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REMARKS ON THE CAUCHY PROBLEM FOR THE
ONE-DIMENSIONAL QUADRATIC (FRACTIONAL) HEAT EQUATION

LUC MOLINET AND SLIM TAYACHI

ABSTRACT. We prove that the Cauchy problem associated with the one dimensional
quadratic (fractional) heat equation: u; = D2%u Fu?, t € (0,T), z € R or T, with
0 < a <1 is well-posed in H® for s > max(—«,1/2 — 2a) except in the case o = 1/2
where it is shown to be well-posed for s > —1/2 and ill-posed for s = —1/2. As a
by-product we improve the known well-posedness results for the heat equation (o = 1)
by reaching the end-point Sobolev index s = —1. Finally, in the case 1/2 < a < 1, we

also prove optimal results in the Besov spaces B3?.

Keywords: Nonlinear heat equation, Fractional heat equation, Ill-posedness, Well-

posedness, Sobolev spaces, Besov spaces.

2000 AMS Classification: 35K15, 35K55, 35K65, 35B40

1. INTRODUCTION AND MAIN RESULTS

The Cauchy problem for the quadratic fractional heat equation reads

(1.1) uy — D*u = Fu?,

(12) U(O,) = Uo,

where u = u(t,z) € R ,a €]0,1], t € (0,7), T > 0, x € R or T and D3* is the Fourier
multiplier by |£|2®. In this paper, we consider actually the corresponding integral equation

which is given by

(1.3) u(t) = Su(tyuo T /0 Sult — 0) (u2(0)) do,

where S,(t) is the linear fractional heat semi-group and are interested in local well-
posedness and ill-posedness results in the Besov spaces By?(K) with s € R, ¢ € [1,00]
and K =R or T.
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Let us recall that the Cauchy problem associated with the nonlinear heat equation in
R’n

(1.4) up — Au = Fu®

has been studied in many papers (see for instance [3, 4, 5, 6, 7,9, 11, 12, 13, 14, 18, 19, 20,
21] and references therein). It is well-known that this equation is invariant by the space-
time dilation symmetry w(t,x) — uy(t,x) = )\k%lu()\Qt, Az) and that the homogeneous
Sobolev space H 3Rt is invariant by the associated space dilation symmetry ¢(z) —
/\%QO()\I‘). The Cauchy problem (1.4) is known to be well-posed in H® for s > s. =
5 — % except in the case (n,k) = (1,2). Indeed, in this case the well-posedness is only
known in H*® for s > —1 and in [9] it is proven that the flow-map cannot be of class C?
below H~'. Hence, this result is close to be optimal if one requires the smoothness of
the flow-map. Recently, it was proven in [8] that the associated solution-map : wuy — u
cannot be even continuous in H® for s < —1. The first aim of this work is to push down
the well-posedness result to the end point H~'. The second step is to extend these type
of results for the one-dimensional quadratic fractional heat equation (1.1). Indeed we will
derive optimal results for the Cauchy problem (1.1) in the scale of the Besov spaces By
in the case % < «a < 1. In particular we will prove that the lowest reachable Sobolev index
is —a that is strictly bigger then the critical Sobolev index for dilation symmetry that is
1/2 — 2a.

To reach the end-point index H~% we do not follow the classical method for parabolic
equations (cf. [4, 12, 21]) that does not seem to be applicable here. We rather rely on
an approach that was first introduced by Tataru [16] in the context of wave maps. Note
that we mainly follow [10] where this method has been adapted for dispersive-dissipative
equations. The fact that our equation is purely parabolic enables us to simplify the proof.
The optimality of our results follows from an approach first introduced by Bejenaru-Tao
[1] for a one-dimensional quadratic Schrédinger equation. This approach is based on a
high-to low frequency cascade argument.

Finally we consider the case 0 < o < 1/2. By classical parabolic methods we obtain the
well-posedness in the Sobolev space 1 H*(R), s > 1/2 — 2a, unless a = 1/2. On the other
hand, following a very nice result by Iwabuchi-Ogawa [8], we prove that (1.1) is ill-posed
in H~'/2(R) for a = 1/2. It is worth noticing that (1/2,—1/2) is the intersection of the

straight borderlines for well-posedness that are s = —« and s = 1/2 — 2a.

1Recall that 1 /2 — 2« is the critical Sobolev index for dilation symmetry.
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Before stating our main result, let us give the precise definition of well-posedness we

will use in this paper.

Definition 1.1. We will say that the Cauchy problem (1.1)-(1.2) is (locally) well-posed in
some normed function space B if, for any initial data ug € B, there exist a radius R > 0, a
time T'> 0 and a unique solution u to (1.3), belonging to some space-time function space
continuously embedded in C([0,T]; B), such that for any t € [0,T] the map ug — u(t) is
continuous from the ball of B centered at ug with radius R into B. A Cauchy problem will

be said to be ill-posed if it is not well-posed.

Theorem 1. Let K =R or T and « €]1/2,1]. The Cauchy problem (1.1) is locally well-
posed in the Besov space By (K) if and only if (s,q) € R x [1,4o00[ satisfies s > —a or
s=—aandqel,2].

Remark 1.2. Our negative results can be stated more precisely in the following way : For
any couple (s,q) € R x [1,+o0[ satisfying, s < —a or s = —«a and q > 2, there exists
T > 0 such that the flow-map uo — u(t) is not continuous at the origin from By*(K) into
D'(K) for any t €]0,T].

This paper is organized as follows. In the next section we define our resolution spaces
in the case K = R. In Section 3 we derive the needed linear estimates on the free term
and the retarded Duhamel operator and in Section 4 we prove our well-posedness result.
Section 5 is devoted to the non-continuity results for the same range of o. In Section 6
we complete the well-posedness results by considering the case 0 < o < 1/2. First, by
classical parabolic methods, we prove that we can reach the critical Sobolev index for
dilation symmetry that is 1/2 — 2 unless @ = 1/2. Then, following [8], we prove that
(1.1) is ill-posed in H~'/2(R) for a = 1/2. Finally we explain the needed adaptations in
the periodic case K = T.

Throughout the paper, we will write f < g, whenever a constant C > 1, only depending
on parameters and not on t or x, exists such that f < Cg. We write f ~ g if f < g, and

g < f. If C depends on parameters a, we write f <, g, instead.

2. RESOLUTION SPACE

We use the following definition for the Fourier transform

FNE) = [ sa)e s,
R
and the inverse Fourier transform is

FU@ = 5= [ F©ede,
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for f in S(R), the Schwartz space of rapidly decreasing smooth functions, and by duality
if fin S'(R), the space of tempered distributions. We denote sometimes F(f) by f. The

fractional power of the Laplacien can be defined by the Fourier transform: For a € R,
F((=02)"1)(€) = le** F(S)(©).
Let s be a real number. The Sobolev space H*(R) is defined by
H*(R) = {u € S'(R) | /R(l +[€%)°[F (u) () [Pde < oo}

where F(u) is the Fourier transform of u. The norm on H*(R) is defined by

e = ([ (1 + 6Py IF@©Fde)

We will need a Littlewood-Paley analysis. Let n € C§°(R) be a non negative even function
such that suppn C [-2,2] and n = 1 on [—1,1]. We define ¢(&) = n(£/2) —n(&) and the
Fourier multipliers

F(Aju)(€) = 0(277€)Fu(€), j 20, and  F(A_ju)(§) = n(§)Fu(€) .

For any s € R and g > 1, the Besov space B3 (R) is defined as the completion of S(R) for

1/2

the norm
Jsq q 1/a
Il ggoe = (2 20185ullS )
j=—1
For s € R, 51 < 52, 1 < q1 < @2 and g > 1 we have the following embeddings

1
B;Jh N B;;‘D and B§27q s B;h .

Moreover, It is well-known that the H*(R)-norm is equivalent to the Bj*-norm so that
H*(R) = By*(R).

Finally, for 1 < p < oo we consider the space-time space L? (R; B3?) equipped with the
norm )
ol o = [ 32 2990812, ] 7.

Jj>-1
We are now able to define our resolution space. For T' > 0 fixed, we consider the space
XZ’% = i%OBS’q N E%B;Jra’q equipped with the norm:

. 1/q . 1/q
\|u||Xs,qT = [Z sup 2sgq”Aju(t)HqL2} + [ZQJ(S-&-a)fIHA].uH%QLQ}
@ 5 t€lo.T] “ j e

Let us also consider the space

Y= {u € L'(R}; By (R)) and dpu € L' (RY; B;q(R))}
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equipped with the norm:

. 1/q .
Jullyze = [0 202 asulg ]+ [ 2 ml
J

J

1/q

For T > 0, the restriction space Yof ’% of Y2 is endowed with the usual norm
Jully g = inf {lellyza, o =won J0, 7(}

For T > 0 our resolution space will be EZ(%F = X;’?p + Yof ’% endowed with the usual norm

for a sum space :

lull gy, :=  inf (ollxse +[lwllyzg).

3. LINEAR ESTIMATES

We first establish the following lemma.
Lemma 3.1. Let 0 <T <1 and ¢ € By?. Then we have

(3.1) 152 Ollxss, < lelpge -

Proof. The standard smoothing effect of the (fractional) heat semi-group is not sufficient
here since we have
1
a6l gstas < T2 g
and the right hand side of this inequality is not square integrable near ¢ = 0. Integrating

by parts the linear fractional heat equation
(3.2) o — D**u =0

on |0,t[xR, t > 0, against u and using that u(0) = ¢, we obtain

t
/uQ(t,x)dac—i—/ /|D§‘u(s,x)|2dacds:/<p2(x)dac.
R 0o Jr R

Using that for each j € N, A;S,(t)Dj¢p satisfies the linear fractional heat equation (3.2)
with D2¢ as initial datum, powering in ¢/2 and then summing in j > 0, we get for any
T >0,

| / - / ' !
(Z QquHAjSOé(t)SOH%%OL%)l q+(z 2(s+a)]q||AjSa(t)80||qL2TL%)1 ' S (Z QS]qHAjSOH%g)l .

j>0 >0 Jj=0

On the other hand, for j = —1 we write
1A 1Sa(®)ell sz + 119l 22 < 2TV2A1Sa®)¢llrrz < 2TV?[A 10l

and the result follows. O
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As a direct consequence we get the following estimate on the semi-group: Let 0 < T < 1
and ¢ € By? then it holds

(3.3) 1Sa®¢llpre, S ISa)elxae < llellpye -

Let us now define the operator £, by

(3.4) Colf) () = /0 CSut— ) ()t
Then we have

Lemma 3.2. Let 0 <T <1 and f € E)%. Then we have

(3.5) 1£a(Nllyze S A+ Nz pya -

Proof. 1t suffices to prove the result for a time extension of L,(f). More precisely, it

suffices to prove that
Inalhllvsa < 17z gy

for any f € f/%>OB‘29’q supported in time in [0, 1] and where n € C3°(R) is defined in Section
2 . Let u be the solution of the Cauchy problem

dyu — D**u = f, u(0) = 0.

It is easy to check that u = L,(f). Multiplying this equation by u and integrating by

;jt/sz—I—/R(Dgu)Z:/Rfu.

Applying this equality to localizing in frequencies equation and using Bernstein inequality

parts, we get

and the Cauchy-Schwarz one, we get for any j € N,

1d i 1/2 1/2
gt Lo [ < ([ e

Here uj = Aju, fj = Ajf. If ([, u?)l/2 # 0 we divide this last inequality by ( [, u2)1/2

CZ((/R“JZ)I/Z)+22aj(/RuJ2‘)1/2§ (/Rij)l/Q'

On the other hand, the smoothness and non negativity of t — [|u;(t)[|2, forces 4 |lu;(t)[|2, =

to obtain

0 as soon as [|u;(t)||z2 = 0. This ensures that the above differential inequality is actually

valid for all t > 0. Integrating this differential inequality in time we get for any j € N,

(3.6) 22aj”UjHLt1L§ S ”fjHLng-
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Now, in the case j = —1, we get in the same way [|A_jullr2 < [[A-1f|1z2. Integrating
on [0, 277 this leads to [[nA_yullpiz2 S Tl fjllpiz2-

Finally, in view of the linear fractional heat equation, the triangle inequality leads to
(3.7) 10e(mu) iz S Indvusllprre + lluslipice S 1l

Since u = L4(f), summing in j € N using Bernstein inequalities and recalling the expres-

sion of the norm in Y*%, we conclude that

(3.8) mLa(Nlvze S Nl z1ps -

Lemma 3.3. Let 0 < T <1 and u € Y;’%. Then it holds
(3.9) lullxsg, = llull oo pga + lullp2 psrea S Nlullyzg -

In particular, E o X, o1

Proof. Again it suffices to prove this estimate for the non restriction spaces. Actually, by
localizing in space frequencies it suffices to prove that for any function v € L'(Ry; L?(R))
with u; € LY (Ry; L3(R)) it holds

(3.10) lullpgors < lluelprre  and lullze po S lullpy e lluellny iz -

Indeed, applying (3.10) to the space frequency localization u; of u, Bernstein’s inequalities
lead to

2% \ujllpeerz S 2% Brull e and 2jq(s+a)””j!\% 12

e 1 e
which yields the result by summing in j and applying Cauchy-Schwarz in j on the right-

hand member of the second inequalities.

Let us now prove (3.10). The first part is a direct consequence of the equality u(t) =

— ft uy(s)ds and Minkowsky integral inequality. To prove the second part we notice that

u2 = ft u¢(s)ds so that we can write

[es) t
/ /u2(t,az)da:dt = / /u(t,x)/ ui(s, z)dsdz dt
0 R
// t:r|dt/ g (1, )| dt dae
0
SNl [ el del

<

A

HuungLgrutuLgoLg?

where we used Minkowsky integral inequality in the last step. O
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4. WELL-POSEDNESS FOR 1/2 < a <1

According to Lemma 3.2 we easily get for 0 < T < 1,

. 1/q
1Latllgns, S 1ea@ g S (218,620, ,,)
J

. 1/q
(4.1) s (A, )
J
Now, by para-product decomposition we have
185 grs < Il [18gullz + S sl [Awulzz -
|k—k'|<3, k2]
The contribution to (4.1) of the first term of the above right-hand side member can be
estimated by

. 1/q
1/2
g, (3290l 1) = sl pevsrs
J

which is acceptable as soon as & > 1/2 and (s > —a or s = —a and 1 < ¢ < 2 ). Indeed,
this last condition ensures that ||u||L2T S |lullj2 gsta.q. For the second term, we notice
iEd T2

that for o > 1/2, we can estimate its contribution by

. ~ \\1/a
el 3 e el g s (D2 2790720) ™ < C(a) ull g gl 73 g
J

where C(a) > 0 only depends on « > 1/2.
In view of Lemma 3.3, this proves that for a > 1/2,

(4.2) 1La()lEgs. S lulgs, lullzs pyres S el gogelullzs,

where the implicit constants only depends on «. In the same way, for any a €]1/2,1],
there exists C, > 0 such that

Ieao)llzse < lullzz_llellzz pavns + llollza_llull 3 pasos

(4.3)

IN

Ca(Ilull s lollpss, + 10l sz lull gz, ) -

Let us now fixed a €]1/2,1]. (4.3) together with (3.3) lead to the existence of 5 > 0 such
that for all ug € By “*(R) with

(4.4) letoll oz gy < B

the mapping
w— Sy ()ug 4+ Lo(u?)
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is a strict contraction in the ball of £ ?"2 centered at the origin of radius (2C,)~!. Noticing

that F{ — E;?Q as soon as
(4.5) (s> —aand1<g<2) or s> —a,

this ensures that the above mapping is also strictly contractive is a small ball of E;qT as
soon as (4.5)-(4.4) are satisfied. Since S, is a continuous semi-group in By?(R) and accord-
ing to Lemma 3.3, E;{ — L$° By, this leads to the well-posedness result in By?(R) under
conditions (4.5) for initial data satisfying (4.4). The result for general initial data follows
by a simple dilation argument. Indeed, the equation (1.1) is invariant under the dilation
u(t,z) = uy(t,z) = \2*u(A2%t, \z) whereas \|)\20‘u0()\')||B2_a,2(R)

0 as A N\, 0. Classical arguments then lead to the well-posedness result in By?(R) for

< X2 g | g gy —

__da

arbitrary large initial data with a minimal time of existence 7'~ (1+ Hu0||B_a,2(R)) 2a-T,
2

Note that, the well-posedness being obtained by a fixed point argument, as a by-product

we get that the solution-map : ug +— u is real analytic from By(R) into C([0, T]; By/(R)).

5. ILL-POSEDNESS RESULTS FOR 1/2 < av < 1.

In this section we prove discontinuity results on the flow map ug — wu(t) for any fixed
t > 0 less than some T > 0. To clarified the presentation we separate the case s < —a and

the case s = —a and ¢ > 2.

5.1. The case s < —a. We take the counter example of [10] used for the KdV-Burgers
equation.

We define the sequence of initial data {¢n}n>1 C C°°(R) via its Fourier transform by

(5.6) (&) = N° (1 () + x1x ()

where Iy = [N, N + 2] and xy, is the characteristic function of the interval Iy,

1 if & ey,
Xiy (&) =
0 ifed Iy
That is
%S’lzﬁ cos [(N +1)z] ifz#0,
on@) =1 T |
e if x =0.

s

Clearly ¢ € Co(R) := { f € C(R)|limyy s f(2) = o}.
For any (s,q) € R x [1,+oc] we have [[¢n| psam) ~ N*** and thus H¢N|’B;a,Q(R) ~1
whereas ¢y — 0 in ByY(R), for s < —av.
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Let us consider the following bilinear operator, closely related to second iteration of the

Picard scheme,
t
Ag(t b, h) = 2 / Su(t — )[Su (¥ ]2dH
0

where S, is the semi-group of the linear heat equation. Let us denote by JF, the partial

Fourier transform with respect to x. Recall that

Fo(Sa()9) (€) = e U Fo(p)(6),V o € S'(R),

and F,(fg) = Fu(f) * F(g), where x is the convolution product.
It follows that

Fo (A2t 0n,00))(€) = 2 /0 e / eI i (60)e O Gy (¢ — ) dea ) at

t
= 2/¢N(§1)¢N(5—§1)</0 ol e (ST S dt’)dgl
R
P T

@Oc (67 51)

(5.7) = 2/R¢EN(§1><£N(€_§1)< )d&,

Oal(&,&1) = €% — |1 — |6 — &

Note that the integrand is nonnegative. In particular, 7, (Ag (t, on, qu)) (&) = |Fa(A2(t, dn, on)) (E)].
Let

K (¢) = {51 | (€ —¢&1,61) € In x Inor (§—&1,&) € [N X I—N}
and

Ky (€) = {51 | (€ —&1,&) € In x Iy or (§—&1,61) € Iy X IN}
For any [¢| < &, K{¥(¢) = 0 and thus

e_[|§1|2a+‘§_€1|2a}t — e_|§|2at>
9a(&,61) 1
On the other hand, for any (a,b) € Ry x R_ one has obviously,

E(aomom)© = 2 [ dntein e

a2 + |62 = Ja + b]>* > (la] A [B])*".

Moreover, it is easy to check that |KY(¢)] > 1 and that in K (¢) it holds N2* <
|©a(£,€1)] < 2(N + 2)2@ Hence, fixing t €]0, 1[, it holds

1—e NVt

> 1ot Ve € [-1/2,1/2],

fz<A2(t7¢N,¢N)>(f) Z e_t/QNQQW =4
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for any N > 0 large enough. This ensures that for any fixed (s,q) € R x [1,+o0] and any
fixed ¢ €]0, 1],

1
(5.8) | A2(t, 6x, &n)llpye > e

for N > 0 large enough. Taking s < —a this proves the discontinuity of the map ug — u(t)
in By?. To prove the discontinuity with value in D’(R), we proceed as follows. Let g € S(R)
be such that ¢ is positive equal to 1 on [—1/4,1/4] and supported in [—1/2,1/2]. We obtain
for N > 0 large enough,

‘/RAQ(tﬁN,(?N)(ﬂU)g(:U)dx‘ > ée_t/4-

On the other hand the analytical well-posedness ensures that As(t, ¢, ¢n) is bounded in
B;a’l uniformly in N. Then, since D(R) is dense in S(R), there exists ¢ € D(R) such that

(5.9) (t,on, ON)(z)p(x)dx| > %e*t/‘l.

This shows that As(t, ¢n; dn) does not converge to 0 in D'(R) and proves the discon-
tinuity from By?(R),s < —a into D'(R).

We now turn to prove the discontinuity of the flow-map

u(t,r) : By'(R) — By (R)
h — u(t,h) = Sa(t)h + fo (t — o) (u?(0))do.
By the theorem of well posedness, there exist 7' > 0 and €y > 0 such that for any 0 < € < ¢,
||h”Bfo¢,1 <land0<t<T,
2

ult, eh) = eSa(t)h + > _ Ay (t, hP),
k=2

where h* = (h,--- ,h), h* — A(t, h*) are k—linear continuous maps from (B;a’l(R))k
into C([0,T); B; “"(R)) and the series converges absolutely in C([0,T]; By “*(R)).

Hence
(t 6(;5]\[) — € Ag(t ¢N7¢N) = GS N + Z kAk (f)N)
Using the inequalities
Hsa(t)d)NHB;J(R) < ||¢N||B§'*1(R) < 2Nt

and

HiekAk(t,qﬁv)HBQ_a,l < (= ) HZ 66500y < O
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where C' is a positive constant, we deduce that for s < —a,
(5.10) sup ||u(t, epn) — €2 As(t, o, ¢N)||BS’I(R) < O + 2¢gN*tHe,
t€[0,T] 2

According to (5.8) this leads, for € < 071265%/4

, to
lu(t, )| psrary = Coe®/2 — 2eN*T2.

By letting N — oo we obtain the discontinuity result since u(¢,0) = 0 and ¢y — 0 in
B3%(R) for s < —a. The discontinuity of the flow-map from B;(R) into D’'(R) follows in
the same way by combining (5.9) and (5.10).

5.2. The case s = —a and ¢ > 2. This case is similar to the precedent except that we
have to change a little the sequence of initial data. Here we take the same sequence as in
the work of Iwabuchi and Ogawa [8]. For any N > 10 we define
YN =N"T > gy
N<j<2N
where ¢,; is defined in (5.6).
Noticing that Ap¢py; = 6y j¢9i, we can easily check that

1.1
6l s ~ N72F

In particular, [[¢n|[gg:e — 0 for any ¢ > 2 whereas HQ/)NHBQ—Q,Q = ||¥n || g-o ~ 1. Since the
equation is analytically well-posed in H~“(R), in view of the preceding case, it suffices to
prove that Az(¢n, ¥, t) does not tend to 0 in D’. By the localization, it holds ¢gj*dyr =0
on | —1/2,1/2[ as soon as j # j' > 10 and the same reasons as above lead to

ol tle—&n2ee _ 6|52&t)
1

Z /[( ¢2J gl ¢2J (g 51)( (H)a({, 51)

N<j<2N

Fu <A2(t7¢N, @Z)N)) (3]

1— —N2ag

> N ze /2NaN2 Lot/ Ve € [-1/2,1/2],

2(N +2)2« — 1
for any N > 0 large enough. This completes the proof of the ill-posedness results for
1/2<a<l.

6. FURTHER REMARKS

6.1. Wellposedness results in the case 0 < o < 1/2. In this case we only consider
the well-posedness results in the Sobolev spaces H*(R). We prove by standard parabolic
methods that one can reach the dilation critical Sobolev exponant s. = 1/2 — 2« except
in the case @ = 1/2 where 1/2 — 2o = —a. See for instance [12], [4] or [21] for the same

kind of results in the case o« = 1.
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Theorem 2. Let (a,s) € R? be such that a € (0,1/2] and s > 1/2 — 2a with s > —a.
Then the Cauchy problem (1.1) is locally well-posed in H*(R).

Proof. The proof is done using a fixed point argument on a suitable metric space. The
case s > 1/2 is trivial since H*(R) is an algebra and the semi-group S, is contractive on
H*(R). One can thus simply perform a fixed point argument in C([0,7T]; H*(R)) on the
Duhamel formula for a suitable 7' > 0 related to |lug||gs®). The case s = 1/2 is also

rather easy and is postponed at the end of the proof. So let us assume that
(6.1) 1/2-2a<s<1/2if0<a<1l/2and —1/2<s<1/2ifa=1/2,
that is a;, s belong to the set
{(a,s)€R2\0<a§1/2, s>1/2—2aand s > —« }
For s fixed as above we take 0 < so < 1/2 such that
1
0<spg—s<a and 250—§<s.

This is obviously possible for & = 1/2 since s > —1/2, and for 0 < a < 1/2 since
s+1/2>s+a>(1/2—-2a)+a =1/2 —a > 0. We first establish the existence and

uniqueness of a solution of (1.3) in

Xog = {u e C((0, 7], HO®) | ullxy == sup 5 [ult) | eoe) < M |
t€(0,T]

by proving that the mapping

Ay (u)(t) = Sa(t)up F /0 Sa(t—0) (u2(o))da,

is a strict contraction in Xy 7 for suitable M > 0, T" > 0.

From classical regularizing effects for the fractional heat equation it holds

(6.2) 1Sa(t)f i@ < Ct % || fllmsi ey ¥ 51 < s2, ¥ f € H(R).

Applying (6.2) with (s1, s2) = (s, s0), yields

30

(6.3) t % (| Sa (8ol oo ) S 1ol o) -

Now, according to [11], since 0 < sy < 1/2, it holds :

(6.4) 140 - gy < Cllullzsoey oo ey
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where C' is a positive constant. We thus obtain for any ¢ > 0,

t
< SO;S N, 204
o S 1 / Hsa(t u?(t)

< ts%;s/(t—t)
0

sg—s t sg—1/2
S O [ =) T O oo @

tsQOl dt/

ot
E ‘ / Sa(t — tYu?(t') dt’
0

H#0(R)

( /)||H250—1/2 R dt/
(R)

sg—s 2 s—(1/2-2a) 1
S sw (P u()lle) T [ (—0)7
0

T€]0,t[
s—(1/2—2a)

(6.5) SR e 1159
where in the last step we used that 0 < sy) — s < « and that sy > 1/2 — 2« since
S0 > s >1/2 —2a. In view of (6.5) we easily get for 0 <T < 1 and v; € Xp, i = 1,2,
~(/2-20)

(6.6) [ Auo (@)l xr S 1Sa(-)uollxy + T lJvill%,.
and
s— (1/2
(6.7) [Auo(v1 —v2)llxp ST (||U1HXT + [Jvall x7)[[v1 — v2(| x4 -

Combining these estimates with (6.3) we infer that for s > 1/2 — 2a, Ay, is a strict

—2a

contraction on Xy with M ~ |luo|gs(ry and T ~ ||uol| 7. (1/)2 *if 5 > 1/2 — 2a. This
leads to the existence and uniqueness in Xp for any ug € H*(R). For s = 1/2 — 2a, Ay,
is also a strict contraction on Xy r with M ~ |lug||gsx) and T' ~ 1 but only under a
smallness assumption on |ugl| s (z). Hence, we get the existence in X7 for any ug € H*(R)
with small initial data. Now to prove that the solution u belongs to C([0,T]; H*(R)) we
first notice that S (up) € C(Ry; H*(R)). Moreover , according to (6.2), we have

dt'
H*(R)

sup H /0 t Su(t — ') (u? — v?)(¢) dt’

t€]0,T'|

< sup /HS (t —t')(u? —v?)(t)

H(R) "~ telo,T]

(2s9—1/2) s
S Sup /(t_t/)mln( e Hu —v ||H230_1/2(R) dt’

te]o,71Jo

t
G121
S sup /(t—t)mm(o 2 |lu =]l ooy llu + vl oo gy At

t€]o, 7] Jo

S w4 vllxp lu = vllxp

1
Tmln(1+s 50 5= (1/2 2a))/ (1 —H)mm( (2sg 21/2) s)es—so
0

s— 50 s—(1/2— 2&)
(6.8) S Tt o Jlut vllxpllu = vl xy

[e3

do

=t de
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where in the last step we used that 0 < sy — s < « and that %{)‘/2_8 > —1 since

289 — s > s > 1/2 — 2a. This ensures that starting with a continuous function v €
C([0,T); H5(R)) N X a7, the sequence of function constructed by the Picard sheme that
converges to the solution in u € Xp is a Cauchy sequence in C([0,7]; H5(R)) and thus
u € C([0,T]; H*(R)). The continuous dependence with respect to initial data in H*(R)
follows also easily from (6.8).

It remains to handle the case of arbitrary large initial data in H®(R) when s = s, =
1/2 —2a. We first notice that, according to (6.6)-(6.7), Ay, is a strict contraction in Xy 7
as soon as M = 2||S,(-)ugl||x, is small enough. Then, fixing ug € H*(R), by the density
of H*°(R) in H*(R) we infer that for any ¢ > 0 there exists up. € H*°(R) such that
luo — o]l mroez) < €. Since uge € H*(R) it holds |[Sa(Juoellxy < T % |[uoel|seo(z)-
This leads to

1Sa(-)uollxy S T8 Il soge) + -

Noticing that the right-hand side member of the above inequality can be made arbi-
trary small by choosing suitable ¢ > 0 and T° > 0, this proves the local existence in
C([0,T]; H**(R)) N Xp for arbitrary large initial data in H**(R). Note that here T > 0
does not depend only on |[ug|| s (z) but on the Fourier profile of ug. The uniqueness holds
in {feXr/|fllx, = 0as ¢t~ 0} . This completes the proof for («a,s) satisfying (6.1).
Finally for s = 1/2 we apply the fixed point argument in
1+a

Xorr = {ueC((O,T],H F®) | ullg, = sup 5 u®)] ssa

< M}.
t€(0,7) ()

Using that H 1+TQ(IR) is an algebra we easily get

/S (= O)l) || e S i/ lu?], 1ga
<
<t [ ||H%

(6.9) < ti||u]]§~(t/o 0-12qp

N»—‘

This gives the local existence and uniqueness in X v, for M~ ||lugl| /2w and T~

—4
HUOH;I/Q(R). The fact that the solution u belongs to C'([0, T'; H%(R)) and the continuous



16 L. MOLINET AND S. TAYACHI

dependence with respect to initial data in H 3 (R) follows by noticing that

sup H/Ot St — ) (i — ) (1)

< sup / ISa(t = ) =),y

t€]o,T| HE (®) t€]0,T]
< su u? — v? dt’
~ el / I Ol ey
< su u(t) — o( o dt
"t opT / I 2 HH%(R)
< su / u(t) +v(t o Ju) — vt o
1) + o g Il = o)l
1
(6.10) < Jutvllg,llu—vlg, T%/O 0-1/2dp
O
6.2. Illposedness result for « = 1/2 and s = —1/2. Let us now prove an ill-posedness

result at the crossing point (o, s) = (1/2,—1/2) of the two lines s = —a and s = 1/2 — 2a.
Recall that there exists Ty > 0 and Ry > 0 such that the solution-map wug — u associated
with (1.1) for a = 1/2 is well-defined and continuous from the ball B(0, Ry)2 of L*(R)
with values in C'([0,T]; L%(R)). The following norm inflation result clearly disproves the
continuity of this solution map from B(0, Rg) 2 endowed with the H~1/2
values in C([0,T); H~/?), for any T < Ty.

-topology with

Theorem 3. There exists a sequence Ty \, 0 and a sequence of initial data {¢n} C L?(R)
such that the sequence of emanating solutions {un} of (1.1)is included in C([0, Ty]; L*(R))
and satisfy

(6.11) lonll 172 =0  and  |Jun(TN)| g-1/2 = +00 as N — oo

We follow exactly the very nice proof of Iwabuchi-Ogawa [8] that proved the ill-posedness
in H—1 of the 2-D quadratic heat equation. Note that (1, —1) is the intersection of the two
lines s = —a and s = 1 — 2a, this last line corresponding to the scaling critical Sobolev
exponent in dimension 2. We need to introduce the rescaled modulation spaces (M2 1)n

that are defined for any integer N > 1 by

(M) = {w € S'®) | [ullar ) < 0
where

lall oy = D lalzzgenro) -

ke2Nz

dt’
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It is easy to check that

lwll(avr)yy = Z ([ % D] 2 (g o2y
ke2Nz
S (X Ioloigereen) (X0 Nalaesrey)
ke2Nz ke2Nz

(6.12)

IN

N/2
Co 2™ |[ull vty 1) 10l (01
for some constant Cy > 0. Hence (My 1) is an algebra and, since S, is clearly continuous

in (Ms1)n, we easily get for any up € (Ma1)ny and any v € LP (M 1) N that

(6.13) 1o ()l () S Mol a ) + T2 2] Ao (0N g0 1y ) -

Picard iterative scheme then ensures the well-posedness of (1.1) in (Ms 1)y with a minimal

time of existence

(6.14) T ~ 27V ol

Therefore the analytic expansion (6.16) holds in (M3 1)n on the time interval [0, 7.
We set

on.r = Rp(2V")

where ¢ is defined in the beginning of Section 2, N > 1 and R > 0 tends to 0 as N — co.
We easily check that

(6.15) lon.Rll (1) < AR2N? and  |¢n.gllg-12 ~ R — 0as N — 400 .

According to (6.14), the solution un g of (1.1) emanating from ¢y p exists and satisfies
on [0,27V],

(6.16) ungr(t) = Sat)éng + > Ar(t, ¢k g),
k=2
where h* = (h,--- ,h), h* > Ag(t,h¥) are k—linear continuous maps from ((Ma1)n)*

into C([0, T]; (M2,1) n) and the series converges absolutely in C([0, T]; (M21)n). Moreover,
setting A; (¢, h) := S4(t)h, the Ay’s satisfy the following recurrence formula for k£ > 2,

(6.17) At hFy = > /Ot Se(t —t') (Ak1 (', h*) Ay, (t, h’”)) dt’ .

k1+ko=k

According to (6.15), for any ¢ > 0,

[Sa(t)dN R

]H_1/2§R%0asN—>+oo.
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Moreover, as in (5.7) , we have

—

Az ()(§) == T (A2(tv¢N,R>¢N,R))(§) = 2/]1%%(&)%(5_51)6@(

[€l=l&l—ls=&llt _ 1
¢ >d L
1€l = [61] — 1€ — &1

By the support property of (51\@ g we infer that for ¢ < 27V it holds

[1El—111—lg—=&llt _
e lelt | €
€] =& = 1€~ &

This ensures that |A2(¢)(€)| 2 R?2Vt  for t <27 and |¢] < 2VV/8. Hence,

~t.
1

oN

A2l g-12 = R22Nt</jv<£>_1)1/2

8

(6.18) > R2VINYZ |

where (€) = (1 + |£]?)/2. On the other hand, we have the following upper bound on the
H~Y2norm of the Ay’s.

Lemma 6.1. For any k > 3 it holds
(6.19) 1Ak (t, ok )l 172 < 8FCETH N + Ink) /2 RQE-D T gkt
Proof. We first prove that for £ > 1 we have
(6.20) 1AK(E, O ) | vty 1) < 47 C~ HEFTTRIZEEDATZ,
For k =1, it follows directly from (6.15) that
ALt 68, R) | (M) = 11812 (D) DN, ll (01p 1) < AR2N/Z,

and using (6.12) we obtain

IN

| Aa(t, ¢?\/,R)”(M2,1)N /Ot H <A1(T, ¢N7R)>2H(M2,1)N dr

2

Cy2N/? /Ot HA1(t)d>N,RH(M2’1)N dr

IA

(6.21) < 420y23N2R%

In view of the expression (6.17) of A(t, gbfv’ r)» (6.20) follows then easily by a recurrence
argument on k.

Now, again from (6.17) it is easy to check that the support of the space Fourier transform
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of Ax(t,®% ) is contained in {¢ € R, [¢] < k2V*2}. It thus holds, using Hausdorff-Young
and Holder inequalities, that

‘|Ak(t7¢’]€V,R)HH*1/2 < ”<‘>71/2||L2(—k2N+2,k2N+2) Zupfjl\k(tmﬁvﬁ)‘(f)

S AN+ k)2 Y /IIAm (7. 84 ) * Ay (7, 682 )| ge dr
k1+ko=

< AN +hRY2 Y / 1Aty (7, 65 )l 2| Ay (7, 652 ) 2
k1+ko=

Therefore (6.12) and the fact that (Ma 1)y < L?, with an embedding constant less than
1, lead to

1At Ok )l gr-1e < 2N +Ink)V2 Y- / 1Ak, (7, 0% ) (o) 14 (7, 882 )l 000 T
k1+ko=

< 2(N+ln/€)1/24kC§leZ(%_Q)N/Q/Tk_Qch'( 3 1)
0

ki1+ko=k
(6.22) < (N +Ink)V/24kCE-1 Rho(2k-2)N/2 lzt ’1 .
O
We deduce from the above lemma that
(6.23) > | Ak(t, ¢k p)ll g1z < 8*CE22V R (N +Ink)'/2(8Co2N Rt)F—*
k>3 k>3
Therefore setting R := N~/4In N we get
(6.24)
In N\ k-3
sup 3 Akt Ol S NV NP YD (NIm k) 220 < ()
0<t<(8Cp2N )1 k>3 k>3 N

with v(N) — 0 as N — oco. Setting Ty := (8Co2")~! and gathering (6.18), (6.19), (6.24)
and (6.16) we deduce that

(6.25) lun(Tn) || =172 = C(In N)2 = N"V4In N — 4(N) — 400 as N — oo,
which, together with (6.15), concludes the proof of Theorem 3.

Remark 6.2. By the previous theorems, for 0 < a < 1, we obtained the well-posedness
of the fractional heat equation (1.3) in H*(R) for s > max(—a,1/2 — 2a) and («, s) #
(1/2,-1/2). See Figure 1.



20

vl

172

N

L. MOLINET AND S. TAYACHI

i/

o[ % // o
~\\\
7 R 2
_] ——————————
g= =t
e BN oarenwaeiasenmay aweeenie i
s=1/2-2¢

FIGURE 1. The domains of well-posedness and ill-posedness for the frac-
tional heat equation (1.3) in H*(R), o € (0,1], s € R. Well-posedness
holds inside the hatched region with its boundary without the point
(1/2,—1/2). Ill-posedness holds in side the shaded region and the point

(1/2,-1/2).
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The periodic case. The periodic case can be treated in exactly the same way as the

real line case since the linear fractional heat equation enjoys the same regularizing effects

on the torus. The only difference is that the dilation symmetry, that we used at the end

of Section 4, does not keep a torus invariant but maps it to another torus. To overcome

this

difficulty it suffices to notice that, in the periodic setting, the estimates derived in

Section 3 are uniform for all period A > 1.
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