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Abstract

Multifractal random walks are defined as integrals of infinitely divisible stationary multifractal
cascades with respect to fractional Brownian motion. Their key properties are studied, such as
finiteness of moments and scaling, with respect to the chosen values of the self-similarity and
infinite divisibility parameters. The range of these parameters is larger than that considered
previously in the literature, and the cases of both exact and non-exact scale invariance are consid-
ered. Special attention is paid to various types of definitions of multifractal random walks. The
resulting random walks are of interest in modeling multifractal processes whose marginals exhibit
stationarity and symmetry.

1 Introduction

Random multifractal measures and processes (or simply, multifractals) have been used to model
natural and man-made phenomena in a variety of fields, ranging from turbulence in hydrodynamics,
DNA sequences in genetics, rainfall in geophysics, to stock prices in finance, teletraffic in the Inter-
net. Multifractals are described in at least two complementary ways. On one hand, the so-called
multifractal spectrum functions are used to describe (e.g. Hausdorff) dimensions of singularity ex-
ponents of multifractals. On the other hand, the so-called partition functions are used to describe
scaling properties of moments of multifractals. Multifractal formalism allows one to relate the two
approaches (or the two sets of functions) through the Legendre transformation. See, for example, a
review article by Riedi (2003) and references therein for more information on multifractals.

Much of the initial effort to construct random multifractals was directed to multifractal random
measures which are nonnegative. Examples are the celebrated multiplicative (binomial) cascades of
Mandelbrot (1974), Kahane and Peyriere (1976) or their more recent generalizations to compound
Poisson cascades of Barral and Mandelbrot (2002), to (log-)infinitely divisible multifractal measures
of Bacry and Muzy (2002, 2003), Schmitt and Marsan (2001), Schmitt (2003) and to non-scale in-
variant infinitely divisible cascades of Chainais, Riedi and Abry (2005a, 2005b). See also Mannersalo,
Norros and Riedi (2002), Schertzer and Lovejoy (1987) for other constructions of multifractals. In
many applications of multifractals, however, it is needed to have multifractal processes that take both
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positive and negative values, and that have stationary increments. Several models of multifractal
processes were proposed to address this need.
A common way (see, for example, Mandelbrot (1999)) to construct a multifractal process is
through
Z(t) =Y (X([0,t])), teR, (1.1)

where X is a multifractal random measure and Y is a self-similar process with stationary increments,
independent of X. For more information on self-similar processes, see, for example, Section 7 in
Samorodnitsky and Taqqu (1994), Embrechts and Maejima (2002). A typical choice for Y is fractional
Brownian motion (fBm) By, H € (0,1), which is the only Gaussian H-self-similar process with
stationary increments. In this case, the multifractal process (1.1) is also known as fBm in multifractal
time, following Mandelbrot’s terminology (cf. Mandelbrot (1999)). An advantage of working with
processes (1.1) is that their multifractal properties are easy to deduce from those of Y and X.
Another suggested way to construct a multifractal process is through stochastic integration as

2(t) = /OtQ(u)dY(u), tER, (1.2)

where @) is a suitable stationary nonnegative multifractal noise (for example, such as in Barral and
Mandelbrot (2002)) and Y is as in (1.1), independent of Q). Multifractal processes (1.2) are generally
known as Multifractal Random Walks (MRWs, in short). The case of Brownian motion (Bm) Y = B
was studied and is quite easy to deal with because (1.2) is conditionally (on @) Gaussian and the
moments of Z(t) can be expressed as

t q/2
E|Z(t)|?= EN(0,1)]?-FE </0 Q(u)zdu> ) (1.3)

where E stands for the mathematical expectation (see, for example, p. 460 in Bacry and Muzy
(2003)). Basic interests in introducing (1.2) are that their multifractal properties are generally
different from those of (1.1) (thus contributing to the collection of available multifractal models), that
their generating structure is quite different from (1.1) (thus offering potential alternative generating
schemes of multifractal processes) and that their sample paths appear visually different from (1.1). In
particular, regarding their generating structures, QQ(u) can be thought as determining instantaneous
variance of a random system (1.2). Since Q(u) is a multifractal noise, the variability fluctuates with
bursts of activity associated with high values of Q(u). On the other hand, the activity of a random
system (1.1) is thought to be governed by a multifractal time X (¢). Sudden increases in X (t) are
now associated with faster activity of the system (1.1). (See also Figures 3 and 4 below, and Section
4.6.)

In this work, we study processes (1.2) with fBm Y = By and refer to them as MRWs as fractional
Wiener integrals or simply MRWs if there is no confusion. The case of fBm is much more complex
than that of Bm because fractional Wiener integrals (integrals of deterministic functions with respect
to fBm, as in (1.2) conditional on ) are more involved than usual Wiener integrals. These integrals,
especially when integrands are random, have been studied in depth only recently (see Carmona,
Coutin and Montseny (2003), Decreusfond and Ustiinel (1999), Gripenberg and Norros (1996), Pipi-
ras and Tagqu (2000)). We suppose that @ in (1.2) is an infinitely divisible cascading (IDC) noise
or simply an infinitely divisible cascade as introduced in Muzy and Bacry (2002), Chainais et al.
(2005a). This appears to be the most general class of stationary multifractal noise processes up to
date.

When working with fractional integrals, it is convenient to use a different parametrization for
fBm. We set

1
=H—-- 1.4
R=H - (14)



and write B® = By. Observe that the values 0, (—1/2,0) and (0,1/2) of k are now associated with
the values 1/2, (0,1/2) and (1/2,1) of H.

The IDC noise @ is viewed as a limit of a family of processes @), when r — 0 and is characterized
by a function ¢(q) (cf. Section 2.1 for more details). MRW is defined as fractional Wiener integral
with r — 0 (cf. Eq. (2.33)).

MRWs as fractional Wiener integrals are first discussed in passing by Muzy and Bacry (2002),
Bacry, Delour and Muzy (2001). More recently, they are studied in greater depth by Ludena (2008)
where they are called Multifractal Fractional Random Walks. Despite some overlap, the focus of this
work is quite different from Ludena (2008). First, we take a closer look at the definition of MRWs.
These objects were defined in previous works when

cp(2)

26+cp(2) >0 & KkK>-— 5 = fics (1.5)

where ¢(g) is the function mentioned above and c is a constant entering the construction of an IDC
noise. (Since ¢(2) < 0, (1.5) implicitly assumes that £ > 0 and k. < 1/2.) We study here also the
case when (1.5) does not hold, that is,

K < Ke, (1.6)

for both k > 0 and k < 0. We suggest that, in case (1.6), a suitable normalization should be used for
(1.2) with @, replacing @ as r — 0. This is supported by proving convergence of moments for the
expected range of parameters, and by empirical evidence in simulations. Somewhat surprisingly, the
inequality (1.6) is even simpler to deal with in moment calculations, and scaling properties of MRWs
for k < K. essentially correspond to those of MRWs defined through the usual Brownian motion.
Second, we provide natural conditions on finiteness of (even order 2p) moments of MRWSs, which
were conjectured by Ludena (2008), namely,

(k + %)2p—1+c<p(2p) >0 (1.7)
under the condition (1.5). This is achieved through a direct approach (covering both (1.5) and (1.6)
for k > 0) whereas Ludena (2008) used power counting methods leading to stronger conditions.
Third, we illustrate a number of our results (such as convergence, scaling properties) through numer-
ical simulations. In particular, this explores the practical relevance of some theoretical results that
are asymptotic in nature, and raises other questions such as oversampling in simulation of MRWs.
Giving a proper credit, it should be said, however, that Ludena (2008) addresses an important
question of asymptotic behavior of p-variations of MRWs. This is not the focus in this work.

The rest of the paper is organized as follows. The next section, Section 2, contains some pre-
liminaries on infinitely divisible cascades and fractional Wiener integrals. Definitions of MRWs are
studied in Section 3. Properties of MRWs can be found in Section 4. The proofs of several auxiliary
results are moved to Section 5.

2 Preliminaries

2.1 Infinitely divisible cascading noise

We recall here the definition of Infinitely Divisible Cascading (IDC) noise from Chainais et al. (2005a)
that will be used for integrands @ in the definition of (1.2).

Infinitely divisible measure. Let M be an infinitely divisible, independently scattered random
measure on
Pt =R xR" = {(¢t,7) : t € R,7 > 0} (2.1)



with the generating infinitely divisible distribution G having a moment generating function

/ G (dx) = e PO (2.2)
R
and the control measure

dm(t,r) = dt u(dr) (2.3)
on PT. Independent scatteredness means that random variables M (Ay),..., M(A,), n > 1, are inde-

pendent whenever Borel sets 4; C P™ are mutually disjoint. Infinite divisibility with the generating
function G and the control measure m means that the moment generating function of M (A) with

Borel set A C PT is given by
EetM(A) — o=p(a)m(A) (2.4)

Infinitely divisible noise. By definition, an IDC noise is a family of processes @, (t), » > 0,t € R,
defined by

M(Cr(t))
Qr(t) = EeM(Cr (D) (25)
where
r’ !
Cr(t) ={{, ") :r <r' <1, t—Egt’<t—|—§} (2.6)
is a cone in P*. For each r > 0, the process Q.. (t), t € R, is stationary. We also let
Qr(u)
Qi(u) = , 2.7
which will be used in the proof of one of the main results, and set
¢(q) = p(q) — qp(1). (2.8)

Note that ¢(0) = ¢(1) = 0 and ¢ is concave. Moreover, ¢(2) < 0. The trivial case p(q) = 0 (yielding
Q. (t) = 1) is excluded throughout.

Examples of underlying distributions G are Gaussian, stable, gamma, compound Poisson laws.
Several useful formulas regarding IDC noise are

EQ,(t)! = ¢~ #l@m(0), (2.9)
EQ,(£)Qr(s) = e~ #mrit=sl), (2.10)

where
my(u) = m(Cr(0) NCyr(u)), w>0,7>0. (2.11)

(Relation (2.10) implicitly assumes that ¢(2) exists. This may not be the case for some underlying
distributions G such as most of stable distributions.) More generally, as in Lemma 1 of Bacry and
Muzy (2003), p. 457, one has, for 0 < 23 < 29 < ... < 2z,

EQr(zl)Qr(22) Qr(zn = €exXp { Z a5 — z+1m7’ - 22’)}7 (212)
1<i<j<n
where
ar =pk) —2p(k—1)+pk—2), k=>2. (2.13)

Since ¢ is a concave function, one has a; < 0.



Scale invariance and infinitely divisible noise. Throughout this work, we consider only those
infinitely divisible noises whose control measure m is given by either

dt<dr if 0 <r <1,
dm(t,r) = { 077 $r o1 (2.14)

or
dt(iﬁ% n 05{1}(dr)>, if0<r<l,

2.15
0, if r>1, ( )

dm(t,r) = {

where ¢ > 0 is a constant and dy;;(dr) denotes a point mass at 7 = 1. With this choice, we follow
Muzy and Bacry (2002, 2003), Chainais et al. (2005a, 2005b). The measures (2.14)—(2.15) are such
that m,.(0) behaves as —clnr when r — 0 (cf. (5.1))—(5.2)), and are expected to lead to processes
with truly multifractal properties. The cases (2.14)—(2.15) are known as those of scale invariance.
The case (2.15), considered in Bacry and Muzy (2002, 2003), is also referred to as that of exact scale
tmuariance.

In the case of exact scale invariance, in particular, for ¢t € (0, 1),

{Qri(tu) Yuer 2 €™ {Qr (1) Yuck, (2.16)

where =, stands for the equality of finite dimensional distributions and €2; is a random variable
which is independent of {Q,(u)}y,er and has the moment generating function

Eett = 1o¢(0), (2.17)
where ¢(q) is given by (2.8). In the scale invariant case (2.14), using the notation (2.7), for 0 < r <
b<1,

d
{Q0w)}uer = {Qr (1) uer- (2.18)

Again, only the cases (2.14)—(2.15) are considered in this work, and we will generally make no
further reference to this, unless the focus is specifically on (2.14) or (2.15).

Multifractal infinitely divisible motion. A truly multifractal process, called IDC motion in
Chainais et al. (2005a), p. 1068, is obtained by integrating @, (¢) over t and letting r — 0, namely,

t

X(t) = }1_1% ; Qr(u)du. (2.19)

We shall substitute @, into the integral (1.2) for @ and also let » — 0. Note that the limit is outside
the integral sign in (2.19). In fact, the limiting object lim, .o @, (u) is trivial: it converges to 0
almost surely and for almost all u (see Section III.A of Chainais et al. (2005a)). The limiting integral
(2.19), on the other hand, is non-degenerate under suitable (and mild) assumptions. In case of scale
invariant cascades, the corresponding assumption is

Je>1: CIDC(l + 6) > 1, (2.20)

where
(ipc(q) = q + co(q) (2.21)

or since (pc(1) = 1 and assuming (ipc is smooth,
(pc(l) =14¢p'(1) >0 (2.22)

(see Barral and Mandelbrot (2002), Bacry and Muzy (2003)).



2.2 Fractional Wiener integrals

We recall here several known facts on fractional Wiener integrals fg f(uw)dB"%(u) that will be used
in the paper, where B*, k € (—1/2,1/2), is fractional Brownian motion (fBm), f is a deterministic
function and ¢t € R is fixed. Most of the facts below are taken from a review article by Pipiras
and Taqqu (2003). We also exclude below the case x = 0 for which fractional Wiener integral is
well-known to be defined when f € L2[0,¢].

When x € (0,1/2), several classes of integrands f are available for fractional Wiener integrals.
One such class is defined as

t ot
eo={r / / £l @)l — o dudv < o0} (2.23)
0 Jo
It can be shown to be an inner product space with the inner product
t ot
(e = [ [ gt — o audo, (2.24)

where C > 0 is a constant. (The inner product space is known to be incomplete.)
When « € (—1/2,0), the commonly used class of integrands f is defined as

Lr = {f : 3¢y € L2[0,4] : f(u) = u—*@(I;_“s%f(s))(u)}. (2.25)

It can be shown to be a Hilbert space with the inner product

(f.g)er = G /0 ST o f () (3) (TF- g () (3)ds (2.26)
e /0 61 (5)64 (5)ds, (2.27)

where, for a > 0, .
(I?_g)(s)zﬁ /0 g(u)(u— )3 du, s € (0,4, (2.28)

is a fractional integral of order « and, for a € (—1,0),

1 d

(IiLg)(u) = —m%

/0 g(s)(s —u)ids, wu€l0,t], (2.29)

is a fractional derivative of order (—a) (or fractional integral of negative order «).
For f € L", a fractional Wiener integral, denoted as

I5(f) = /0 f(w)dBr(u), teR, (2.30)

is defined in the usual way as the L?(Q)-limit of integrals Z%(f,) for elementary functions f, such
that (f — fn, f — fn)cx — 0. (An elementary function g has a form g(u) = >77_; gk lja, p,)(v) and its
fractional Wiener integral is defined as Z%(g) = > ;_, gx(B"(bx) — B"(ax)).) By definition, Z"(f),
f € L", are Gaussian random variables with the covariance structure

ET*(f)I"(g9) = {f, 9)c~- (2.31)

Fractional derivatives and hence the case k € (—1/2,0) are generally more difficult to deal with.
The following formula, however, often facilitates computations even in the case k € (—1/2,0). For
“nice” functions ¢ and o € (—1,0),

o o g(u)(t - u)a 1 ¢ a—
(1)) = L+ s [ ol = st — s (232

6



“Nice” means here, for example, step or C1[0,¢] functions. Observe that, unlike (2.29), the relation
(2.32) does not involve derivatives. Another instance where the relation (2.32) holds is the following.

Lemma 2.1 Let a € (—1/2,0) and g € L?[0,t] be such that gHa) € L?[0,t], where

o) = & %2'052:1?)& *o (1a) /0 19(s) — g(w)|(s — w2 ds.

Then, I g is well defined, given by (2.32) and belongs to L?[0,1].
PrOOF: For ¢ € [0,¢], consider

(t+e—u)” n 1
I'a+1) I(«)

9t (u) = g(u) / (g(s) — g(u))(s — u+e)* tds.

Then géa) belongs to L?[0,] and converges to g(()a) in L?[0,t]. Moreover,

oy Ehg(u) I o
gé )(U) “TatD) + o) /u g(s)(s + & —u)* ds.

These observations and the Fubini’s theorem (for the second equality below) allow us to conclude
that

¢ ¢
/ g (wdu = lim / g (u)du
v =0 Jy
1

t
= g%m/v g(S)(S—U+E) dS

1

= NEEE) / g(s)(s —v)%ds.

This implies that I{* g is well defined and equals g(()a). ([l
Corollary 2.1 For k € (—1/2,0), if g € L?[0,t] and if ghn] € L?[0,t], where

g(w(t —w)* = u™"
I'k+1) - (k)

ol () = | 1sats) = g (a5,

then g belongs to L" and

gt —w)* = u™"

() = LRk 2o [ (5al) = wgla) (= 97

2.3 Fractional Wiener integrals of IDC noise

In Section 3, we shall consider MRWs as the limits of fractional Wiener integrals

Z5(t) = /0 Q(w)dB" (u), (2.33)

as 7 — 0, where @, (u) is an IDC noise defined in Section 2.1 and B* is fBm. Using the preliminaries
of Sections 2.1 and 2.2, we state here that (2.33) is well-defined for each fixed r > 0. See Section 5
for a proof.

Proposition 2.1 For k € (—-1/2,1/2), Q, € L" a.s. for each fized r > 0 and hence fractional
Wiener integral (2.33) is well-defined a.s. for each r > 0.



2.4 Important notation and cases

Throughout this work, we consider only the case of scale invariance (2.14) or (2.15). It is convenient
to introduce the following notation and cases. Let

ke = —cp(2)/2 > 0. (2.34)

Consider the cases

(A) cp2)+26>0 & K. <K<1/2 (2.35)
(E) cp2)+26=0 <& K=k, (2.36)
(B) cp(2)+26<0, k>0 < 0<k<Kke, (2.37)
(N) cp(2)+26<0, k<0 & —1/2<kKk<0, (2.38)

where the notation (A), (E) and (B) stand for ‘Above’, ‘Equal to’ and ‘Below’ the critical value k.,
respectively, while (V) indicates ‘Negative’ for k < 0. Let also

(o) - q(fi + %)q + cp(a), 1 when (A4),
(1= ep(2)) +epla) = (ke + 5)a+eplq), when (E) or (B) or (N),
= (K" + %)q + cp(q), (2.39)
where
K* = max{k, k). (2.40)

The function ((¢) will play the role of scaling exponents. The cases (E) and (B) will be refined
below.

3 MRW: definition, convergence and numerical synthesis

We wish to define Multifractal Random Walk (MRW) as the limit of fractional integrals Z/(t) in
(2.33), as r — 0. The following section, Section 3.1, contains some preliminary technical results.
Various types of convergence are considered in Section 3.2, and numerical synthesis is discussed in
Section 3.3. Most of stated results of this section are proved in Section 5.

3.1 Calculations of even order moments

The following technical result concerns even order moments of Z"(t) when x € (0,1/2).

Proposition 3.1 Suppose p € N is such that

¢(2p) > 1, (3.1)

where € is defined in (2.39). Then, for fized t € R, asr — 0,

B|ZE(t)]* ~ C(p, t)n(r)™, (3.2)
where
1, when (A),
n(r)? = Inr=t,  when (E), (3.3)

re?@426 - when (B)

and C(p,t) is a non-zero constant which depends on p,t and also on k,c and .



Note that n(r) in (3.3) diverges as r — 0 in cases (F) and (B). The case k € (—1/2,0) is much
more cumbersome, and only the case of p = 1 (second moment) is considered.

Proposition 3.2 In case (N), for fizedt € R, asr — 0,
E|Zy () ~ C(t)n(r)* = O(t)ree@ 2, (3-4)
where C(t) is a non-zero constant which depends on t and also on k,c and ¢(2).

The relations (3.2) and (3.4) above suggest that Z may need to be normalized for convergence
when 0 < k < k. or kK < 0. Hence, let also

Z5(t) = 22 (3.5)

where n(r) is defined in (3.3) and (3.4).

3.2 Various types of convergence

We discuss here several types of convergence of the process Z%(t) defined in (3.5).

3.2.1 Convergence of moments

Possibly the weakest type of convergence is that of (absolute) moments. Let M be a subset of
R. We say that the M moments of X, converge to those of X (the M moments of X, converge,
resp.), if E|X,|™ — E|X|™ for m € M (E|X,|™ converge for m € M, resp.). Though the moment
convergence is weak, it is quite appropriate for multifractals where their scaling properties are defined
in terms of absolute moments.

Proposition 3.1 can now be restated as follows, and requires no separate proof.

Theorem 3.1 In cases (A), (E) and (B), the M moments of Z"(t) converge, where
M={2p:peN, ((2p) > 1} (3.6)

and ¢ is defined by (2.39).

Remark 3.1 The convergence of moments in Theorem 3.1 can be extended to that of linear com-

binations of finite dimensional distributions of ZJ, that is, a1 Z/(t1) + ... + anZ(tn), ai,ti € R,

1=1,...,n.

In case (N), by Proposition 3.2, the second moment of Z’?(t) converges by construction. We
conjecture that all M moments specified in Theorem 3.1 also converge.

3.2.2 Convergence in L2

Another useful type of convergence is that in L?(€2). In this regard, the following result is useful.
Lemma 3.1 Forr >1r* >0, we have EZF(t)ZE. (t) = EZE(t)?, where ZF(t) is defined by (2.33).
Propositions 3.1 and 3.2, and Lemma 3.1 above lead to the following result.

Theorem 3.2 For fizted t € R, Z5(t) converges in L2() in case (A), and does not converge in
L?(2) in cases (E), (B) and (N).



PROOF: In case (A), we have Z%(t) = Z"(t). Observe by Lemma 3.1 that, for r > 1* > 0,

—~~ o~

E(ZF(t) — ZE(1)? = BEZE (1) — EZE(t)2. (3.7)
Hence, there is convergence in L?(2) if and only if FZ%(t)? converges. This happens under (A4) by
Proposition 3.1.

For the last statement of the theorem, consider, for example, the case (F) with n(r) = VInr—1.
Then, by Lemma 3.1, for r > r*,

< < B Z5(t) ZE () \?  EZ(t)? Inr EZE.(t)?
E(ZFt) - Zh(t)*=E (\/Im_l — \/lnr*_1> == (2’/1117«* - 1) - (89

By Proposition 3.1, EZf(t)*/Inr, EZL(t)?/Inr* converge to the same non-zero constant as r,7* —
0. But r*,r can be taken such that lim lglr’; = a < 1, showing that Z%(t) does not converge in L?(2).
(]

Remark 3.2 In case (A) when there is convergence in L%(Q), one may be inclined to write and
to define the limit MRW as fot Qo(u)dB"(u). This is impossible because Qq(u) is not defined as a
regular process. (See also the discussion following (2.19).) On another hand, one could still expect
that the limit lim, fot Qr(u)dB"(u) is characterized by the IDC motion X defined in (2.19). In fact,
Ludena (2008) defines the limit as being conditionally Gaussian with the covariance structure

/ t / " Ju = 021X (du) X (dv). (3.9)
0 JO

The appearance of this covariance structure suggests that the above integral is well-defined (a.s.) for
IDC motion X. Since |u — v|?**~! blows up at u = v, this obviously imposes smoothness conditions
on the motion X. A closer look at the argument of Ludena (2008) shows that (3.9) is understood
as the limit of fg J5 Qr(w)Qy(v)|u — v|**“tdudv as r — 0. Whether it can be interpreted through X
itself is an open question.

Remark 3.3 Observe that convergence in L?(£2) for MRWs (case (A)) implies the condition (2.22)
for non-degeneracy of IDC motion. Indeed, in case (A), one has ((1) = k +1/2 < 1, {(2) =
2(k — k¢) +1 > 1 and concave ((g). Assuming smoothness of {, the latter conditions can happen
only when ¢’(1) > 0. But {'(1) = s + 1/2 + c¢'(1) < 1+ c¢'(1) = ({pc(1) and hence {{p(1) > 0,
that is, (2.22) holds. We do not believe this argument could be reversed in general.

Remark 3.4 L%(Q)-convergence and non-convergence in Theorem 3.2 can also be viewed from the
following interesting angle. For example, when x = 0, if fg r=¢2)/2Q, (u)dB°(u) converged, one
would have that

t t 9
B( /O R aBw) — [y PG, B )

0

t 2
—F /O (772, () — 1302, (w)) du — 0,

as 71,73 — 0. Completeness of L2(Q x [0,¢]) would imply that 7~°¥()/2Q,.(u) converges to a regular
process in L?(€2 x [0,¢]). But this would not be possible since r~“?(/2Q,.(u) is expected highly
irregular as » — 0. The same argument could also be applied when x < 0 for which the integrand
space of fBm is complete but not for £ > 0 when there is no completeness (see Section 2.2). These
arguments suggest that non-convergence in Theorem 3.2 is, in fact, expected when x < 0, and that
convergence in L%(Q) can only happen when x > 0.
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Figure 1: Histograms of Z%(1) for various resolutions r ranging from 1/1024 to 1/2. First row:
histograms for (a) kK = —0.1 < 0 < K, (b) 0 < Kk = 0.05 < K, (¢) ke < kK = 0.2. Second row:
log-histograms for (d) kK = —0.1 < 0 < ke, (e) 0 < kK = 0.05 < kg, (f) ke < kK =0.2.

3.2.3 Convergence in distribution

Another type of convergence in a weaker sense is that in distribution. In fact, convergence of Z’?(t)
in distribution takes place when x = 0. (When & = 0, there is no convergence in L?(f2).) To see this
in the scale invariant case (2.14), observe that

= Zo(t) ¢ t eM(Cr(u))
0(4) = “Zr — pcp(2)/2 — pcp(2)/2
Z)(t) = @ =" /0 Qr(u)dB(u) =7 /0 LM C) dB(u)

—ep(2))2 tM(C @) t [ 2M(Cr(u)) 1/2 t 12
—, /Oe dB(u):/O < ey 4B :./OQT(u) dB(u),  (3.10)

where we used the fact that Ee?™ (Cr(w) = pcr(d)  Here, er (u) is another IDC noise characterized by
p(q) = p(2q) and ¢(q) = ¢(2¢) — qp(2). The convergence in distribution of (3.10) is shown in Bacry
and Muzy (2003), p. 473. The convergence takes place also in distribution in the space of functions.

We conjecture that the convergence in distribution also takes place in cases (E), (B) and (N).
This is supported by the convergence of moments discussed in Section 3.2.1, and by the following
numerical simulations. See Section 3.3 below for more details on numerical synthesis.

Fig. 1 shows histograms of Zf(1) for r ranging from 1/2 to 1/1024, respectively in the case
K <0< ke (case (N)), 0 < Kk < ke (case (B)) and 0 < k. < & (case (A)). Each histogram results from
40000 realizations of ZF(1) for underlying compound Poisson cascades Q. (t) such that ¢(2) = —0.24
and ¢ = 1. Therefore, the critical situation corresponds to the choice k. = —cp(2)/2 = 0.12. In all
cases, the histograms obtained for various resolutions r superimpose quite clearly, and support the
conjecture of convergence in distribution.
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3.2.4 Finer convergence results in case (A)

In case (A), finer convergence than that in L?(Q2) can be established.

Theorem 3.3 Consider the case (A). Then, as r — 0, the sequence of processes {zf(t)}te[o,l}
converges almost surely (and hence in distribution) in the space of continuous functions C([0,1],R).

3.2.5 Convergence in L? and refinement of earlier cases

Various types of convergence above can be complemented by that in L?(Q2), 1 < ¢ < 2. We suppose
k € (0,1/2) and consider only the case of exact scale invariance (2.15) for simplicity. For x € (0,1/2),
let

1
C(@) = (k+ 5)a+ cp(a). (3.11)
Note that ¢(g) in (2.39) and the function {(q) coincide in case (A) and are different in cases (E) and
(B).

Theorem 3.4 Consider the case of exact scale invariance (2.15), and k € (0,1/2). Suppose there
1s 1 < q <2 such that

C(q) > 1. (3.12)

Then, for allt € R,
sup E|ZF(t)|? < . (3.13)
r€(0,1]

In particular, for all t € R, Zf(t) converges almost surely and in L1(Q2) as r — 0.

Here is where Theorem 3.4 fits in with previous results. In case (A), by Theorem 3.2, there is
convergence in L?(£2) and hence that in L(Q) for all 1 < ¢ < 2. Convergence almost surely is also
proved in Theorem 3.3. Hence, in this case, Theorem 3.4 does not yield any new results. On the
other hand, new results emerge in cases (E) and (B). Two cases should now be distinguished:

Case 1: ('(2) > 0,
Case 2: ('(2) <0,

where ('(g) indicates the derivative of C(q), and C(q) is defined in (3.11). N N

In cases (E) and (B), ¢(q) = (k 4+ 1/2)q + cp(q) is concave and such that ¢(0) = 0, {(1) =
k+1/2<1and ((2) =1+2(k — ke) < 1. Moreover, ((q) = (ke +1/2)q + cp(q) is also concave and
such that ¢(0) =0, {(1) = ke+1/2, ¢(2) =1 and ((¢) < ((q). In Case 1, note that ¢’(2) > ¢’(2) > 0.
Then, by concavity, one expects that ((2p) > 1 even for some p > 1, and that condition (3.12) does
not hold for any 1 < ¢ < 2. This corresponds to the situation considered in Proposition 3.1 and
Theorem 3.1.

On the other hand, in Case 2, by concavity, one expects that condition (3.12) might hold for
some 1 < ¢ < 2. (In particular, in case (F), one expects this condition to hold for ¢ sufficiently close
to 2.) In this case, by Theorem 3.4, there is convergence almost surely and in L?(Q2) without any
normalization. Note also that, if condition (3.12) holds for some 1 < ¢ < 2, one cannot expect that
¢(2p) > 1 for p > 1. Indeed, supposing Z(q) > 1 for some 1 < ¢ < 2 yields ((¢q) > 1. Using concavity
of ((q) and ((2) = 1, one expects that {(2p) < 1 for p > 1.

In order to distinguish between above cases 1 and 2, we shall use the following notation. Cases
(E) and (B) will refer to the earlier cases (E) and (B) when ¢/(2) > 0. When (’(2) < 0, cases (F)
and (B) will be denoted as

(B*) and (B"),

respectively. In cases (E*) and (B*), we set Z5(t) = Z5(t).
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Case ‘ Parameter range ‘ ZJ converges in

(A) ke <k <1/2 L*(Q); distribution; (suitable) moments; almost surely

(E), (B) 0<k<ke('(2)>0 (suitable) moments; not L?(2); distribution when x = 0;
conjectured for distribution when x > 0

(E7), (B) 0< K<k, ((2)<0 L9(Q); almost surely
¢(g) > 1 for some q € (1,2)

(N) -1/2< k<0 not L%(Q); conjectured for distribution and moments

Table 1: Convergence of Z’f in the scale invariant case.

JFrom a practical perspective, cases (E) and (B) appear to be more relevant than cases (E*)
and (B*). First, most known examples of IDC noise, in fact, fall into cases (E) and (B). Second, in
cases (E*) and (B*), one expects the limit Z%(t) of Z%(t) to have infinite second moment. For these
reasons, in simulations and Section 4 below, we shall focus on cases (F) and (B), rather than cases
(E*) and (B*).

3.2.6 Summary of convergence

In Table 1, we summarize the convergence results for Z,’? We will refer to the limit by the following
name.

Definition 3.1 The limit process Z* of Zﬁ will be called Multifractal Random Walk (MRW) as
fractional Wiener integral or simply MRW, whenever it exists.

3.2.7 Using arbitrary powers of IDC noise

It is interesting to compare above definitions of MRWs to those when considering integrals

789(t) = /0 (Qr(u)PdB"(u), (3.14)

where the IDC noise Q,(u) has a power § > 0. When § = 1/2, integrals (3.14) and their limits
appear, for example, in Bacry and Muzy (2003), Ludena (2008). As already hinted in Section 3.2.3,
the case of integrals (3.14) can be reduced to that of integrals (2.33) considered above. We state this
as an elementary result next.

Proposition 3.3 For 8 > 0, we have
t t
AOE / (@r(w)?dB"(u) = Corea?) / Qr(u)dB" (u) =: Cor*¥) Z7(t), (3.15)
0 0

where Cy = =B and Cy = 1 in the cases (2.14) and (2.15), respectively, Q, is an IDC noise
characterized by the same control measure m and

@(q) = ¢(Bq) — qp(B). (3.16)
PRrROOF: Observe that
M (Cr(u M(Cr(u M(Cr(u M(Cr(u
(Qr(u))ﬁ _ efMCr(w)) _ EefM(Cr(w)  ofM(Cr(w)) —. Corcsa(ﬁ)g _. C’OTCSD(B)QT(U)
(EeM(Cr(w))B  (EeM(Cr(w))8 EefM(Cr(u) EeM(Cr(u)) ’
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where M(A) = BM(A) is an infinitely divisible measure characterized by
EetM(A) _ pehaM(A) _ —p(Ba)m(A)

and hence p(q) = p(Bq) and @(q) = p(q) — qp(1) = p(Bq) — ap(3) = ¢(Bq) — qp(B). O

As a consequence of Proposition 3.3 and Theorem 3.2, for example,
reeB) 788 (t)

converges in L?(£2) when

L _epd) __elpl20) —20(0)

2 2

In case B = 1/2, this happens when k > cp(1/2). A discussion related to this section can also be
found in Section 4.6 below.

3.3 Numerical synthesis

The process ZF in (2.33) is synthesized numerically as follows. To produce N samples Zf(n/N),
n=20,...,N —1, at equally spaced times on the interval [0, 1), we generate K = RN equally spaced
samples B®(k/K) and Q,(k/K), k =0,...,K — 1, of fBm B" and IDC @Q,. The integer constant
R is referred to as the oversampling factor. Continuous sums in (2.33) are then approximated using

Riemann sums:
nR B
#(3) S0 () (m(5) - (5Y), o

The samples B*(k/K) of fBm are synthesized numerically using the so-called circulant matrix
embedding method. This is not detailed here and the reader is referred, e.g., to Bardet et al. (2003)
for a complete introduction.

The synthesis of IDC @, first requires the choices of theoretical quantities: an infinitely divisible
measure M in (2.2) with its control measure (2.3); the triangle-shaped cone in (2.6). In practice,
the resolution parameter r in @), needs to be chosen such that r > 1/K. The samples Q,(k/K) are
generated using the algorithms thoroughly described in Chainais et al. (2005a) and not recalled here.

Examples of sample paths of Z are produced using a specific type of IDC referred to as compound
Poisson cascades (CPC). The same sample path of the CPC @,., shown in Fig. 2, is used to produce
the sample paths of Z* for the three different cases, K < 0 < K¢, 0 < kK < ke and 0 < K, < K, cf.
Fig. 3. For illustration purposes, Fig. 4 compares the sample paths of MRW Z* against those of the
so-called fBm in multifractal time

VE(t) = BR(X(1)), (3.18)

where X (t) is the IDC motion in (2.19), obtained using the same sample paths of B*(t) and Q,(t).
For definitions of fBm in multifractal time, the reader is referred to Mandelbrot (1999), Riedi (2003).
It is analyzed in Chainais et al. (2005a) and Bacry and Muzy (2002, 2003). Note also that, thanks
to Riemann sums (3.17), the numerical synthesis of MRWs is much easier than that of fBm in
multifractal time, which is based on resampling of fBm.

4 Properties of MRWs

We examine here several properties of MRWSs. Since no type of convergence was established in case
(N) in Section 3.2, this case will be excluded from theoretical results below.

14



20

18 -

16

14

12

10

8

et : ‘

all :
\ | \
2| |

i I i
o RPN L AL .ALJJ\ VLAY RN, _m“ il WJLLLM‘MM“ "
o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 2: A sample path of IDC (CPC) Q.

Figure 3: Sample paths of MRW. Sample path of Z* (blue-gray) together with that of B* (black)
from which it is obtained by combination with the sample path of ), shown in Fig. 2. From left to
right: kK <0 < ke, 0 < K < K¢, 0 < ke < K.
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Figure 4: Superimposition of MRW and fBm in multifractal time. Using the sample paths of @,
shown in Fig. 2, superimpositions of the sample paths of B (black), Z* (blue-gray), V* (red-light
gray). From left to right: k < 0 < k., 0 < kK < K¢, 0 < ke < K.
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4.1 Stationary increments and long range dependence

In case (A), MRW Z* has strictly stationary increments because Q,(u) is stationary and B*(u) has
stationary increments. The time series X = Z%((k + 1)7) — Z*(k7), k € Z, for some 7 > 0, of
the increments of MRW Z* is therefore stationary. Similarly, in cases (E) and (B), MRW Z* has
second order stationary increments and the series X, is second order stationary. The following result
contains basic properties of Z% and X, k. See Section 5 for a proof.

Proposition 4.1 (i) In case (A), Z* has zero mean and the covariance structure

EZ"(s)Z5(t) = C, /05/0 EQo(u)Qo(v) |u — v|** ' dudv, (4.1)

where EQo(u)Qo(v) is understood formally through (2.10), (5.1) and (5.2) by substituting r = 0. In
particular, for k> 1/7+ 1,

CHT2H+1

EXpXg=—
R0 9k(2k + 1)

<|k’ + 1|2n+1 + |k‘ _ 1|2n+1 _ 2|k|2n+1> ~ OHT2H+1|]€|2H—1, (4‘2)

as k — oo.
(i7) In cases (E) and (B), Z* has the covariance

EZ"(s)Z5(t) = Cs, for0<s<t. (4.3)

In particular, EXy Xy =0, for k # 0. For example, in case (2.15), the constant in (4.3) is given by
1 @ [ -1 _cp(2)

C=20,|—————+e % d Rl e ) 4.4

(gt [ o) -y

Time series X, with the autocovariance function satisfying (4.2) with —1 <2k —1<0as k — o
is known as long range dependent. Thus, according to Proposition 4.1, Z* is characterized only by
two regimes at large scales: its increments are long range dependent for k. < k < 1/2 while it has
uncorrelated increments for 0 < k < k..

4.2 Finiteness of moments

The following result characterizes finiteness of even order moments of MRWs.

Proposition 4.2 Let p € N. In cases (A), (E) and (B), the (2p)th moment E|Z"(t)|?P is finite
when

¢(2p) > 1, (4.5)
where ((q) is defined in (2.39).
The function ((q) plays the role of scaling exponents below. The condition (4.5) is therefore a

natural and expected condition on finiteness of moments in the multifractal literature. In case (A),
the condition (4.5) was conjectured by Ludena (2008).

4.3 The special case of exact scale invariance

The case of exact scale invariance (2.15) is special in the sense that the corresponding MRW has the
following scaling property.
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Proposition 4.3 In the case of exact scale invariance, we have, for a € (0,1),

(z" (at) }eepo, 1] < e e Z5(t ) }eelo,1) (4.6)
in case (A) with 4 denoting the equality in the sense of finite dimensional distributions, and

> mo . 1 o 7K
{Z%(at) }epon) = @ taefa{Z () }eepo,] (4.7)

in cases (E) and (B), with 2 denoting the equality of even order moments (from the set (3.6)) of
linear combinations of finite dimensional distributions. In (4.6) and (4.7), Qq is a random variable
independent of {Z"(t) }1eo,1) and with the moment generating function (2.17).

PROOF: In case (A), observe from (2.16) and (k + 1)—self-similarity of fBm that

Z“ at) / Qar(u)dB" (u /Qar ax) dB“(ax)—a“+2eQ“/ Qr(x)dB"(x).

The result (4.6) follows by letting  — 0.
In case (B), we have

at t
(ar)—(c¢(2)+2/i)/2 / Qur (u)dB“(u) m a—(ccp(2)+2n)/2an+%eﬂar—(cgp(2)+2n)/2 / Q. (:E)dBH(l‘)
0 0

The result (4.7) follows from Proposition 3.1 by letting » — 0. The same relation can also be deduced
similarly in case (F). O

The relation (4.6) differs from the usual self-similarity in the presence of random variables e®.

Proposition 4.3 above directly yields the scaling behavior of moments of MRWs (see Section 4.4.1).

4.4 Scaling properties of moments of MRWs

We study here the scaling properties of moments of MRW Z*. These concern the asymptotic behavior
of the moments E|Z"%(t)| as t — 0.

4.4.1 The case of exact scale invariance

A particularly easy case is that of exact scale invariance (2 15) Taking a =t <1 and ¢t =1 in (4.6),
vields E|Z5(t)|7 = 21 pet B|Z(1)]7 = ¢(v+1/Da+ee@ E|Z(1)]7 in case (A). In cases (E) and
(B), relation (4.7) yields E|Z%(t)|? = t(ret1/2)atee(@) (| Z(1)|4 for even order moments ¢. Combining
the two relations gives the following result.

Theorem 4.1 In the case of exact scale invariance (2.15) and (A), (E) and (B), we have, for
€ (0,1), N
EIZ5()|7 = C, t59), (45)

where C(q) is defined in (2.39), and q > 0 is such that E|Z*(1)|9 < cc.

The condition E|Z%(1)|% < oo holds for all even ¢ = 2p in M defined by (3.6). Note also that, in
cases (F) and (B), scaling exponents ((q) depend only on k., not k.

Remark 4.1 In case (A), note that (4.8) implies, in particular, E|Z7%(t)|2 = Cy t26H1+e2(2) ast — 0.
On the other hand, as t — oo, it follows from (4.1) that E|Z%(t)|? ~ Cy t2*1. The second moment
thus scales differently at small and large scales. Note also that this is expected since small scales are
influenced by @, while larger scales are dominated by fBm.

17



4.4.2 The case of non-exact scale invariance

In the case of non-exact scale invariance (2.14), the moments of MRW do not scale exactly. However,
the scaling (4.8) is expected as t — 0. We provide here such a result adapting the approach in
Theorem 1 of Chainais et al. (2005a), p. 1069, which concerns the scaling properties of IDC motion.
(Another possibility is to follow the approach used for Lemma 4 in Bacry and Muzy (2003).) Recall
the notation @Q?(u) defined in (2.7), and let ¢ > 0 be fixed. For 0 <b < 1, ¢t € (0,1} and k € N, let

also
-1 ph—1

700 = (BQYT0)) B sw [Q7 @l 02 - Qi 0y, (4.9)

0<u,v<bkt

Theorem 4.2 Suppose k € (0,1/2) and consider the case of scale invariance (2.14). Let ¢ > 0 be
fized. Suppose that, fort € (0,1],

E|ZF)|T — E|Z5t)|? < 00, asr — 0, (4.10)

and that, for t € (0,1] and k € N,
Ty (1) < gt (1)

with v > 0. Then, fort € (0,1] and some constants C,, Cy,
C D < B|Z5(t)|1 < Tyt (4.12)
where ((q) is defined in (2.39).

See Section 5 for a proof of the theorem. In regard to the assumption (4.11), observe that, by
the Holder’s inequality and the inequality |a — b? < |a® — b2, a,b > 0,

pk—1

Qp QT w7 - Qo)

E  sup
0<u,v<bkt

k—1
<E sup Q% (w)¥? sup
0<u<bkt 0<v<bkt

Q' (w2 - @ (0"

Q)7 - Q" 0

+EQY(0)7? sup
0<u<bkt

_ 1/2 _ 1/2
s{@ssw Qp ) "+ (BQ T (0)7) }{E sup
0<u<bkt 0<u<bkt

Hence,

1/2
QU ()" Q*1<>\} .

1/2

Q" ()t — Q01|
EQp, " (0)

_ 1/2
() Esupg<,<piy Qgi H(u) / Esupycy<pre
g (1) < Y1 +1

EQy, (0)

_ 1/2
Esupge,<pis QU ()1 ~(k ~(k ~(k
= ( FQET 0y FLpAL 0 < (@02 0 )7 o).

~(k)

The functions 7, (t) are used in Chainais et al. (2005a) in the assumption similar to the assumption
(4.11). Sufficient conditions for these functions to be bounded by the function Cj t”, v > 0, are
provided (see Corollary 2 in Chainais et al. (2005a)).
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Remark 4.2 When 0 < k < k. (cases (F) and (B)), the scaling behavior of MRWs is the same
according to Theorems 4.1 and 4.2. In particular, from a practical perspective, this suggests that
the MRW with k = 0 < k. could be used to capture the corresponding scaling behavior. The case
% = 0 is obviously simpler than that of x # 0.

Remark 4.3 As in Chainais et al. (2005a), Theorem 4.2 can be reformulated for control measures
m that are more general than in (2.14). In this case, the term (@ in (4.12) gets replaced by

t(n*+%)qe—<p(q)m(0t(0)), where x* is defined in (2.40).

4.5 Numerical illustrations

We now intend to illustrate practically the scaling behaviors reported in (4.8) and (4.12). These
power law behaviors of Z* translate into those of its stationary increments as

E|Z"(t +am) — Z"(t)|? = C} |a|9, (4.13)

for ¢ > 0, such that E|Z%(1)]? < oo, where 7y is an arbitrary constant, and a is an analysis scale
such that arg < 1. The scaling exponents ((g) are given in (2.39). To reproduce such behaviors from
a single realization of Z"(t), one usually replaces the ensemble averages with time averages, called
structure functions,

Y ~
S(a,q) = - Z |Z" (katy + aty) — Z" (kaTo)|?,
@ k=0

where ng is the number of such increments available at scale a. The estimation ¢ (q) of the scaling
exponents ((q) is obtained by performing a weighted linear regression in a log, 27 against log, S(27, q)
diagram. This procedure is fully defined in, for example, Lashermes et al. (2004).

However, it is of importance to mention that, as now commonly agreed, the time averages S(a, q)
reproduce the power law behaviors S(a,q) ~ C”(q)a¢(9), implied by (4.13) above, only over a finite
range of q € [0, ¢, ], where ¢ is defined as the value of ¢ > 1 such that 1+ q(’(¢) — ¢((q) = 0. This
is detailed in Lashermes et al. (2004).

Fig. 5 shows the mean values of the estimates ¢ (q) for g € [0, q;"] obtained from averages over 500
realizations of sample paths of Z* (with N = 2! and R = 2%). As earlier, we take k. = 0.12. Results
illustrated in Fig. 5 clearly indicate that the estimated scaling exponents é (q) are in fairly satisfactory
agreement with the predicted values ((¢) when 0 < k. < k (case (A)) and 0 < kK < k. (case (B)).
They also show that this agreement is less satisfactory when x < 0 < k. (case (N)). However, the
agreement tends to improve when the oversampling rate R is increased, at the price, though, of a
significant increase in the computational cost and computer memory issues. This clearly indicates
that the use of Riemann sums to approximate the continuous sum defining Z* is less efficient when
k < 0 (compared to when x > 0).

The numerical analysis described above can be straightforwardly extended to structure functions
SL(27,q) obtained by replacing increments at scale a = 2/ by wavelet leaders. Wavelet leaders
are defined as local suprema of the discrete wavelet transform coefficients of Z* (see Jaffard et al.
(2004, 2006) for definitions, implementations and performance). Such structure functions can be
computed both for positive and negative values of ¢ € [g;, ¢ ], where ¢; and ¢ are the negative
and positive zeros of 14-¢¢’(¢) —C(q) = 0. For multifractal processes, the structure functions S*(27, q)
exhibit power law behaviors in the limit of fine scales S¥(27, q) ~ cq2j ¢“@ and a Legendre transform
of ¢¥(q) provides a tight upper bound of the multifractal spectrum D(h) of the analyzed process:
D(h) < ming4o(1 + gh — ¢L(q)) (cf. Jaffard (2004)). The ¢X(g) are estimated via a weighted linear
fit as above. N

Results (cf. Fig. 6) obtained from 500 realizations of Z* (with N = 2!5 and R = 2%) show a very
satisfactory agreements between the estimated scaling exponents é L(q) and the theoretical exponents
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ke < k = 0.2 (from left to right), dashed lines: theoretical scaling exponents; solid points: scaling
exponents estimated using increment based structure functions; for ¢ € [0, ¢;"]. The agreement is very
satisfactory when k > 0. The case k < 0 is more difficult, requiring the use of higher oversampling
rate R, and hence higher practical difficulties (computational cost and memory issues).
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Figure 6: Scaling exponents from wavelet leaders. For k = —0.1 < 0, 0 < k = 0.02 < k. and

0 < ke < kK = 0.2 (from left to right), dashed lines: theoretical scaling exponents; solid points:
scaling exponents estimated using wavelet leader based structure functions; for ¢ € [g;, ¢ ]. The
agreement is very satisfactory when x > 0 for both positive and negative ¢ while slightly less when
K < 0.
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¢(q) given in (2.39) over the full range q € [q; , ¢ ], i.e., including positive and negative values of g,
when 0 < k. < k (case (4)) and 0 < k < K, (case (B)). For the case k < 0 (case (INV)), a discrepancy
is visible, indicating the requirement to use higher oversampling factors.

4.6 MRW versus subordinated FBM

In this closing subsection, we compare MRW Z® and fBm in multifractal time V" as defined in
(3.18). We are interested in whether these processes can have the same scaling exponents and, more
generally, the same finite dimensional distributions. The answer turns out to depend on whether the
processes Z® and V" are defined using:

Case 1: same parameter x and function ;
Case 2: same function ¢ but different x;
Case 3: same x but different functions ¢;

Case 4: different parameters x and functions ¢.

In Cases 1, 2 and 3, Z" and V* essentially have different scaling exponents, and hence different finite
dimensional distributions. In Case 4, these processes can have the same scaling exponents. Whether
their finite dimensional distributions are the same is a more challenging issue and will be explored
elsewhere. Below is a more detailed treatment of these cases.

Case 1: In this case, the scaling exponents of MRW Z* and fBm in multifractal time V* are

Cvig) = (k+1/2)qg +cp(q(r +1/2)), (z(q) = (k" +1/2)g + cp(q), (4.14)

where k* is defined in (2.40). When k* = k, the scaling exponents are clearly different. When
K* = —(2)/2, the same conclusion can be drawn under a mild assumption of twice differentiability
of p(q) at ¢ = 0. Indeed, if (z(q) = (v (q), then (%(0) = c(r + 1/2)%¢"(0) and (3-(0) = cp”(0) have
to be equal, which leads to contradiction. If the scaling exponents are different, the corresponding
finite dimensional distributions are different as well.

Case 2: This case can be dealt with in the same way as Case 1 assuming twice differentiability
of p(q) at ¢ = 0.

Case 3: In this case, the corresponding scaling exponents are

ig) = (k+1/2)qg+cpi(a(c +1/2)), (z(q) = (" +1/2)q + cp2(q), (4.15)
where £* = max{k, ko .}, k2. = —2(2)/2. A particular class of functions ¢, are
p2(q) = v1(8q) — qp1(B), (4.16)

for some 3 > 0, which are transformations arising in (3.16). To understand whether the equality of
(z and (y is possible, several subcases need to be considered.

o If Kk > Ko, then k* = K and to have (v (q) = (z(¢), we need ¢1(q(k + 1/2)) = p2(q). This is
not possible given basic properties of ¢;, i = 1,2 (¢;(0) = ¢;(1) = 0, concavity).

o If Kk < Ky, on the other hand, then k* = —3(2)/2 and (v (¢) = (z(¢q) becomes

(k+1/2)q + cpr(a(s +1/2)) = (=92(2)/2 + 1/2)q + cp2(q)- (4.17)
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This yields, in particular,
Cv(2)=(k+1/2)2 +cp1(2(k+1/2)) = (—¢2(2)/2 +1/2)2 + cp2(2) = 1. (4.18)

If (ipc(q) = g+ cpi1(q) are the scaling exponents (2.21) of the IDC motion, the equality (4.18)
implies that
Goe(2(k +1/2)) = 1. (4.19)

If k € (—1/2,0), the relation (4.19) shows that (ipc(qo) = 1 for some gy € (0, 1). By concavity,
one expects that ({p-(1) < 0 and this situation corresponds to the case when the IDC motion
and hence fBm in multifractal time are degenerate (Bacry and Muzy (2003)).

If kK € (0,K2,¢), (4.19) means that (ipc(go) = 1 for some go € (1,2). This corresponds to
another unusual situation when the IDC motion is expected to have infinite variance.

When x = 0, no such conclusion can be drawn. In fact, when k = 0, (4.17) is

/2 + cp1(a/2) = (—¢2(2)/2 + 1/2)q + cpa(q) (4.20)
or, after noticing that ¢1(1/2) = —p2(2)/2,
pa(a) = #1(a/2) — ap1(1/2)/2, (4.21)

which is the transformation (4.16) with 8 = 1/2. This choice corresponds to using ¢; and
B = 1/2 as a power in the definition (3.14) for MRW. As discussed in Section 3.2.3, the
resulting MRW and fBm in multifractal time have the same finite dimensional distributions.

Case 4: In this case, the corresponding scaling exponents are

Cv(g) = (k1 +1/2)g + cp1(q(r1 +1/2)),  (z(q) = (k5 + 1/2)q + cpa(q), (4.22)

where k3 = max{kg, Ko}, ko = —p2(2)/2. The equality of scaling exponents, in fact, is possible
here even in the case when k3 = kg, that is, ko > —2(2)/2. Indeed, from a theoretical standpoint,
it is just enough to take

ke = K1+ @1(k1+1/2) (4.23)
p2(q) = wilg(k1 +1/2)) — qpi(k1 +1/2). (4.24)

The following example illustrates that the choice (4.23)—(4.24) is legitimate even in the class of log
normal cascades.

Example 4.1 Consider log normal IDCs with

01'2 2 .
vi(q) = ?(q —-q°), 1=12. (4.25)

After elementary calculations, the choice (4.23)—(4.24) translates into
o2
oy = Hyoy, Hy:Hrké&h—Hﬁ, (4.26)

where we set H; = k; + 1/2 as usual. Note that using (4.26), the condition ke > —2(2)/2 is

equivalent to

1
— > Hy, (4.27)
01
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given that H; > 1/2. On the other hand, if at least two moments are expected finite for the
corresponding IDC motion, it is required (Bacry and Muzy (2003)) that

1
—>1 (4.28)
1

The latter condition implies (4.27). Finally, note similarly that Hs < 1 is equivalent to

2
> 1, (4.29)

o1
which is even weaker than (4.27).

Though the choice (4.23)—(4.24) yields the same scaling exponents, we expect that the corre-
sponding finite dimensional distributions of the processes are different. Showing this here, however,
would take us beyond the scope of the paper. Just to indicate some of the difficulties, note that
the equality of scaling exponents for ¢ = 2 and stationarity of the increments implies that the two
processes have the same second order properties. In order to show that their finite dimensional
distributions are different, higher order properties at several time points (for example, EX (s)? X (t)?
where X is either MRW or fBm in multifractal time) need to be considered. The latter properties
go beyond typical multifractal analysis, and will be studied elsewhere.

5 Proofs of auxiliary results

Throughout this section, we shall use the following expressions for the function m,(u) defined in
(2.11). In the cases (2.14) and (2.15), one has

0, if u>1,
mp(u) =<¢ —clnu+clu—1), ifr<u<l, (5.1)
—clnr+cu(l—1) fo<u<nr,
0, ifu>1,
my(u) = —clnu, ifr<u<l, (5.2)

—clnr+c(l—-%), if0<u<r,
respectively.
PROOF OF PROPOSITION 2.1: Suppose for simplicity that ¢t = 1. For x € (0,1/2), since Q,(u) is
nonnegative, it is enough to show that E fol fol Qr(u)Qy(v)|u — v|**tdudv < oco. This follows from

EQ,(u)Q,(v) < C, < oo for all u,v € [0,1], using (2.10) and (5.1), (5.2). For k € (—1/2,0), using
Corollary 2.1, it is enough to show that I; < oo and Iy < oo, where

1
L = E/o (Qr(u)(t — u)")%du, (5.3)

L=FE /0 1 u( /0 1600 (5) — w0, ()| — ;7 ds) du. (5.4)

The case of I; is immediate since EQ,(u)? = C, < oo and 2k + 1 > 0. For I, by the generalized
Minkowski’s inequality, it is enough to show that J; < co and Jo < oo, where

5= /0 L /O (B Q) — Qe w)) V2 (u — 5y ds) du,
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1 U 2
Jy = / u( / (B Q) — wQy (w)*)(u — 5~ ds) du.
Observe that
E(SRQT(S) - ’U/RQT(U)F — (82’{ + u2ﬁ)e—gp(2)mr(0) - 2Snune—gp(2)mr(u—s)’

where m,(u) is defined in (2.11). Then, after a change of variables s = uv, write J; as

r 1 2
Jl — CT’/ u—2n</ ((1 + ?}2"{) o 2v2ﬁe—go(2)(mr(u—uv)—mr(O)))1/2(1 o U)n—ldv> du.
0 0

We have J; < o0 if Ji1 < oo and Jy 2 < 0o, where

T 1 )
Ji1= / u* du (/ (14 v2F) — 21}2»@)1/2(1 _ ,U)ﬁ—ldv> 7
0

0

T = /0 u2“</01(mr(u(1 — ) = my (0)2(1 — )" dv) du.

Finiteness of .J; 1 follows from x € (—1/2,1/2) and (1 +v%**) — 20?* ~ C(1 —v), as v | 1. Finiteness
of Jj o follows from (5.1), (5.2) by observing that m,(0) — m,(u(1 — v)) < C,u(l — v). This shows
that J; < oo. The finiteness of J5 can be proved in a similar way. [

In the proof of Proposition 3.1 below, we shall use the following notation and facts. Let Pa,
consists of collections of pairs {(7,7)} such that i < j, and

(i,5) N (. 5) =0
for two pairs (i,7) and (¢, j) from the same collection, and
U {4} ={1.2,....2p}.
{G@}

For example, Ps consists of {(1,2)}, and Py consists of {(1,2),(3,4)}, {(1,3),(2,4)}, {(1,4),(2,3)}.
Let also Py,—1 consists of all pairs {(4, )} = {(¢',5')} \ {(i5,,2p)} with {(¢',5)} € Pap and (45, 2p)
indicating a pair containing 2p. For example, P3 consists of {(1,2)},{(1,3)},{(2,3)}. We shall also
regularly use the fact that

> k2= (q), (5.5)

2<k<I<q
where oy, is defined in (2.13) (see also Eq. (21) in Bacry and Muzy (2003)).

PROOF OF PROPOSITION 3.1: We suppose for simplicity that ¢ = 1 and consider only the case
of exact scale invariance (2.15). (It is clear from the proof below that the arguments can also be
adapted to the case (2.14).) Observe that, by conditioning on @), and using (2.31) and (2.24),

E|Z5(1)2 = (JE(/O1 /01 Qu()Qr(v) s — v dud)”

11 1,1
= C’/ / / / EQ,(u1)Qr(v1) - .. Qr(up)Qr(vp)|ur —v1 > up—vp |2 Lduyduy . . . duydo,.
o Jo 0o Jo

(Here and below, C' will denote a generic constant that may change from line to line.) By using
(2.12), we further obtain (with the notation Ps, above) that

Bz =c Y / st dey

{6 j}EPz 0<z<.. <z2p<1
7
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eXp{ - Z ag_gr1my(z — zk)} H (zj — zi)* L. (5.6)

1<k<I<2p {69}
Note that, after a change of variables z1 = w1, 2z — zk_1 = wi, k= 2,...,2p, we also have
1 1
ElZzz()Pr<c > / / dws . . . dwsy
{g)yeps, ™0 70
exp{ — Z o promp(wg + ... + wl)} H (Wit1 + ...+ wj)z"‘_1 =: CI.(2p), (5.7)
2<k<I<2p {G.5)}

where the inequality above is due to dropping the restrictions wy + ... +wi < 1, k= 2,...2p. We
will show that

1(2p) ~ Cr(r)?, (5:8)
where n(r) is given by (3.3). Since E|Z%(1)|?" increases as 7 — 0 in view of (5.7), this immediately
yields (3.2) in case (A). In cases (E) and (B), similar arguments to those below would show that
the rate of increase of the difference between I,.(2p) and E|Z%(1)|? is slower than n(r)?. Moreover,
only the case (B) will be considered. We prove (5.8) for cases (A) and (B) separately.

Case (A): Since my(u) < —clnw for all u,r > 0, it is enough to show that I(2p) < oo, where

1 1
I(q):/ / dws ... dwg H (W + ...+ wy)c-k+2 H (Wigy + ..+ wy)>! (5.9)
0 0

2<k<I<q {G4)}

and {(¢,7)} is any fixed collection of pairs from P,. This will be achieved through induction in p
and we shall also use I(q) for odd powers ¢ defined by (5.9) but where {(i,j)} € P,.

When p =1, I(2) = fol w522 duy which is finite since cag + 2k = cp(2) + 2k > 0 in case (A).
Suppose I(k) < o0, k =1,...,qg — 1, and consider the case of I(q). (Note that, since ¢ is concave,
(k+1/2)2 4 cp(2) > 1 and (k+1/2)g + cp(q) > 1 imply (k + 1/2)k + cp(k) > 1 for k= 2,...,q.)
Denote by I,,(q), n = 2,...,q, the integral I(q) restricted to the set w,, < wy, all m # n. It is then
enough to show that

I(q) <00, n=2,...,q. (5.10)

We need to consider the cases ¢ = 2p and ¢ = 2p — 1 separately.
Consider first the case of even ¢ = 2p. Then, making a change of variables w,, = sp, Wy = Sntm,
m # n, and using the fact (5.5), we obtain that

1
I,(2p) :/o dsy, 8512’i_1)p+2p_2+64p(2p)

1 1
/ / dty...dtn_dtngr...dty, [ (et ...+t I G+ +)*7", (5.11)
0 0 2<k<I<2p {(i.9)}

where t,, = 1 by convention in the last multiple integral. Since ¢, = 1, we further have

1
I,(2p) < C/ ds,, s§?P)2
0

1 1
/ S / dty ...dt,—1 H (tk +...+ tl)cal7k+2 H (ti’-i-l +...+ tj/)mi_l
0 0

2<k<I<n—1 {3}

1 1
/ e / dtyiq ... dtgy, H (tpe1ak + o b)) k2 H (tpgix + ...+ tn+j*)2ﬁ_1,
0 0 2<k<I<2p—(n—1) {G@*,5)}
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where {(i', j)} is a collection of pairs from P,,_; and {(i*,j*)} is a collection of pairs from Py, _(,_1).
These collections may not be defined uniquely and can be chosen only to make a convenient bound.

For example, in the case p =2, {(i,7)} = {(2,3),(1,4)} and n = 3, I3(4) in (5.11) is

/ dss (2H+1 Zep(d / / dtadty tco@ 1+ t2)ca3(1 + i+ t4)ca4(1 + t4)ca3tza2,

which is bounded in the argument above as

)< C / dss s5 / dty t5r2 2t / dty t522T2 L

(Note throughout that 2x —1 < 0 and o < 0.) Hence,
1
I,(2p) < C / dsp s$2P72 I(n —1)I(2p — (n — 1)),
0

which is bounded by induction, and since ((2p) > 1. The case of odd ¢ = 2p — 1 can be considered
similarly and involves the integral

1
/ ds, Sng@—l)(p—l)-i—Zp—?H—cgo(Zp—1) )
0

This integral is finite since (2k—1)(p—1)+2p—3+cp(2p—1) > (k+1/2)(2p—1)+cp(2p—1)—1 > 0.

Case (B): We will show that r—(¢(2+26)p ] (p) ~ O, where

1 1
:/ / dwg...dwgpexp{— Z g gromy(wg + ...+ wyp) }Hw% 1
0 0

2<k<I<2p

This is one of the terms in (5.7) with {(4,7)} = {(1,2),(3,4),...,(2p — 1,2p)}. We will argue that
the terms in (5.7) with other {(4, )} € Py, have slower rate of growth than r(¢#(2)+2%)p,

Let J.(p) be the integral J,(p) restricted to wy > ry...,wa > r. We will show first that
jr(p) ~ r(@?(2)+20)PC and then argue that the same happens with J,(p). Observe that

1 1 P
_ 2k—1
:/ / d’wg...dwgp H (wk+...+wl)co‘l IHQH 22 .
0 0 2<k<I<2p k=1
Making a change of variables wop = rveg, k = 1,...,p, Wok+1 = Uop+1, k= 1,...,p — 1, we obtain

that

J ( (ca2+2i€ / / / dUgd’l}4 dep H Ucoz2+2li 1
/ / . / dU3dU5 . du2p_1 H (uk 4+ .+ ul)cal*k”,

2<k<I<2p
where ug, = rvei by convention. Then, by dominated convergence theorem,

Jr(p) N r(cap(2)+2ﬁ)p(/oo dv Ucap(2)+2ﬁ—1)pL(p)’
1

as long as L(p) < oo (recall also that cp(2) + 2k < 0), where

/ / / dusdus . . dUQp 1 H (u2k+1 + ...+ u21+1)cﬁl*k (5.12)

1<k<i<p—1
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and
Om = aom + 20941 + o2, m=1,...,p—1. (5.13)

Showing that L(p) < oo can be done by induction in p, similarly to and easier than in case (A)
above, if

S Bkt l@-D)+1>0, ¢=2,....p— 1L
1<k<i<q

Observe that 3 i<, Bi-k = D ocp<icay M-k+2 — (@ + Dz = ¢(2q +2) — (¢ + 1)¢(2). Hence, the
condition above becomes

(1-— ccp(2))2—2q +cp(2q) >1, g=3,...,p.
Since (1 — cp(2)) 4+ cp(2) > 1 and ¢ is concave, these conditions just follow from (1 — ccp(2))27p +
cp(2p) > 1.

The integral .J,.(p) restricted to other regions than that in J,(p) can be dealt with in a similar way.
For example, the integral J,.(p) over wy < r,wy < 1,...,wep <1, and w3 > r,ws > 1,...,Wop_1 > T
can be dealt with in exactly the same way as jr(p), and has the rate of growth r(¢#(2)+25)p  The
integral J,(p) over wy < rywgq < 7,...,wyy < r, and wg < r,ws > 7T,...,wzp—1 > r has the rate of
growth o(r(¢?(2)+25)P) hecause of the restriction wz < 7.

Finally, consider the terms in (5.7) with {(Z, j)} € Pap other than {(7,j)} = {(1,2),(3,4),...,(2p—
1,2p)}. These terms can be shown to be of the order o(r(¢?(2+2%)P)  The basic idea is the following.
(We will omit further details for shortness sake.) For example, such term over wy > r, k =2,...,2p,
can be bounded by

1 1
/ e / dws . .. dway, H (g + ...+ wl)cal k+2 H w/@—i—n -1 (5.14)

2<k<I<2p {k'}

where ay = as = p(2), Qs satisfy the assumptions of «,,’s, there are p different k¥’ such that
{K'} € {2,...,2p}, and K’ < k. For example, in case p = 2, the integral

/ / / dwadwsdw,y ws™ (we + w3)“* (we + w3 + wg ) -
T T T

cag 2k—1

. wgaz (w3 + w4)ca3w4 2&—1(

(wg + ’wg) ws + w4)

is bounded by

/ / / dwodwsdw, wcag—i—/@—i-n (w2 + w3)0a3+(n_n’)(w2 + ws + w4)ca4 .

can
© Wy

o '_q
(w3 +w4)ca3+(ﬁ K )wzaz-l-li-‘rli )

When &’ is close enough to x, k' < k, the exponents as = an, a3 = ag + k — k', a4 = a4 have

properties of the original s, a3, ay. Because of the presence of k¥ < k, an argument similar to that
above would show that (5.14) is of the order o(r(¢?(+25)p) ]

PROOF OF PROPOSITION 3.2: We consider the simpler case of the exact scale invariance (2.15),
and only ¢ = 1. Observe that, by conditioning on @), and using (2.26) and (2.32),

% = E/ { / uQp(u) — S“Qr(s)) (u—8)"tdu + Q,(s)(1 — S)H}z ds
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_ 2E/01 s—%{/sl <u“Qr(u) —SHQT(S))(U—S)H—ldu}2ds
1

+2/£E/ sTRQr(s)(1 — 9)" {/sl <u“Qr(u) — s“Qr(s)) (u— s)”_ldu} ds

0
1
—|—E/ Qr(8)2(1 — 8)*ds =: K*Ty, + 26To, + T (5.15)
0

To prove (3.4), we will show that T3, diverges faster than 73, and T3,, and find the corresponding
rate of divergence of 71 ,. We first examine 73, and 75 ,, and then turn to 77 ,.
The case of T3, is simple. By using (2.9) and (5.2), we have

—ep(2) pcp(2)

T
3 2% + 1

1
. = e~ @) pee2) / (1—s)*ds = ¢ = O(rw(z)). (5.16)
0

)

Turning to 75 ,, we have

T2,r = / (1{u—s>r} + 1{u_5<r})8_’i(1 — S)R .
O<s<u<l1

: (u“EQr(u)Qr(s) — s”EQr(s)z) (u — s)" tdsdu =: T2(,17’) + TQ(?T). (5.17)
By using (2.10) and (5.2),
T2(17,) = / s —s)" <u“(u — s)c“"(z) — s“e_c‘p@)rw(z)) (u — 5)* duds
’ O<s<u<l,u—s>r
= I - Tcso(2)e—w(2)[2

and, since k < 0,

L = / sTR(L — 8)"uf(u — s)PP T duds
O<s<u<l,u—s>r

IN

/ (1 —8)"(u — s)*@T L duds
O<s<u<l,u—s>r

_ 1 1 — pee(2)+2r+1 B rcw(2)+ﬁ 1 — prtl
cp(2) + K\ ep(2) +2k+1 k+1

) = O(r#2m),

and

1 1— 2k+1 K(1 — k+1
I = / (1—15)"(u— s)“_lduds = - < 4 _T ( " )> = O(r").
O0<s<u<l,u—s>r K 2k+1 k+1

Thus, by collecting the above expressions,

1y) = O(reetr), (5.18)

By using (2.10) and (5.2),

T2(2T) = e_c‘p(Q)rc“"(z)/ s — )" (u’{ew(z)? — s“) (u — 5)* tdsdu
’ O<s<u<l,u—s<r

= —e @@ (g 4 ).
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Here,

Ji = / sTE(L — 8)" (8" — u) e (u— )" dsdu
O<s<u<l,u—s<r

T 1—w
< / dw w1 / TR = 8)" (8" — (s +w)")ds.
0 0

Observe that, with € < 1,

s+w s+w
K
0<s"—(s+w)" = —H/ w Ty < —HS“‘HE/ u” fdu < 1=
—¢€
S S

Hence, with K +1 <e < 1,

J < —
1= 1—¢

r 1
/ w“_edw/ sTITE(1 — s5)Fds = O(r" =1,
0 0
Similarly,

Jy = / (1—-9)"k <1 — ew@)u_?) (u — s)" Ldsdu
O<s<u<l,u—s<r

2 2
< _(?) / (1—5)"(u—s)"duds < — i )27‘“
r O<s<u<lu—s<r (’{ + 1)

Collecting the above results yields

T2(,2r) — O(rcgo(2)+n)’
and the relations (5.17), (5.18) and (5.19) show that
Ty = O(r?2Fr),
Consider now the term ET} , in (5.15). Let

B |u|e(®) if |u| > 1,
F(U) = { 6—0@(2)6050(2”“‘ if ‘u’ < 1.

Sn—l—i—ewl—s.

= O(r).

(5.19)

(5.20)

By making a change of variables s = rz,u — s = rz,v — s = ry and using (2.10) and (5.2), we have

—0"s"EQ,(v)Q,(s) + 32”EQT(3)2) (u— s)" (v — )" Ldsdudv

T / s <“H””EQr(u)Qr(v) — u"s"EQ(u)Qr(s)
O<s<u<v<l1

_  2etep(2) /Orl s /Orl_z dz /;1_,2 ay ((1+ %)R<1 + %)HF(y — )

~(14+5) F@) - (14 2) F) + FO)) ey

~ p2rtep(2) / (F(y —z) — F(z) — F(y) + F(0)z" 'y~ Ldzdy.
0<z<y

The result (3.4) follows from (5.16), (5.20) and (5.21), since k < 0. O

PROOF OF LEMMA 3.1: In the case k € (0,1/2),
t ot
EZF(t)Z5(t) = Cﬁ/ / EQ,(u)Q (v)|u — v**dudv
0 Jo
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o 26—1 — K (4\2
—C’//EQT )Qr(v)|u — v dudv = EZ]'(t)7,

since {Qr(v)}r>0 is a martingale (Lemma 3 in Chainais et al. (2005a)). The case k € (—1/2,0) can
be proved in a similar way using the expression of the type (5.15). O

PROOF OF THEOREM 3.3: Using Theorem 4.2.3 in Kwapieri and Woyczyniski (1992), it is enough
to show that:

(7) {Zf/T(t)}te[oﬂ is a martingale in 7' > 1.
(17) {Zl/T( ) }tejo,1) converges in distribution.

(iii) supp>y Esupyepo 1) |1 27)7(t)] < oc.
The martingale property in (i) is equivalent to {Zf/T(t), T > 1} being a martingale for fixed ¢ (but
with respect to the same filtration for all ¢). The proof of (i)—(éii) is given next.

(1) Consider a filtration F = {Fr,T > 1} of o-fields given by Fr = o{M(A), A € B([1/T,0) X
R)} vV o{B"(t),t € R}, where B indicates Borel o-field. The o-field Fg is generated by smooth
variables of the form

O = F(M(A), ..., eXp{ Zﬁ]B“ }

where m,n € NU {0}, F : R" — R is a bounded, continuous function, f;,t; € R, and A; €
B([1/S,00)xR). For the martingale property, it is then enough to show that E(IJZI/T( ) = E(IJZI/S( )
for T > S > 1.

Letting EM be the expectation conditionally on M, observe that (Zf/T( ), BE(t1),...,B"(tm))
is conditionally Gaussian vector with the covariance structure consisting of, in particular,

t t;
EMZ3)1(t) “(tj)zcn/o/o Q17 (u)lu — v/~ dudv.

Using the fact that, for a Gaussian vector (X7, ..., X,41) with covariance matrix (cg)k1=1....m+1

m+1 m+41 m+1

E X exp {Z Z ﬁij} = — Z Bjc1;E exp {Z Z ﬁij}a
j=2 j=2 j=2

this yields that
E® 257 (t) = —iCl ZE( )y oy M(Ay)) -

| /Ot /Otj Qur (Wl V2L dudy exp {z ;@Bn(tj)}).

Using the martingale property of {Q; /T(u),T > 1} and conditioning on Fg, the last expression is
equal to E(I)Zl/s( ).

(13) By Proposition 3.1, the collection {ZI/T( ),T > 1} is bounded in L?(2). Then, since
{zy /T( ),T > 1} is a martingale by (i), it converges almost surely. The almost sure convergence also
implies that of finite dimensional distributions. For the convergence in distribution in the space of
continuous functions C([0,1],R), since cp(2) + 2k > 0, it is therefore enough to show (Billingsley
(1968)) that, for all T'> 1, 0 < t; <t9 <1,

E(Zf/T(tQ) - Zf/T(tl))z < C’(t2 _ t1)6¢(2)+2ﬁ+1,
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For this, use the fact Q17 (u)Q1/r(v) < Clu — 0|2 for all T > 1, to write
E(Z)p(ts) = Zi)p(1))? < c/ / — |PRF2 L qudy = ¢ (ty — 1) PRHEFL
t

(73i) For this part, observe that

E sup |Z7)p(t)] = P (sup |Z7)p(t)] > x)dz = E P (sup |Z7)p(0)] > 2|Q17)dz.  (5.22)
t€[0,1] t€[0,1] t€[0,1]

Conditionally on Q1 /7, Zf/T(t) is a Gaussian continuous process in ¢. By the Borell inequality for
continuous Gaussian processes (Adler (1990), relation (2.6) on p. 43), we have

1
P(sup |Z7)7(t)] > 2|Qu7) < QGXP{ - 5(1’ - E( sup \Z1/T( )HQl/T))2/U%}= (5.23)
te[0,1] t€(0,1]

where

o = tSFP]E(|Z1/T( )121Q17)-
€l0

Substituting (5.23) into (5.22), extending the integration range to R and making a change of variables
z — E(supepo) 12770 (#)[|Q1/r) = y yields

2

_ Y
E sup |Zf,p(t)] < 2E/ e T dy =2V2rEor < 2V/2n(Eo?)Y?. (5.24)
te(0,1] R

Since @Qq/7(u) > 0, observe now that

1 1
o3 = Cy sup / / Qurl)Qur()u— o dudv = Co [ [ Qur Q@) = o dud.

t€[0,1]

Hence, Eo2 = EZl/T( )2 and substituting this into (5.24), we obtain that

sup E sup |Z1/T( )| <2v2 (SUPEzl/T( ) )1/2-
T>1  tel0,1] T>1

The conclusion follows since supy~4 EZf/T(l)2 < oo by Proposition 3.1. [

Proor OF THEOREM 3.4: We first show (3.13) and work with ¢ = 1, for simplicity. Observe
that, for k£ € N,

1 r1 /
B ZE(1)[ = CrgB( /0 /0 Qr(w)Qr () — v dude) " < Cug(h + 1), (525)

where

1 1 o q/2
I = E</0 /0 U ju—o| <1 /23 Qr () Qr (v)[u — v]? ldUdU> ;

1 1 . q/2
L = E</0 /0 1{‘u_v‘>k71/2}Qr(u)Qr(v)]u—fu]2 1dudv> .

By a change of variables u = kz,v = ky and relations (2.16) and (2.17), we get that

_ q/2
n =k / / Lo yi<1/20 Qe () Qi ()l — ydrdy) "
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where r is such that » < k~!. Note further that, by stationarity of Qg,(-),

2k—1

@ (n+1)/2  p(n+1)/ _— a/2
KOL <> E / / 1{|x—y|§1/2}ri($)ri(y)|!17 —y|* diﬂdy)
n=0

(n+1)/2 p(n+2)/ ok_1 q/2
+2 Z E / / 1{|m_y|g1/2}ri($)ri(y)|!17 —y|™ dl"dy)

1/2 r1/2 B q/2
= %E(/O /0 1{jo—yi<1/2} Qir () Qir (y) |2 — y[*" 1d33dy)

1/2 r1 - a/2
+2(2k — 1)E</0 /1/2 Lja—yi<1/2) Qrer () Qrr () |2 — v d:vdy)

bl o a/2 6k .
<okB( [ [ 1y Qule)@u ol — o dody) " = ZEEIZ )P

Hiq

Since {Zl/s( )}s>1 is a martingale (see the proof of Theorem 3.3) and r < rk,

6k1—¢(@)

n< EZE ). (5.26)
Crq
On the other hand,
L T (5.27)
If k is such that 6k'~<@ < 1, we get from (5.25), (5.26) and (5.27) that

. ( (1 K/2)q

Bizzpe < BT / Qr(w)du)”. (5.28)

for all » < k=1, Since q+cg0( ) > (ke +1/2)q+ cp(q) = ((¢) > 1, Lemma 3, (i), in Bacry and Muzy
(2003) yields that sup,¢q 1 fo Qr(u)du)? < co. This and (5.28) show that, with k& as above,

sup E|ZF(D)|P< sup  E|ZF(1)|Y < oo, (5.29)
re(0,1] re(0,k—1]

which is (3.13). The last statement of the theorem follows from (3.13) and the fact that {Zf/s(l)}szl
is a martingale. [J

PROOF OF PROPOSITION 4.1: The relation (4.1) can be shown as in the proof of Proposition
3.1. To see (4.2), observe that, for K > 1/7 4+ 1 and using (4.1),

(k+1)T (k+1)7
EXiXo=Cyg / EQo(u)Qo(v) |u — v|** dudv = C, / lu — o> dudv

_ C 2k+1 ko ! _ 2H—ld dv = CHT2H+1 k 1 2k+1 k—1 2k+1 2k 2k+1
=C,.T ; 0]u v| uv_72/1(2/1+1) |k + 1] + | | k| )

A proof of the relation (4.3) depends on various cases involving s and t. For example, consider
the case when s > 1 and ¢t — s > 1. Then,

CTVEZ () 25 / / BQ(w)Qr(0)[u — o[> dudv = Ty y + Jor + o,
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where Ji ., Jo, and J3, are the integrals restricted to |[u —v| > 1, 7 < |u —v| < 1 and |u —v| <7,
respectively. Observe that J; , = fos fg \u—fu]%_ll{‘u_vbl}dudv < oco. The term Js, can be written

as
/ du/ ccp )+2K— 1 / du/ dv—i—/ du/ cp(2)+26—1
1 1 u s 1 0o
= s/ dz cha(2)+2f<—1_|_{/ du/ dz+/ du/ dz}zw@)”“_l Nrc¢(2)+2”2s/ dw w2 +2e=1,
r 0 r 1 r 1

One can similarly show that I3, ~ rer2)+2r9g0—c0(2) fol dw e?@wy25=1 and deal with the other
cases of s and t. [

PROOF OF PROPOSITION 4.2: The result is immediate from the proof of Proposition 3.1. [

PROOF OF THEOREM 4.2: Consider first the case t = b, n > 1, withr <" <" 1 <...<b<
1. Set

QU (w) = QY (") (5.:30)
and

Zrn 4 / Q). (w)dB" (u). (5.31)

Observe that, by conditioning on @, (u), using (2.24) and (2.7), and making a change of variables
u > bu,v < bu,

b pn 4/2
BIZE 0 = Cual ([ [ Qutw (0= o tauao)
0 0

bnfl bnfl

q/2
— C’,{,qb(“Jr%)qE ( / Qp (1) Qy (bv) QL (bu) QL (bv) [u — v|2“_1dudv>
0 0

and, similarly,

bnl bnl

q/2
E|ZE 0" = C,  E < Qb (bu) QP (bv)|u uy%—ldudv) .
0

J

Then, by using the inequality (69) in Chainais et al. (2005a) and independence of {Qp(u)} and
(@), 1
|B1ZE 07 = bt DBy (0)7 E| 2 (07|

bnfl bnfl

q/2
_Qu(0) ( /0 " Q@ - v|2“_1dudv)

bnl bnl

q/2
Qp(b1)Qy(bv) QP (bu) QL () [u 0]2“_1dudv>

< B sup |Qu(u)?Qu(v)"? — Qu(0)| BIZ (0"

0<u,v<b”

and this yields
1
E|ZE™)|1 = b DIEQy(0) B|Z (07|91 + 1)), (5.32)
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where

el < (EQu(0)7) B sup

0<u,v<b™

Qu(w)2Qp(v) 1% — Qy(0)7] = 7V (1Y)

Focusing now on the term E|Z/ (6"~ 1)|4, we have as above

J

bn2

pn— 2 pn— 2

q/2
Qb (B*u) Q> (B0) QY (B*u) QY (b%v)u v!z“—ldudv> :

J

E|ZEY 6|1 = b8t DI EQR, (01 B| Z52 (5" )|1(1 + € ,), (5.33)

E|ZEH (BT = Cp b "2 E (

bn2

q/2
E‘Zf,2(bn—2)’q — Cqu ( Qb b2 Qb (b2 )‘ v\2ﬁ_ldudv>

and

where

€20 < (BQu©)) " E_suwp

0<u,v<b™

Qe W ()" — Qu(0)*| = 7 (")

By continuing this way for E\Zﬁ’k(b”_k)]q, k=2,3,...,n, and gathering (5.32), (5.33) and similar
results for E|Z5F (5"F)|2, we obtain that

EZE(b) = (6) <+ D1EQ, (01 EQL (0)1 .. EQY ™ (0)1E| 25" (1) HHEM

= ()5 DIEQ,. (0)1E|Z57(1) H (1+el) ) (5.34)

with

)] < 7 (k.

In the case (2.14), by (2.18), Q¥ (b"u) has the same finite dimensional distributions as @, = (u) and
hence E|Zy""(1)|7 = E|Zf/bn(1)|q. Moreover, EQyn (0)? = (")%?(9) using (5.1). Together with (5.34),
this yields

E|Z“(bn)|q — (bn)C(q E|Z /bn H (1 +€ bn

The relation (4.12) for ¢t = b" follows by letting » — 0 and using the assumptions (4.10) and (4.11).
This relation for arbitrary ¢ € (0, 1] follows from that for ¢ = b by monotonicity. [
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