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A numerical method for fractal conservation laws

Jéréme Droniou !

21/03,/2009

Abstract: We consider a fractal scalar conservation law, that is to say a conservation law modified
by a fractional power of the Laplace operator, and we propose a numerical method to approximate its
solutions. We make a theoretical study of the method, proving in the case of an initial data belonging
to L°° N BV that the approximate solutions converge in L™ weak-* and in L? strong for p < oo, and we
give numerical results showing the efficiency of the scheme and illustrating qualitative properties of the
solution to the fractal conservation law.

Mathematics Subject Classification: 65M12, 35165, 35510, 45KO05.
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1 Introduction

Partial differential equations involving non-local operators are used in several models, from mathematical
finance [23] to dislocation dynamics [5] to gas detonation [13] and anomalous diffusion in semiconductor
growth [26]. We consider in this paper the following model of non-local scalar conservation law, which
appears in particular in the last two references:

(1.1)

Ou(t, z) + 9, (f(u(t, 2))) + glu(t,)](z) =0 t>0, z R,
{ u(0,x) = uo(x) reR

where f : R — R is locally Lipschitz-continuous, ug € L°(R)N BV (R) and g is a fractional power of order

A/2 of the Laplacian, with A €]0,2[. The natural definition of g can be written via Fourier transform

glo] = F~1(|-|*F(¢)), but it will be more useful in the sequel to consider the following formula (see [15]):

for all » > 0 and all ¢ € S(R),

. B+ = o) = @)z B +2) ~ o)
S FER e [ Sy

= o[9l(@) + go.r[@)(2)

Al (142
where ¢(\) = Mmgillel%)
F(@)(€) = [pe 2™ ¢(z) dx, and gives in fact g = (2m)~*(—A)*/?); the notations gy, and go,, refer
to the order of each term: the first term is of order A (the singularity of the weight in the integral sign
necessitates some regularity on ¢, of the kind ¢(x + z) — ¢(z) — ¢'(x)z = o(|z|})), whereas the second
term can be applied to any bounded non-regular ¢ and is therefore of order 0.

with T' the Euler function (this value of ¢(\) corresponds to the convention

There are several theoretical studies and results regarding such equations. To our knowledge, [6] presents
some of the first results on these problems, mainly with f(s) = s? (or other powers) and a H® or Morrey
framework, studying in particular traveling wave or self-similar solutions; more on self-similar solutions,
as well as time decay estimates, can be found in [8]. In the framework of bounded solutions, classical for
pure scalar conservation laws, existence and uniqueness of a regular solution if A > 1 has been proved
in [14]. If A < 1, the solution is not smooth in general (see [3]) and obtaining general existence and
uniqueness results for (1.1) requires to use an appropriate notion of entropy solution, introduced and
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studied in [1]; this notion, which is constructed from the classical notion for scalar conservation laws [18],
relies on the formula (1.2).

Numerical studies of non-local operators in first-order PDE seem more scarce. A scheme for a Hamilton-
Jacobi equation modelling dislocation dynamics and involving a non-local zero-order velocity is studied
in [16] (see also the references therein). Closer to the framework of scalar conservation laws, [2] studies an
equation modelling the formation and movement of dunes, which is (1.1) with an additional term —Aw
and g given by the opposite of (1.2) with A = 4/3 and an integral sign only on R~ (the non-local operator is
therefore a lower order term in the PDE); besides theoretical results on the solution to this non-monotone
equation, numerical results are obtained using a simple finite difference scheme (explicit and with centered
discretizations), the study of which remains to be done. Regarding numerical approximations of (1.1)
itself, to our best knowledge the only existing results are those based on the probabilistic interpretation
of this equation (fractal conservation laws can be, as the classical heat equation, linked with a stochastic
differential equation): [20] and [24] use this interpretation to construct and study, in the case A > 1, a
numerical method for (1.1); however, in order to avoid having a too noisy approximation of the solution,
the probabilistic method must be applied on the equation on d,u obtained by derivating (1.1) and
expressing u as the integral sum of its derivative (the local non-linearity in (1.1) is thus transformed into
a non-local non-linearity); this technique is easy to implement in dimension 1, but its adaptation to the
multi-dimensional case is less straightforward (the derived equation becomes a system in which, in order
to reconstruct u from its derivatives, one has to introduce a convolution product with the derivative of the
fundamental solution to the Laplace equation, see [19] for ¢ = —A,; this derivative is however a singular
function and therefore does not seem easy to use, in a numerical method, without introducing additional
eITors).

In this paper, we propose and study a numerical method to directly approximate the solution to (1.1)
for any A €]0,2[. The scheme is based on classical techniques of numerical approximation of scalar
conservation laws and diffusion equations (monotone fluxes, semi-implicit scheme, etc.) and therefore,
though we present it on (1.1) for the sake of legibility, its adaptation to multi-dimensional equations
with heterogeneous fluxes and source terms (such as dyu + div(f (¢, z,u)) + glu(t,)](x) = h(t,z,u)) is
straightforward. This approach also allows us to obtain a stable and robust method, valid for any A €]0, 2|
and which preserves the qualitative properties of the solution, such as the symmetry, the maximum
principle (the solution takes its values between the upper and lower bounds of the initial datum) or the
smoothing or non-smoothing effects (depending on the position of A with respect to 1).

The plan is as follows. In the next section, we present the numerical method, using only general properties
on the discretizations of 9,(f(u)) and g[u] and covering therefore a wide range of possible schemes.
The study of this method is done in Section 3, where we prove, thanks to usual techniques associated
with monotone numerical fluxes for conservation laws, the existence of an approximate solution and
its convergence toward the (entropy) solution to (1.1). An example of discretization of g, satisfying the
properties used in the theoretical study of the scheme, is presented in Section 4, along with considerations
on the practical implementation; some numerical results are also provided and show the efficiency of the
scheme in catching known qualitative properties of the solution to (1.1) (such as the presence of shocks,
speed of diffusion, or the asymptotic behavior). A few technical lemmas are gathered in an appendix
(Section 5) which closes the article.

2 Definition of the scheme and main result

Let & > 0 and dr > 0 be time and space steps. The scheme consists in computing approximate values
ul of the solution to (1.1) on [nd, (n + 1)&[x[idr, (i + 1)d&[ for n € N and i € Z, thanks to the following
relations:

VieZ : u?z—/ uo(x) dz, (2.1)
& Jis
Vn>0,VieZ: @(U?J’_l —ug) + F(uf,ui ) — F(ui g, ui) + &L’g&[uwrl]i =0 (2.2)

Sd



where F is a numerical flux corresponding to the continuous flux f and ¢* is a discretization of the non-
local term g. Notice that the hyperbolic term of the equation is discretized using an explicit method; this
imposes a CFL condition on the time and space steps (see (2.4)), but this condition is not very binding
and, more importantly, the explicit discretization has the double advantage to avoid the solving of a
non-linear equation at each time step and to allow us to consider as easily more complicated numerical
fluxes (see Remark 2.2; higher order fluxes are not really adapted to an implicit discretization [10]). On
the contrary, since the non-local operator is linear and has diffusive properties (similar to the ones of
—A), we use an implicit discretization for g[u] in order not to have to impose, during the proof of a priori
estimates on the approximate solution, a more restrictive condition than (2.4) on the time and space
steps (see however Section 4.3).

Remark 2.1 Non-uniform time and space steps can as easily be considered but, for the sake of legibility,
we only take here uniform & and dr.

The numerical fluxes we consider are classical 2-points finite volume monotone fluxes (see [10]):

F :R? — R is Lipschitz-continuous on [infg ug, supg ug)?,
non-decreasing with respect to its first variable,
non-increasing with respect to its second variable,
and F(a,a) = f(a) for all a € [infg ug, supg ug).

(2.3)

Defining Lip, ,, (F) and Lip, , (F) as the Lipschitz constants of ' with respect to its first and second
variable on [infg ug, supg uo)?, it is know that the following CFL condition is required to ensure the
stability of explicit schemes involving such monotone fluxes:

o 1

— < . 2.4
& = Tipy o (F) + Lipy o, (F) 24)

Remark 2.2 We write the numerical method and make its theoretical study using basic 2-points fluzes,
but nothing prevents us from using higher order fluzes (computing f(u) att = n& and x = idr by means of
up . uly, instead of only uil ; and ui'), provided that the scheme they define for Oyu + 0, (f(u)) = 0
is stable with respect to the L and BV norms (see Section 3). In particular, in Section 4, we present
numerical results involving 4-points MUSCL fluzxes.

For our theoretical study, and as for the numerical fluxes above, the discretization g® of g does not need
to have a specific expression but is only required to satisfy a series of assumptions (the curious reader
can refer to Section 4.1 for an example of g®). The first ones are not surprising since the operator g itself
satisfies continuous equivalent formulations of these assumptions (this can easily be seen from (1.2), see

[15]):

g% 1 1°(Z) — 1°°(Z) is linear, (2.5)

Vv € 1°°(Z), if (ix)ren is a sequence in Z such that limy,. vy, = sup;ez vj, (2.6)
then liminfy_ o ¢®[v];, >0, '

if 7:1%°(Z) + 1°°(Z) is the left translation 7(v); = v;4 1, then 7¢% = g% 7. (2.7)

The next assumption is quite natural in the framework of numerical analysis where, eventually, everything
has to be finite in order to be implemented.

3A% > 0 such that, for all v € I°°(Z), g*[v]o only depends on (v;)|;)< s (2.8)

The last assumptions impose the consistency of ¢® as &z — 0 and necessitate to introduce a few con-
ventions and notations. If dr is a given space step and v € [*°(Z), we identify v with the function
vg € L>®(R) which is piecewise constant equal to v; on [idr, (i + 1)&[ for all i € Z; likewise, g% [v]
is either considered as an element of [*°(Z) or of L*°(R), depending on the context. If K is a com-
pact subset of R, C%(R) is the space of C? functions on R with support in K (it is endowed with the



norm [[@|lcz = [|¢[r=®) + [|¢'|[L=®) + [[¢"]|L=®)) and, for such a function ¢, we define ¢ € 1°°(Z)
by ®; = &+ i(&i:_l)&x ¢(z)dz. (g®)* is the formal adjoint operator of g* defined by: for all v € I}(Z),
(g®)*[v]; = diez g%[e'];v; where €' € [°°(Z) is the sequence which has 1 at the i-th position and 0
elsewhere (note that, since g is self-adjoint, it is probable, but not required, that g% also is self-adjoint).
The assumptions regarding the behavior of ¢® as & — 0 are:

VK compact in R, 30k :]0,1] — R™ non-decreasing such that lims .o 0k (s) = 0 and,

. 2.9

for all ¢ € C%(R) and all & €]0, 11, [|(9%)*[®] — g6l 1) < [[6llcs Orc (&) 29)
Vr >0, g% = g%, + gb7,. where:

1) gi‘fr satisfies (2.5)—(2.8) and (2.9) with g replaced by g r, (2.10)

2) VQ compact in R, 3v, ¢ :]0,1[— RT such that lim,_.o 7, (s) = 0 and,
for all &x €]0, 1] and all v € [*°(Z), ||gg‘f"r[v} — 90,0 [Vae]llL1 (@) < ||l 2y 7 ().

This last assumption is in fact useful only in the case A < 1, where we have to consider entropy solutions
to (1.1) (the entropy formulation of this equation requires to cut g into g, and go ).

Time and space steps & and dr being given, in a similar way as above we identify a family (u}")n>0, iez

with the function ug, g : [0, 00[xR — R equal to u]" on [nd, (n + 1)&[x[idr, (i + 1)d[, and u™ : R — R is
the function equal to u] on [idr, (¢ + 1)dz[. Our main result is the following.

Theorem 2.3 (Existence, uniqueness and convergence of the approximate solution) Assume that (2.3)
and (2.5)—(2.9) hold. Then, for all & > 0 and all dx > 0 satisfying (2.4), there exists a unique bounded
solution ug,s = (U] )n>0,icz to (2.1)—(2.2). Moreover, if X > 1 or if (2.10) holds, then, as & and &

tend to 0 (while satisfying (2.4)), ug,e — u weakly-+ in L>([0,00[xR) and strongly in L}, ([0, c0[xR)
for all p < 0o, where u is the unique entropy solution to (1.1).

Remark 2.4 Since the construction and theoretical study of the scheme does not rely on the precise
expression of the non-local term in (1.1), but only on general properties enjoyed by this term and its
discretization (?), Theorem 2.3 can easily be generalized to equations involving, for example, other kinds
of Lévy operators (not only the stable operator g).

3 Theoretical study of the scheme

3.1 Properties of the approximation ¢*

The assumptions made above on g% allow us to precise the structure of this discretization of ¢ and to
deduce additional properties.

Lemma 3.1 If g% satisfies (2.5)—(2.8) then:
1) g% commutes with the right translation 771 : (v;)iez — (Vi—1)icz-
2) If v € I°(Z) and (ix)k>1 are such that limy_.oc vy, = infjezv;, then limsup,_, . g*[v];, <O0.
3) If v € 1°°(Z) is a constant sequence then g*[v] = 0.

4) There exists non-negative real numbers (/J,?E)j:,A&z A5 such that

.....

Yo el®(Z),YieZ : ¢%v]; = — Z M?E(viﬂ — ;). (3.1)
l7|<A%

2Some of these properties (such as the invariance by translation (2.7)) being moreover stated and used only to simplify
the presentation.



5) For allv € 1°(Z), alln : R — R convex function and all i € Z, we have

g ()i < 7' (vi) g™ [v]; (3:2)
(if n is not regular, we let n'(v;) denote any sub-differential of n at v;).

6) Ifv € I°(Z) and (V™) m>1 s a bounded sequence in 1°°(Z) such that, for alli € Z, lim,, oo 0" = v;,
then (g% [v™])m>1 is bounded in 1°°(Z) and lim,, o g¥[v™]; = g®[v]; for alli € Z.

7) There exists C® > 0 such that, for all v € I°(Z) and all N > 1,

Z g% [vl;

<c* sup |vi].
N—A®<[i|<N+A®

8) If w € 1M(Z) and v € I®°(Z), then (¢%)*[w] € IY(Z) and

> g lawi =Y vilg™)* [wli. (3.3)

€L i€L

Remark 3.2 It is shown in [9] that operators acting on spaces of functions on R and satisfying a reverse
mazimum principle similar to (2.6) have integral representations, generalizations of (1.2). Formula (3.1)
can be seen as a discrete version of this result (see also Section 4.1 to understand the absence, with
respect to the continuous case, of a discrete derivative in (3.1)) and, as in the continuous case, the
reverse mazimum principle (2.6) truly is the key point to the study of the discretized equation.

Proof of Lemma 3.1

We first notice that Item 1 is evidently true, as a consequence of (2.7) and of the general fact that if
an operator commutes with an isomorphism, then it also commutes with its inverse mapping. It is also
easy to see that Item 2 is a consequence of (2.6) applied to —v instead of v. If v is a constant sequence,
then any i satisfies v; = sup;c;v; = infjez v; and, by (2.6) and Item 2, we must have g% [v]; > 0 and
g®[v]; <0, which proves Item 3.

By assumptions (2.5) and (2.8), there exists (6?‘”)]-:_14&7“_714& such that, for all v € [*°(Z),

g Wo= Y BFv;.

[F]< A%
Let |j] < A%®, j # 0 and v € I°°(Z) be defined by v; = —1 and v; = 0 if i # j; applying (2.6) with iy = 0

(we have vy = 0 = sup;c v;), we obtain 0 < g¥[v]y = —ﬂf‘” which proves that, for all j # 0, 6?”” < 0.
From the invariance by translation ((2.7) and Item 1), we also have

gl = (g0 = ¥ [rulo = Y BT = Y0 B

lil<A% lil< A%

But Item 3 implies Z\jISA&” ﬁf’” = 0 and thus g = — Zﬁgo ﬁ;&”, which gives

9 Wl =D B vy + B3 vi = D B vies — | D BF | vi =Y B (g —wi) = D BF (viry — i),

70 70 J#0 70 lj| < Ase

Item 4 follows if we define pf’ = 0 and, for j € [-A®, A%]\{0}, pf* = —BF.



If 7 is convex then n(vit;) — n(vs) > 7' (v;)(viy; — v;) and Item 5 is thus a corollary of Item 4. Item 6 is
also an immediate consequence of Formula (3.1) and, to prove Item 7, we simply write

doogFl = ) B (_ZNUHJ— > Ui)

i=—N lj|<Abe =N
N+j —N+j—1 ~N-1 N
5z &
= E B; E v — E v; | + E B E v — E U4
0<j<A% i=N+1 i=—N — A% <j<0 i=—N+j i=N+j+1
and thus
N
5w . A
E g% ]| <4 E JB;" x sup |vs .
P i <Ase N—A%<|j|<N+A%

It remains to prove Item 8. First, by (3.1), it is easy to see that (¢®)* satisfies the same formula with
u‘i”j instead of u?"; hence, if w € [*(Z) then (g®)*[w] is also in [*(Z). By definition of (¢®)* and linearity
of g, (3.3) is true if v has only a finite number of non-zero terms; since we can approximate, term by
term, any v € [*°(Z) by such sequences which stay bounded in I°°(Z), (3.3) for a general v follows from
Item 6. m

3.2 Existence and uniqueness of an approximate solution

We prove in this section that there exists a unique solution to (2.1)—(2.2), and we establish a first series
of properties of this solution.

Lemma 3.3 Under assumptions (2.5)—(2.8), for all @« > 0 and all h € 1°°(Z) there exists a unique
solution v € I°(Z) to

VieZ : v+ ag®[v]; = h;. (3.4)
Moreover, we have
inf h; < infv; < i < h; 3.5
pfhe < fnfu <supu < o
and
D il < Rl (3.6)
i€z i€Z

Proof of Lemma 3.3

Let us first prove (3.5) and the uniqueness of the solution. Let (ix)r>1 be a sequence in Z such that
limy, o0 i, = SUp;cy v;; then applying (3.4) to ¢ = i and passing to the inferior limit as k£ — oo thanks
to (2.6) we find sup,;c; v; < sup;cy hi. Doing the same along a subsequence which converges to inf;cz v;
(see item 2 in Lemma 3.1), we obtain inf;cz v; > inf;cz h; and (3.5) is proved. These inequalities show
that if A = 0 then v = 0. System (3.4) being linear, this proves the uniqueness of its solution.

To prove the existence of a solution we consider, for m > 1, the approximate problem
YieZ: v+ ozg&”[vm]il[,mm] (i) = h; (3.7)

where 11_,, ,,)(i) = 1if [i] < m and 1;_,, (i) = 0 otherwise. Using the same argument as before, we
notice that any solution to (3.7) also satisfies (3.5) and, in particular, that this problem has at most one
solution. Since (3.7) clearly defines v (equal to h;) if |i| > m, solving this system comes down to solving
a finite-dimensional square linear system (of size 2m+ 1); the uniqueness of the solution therefore ensures
its existence.



Since (v™);,>1 is bounded in [*°(Z) (it satisfies (3.5)), we can assume up to a subsequence that, for all
i € Z, (v/")m>1 converges to some v; as m — oo. We can then pass to the limit m — oo in (3.7) thanks
to Item 6 in Lemma 3.1 to see that (v;)iez € I°°(Z) thus defined satisfies (3.4).

We conclude by proving (3.6), assuming that h € [1(Z) (otherwise nothing needs to be proved). Multi-
plying (3. 4) by sgn(v;) = n'(v;) for n = | - | and using (3.2), we have |v;| + ag®][|v|]; < |h;|. Summing on
i=—N,..., N, we deduce from Item 7 in Lemma 3.1 that

Z lv;| < Z |hi| + aC*® sup lv;] < Zlhl| +aC&”||v||loc(Z) < +o0. (3.8)

i=—N N-A®<[|<SN+A% i€z

Hence, v € I'(Z) and limy;| oo v; = 0. We infer that limy .o SUPy_ gw <|jj<n a5 |v;| = 0 and, letting
N — oo in the first inequality of (3.8), this concludes the proof of (3.6). W

We can now prove the existence and uniqueness of the solution to the scheme.

Corollary 3.4 (Existence and uniqueness of an approximate solution) Let & > 0 and & > 0. Under
assumptions (2.3)—(2.8), there exists a unique bounded solution (u}')n>0,icz to (2.1)—(2.2). Moreover,
it satisfies, for alln > 1,

mf ug < mfu < supu < sup ug. (3.9)
1€ R

Proof of Corollary 3.4
As it is usual for schemes involving monotone fluxes, we re-write (2.2) in the following way:

& o
uftt 4+ &g® M = - 5 i uily) = Flui, o)) + = (Fuily, o) = Fui, w'))

& Ful,ulyy) — F(ui,u?) -,

P e )

& F( z ) F(uz 7u7, ) n n

+$ ’U,;'L - ’LL (ui—l — U )
Let us define
n &F(u?7u?—|—1)_F(ul7uz) n &F( U;_ 1, U z) F(uz7uz)
a = —— and b =
ar uhy — U & ul | —ul

(if uj’ ; = uf or u’ | = uj, we let the corresponding coefficient be equal to zero). The scheme is thus
equivalent to
up o Gl = o al (ufyy — )+ 0] (uly - ), (3.10)
Which comes down to asking that w1 is the solution to (3.4) with o = & and h; = (1 — a? —bM)ul +
ufyy + bfuj’ . But, under (2.3) and (2.4), if u™ satisfies (3.9) then a} > 0, b} > 0 and a + b} < 1;
thls means that h is a convex combination of (u )]EZ and thus that mflez u <infieg by < supjeg hi <
sup;cz ui'. Hence, reasoning by induction on n from (2.1), Lemma 3.3 ensures the existence and uniqueness
of a bounded solution to (2.1)—(2.2), which satisfies moreover (3.9). B

3.3 Compactness estimates
Proposition 3.5 (BV estimates) Let & > 0 and & > 0 and assume (2.3)—(2.8). If (u]")n>0, icz is the
solution to (2.1)—(2.2) then, for alln > 1,

Z luityy — | < |uo| By (w)- (3.11)
ez



Proof of Proposition 3.5
Subtracting (3.10) for i + 1 and for i and since g® commutes with the translation 7, we obtain, with
v = Uy U,

vt a0 = (1= a = by )vf + ol + 00l
Hence v"*! is the solution to (3.4) with o = & and h; = (1 — al — b, )vl" + al’ 0P, + bl and we
deduce from (3.6) that

Dol <Y = af = bl + Y ladal ol + Y 07 o} .
i€Z i€L i€Z i€L

But the CFL (2.4) and Estimate (3.9) ensure that 1 —aj —b}",; > 0, aj,; > 0 and b}’ > 0 and we therefore
find, by re-indexing the last two sums,

Z |u;f11 - “?+1| < Z lui'yy — ui.
iz i€Z

This estimate allows to conclude the proof by induction on n (because (3.11) is true for n = 0 from the
definition of u¥ in (2.1), see [10]). m

Proposition 3.6 (Time estimates) Let & > 0 and & €]0,1[. Assume that (2.3)—(2.9) hold and let
Ust,oe = (U] )n>0, icz be the solution to (2.1)—(2.2). Define Us, 5 as the affine by parts time interpolate
of (uf)n>0, icz:

t—nd ., n+1)d—1t ,
P (z) + 5 u"(x).

Then for all K compact subset of R, there exists My > 0 not depending on & or & such that

Ve € [ndt, (n+ 1)&], Ve € R : Ug g (t,z) =

|0¢tia, & || oo (0,00[:(c2 (R))) < MK (3.12)

Remark 3.7 If A < 1 then (1.2) shows that g[¢] € L .(R) as soon as ¢ € L>®(R) N BV (R). Hence,

loc
since Proposition 3.5 gives space BV estimates on us s, the choice of a proper approrimation g% and

the scheme (2.2) could allow to deduce, in the case A < 1, time-BV local estimates on ug & (Stronger
estimates than (3.12)).

Proof of Proposition 3.6
We have 0, = "H&*“n on [nd&, (n + 1)&] x R. Let K be a compact subset in R and ¢ € C%(R); define
(i+1)bw

D el>™(Z) by @i = £ [ ¢(z) dz. From (2.2) we deduce, for ¢t € [ndt, (n + 1)d],

/Ratﬂ&,&t(t, x)p(x)de = Z %(u?ﬂ —ul)®;

i€
= Y (Fluy,uf) = Fuf,ufy)))®s — Y dvg®w™'],@ (3.13)
€L I€EL

Using (2.3), we have |F(u} ,,u}) — F(uj,ui,)| < Cilufy, —ui| + |uif —ui |) with C; not depending

i—10 %

on &, &, n or i, and (3.11) therefore gives

> (Fufy,ul) = Ful, uf ) ®i| < 2C [uol gy w6l @)- (3.14)




Formula (1.2) clearly shows that g is continuous W21 (R) — L*(R) and thus, since C% (R) is continuously
embedded in W?!(R), there exists Ex not depending on ¢ such that ||g[¢]||r1r) < Ek||¢l|cz 5 using
Item 8 in Lemma 3.1, (2.9) and (3.9), we deduce

> g™ Y &t (%) [@];

€L 1E€EL
< uol| e @) l1(9™)*[@]] |2 w)
< fuollzoe ) (0 (1) + Ex)|[9]] ¢z - (3.15)

The proof is concluded by plugging (3.14) and (3.15) into (3.13). B

Corollary 3.8 (Compactness of the approximate solution) Assume that (2.3) and (2.5)—(2.9) hold.
Then as & > 0 and & > 0 tend to 0 while satisfying (2.4), up to a subsequence the solution ug.g to
(2.1)—(2.2) converges in Li, ([0,00[xR).

Proof of Corollary 3.8

Let & > 0 and & €]0,1[ satisfy (2.4) and define ug, s as the affine interpolate of (u}')n>0,, icz as in
Proposition 3.6. Estimate (3.11) show that, for all n > 0, |[u"|gy®) < |uo|pv(r); since, for all ¢ > 0,
Uy 5 (t,-) is a convex combination of u™ and u™*! (for some n > 0), we deduce that |tUs & (t, )| pvr) <
[uo| By (r) and, by (3.9), that ||t &|Le<(j0,00[xR) < [|u0|[ L ®)-

For all compact K C R, the set S = {Ug,s; & >0 and & > 0 satisfy (2.4)} is therefore bounded in
L>([0, 00[; L*°(K)) and, by Proposition 3.6, the time derivatives of the functions in this set are bounded
in L°°([0, oo[; (C%(R))’). Since L*°(K) is compactly embedded in (C%(R))’ (because C%(R) is compactly
and densely embedded in L'(K)), we deduce that S is bounded in W>°([0, oc[; (C%(R))’) and, by Aubin-
Simon’s compactness theorem (see [4, 21]), that S is relatively compact in L{ ([0, oo[; (C%(R))).

For all t > 0, denoting by n the integer such that t € [nd, (n + 1)&[, we have ug s (t, ) = Us a(nd,-)
and the bound in W1°°([0, oo[; (C%(R))’) thus shows that ||ug e (t,-) — Us,a(t, Nez @)y < C28& with
C> not depending on & or dr. The compactness of S in L{ ([0, 00[; (C%(R))’) therefore shows that, as
& — 0, us, 5 is also relatively compact in this space.

By (3.11), for all t > 0 we have |ug & (t,-)|Bv®) < |[uolpvr) Which implies, by a classical result on BV
functions, for all £ € R,

|[ue, & (t, - + &) — ug,a(t, )| ) < |uolBym)l§]-
Associated with the relative compactness, as & — 0, of ug & in L ([0,00[; (C%(R))’) for all K C R

loc
compact, this estimate makes it possible to apply Lemma 7.5 in [11] (or more precisely the technique of

proof of this lemma) to conclude that this relative compactness also holds in L{ ([0, c0[; L{, .(R)). ®

Remark 3.9 If ug does not belong to BV (R), then it is not possible in general to directly prove strong
space BV estimates, and thus strong compactness, for us.s. In this situation, one has to invoke the
convergence of us. g in the non-linear L™ weak-+ sense (i.e. in the sense of Young measures), to prove
that the limit of ug,s is an entropy process solution to (1.1) (this is done thanks to some space weak
BV estimates on ug. &) and to check, following [1], that this entropy process solution is unique (see the
general method for pure scalar conservation laws in [10]).

3.4 Convergence

We can now prove the convergence of the solution of (2.1)—(2.2) toward the solution of (1.1), as & and
d tend to 0 while satisfying (2.4). By Corollary 3.8 and since ug, g is bounded in L*([0, co[xR), up to
a subsequence we can assume that it converges toward some u weakly-x in L>([0, co[xR) and strongly
in L} ([0,00[xR) for all p < co. We now show that any such limit u of us s is the unique (entropy)
solution to (1.1), which implies that the whole family ug s converges to this solution and concludes the

proof of Theorem 2.3.



Let ¢ € C?([0,0[xR) and define ®7 = fZ(ZH ¢(ndt, z) de. Multiplying (2.2) by &®? and summing
on n and ¢ (all these sums are finite since CID” is equal to zero for n or |i| large), we obtain T3 +To +715 =0

where
Z Z&I" n+1 7
n>0i€Z
Z&Z uz 7u1+1 F(u;n—lau:l))q):l
n>0 i€EZ
and
Z &Z&Eg n+1 ;z
n>0 i€Z

Let us study the limit of each of these terms. We have

Ty=> &) du nq’n i =Y auld) = / /u&&tm)\ll&&(t ;z:)dtdxf/uo( )@ () da

n>1  icZ i€z R

1

n—1 n
where Uy 5 is equal to 0 on [0, ¥[xR and to w on [nd, (n + 1)d[x[id, (i + 1)&] for all n > 1
and all i € Z. By regularity of ¢, as & and dr tend to 0, ¥ 5 and ®° converge respectively to —d;¢ in
LY([0,00[xR) and to ¢(0,-) in L'(R). The weak-* convergence of ug g then shows that

Ti— = [ [ uttagotto)deds — [ uo()ot0.2) do. (3.16)

To handle T» we write, thanks to (2.3),

o — P
T, = Y &Z&F(u?,uﬁ_l)le
n>0 €%
” - n n q);n (DZLJrl

= Z&Z&f +Z&Z&” uz’ui+1)_f(ui>)T

n>0 i€Z n>0 i€Z
= / / f(u&ﬁ& (t, :17))@&75% (t, 1‘) dtdx

o Jr
O — P
DY (P ) — P uf)) =t (3.17)

n>0 i€Z

where Og a0 = % on [nd&, (n + 1)&[x[idz, (i + 1)de] for all n > 0 and all ¢ € Z; as & and dr tend
to 0, this function converges to —d,¢ in L'([0, 0o[xR) by regularity of ¢. Moreover, by local Lipschitz-
continuity of f, uniform bound on ug g and convergence of this function toward w in Li ([0, c0[xR),
f(ug,s) — f(u) in L ([0, 00[xR) while staying bounded in L>°([0, 0o[xR); the convergence of f(us,a)
thus also holds in L>°([0, co[xR) weak-* and we therefore see that the first term in the right-hand side
of (3.17) tends to — fooo Jg f(u(t,2))0.¢(t, z) dt dz. Regarding the second term, we invoke (3.11) and the
regularity of ¢ to write

o7 — 7 . .
Z &Z&(F(U?7Uﬁ1) - F(UZl’U?))TH < Lipy,,(F)Cs Z &Z&‘ui+1 -

n>0 i€Z 0<n<T/& i€Z
S Lipz,uo(F)CST|u0|BV(R)&L'

where C3 only depends on ¢ and T is such that supp(¢) C [0,7] x R (so that ®} = 0 if n > T/&). This
last right-hand side tends to 0 with & and we conclude that

Ty — _/0 /Rf(u(t,x))amqb(tw) dt dz. (3.18)
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The convergence of T3 is pretty straightforward from Item 8 in Lemma 3.1 and assumption (2.9): we
have

T3 = Z&Z&ru"“ oM, / / Ust, o (T + &, ) Q.50 (t, ) dtdx (3.19)

n>0 1EL

where Qg 5 = (¢%)*[®"]; on [ndt, (n + 1)&[x[idw, (i + 1)&[ for all n > 0 and all i € Z and T is as
before. Let ¢g : [0,00[xR — R be the function equal to ¢(nd,-) on [nd, (n + 1)&[xR for all n > 0.
From (2.9) we have, for all t > 0, |[Qa,a(t,-) — gl¢a(t, )li®) < |[6]]L~(0,00p02 ()0 () Where K is
a compact set such that supp(¢) C [0,00[x K. As & — 0, the regularity of ¢ ensures that ¢g — ¢ in
L>([0,T]; C2%-(R)), and thus in L>([0,T]; W*(R)); since g : W*(R) — L'(R) is linear continuous (see
Formula (1.2)), this shows that g[¢s] — g[¢] in L>°([0,T]); L*(R)). We deduce that, as & and & tend to 0,
Qa0 — gl¢] in L=([0,T]; L' (R)) — L'([0,T] x R). Passing to the limit in (3.19) by weak-* convergence

in L>([0, co[xR) of ug, &, we find
T H/ / (t, 2)glo(t, )] (z) dtda. (3.20)

Gathering (3.16), (3.18) and (3.20) in Ty + T + T3 = 0 leads to

// ta:@t(btmdtdx—i—/ /f (t,x)) Lqﬁtxdtdx—/ / (t,x)glo(t, )] (x) dtdx

- / o(2)(0, 2) da.

This proves that u is a weak solution to (1.1). If A > 1, this weak solution is in fact the unique solution
in the sense of Duhamel’s formula, and thus also the unique smooth strong solution (see [14]), and the
proof is complete. If A < 1, we must modify the preceding reasoning to show, using (2.10), that u is an
entropy solution to (1.1).

Under assumptions (2.3) and (2.4), (2.2) can be written

n n & n n & n n n n n
Ui+1 =U; — &F(“i 7ui+1)+ &F( ) — &9 [u +1]i = H(uiflauil7ui+1) —&9&[“ +1]z‘

where H is non-decreasing with respect to each of its variable on [infg ug, supg ug]® and, for all x €
[infr ug, supg uo), H(k, K, k) = K. Denoting aTb = max(a,b), we have in particular H(uj_,,ui,uj ;) <

Hul Tk, ul T/ﬁ,u?+1Tm) and k < H(uj ; Tr,u] Tk, ui,, Tk) and we deduce, examining separately the

1 1
cases u"+ <k and u"+ > K,

u?HT/{ < H(uj  Th,ui Thyug TR) — 1]&()0[(11?“)&9&‘ [u”“]i.
Similarly, if aLb = min(a, b),
ul Lk > H(ufy Le,uf Lk, ully Lk) — 1) oo x(u w1 dtg® [un
and therefore
uf T T —ul le < H@uP Trul Tr,uly Tr) — H( LRl Leyug LK)
— (Lo (uf ™) = Lo g (ul ™)) &g [u™ ;.

Defining 7,(s) = [s — k| = sTk — sLk, we have 1, (5) = 1j,,00[(5) — 1j—sc,x[(s) (this selects the sub-
differential of 1, equal to 0 at s = 0) and the definition of H thus leads to

o

5 (M1 up ™) = e (uf))+ (F(uf Tryufyy T) — Fu Lk, ufyy Lk))

— (F(uiy TR, up TR) = Fui_y Lk, uf Lk)) + & (uf ™) g™ [u™+H); < 0.
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Taking r > 0, applying (2.10) and using (3.2) for gi’fr (which satisfies the assumptions of Lemma 3.1),
we find

(e (u 1) = M () + (F(uf Th ufy Tr) = F(uf Lk, ulyy Lk))

| &

— (Fu?_ Tr,ulTr) — F(ul_y Lk, ul Lk))

’L

+ar gl [ (u™ )i + &gy (uf g% [ <0, (3.21)

These inequalities (for all > 0) are discrete versions of the entropy inequalities for (1.1) and it is quite
straightforward to deduce from them that the limit u of uy g satisfies the entropy inequalities for (1.1).
Indeed, taking a non-negative ¢ € C2([0,00[xR), defining ®? from ¢ as before, multiplying (3.21) by
&®7 and summing on n and 4, we obtain Ty + T5 + T + 17 < 0 where

o Ty is Ty with u] replaced by ng(ul),

o Ts is Ty with F(uj,ui, ) replaced by F(ui Tr,uj’  TK) — F(u Lr,uj,; Lr) and F(uj |, u;) re-
placed by F(u? Tk, ulTk) — F(ul_; Lk, ul LK),

o T; is Ty with ¢ replaced by gf\fT and u"*?! replaced by ng(u"t1!)

and
Tr=>Y &Y denl(upth)gy, [ut]; 0.

n>0 i€z

Using the same techniques as in the study of convergence of T, T and T3, the strong convergence of
Ug,5 to u allows us to see that, as & and dr tend to 0,

Ty — —/0 /Rm(U(ta x))0:¢(t, ) dtdr — /RWK(UO(QC))‘MO»@ dz, (3'22)

Ts — / / u(t,z)TK) — f(u(t,r)Lk)) O, ¢(t, ) dtdx (3.23)

and

Ty — / h / e (u(t,2))gap [B(1, )] (2) didz, (3.24)

Regarding T7, we have
e}
T; = / / 0 (s g (E+ 0, 2)) Vi o (£, 2) it g (8, ) it (3.25)
0 R

where Vg = g§,[u"']; and @5 = I on [nd, (n + 1)&[x[ide, (i + 1)d&[ for all n > 0 and all i €
Z. By (2.10), for all compact @ and all ¢ > 0, taking n > 0 such that ¢ € [n&, (n + 1)&[, we have
Vasse(t,) — g0 0™ 21 (@) < 14| e (eyin (@) < [luollpw gyt (d). From the definition of go,
and the convergence of ug s to u we see that the function defined by go..[u™*!] on [nd, (n + 1)#[xR
converges to go,-[u] in L} ([0,00[xR), and we therefore deduce that, as & and & go to 0, Vg & also
converges to go[u] in L{ ([0,00[xR). The convergence of ug g to u in Li ([0,00[xR) shows that
Ust, o (- + &, ) also converges in this space to u and thus, up to a subsequence, a.e. on |0, c0[xR; but,
for a.e. k € R, the measure of {(¢,z) €]0,00[xR, u(t, :1:) = K} vanishes and, since 7/, is continuous on
R\{x}, we have, for such s, n/,(ug.&(- + &) — n.(u) a.e. on ]0,c0[xR. Combined with the fact that
Inl.| <1, the convergence of Vg & to go-[u] in Li ., the uniform convergence of ®g 5 to ¢ and the fact
that the support of ®g g stays in a compact subset of [0, co[xR, this allows to pass to the limit in (3.25)
to find

T - / b / o (ult, 7)) go.r [u(t, )] (2)6(t, z) dtda. (3.26)
0 R
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Gathering (3.22), (3.23), (3.24) and (3.26) in Ty + T + T + T+ < 0, we conclude that
/ /m (t,x))0rp(t, ) dtdx+/ / u(t, ) Tk) — f(u(t, ) Lk))0.0(t, z) dtdz
- [ [ttt fote Ny dede — [ [ ot utt e, fute. ot ) ded
; /R M(uo(@))o(0,a) o >0 (3.27)

where we recall that 7, (s) = [s — x| and 7, (s) = 1) 00[(5) = 1]—o0,[(5). This inequality has been proved
up to now only for almost every x € R; but for any x € R we can choose (Km)m>1 and (K, )m>1 such
that (3.27) is valid with Ii = Ky and K = %m and such that x,, / x and kK, \, Kk, and we have then
(0w, + M7,.) — N and (nﬂm +n%, ) — M, on R as m — oo, all these functions staying bounded on
bounded subsets of R; we can therefore take the mean value of (3.27) applied to k,, and K, and let
m — oo to see that (3.27) is also satisfied with x. This shows that u is the unique entropy solution to
(1.1) (see [1]) and concludes the proof.

Remark 3.10 We could as well consider the multi-dimensional form of (1.1) (i.e. with N space dimen-
sions instead of one); on cartesian grids, the adaptation of the preceding reasoning is straightforward;
on unstructured grids, however, the schemes for scalar conservation laws are not necessarily TVD (total
variation decreasing) and it is therefore not possible to directly prove Corollary 3.8: even if ug € BV (RY),
we have then to rely on the techniques sketched in Remark 3.9.

4 Implementation of the numerical method

4.1 A few words on the resolution procedure
4.1.1 Example of ¢*

A space step & > 0 being chosen, Formula (1.2) makes it easy to write a discretization of g: we
approximate each integral sign using a basic quadrature rule on the mesh ([jdx, (j+1)dz[);ez (for example
the right rectangles for z > 0 and the left rectangles for z < 0 — this avoids the singularity of 1/|z|*** at
z = 0 and preserves the symmetry between z > 0 and z < 0) and we use a finite difference approximation
of the derivative (for example a centered one). However, such an approximation would use all the (v;);ez
in order to compute ¢g®[v];; in practical application, the considered functions are usually constant near
—o0 and +o00: it is therefore safe to assume this when discretizing g and to use the mesh ([jd, (j+1)dz|)jez
only up to |z| = Jgd (for some integer Js, such that Jsdr — +o0o as &¢ — 0), approximating the
remaining parts with two unbounded space steps | — 0o, —Jgdz] and [Jsdz, +oo[. This leads to

Vi+j U Biblo il lj(il' Viti — Vg
gl = —el) Z o = & 1+/\& —c(A) E: o —gc]c 1+A
o< || : 5]
JI<r/& r/&&<|j|<Js
Vi—Js—1 — Ui Vit Jsp+1 — Vi
_ _ . 4.1
(V) A(J )N () (g dr) > (4.1)

But ), <ljl<r/d W = 0 by symmetry and we can in fact drop the discretization of the derivative:

gl = —c() Z &TZZ‘H;
o<lji<r/@ 7
Vitj — U Vie Jsu—1 — Ui Vit Jsut1 — Uj
—¢(A & — ¢ — o) Vit detl — Ui 4.2
O 2 e O SGey Y G
T 5z
Vitj — V4 Vie Js—1 — Vi Vit Jsd+1 — Uj

- Gl U oYt Z U o Vit el T U 4.3
0<|Jz<:]& Gap N X nar N Una)® (4.3)
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This dropping of the discretization of the derivative is in concordance with the reason behind the existence
of ¢(z) in (1.2); in fact, g is essentially the principal value of (|- |*~*)” and g[¢] is therefore the limit
as e — 0 of —c(A) lelZE % dz (see [15]); the term ¢'(z)z is introduced on | — r, r[ because, by
symmetry, it does not modify this integral sign but makes it possible to write the limit as ¢ — 0 as an
integral sign on R. In the framework of numerical analysis, there is no such question of principal value

and integrability at 0, and the disappearance of the discrete derivative is therefore not surprising.

It is easy to prove the first properties (2.5)—(2.8) for g* defined by (4.3). Indeed, if limg_o v;, = sup; v;
then, for all ¢ > 0 and for k large enough, v;, +; —v;, < ¢ for all j € Z and thus

1 2¢(A
o he 2 e 3T e - 5 J; &);)A = —C(dr)e

0< 1< 6

and (2.6) is obtained by taking the liminfy_, o, of this inequality and then letting ¢ — 0. The linearity
(2.5), the invariance by translation (2.7) and the dependence on a finite number of values (2.8) are
obviously satisfied. The proof of Properties (2.9) and (2.10) is way more technical and is therefore given
in the appendix (Lemma 5.1).

4.1.2 Choice of the parameters

The practical implementation of the scheme (2.1)—(2.2) requires to make some choices of truncation
parameters. First of all, we cannot obviously compute the approximate solution on the whole of [0, co[ xR,
we have to select a bounded domain on which we intend to obtain the solution: assume that this domain
is [0,T] x [-D, D]. To simplify the presentation, we also assume that & = T/Ng and & = D/Ng, for
some integers Ng and Ng,.

If we forget for a moment the operator g% in (2.2), we notice that the calculation of (u]"); <, (in order
to obtain the approximate solution at time step n +1 on [—D, D]) necessitates to know (uf)|;j<ng+1 (or
(u7)}i|<Ng+2 in the case of 4-points numerical fluxes instead of 2-points fluxes). Hence, the hyperbolic
part of the scheme imposes to begin at ¢ = 0 with the indexes |i|] < Ng + Ng (or Ng + 2Ng in the case
of the 4-points scheme) in order to obtain the approximate solution at time ¢t = T on [—D, D]; this is the
discrete counterpart of the well-known finite speed propagation of the scalar conservation laws.

But we must also consider the operator ¢®, which makes of the scheme a non-trivial infinite linear system.
The proof of Lemma 3.3 however gives a way to approximate the solution to (2.2): h; being the right-hand
side of (3.10) and «a being equal to &, an approximation of (u}"');cz is given by the solution to (3.7)
for m “large enough”... but which m? It is not obvious to give an analytical answer to this question: it
is possible, from (4.3), to estimate the convergence as m — oo of the solution of (3.7) to the solution of

(3.4); however, this general estimate is very slow (of order ég'/ % for some &x < 1) and imposing m using
this error bound leads to unreasonable values. The same holds for the choice of Jg in the definition of
gse: it is easy to see that the difference between g% defined by (4.3) and the same expression with an
infinite series (Jg = +00) is of order ||v|];=(z)(Jud) ™ and thus, if we take J5, = %, that the error,
in the definition of g%, due to the truncation of the sum at Js, is of order at most e... however, the value
thus chosen for Jg, is not reasonable, especially if A is small. These general findings are in concordance
with the estimate on the infinite speed propagation phenomenon of (1.1): it is proved in [1] that the
influence of ug(x) on u(1,y) decreases as |x —y|~* (i.e. very slowly).

However, in practical situations, things behave much better than the preceding reasoning might let believe
(partly because the above bounds are quite rough, partly because the considered initial conditions are
not any kind of function). Consider for example 7' = 0.5, D = 1, A = 0.5, a Burgers flux f(s) = s?/2
and a Riemann initial condition ug(z) = 1 if z < 0 and ug(z) = —1 if z > 0 (we also use a 4-points
MUSCL method based on the Godunov numerical flux, see [17], instead of a simple 2-points fluxes in
(2.2)). Due to the hyperbolic part of the equation, we compute the solution for at least the indexes
li| < Ng + 2Ng, and it seems wise to take this value as a lower bound for the choice of m in (3.7)
(in order that the non-local operator influences all the terms coming from the hyperbolic part of the
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Ns: | Ns m L°° difference
50 | 100 | 250 and 750 2.02E-4
100 | 200 | 500 and 1500 2.05E-4
150 | 300 | 750 and 2250 2.06E-4

Table 1: L°° difference between the approximate solutions computed with m = Ng + 2Ng and with

m = 3(Ng + 2Ng) (and Jg = 4m in either case).

Ng | Ng Js L difference
50 | 100 | 500 and 1500 1.76E-5
100 | 200 | 1000 and 3000 8.82E-6
150 | 300 | 1500 and 4500 5.88E-6

Table 2: L*° difference between the approximate solutions computed with Jg, = 2m and with Jg = 6m
(and m = N5 4 2Ng, in either case).

equation). To understand if a higher value of m can improve the precision of the approximate solution,
we show in Table 1, for various values of Ng and Ng (all satisfying the CFL condition associated with
the MUSCL scheme), the difference between these solutions computed with the values m = Ng, 4+ 2Ng
and m = 3(Ng + 2Ng) (and in either case for Jg, large enough to have a minimal interference): the very
small difference between the two solutions shows that the choice m = Ns + 2Ny, is sufficient to obtain,
in most cases, a good approximate solution to the scheme.

As for Jg, a minimal value appears to be 2m in order that, when solving (3.7), the computation of
g% [v™]; takes into account all the (v7")jez which are influenced by g% in this system of equations. Here
again, there is in fact little gain to be found in using a much larger value for Js than this estimated
minimum, as shown by Table 2 (in which we present the L difference of the solutions computed with
m = Ng + 2Ny and either Jg, = 2m or Jg, = 6m). Fixing Js = 2m seems sufficient to obtain acceptable
numerical approximations.

Notice that, once m and Jg are chosen, we know exactly which indexes are to be considered in the
implementation: the indexes |i|] < m + Jg + 1 (this can be seen from (3.7), since the computation of
g®[v™]; for all |i| < m uses only (V7)) j1<mt Jat1)-

4.1.3 Efficient numerical computation of the solution

Once the truncation parameters m and Jg are chosen, computing an approximate solution to the scheme
requires to solve the following systems of the kind (3.7):

VieZ o ult + &g W1 (6) = AT, (4.4)
where h™ is obtained by an iteration of the scheme for the pure scalar conservation law, i.e. A} =
ul + LFr ,ul) — LF(u?,uf, ). This system imposes ul™" = AZ for |i| > m; defining then v =
(h? 1z [—m,m) (@) jijez and W = (U?H)mgm, (4.4) reduces to a square system of size 2m + 1 on W:

W+ &GYW = (b} — 89" [0]:) i) <m (4.5)
in which the matrix G® comes from g® (G®W = (g&”[W]i)mgm with W; = W; if li] < m and W, =0
if [i| > m). Tt is easy to see from the definition of g® that G* is a symmetric semi-definite positive (it
is diagonal-dominant) Toeplitz matrix, and thus that the matrix I + &#G® of (4.5) is symmetric definite
positive Toeplitz; solving this system can therefore be done in an extremely fast way by using a pre-
conditioned Conjugate Gradient method and multiplication algorithms coming from the FFT framework
(see [12, 25] and also [22] for a possible adaptation to “more local” operators). Moreover, because of the
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Toeplitz form of g%, it is also possible to use FFT-based algorithms to achieve a very fast computation
of the right-hand side of (4.5).

Hence, the scheme (2.1)—(2.2) is not only a proper theoretical approximation of (1.1), but also a very
efficient one in terms of computational cost. We now give some numerical results to show that this scheme
also provides nice practical approximations of solutions to fractal conservation laws.

4.2 Numerical results

In the following numerical tests, we consider a Burgers flux f(s) = s?/2 and, in order to avoid introducing
too much numerical diffusion, we use a 4-points MUSCL method based on the Godunov flux [17] to
compute the numerical fluxes associated with f. Except in Section 4.2.3, we present snapshots of the
approximate solutions (*) at time T = 0.5 on the domain [—1,1], computed with a space step & =
6.67 x 1073 and a time step & = 1.67 x 10~3 (with our choices of initial conditions, these values satisfy
the CFL associated with the MUSCL method); we use ¢g® given by (4.3), the parameters m and Jg
being chosen according to the discussion in the preceding section (dr and & correspond to the choices
Ng = 150 and Ng = 300, so m = Ng + 2Ng = 750 and Jg = 2m = 1500).

Note that & = 6.67 x 1073 and & = 1.67 x 10~3 are not very small steps; thanks to the algorithms
mentioned in Section 4.1.3, each of the following numerical test only takes a few seconds on a personal
computer and it would not be a strong computational issue to reduce the size of the time-space grid. We
choose to present the results using these values of dr and & in order to show that the numerical outputs
of the scheme are quite good even without using a very fine grid.

4.2.1 Shock preservation and creation

If A > 1, the solution to (1.1) is C*-regular for any bounded initial data (see [14]). If A < 1, however,
it is proved in [3] that the diffusion properties of g are not always strong enough, when in presence of a
Burgers flux, to smoothen discontinuous initial data; moreover, in this situation, even C'*°-regular initial
data can give rise to discontinuous solutions.

These two different behaviors (smoothing or shock preservation) with respect to a discontinuous initial
condition are illustrated in Figure 1 (in which the initial condition is of Riemann type: ug(z) =1if 2 <0
and up(x) = —1 if £ > 0). The figure clearly shows that the solution corresponding to A = 0.3 presents
a shock at « = 0, whereas the solution for A = 1.5 is smooth.

The phenomenon of shock creation if A < 1 is shown in Figure 2; in this test, we take a kind of initial
data which, although Lipschitz continuous, ensures that the solution develops a shock in finite time (see
[3]): uop(z) = min(l, max(—3xz,—1)) (up is in fact piecewise linear, with a strong negative slope around
0 which provokes the creation of a shock; we could have smoothen 1y around its slope discontinuities at
x =—1/3 and z = 1/3 without changing much the behavior of the solution).

4.2.2 Speeds of diffusion

Let us consider for a moment the pure fractal equation, i.e. f = 0 in (1.1). It is known that, for
any A €]0,2[, the solution to d;u + g[u] = 0 is regular. The diffusive effects of the operator g, which
explains this regularizing effect, however depend on the value of )\; indeed, taking the Fourier transform
of dyu+g[u] = 0 we see that 0, F (u)+|£|* F(u) = 0: thus, during the evolution, the larger A the more high
frequencies are reduced and the less low frequencies are diffused. This property explains in particular
the different behaviors in presence of a Burgers flux with respect to shocks (Section 4.2.1), but is also
illustrated, for the pure fractal equation, in Figure 3: the initial data used in this test (—1 if z < 0,
+1 if > 0) has mainly low frequencies and is globally less diffused for a higher A, except around the
discontinuity (high frequency) where the smoothing is stronger (the slope of the solution is smaller).

30r rather of affine interpolates of the constant-by-parts approximate solutions (these affine interpolates also converge
to the solution of (1.1)).
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Solution at T'=0.5 for A =1.5

- 1.00

Solution at T'= 0.5 for A = 0.3

_________ + 1.00

-1.00 1.00

-1.00 -

Figure 1: Smoothing effect for A > 1 and preservation of shock for A < 1 (the dotted line is the common

initial condition of these tests).

-1.00 1.00

-1.00 +

Initial condition

Solution at T'= 0.5 for A = 0.3

- 1.00

-1.00 -

. 1.00

Figure 2: Creation of shock for A < 1.
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————— Initial condition
----------- Solution at "= 0.5 for A = 1.5
Solution at T'= 0.5 for A = 0.5

1.00 4

1.00

L -1.00

Figure 3: Solutions, for various A and an initial shock, to the pure fractal equation dyu + g[u] = 0.

The presence of a flux can also interact with the different diffusive properties of g for various A. If, keeping
the same non-decreasing discontinuous initial data, we add a Burgers flux (i.e. we consider (1.1) with
f(s) = s?/2), then the hyperbolic part of the equation generates a rarefaction wave: the initial shock
is transformed into a piecewise-linear solution; the high frequencies are therefore killed by the flux and
it can be seen in Figure 4 that the behaviors of the solutions for various A no longer differ around the
initial shock (in fact, from (1.2) we can see that g vanishes on affine functions for any A). The stronger
diffusive effect for low A is however still perceptible in the zones of lower frequencies of the solution.

4.2.3 Asymptotic behavior

In [7], the asymptotic behavior as ¢ — oo of the solution to dyv + 9, (f(v)) + g[v] — Av = 0 is studied;
the addition, with respect to (1.1), of the Laplacian term provokes little disturbance in the long-time
behavior of the solution and the results of this reference are also valid for (1.1). Let us try and illustrate
them with the help of the numerical scheme.

We take A = 0.5, and an initial data ug equal to 1 on [—0.2,0.2] and to 0 elsewhere; the time-space domain
of discretization is [0,30] x [—1,1] and, to avoid that the rarefaction wave and the shock generated by a
Burgers flux for ug leave the domain of study, we reduce the strength of the flux by taking f(s) = s%/6.
Denoting by K (t,x) the kernel of 0; +¢ = 0 (i.e. 0K (t,x)+ g[K(t,-)](z) =0 and K(¢,-) — dp as t — 0),
it is proved in [7] that t'/*[u(t) — K (t) * ug] — 0 in L>(R) as t — oc.

Figures 5 and 6 illustrate this property, by showing on one side the functions z — wu(t,z) and z —
K (t) *ug(z) for various times, and on the other side the plot in log-log scale of the L norm of #*/*[u(t) —
K (t)*up] on [—1, 1] versus the time; the approximations of v and K *wug (solution to (1.1) with f = 0) used
to draw these figures have been computed on [0, 30] x [—1, 1] using the numerical scheme with Ng = 100
and Ng = 4000. It is proved in [7] that the next term in the asymptotic expansion of u(t) is of order
t=2/* 1. that ||t/ u(t) — K(t) % ug)||p®) = O(t"1/*) as t — oo, and the reference slope t — ¢t~1/* in
Figure 6 confirms this (see below regarding the change of behavior after ¢ = 10).

In fact, the second term in the asymptotics of u(t) is known: it is proportional to 9, K (t) (see [7]); the
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————— Initial condition
----------- Solution at T'=0.5 for A = 1.5
Solution at T'= 0.5 for A = 0.5

1004—--------=-

-1.00 1.00

el A 100

Figure 4: Solutions, for various A, to (1.1) in the case of an initial data and a flux f(s) = s%/2 generating
a rarefaction wave.

numerical capture of this term is however quite challenging. Indeed, since K (t,z) =t~V K (1,t=/*z),
we have 9, K (t,z) = t=2/2 0, K (1,t~*/*z) and 9, K (t) is of order t~2/* in L>(R) but, as 9,K(1,0) = 0,
its maximal absolute values are attained at points z which go to oo with ¢!/*; restricted to [—1,1],
0, K (t) is in fact of order t~%/* and can thus interact with a possible third — and yet unknown —
term in the expansion; this behavior is in concordance with the acceleration of convergence which clearly
appears in Figure 6: restricted to [—1, 1], t'/*[u(t) — K (t) * uo] seems to be asymptotically more of order
t=2/X than t~'/*. Numerically illustrating the second term in the asymptotics of u(t) would therefore
require to approximate this solution on a large time-space scale (including the extremal values of 9, K)
and with a very high degree of precision (so that the numerical error is negligible with respect to t=2/ ),
which is beyond standard computational power.

Notice that this problem does not appear for the first term K(t) * uo in the asymptotic expansion:
its maximum absolute value is of order t~/* and is attained in [~1,1] for all ¢ > 0; a reasonable
approximation of u(t) on [—1, 1] thus suffices to capture this term. This is shown in Figure 6, and also
confirmed if look at the relative L error on [—1, 1] between u(t) and K (¢) *ug: for t = 1, this computed

llu®) — K ®)uolleoeq-11) ig around 0.63, whereas it is around 0.047 for ¢ = 10 and around 0.0014 for
[ K (t)*uol| oo ([—1,17)

t = 30. We are thus confident that the numerical scheme really has captured the proximity of u(t) and
K(t) * up for ¢ large, not only a small quantity due to the difference of two small functions.

error

4.3 About the explicit scheme

The explicit form of the scheme consists in replacing (2.2) with

Vn>0,VieZ: %(u?‘“ —ui) + Fu), ) — Fui g, ui) + dz:g&”[u"]i =0. (4.6)

The computation of the approximate solution to this scheme, on the contrary to the implicit scheme, does
not require to solve a linear system at each time step (a truncation parameter m is however still needed
for the practical implementation), but it is known that the CFL condition, ensuring the L™ stability of
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1 1.00 | 100
=1 : t=25
L <
-1.00 1.00
100
: : t=5
~1.00 1.00

Figure 5: Initial condition ug (dotted line), K (t) * ug (dashed line) and u(t) solution to dyu + 9, (u?/6) +

glu] = 0 (continuous line), for A = 0.5 and various times.
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Figure 6: Plot in log-log scale of t — [|t/*u(t) — K (t) * ug]|| o (—1,1]) (continuous line) and of ¢ — ¢~/*
(dashed line), for A = 0.5, ug(x) = 1[_q.2,0.2)(z) and u solution to dyu + 05 (u?/6) + g[u] = 0.

the method, is usually more binding than in the implicit case. Using Formula (3.1), we can make this
condition precise: with the same notations as in the proof of Corollary 3.4, and since the index j = 0 in
(3.1) plays no role, the equivalent of (3.10) for the explicit scheme gives

n+1 __ n n o n n,n n, n o, n
u T = 1—ay — b =& E pst | w4 ai il + biugy + 0 E MU
0<|j|<A% 0<|j|<A%

A sufficient condition for the L™ stability of the scheme is that 47" is a convex combination of (u})jez,
which is, from the definition of a]' and b}, ensured by the preceding relation if

& . .
o (Llp1,u0 (F) + Lipy (F)) +d Z M?E <L
0<|j|<AS

For the particular example of g® given by (4.3), this comes down to

o . : & 1 2
o (Lipy,u (F) + Lipy ,,, (F)) + (@) c(A) Z TR + W <L (4.7)
0<|7]< s

This condition on the time and space steps is more restrictive than (2.4), but in general not terribly
more since ¢(A) is small (¢(0.5) = 0.08, ¢(1) ~ 0.05, ¢(1.5) ~ 0.02); this is especially true if A < 1:
asymptotically as the space step tends to 0, the term coming from the hyperbolic part of the equation
is then leading in (4.7). This is however the opposite if A > 1, and this CFL condition is also very
sensitive to the ratio diffusion/hyperbolic flux: if the hyperbolic flux is smaller than the diffusion term
(e.g. if Lip,, (f) is small — which entails in general that Lip, , (F) + Lip, ,, (F) is also small — or if
we multiply g in (1.1) by a coefficient), (4.7) can be much more demanding than (2.4); at the level of
discretization used in the preceding tests and for A > 1, a ratio of 5 between the coefficient of g and
Lip,, (f) is enough to find a noticeable difference between these two CFL (recall also that the g we used
is in fact g = (21) "M (—=A)M?).

From a practical point of view, if the parameters are chosen so that the explicit scheme is stable (in
which case the implicit scheme is of course also stable), the solutions given by both forms (explicit and
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implicit) of the scheme are very similar: for example, in the preceding numerical tests, the relative L
norm of their difference is lower than 3 x 107%.

Since the explicit scheme demands to compute g* [u™] at each time step, its implementation can take
advantage of FFT-based algorithms as in Section 4.1.3. In fact, as explained in this section, the implicit
scheme also requires such a computation at each time step, and the difference of cost between the explicit
and implicit methods therefore lies in the preconditioned CG iterations needed to solve the system in
the implicit case. Although very fast, these CG iterations are not negligible in the overall cost and, in
situations where (4.7) is not much more demanding than (2.4), the explicit scheme is clearly faster than
the implicit scheme. However, for a diffusion-dominated problem (for example f(s) = s?/2, A = 1.5 and
(27m)*g = (—=A)M? instead of g), (4.7) can impose a much smaller time step than (2.4) and the implicit
method then remains way more efficient than the explicit method.

5 Appendix: technical lemmas

Lemma 5.1 If Js, is such that Jg,de — 400 as & — 0, then g% defined by (4.3) satisfies (2.9) and
(2.10).

Proof of Lemma 5.1

Step 1: proof of (2.9).

We notice first, from (4.3), that (¢®)* = ¢®. Let K be a compact subset of R and define A® : C%(R) —
LY(R) by A¥¢ = g*[®] — g[¢], where ® is defined from ¢ as before (2.9) (*). Proving (2.9) is equivalent
to proving that A¥ — 0 in £(C%(R); L*(R)) as & — 0, which we intend to do by applying Lemma 5.3
(stated after this proof).

Let r > 0 and x € R; by definition, choosing i € Z such that = € [idx, (i + 1)d] we have

, b . _ D
& o 'L+ i 1+ 1
g7 [@l(x) = —c(N) Z a \J&;PH —c(N) Z &W
0<|j|<r/dw r/w<|j|< T
Picgs—1 =P Piggs1 — P
o) A(Jgzdr) > o) A J )
(i4+1)éx .
= ) Y g [ olerdan) - oo
0<|j|<r/ &
(i41)éx .
ROND IR / H(E + i) — 9(€) d
r/w<|j|< Ts

1 1 (i—J5)bz z+l)&r
s ([ 6 . ”5)

( ) 1 1 (2+J&r+2 (Z+1
—c(N) —rv— / £)d¢ — / .
AMJs:0)> & \ S (i4 70 +1)

The same way we went from (4.1) to (4.2), we can add to each term in the first sum of the right-hand
side anything of the form pi‘jgc% without changing the value of the sum (these additional terms cancel

out each other by symmetry). We choose to add — fi(;;l)&n @'(&) dé‘ §w|1+’\ and we obtain
(i+1)é&

D . == M R R GY

0<|j|<r/d

41t might not be straightforward that A% takes its values in L'(R), because of the term g®[®], but this will be made
clear by the reasoning to come.
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& 1 [EthE
) Y g [ eleii) - o)

r/<|j|<Js

—Js )0 (i+1)o
e 5T ( e [ ¢<s)d£>

(1+J,_s,$+2)&x (i+1)&
_C()\ J&c&r NN &E ( (i+Js+1)dw df / )d€>
= T&"[0)(x) + To""[6)(x) + T3 [8)(2) + T [¢] ().

We then define the operators Agf,, and Ag’fr b,

AT & = T (0] + T8 + TE (6] — gorld] and  AF,¢ = T[] — gr.,[4].

The definition of g, clearly shows that Ag’frqzﬁ is defined for any ¢ € C%(R). For all z € R we have

T3 [6)(2) + T77 (8] ()]

A
< 70( ) 5 | sup |p(x — Jspdr — dx + 5)| + 2 sup |¢p(x + s)| + sup |d(z + Jgdr + &+ 8)| |,
AMJade)r \ |s|<se |s|<ée |s| <é

which shows, integrating and using some changes of variables, that

4e(N) 4e(N)
75161+ T 16l00m) < 37w [ S0 100+ 9 de < 6l omes K + -6, )

and thus, since Jgdr — o0 as v — 0,
TE + T -0 in L(C%(R); LY(R)) as & — 0. (5.1)

We let 1(j,dr) = [jéx, (j + 1)dz[ if j > 0 and I(j, &) =](j — 1)&x, jor] if j < 0, and we define H¥ : R — R
by: for all r/& < |j| < Js, H® = W on I(j,0r), and H* = 0 on R\ U, s<|j|<ss 1(j, dr). By
regularity of z — |2| 717 on |z| > 7, we have, if & < r/2,

< (14 A& sup LA

I(j,&) : |H* ‘
we U 168 |1t S e < e

r/a<|j|<Js

| |1+)\

Since U, /s <|ji<is 10, @) = {z € R [ r + apad < [2] < Jgpdr + dr} for some ar.g € [0,1], we deduce
that H* — ‘z‘% in L1(|]z] > r) as & — 0; for all € C%(R) and all z € R, by uniform continuity of ¢
we infer that

Ty""[¢](x) — —e(N) / - W dz = gor[¢](x) asdr — 0. (5:2)

Moreover, still assuming that dr < r/2,

TS [ HE) <|su<p 6wt )]+ swp oo+ s>|> dz (5.3)

and, by convergence of H® in L'(|z| > r), the right-hand side of (5.3) converges, as a function of z, in

L'(R) as & — 0. The dominated convergence theorem and (5.2) then show Tg”[qb] — go,r[¢] in L' (R)
and, together with (5.1), this proves that Ag’f, satisfies Item 1 in Lemma 5.3.
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Since (H&p)&ﬂe]om/g[ is bounded in L'(|z| > 7), (5.3) gives ||T§E’T[¢]||L1(R) < Cul|@]| oo (rymes(K + [—r,7])
with Cy not depending on ¢ or & €]0,7/2[; recalling (5.1) and since g, € L(C%(R); L}(R)) (see the
definition of go ), this shows that A%T satisfies Item 2 in Lemma 5.3.

Let us now turn to A%",.. Writing ¢(z + 2) — ¢(z) — ¢/ (z)z = fol(l — 5)¢" (x + s2)2? ds, we have

2¢(\
9 _

g

lgar @l @ < eIl / A dz < (16" s

|z|<r

r2=A (5.4)

>

We handle Tgw "[¢] in a similar way: integrating its definition with respect to z and using a comparison
between discrete and integral sums, we find

1T @l < o0 Y s [ 166+ — ol - o (] de

0<j[<r/8
< (A or i jé|?
< (N Z Wﬂfb L1 ()l g x|
o<lj|<r/d
_ 2¢(\ B
< 16 mel) [ s < 10 5o )
|2 <r+d 2—A

Together with (5.4), this proves that Ag’fr satisfies Item 3 in Lemma 5.3 and concludes the proof of (2.9).

Step 2: proof of (2.10)

The cutting of ¢* in gf‘\fr and gg’f,, is of course the one given by (4.2), gi’fr being the first sum and gg‘f,.
the rest of the right-hand side. The proof that gffr satisfies (2.5)—(2.8) and (2.9) with g, , instead of g
is done exactly as for g (the proof of (2.9) is done by cutting the sum defining gff;r at a level r' /& with
r’ < r, by introducing the derivative of ¢ in the lower part of the sum and by replacing, in the reasoning
of Step 1 above and in Lemma 5.3, r with r’).

Let us study ggfr. For all v € [°°(Z) and all z € R, choosing ¢ € Z such that z € [idr, (i + 1)d&[ we have

o — —¢(A Gl — U ) Uil TV Vit L Vi .
9077’[1)] (.’ﬂ) C( ) /&;<J |j&€|1+)\ C( ) )\(J&z&r)A C( ) A(J&E&U)A (5 5)
T IS J s

Let [j| > r/d&. We have x + z € [(i + j)dr, (¢ + j + 1)dz[ (which implies v(z + z) = v;4;) if and only if
z € [jar, (j + 1)dx[+(ide — x) =: E;(i,x), in which case |z — jor| < & and, if de < r/4,

1 1
2] [jde[t+A

b
(2] = r/4)>+2

1
<(1+N& sup ———— < &@(1+A
<( ) |s\g%,|z+sl2“* (L+A)

(notice that if z € Ej(i,z) then |z| > r/2). We deduce

g liti — Vi / v(x + 2) —v(x) &

dz
|j&£|1+/\ |Z|1+)‘ < 2||U||l°°(Z)&E(1 + )‘)/

B (i) (2] —r/4)*T

and, plugging this into (5.5) and defining E(i, ) = U, s« |j|<Js £; (i, ) C {|2| > r/2},

v(z + z) — v(z)

E

o [0)(2) + (V) /

E(i,x)

dz
< 2||vl|zee &cl-i—)\/ -
Pli=@@EN | T
Ae(M)|[vlli= z)

AT )N

But E(i,z) = [-Jadr + pide, —r + p1&[U[r + podr, Js.dr + phde[ with (p1, pi, p2,05) € [—1,1] and the
symmetric difference between E(i,x) and {|z| > r} is therefore contained in {r—dr < |z| < r+d&}U{|z| >
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Jsdr — dz}; we conclude that

1965 [0)(2) — go.r [vas] ()]

dz de(M|v]li= )
< 2||v]|jeo &L‘l-l-)\/
Wlli=@®+X) | T T Am )

1 1
+2c(N)||v]|1e(z / ———dz + 2||v||j(z c()\)/ ——dz
@ ) so<izi<rian 12I7F @ 2> Jsdo—dr 27T

and Item 2 of (2.10) follows, the estimate being in fact valid in L°°(R) and not only in L'(Q). m

Remark 5.2 It is also possible, by some direct estimates rather than using the abstract lemma 5.3, to
give an explicit O such that (2.9) holds; such an expression could be useful, for example, to establish
error estimates for the scheme (2.1)—(2.2). However, getting this Ok is much more technical than the
arguments used in Step 1 of the preceding proof.

Lemma 5.3 Let K be a compact subset of R and denote by C%(R) (resp. C%(R)) the space of continuous
(resp. twice continuously differentiable) functions with support included in K. Assume that (A%)g~o
is a family of linear continuous operators C%(R) — LY(R) such that, for all r > 0, we can write
A% = AF + Agfr with Ag(fr : O%(R) — LY(R) and Ag’fr : C2(R) — LY(R) linear continuous operators
satisfying:

1. For all v >0 and all ¢ € C{(R), Af.¢ — 0 in L*(R) as v — 0,

2. For all v > 0, limsupg,_,q HAg’jTHL(C%(R);Ll(R)) < o0,

3. lim, o limsupg, .o ||A§fr||c(c§<(m);L1(R)) =0.
Then A® — 0 in L(C%(R); L*(R)) as dv — 0.

Proof of Lemma 5.3

We take ¢® € C%(R) such that ||¢&”||C§((R) <1and ||A&”||£(C§((R);L1(R)) < ||A®¢%| 11 () + dw. Using the
compactness of the embedding C% (R) < C%(R), we can assume that ¢* converges in C% (R) to some ¢
as & — 0. We then take r > 0 and write

1A% | cc2 @@y < N1AG0% @) + [14556% || ) + &
< |AG Bl @) + 1AS 2ics @y @) 197 = Bllcy =)
+||Agfr||£(c§((R);Ll(R)) + d,

and the conclusion follows by taking first the upper limit as &z — 0 and then the limit as » — 0. &

Acknowledgements: the author would like to thank the referee for his/her useful suggestions, which
have led to a reduction of technicality in some reasonings (in particular in Step 1 of the proof of Lemma
5.1).
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