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Jamel Ghanouchi
Ecole Supérieure des Sciences et Techniques de Tunis
jamel.ghanouchi@topnet.tn

Abstract

Everyone knows that 7, e or C),, the Champernowne number are transcen-
dentals, but what about 7 + ¢, 7 + C), or e 4+ C,, ? In this paper, we show a
method in the goal to know if they are.

The approach

A number is transcendantal if it is not the root of a polynomial equation
"™ + ap 12" 4 . 4 ag=0

where q; are rational not all equal to zeo, else it is algebraic. We know that
7, e and (), the Champernowne number are transendantals, but we do
not know anything about ¢ + 7, 7 + C,, or e + C,,. Effectively, if A is trans-
cendantal : B transcendantal and we do not know the nature of A + B or
A—B.Butif B is algebraic, then A+ B and A — B are transcendantals. And
if A and B are algebraics, their sum and their différence are algebraics. Let
us trie to solve this problem. Let

12 3 45
4 51 2 3
Ci=1(2 3 4 51
51 2 3 4
34 5 1 2

And let
0O 5 10 15 20

10 15 20 0 5
C''=120 0 5 10 15
5 10 15 20 O
15 20 0 5 10



Thus C; + C'; is a magic square. It contains all the numbers from 1 to 25.
Let

1 1 1 11
1 1 1 11
A=111 1 1 1
1 1 1 11
1 1 1 11
And
4 Cy+25A C,+50A Ci+7A C;+100A4
Cy+7A C;+100A4 C, Cy+25A C;+50A
Co=| C,+25A C,+504A C,+7A C;+100A (o
Cy +100A 4 Cy+25A C;+50A (C;+75A
Cy+50A C,+75A C;+100A o Cy + 25A
And

¢y ¢y ¢y O O
¢y ¢y ¢ O O
Ch=[Cv ¢y Cy C Oy
¢y ¢y ¢y O O
O I G I G I G I O

The recurrence is

C; Ci+5'A C;+25A C;+35A C;+45'A
Cy+35'A C,+4.5A 4 Cy+5A C,+254A4
Cipi=| Ci+5A C +25'A4 C,+35A C)+4.5A Ch
Cy + 2.5'A Cy+ 3.5'A Ci+ 4.5'A o Ci + 5 A

Cli C,i C,i Cli Cli
c, ¢, ¢, ¢; ¢
Clipn=|C, O O O O
c;, ¢, ¢; ¢ O
c;, ¢, ¢; ¢; ¢
And C; + ('; is a magic square containing all the numbers from 1 to

5+20(5 452+ ..571) +20 = 5+ 100(1 +5 + 5 + .. +5%) 4+ 20

i—1

5 . _
=5+ 100( ) +20=5+25(5""—1)420=5"
The sum of Oy, is Sj11 = 5S; + 10.5" + 55"; (S; = 65, "; = 50.5°"1). Hence

55; = 525, 1 + 60.5°
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5718, = 5'S) + 60.5
5'S) = 5'(65) = 13.5"*
Sip1 = (60i + 65)5" = (12i + 13)5"!

If M is the greatest number of the square, S the sum, the value of the
integer m.107 that approaches 7 in the square (example between 1 and 25,
7.107 = 3 and between 1 and 125, it is 31). The number 7 (p;) dépends of
M and S. This square contains p; first digit of 7 without the dot, we note
it : 7.107:. It contains also e.10? and C,,.107 (and also 7 + ¢, we, ™ + C,,,
7C,...). For i + 1, the greatest number in the square is M = 572 which has

E(%) = i + 1 ciphers and begins by 1,2,3 and then p; = 7, or by a
number geater and then p; = i 4+ 1. The sum is S;; = (12i + 13)5"*! which
has less than p; + 2 ciphers. The sum S;.107" tends, in the infinity, to a
number S which has less than three ciphers! But S; is rational, thus S is

rational and algebraic.

Main results

(S =20
A=8—-m
B=S-e¢
c=5-0C,
Ai=S—m—e
Ay =S—7m+e
A3 =85 —re

\ Ay =8 —7?

We know that

S=n+A=e+B=n+e+ A =1m—e+ Ay =me+ A;

Definition A real number is composed if it is equal to +p;"...p;" where p;
are integer prime numbers and n; are rationals. We define other real prime
numbers which can not be expressed like this : 7, ¢, In (2). Thus ¢/p = p% is
composed.

Also {/p + 1 is prime, with p prime, hence \/p —1 = (p — 1)(\/p+ 1) ' is
composed !

And 7 and e are primes in stead of 7™ and ™ with (ny — 1)(mo — 1) # 0.
We define the GCD of two numbers : If p; and p; are prime real numbers

p1# p2 = GCD(p1,pe) =1

nng < 0= GCD(p?l,p?Q) =1



mng > 0 = GCd(pi?, p?) = pyrertrme) i)

GCD(pP Pyt py™py™2..p; ™) = H GCD(p}", p}")
i#]
And if z = p'ph2..pM and y = pmy’ ... then y divises z if 1 < m; < i for
1 <l <iandform; =j, |nm,| <|j]

Theorem If 77 and T} are transcendental prime real numbers, 777} and
T] + T} are transcendentals.

Proof of the theorem Let 77 and 75 two real composed transcendental
numbers.

We have 4 possibilities

1)

1113 and T7 + m1T; are algebraics

2)

11Ty is algebraic and 77 + m/T5 is transcendental
3)

T, T3 is transcendental and T + mT5 is algebraic
4)

1,7y and Ty + mT, are transcendentals, Vm, n
Thus

1)

Ty = As and Ty + mT, = A’ are algebraics, then

TiTy +mTyt = Ay + mTyt = AT

And T is solution of this algebraic equation : it is impossible !

2)

If )Ty and T, T3 are algebraics, then

TyTH(Ty Ty )~" = T3~ is algebraic and it is impossible with n # n’

There is only one n = n, for which 7177} is algebraic, all the others are
transcendentals !

If we suppose that n is not unique, there are three possibilities : 7177 (1275)"
is transcendental for all n or Ty7, ' (TyTy )" is transcendental for all n or
there exists /y and [{, for which

T = Ay
TITy" = A,

N (T3Ty) = A
LI (LT e = AY

are algebraics, we have

2 rloHg—2n0 o=y An am
AR g
2lo=lotlo+log—2ng Ay gmr—1
AATZ T2 - AAA
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( TQA — A/TQIB
A= l(]—'—llo — 2710

B=1,—1
= A= AZXA:XAEQ
TQ_B — B/TQIC
C = —(lo + lop — 2ng)
| B' = A'jAZflA%

( TQ—AB _ A/—BTQI—BQ
— T{AB — B/ATQIAC
TQ,BC — A/_CTzAC
_ TQ’BC _ B’*BTQ_B2

= A= l(] + llo — 2710
B=ly—ly
A= AL AYAS

\ B = AXAA_ AZ(

(=B = AC = —(lo — Iy)* = —(lo + Iy — 2n0)(lo + I§; — 2np)
B/—B2 — B/AC — A/AB — A/fBC
A = l(] + 16 — 277,0

=< B=1l—1

A= AL A AL
| B = A Ay

([ —B%=AC = —(lo — Iy)* = —(lo + Iy — 2n0)(lo + Iy — 2np)
(A+C)B =0 =2(nj —no)(lh — lo)
A = lo + llo — 2710

=< B=I,—1

A = ALAYAL?
| B = AzA Ay

N { (15 —1o)* = (lo + 1) — 2no)(lo + 1) — 2ny) =0
lo—llo:l0+l6—2n0:l0+l6—2n6:0
= ly =1, =ni="no
ng is unique
3)
(T1+nTy)— (11 +n'Ty) = (n—n')Ty, = A, is algebraic, 75 can not be solution
of this algebraic equation, it means that it is impossible and n = n’.
There is only one n = mg for which T} + nT5 is algebraic, all the others are
transcendental !
If my is not unique, there are three possibilities : 77 + 17 + m(Ty + 13) is



transcendental for all m or 71 — 77 + m(T> — T}) is transcendental for all m
or there exists ly, [, for which

T1 —+ m0T2 = AA
T+ mi Ty = A,
Ty + T+ 1o(To + T3) = A}

T —

algebraics, then

T 4+ 1(Ty — Ty) = AY

2N+ (T + T3) + (1o = Ty) = Al + AY

= 2T1 + 2m0T2

+ o(To +T3) + 1 (To — Ty) — 2moT5

=2A4 + (lo + ) — 2mo)To + (lo — 1)) T4
2T + lo(Tr + T3) = Ip(To — T3) = Al — A
2A% + (lo — Ip)Ts + (lo + Iy — 2mp) Ty

(

\

B/
Cl

( BQ
ABT, + AB'T} = BC = AC'
BC = AC'

B'C'=B'C

A= lo + l6 — 2m0
B=1—1

C =

A:l0+l6—2m0
B=1l—-1

C'= Al + A% — 24,
BTy + BT, = C’

B =ly+ I} — 2m),
C'= Al — A — 24,

ABT; + BT}, = BC
B'AT, + BB'T}, = B'C
ABTy + AB'T, = AC'
BT, + BB'T, = B'C"
A:l0+l6—2m0
B=1—1

C'= Al + Al — 24,
B' = lo+ ly — 2m)

C' = Al — A% =24,

= AB

Al 4 A% — 24,
— Al — A =24,



(

(& ) (lo + lo — 2my)C’
(I + z' 2mh)(C' — C) = 0
A= lo + l, — 2m0

B:%—%

O = Al + Al — 24,

B =1+, —2m)

C' = Al — A =24,

:>l0:l6:m0:m6

my is unique!

Thus there are finaly two possibilities :

)

There are three sub-possibilities :

VTV (T2Ty)" is transcendental for all n, for all 77, T} transcendental prime
numbers, there exists 171, TV, Ty, T2 for which T = T/T} ' and T, = T4Ty
in this case 777} is always transcendental and of course 77 + T}, too.

If VT, (ToTy ') is transcendental for all n, for all T}, T} transcenden-
tal prime numbers, there exists 71,7}, 15, Ty for which 77 = T{1} and
T, = 1513, in this case 177, is always transcendental and of course 77 + T
too.

T, T} is transcendental Vn # ng and 17 + mT5; is transcendental Vm, in this

case T7T," is transcendental, and 777, and T; +mT5 are always transcen-
1

dentals. For all 77, T} prime real numbers exist 7} = T{% and T, = 7," and
m = 1, thus 77T, and 7] + T}, are transcendentals !

II)

There are three sub-possibilities :

Ty + 17 +m(Ty + T3 ) is transcendental for all m, for all 77, T transcenden-
tal prime numbers, there exists 73,17, T5, T3 for which 71 = T — T and
T, = T, — T3, in this case 7] + T}, is always transcendental and of course
T|T; too.

Ty — T +m(T, — TY) is transcendental for all m, for all 77, T transcenden-
tal prime numbers, there exists 73,1}, 15, T for which T} = T} + 1} and
T, = Ty + T3, in this case T] + T is always transcendental and of course
T/T} too.

T, T3 is transcendental Vn and T} + m/T5, Vm # my, in this case 277 +m7T5 is
always transcendental, for all 77, T}, prime real numbers exist 7} = T?ll and

T, = % and n = 1, thus 7] + T, and 7T} are transcendentals !

Application of the theorem 7] = 7 and 7} = e are transcendental prime
real numbers means e, e + 7 and e — 7, are transcendentals for example !
m™me™ and ™ + e are transcendental for all m, n.

Also, by the same way, we prove that 7", ™, C,,", 7"e™, C,,"7" and C,,"e™
are transcendentals for all n, m, r!



Conclusion
We did not presented like this, but we have given a method to find the na-
ture of several numbers, we have shown the nature of "™, n"C,?, e™C,?,
7, e™and C,P...
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