T), || <8, U gosr(gn) < +oo}.

We shall prove that T: is bounded from below by a positive number when ¢ tends to zero. This
will be achieved by proving H**! estimates uniform in .
Note that for t < T¢, by (24), the symmetrizer S(£2U*¢) is well defined and verifies

(SEUHV,V) > oV [[2@ny, VEE[0,T], VV € L2(RY) (70)

for some ¢y > 0 independent of e. Moreover, thanks to an integration by parts, we also have for
some C' > 0 independent of ¢ that

|(SEUNHE U)W, V)| < C [ VU o [V 2 nys Ve € [0,T5] (71)

for every V € HY(R").
We can now easily perform for s > 1+n/2 an H*! estimate for (67). Indeed, for every oo € N”,
la] < s+ 1, we have

1 1 1
010°U*® + 6—2H(52U5, O)O*U* — EL@E)@‘”UE + 3 (0%, H(e*U*®, 0°)|U* = 0. (72)
By the standard tame Gagliardo-Nirenberg-Moser estimate, we get that

Hé [aa,H(52UE,aE)]U€ vVt € [Ova]' (73)

<ol

Lo
L2(R7) —

Wl,oo(Rn)| H.5+1(]Rn)7

From now on C is a number independent of € which may change from line to line.
By using (69), (71), (73), we get the energy estimate:

d 1 € o £ o £ £ € £ 15
$(§(S(52U )OUU*, 8°U )) < c(&uzw ey + |U HWLM(R"))HU e gy VE € [0,77)

By using (67), we get that
1 1
90 oy < C(ZNU ey + N0 ey )

Consequently, we can integrate in time and use (70) to get

[v°@)]

t
ey < C(I08an + [ 0 e [0 Oy r)- (74

Finally, by using the Sobolev embedding H5"1 C W2 for s > 1+ n/2, we find in a classical way
from (74) that T > T > 0 for every € € (0,¢¢) for some ¢ sufficiently small. We refer for example
to [20], [12], [24] for more details. This ends the proof of Theorem 4.
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3.2 Proof of Theorem 5

We shall now study the convergence towards the KdV/KP-I equation. We could pass to the
limit directly from (65). Nevertheless, to make a link more clear with the first part of the paper
and the formal derivation, we shall pass to the limit directly from the standard hydrodynamic
equation (6). As already explained (see (64)), we can deduce from the representation (62) and
the bounds (63) that the smooth representation (19) with the uniform bounds (20) hold on [0, 7.
Consequently, we already have

[ s gy + 65O gogamy < € V€ 0.7, Ve € (0,20) (75)

for s > 1+n/2, where (A%, u® = &-V°¢*) solves the system

1 1
D AT — S0, A%+ S V° U+ 2u° - VEAT 4+ ATVE - uf = 0
g g
(76)
5 1 5 1 € A€ 5 e, € 1 el r 5 1 e
0" = 500" + 55 VA + 20 VAU + 5V (f(z-:QA )) - vV (

4¢2 — ) ’

1+e24¢
We recall that f is defined in (51). Note that V¢ x uf = 0, hence, we obtain in particular that
Opu’ = eV uj. (77)

We can apply 9, to the first equation and the first line of the second equation in (76) to get
the system:
1
00, A° + 6—2896 (&Eui — 81A5) =55
(78)
1

where
1
D=0, (2u° - VEAT + ATVE 8 — g&,;VJ_ cu

1 - 1 AN
EE_IQE_ £, € _x|: 2A5i|) _2( )
SE= 9 (u VUi + 50: | FE49)) + 2% (e
By using (77) and the H*™! bound (75) which holds for s > 1+ n/2 > 3/2, we get the uniform
estimate

H( ,647 Z)HH—Q(Rn) < C, Vt € [O,T], Ve € (0,50]

for some C' > 0.

Consequently, from the proof of Lemma 3 (it suffices to integrate also with respect to the
transverse variable), we get that: 0,A° and O,uj are uniformly bounded in H 2 ((0,7), H,,2(R™))
and also (see (46)) that

OpA® — 0uf = O(e)  in L*((0,T), H,,2(R™)). (79)

loc
Consequently, we can use again the relative compactness criterion of [25] and (75) to get that 0, A®
and O,u§ are strongly compact in L%((0,7), HZ (R™)) and L2((0,T), H{'(R™)) respectively for

loc loc
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every 0 < s. Note that since s > 1, one can choose ¢ > 1. Consequently, the way to recover
the weak form of the KP-I or KdV equation will be very close to what was done in the proof of
Theorem 3. We can take a subsequence ¢; — 0 such that, for 1 < o < s,

Oy A% — 9, A strongly in L*((0,T), H,.(R")),
aa:“ij — Opuq strongly in LQ((()’ T), HU—I(Rn))’

loc
A%~ A weakly in L*((0,T), H*"(R")),
usi — u weakly in L*((0,T), H*(R™))

and moreover, from (79), we also have
A= for almost every ¢t € [0,T], X € R". (80)

As in the proof of Theorem 3, the above properties are sufficient to pass to the limit in the weak
form of the equation satisfied by 0, A® + 0yuj. Indeed, by using (77), we get from (76) that

/ 02 (A% +ui?) 0 + (zuiﬂ' (0, A% + ) + A% 9uy + 9, A% f' (E?Asj))c‘)xc dtdX
Ry xR”

e 1 _ e e )
—/ Aju ¢ dtdX + —2/ PAYI2C dtdX = | 9. (Ay + (u0)7’)¢(0,X)dX + R
R xR” 4c” Jr, xmrr R®
for every ¢ € C2°(R x R™), where thanks to the uniform bound (75), we have
|R5j| S CEj.

We can easily pass to the limit in the above formulation by using that in the nonlinear terms one
converges strongly and one weakly. We thus get, by using again an expansion of f(2A%), that

/ (zaantg 4 kAD,ADLC — ALAC+ %agAagg) dtdX = | 0:(Ag+ (u0)1)¢(0, X) dX,
R+ xR 4C Rn

which is the weak form of the KP-I equation (or KdV)
L s
By (28tA + EAG,A — @@A) FAA=0

with initial value

1 1
A‘t:O = 5(140 + %8¢§00)

Furthermore, thanks to the uniqueness of H* solutions, s > 1 + n/2 for the KP-I equation, we get
that the full sequence A®, 0,p° converges.
Note that in dimension n = 1, we can get compactness in time by writting directly that

1

1
8tu§ + 5—2890(148 — Ui) = S,i,

with

(5%, 55 <C, Vtelo,T], Ve € (0,e)]

Mgy
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for some C' > 0 since the apparently singular term ¢~ 'V - uf is absent in dimension 1. Then we
can finish as in the proof of Theorem 3 and get in particular that A® converges strongly towards
A in L*((0,T), H'YR )) for o < s (for n > 2, we have only proven the strong convergence in

loc

L*((0,T),H .(R™)) for 0, A%).
In the general n-dimensional case, it remains to show that, if u§ =&V ¢® — 0 in L?, then
1 I3 I3 : n
SA+ui) =4 i L*([0,T], L*(R™)).

Indeed, the convergences in L*([0,T], H? (R™)) for 0 < ¢ < s will then follow by interpolation in
space by using the bounds (20).
In dimension n > 1, the scaled energy is defined by

1 1 E(W
B() = [ 10007 P+ 2900+ SF(P) ax = 50,

and we recall the expansion to second order
F(R)=A(R-1)°"+F(R), with F(1+7)=0("), r—0.
Moreover, we have, on [0, 7],
O = pexp (ieg®), p°=1+eA%,
and using that for 1 < j < n, |9;4°]? = e(0;A%)? + £2(p°)2(9;¢%)?, we infer as in the proof of
Lemma 2 the following equality:

5 e_i £\2 i N2 1\2 £\2 . £\2 2 £\2
BW) = 5 [ 0P+ G0 =17+ (07 = 1) @r9) + 20,4

]. & c 5 1 £
+ 5/ S VIV + SV LT+ 5 B((0°)) dX

=3 (020°) + 4% (A%)2 + 2|V 1 %)% dX 4 O(eh) (81)
]Rn

uniformly on [0, 7. To get the last line, we have used (20), which yields that |A®|zecmn) < K,
hence [(p°)? — 1] poomny < Ke?,

‘/ 2 1)(0°)? dX| < K< and (/ S Ba((p°)?) da| < K<
n R”L
Furthermore, we may define (if n > 2) the momentum in the x direction by
15 g — € £ ()
P (¢):§/n((p )? = 1)0,¢° dX

for maps ¢° = p°e?" with p° = |1)°| > 1/2. In view of the bounds (20), [¢°| > 1/2 on [0,T] (for
0 < e < gg), hence ¥* has a well-defined momentum, which is independent of ¢ € [0,7]. Moreover,
there holds, uniformly on [0, 77,

2

PE(yF) = %/ ((65)2 = 1)Bpip® dX = % /n (24° + €2(A%)%)0pe" dX

= ¢? AP0,0° dX + O(eh). (82)
R”
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As a consequence, in view of (20),

Ef(¢°) + 2¢P?(¢y°) = 20252/ (A% +u5)” + [uf |2 dX + O(eY)

n

uniformly on [0,7]. At the initial time ¢ = 0, we have

EE(45) + 26P(4f) = 262 / (A5 + (uf)1) + |(u) L2 dX + O(EY),

n

hence, by conservation of E¢ (1)) + 2c¢P®(¢°) for 0 <t < T,

/n (A5(t) + w5 (1) + [ug ()" dX = (A5 (ush)” + |(uf) 1| dX +O(?),  (83)

uniformly for ¢ € [0,7]. We consider now
T
v = [ 1A%+ 0 = 240y + L

Expansion gives

T T
= [ gy + e — Ay =4 [ (4%~ 24, 4) e

One can show exactly as in the end of subsect. 2.4 that since A € C([0,7],L*(R")) and A°, uS
converge to A weakly in LQ([O, T], L? (R”)), then

loc
T

/0 (As—i—ui—QA,A)LQ(Rn) dt — 0 as e — 0.
Moreover, since the L? norm of the solution A of KAV /KP-I does not depend on time,

HQA(t)HB(Rn) = H2A|t=0HL2(R") = HAO + (UO)1HL2(Rn)'
Hence, by using (83), we find after an integration in time that

2 2 2
v = T ([ 45 + 8)1 | agany = 4o + (017 n) + [ (6) L[ 72gam ) +o0(1).

Thanks to our assumption (21), we thus get v — 0 as required.

3.3 Proof of Theorem 6

To use the assumption (22) in order to get the convergence in stronger norms, we will follow
the lines of the proof of Lemma 2. From (81), we infer

52
BA() - 20P5) = 5 [ () = 1) (0a ) + 0,7
+ (0 = S - 1)) + IV dX (34)

1 1
+ 5/ SIVLATP + 5 (7)) dX.
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Let

e L QCAEHLQ(R”)’
which tends to zero by assumption. As in the proof of Lemma 2, we have by using (22) in the case
n > 2 the following upper bounds

2
Ef(4§) = % /n 4¢3 (A5)? + (0,95)% dX + O(eh) = 4c2a2/ A2 dX +o(e?) < Ké? (85)

n

and
B2 (45) — 20P° (45) < K&+ £2(5°)?

Note that here, we have used that

0200 — %((PS)Q ~1) = [[0atpf — 2¢45 — CEZ(AS)QHH Rn
€ ) (R™)

L2(]Rn
< 0t — 2045 3 oy + 2492 gy < 5+ K2

As a consequence, since E°(1¢) and P?(¢¢) do not depend on time,

Ket +2(6°)% > E°(y°(t)) — 2¢P* (v*(t))

> 5 [ @A 4 (PP ax+ 5 [ (ot - (607 -) ax
- 2 Rn v 2 Rn * 52
1 R R 1
5 [ @ =@ x| | [ 55 Rl ax]
et g2 & 2
> (P°)?|V Lo |? dX + 5/ (896@5 - = (") - 1)) dX — Ke*.  (86)
R n g
This gives the estimate
2
sup / (8@405 - %((ps)2 - 1)) dX < Ke? +2(65% — 0 as €—0 (87)
0<t<T JR™ €

in all dimensions n > 1. Furthermore, if n > 2, since 0° = O(e), we also get from (86) that

/ (FIV L dX < K.
R”
Thus, we have obtained (23) since p* > 1/2.

From (76), A® 4 uj solves

AF A )

0y (A +uS) + 2u° - VE (AT + ) + (k — 5) A0, A% + A°VE -of + AL of = 0, (W .

In view of the the H* bounds (20) in Theorem 4, and possibly (23) if n > 2, we then infer

45+ uiHC([o,T},HS(R")) s K and 10 (A7 + ) HLOO([O,TLH*(R”)) < K. (88)
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This implies, by Aubin-Lions’s Lemma (see, e.g., [25]), that for any 0 < o < s, A°+uj is precompact
in C([0, T, HY.(R™)). From (87), we know that

Opp® — 2cA° =2¢(uf — A°) — 0 in C([0,T], L*(R™)).
Combining this with the H* bounds (20), this yields, by interpolation, for 0 < o < s,
Opp” — 2cA® =2¢(u] — A°) -0 in C([0,T], H"(R")).
In particular,
A*— A and O0rp° — 2cA in C([0,7], H,.(R™)).
We can now prove that, as ¢ — 0,
A*— A in c(0,T],L*(R")).

Indeed, we may follow the lines of the end of the proof of Theorem 3 in Sect. 2.4 since thanks to
(20), (23) (if n > 2) and (87), the expansion

62

B (4F) = 5 / ) A (A (1)) + (007 (1)) dX + O(e?) = 4c?e? / ) (45(1))* dX + o(?)

holds uniformly for 0 < ¢ < T and Zo(A(t)) = HA(t)H%Q(Rn) = | Ao ||%2(Rn) do not depend on t € [0, 7.
Notice indeed that in this case, the initial datum for KdV/KP-I is

1 1
0= — — =A
Aj—o 5 (Ao + 2Cax900) 05
From the H® bounds (20) and by interpolation in space, we finally get for 0 < o < s that
A=A in C([0,7],HT'(R™) and  O,¢° —2cA  in C([0,T],H(R")).

The proof is complete.
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