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ON THE SIZE OF ATTRACTORS IN P
k

Sandrine Daurat1

Résumé. Soit f un endomorphisme holomorphe de P
k(C) possédant un ensemble attractif

A . Dans cet article, nous nous intéressons à la“taille” de A , au sens de la géométrie complexe
et de la théorie du pluripotentiel. Nous introduisons un cadre conceptuellement simple
permettant d’obtenir des ensembles attractifs non algébriques. Nous prouvons qu’en ajoutant
une condition de dimension, ces ensembles supportent un courant positif fermé avec un quasi-
potentiel borné (ce qui répond à une question de T.C. Dinh). Ils sont donc non pluripolaires.
De plus, nous montrons que les exemples sont abondants dans P

2.

Abstract. Let f be a holomorphic endomorphism of Pk(C) having an attracting set A . In
this paper, we address the question of the “size” of A in a pluripolar sense. We introduce a
conceptually simple framework to have non-algebraic attracting sets. We prove that adding
a dimensional condition, these sets support a closed positive current with bounded quasi-
potential (which answers a question from T.C. Dinh). Therefore, they are not pluripolar.
Moreover, the examples are abundant on P

2.

Introduction

In this paper, we study the dynamics of holomorphic endomorphisms of the complex pro-
jective space P

k(C). Denote P
k(C) by P

k from now on and let f be an endomorphism of
P

k of algebraic degree d ≥ 2. Such a map admits a unique invariant probability measure µ
of maximal entropy k log(d), called the equilibrium measure. The most chaotic part of the
dynamics is concentrated on supp(µ). We refer to [DiS] for an introduction to this theme
of research. However, as opposed to dimension 1, chaotic dynamics can also occur outside
supp(µ). A basic non trivial dynamical phenomenon outside supp(µ) is that of attracting sets
and attractors. We refer to [FS,FW,JW,R,Di] for some properties and examples of attracting
sets and attractors for endomorphisms of Pk and to [BDM] for a detailed study of a class of
algebraic attractors. See also [Du2] for a basic structural description of the dynamics on the
Julia set.

It is quite easy to find algebraic attracting set and attractors. On P
1, all attractors are

algebraic. Let P, Q be homogeneous polynomials of degree d > 2 in C
2 with a single common

zero (0, 0), then the line at infinity {[z : w : t]; t = 0} is an attracting set for f : [z : w : t] 7→
[P (z, w) : Q(z, w) : td] and it is an attractor if the Julia set of [z : w] 7→ [P (z, w) : Q(z, w)]
is the whole Riemann sphere, see [FS]. The first example of non algebraic attractor in P

2

(resp. P
k, with k ≥ 2) was found by M. Jonsson and B. Weickert (resp. F. Rong), see [JW]

(resp. [R]). So far, most previously known examples of non algebraic attracting sets are, in a
sense, of codimension 1 and occur for maps of the form

f : [z : w : t] 7→ [P (z, w) : Q(z, w) : td + εR(z, w)],
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2 ON THE SIZE OF ATTRACTORS IN PK

see [FS,JW,R]. A precise notion of the dimension of an attracting set can easily be formalized,
see Definition 1.3 below.

T.C. Dinh [Di] constructed, under some mild assumptions, a natural positive closed current
supported on the attracting set. This will be referred as the attracting current. J. Taflin [T],
under additional hypotheses, proved that this current is the unique positive closed current
supported on the attracting set. It remains an interesting problem to understand the “size”
of the attracting set in a potential theoretic sense. For instance, Dinh [Di] asks whether
the quasi-potential of the attracting current is always unbounded. For the basic example
f : [z : w : t] 7→ [P (z, w) : Q(z, w) : td], the attracting set is the line {t = 0} thus it supports
a unique positive closed current of bidegree (1,1) whose quasi-potential is unbounded.

In this paper, we address this problem, by introducing the concept of a mapping of small
topological degree on an attracting set (see Definition 2.3). This notion was inspired by
iteration theory of rational maps, see [DDG1-3]. The condition of being of small topological
degree provides a conceptually simple framework to provide non algebraic attracting sets of
any dimension (see Proposition 2.5).

In codimension 1, this condition implies that the attracting set is non pluripolar. For this
we prove that it supports a positive closed current with bounded quasi-potential (see Theorem
2.7). This answers Dinh’s question by the negative. On the other hand, the condition of small
topological degree is not sufficient in higher codimension to assure that the attracting set is
non pluripolar (see Theorem 4.1).

The examples of small topological maps on attracting sets are abundant. More precisely
we prove the following theorem :

Theorem 0.1. Denote by Fd the quasi-projective variety of triples (P, Q, R) of homogeneous
polynomials of degree d in C

2, such that (0, 0) is the single common zero of P, Q. There
exists a Zariski open set Ω ⊂ Fd such that if (P, Q, R) ∈ Ω then for all ε small enough,
0 < |ε| < ε(P, Q, R), the endomorphism f of P2 defined by

f : [z : w : t] 7→ [P (z, w) : Q(z, w) : td + εR(z, w)]

admits an attracting set A on which f is of small topological degree. Moreover, A support a
positive closed current τ of bidegree (1, 1) which admits a bounded quasi-potential.

Of course, this theorem cannot be true for every (P, Q, R) ∈ Fd. For example, [z : w :
t] 7→ [z2 : w2 : t2 + εz2] is not of small topological degree on an attracting set, even for ε 6= 0.
Indeed, the attracting set is a line in this case.

Denote by T the Green current of f , see [DiS]. With the notation of Theorem 0.1, we
have that ν = T ∧ τ is an invariant probability measure of maximal entropy supported in A ,
see [Di]. Under the conditions of Theorem 0.1, we infer that ν puts no mass on pluripolar sets.

A recent work of N. Fakhruddin [Fa] gives alternate arguments for some of the results in this
paper : genericity of non algebraic attracting sets, existence of Zariski dense attracting sets
of higher codimension. Notice that we do not use the same notion of genericity. Fakhruddin
proves that the set of holomorphic endomorphisms of Pk which have no non trivial invariant
set (i.e. not of zero dimension or not P

k) contains a countable intersection of Zariski open
sets. On the other hand, we work in a specific family Fd and construct a Zariski open set of
examples there. We also observe that the set of endomorphisms in P

2 possessing an attracting
set of small topological degree is open for the usual topology.
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The outline of the paper is as follows. We start with some preliminaries. Then we introduce
the notion of small topological degree on an attracting set. We show that it is a sufficient
condition to have a non algebraic attracting set and under this hypothesis, in codimension
one, the attracting set is non-pluripolar.

Section 3 is devoted to the proof of Theorem 0.1.
In section 4, we will exhibit examples in P

3 of attracting sets of codimension 2. We will see,
that the condition of small topological degree is not sufficient in higher codimension to assure
that the attracting set is non pluripolar. Using Hénon-like maps of small topological degree,
we will exhibit the first explicit example of a Zariski dense attracting set of codimension 2.

We finish with some remarks around Theorem 0.1 and some open questions.

1. Preliminaries

1.1. Attracting sets and attractors. In this section we give some definitions and recall
the framework of [Di].

Definition 1.1. A set A is called an attracting set if there exists an open set U such that
f(U) ⋐ U and A = ∩n≥0fn(U). We call such an open set U a trapping region. If moreover
f is topologically mixing on A then A is called an attractor.

The following proposition is obvious.

Proposition 1.2. Let A be an attracting set. Then A is closed and f(A ) = A .

Definition 1.3. An attracting set in P
k is said to be of dimension k − m if it supports a

positive closed current of bidimension (k − m, k − m) (i.e. of bidegree (m, m)) but none of
bidimension (l, l) with l > k − m.

Remark.

• Equivalently, an attracting set A ⊂ P
k is said to be of dimension k − m if any (or

one) trapping region of A supports a (smooth) positive closed current of bidimension
(k − m, k − m) but none of bidimension (l, l) with l > k − m.

• If A is of dimension k − m then the Hausdorff dimension of A is at least 2(k − m).

The proof of the following elementary proposition is left to the reader.

Proposition 1.4. If A is an algebraic attracting set of dimension k − m then Definition 1.3
is equivalent to the classical definition of dimension for algebraic sets.

Example 1.5. Let f be an endomorphism of Pk and let U be an open set such that f(U) ⋐ U .
We assume that there exists two projective subspaces I and J of Pk of dimension m − 1 and
k − m, 1 ≤ m ≤ k − 1, such that J ⊂ U and I ∩ U = ∅. Then A =

⋂
fn(U) is of dimension

k − m. In fact, U supports the positive closed current [J ] of bidimension (k − m, k − m) but
does not support a positive closed current of bidimension (l, l) with l > k − m. Indeed, the
support of any positive closed current T of bidimension (l, l) with l > k − m intersects I. �

Before stating the main result of [Di], we need some notation. Let π : Pk \ I → J be the
projection of center I. More precisely, letting I(x) be the projective space, of dimension m,
containing I and passing through a point x ∈ P

k \I, then π(x) is the unique intersection point
between J and I(x). We consider the point π(x) as the origin of the complex vector space
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I(x) \ I ≃ C
m, where I is viewed as the hyperplane at infinity of I(x) ≃ P

m. In other words,
P

k \ I is viewed as a vector bundle over J . If x ∈ J , we have that π(x) = x. We suppose that

(1) the open set U ∩ I(x) in I(x) \ I ≃ C
m is star-shaped at x for every x ∈ J.

If I is a point and J is a projective hyperplane, i.e. m = 1, the previous hypothesis is
equivalent to the property that the open subset P

k \ U is star-shaped at I.

Theorem 1.6 (Dinh). Let f and U be as above. Let S be a positive closed (m, m)-form
of mass 1 with continuous coefficient and with compact support in U . Then the sequence(

1
dk−m (fn)∗S

)
converges to a positive closed current τ of mass 1, with support in A =

⋂
fn(U). The current τ does not depend on S. Moreover, it is woven, forward invariant

(i.e. under 1
dk−m f∗) and is extremal in the cone of invariant positive closed currents of bide-

gree (m, m) with support in A .

In the sequel we will refer to τ as the attracting current of A .

1.2. Pluri-potential theory. Here we focus on the codimension 1 case. Let f be an endo-
morphism of Pk and L be the normalised push forward operator, i.e. L = 1

dk−1 f∗.
Let T be a positive closed current of bidegree (1, 1) of mass 1. There exists a quasi-psh

function u, i.e. u is locally the difference of a plurisubharmonic function (psh for short) and
a smooth function, such that T − ωF S = ddcu. We call such a function u a quasi-potential of
T .

A dsh function is the difference of two quasi-psh functions, see Appendix A.4. of [DiS]
for properties of dsh functions and [De] for basics on psh function. Let R, S be two positive
closed currents on P

k of bidegree (1,1) with the same mass then there exists a dsh function
w such that R − S = ddcw.

Notation 1.7. Let S, R be positive closed currents of bidegree (1,1) with mass 1. We denote
by uS,R the unique dsh function such that S − R = ddcuS,R and

∫
Pk uS,R ωk

F S = 0.

Lemma 1.8. If (Si, Ri) converges, in the sense of currents, toward (S, R) then (uSi,Ri
) con-

verges, in sense of distributions, toward uS,R.

Proof. By compactness, uS,ωF S
depends continuously on S and uS,R = uS,ωF S

− uR,ωF S
�

Lemma 1.9. Let R, S be as above, then uL S,L R(x) = 1
dk−1 f∗uS,R(x) = 1

dk−1

∑
f(y)=x

uS,R(y).

Proof. We just need to prove this locally in P
k. As f is finite, if V is a small enough open set

there exists a psh function u, defined on U = f−1(V ), such that T|U = ddcu.

Lemma 1.10. With the previous notation, v(x) = 1
dk−1

∑
f(y)=x

u(y) is psh on V and (L T ) |V =

ddcv.

This is classical. We recall the proof for completeness.

Proof. Up to taking a decreasing regularisation, we may assume that u is smooth. Denote by
Cf the critical set of f . As f∗ddcu = ddcf∗u, we have that

(2) f∗u(x) =
∑

f(y)=x

u(y)
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on V \ f(Cf ), because f is a submersion on U \ Cf . Moreover, it is locally a biholomorphism
so f∗u is psh on V \ f(Cf ). A locally bounded psh function on V \ f(Cf ) admits a unique
psh extension on V and for all x ∈ V we have that f∗u(x) = lim

r→0

∫
Sk−1 f∗u(x + rξ) dξ. Thus

(2) is true for all x ∈ V �

We now finish the proof of Lemma 1.9. There exists two psh functions u, v on U such that
R = ddcu and S = ddcv. So, on U , we have that ddc(u − v) = ddc(uS,R), thus there exists a
pluri-harmonic function h such that u + h − v = uS,R. Then u + h and v are psh functions, so

by using the preceding lemma we have that 1
dk−1 f∗R − 1

dk−1 f∗S = ddcuL S,L R on f(U), with

uL S,L R(x) = 1
dk−1

∑
f(y)=x

uS,R(y). �

2. Mappings of small topological degree on an attracting set

In this section, we introduce the notion of being of small topological degree on an attracting
set in P

k, prove that such an attracting set is never algebraic and that, in codimension 1, it
is non pluripolar.

Definition 2.1. Let f be an endomorphism of Pk of algebraic degree d and let U be a trapping
region for an attracting set A of dimension k − m. The endomorphism f is said to be of
small topological degree on U if the number of preimages in U of any point belonging to f(U)
is strictly less than dk−m. The endomorphism f is said to be asymptotically of small

topological degree on U if for all p ∈ f(U) we have that lim (card(f−n(p) ∩ U))
1/n

< dk−m.

Remark. The notion of being of small topological degree depends on the choice of U . We will
encounter in Section 3 examples where f3 is of small topological degree on f(U) but not on
U .

The proof of the following proposition is left to the reader.

Proposition 2.2. The definition of asymptotic small topological degree does not depend on
the choice of the trapping region.

Moreover, if f is asymptotically of small topological degree then for each trapping region U
there exists n ≥ 1 such that fn is of small topological degree on U .

Definition 2.3. We say that f is of small topological degree on an attracting set if f is
asymptotically of small topological degree on some trapping region.

Sometimes, we will abbreviate this into “attracting set of small topological degree”.

Proposition 2.4. The property of being of small topological degree on some attracting set is
open in the set of endomorphisms of degree d.

Proof. Let f be an endomorphism of Pk of small topological degree on some attracting set of
dimension k−m and let U be a trapping region. Replacing f by an iterate we may assume that
f is of small topological degree on U . Then for each p ∈ f(U), we have that card(f−1(p)∩U) <
dk−m. Let g be close to f , there exists an open set V such that g(V ) ⋐ f(U) ⋐ V ⋐ U . Thus,
the attracting set ∩gn(V ) is of dimension k − m. For each p ∈ g(V ) ⊂ U , g−1(p) is close to
f−1(p) hence, if g is close enough to f , we have that card(g−1(p) ∩ V ) ≤ card(f−1(p) ∩ U) <
dk−m. Therefore, g is of small topological degree on V . �

Let us prove that such attracting sets are non algebraic.
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Proposition 2.5. If a holomorphic endomorphism f of Pk is of small topological degree on
an attracting set A , then A is non algebraic.

The proof relies on the following classical lemma.

Lemma 2.6. Let f be an endomorphism of P
k and M ⊂ P

k be an invariant algebraic set
(f(M) = M) of pure dimension k − m, 1 ≤ m ≤ k − 1. Then there exists n ≥ 1 such that fn

fixed all irreducible components of M and the topological degree of fn
|M is dn(k−m).

Proof. See [DiS, Lemma 1.48]. �

Proof of Proposition 2.5. Let k−m be the dimension of A and let U be a trapping region. Up
to replacing f by an iterate, we may assume that f is of small topological degree on U . Assume
that A is algebraic. By Proposition 1.4, A is of dimension k − m. Let M be the (finite)
union of irreducible components of pure dimension k − m of A . Then f(M) = M , because
f(A ) = A and f does not contract any algebraic subvariety on an algebraic subvariety of
lower dimension. Hence, by Lemma 2.6, f cannot be of small topological degree on M . �

We now proceed with the non pluripolarity (in codimension 1). The corresponding result
in higher codimension fails (see below Theorem 4.1).

Theorem 2.7. Let f be an holomorphic endomorphism of Pk and let A be an attracting set
of dimension k − 1. Assume f is of small topological degree on some trapping region U of A .
Let T be a closed positive current of bidegree (1,1) of mass 1, with support in U , admitting

a bounded quasi-potential. Then each cluster value of
(

1
dn(k−1) (fn)∗T

)
has a bounded quasi-

potential. In particular, A is non pluripolar.
Moreover, under the assumptions of Theorem 1.6, the attracting current τ has a bounded

quasi-potential.

The proof of this theorem is essentially contained in the following lemma. We recall that
L = 1

dk−1 f∗. We denote by dt the maximum number of preimages in U of a point in f(U)
under f .

Lemma 2.8. For every U ′ ⋐ U , there exists a constant c > 0 such that if S, R are positive
closed currents of bidegree (1,1) with mass 1, supported in U and with bounded quasi-potentials
then on U ′ we have that

||uL S,R||∞ ≤ dt

dk−1
||uS,R||∞ + ||uL R,R||∞ + c.

Proof. As expected, the proof just consists in making precise the idea that since uS,R is
pluri-harmonic on U \ U ′, we do not need to focus on preimages belonging to U \ U ′.

Fix U ′ ⋐ U such that in addition f(U) ⋐ U ′. As f is finite, we may choose for any p ∈ f(U)
a neighbourhood Vp small enough such that each connected component of f−1(Vp) contains
a unique preimage of p. (Of course Vp cannot be uniform with respect to p.) Denote by
Cq the connected component of f−1(Vp) which contains q ∈ f−1(p). We have that uL S,R =

1
dk−1 f∗uS,R + uL R,R and f∗uS,R(x) =

∑
f(y)=x

uS,R(y). We denote by U1,p = ∪q∈f−1(p)∩U Cq and

by U2,p = f−1(Vp) \ U1,p. We can restrict more Vp, so that U1,p ⊂ U , f(U1,p) = Vp and
U2,p ∩ U ′ = ∅, thus the number of preimages (with multiplicity) of a point of Vp in U1,p is
fixed. Up to replacing U by U ′, we may assume that f(U) is covered by a finite number of
such neighbourhoods Vp.
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Let x belonging to Vp. We know that ũS,R(x) = 1
dk−1

∑
f(y)=x uS,R(y) is a dsh function

such that L (S − R) = ddcũS,R. We define, vS,R,p by : for all x ∈ Vp

vS,R,p(x) =
1

dk−1

∑

f(y)=x

y∈U1,p

uS,R(y).

As supp(S −R) ⊂ U ′, uS,R is pluri-harmonic outside U ′ thus ddcvS,R,p = ddcũS,R = L (S −
R) on Vp and ||vS,R,p||∞ ≤ dt

dk−1 ||uS,R||∞. As ddcuL S,R = L S −R = L (S −R)+(L R−R) =
ddc(vS,R,p +uL R,R) on Vp, we just have to prove that on Vp there exists c independent of S, R
such that ||uL S,R − (vS,R,p + uL R,R)||∞ ≤ c.

We know that uL S,R − (vS,R,p + uL R,R) is pluri-harmonic on Vp, hence reducing a little
bit Vp, if necessary, there exists cS,R such that ||uL S,R − (vS,R,p + uL R,R)||∞ ≤ cS,R on
Vp. Let us show that cS,R is uniform with R and S. Assume by contradiction that there
exists a sequence (Si, Ri) such that ||uL Si,Ri

− (vSi,Ri
+ uL Ri,Ri

)||∞ → ∞. We can extract
a converging subsequence, still denoted by (Si, Ri). Let (S, R) be its limit. By Lemma 1.8,
the sequence of pluri-harmonic functions

(
uL Si,Ri

− (vSi,Ri
+ uL Ri,Ri

)
)

converges, in sense
of distributions, toward uL S,R − (vS,R + uL R,R), therefore the convergence is uniform (see
corollary 3.1.4 in [H]). Thus (||uL Si,Ri

− (vSi,Ri
+ uL Ri,Ri

)||∞) is bounded because its limit
||uL S,R − (vS,R + uL R,R)||∞ is bounded. we have a contradiction. Therefore, there exists c1

independent of (S, R) such that ||uL S,R − (vS,R + uL R,R)||∞ ≤ c1 hence

||uL S,R||∞ ≤ dt

dk−1
||uS,R||∞ + ||uL R,R||∞ + c1 on Vp.

Since f(U) is covered by finitely many such Vp, we infer that there exists c2 such that

||uL S,R||∞ ≤ dt

dk−1 ||uS,R||∞ + ||uL R,R||∞ + c2 on f(U). Finally, as uL S,R is pluri-harmonic

outside f(U ′), uL S,R is bounded by cU,U ′ on U ′ \ f(U), we obtain that

||uL S,R||∞ ≤ dt

dk−1
||uS,R||∞ + ||uL R,R||∞ + c2 + cU,U ′ on U ′.

For similar reasons as in the case of cS,R, we may assume that cU,U ′ is independent of S, R.
Therefore, the proof of the lemma is complete. �

Proof of Theorem 2.7. Denote by un the dsh function such that L nT − T = ddcun and∫
un ωk

F S = 0, i.e. un = u Ln
T,T . Then u1 is bounded. By Lemma 2.8, with S = L nT and

R = T , we have

||un+1||∞ ≤ dt

dk−1
||un||∞ + ||u1||∞ + c on U.

It is classical that a sequence (xn) satisfying 0 ≤ xn+1 ≤ αxn + c with 0 < α < 1 is bounded.
Therefore, each cluster value of (L nT ) has a bounded quasi-potential. If in addition, f
satisfies (1) then (L nT ) converges toward τ , thus τ has also a bounded quasi-potential. �

Remark. I do not know how to prove the continuity of the quasi-potential. A reason for this
is that the proof does not yield the convergence of the sequence of potentials. Note that the
same difficulty appears in Dinh’s Theorem 1.6.
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3. A class of attracting sets of small topological degree in P
2

Let Fd be the set of triples (P, Q, R) of homogeneous polynomials of degree d ≥ 2 in C
2,

such that (0, 0) is the single common zero of P, Q. Clearly, Fd is a quasi-projective variety.
In this section, we consider a particular class of endomorphisms of P2 given by the formula

(3) f : [z : w : t] → [P (z, w) : Q(z, w) : td + εR(z, w)]

where (P, Q, R) ∈ Fd. Attractors for mappings of this form were studied by J.E. Fornæss
and N. Sibony in [FS], as well as F. Rong [R].

These endomorphisms preserve the pencil of lines passing through [0 : 0 : 1]. Such a line
is determined by a point of the form [z : w : 0], thus we identify the line passing through
[0 : 0 : 1] and [z : w : 0] with the point of the line at infinity [z : w : 0]. The dynamics on this
pencil of lines is that of f∞ : [z : w] → [P (z, w) : Q(z, w)] on P

1.

Theorem 3.1. There exists a Zariski open set Ω ⊂ Fd such that if (P, Q, R) ∈ Ω then for
small enough ε, 0 < |ε| < ε(P, Q, R), the endomorphism f of P2 defined by

f : [z : w : t] 7→ [P (z, w) : Q(z, w) : td + εR(z, w)]

admits an attracting set A of small topological degree. In particular, A is non pluripolar.
Moreover, f satisfies the condition of Theorem 1.6 and the attracting current τ has a bounded
quasi-potential.

Remark. Since having an attracting set of small topological degree is an open condition, by
perturbing in the set of all endomorphisms of P2, we obtain maps which do not preserve a
pencil but also satisfy the conclusion of Theorem 3.1.

The proof gives specific examples in any degree and we can arrange for f to be topologically
mixing on A , therefore we obtain the following :

Proposition 3.2. There exists an attractor A ⊂ P
2 of small topological degree.

We now proceed to the proof of Theorem 3.1.

Proof of theorem 3.1. The proof will proceed in four steps. First we show that any f of the
form (3) admits an attracting set and satisfies the conditions of Theorem 1.6. Next we give
a sufficient condition ensuring that f3 is of small topological degree on some trapping region.
The third step is to show that this condition is algebraic. Finally, we give examples in any
degree, therefore showing that the condition is generically satisfied.

Step 1. The map f admits an attracting set and satisfies the conditions of Theorem 1.6.

As R is an homogeneous polynomial of degree d, there exists β > 0 such that for all
(z, w) ∈ C

2 we have that |R(z, w)| ≤ β max(|z|, |w|)d. Up to multiply ε by β we may assume
that β = 1. Denote by α = inf

max(|z|,|w|)=1
max(|P (z, w)|, |Q(z, w)|), as (0, 0) is the single

common zero of P, Q, we have that α > 0.
Let Uρ be the open set of [z : w : t] ∈ P

2 such that |t| < ρ max(|z|, |w|). Then we have

|td + εR(z, w)| < (ρd + ε) max(|z|, |w|)d < 1
α(ρd + ε) max(|P (z, w)|, |Q(z, w)|), by definition of

α. To assume that f(Uρ) ⋐ Uρ, all we need is that 1
α(ρd + ε) < ρ. We choose ε ≪ 1. We let

the reader check that the choice

(4) ρ = 4
ε

α
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is convenient.
Thus A = ∩n∈Nfn(Uρ) is an attracting set. Denote by l[z:w] the line passing through

[0 : 0 : 1] and [z : w : 0] and by L∞ the line at infinity. The line l[z:w] intersects Uρ into an
open disc centered at [z : w : 0]. Thus, by taking I = {[0 : 0 : 1]}, J = L∞ and U = Uρ, f
satisfies the hypothesis (1).

Step 2. A sufficient condition for being of small topological degree.

Throughout the end of the proof, by a line we mean a line passing through [0 : 0 : 1], unless
for the line at infinity L∞.

Here we will introduce for (P, Q, R) ∈ Fd subsets X and Y of L∞ ≃ P
1 and a condition on

these sets insuring that for all ε 6= 0 small enough f3 is of small topological degree on f(Uρ),
where f is defined by (3), (see Proposition 3.3 and the comments that precede it).

For maps of the form (3), a generic line has d preimages and a generic point has d2

preimages, with d in each line. We leave the reader check that the image of a disc in l[z:w]

centered at [z : w : 0] is a disc in lf∞([z:w]) centered at f([z : w : 0]). A line l having d
preimages (with multiplicity), f(Uρ) ∩ l is made of at most d discs which might intersect.

Figure 1. An example of the intersection of a line with Uρ (large circle) and
f(Uρ) (small circle). Here f is of degree 3.

If they are disjoint, the preimages of a point of f(Uρ)∩ l, which are in Uρ, are contained in a
single line. Denote by A the set of lines l such that f(Uρ) ∩ l is made of d disjoint discs. Thus
if l ∈ A, for each point p ∈ l ∩ f(Uρ) there exists a unique line l−1 such that the preimages of
p in Uρ are all in l−1.

l ∈ A

f

f−1(l)

Figure 2. The intersection of a line l ∈ A with Uρ and f(Uρ), on the right,
and the preimages of l and of a point in f(Uρ) ∩ l, on the left.

The points [z : w : e
2ikπ

d t] all have the same image and are either all in Uρ, or all outside
Uρ. Therefore, for any line l and any point p ∈ l ∩ f(Uρ), if we fix a preimage l[z:w] of l, the

point p has d preimages with multiplicity in the line l[z:w], they are of the form [z : w : e
2ikπ

d t].
Thus, p has 0 or d preimages (with multiplicity) in l[z:w] ∩ Uρ. To further reduce the number
of preimages we must see if they are or not in f(Uρ).
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Denote by B−1 the set of lines l[z:w] such that for all |t| < ρ max(|z|, |w|) there exists a

unique k ∈ {0, .., d − 1} such that [z : w : e
2ikπ

d t] ∈ f(Uρ) and denote by B the set of lines
whose preimages all of lie in B−1.

f(l) ∈ B

f

l ∈ B−1

Figure 3. The intersection of the lines l and f(l) with Uρ and f(Uρ), and,
the preimages of a point in f(l) ∩ f(Uρ), when l ∈ B−1.

In this way, if l ∈ B and p ∈ l∩f2(Uρ), for any preimage l−1 of l, p has only one preimage in
l−1 ∩f(Uρ). If in addition l ∈ B ∩A then a point p ∈ l∩f2(Uρ) has a single preimage in f(Uρ).

We need to understand the complementary of A ∩ B.

Denote by l[z1:w1], .., l[zd:wd] the preimages (with possible repetitions) of a line l[z:w].
A sufficient condition for a line l[z:w] not to be in A is that there exists i 6= j in {1, .., d}

such that f([zi : wi : 0]) = f([zj : wj : 0]). Denote by X−1 the set of lines l[zi:wi], l[zj :wj ]

which satisfy this condition and let X = f(X−1). Therefore, l[z:w] ∈ X iff there exists i 6= j
in {1, .., d} such that f(l[zi:wi] ∩ Uρ) = f(l[zj :wj ] ∩ Uρ).

l ∈ X

f

f−1(l) ⊂ X−1

Figure 4. The problem that can occur when a line is in X.

A point in f(Uρ) is of the form [P (z, w) : Q(z, w) : td + εR(z, w)] with |t| < ρ max(|z|, |w|).
A sufficient condition for a line l[z:w] not to be in B−1 is that there exists i, j ∈ {1, .., d}
and k ∈ {1, .., d − 1} such that [P (zi, wi) : Q(zi, wi) : εR(zi, wi)] = [P (zj , wj) : Q(zj , wj) :

εe
2ikπ

d R(zj , wj)]. Possibly i = j in which case this correspond to R(zi, wi) = 0 and necessarily,
as in l[z:w] ∩ Uρ, there will be points in f(l[z:w]) that have d preimages in l[z:w] ∩ f(Uρ). Thus,
two problems can occur (when i = j or not). Denote by Y−2 the set of lines l[zi:wi], l[zj :wj ]

which satisfy this condition and let Y−1 = f(Y−2) and Y = f2(Y−2).
By definition, we have that X ∪Y ⊂ (A∩B)c. Denote by f+

∞([z : w]) = [P (z, w) : Q(z, w) :
R(z, w)] and pr1 : (l, l′) 7→ l. As (l, l′) ∈ X−1 (resp. Y−2) iff (l′, l) ∈ X−1 (resp. Y−2), we will,
sometimes, identify X−1, Y−2 with pr1(X−1), pr1(Y−2), particularly in the examples.
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f(l) ∈ Y

f

l ∈ Y−1

f

Figure 5. The two problems that can occur when a line is in Y . The black
(resp. grey) points in l are the preimages of the black (resp. grey) point in
f(l).

We note for further reference that, by identifying l[z:w] to [z : w] ∈ P
1, X−1 and Y−2 may

be written formally as :

(5)





X−1 =
{
(p, q) ∈ P

1 × P
1; p 6= q, f+

∞(p) = f+
∞(q)

}
⋃ {

(p, p) ∈ P
1 × P

1; p is a critical point of f∞
}

Y−2 =
{
(p, q) ∈ P

1 × P
1; f+

∞(p) 6= f+
∞(q), f+2

∞ (p) = f+2
∞ (q), f∞(p) = f∞(q)

}
⋃ {

(p, p) ∈ P
1 × P

1; R(p) = 0
}

X = f(pr1(X−1))

Y = f2(pr1(Y−2)).

The next proposition is a sufficient condition to be of small topological degree on the
attracting set A . Recall that A, B, X, Y are sets of lines passing through [0 : 0 : 1], that we
identify such a line with a point in L∞ ≃ P

1 and that the dynamics of the pencil of these
lines is the same as that of f∞ : [z : w] → [P (z, w) : Q(z, w)]. Note that X−1, Y−2, X, Y only
depend on the choice of (P, Q, R) ∈ Fd, not on ε.

Proposition 3.3. Denote by Z = X ∪ Y and Z =
(
f−1

∞ (Z)
) ⋂

Z. If (P, Q, R) ∈ Fd are such
that

(1) X and Y are disjoint
(2)

(
f−1

∞ (Z )
) ⋂

Z = ∅, or equivalently f−2
∞ (Z)

⋂
f−1

∞ (Z)
⋂

Z = ∅
then for small enough ε 6= 0 there exists ρ such that f3 is of small topological degree on f(Uρ),
with f define by (3).

See Section 5.1 for a simplified version of these conditions.

Proof of Proposition 3.3. For ε as before, we fix ρ = 4 ε
α , as in (4), so that f(Uρ) ⋐ Uρ. Denote

by Xr (resp. Y r, Zr, Z r) the r-neighbourhood of X (resp. Y, Z, Z ) in L∞. We choose r
small enough such that Xr (resp. Y r, Zr, Z r) is the union of disjoint open discs centered at
the points of X (resp. Y, Z, Z ) and such that we have that :

• Xr ∩ Y r = ∅, by hypothesis (1),
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• f−1
∞ (Zr) ∩ Zr ⊂ Z r, since

(
f−1

∞ (Z)
) ⋂

Z = Z ,
• and f−1

∞ (Z r) ∩ Zr = ∅, by hypothesis (2).

Lemma 3.4. Fix ρ and r as above. Then if ε 6= 0 is small enough,

X ∪ Y = Z ⊂ (A ∩ B)c ⊂ Zr.

Proof. Indeed, the first inclusion is due to the definition of X and Y . Regarding the second
inclusion, recall that l[z1:w1], .., l[zd:wd] denoted the preimages (with possible repetitions) of a
line l[z:w]. Through the end of the proof, for each i ∈ {1, .., d}, we normalize (zi, wi) so that

P (zi, wi) = z and Q(zi, wi) = w.

The line l[z:w] is in A iff for i 6= j in {1, .., d} and ti, tj such that [zi : wi : ti], [zj : wj : tj] ∈ Uρ

we have that td
i + εR(zi, wi) 6= td

j + εR(zj , wj). By definition of Uρ, for this, it suffices that

(6) |εR(zi, wi) − εR(zj , wj)| > ρd(max(|zi|, |wi|) + max(|zj |, |wj |))d.

The line l[z:w] is in B−1 iff for all i, j ∈ {1, .., d}, all ti, tj such that [zi : wi : ti], [zj : wj :

tj] ∈ Uρ and all k ∈ {1, .., d − 1} we have that td
i + εR(zi, wi) 6= e

2ikπ
d (td

j + εR(zj , wj)). For

this, it suffices that for each k ∈ {1, .., d − 1}

(7) |εR(zi, wi) − e
2ikπ

d εR(zj , wj)| > ρd(max(|zi|, |wi|) + max(|zj |, |wj |))d.

By definition of X and Y , there exists i 6= j in {1, .., d} such that R(zi, wi) − R(zj , wj) = 0
iff l[zi:wi], l[zj :wj ] ∈ X−1 (iff l[z:w] ∈ X) and there exists i, j ∈ {1, .., d} and k ∈ {1, .., d − 1}
such that R(zi, wj) − e

2ikπ
d R(zj , wj) = 0 iff l[zi:wi], l[zj :wj] ∈ Y−2 (iff f(l[z:w]) ∈ Y ). Since

P
1 \ (

f−1(Xr) ∪ f−2(Y r)
)

is compact and X−1 ⊂ f−1
∞ (Xr) and Y−2 ⊂ f−2

∞ (Y r), there exists
γ > 0 such that if l[zi:wi], l[zj :wj] /∈ f−1(Xr) with i 6= j then

|R(zi, wi) − R(zj , wj)| > γ(max(|zi|, |wi|) + max(|zj |, |wj |))d

and if l[zi:wi], l[zj :wj ] /∈ f−2(Y r), (i, j can be equal here) then for each k ∈ {1, .., d − 1}

|R(zi, wi) − e
2ikπ

d R(zj , wj)| > γ(max(|zi|, |wi|) + max(|zj |, |wj |))d.

Since γ is independent of ρ and ε, ρ = 4 ε
α and d ≥ 2, if ε is small enough then εγ > ρd,

which implies that if l[z:w] /∈ Xr and i, j are distinct then

(8) |εR(zi, wi) − εR(zj , wj)| > ρd (max(|zi|, |wi|) + max(|zj |, |wj |))d

and if l[z:w] /∈ f−1(Y r), (i, j can be equal here) then for all k ∈ {1, .., d − 1}

(9) |εR(zi, wi) − e
2ikπ

d εR(zj , wj)| > ρd(max(|zi|, |wi|) + max(|zj |, |wj |))d.

If l[z:w] /∈ Xr then for all i, j, l[zi:wi], l[zj :wj ] /∈ f−1(Xr) with i 6= j, thus, from (6) and

(8), l[z:w] ∈ A. If l[z:w] /∈ f−1(Y r) then for all i, j, we have that l[zi:wi], l[zj :wj ] /∈ f−2(Y r),

thus, from (7) and (9), l[z:w] ∈ B−1. Consequently, if l[z:w] /∈ Y r, no preimage of l[z:w] is in

f−1(Y r), thus all preimages of l[z:w] are in B−1, i.e. l[z:w] ∈ B. Therefore, if l[z:w] /∈ Zr then
l[z:w] ∈ A ∩ B, i.e. (A ∩ B)c ⊂ Zr.

This finish the proof of the lemma. �
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To finish the proof of Proposition 3.3 we have to count the number of preimages of a point
p ∈ f4(Uρ) under f3. Denote by π : P

2 \ {[0 : 0 : 1]} → L∞ the projection defined by
π([z : w : t]) = [z : w].

A point in π−1((Zr)c) ∩ f2(Uρ) has one preimage in f(Uρ). Moreover, the complementary
of B is contained in Y r and the complementary of A is contained in Xr. Since Xr ∩ Y r = ∅,
we infer that a point in π−1(Zr) ∩ f2(Uρ) has at most d preimages in f(Uρ). Thus, a point
has at most d preimages under f in f(Uρ).

For the sake of simplicity, until the end of the proof, without precision by preimage we
mean preimage in f(Uρ). Pick a point p ∈ f4(Uρ).
Case 1. If p /∈ π−1(Zr) ∩ f(Uρ) then p ∈ π−1(A ∩ B), so p has one preimage under f and
card{f−3(p) ∩ Uρ} ≤ d2.
Case 2. If p ∈ π−1(Zr) ∩ f(Uρ) then p has at most d preimages under f . For each preimage
of p we have two cases :
Case 2.1. Either it is still in π−1(Zr) ∩ f(Uρ). Thus it has d preimages under f which are in
π−1(Z r) (because f−1

∞ (Zr) ∩ Zr ⊂ Z r), but since f−1
∞ (Z r) ∩ Zr = ∅, these preimages leave

π−1(Zr) ∩ f(Uρ) and thus have only one preimage under f . It follows that this preimage of
p has at most d preimages under f2.
Case 2.2. Or it is outside π−1(Zr) ∩ f(Uρ), then it has one preimage. It follows that this
preimage of p has at most d preimages under f2.

Therefore, card{f−3(p) ∩ f(Uρ)} ≤ d2 in all cases. Consequently, f3 is of small topological
degree on f(Uρ). This concludes the proof of the Proposition. �

Denote by Ω the subset of (P, Q, R) ∈ Fd satisfying the hypotheses of Proposition 3.3.

At this point to finish the proof of Theorem 3.1 it only remains to prove that Ω is a Zariski
open set and that it is not empty.

Step 3. The subset Ω of Fd is a Zariski open set.

This is simply an exercise in complex geometry. Recall from (5) that X = pr1 ◦ (f∞ ⊗
f∞)(X−1), Y = pr1◦(f2

∞ ⊗f2
∞)(Y−2), Z = X ∪Y and Z =

(
f−1

∞ (Z)
) ⋂

Z, where pr1(p, q) = p.
As already observed, X, Y, Z only depend on the choice of (P, Q, R) ∈ Fd and not on the
choice of ε 6= 0. Recall that the conditions of Proposition 3.3 are

(1) X and Y are disjoint
(2)

(
f−1

∞ (Z )
) ⋂

Z = ∅ or equivalently f−2
∞ (Z)

⋂
f−1

∞ (Z)
⋂

Z = ∅.

Set

X̃−1 = {(p, q, (P, Q, R)) ∈ P
1 × P

1 × Fd; p 6= q, f+
∞(p) = f+

∞(q)}⋃{(p, p, (P, Q, R)) ∈ P
1 × P

1 × Fd; p is a critical point of f∞},

Ỹ−2 = {(p, q, (P, Q, R)) ∈ P
1 × P

1 × Fd; f+
∞(p) 6= f+

∞(q), f+2
∞ (p) = f+2

∞ (q), f∞(p) = f∞(q)}⋃{(p, p, (P, Q, R)) ∈ P
1 × P

1 × Fd; R(p) = 0},

and denote by Φ : (p, q, (P, Q, R)) 7→ (f∞(p), f∞(q), (P, Q, R)), X̃ = Φ(X̃−1), Ỹ = Φ2(Ỹ−2)

and Z̃ = X̃
⋃

Ỹ . Thus
{

(p, q, f∞(p), f∞(q), (P, Q, R)); (p, q, (P, Q, R)) ∈ X̃−1

}
is an algebraic

subvariety of P1×P
1×P

1×P
1×Fd as well as

{
(p, q, f2

∞(p), f2
∞(q), (P, Q, R)); (p, q, (P, Q, R)) ∈ Ỹ−2

}
.
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Therefore, X̃, Ỹ and Z̃ are algebraic subvarieties in P
1 × P

1 × Fd, and X̃ ∩ Ỹ and Φ−2(Z̃) ∩
Φ−1(Z̃) ∩ Z̃ are algebraic subvarieties too. The complementary of Ω is in the image of(
X̃ ∩ Ỹ

) ⋃ (
Φ−2(Z̃) ∩ Φ−1(Z̃) ∩ Z̃

)
by the projection (p, q, (P, Q, R)) 7→ (P, Q, R), thus it is

a Zariski closed subset in Fd.

Step 4. The Zariski open set Ω defined in step 3 is not empty.

Let us show that f = [wd + azd : bwd + zd : td + ε(zd + zd−1w)] satisfies the hypotheses of
Proposition 3.3 for almost every a, b ∈ C small enough. We first assume |a|, |b| > 0.

If l[z:w] is a preimage of a line, the other preimages are l
[z:e

2ikπ
d w]

with k ∈ {1, .., d − 1}. For

l ∈ {1, .., d − 1}, k ∈ {0, .., d − 1} put

zk,l = [e
2i(k+l)π

d − 1 : 1 − e
2ilπ

d ].

We let the reader check that X−1 = {[0 : 1], [1 : 0]} and

Y−2 = {[e
2i(k+l)π

d − 1 : 1 − e
2ilπ

d ]; l ∈ {1, .., d − 1}, k ∈ {0, .., d − 1}}
= {[0 : 1]} ⋃{zk,l; l ∈ {1, .., d − 1}, k ∈ {0, .., d − 1}, k + l 6= d}.

Thus

X = {[1 : b], [a : 1]},

Y = f2
∞(Y−2) = {f∞([1 : b])}

⋃
{f2

∞(zk,l); l ∈ {1, .., d − 1}, k ∈ {0, .., d − 1}, k + l 6= d}.

Suppose that a, b ∈ C
∗ are small and a ∼ b.

If k+l = d then zk,l = 0 = [0 : 1], f∞(zk,l) = [1 : b] and f2
∞(zk,l) = [bd+a : bd+1+1] ≈ [a : 1],

otherwise f∞(zk,l) ≈ z−d
k,l and f2

∞(zk,l) ≈ z2d
k,l.

If k + l 6= d then zk,l f∞(zk,l) and f2
∞(zk,l) are far from [0 : 1], [1 : 0]. In particular,

{f∞(zk,l), f2
∞(zk,l)} ∩ {[0 : 1], [1 : 0], [1 : b], [a : 1], [bd + a : bd+1 + 1], [1 + ad+1 : b + ad]} = ∅.

We conclude that, if a, b ∈ C
∗ are small and a ∼ b then X and Y are disjoint, i.e. f satisfies

the hypothesis (1) of Proposition 3.3. To check assumption (2), write

Z = X ∪ Y = {[1 : b], [a : 1], f∞([1 : b])}
⋃

{f2
∞(zk,l); k + l 6= d},

so that

f−1
∞ (Z) = {[0 : 1], [1 : 0], [1 : e

2inπ
d b], e

2inπ
d f∞(zk,l)|n ∈ N}.

The zk,l are independent of a, b, so we can choose a, b so that {e
2inπ

d f∞(zk,l)}
⋂{f2

∞(zk,l)} =
∅, thus f−1

∞ (Z)
⋂

Z = {[1 : b]}. Since f−1
∞ ([1 : b]) = {[0 : 1]} /∈ Z, we conclude that f satisfies

the second assumption of Proposition 3.3.
This completes the proof of Theorem 3.1. �

We now prove Proposition 3.2.

Proof of Proposition 3.2. We first show that f = [(z − 2w)2 : z2 : t2 + ε(z2 + zw)] satisfies the
hypotheses of Proposition 3.3. The preimages of L[α:β] are L

[2
√

β:
√

β−√
α]

and L
[2

√
β:

√
β+

√
α]

.

We let the reader check that X = {[0 : 1], [1 : 0]} and Y = {f∞([1 : −1]), f∞([1 : 9])} = {[9 :
1], [172 : 1]}, which are disjoint.



ON THE SIZE OF ATTRACTORS IN Pk 15

Thus Z = {[0 : 1], [1 : 0], [9 : 1], [172 : 1]} and f−1
∞ (Z) = {[2 : 1], [0 : 1], [1 : 2], [1 : −1], [1 :

9], [1 : 8]}, therefore Z =
(
f−1

∞ (Z)
) ⋂

Z = {[0 : 1], [1 : 9]}. Finally, f−1
∞ (Z ) = {[2 : 1], [1 :

2], [1 : −1]} and f satisfies the hypotheses of Proposition 3.3.
Thus, by Proposition 2.7 and 3.3, f has an attracting set A ⊂ P

2 supporting a positive
closed current of bidegree (1,1) which admits a bounded quasi potential.

From the work of [FS] Lemma 2.12 and [R] corollary 4.15, the natural extension f̂∞ of f∞
is semi-conjugate to f restricted to A . Since J∞ = L∞, f∞ is topologically mixing on L∞,
thus f is topologically mixing on A and A is an attractor. �

4. Non algebraic attracting sets in higher codimension

In this part, we will explain why the condition of being of small topological degree is not
enough to ensure non pluripolarity in higher codimension. For this we exhibit attracting sets
of small topological degree in P

3 (of codimension 2) which are contained in an hyperplane
(see Theorem 4.1). We also construct the first explicit example of a Zariski dense attracting
set of higher codimension (see Theorem 4.7).

Theorem 4.1. For a generic choice of (P, Q, R) ∈ Fd, there exists ε1(P, Q, R), ε2(P, Q, R) >
0 such that for all 0 < |ε1| < ε1(P, Q, R) and 0 < |ε2| < ε2(P, Q, R), the mapping

f : P
3 −→ P

3

[z : w : t : u] 7→ [P (z, w) : Q(z, w) : td + ε1R(z, w) : ud + ε2Q(z, w) − εd
2wd]

is of small topological degree on an attracting set A of dimension 1 which is contained in
{[z : w : t : u]; u = ε2w} ≃ P

2.
In particular, A is non algebraic nevertheless it is contained in a hyperplane.

Remark. If f : [z : w : t] 7→ [P0(z, w, t) : P1(z, w, t) : P2(z, w, t)] admits an attracting set A

of dimension 1 then Ã = {[z : w : t : u] | [z : w : t] ∈ A , u = 0} is an attracting set for
f̃ : [z : w : t : u] 7→ [P0(z, w, t) : P1(z, w, t) : P2(z, w, t) : ud]. But f̃ is not of small topological
degree on Ã even if f is of small topological degree on A . This is why need a non-trivial
construction in Theorem 4.1.

Proof. Denote by f1, f2 the maps

f1 : [z : w : t] 7→ [P (z, w) : Q(z, w) : td + ε1R(z, w)],
f2 : [z : w : u] 7→ [P (z, w) : Q(z, w) : ud + ε2Q(z, w) − εd

2wd]

and denote by U1, U2 the open sets

U1 = {[z : w : t]; |t| < ρ1 max(|z|, |w|)}, U2 = {[z : w : u]; |u − ε2w| < ρ2 max(|z|, |w|)}.

First we choose (P, Q, R) in the non empty Zariski open set of Fd such that the map f1

satisfies the hypotheses of Proposition 3.3 and fix ε1(P, Q, R) > |ε1| > 0 small enough and
ρ1 > 0 such that f1(U1) ⋐ U1, see Step 1 of the proof of Theorem 3.1. By modifying the end
of Step 2 of the proof of Theorem 3.1, a point in f7

1 (U1) has at most d4 preimages in f1(U1)
under f6

1 .
It is clear that the hyperplane {[z : w : t : u]; u = ε2w} is invariant under f and we see that

the dynamics on it is the same as that of f1. Denote by ρ2 = cε2, with c > 0, and

U = {[z : w : t : u]; |t| < ρ1 max(|z|, |w|), |u − ε2w| < ρ2 max(|z|, |w|)} .
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We choose ε2(P, Q, R) small enough such that ((1 + c)d + 1)ε2(P, Q, R)d < cε2(P, Q, R) and
we will fix c later. We let the reader check that f(U) ⋐ U and denote by A =

⋂
fn(U),

hence A is an attracting set of dimension 1.
We now prove that, for a generic choice of (P, Q, R) ∈ Fd, f6 is of small topological degree

on f(U).
Let us further assume that for all i ∈ {1, .., 6} f i

∞([1 : 0]) 6= [1 : 0] or equivalently [1 : 0] /∈
f−i

∞ ([1 : 0]) where f∞ : P1 → P
1 is defined by f∞([z, w]) = [P (z, w) : Q(z, w)]. Arguing as

in Step 3 of the proof of Theorem 3.1, we see that this condition is algebraic. To show that
it is generically satisfied, we need to find an example. Let us give an example. We know
by Step 4 of the proof of Theorem 3.1 that for almost every (a, b) ∈ C

2 with |a|, |b| > 0
small enough f1 : [z : w : t] 7→ [wd + azd : bwd + zd : td + ε1(zd + zd−1w)] satisfies the
hypotheses of Proposition 3.3. For all (a, b) ∈ R

2 such that a, b > 0, we have that for each
i ∈ N

∗ f i
1([1 : 0]) 6= [1 : 0], because if (z, w) 6= (0, 0) are non negative real numbers then

wd + azd, bwd + zd are positive. Therefore, it is a generic condition.
Fix D a disc centered at [1 : 0] in P

1 such that for all i ∈ {1, .., 6} f−i
∞ (D) ∩ D = ∅, fix c > 0

such that if [z : w] /∈ D then for each l ∈ {1, .., d − 1}

|e 2ilπ
d w − w| > 3c max(|z|, |w|).

This implies that if [z : w : u] ∈ U2 and [z : w] /∈ D then for each l ∈ {1, .., d − 1},

|e 2ilπ
d u − ε2w| > ρ2 max(|z|, |w|), i.e. [z : w : e

2ilπ
d u] /∈ U2.

Let [z : w : u] ∈ f2
2 (U2) and [z−1 : w−1] such that f∞([z−1 : w−1) = [z : w]. If [z−1 :

w−1] /∈ D there exists a unique u−1, such that f([z−1 : w−1 : u−1]) = [z : w : u] and
[z−1 : w−1 : u−1] ∈ f2(U2). Otherwise, if [z−1 : w−1] ∈ D there exists at most d such values
u−1. Thus, if we fix [z−6 : w−6] such that f6

∞([z−6 : w−6]) = [z : w], since for all i ∈ {1, .., 6}
f−i

∞ (D) ∩ D = ∅, there exists at most one l ∈ {0, .., 6} such that f l([z−6 : w−6]) ∈ D.
So there exists at most d values u−6, such that f6

2 ([z−6 : w−6 : u−6]) = [z : w : u] and
[z−6 : w−6 : u−6] ∈ f2(U2).

Let [z : w : t : u] ∈ f7(U), then [z : w : t] ∈ f7
1 (U1), so there exists at most d4 preimages

[z−6 : w−6 : t−6] in f1(U1) such that f6
1 ([z−6 : w−6 : t−6]) = [z : w : t]. For each choice

[z−6 : w−6], there exists at most d values u−6, such that f6
2 ([z−6 : w−6 : u−6]) = [z : w : u]

and [z−6 : w−6 : u−6] ∈ f(U2). Then for each choice [z−6 : w−6 : t−6] ∈ f1(U1), there
exists at most d values u−6, such that f6([z−6 : w−6 : t−6 : u−6]) = [z : w : t : u] and
[z−6 : w−6 : t−6 : u−6] ∈ f(U). In conclusion, a point in f7(U) has at most d5 preimages
under f6 in f(U). Thus f6 is of small topological degree on f(U). �

We now turn to the Zariski dense example of codimension 2 in P
3. We first recall some

results about Hénon-like maps.
Let W be an open set and D an open disc, denote by B = W × D and ∂hB = W × ∂D,

∂vB = (∂W ) × D, N(B) a neighbourhood of B and dt the maximum number of preimages in
B of a point in f(B) ∩ B.

Definition 4.2. The map f : N(B) → C
2 is called a horizontal-like mapping if

(1) f(∂vB) ∩ B = ∅
(2) f(B) ∩ ∂B ⊂ ∂vB,

If, furthermore, f is injective, f is said to be Hénon-like.
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See [Du1] for some proprieties of Hénon-like and horizontal-like mappings. A current T is
said to be horizontal if its support is contained in W × D1−ε.

Proposition 4.3. Let f be a horizontal-like map. Then there exists an integer d ≥ 1 such that
for every normalized horizontal positive closed current T in B, 1

df∗T is normalized, horizontal,
positive and closed in B.

The integer d is called the degree of f

Proof. See [DDS] or [Du1]. �

Theorem 4.4. Let f be a Hénon-like map in B. If T is an invariant current by 1
df∗, then

the potentials of T are Hölder continuous.

Proof. This is identical to Theorem 2.12 in [Du1]. �

Definition 4.5. Let f be a horizontal-like map of degree d. If the number of preimages in B

of a point in f(B) ∩ B is strictly less than d, f is said to be of small topological degree.

Lemma 4.6. For ε small enough, there exists ρ such that the map

f [z : w : t] 7→ [z2 + 0.1w2 : w2 : t2 + ε(z2 + zw)]

is a Hénon-like map on f(B) where B = {[z : w : t]; 0.8|w| < |z| < 1.2|w|, |t| < ρ max(|z|, |w|)}.
Furthermore, denoting by A =

⋂
fn(Uρ), a point in A ∩ B has a unique preimage in A and

this preimage is still in A ∩ B.

Proof. Denote by Uρ = {[z : w : t]; |t| < ρ max(|z|, |w|)}, by the above, it follows that for
ε small enough, there exists ρ such that f(Uρ) ⋐ Uρ. Denote by W = {[z : w]; 0.8|w| <
|z| < 1.2|w|}, an easy computation shows that f−1

∞ (W ) ⋐ W ⋐ f∞(W ), where f∞[z : w] 7→
[z2 +0.1w2 : w2]. Thus f is a horizontal-like map on B. With notation as in Step 2 of Theorem
3.1, we get that X = {[0.1 : 1], [1 : 0]} and Y = [1.31 : 1]. Reducing ε if necessary, we get
that W ⊂ A ∩ B (see Step 2 of Theorem 3.1), thus f is injective on f(B).

As f is Hénon-like on f(B), if [z : w : t] ∈ A ∩B then [z : w : t] ∈ A ∩f(B) and [z : w] ∈ W
thus there exists a unique [z−1 : w−1 : t−1] ∈ A such that f([z−1 : w−1 : t−1]) = [z : w : t].
Moreover, as f−1

∞ (W ) ⋐ W , [z−1 : w−1] is still in W . �

Theorem 4.7. There exists ε1, ε2 6= 0 such that the map

f : [z : w : t1 : t2] 7→ [z2 + 0.1w2 : w2 : t2
1 + ε1(z2 + zw) : td

2 + ε2(z2 + zw)]

admits a Zariski dense attracting set A close to the line {[z : w : t1 : t2]; t1 = 0; t2 = 0}.

Notation 4.8. Denote by pr1, pr2 the projection defined by pr1([z : w : t1 : t2]) = [z : w : t1]
and pr2([z : w : t1 : t2]) = [z : w : t2].

Proof. For i = 1, 2 denote by fi the map fi : [z : w : ti] 7→ [z2 + 0.1w2 : w2 : t2
i + ε1(z2 + zw)]

and by Ui = {[z : w : ti]; |ti| < ρi max(|z|, |w|)}. We choose εi and ρi such that fi(Ui) ⋐ Ui.
Denote by Ai =

⋂
fn

i (Ui). Denote by τ1 the positive closed current given by Theorem 1.6 for
f1.

By Theorem 4.4 and Lemma 4.6, there exists θ > 0 such that, in any neighbourhood of a
point in V1 = {[z : w : t1]; 0.8|w| < |z| < 1.2|w|, |t1| < ρ1 max(|z|, |w|)}, supp(τ1) ⊂ A1 has
Hausdorff dimension at least 2+θ. On the other hand, J.E. Fornæss and N. Sibony [FS, Prop.
2.17] proved that if ε2 is small enough then A2 has Hausdorff dimension less than 2 + θ

2 .
Denote by U = {[z : w : t1 : t2]; |t1| < ρ1 max(|z|, |w|), |t2| < ρ2 max(|z|, |w|)}, thus

f(U) ⋐ U . The attracting sets A =
⋃

fn(U) is of dimension 1, i.e. of codimension 2.
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we have that pr1(A ) = A1 and pr2(A ) = A2, thus A is non algebraic. We will use the
discrepancy between the Hausdorff dimension of A1 and A2 to show that A must be Zariski
dense.

Denote by (P̂1, f̂∞) the natural extension of (P1, f∞) where f∞ : [z : w] 7→ [P (z, w) :
Q(z, w)], see section 3 of [R] for an introduction. Let p = [z : w] ∈ P

1 and denote by lp
the line (resp. hyperplane) passing through [0 : 0 : 1] and [z : w : 0] (resp. [0 : 0 : 1 : 0],
[0 : 0 : 0 : 1] and [z : w : 0 : 0]). We already seen that lp ∩ Ui is a disk and its image is

relatively compact in lf∞(p) ∩ Ui, see Step 1 of Theorem 3.1. Thus if (p−n) ∈ P̂
1 is a sequence

of preimages of p then
⋂

n≥0 fn
i (lfn

∞
(p−n) ∩ Ui) is a unique point in lp ∩ Ai. Therefore, we have

defined a continuous and onto map πi : P̂1 → Ai, see [R, Prop. 4.13] or [FS, Lemma 2.8]. We
have that if p−n = [z−n : w−n] then πi((p−n)) = lim

n→∞
fn

i ([z−n : w−n : 0]). We can also define a

continuous and onto maps π : P̂1 → A by replacing disks by balls in the previous argument.
We have the three commutative diagrams :

P̂
1 f̂∞

//

π1

��

P̂
1

π1

��

A1
f1

// A1

P̂
1 f̂∞

//

π2

��

P̂
1

π2

��

A2
f2

// A2

P̂
1 f̂∞

//

��

P̂
1

��

A
f

// A

As fi is Hénon-like on fi(Vi), πi restricted to π−1
i (Vi ∩ Ai) is a bijection, thus there is a

bijection ϕ : A2 ∩V2 → A1 ∩V1. Let [α : β : γ2] ∈ A2 and (p−n) ∈ P̂
1 the unique sequence such

that [α : β : γ2] = π2((p−n)) = lim
n→∞fn

2 ([z−n : w−n : 0]). Thus there exists a unique point in the

intersection A ∩pr−1
2 ([α : β : γ2]), because if (q−n) ∈ P̂

1 such that pr2(π((p−n))) = [α : β : γ2]
then [α : β : γ2] = π2((q−n)). As ϕ([α : β : γ2]) = π1((p−n)) = pr1(π((p−n))), we have that :

(10) ∀[α : β : γ2] ∈ A2 ∩ V2, ∃!γ1 : [α : β : γ1 : γ2] ∈ A and ϕ([α : β : γ2]) = [α : β : γ1].

In other words, ϕ([α : β : γ2]) is the image by pr1 of the unique point in the intersection of
A and pr−1

2 ([α : β : γ2]).
Suppose that the Zariski closure of A is an hypersurface M . As pr2(A ) = A2 is non

algebraic, M cannot be the union of hyperplane passing through [0 : 0 : 0 : 1]
Let [α : β] ∈ {[z : w]; 0.8|w| < |z| < 1.2|w|} and [α : β : γ1 : γ2] ∈ A , such that there

exists an open neighbourhood N of [α : β : γ2] include in V2 such that M ∩ pr−1
2 (N) is

a biholomorphic copy of N . As N ∩ A2 is of Hausdorff dimension less than 2 + θ
2 , A ∩

pr−1
2 (N) ⊂ M ∩ pr−1

2 (N) is of Hausdorff dimension less than 2 + θ
2 . As pr1 is Lipschitz,

pr1(A ∩ pr−1
2 (N)) is of Hausdorff dimension less than 2 + θ

2 . Moreover, pr1(pr−1
2 (N)) is open

and pr1(A ∩ pr−1
2 (N)) = pr1(pr−1

2 (N)) ∩ A1, thus pr1(A ∩ pr−1
2 (N)) must be of Hausdorff

dimension at least 2 + θ. We have a contradiction.
Therefore, A is Zariski dense in P

3. �

Remark. For each n ∈ N the point [1 : 0] has multiplicity 2n for fn
∞ thus f is not of small

topological degree on A .

5. Further results and open problems
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5.1. A simpler version of Proposition 3.3. The original generic condition that we had in
mind for small topological degree map on an attracting set (Proposition 3.3) was somewhat
simpler. Unfortunately, we were only able to find corresponding examples in degree 2.

Indeed, Condition 2 of Proposition 3.3 can be replaced by the algebraic condition
2’. f−1(Z) ∩ Z = ∅.

It is clear from the proof of Proposition 3.3 that this implies that for all |ε| > 0 small enough
there exists ρ such that f2 is of small topological degree on f(Uρ).

Example 5.1. The map f = [w2 + az2 : bw2 + z2 : t2 + ε(z2 + 2zw + w2)] satisfies the
hypothesis 1 of the Proposition 3.3 and 2’ for almost every (a, b) ∈ C

2. In fact, we have that
X−1 = {[0 : 1], [1 : 0]} thus X = {[1 : b], [a : 1]} and Y−2 = {[i : 1], [i : −1], [1 : −1]} thus

Y = f2
∞(Y−2) = {[(1+b)2+a(1+a)2 : b(b+1)2+(1+a)2], [(b−1)2+a(1−a)2 : b(b−1)2+(1−a)2]}.

Therefore, for almost every (a, b) ∈ C
2, X and Y are disjoint, i.e. f satisfies the hypothesis

1 of 3.3 and as Z = X ∪ Y

Z = {[1 : b], [a : 1], [(1+b)2+a(1+a)2 : b(b+1)2+(1+a)2], [(b−1)2+a(1−a)2 : b(b−1)2+(1−a)2]}
and

f−1
∞ (X ∪ Y ) = {[0 : 1], [1 : 0], [1 + a : b + 1], [1 − a : b − 1], [1 + a : −b − 1], [1 − a : −b + 1]},

for almost every (a, b) ∈ C
2, we have that f−1(Z) ∩ Z =

(
f−1

∞ (X ∪ Y )
) ⋂

(X ∪ Y ) = ∅, thus
f satisfies the condition 2’.

5.2. Generalisation of Theorem 3.1 to higher dimension. To extend Theorem 3.1 to
higher dimension, we consider the family of endomorphisms of Pk of the form

f : [z0 : .. : zk] 7→ [P0(z0 : .. : zk−1) : .. : Pk−1(z0 : .. : zk−1) : zd
k + εPk(z0 : .. : zk−1)],

where P0, .., Pk are homogeneous polynomials of degree d ≥ 2 such that (0, .., 0) is the single
common zero of P0, .., Pk−1. Let Uρ = {[z0 : .. : zk]; |zk| < ρ max(|z0|, .., |zk|)}, then if ε, ρ are
small enough we have that f(Uρ) ⋐ Uρ. Denote by

f∞ : [z0 : .. : zk−1] 7→ [P0(z0 : .. : zk−1) : .. : Pk−1(z0 : .. : zk−1)],

f+
∞ : [z0 : .. : zk−1] 7→ [P0(z0 : .. : zk−1) : .. : Pk−1(z0 : .. : zk−1) : εPk(z0 : .. : zk−1)].

We define Y as before Proposition 3.3 and

X =
{

p ∈ P
k−1 | card{f+

∞(p−1) | p−1 ∈ f−1
∞ (p)} ≤ dk−2

}
.

These are algebraic set of P
k−1. Moreover, for a generic choice of P0, .., Pk, the set Y is of

codimension 1 and X is of dimension 0. We may replace the conditions of Proposition 3.3 by

(1) X ∩ Y = ∅,

(2) and
(
f

−(k−1)
∞ (X ∪ Y )

) ⋂
..

⋂ (
f−1

∞ (X ∪ Y )
) ⋂

(X ∪ Y ) = ∅.

Following the idea of the proof of Proposition 3.3, we show that this implies that fk is
of small topological degree on f(Uρ). Therefore, we get a Zariski open set Ω of mappings

asymptotically of small topological degree on attracting sets in P
k. Nevertheless, it is unclear

how to find explicit examples of parameters in Ω to ensure that it is not empty.
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5.3. Non-pluripolar attracting sets with unbounded potentials. The last remark
around Theorem 3.1 is that it is not necessary to be of small topological degree “every-
where” on an attracting set in order for it to be non pluripolar. Furthermore, there exists
non-pluripolar attracting sets that cannot support a current of bidegree (1,1) of mass 1 with
a bounded quasi-potential.

Let f be an endomorphism of the form

(11) f([z : w : t]) = [wdP

(
z

w

)
: wd : td + εR(z, w)]

where P is a polynomial of degree d and R is a homogeneous polynomial of degree d. In
particular, it is of the form (3). On the other hand, f is not asymptotically of small topological
degree and the attracting current τ has a unbounded quasi-potential because f−1(l[1:0]) =
{l[1:0]}, hence A ∩ l[1:0] is reduced to a point.

Nevertheless, there exists a bidisk of the form {[z : w : t]; |z| ≤ R|w|, |t| < ρ max(|z|, |w|)}
where f is horizontal-like. Moreover, we can adapt the proof of Theorem 3.1 to arrange
that this horizontal-like map is of small topological degree. For this, we replace the generic
conditions of Proposition 3.3 by the following :

(1) X ∩ Y = ∅
(2) and f−2

∞ (Z) ∩ f−1
∞ (Z) ∩ Z = {[1 : 0]}, with Z = X ∪ Y .

These properties are clearly satisfied outside some algebraic set and it can be shown that
for c 6= 0 small enough, f = [wd + czd : wd : td + ε(zd + zd−1w)] satisfies these conditions.

Finally, we adapt the proof of Theorem 2.7 to horizontal-like maps using the canonical
potential. We recall that it is defined as follows (see [DDS] for details). If S is a horizontal
current, i.e. with support in D × D1−ε, its canonical potential is defined by

uS(z, w) =

∫

{z}×D
log |w − s| dmz(w)

with mz = S ∧ [{z} × D]. Thus we finally get :

Theorem 5.2. If f is of the form (11), then for a generic choice of P, R there exists ε(P, R) >
0 such that if ε(P, R) > |ε| > 0 then f admits a non pluripolar attracting set.

5.4. Other open questions. There are still two questions left related to Theorem 2.7.

• In the light of Theorem 4.1, it would be interesting to find the right hypothesis ensuring
non pluripolarity of attracting set in higher codimension.

• Does an attracting set of codimension 1 support a current with continuous quasi-
potential ? Can we prove the convergence of the quasi-potentials ?
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