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Abstract

Let (X (t),t > 0) be defined by a stochastic differential equation including a random ef-
fect ¢ in the drift and diffusion coefficients. We characterize the stationary distributions
of the joint process ((¢, X (¢)),t > 0) which are non unique and prove limit theorems and
central limit theorems for functionals of the sample path (X (¢),¢ € [0,T]) as T tends
to infinity. This allows to build several estimators of the random variable ¢ which are
consistent and asymptotically mixed normal with rate v/7. Examples are given fulfilling
the assumptions of the limit theorems. Parametric estimation of the distribution of the
random effect from N i.i.d. processes (X;(t),t € [0,1]),j = 1,...,N is considered.
Parametric estimators are built and proved to be \/N-consistent and asymptotically
Gaussian as both N and T' = T'(N) tend to infinity with 7(N)/N tending to infinity.
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1 Introduction

Mixed-effects or random effects models are of common use in many fields of applications and
especially in biomedical research. In such models, the distribution of an observation X is
given in two stages. First, there is an unobserved random variable ¢ (the random effect)
with distribution v(dy) on some space ®. Second, given that ¢ = ¢, X has distribution
P, 3(dx) which depends on ¢ and possibly on some other fixed parameter 3. The resulting

distribution is thus a mixture P, g(dz) = /V(dgo)P%ﬁ(d;r). The interest of random effects

models is that they take into account two sources of variability. Usually, X represents the
behaviour of an individual, ¢ describes the individual specificity and given that ¢ = ¢, the
model describes a general evolution for all individuals with individual value ¢ (see e.g. Beal
and Sheiner, 1982, Wolfinger, 1993, Davidian and Giltinan, 1995, Pinheiro and Bates, 2000,
Kuhn and Lavielle, 2004, Nie and Yang, 2005, Nie, 2006, 2007).

In particular, in stochastic differential equations (SDEs) with random effects, X =
(X (t),t > 0) is a continuous-time stochastic process with dynamics given by:

dX(t) =b(X(t),d, B)dt + o(X(t), §,8) dW(t), X(0) =, (1)

where W is a Brownian motion, (¢,7) is a random variable independent of W. SDEs with
random effects have been introduced to generalize classical ordinary differential equations
models (Ditlevsen and de Gaetano, 2005, Overgaard et al., 2005, Donnet and Samson, 2008)
and also to model neuronal data (Picchini et al., 2010).

We focus here on one-dimensional SDEs with just random effects, i.e. (X (t)) is real-
valued, W is a standard Wiener process, b(z, ¢, ) = b(z,p), o(x, ¢, ) = o(z, ) are real-
valued functions defined on R x ® and (¢, n) takes values in & x R.

Recently, the estimation of the unknown distribution v(dy) of ¢ whether parametric or
nonparametric based on the observation of N i.i.d. processes (X;(t),t € [0,7]),j=1,...,N
distributed as (1) has been the subject of several contributions. Parametric estimation
is investigated in Ditlevsen and de Gaetano, 2005 for the specific model of mixed effects
Brownian motion with drift and in Donnet, S. and Samson, A. (2008). In Delattre et al.,
2012, the MLE for random effects SDEs is studied more generally for fixed T" and N tending
to infinity. In particular, for ¢ € R having a Gaussian distribution with unknown mean p
and unknown variance w?, and with b(z, p) = ¢b(z), o(z,) = o(z) with b(.),o(.) known
functions, an explicit formula for the exact likelihood is obtained and a complete asymptotic
study of the exact MLE of (i1, w?) is given. Approximations of the likelihood are also proposed
for general mixed SDEs in Picchini et al., 2010, Picchini and Ditlevsen, 2011.

For ¢ real-valued and v(dy) = f(p)dp, nonparametric estimation of the density f is
investigated in Comte et al., 2012, under the asymptotic framework that both N and T =
T(N) tend to infinity in such a way that T'(N)/N tends to infinity. Only two specific models
are studied: b(x,¢) = pb(x),b(x, ) = ¢ + b(x),0(z,p) = o(x).



In this paper, we first study properties of model (1) for one process X. We prove that the
joint process ((¢, X(t)),t > 0) is Markov and characterize its stationary distributions which

are non unique. Then, we prove limit theorems as T tends to infinity, for functionals of the
T T

form Tl/ g9(X(s))ds and Tl/ h(X(s))dW (s) with g, h given functions. Afterwards,

we study the estimation of the random variable ¢ from the observation of one trajectory
(X(t),t € [0,7]). Our limit theorems allow us to build several kind of estimators ¢p of
¢ which are consistent and such that \/T(qu — ¢) converges stably in distribution to a
mixed normal distribution. We also build estimators satisfying E|d¢r — ¢|7 < CT~7/2 under
appropriate assumptions on the model and the distribution of ¢.

Finally, we assume that we observe N i.i.d. processes (X;(t),t € [0,T7],j = 1,...,N
such that

dX;(t) = b(X;(t), ¢;)dt + o(X;(t), ¢;) dW;(t), X;(0)=m;, j=1,...,N, (2)

where (W7, ..., Wy) are N independent Wiener processes, (¢1,171) - - ., (¢n,nn)) are N 4.i.d.
random variables taking values in R? x R, ((¢1,m)...,(¢n,nn)) and (Wi,...,Wy) are
independent. We set a parametric assumption on the common distribution of the ¢;’s, i.e.
v(de) = f(0,¢)da(p) with unknown parameters 6. We deduce from the previous sections
estimators of # which are v/N-consistent and asymptotically Gaussian under the asymptotic
framework that N and T'= T'(N) tend to infinity with T(N)/N tending also to infinity.

Section 2 is devoted to the model properties of (1) and the limit theorems. Classical ex-
amples are given and proved to fulfill the assumptions of the theorems. In Section 3, we focus
on the estimation of the random effect ¢. In Section 4, we consider the estimation of a mul-
tidimensional random effect ¢ = (¢', ..., #%)" € R? when b(z, ) = Z;l:l ©Ibi(z),0(x, @) =
o(x). In Section 5, we consider the parametric estimation of the distribution of the random
effects from N i.i.d. processes (X;(t),t € [0,T7],5 = 1,...,N). Section 6 contains some
concluding remarks. Proofs are gathered in Section 7.

2 Model properties.

Consider a real valued stochastic process (X(t),t > 0), with dynamics ruled by (1). The
Wiener process W and the r.v. (¢,7n) are defined on a common probability space (2, F,P)
endowed with a filtration (F;, ¢t > 0) satisfying the usual conditions. The couple (¢,7n) is
assumned to be Fp-measurable and W is a (F;,t > 0)-Brownian motion. We introduce below
assumptions ensuring that the process (1) is well defined.



2.1 Existence and uniqueness of strong solutions

It is convenient to look at (1) as a two dimensional process:

dd)(t) = 0, ¢(0) =0,
dX(t) = bX(t),d(t))dt +o(X(t),d(t)) dW(t), X(0)=n.

(H1) The real valued functions (z,p) — b(x,¢) and (z,p) — o(z,p) are continuous on
R xR and such that the above two-dimensional system admits a unique strong solution
adapted to the filtration (F;) for all initial condition (¢, ).

Under (H1), the process (¢, X (t)) is strong Markov and there exists a measurable functional
F

(o, z,w) € (RYx R x C(RT,R)) — (¢, F(p,z,w)) € R x C(R*,R) (3)

such that
(0, X() = (&, F(¢,n,W(.))). (4)

Standard regularity assumptions ensure the existence and uniqueness of a strong solution for
the system. For instance, this holds if either (A) or (B) below are fulfilled (see e.g. Comte
et al., 2012):

(A) The functions (z,¢) — b(z, ) and (z,¢) — o(x,¢) are C* on R x R and such that:
3K > 0,%(z,0) € R xR, |b(z, 0)| + [o(@, )| < K(1+ |z] + [¢]).

B) The functions (z, ¢) — b(z, @) and (z, @) — o(x, ¢) are C' on R x R%, and such that:
( @ @ @ @

Vs (, )| + log (2, 0) < L), (2, 9)| + o) (2, 9)] < L) (1 + |]),

with ¢ — L(p) continuous.

Under (H1), for all ¢ and x, the stochastic differential equation
dXP0() = H(XP(t), p)dt + o (XP7(t), ) AW (1), XP7(0) = (5)

admits the unique strong solution process (X%*(t),t > 0) = (Fi(p,z,W(.)),t > 0) (see
(3)-(4)). By the Markov property of the joint process (¢, X(.)), given ¢ = ¢, X(0) = x, the
conditional distribution of X is identical to the distribution of X*%%*(.). Analogously, denote
by p, the conditional distribution of 1 given ¢ = ¢, then the conditional distribution of X
given ¢ = ¢ is identical to the distribution of the process

dX?(t) = b(X?(t)), p)dt + o(X7(1), p)dW(t),  X¥(0) ~ pg (6)

with X¥#(0) independent of W (see Lemma 1 below).



2.2 Stationary distributions
We assume (H1) and introduce additional assumptions for stationary distributions.

(H2)-(i) There exists a Borel subset ® of R? and an interval (¢,7) C R such that V¢ € ®,Vz €
(¢,7),02%(x,¢) > 0, the scale density of (6)

sp(z) = exp (=2 /96 bl g)

du), xo€ (¢,r)
o 02 (U, ¢)

satisfies [, s,(z)dx = [7 sy(x)dz = +oo and the speed density my(z) of (6) satisfies
M(p) := [, my(x)de < +oo.

(H2)-(ii) The function (x,p) — b(x,¢) is C' on (£,7) x R? and (x,¢) — o(z,p) is C? on
(¢,7) x RY,

(H2)-(iii) The random variable ¢ takes values in ®. We denote its distribution by v(dy).

Let
T () = L (@)mp(z) /M (p). (7)

This is the unique invariant density of model (6). Denote by p; (z,y) the transition density
of model (6). Assumptions (H1)-(H2) imply that

(x,y,9) = pf(x,y) and  (z,9) = 7p(2) (8)

are measurable. Morever, for g : (¢,7) — R a positive Borel function,

¢ = mola) = [ gle)mpla)ds
is measurable on ®. The random variables 74(g) are thus well defined.
Proposition 1. Assume (H1)-(H2). Then, the distribution on ® x (¢,r) given by
m(de,dr) = v(dp) x my(x) d

is a stationary distribution for the Markov process (¢, X (t)) given by (1).

Thus, if (¢, n) has distribution 7, the process (¢, X (t)) is strictly stationary with marginal
distribution 7. It is worth stressing that the Markov process (¢, X (¢)) may admit infinitely
many invariant distributions. Hence, it is not ergodic. Note that the marginal distribution
of X(0) when (¢, X(0)) has distribution 7 is a mixture distribution with density given by:

p(x) = A v(di)m(2).

Example 1. Ornstein-Uhlenbeck process with random effect.



1. Consider (X (t)) given by: dX(t) = —¢ X (t)dt + dW (t). For ¢ with distribution v(dy)
supported in (0,00), the distribution on (0,00) x R defined by 7(dy,dz) = v(dp) ®
N(0, (2¢)~1)(dz) is a stationary distribution for (¢, X(¢)). The marginal distribution
of X has density:

@)= [ e i)

p(x) = / e P du(p
VT Jo

For instance, if ¢ is Gamma I'(a, \), we get:

B AT (a+ (1/2))
= VAT(@)(+ a2)e (172

p(z)

2. We can also consider the simpler case b(z,p) = ¢ — x,0(x) = 1. Here, ® = R,
(¢,r) =R, mp, = N(p,1/2). For any distribution v(dy) on R, v(dyp) @ N (p,1/2)(dx)
is a stationary distribution for (¢, X (t)).

3. A model with random effects in the drift and diffusion coefficient is also possible:
dX(t) = —AX(t)dt + ZdW (t) with ¢ = (A, X) € (0,00) x (0,400). If (A,3)
has distribution v(da,do), the invariant distribution of (¢, X(¢t) is n(da,do,dx) =
v(da,do) @ N(0,02/(2a))(dx).

2.3 Limit theorems.
We consider the process (¢, X (t)) given by (1) where the initial variable (¢, n) has distribution
v(dy) ® dpy(x) with v a distribution on ® and p, a distribution on (¢, 7).

Lemma 1. Given that ¢ = ¢, the conditional distribution of the process (X(t)) given by (1)
where the initial variable (¢,n) has distribution v(de) @ du,(x) with p, a distribution on
(¢,7) is identical to the distribution of X% given by

dX?(t) = b(X7(1)), p)dt + o (X(t), )dW(t),  X#(0) ~ pyp (9)
with X%(0) independent of W.

Theorem 1 and 2 use Lemma 1 and a conditioning device to deduce properties of the
process (X (t)) from those of (X?(t)).

Theorem 1. (1) Let g : ({,7) — R be a Borel function such that m,(|g]) < +oo for all
o € . Then, almost surely, as T tends to infinity,

T
7| o @ys = my(0



(2) Let g,h: (¢,7) — R be Borel functions such that w,(|g|) < +oo and m,(h?) < 400 for
all p € ®. Then, as T tends to infinity,

<¢1T /oTh(X(s))dW(s)’; /0T9<X<s>>ds,¢) = (= W), 7005, 0)

in distribution, where € is a standard Gaussian variable, independent of ¢. Conse-
1 [T
quently, 7T / h(X (s))dW (s) converges stably in distribution to a mized normal law
0
MN(0, s (h%)).

Remark 1. o In Theorem 1, it is possible to weaken the assumptions: in point (1), if
mo(|g]) < +oo for all ¢ € ®, a Borel subset of ®, then,

1 T
P(x /0 9(X(5))ds — me(g), 6 € ) = B(6 € B).

T
o Analogously, in point (2), if m4(|g]) < 400 and m,(h?) < +oo for all ¢ belonging to a
subset ® of ®, the convergence in distribution holds on the set (¢ € D).

Theorem 2. Let g : (¢,r) — R be a Borel function such that m,(|g|) < o0 for all p € ®.

Let
2

Vola) = 4Me) [ 5oto) ([ t000) = mptaam o)) (10)

and assume that V,(g) < 400 for all p € ®. Then, the following convergence in distribution
holds, as T tends to infinity:

1 [T 1/2
(VTG [ o(X(s)ds = ma)).0) = £V, (a).0).

T

1
where € is a standard Gaussian variable, independent of ¢. Thus, ﬁ(T/ g(X(s))ds —
0
74(g)) converges stably in law to the mized normal law MN (0, Vy(g)).

Remark 2. The same remark as Remark 1 holds. If we only have V,(g) < 400 on a subset
of @, the convergence in distribution in Theorem 2 only holds on this subset.

Other expressions of (10) are available and simpler. To get these, we recall some known
facts (see e.g. Genon-Catalot et al., 2000). Assume (H1)-(H2). We denote again X¥ the
process given by

dX?(t) = b(X¥(t)),p)dt + o(X?(t),)dW(t), X¥(0)~m, (11)

with X¥(0) independent of W. For all ¢ € ®, X¥ is stationary and ergodic. Let £, denote
its infinitesimal generator on L?(m,) with domain D, and range R., (see (19)). We have:

D, = {F &€ L*(m,),F absolutely continuous , L,F € L*(r,),
lim F'(z)/sy(z) =0, as z T r and | ¢}

6



For F' € D, the following formula holds:
,
O < L FF > = / (Flo(., 0))’m (x)da,
¢

where < .,. >, denotes the scalar product of L?(m,). For G such that m,G = 0, and for any
F solving L,F = —G, we have:

T T 2
—2< L,FF>,=2<G,F >,= 4M(g0)/ sp(x) (/ G(u)m,(u)du) dz.
1 )4

The property that G' € R, is equivalent to the fact that the above integral is finite. Let

< LLFF >,
<F,F >,

M) = inf{— },F €Dy, m,F =0},

The range R, of the infinitesimal generator £, is identical to the set {G € L*(m,), m,G = 0}
if and only if A\(p) > 0. A necessary and sufficient condition for A(¢) > 0 is given in Genon-
Catalot et al., 2000.

We can now link these properties with the result of Theorem 2. Let g be such that
T,g° < +oo for all p € ®. The function G, = g — m,g satifies m,G,, = 0. If A(p) > 0, the
equation L, F, = —G,, admits a solution F,, € D,. Then, we know that quantity

Volg) = =2 < LoFp, Fp >= /g (F;a(., @))QWSD(x)d:c

is finite.

Example 1 (continued). Ornstein-Uhlenbeck process with random effect.

1. We consider b(x,¢) = —px,0(z) = 1. We apply Theorem 1 to h(z) = =z, g(z) = 2%

We have ® = (0,00), ({,7) = R, m, = N(0,(2p)7 1), mp9 = (2¢)"1. Let v(dyp) be
supported in ®. As T tends to infinity,

T
;/ X%(s)ds — (2¢)"" a.s. and
o

(5= [ x@awe 1 [ x6is0) =0 (@o) 2o e) (12

where ¢ is a standard Gaussian independent of ¢. For applying Theorem 2 to g, we
have to compute V(g). The process X% corresponding to a fixed value ¢ with initial
variable having distribution 7, = N(0, (2¢) 1) is strictly stationary, ergodic, p-mixing
with A(¢) = —¢. Its infinitesimal generator operating on L*(m,) admits a sequence



of eigenvalues (the sequence —np, n € N) and associated eigenfunctions which are
Hermite polynomials. In particular,

1 1
F — (g2
@) = 5ol = 50)
satisfies L,F, = —(2? — i) = —(g9(x) — mpg). Actually, F, is an eigenfunction asso-

ciated with the eigenvalue —2¢p. We have F;D(x) =xz/p, Vo(g) = Jp(a?/@?)dry(z) =
1/(2¢%). Consequently,

LT,
VI [ X0 = 1/(20) = /25

with € a standard Gaussian variable, independent of ¢.

. In the case b(z,¢) = ¢ —z,0(x) =1, ® =R, ({,r) =R, m, = N(p, (1/2). Consider
g(z) = x. As T tends to infinity,

1 T
/ X(s)ds = mp9g=¢ as. .
T Jo

The function g,(r) = x — ¢ satisfies L,g, = —g,. Thus, V,,(g) =1 and in this case,
1 (T
VI(; [ X(o)ds - ) = N0, D).
0

. Consider the case of two random effects ¢ = (A4, %), b(z, ) = —azx,o(z, ) = 0, =
(0, +00)%, 7, = N(0,0%/(2a)), h(z) = z,g(z) = 2 As T tends to infinity,

1 /7
T/ X?%(s)ds — 2%(24)"!  as. and
0

<\F/ X (s)dW (s / X2(s)ds ¢>) S (g $(24)7Y2,52(24)7! ¢) (13)

where ¢ is a standard Gaussian independent of ¢ = (A,3>). Analogously, we can
compute V(g). We find

1 2 »4
Fy() = 5% = 23, Val9) = 33

and -
1/ X2(s)ds — X2(24)7) —p e ¥2(24%)71/2,
0



3 Estimation of the random effect.

3.1 General drift.

We consider in this section, the estimation of the random variable ¢ based on the observation
of one trajectory (X (t),t € [0,7]). We assume that the random effect is not present in the
diffusion coefficient, i.e. o(x,¢) = o(z), that (H1)-(H2) hold and that (¢, 7) has distribution
v(de) @ dpy(z) on @ x (¢,r), where p, is a distribution on (¢,7) (possibly deterministic).
Under Assumptions (H1)-(H2), the process (18) is positive recurrent on (¢,r) for all ¢ € ®.
As ¢ takes values in @, P(Vs > 0,0(X(s)) > 0) = 1. Therefore, the function

T s T p2(X(s
Lr(y) = exp/0 md)(@) - (1/2)/0 WCZS

is well-defined for all 1» € ®. Thus, we can introduce:
o1 = dr(X(s),s < T) = Argsup, L1 (). (14)
The functional ¢ = dr(X?*(s), s < T) is the exact maximum likelihood of the true value
s <

s
¢ based on the observation (X%7(s), T). Consider the additional assumptions:

(H3) The function (z, ) — b(x, @) is twice continuously differentiable on (£, r) x RZ.

(H4) The matrix I(¢) = (Ijr(p)) with

o (9b/0¢j) (@, 0)(9b/0¢k)(2, )  \.
I; (p) —/(&T) 0'2(:13) tp( )d

is invertible for ¢ € ®.

Proposition 2. Assume that the mazimum likelihood estimator o7 based on the observation
(X?%(s),s < T) with fized (unknown) @ is consistent and that /T (pr — @) converges in
distribution to N(0,I7(p)) for all ¢ € ®. Then, ¢ converges in probability to ¢ and
VT (p7 — ¢) converges in distribution to the mized normal law MN(0,171(¢)).

Standard assumptions ensuring the consistency and the asymptotic normality for the es-
timator ¢ may be found e.g. in Kutoyants (2004). We do not detail these assumptions
here. Note that, in the previous reference, the convergence of moments of v/T'($r — ) is
obtained. But, we cannot deduce the convergence of moments of ﬁ(éT — ¢) since these
random variables are not bounded. This is why we study below models where estimators
are explicit and we can directly study their moments.



3.2 Linear random effect in the drift.

In this paragraph, let us assume that b(.,¢) = @b(.) with ¢ € R, o(x,¢) = o(z) and for all
T>0 S
b*(X(s))
— -~ ds < +oo.
/0 o?(X(s))

To estimate the random variable ¢ from the observation of (X(¢),t < T'), we consider the
explicit formula for (14):

T b(X(s
5 = o FGnIX )
T = T b2(X (s
Iy iy ds

(15)

We can prove directly the following result.

Proposition 3. Assume (H1)-(H2) and that n,(b?/0?) < 400 for all ¢ € ®. Then, as T
tends to infinity, gZA)T converges a.s. to ¢ and

V(g1 — ¢) = &/y/m(b?/0?)

where € is a standard Gaussian variable independent of ¢ (stable convergence in distribution).

Example 1 (continued). Ornstein-Uhlenbeck process with random effect.

1. For b(z) = —z (b(z, ) = —px), o(z) = 1 and ¢ supported in (0 +00), the distribution

T, 18 N(0,1/(2¢)). We have ms(b%) = (2¢) L. The estimator br = — fo X(s)/ fOT X2(s)ds
converges a.s. to ¢ and, using (12), VT (¢r — ¢) converges in distibution to 5\/2(;5.

3. It is worth noting that we can consider the model with two random effects ¢ = (A4, )
seen above. The estimator Ay = —fOTX /fo X2(s)ds converges a.s. to A
and, by (13), VT(Ar — A) converges in distlbutlon to ev/2A.

3.3 Convergence of moments.

For further use, we need estimators q;T of the random variable ¢ such that }E|q3T — ¢ <
C T77 for some v > 1. Let us consider, under Assumptions (H1)-(H2), that the process
(X (t)) given by (1) has initial variable (¢, n) with distribution v(dy)®dnr,(x) with m, defined
n (7). Thus, (¢, X(t)) is Markov and strictly stationary. Given ¢ = ¢, the distribution of
X is equal to the distribution of X% given in (11). We first state a preliminary result.

Proposition 4. Assume (H1)-(H2) and that the process (X(t)) given by (1) has initial
variable (¢,n) with distribution v(dy) ® dr,(x) with ©, defined in (7). Let g such that

10



T,9% < +oo for all ¢ € ®. Let F,, satisfy —L,F, = g —m,g for all ¢ € @ (see (19)), i.e.

Fy(z) = Fi(z) = —2M(<p)/€ Sp(u) </£ (g(v) — 7r<pg)dv> du.
Let K(¢) be a non negative measurable function of ¢. For v > 1, assume that

E[K (@) ((Fym)® + (Fy(me(n, 0)))] < +oo. (16)

Then,

< e, (R EEOEM™) + BEOFEmom.0)))

where ¢y is a numerical constant.

Example 1. (continued [2.]) Ornstein-Uhlenbeck process with random effect.

Consider dX (t) = (¢ — X(t))dt + dW (t), X(0) = n, where ¢ takes values in ® = R, m, =
N(p,1/2). With g(z) = z, m,9% = >+ (1/2), mpg = ¢, gp(x) = x— ¢ satisfies L,g, = — gy,
ie. Fy = gy, g, =1, Tp(9,)%" = C24(1/27) where Cay is the moment of order 2y of a
standard Gaussian variable. Consequently

T 2y
B (VI [ X()s= ) <o (T 0n1/2) +1),

We study now the moments of the estimator gng in the case of a linear effect in the drift
(see Section 3.2). To deal with the denominator, we use a truncated version of ¢ (see (15))
and define:

T
¢r=¢r 1,vp_ 5, where Vp= / h%(X (s))ds, h(z) = ——=% (17)
(TZﬁ) 0
and k is a constant. Assuming that m,h* < 400, denote by H,, = Ff the function defined
in Proposition 4, i.e. solution of —L,H, = h? — 7r¢h2. Now, we can state:

Proposition 5. Assume (H1)-(H2) and that the initial variable (¢,n) of (1) with b(x,p) =
ob(x),0(x,¢) = o(x) has distribution v(dp)@dr,(x). Let v > 1. Assume that for all p € @,
71'30h4 < +o0 and

Ty (h1)
(my(h?))¥

¢*

E{W}“W’ E[

]<—|—oo,

11



¢

B () B () o0, 00) " < +00. B (i

Then,

)(Hy(m)> + E(HY () o (1, ¢>>27>> |

E(pr — @) <C T,

From the above proof, we can deduce the following corollary.

Corollary 1. Assume that E(myh?)™2 < +oo and that

’ <<7r¢<22>>2<H¢<”>>2 +E(H}(n) 0’(77,<b))2)> < +oo.

Then, the estimators o7 and ¢ are asymptotically equivalent, i.e. \/T(qAﬁT — ¢7) = op(1).

Example 1 (continued [1.]) .

Let us look at the conditions of Proposition 5 in the case of the Ornstein-Uhlenbeck pro-
cess dX (t) = —¢pX(t)dt + dW (t) where ¢ > 0 and 7, = N(0, (2¢)'). We have h(z) =
z,ms(h?) = (20)71), Hy(z) = (2¢)~")(2? — (2¢) 1)), thus,

(¢/mg(h?)) oc 6, (mg(h™7)/(me(h?))M) ox 9?7, E(Hg(n))" < CE¢™.

The other conditions bring no other constraints. To sum up, Proposition 5 holds if E¢~—%7 <
400 and E¢*? < 4o00. For instance, for v = 1, and ¢ with distribution Gamma G/(a, \), we
must take a > 8. If v = 1 and ¢ is inverse Gamma InvG(a, A\, we must impose a > 4. If ¢
has compact support [a,b] with 0 < a < b, all conditions are fulfilled.

3.4 Examples.

Up to now, we have illustrated our results on the Ornstein-Uhlenbeck model. In this section,
we consider other classical examples and show that they are covered by the above theory.

Example 2 . Bilinear model.

Let b(z, ) = p—x, o(x) = x. We have ® = (0, +00), (£,7) = (0, +00), s,,(x) = 2 exp2p/z.
The invariant density 7, (z) = 4932~ exp (—2¢/2)1(g +o0) () is the Inverse Gamma (3, 2¢)
and ® = (0,+00). As [z m,(z) dx = ¢, we have:

T
;/ X(s)ds — ¢ a.s..
0

As [2? mo(z) do = 2¢% < +00, gy(z) = x — ¢ € L*(m,) and satisfies —L,g, = g,. Thus,
with g(x) = z, Vio(g) = [ 2? my(x) doz = 2¢?. Hence,

1 (T
ﬁ(T/O X (s)ds — ¢) —p V2e¢.

12



The function g, (z) satisfies for 1 <~y < 3/2, Wgo(g?ﬂ) < Cp* (14T (3—27)). The assumptions
of Proposition 4 hold for 1 < < 3/2 and E¢?" < +oo.
The estimator (14) is given by:

T
f Xgis

+o0 .
As / a:*27r¢(m)da: = 3¢ 2, the above estimator is consistent and /T (¢ — ¢) converges
0
in distribution as T’ goes to infinity to the mixed normal distribution MN(0, ¢*/3).

Example 3 . C.I.LR. model.

Let b(z,¢) = ¢ — z, o(x) =z, ({,r) = (0,+00). We have s,(r) = 272% exp2z. The
invariant density 7, (z) = (22 /T'(2¢))x**~! exp (—22)1(g 100) (%) is the Gamma (2¢,2) and
® = [1/2,+00). We also have [z m,(z) dz = <p The function g,(x) = @ — ¢ satisfies
—L,9, = go and V,(g) = ¢. Therefore, (1/T) fo s)ds — ¢ a.s. and

1 T
VI(; [ X(5)ds—0) ~pev/o,
0
We find that, for 2y € N|

I'(2¢ + 2
77@(9307) < C(W + SDM) < C/@QW.

The conditions of Proposition 4 are satisfied for all integer v > 1 such that E¢*’ < +o0.
The estimator (14) is given by:

Jo (B +ds)
br =" ——
0 X(s)

=

+oo
Here I(p) = / z i, (v)dr < +oo for p € ®g = (1/2,+00). In this case, I(p) =
0

(o — (1/2))71. We must assume that ¢ takes values in ®g. Then, the estimator or is
consistent and v/T'(¢r — ¢) converges in distribution as T goes to infinity to the mixed
normal distribution MN (0, ¢ — (1/2)).

Example 4. Hyperbolic diffusion with random effect.

Consider (X (t)) given by: dX (t) = ¢X (t)dt ++/1 + X?(t)dW (t). For the process with fixed
0, sp(x) = (14 22)7%, my(z) = (1 + 22)%!, condition (H2) is fulfilled for (¢,r) = R,
® = (—00,1/2). The constant M (p) is not explicit except for negative integer values.
However, explicit formulae for some moments of 7, are available.

13



Consider the function h(z) = z/v/1 + 22. Consider the integrals I(a) = [dt/(1+t%)* <
+o0 for a > 1/2 and J(a) = [t2dt/(1+*)* < +oo for a > 3/2. Using integration by parts,
we have, for a > 3/2:

1 2a — 3

J(a) = m[(a— 1), I(a)= m[(a— 1).

For the invariant density m,, we have M (p) = I(1 — ¢). Thus, for ¢ < 1/2,

1
Toh? = ————.
21—
Assume that ¢ has distribution supported in ® := (—o00,1/2). Then,
1 [T X2(s) 1
= ———ds > ———— as. .
T Jo 14+ X2(s) 2(1—9¢)

For the associated central limit theorem, we have to study the p-mixing property of the
process X¥. In this model, the spectrum of the infinitesimal generator L, is not discrete.
However, we can check the sufficient conditions for p-mixing (i.e. spectral gap) given in
Proposition 2.8 of Genon-Catalot et al., 2000. First, we have lim, o V1 4 2% my(x) = 0.
We compute the function y,(z) = (V1+22) — 2pz/V1+22. As ¢ — oo, Y,(z) —
+(1—2¢p). As these limits exist and have finite inverse, the process is p-mixing. Consequently,
for any function G, such that 7,G, = 0, the equation L,F, = —G, admits a solution
F, € D,. For G, = h* — ﬁ, we thus have V,(h?) < +oc for all ¢ > 1/2. The expression
of V,,(h?) is not explicit.

Note that, in this model, the discrete spectrum is included in (—7(¢), 0] with 7(¢) =
(1 —2¢)?/8. We have:

T 2 s
\/T(% o1 f)ézs)ds S 2(1 1_ ¢)> —p e (Vy(h?)'/2.

The estimator T X(s) T X2( )
R s s
¢T:/O 71+X2(S)dX(s)/ ; 71—1—)(2(5) s

converges a.s. to ¢ and VT(¢pp — ¢) converges in distibution to e1/2(1 — ¢).

4 Estimation of a multidimensional linear random effect in the
drift.
Let us assume that b(.,p) = Z?Zl ©bi(.) with ¢ = (¢7,j = 1,...,d) € R b;,0 Lipschitz.

Assume also that
/T b?(X(s)>d N
————ds < +00
o 0%(X(s))

14



forall T >0 and all j =1,...,d. Consider the vector

LT TR
UT_(/0 U2<X(S))dX().../O X G)

and the matrix Zp = (Ifﬂ’e)lgk’ggd) with

o 7 XX (s)
= | 2(X()

Consider the estimator (iT of ¢ defined by the equation
Ir ¢r = Ur.

Assume that 7, (bg be/0?) < +oo for all p € & C D, let

Z(¢) = (mp(by be/o?)).

Then, ) }
P(Zr/T — I(¢),¢ € ©) = P(¢ € D).

Denote by ®( the subset of ® such that Z(y) invertible for all ¢ € ®g. On @, VT (¢ — ¢)
converges in distribution to the centered mixed normal distribution with covariance matrix

I(¢)~" (MN(0,Z(¢)7)).

Example 1 (continued [3]). Ornstein-Uhlenbeck process with two random effects.
Consider the stochastic differential equation dX (t) = (—AX(t) + B)dt + dW (t). Let us
assume that ¢ = (A, B) has distribution v(da,db) with support ® = (0,00) x R and that
given A = a, B =b, X(0) has distribution N'b/a,1/2a). We have

B fTXQ(S)ds —fTX(s)ds
Ir = < —OfoTX(s)ds ’ T > ’

T
Ur = (- /0 X(s)dX (), X(T) — X(0)),
1/24 B/A

We can compute detZ(¢) = 1/2a— (b/a)?. The set @ is therefore g = {p = (a, b) € ®,a>

262}, The estimator P(¢p — ¢, ¢ € ®o) = P(¢p € Bg). On the set ¢ € By, VT (dp — ¢) is
asymptotically M N (0,Z(¢)~1).
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5 Estimation of the distribution of the random effect from
t.1.d. trajectories.

In this section, we assume that we observe N i.4.d. sample paths (X;(¢),t <T),j=1,...,N
and want to estimate the distribution of ¢;. In the asymptotic framework N — 400 with
fixed T', it is possible to estimate consistently this distribution. For specific diffusion models
and specific distributions of the ¢;’s, explicit maximum likelihood estimators can be studied
(see e.g. Delattre et al., 2012 and the references therein). For general models, explicit
computations are not possible. Numerical results are available or theoretical and heavy
conditions have been proposed (see references given in the introduction). Here, we adopt
a different point of view and consider a double agymptotic framework N — 400 and T =
T(N) — +4o00. This is the approach of Comte et al., 2012. Indeed, it allows to simplify
the problem and obtain explicit estimators with a two-step procedure. From each sample
path (X;(t),t € [0,T]), we build an estimator ¢;7 which is an approximation of ¢; for large
T. Then, the N 4.i.d. estimators (qz;j,T,j =1,...,N) can be used to estimate the common
distribution of the ¢;’s.

In what follows, we consider a parametric model for the distribution of ¢;, i.e. we set
v(dp) = vg(de) = f(0, p)da(yp) for some dominating measure o on ® and § € © C RP. Asg
usual, we denote by 6y the true value of the parameter.

5.1 Moment method.

Let FF : ® — R be a measurable function such that V6 € O, E9F2(¢j) < 400, and set
mg(F) = [ F() (0, p)do(e).

Proposition 6. Let (Z)j,T be an estimator of ¢; built from the trajectory (X;(t),t € [0,T])
satisfying, for some constant C(6p),
C(6o)

VT '
If both N and T tend to infinity, N~! Zjvﬂ F(qgj,T) tends to meg, (F) in Py, -probability. If
moreover, T = T(N) satisfies T(N)/N — +oo as N — 400, then,

Eo,|F (1) — F(¢;)| <

N
\/N N1 Z F((Z)]'T) — Mgy (F) T D(Pg,) N(O’ Ugo)
j=1

where ago = meg, (F?) — mgo(F),

The proof is elementary using the assumption and the standard large law of numbers
and central limit theorem for N1 Z;V:1 F(¢;).
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5.2 Gaussian random effects.

Consider a model where ® = R, ¢; ~ N (1,w?) and let 6 = (u, w?).

Proposition 7. Let qgjj be an estimator of ¢; built from the trajectory (X;(t),t € [0,T])

satisfying, for some constant C(0y), B, (djr — ¢;))? < %. Set

N
anT =N~ Z%T, WNT— Z%T—M\/T

j=1

Then, as N,T go to infinity, (/ENVT,JJ]Q\,,T) is a consistent estimator of 0y = (uo,w?). If
moreover, T = T(N) tends to infinity with T(N)/N tending to infinity, then N (fin 7 — in)
and \/N((D?V’T — %) tend to 0 in Py, -probability, where iy = N~—* Zjvzl ¢; and &% =
N1 Zj-vzl(qﬁj — iin)?. Thus, the estimator (ﬂN,T,cDJQV7T) is asymptotically equivalent to the
exzact MLE based on (¢j,j =1,...,N).

The proof is elementary.

Example 1 (continued [2]. ) Ornstein-Uhlenbeck process.

Assume that dX;(t) = (¢; — X;(t))dt + dW;(t), X;(0) = nj Where bj ~ (,u, w?) and given
that ¢; = ¢, X;(0) ~ N(p,1/2). Then, as seen above, (;SLT =7! fo j(s)ds satisfies the
condition of the proposition. The parameter 6y = (10, wg) can be estimated via (fin,T, w]2V7T).

5.3 Contrast method.

More generally, assume that ¢; has the true distribution f(fo, ¢)da(p) on ® and set
1
u(@, QO) = - lOg f(07 90) 14,06‘1?7 N Z ¢] T

where ¢~>j7T is an estimator of ¢; built from (X;(¢),t <T'). Let
éN,T = Al‘g infae@UN(e)

be an associated minimum contrast estimator. Then, by an appropriate choice of the gzgjﬁT’s,
the minimum contrast estimator will be asymptotically equivalent to the exact MLE based
on the ¢;’s. The choice of the estimators ¢; 7 is linked with the model for (X;(t)) and the
function u(0, ¢).
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6 Concluding remarks

In this paper, we provide sufficient conditions for the existence of stationary distributions
for a process (X (t)) defined by a SDE with a random effect ¢. There is no unicity of the
stationary distributions.

Generally, authors are interested in estimating the unknown distribution of the random
effect. Here, we propose several estimators of the random variable ¢ itself based on function-
als of the continuous sample path (X(¢),t < T'). The estimators are proved to be consistent
and asymptotically mixed normal as T' goes to infinity.

In practice, only discrete time observations are available. Then, as it is standard, we can
use the one-step discretizations of integrals in formulae to obtain the estimators of ¢.

To estimate the common distribution of the ¢;’s when N i.i.d. processes (X;(t),t <
T),7 = 1,...,N) are observed, one may proceed as follows. From each sample path
(X;(t),t < T) we build an estimator éﬂ which appears as a noisy observation of ¢; for
large T'. We simply replace ¢; by ¢;j,T to obtain estimators. The method relies on a double
asymptotic framework where both N and T go to infinity.

7 Appendix: proofs

Proof of Proposition 1
Assume that (¢, X(0)) has distribution m on ® x (¢,7). Let X¥* denote the process given
by

dX?%(t) = (X (1), p)dt + o(XP*(t), p)dW(t), X?*(0)==z. (18)

For H : R — RT,G : RY — Rt two Borel functions, by the Markov property of (X (), ¢)),
we have:

E(H(X(1))G(9)|X(0) =z,¢ = ¢) = E(H(X*"(1)))G ().
Using py (z,y), the transition density of (18), we have:
E(H(X?"(1)) = - H(y)p{ (z,y)dy.
As m,(x) is the invariant density of (18), we get:
|, mewasacemo) = [ away | dem@pie)

= H(y)m,(y)dy.
(tr)
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Therefore,
E(H (X (1)G()) =
/ v(dg)mo(z) de E(H(XP2(1)G(p) = / G()H (y)u(dg)mo(y) dy
DX (4,r) Px(€r)
— E(H(X(0)G(4)).
O

Proof of Lemma 1
We compare the finite-dimensional distributions. For n > 1, 0 < t; < to < ... < t,,
H:R" - R* and k : R? — R*, we have,

E(k(¢)H(X(t1),..., X(tn))) = AdV(w)k(w) E(H(X(t1), ..., X(tn))|0 = )

:/ dv(p) x dpp(z0)k(0) H (21, ... zn) [ [ F ., (ic1, wi)day .., day,.
®x (L,r)ntl i=1

Thus, the conditional density of (X (1),...,X(t,)) given ¢ = ¢ is equal to:

/(z )dmp(xo) Hpi_tiil(afi—hxi)

i=1
This is exactly the density of (X¥#(t1),..., X% (tn)) given by (9). O

Proof of Theorem 1
Point (1). The process X ¥ defined in (9) satisfies the ergodic theorem for all p € ®:

T
Pz [ X7 (0)ds =1 7)) = 1.

By Lemma 1,

T T
Pz [ olX()ds = molo)lo = o) =BG [ a(X?())ds = 7 (0)).

Thus,

T
Pl [ o(X(s)ds = mola) = 1.

Point (2). The conditional distribution of (X = F(¢,n; W), W) given ¢ = ¢ is equal
to the distribution of (X% = (F(¢, X¥(0); W), W) with X¥(0) independent of W and with
distribution .

As %fOT h%(X%(s))ds — my(h?) a.s., the central limit theorem for stochastic integrals (see
e.g. Kutoyants, 1986) implies:

T
\/1T/U h(X#(s))dW (5) =T +o0 N(O,mp(hz)), in distribution.
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We also have (+ fOTg(X‘P(s))ds — Ty(g) a.s. as T tends to infinity. Thus, the following
convergence in distribution holds:

1 T 1 T
(g ) PO, 7 [ 0007 (6)ds) = 0702, 7o(0)

Set

1 [T 1 [T
Zr-— /0 M)A (s), Ve = o /0 9(X (s))ds.

For u,v,w € R,

2

E(exp (iuZr + ivVr)|d = @) exp (iwp) — exp (—u27r¢(h2) +ivm,(g) + iwgp) .

This implies

2
E(exp (iuZr + ivVr +iw¢)) — E [exp (—u27r¢(h2) +ivmg(g) + iwqﬁ)} .

For & a random variable independent of ¢ with distribution A/(0,1), we have:

E [exp (iua(ﬂ¢(h2))1/2 + ivmy(g) + iw¢))] =E {emp(—u;wqg(hQ) + tvme(g) + iwqﬁ)ﬂ .
O

Proof of Theorem 2
We consider for fixed ¢ the process X ¥ given by (9) and introduce its infinitesimal generator
L, defined on C2%((¢,r))-functions by:

02 T AN
L F(z) = (2’@)F”(:r) bz, ) F () = ;WL (i) . (19)

By the Tto formula, for F' a C?-function on (¢,7), we have:

T T
FO(T) = FOCO) + [ L0 (s + [P0 (6)r(X (3), )V (5).

0
Therefore,
1 T 1 T ,
_ﬁ/o L,F(X?(s))ds = \/T/o FI(X?(s))o(X?(s), 0)dW (s) + R,
with '
Br = 5 (F(X2(0)) = F(XH(T)).

The ergodic properties of X% imply that X¥(T") converges in distribution to the stationary
distribution 7, (x)dr as T tends to infinity. Hence, Rp tends to 0 in probability. We can
conclude that, if

To(F'o(.,9))?) < +oo,
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the following convergence in distribution holds:
—/ L,F(X?(s))ds — N(0,m,((F'o(.,9))%).

Now, setting g,(x) = g(z) — m,(g), we search F,, solving L F, = —g,. Using (19) yields:

/

F(x) = —2s4() /; G (u)my (u)du. (20)

A simple computation shows that V,(g) = m,((F'o(.,¢))?). By the same conditioning
device, we obtain:

2
B(exp i [ 0u(X(6))ds +106) — Bloxp (- Valo) + iv)),
which achieves the proof. [J

Proof of Proposition 2
As above, we use the conditioning device:

P(|gr — ¢| > hl¢ = @) = P(|pr — ¢ > h).
And, analogously for the convergence in distribution. [J

Proof of Proposition 3

We have ) My
¢T - ¢ = <M7>T"
. _ [T b(X(s) _ [T P(X(s) .
with MT = /0 de( ) and < M >p= /0 mds Flrst, by theorem ].,

< M >p /T converges a.s. to ms(b?/0?) > 0. Hence, < M > o= +00 a.s. and Mr/ <
M >7 converges a.s. to 0. Second, (Mr/T,< M >r /T) converges in distribution to

(ey/Tp(b2/02), 7s(b%/c?)). This implies the result. O

Proof of Proposition 4
We start with the process X¥ given in (11) and set G, = g — m,g. Using that —L,F, = G,
and the Ito formula, we get:

T T
/0 G (X% (s))ds = /0 FL(X?(5))0(X(s), @)dW (5) + Fp(X#(0)) — Fp(X*(T)).

The process X¥ is stationary with marginal distribution m,. Therefore, using the Hélder
and the Burkholder-Davis-Gundy inequalitites yields:

E </OT G@(Xsp(s))d!;) ; <y <7W7Ts0((1:1,p‘7(-:80))27 + ”w((Feo)%)) .
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Now,

E(</0TG¢(X(3))ds> 6 = ) (/ G (X¥(s )7.

EK (¢)(ms((Fyo (., 9))*") = EK () (Fy(m)a(n, )™,

Noting that

and
EK (¢)m((Fp)*") = EK (6)Fy(m)*
gives the result. [

Proof of Proposition 5
We have: VT(¢r — ¢) = Ay + A, with

_ Mgp/VT
= —VTo 1 cay A= Ly, (21)
where Mp = fo X(s))dW (s) and h(x) = b((a;)) We first study the term As. Note that:
o
Ve, o 1 T
Blrlol = 7 | BB )lolds
and E[R2(X (5))|6 = ¢] = E[h2(X*(s)) = mp(h?). Thus,
\%
= my(h*) = E(7|¢) = ER*(X (0))]9).
We have: Ay = A) + A with
r % 1 . l " _ MT
=7 <VT/T L> fpsay 2= F sy (22)

Using that L is Fp-measurable, < M >p= Vr, the Burkholder-Davis-Gundy and the Hélder
inequalities, we get:

IE(A”)ZV < C IEi77
2 2y [2,)/1v,y
1 2
FE—— (X
< Coy > /0 h=7(X (s))ds
7l¢(h2’y) 71¢<h2’y)
Coy L2 Coy (7¢(h2))27’

where Co is the constant of the B-D-G inequality. For v = 1, we have:

1 1
E(A)? =B~ =F——.
(42) L my(h?)
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We thus need EX < +oo with X = m,(h?7)/(ms(h?))%7. We look at Ab:

) 1/2
E(A,)2 < ]:Tv (E <LM\/TT>4 E (\/T(L - VT/T))M) .

Mpr \* 1 (Ve \» mp(h1)
E <CpE— | = < CpE——F5——.
(1: ﬁ) S ( T) =T mh))h
Therefore, we impose EY < +oo with Y = m4(h17)/(ms(h?))*. As X? <Y, the condition

EY < 400 implies EX < +o0.
Then, we apply Proposition 4 with the function Hy = Ff:

We have:

E (VI(L ~Ve/T)) " < € (B(H, ()" +E(H}(n) o(n.6))")

There remains the term A;. We have A 2 < T'Y(bQ'Yl(l k- Therefore, setting ¢ = m,h?,
T <VT

we have, for all p > 1,

V- k Vi k
P(7 < mlo=w) < P<|f—l|>f—71¢=w>1< # T ez
< P(0- > L6 =9) 1,
2 |% 2k
< QFEE -6 = o)+ (P,

Thus,

E(AY) < TVVE | 67/(2)7 (ﬁu: - VT)) + T (2K) (¢ L),

T

We need p > + and that the left-hand side be finite. Taking p = 7, we apply Proposition
4 with K(¢) = (¢/L)* and get the result with the condition stated. Note that, for any
function F(p,z), the following relation holds:

F(¢;n) = Eng F (o, .)-

Note also that, taking p > ~ yields that E(A?v) tends to 0 as T tends to infinity provided that
the left-hand side expectations are finite. But this yields a strengther moment constraint. [J

Proof of Corollary 1 R
We have f(¢T (bT) \/T¢T 1 Vl<\iﬁ)
\FIF’(VT < \f) tends to 0. We use the same inequality as above with p = 1 and get:

. As qST converges to ¢, it is enough to prove that

VIP(E < Sl =) < <= (PRI = E)Plo =)+ 02 @)

We apply Proposition 4 with K(¢) = (m,h?)~2. This ends the proof. [
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