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About the transcendentality of some numbers

Jamel Ghanouchi
Ecole Supérieure des Sciences et Techniques de Tunis
jamel.ghanouchi@topnet.tn

Abstract

Everyone knows that 7, e or C),, the Champernowne number are transcen-
dentals, but what about 7 + ¢, 7 + C), or e 4+ C,, ? In this paper, we show a
method in the goal to know if they are.

The approach

A number is transcendantal if it is not the root of a polynomial equation
"™ + ap 12" 4 . 4 ag=0

where q; are rational not all equal to zeo, else it is algebraic. We know that
7, e and (), the Champernowne number are transendantals, but we do
not know anything about ¢ + 7, 7 + C,, or e + C,,. Effectively, if A is trans-
cendantal : B transcendantal and we do not know the nature of A + B or
A—B.Butif B is algebraic, then A+ B and A — B are transcendantals. And
if A and B are algebraics, their sum and their différence are algebraics. Let
us trie to solve this problem. Let

12 3 45
4 51 2 3
Ci=1(2 3 4 51
51 2 3 4
34 5 1 2

And let
0O 5 10 15 20

10 15 20 0 5
C''=120 0 5 10 15
5 10 15 20 O
15 20 0 5 10



Thus C; + C'; is a magic square. It contains all the numbers from 1 to 25.
Let

1 1 1 11
1 1 1 11
A=111 1 1 1
1 1 1 11
1 1 1 11
And
4 Cy+25A C,+50A Ci+7A C;+100A4
Cy+7A C;+100A4 C, Cy+25A C;+50A
Co=| C,+25A C,+504A C,+7A C;+100A (o
Cy +100A 4 Cy+25A C;+50A (C;+75A
Cy+50A C,+75A C;+100A o Cy + 25A
And

¢y ¢y ¢y O O
¢y ¢y ¢ O O
Ch=[Cv ¢y Cy C Oy
¢y ¢y ¢y O O
O I G I G I G I O

The recurrence is

C; Ci+5'A C;+25A C;+35A C;+45'A
Cy+35'A C,+4.5A 4 Cy+5A C,+254A4
Cipi=| Ci+5A C +25'A4 C,+35A C)+4.5A Ch
Cy + 2.5'A Cy+ 3.5'A Ci+ 4.5'A o Ci + 5 A

Cli C,i C,i Cli Cli
c, ¢, ¢, ¢; ¢
Clipn=|C, O O O O
c;, ¢, ¢; ¢ O
c;, ¢, ¢; ¢; ¢
And C; + ('; is a magic square containing all the numbers from 1 to

5+20(5 452+ ..571) +20 = 5+ 100(1 +5 + 5 + .. +5%) 4+ 20

i—1

5 . _
=5+ 100( ) +20=5+25(5""—1)420=5"
The sum of Oy, is Sj11 = 5S; + 10.5" + 55"; (S; = 65, "; = 50.5°"1). Hence

55; = 525, 1 + 60.5°
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5718, = 5'S) + 60.5
5'S) = 5'(65) = 13.5"*
Sip1 = (60i + 65)5" = (12i + 13)5"!

If M is the greatest number of the square, S the sum, the value of the
integer m.107 that approaches 7 in the square (example between 1 and 25,
7.107 = 3 and between 1 and 125, it is 31). The number 7 (p;) dépends of
M and S. This square contains p; first digit of 7 without the dot, we note
it : 7.107:. It contains also e.10? and C,,.107 (and also 7 + ¢, we, ™ + C,,,
7C,...). For i + 1, the greatest number in the square is M = 572 which has

E(%) = i + 1 ciphers and begins by 1,2,3 and then p; = 7, or by a
number geater and then p; = i 4+ 1. The sum is S;; = (12i + 13)5"*! which
has less than p; + 2 ciphers. The sum S;.107" tends, in the infinity, to a
number S which has less than three ciphers! But S; is rational, thus S is

rational and algebraic.

Main results

(S =20
A=8—-m
B=S-e¢
c=5-0C,
Ai=S—m—e
Ay =S—7m+e
A3 =85 —re

\ Ay =8 —7?

We know that

S=n+A=e+B=n+e+ A =1m—e+ Ay =me+ A;

Definition A real number is composed if it is equal to +p;"...p;" where p;
are integer prime numbers and n; are rationals. We define other real prime
numbers which can not be expressed like this : 7, ¢, In (2). Thus ¢/p = p% is
composed.

Also {/p + 1 is prime, with p prime, hence \/p —1 = (p — 1)(\/p+ 1) ' is
composed !

And 7 and e are primes in stead of 7™ and ™ with (ny — 1)(mo — 1) # 0.
We define the GCD of two numbers : If p; and p; are prime real numbers

p1# p2 = GCD(p1,pe) =1

nng < 0= GCD(p?l,p?Q) =1



mng > 0 = GCd(pi?, p?) = pyrertrme) i)

GCD(pipy?..pf p"ipa™..p™) = [ [ GCD (), pi™)
i)
And if z = p'ph2..pM and y = pmy’ ... then y divises z if 1 < my < i for
1 <l <iandform; =j, |nm,| <|j]

Theorem If 77 and 75 are transcendental prime real numbers, 777, and
T, + T5 are transcendentals.

Proof of the theorem Let7) =S5 — Aand T, = S — B (S algebraic) two
real prime transcendental numbers. We have

nT? — mT; 4 (—nT; +m)T; = 0

n is algebraic, ¢ € {1,2{, as 7 is transcendental, it can not be solution of a
polynomial equation, thus (—nT; +m)T; is transcendental Vm, n algebraic.
We have possibilities, for all (m,n)

1)

T3 = T4 and Ty + mTy" are algebraics Vm, n

2)

11Ty is algebraic and 77 + m13" is transcendental, Vm, n

3)

T, T3 is transcendental and T + mT3" is algebraic, Vm, n

4)

T\T3 and Ty + m13" are transcendentals, Vim, n

Thus 1)

m = n implies that n7173 and T + nT3 are algebraics, but

Is impossible means that they can not be algebraics simultaneously !
Else m # nthen 11T} = Ay and T} + m13"* = A, are algebraics, then

Ty 4+ mTy ™ = Ay +mIyt™ = ATy

And T, is solution of this algebraic equation : it impossible !

2)

Ny —n= (T —nTy")Ty = TATy = Ayis algebraicand T} — nT, " =Ty
is transcendental.

And VT, " +n = (Th + nT™)T," = T,T," = A, is algebraic, with 77 +
nTy = T transcendental

TaT) = ApAYy = (Ty+nT)(Ty —nTy ™) = TE—n*+nTy Ty —nTy T, " means
that 77 is algebraic and it is impossible !

3)



Ty +n= (T, —nT,")T8 = AsTy = T, is transcendental and T} — nT, "
is algebraic
2T1T2_n +n = (2T1 + HTQn)TQ_n = A{ATQ_n = TfA

ApA = TaT) = (VT +n) (2T Ty " 4 n)
=212 4 n? + nTy(Ty + Ty ™) = n® + Ty (T} + nTy " + Ty + nTy)

And n? + ThA", = Ay A

Where A%}, A, A4 are algebraics and it is impossible !

Thus 7773 and Ty + mTj" are transcendentals for all m, n.

Thus T Ty, TVTy ', ToT; Y, Ty — Ty and Ty + T are transcendentals ! In our
hypothesis 77 and 75 are primes, we can not have 7} = uTy !, we can not
have T} + T, = Ay4 an algebraic number, as 1173" = 13" (A4 — 15) is never
algebraic!

Application of the theorem 7} = 7 and 75 = e are transcendental prime
real numbers. We have 71T, = er and 17 + T, = e + 7, are transcendentals
for example !

If 7™ and e™ are the prime numbers, then 7e™ and 7™ + e” are transcen-
dental for all m, n.

Also, by the same way, we prove that 7", ™, C,,", 7"e™, C,,"7" and C,,"e™
are transcendentals for all n, m, r!

Conclusion
We did not presented like this, but we have given a method to find the na-
ture of several numbers, we have shown the nature of "™, 7" C,F, e™C,?,
7, e™ and C,’...
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