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Abstract

In this paper we present a detailed analysis of a single server Markovian queue with impatient customers.
Instead of the standard assumption that customers perform independent abandonments, we consider situations
where customers abandon the system simultaneously. Moreover, we distinguish two abandonment scenarios,
in the first one all present customers become impatient and perform synchronized abandonments, while in the
second scenario we exclude the customer in service from the abandonment procedure. Furthermore, we extend
our analysis to the M/M/c queue under the second abandonment scenario.

For these models we carry out an extensive analysis including the stationary, the busy period and the con-
ditional sojourn time distributions deriving exact formulas and iterative algorithmic schemes. We, also, obtain
explicit results under various limiting regimes that demonstrate the effect of the level of synchronization to the
performance of the systems.

Keywords: queueing system, impatient customers, synchronization, basic ¢-hypergeometric series, markov chain,
stationary distribution, mean conditional sojourn time, busy period distribution.

Classification: 90B22, 60K25

1 Introduction

Queueing systems with reneging (i.e., impatient customers) have been studied extensively (see, e.g. Boxma and
de Waal (1994), Daley (1965), Palm (1953) and (1957), Takacs (1974)). The main assumption in the literature
is that customers perform independent abandonments, that is, each one of them sets an impatience clock and
abandons the system as soon as the clock expires. For Markovian models, this type of abandonments introduces
state-inhomogeneous transition rate matrices, which complicates the computation of the performance measures.
This type of spatial inhomogeneity is usually stydied by applying generating function methods. However, such
systems are usually intractable or can be solved in terms of hypergeometric series (see e.g. Altman and Yechiali
(2006) and (2008), Artalejo and Gomez-Corral (1997), Baykal-Gursoy and Xiao (2004), Keilson and Servi (1993),
Krishnamoorthy et al. (2005), Perel and Yechiali (2009), Yechiali (2007)).

In the present paper we concentrate on the study of a single server Markovian queue with impatient customers
that perform synchronized abandonments. This basic model is motivated by remote systems where customers
have to wait for a certain transport facility to abandon the system. Then, whenever the facility visits the system,
the present customers decide whether to leave the system or not. Therefore, we have synchronized departures
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for some of the customers.

We will distinguish two types of abandonment scenarios, in the first we assume that all present customers
become impatient and perform synchronized abandonments, while in the second scenario we exclude the cus-
tomer in service from the abandonment procedure. More specifically, in the first scenario, we suppose that the
abandonment epochs occur according to a Poisson process at rate v, whenever there is at least one customer
present in the system. Then, at the abandonment epochs, every present customer remains in the system with
probability ¢ or abandons the system with probability p = 1 — ¢, independently of the others. This implies that
there exist binomial transition rates of the form (::,)p"*"/q"/ v, from a state n to states n/, for 0 < n’ < n. In
the second scenario, we, again, assume a Poisson abandonment process at rate v, which is, now, set on whenever
there is at least one customer in the waiting line. Then, at the abandonment epochs, every waiting customer
remains in the queue with probability ¢ or abandons the queue with probability p = 1 — ¢, independently of the
others. This implies that from a state of n+ 1 present customers, for n > 0, there exist binomial transition rates
of the form (:/)p"’”,q"/ v to states n’ + 1, for 0 < n/ < n.

Markov chains with binomial type transitions occur in Mathematical Biology in the study of population
processes subject to binomial catastrophes (see, e.g. Artalejo et al. (2007), Brockwell et al. (1982), Economou
(2004), Economou and Fakinos (2008)). Moreover, Neuts (1994) studied a 1-dimensional discrete-time model
with similar dynamics. In the same framework, Economou and Kapodistria (2009) and Economou et al. (2010)
studied systems with synchronized services, while Adan et al. (2009) and Economou and Kapodistria (2010)
studied systems with server vacations and synchronized abandonments. We have to mention that in all the
Markovian models with binomial transitions that have been studied so far in the queueing literature the com-
mon factor is that the binomial rates, when appearing, are the only backwards rates affecting the number of
customer/units in the system:

e in the case of binomial catastrophes the number of units in the system is only reduced when a catastrophe
occurs, since no death is considered in this type of systems

e in the case of synchronized services the number of customers in the system receiving service is reduced
according to the binomial distribution at a service completion epoch and no other event occurs that would
reduce the number of customers in service

e in the case of synchronized abandonments the authors have only considered systems with server vacations
in which abandonments only occur during the absence of the server, hence abandonments and service, or
any other event that might reduce the number of customers, don’t coexist in the same time period.

The primary aim of this paper is to introduce and study a basic queueing model combining synchronized aban-
donments. The analysis of this paper extends the analysis of the aforementioned papers since this is a first effort
to solve a Markovian model where binomial transition rates coexist with service rates, i.e. we have transition
rates of the form (s/)p"’",q", VA4 0ps n—1, 0 <n/ < n, where d, ,—1 denotes the Kronecker delta, being equal

to 1, if n’ =n — 1, and equal to 0, otherwise.

The paper is divided in three sections, consisting three parts one for each model we study. In section 2 we
study the M/M/1 queue under the first abandonment scenario, while in sections 3 and 4 we study the M/M/1
and the M/M/c queues, respectively, under the second abandonment scenario. Section 2 is further divided
into several subsections: In section 2.1 we present the first model and give the appropriate notation, in the
next section, 2.2, we prove the stability of the model and in section 2.3 we study the stationary probability
generating function of the queue length. In section 2.4 we present the factorial moments of the queue length.
We proceed with section 2.5 where we demonstrate the effect of the level of synchronization to the performance
of the system. In sections 2.7 and 2.8 we treat the mean conditional sojourn time of a tagged customer and the
system busy period distribution. In section 3 we study the stationary probability generating function (section
3.2), the factorial moments of the queue length (section 3.3), the mean conditional sojourn time (section 3.4)
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and the busy period (section 3.5) distribution for the second model. Finally, in section 4 we extend the analysis
of the previous section to the M/M/c queue with synchronized abandonments, but not for the customers in
service.

2 The M/M/1 queue with synchronized abandonments

2.1 Model description and notation

We consider an M /M /1 queueing system in which customers arrive according to a Poisson process at rate A\. The
service is provided by a single server, who serves the customers according to a FCFS discipline. The successive
service times are independent exponentially distributed random variables with rate p. Customers become im-
patient and perform synchronized abandonments in the following way: A transportation facility is set on and it
arrives at the system according to a Poisson process at rate v. Every arrival epoch of the transportation facility
constitutes an abandonment opportunity for the present customers. We suppose that each one of them decides
to abandon the system with probability p or remains in the system with probability ¢ = 1 — p, independently of
the others.

The system is represented by a continuous time Markov chain {Q(t) : ¢ > 0}, where Q(t) denotes the number
of customers in the system at time ¢, ¢ > 0. The corresponding transition rate diagram is given in figure 1.
From figure 1 it is apparent that the continuous time Markov chain is irreducible and aperiodic. In subsection
2.2, we will show that it is also always positive recurrent.

pdv

Figure 1: Transition rate diagram of {Q(t) : ¢t > 0}.

2.2 Stability of the Model

Let us consider the embedded Markov chain {Q,, : n > 0}, where @,, denotes the number of customers in the
system left behind by the nth departure. Then, since we have two types of departures those due to service
completion and those due to the abandonment process we have that

Q7L+MTI,
{Qnu1]@n >0} = Qu+My—Lipcan—( >, L) Lpsay,
j=1
where M, is the number of Poisson arrivals at rate A during the minimum of a service time, denoted by B,,
and of an inter-abandonment time, denoted by Ay, with Pr[B, < An] = ;. and {I;};en are identical and
independent bernoulli random variables with P[I; = 1] = p, j € N, independent of the other random variables.

The embedded Markov chain {Q,} can be easily shown to be positive recurrent using Pakes’ (1969) theorem:
an irreducible and aperiodic Markov chain {Q,} is ergodic provided that for all but finitely many values of 4,
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the drift at state i, E[Qnt+1 — Qn|@n = ], is bounded above by a negative constant. For our model we observe
that {Q,} is irreducible, aperiodic and satisfies the condition of stability since

.. I v LA
E n — WnlWn =1, 0 = EMn_ - -
@ui = QulQu=ici> 0] = En]- - 2 (142
A—p—ipy — A\ —
= gy p<0, Vizr\q MJ+1.
nw+v pv

Therefore, the continuous time Markov chain {Q(t) : ¢t > 0} is irreducible and always positive recurrent.

Let {m, : n > 0} denote the stationary distribution of {Q(¢) : t > 0}. We also define the probability
generating function II(z) by

oo
= g T2
n=0

In subsection 2.3 we will determine II(z) in terms of g-hypergeometric series (also known as basic hypergeo-
metric series). In subsection 2.4 with the use of some properties of the ¢-hypergeometric series we will calculate
the factorial moments of the queue length. Moreover, in subsections 2.6 and 2.7 we will also see that the study of
the mean conditional sojourn time given the state of the system and the busy period distribution of the system
are also facilitated using the theory of g-hypergeometric series.

There exists a rich theory for the class of g-hypergeometric series and their g-calculus which enables fast
calculations and simplifications. In the queueing theory literature there exist only few papers where this theory
has been applied (see e.g. Ismail (1985), Kemp and Newton (1990) and Kemp (2005)). For this reason we will
briefly summarize the basic definitions bellow and present some results of the g-calculus in Appendix A. The
interested reader can find more details on the definitions and the results (with proofs and extensions) in Gasper
and Rahman (2004), Chapters 1-3 and Appendices I-III.

The g-hypergeometric series are series of the form > ¢, where ¢g = 1 and 2 is a rational function of
Cn+1

q" for a deformation parameter ¢, which is taken to satisfy |¢| < 1. Observing that the ratio , being rational

in ¢", can be written in the form

Cnt1 (1 - alqn)<1 _ a2qn) e (1 - arqn) (_ n)1+s—r
e (L=g") (L —big™) - (1 —bsq™)

z, 1,8 € Np,

we have that every such series assumes the canonical form

a1,a2,...,0r _
T(bs( 54, 2 = T¢S(a17a27-"7a7‘;b17b27"'7bs;qu)

i (a1;@)n(a2; @) -~ (ar @n [(—1)"q(3)} T, (2.1)

= (@ @)n(015@)n - (bsi@)n

where (a;q)o = 1 and (a;q), = (1 —a)(1 —aq)(1—aq?®)--- (1 —aq™ '), n > 1. The quantity (a;q), is referred to
as the g-shifted factorial. We also define (a;¢)s = [[ro(1 — ag®) and use the abbreviation (a1, as, ..., ar; ¢)s
to denote the product (a1;¢)oo(a2;¢)oo - - - (ar; ¢)oo. In the definition of a g-series through (2.1), it is assumed
that b; # ¢ ™ form =0,1,...and i =1,2,...,s. For |¢| < 1, the ,¢; series converges absolutely for all z when
r < s, and for |z| <1 when r = s+ 1.
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2.3 The steady state distribution
The set of balance equations of the model is given as follows:
Amg = pmy +vpm +uptme 4 vpimy 4
AN+p+v)ym, = Amp1+ prpsr +Hvq T + V(nz 1>pq”7rn+1 +-, n>1.
These equations can be solved efficiently by employing generating function methods and we obtain the following.
Theorem 1 The probability generating function 11(z) is given by

1—z
71720
. 2¢1< 2 1=z, ;Q»Q>
(z) = o 2] < 21, (2.2)

(— =55 @)oo 0,1 2
2¢1 ) 74,49

zZ1— 1q

where

Ap+v—y/A+p+v)2—4

0 = 5 € (0,1) (2.3)
A put+v+ /O p+ )2 —4x
o = i \/(% ptv) Pe, o). (2.4)

The convergence of 11(2) is absolute in the corresponding open disks and uniform in every compact subset of
them.

Proof. The set of balance equations of the model can be written as:

A+v)my = u7r1+1/ij7rj (2.5)
3=0
(7
A W= AT . P, > 1. 2.6
A+ pto)m n 1+m+1+vj§(n) "y n (2.6)

Multiplying both sides of equations (2.5) and (2.6) by 2° and 2", respectively, and summing for all n = 0,1,2, ...

we obtain
A+t 0)l(z) = g = AeTI(z) + E11(z) __W0+VZWJ;< ) —n
= A:dl(2) + ;H(z) - gwo +uII(p + q2).
Hence
() - (e =LDumo vz (p + ). 2.7)

A+p+v)z— 22 —p  A+p+v)z—A22—p

We observe that the quadratic polynomial A(z) = (A + p + v)z — A2? — 11 has two real roots given by (2.3) and
(2.4) such that A(z) = Az — 20)(21 — 2) and A\(1 — z0)(21 — 1) =
Iterating equation (2.7) yields

zfl - (1fq +q*2)
II(z) =
(2) MOZ i kl A — ¢ + ¢*2)

v (=g +4%)
+II(1 — " 4 gLz ,Vn>0. 2.8
( ST AT T 28)
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Taking into consideration that

A(lququkz) = )\(lququszzo)(zl71+qqukz)
1—2z 1—2
_ 1— k(1 k
v( 1_ZOQ)(+21_1(1)

equation (2.8) assumes the form

z

-1 no (1= (1= 2)g"
A po Y0 Hk_()(l—z (k )ql)—z k
(Z) j=0 k:l(l - 17zoq )(1 + Zlflq )
v an (1 - (1 - Z)qk)
—|—H(1 — q”“ + q"HZ n =0 —z —z
)A(Z) Hk:l(]‘ - 11720 qk)(]' + leflqk)

Taking in both sides of this last equation the limit as n — oo and using the g-shifted factorial notation, i.e.
(a;9);j = (1—a)(1 —aq) - (1 —ag’~1), we derive

II(z) =

,Vn>0.

z—1 = (1—2;9); v [Ty (1— (1 —2)g")
I(z) = pmo » gl L - = —
A(2) Jz::o (12692569, AR L0 - =260+ 2=54d")
z—1 q,1—2,0 (1—=259)c0
= M7 392 L. o1-s 39,9+ — = . (2.9)
A(z) — 54 154 ) Al2) (1549, — 254 D)oo
Multiplying equation (2.9) with A(z) and setting z = zo we can solve for 7
1= 20:0)ms 1

T = v ( _2010) . (2.10)

(1= 20)p (¢, — 254 @)oo 1— 2,0

201 | 1z 1054
21,1(]
Plugging (2.10) into (2.9) we obtain
q,1—2,0
302 ( 1z 12 ;q,q>
() — z2—1 v (1= 20;9) o0 1?14
A(z) 1= 20 (¢, —24; Q)0 1— 20,0
201 | 1z, 3054
z1—1
1—2q)

+ v 172( Z?Q) (211)

A2) (154, — 356D

We will now express the 3¢9 series that appear in equation (2.11) as the sum of two 2¢; series in order to simplify
the expression of II(z). To do so, we use Jackson’s transformation formula of the 2¢ series (see Appendix A,

formula (A.11)). Equation (A.11) fora=g¢, b= —15,c= —:;_Zlq and x = 1 — 29, and observing that for the
specific selection of a we have that abx/c = bxg/c and (bx/c; q)oo = (1 — bx/c)(abr/c; q)so, assumes the form
qvi% z—1 qv]-*Z?O
201 Gl = - 302 T B Y
14 20 — 2 Ta1d 12,4
(¢ —12¢,1 - zq) 1— 2,0
+ 1—2 — 1172 OO 2¢1 1720 34,4 | - (212)
<_21,1Qa_1,Z0a1_207q)00 72171q

Furthermore, we interchange the arguments of the 2¢ series that appears on the left hand of equation (2.12)

using the first of Heine’s transformation formula of the 2¢ series (see Appendix A, formula (A.8)) Plugging

equation (A.8), for a = ¢, b = 7#’_1, c= lelf_zlq and x = 1 — zp, into (2.12) and solving for the 3¢9 series we
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obtain

1 =
Z1—1q7 mq z—1 (721*Z1q’1720;q Zl_lq

1—20 . 1—2
¢:1—-2,0 Z— 20 (qa_ ,1Q7Q)oo ———= 1—2z
3¢2< 1 . ;q,Q> = — ) 201 o [ 14, q
o0

1720

z—2 (G—3%01- 20 1— 2,0
L1 (1= PR : o1 | 1l saq). (213)
z (721_1(]7 1_Z0717'ZOaQ)oo

z1—1q

Plugging equation (2.13) into (2.11) after some manipulations we obtain

11—z
- 71 — 20
201 =1 14,9
() z—zy VU 1 —-14
z) = —
A(z) 1= 20 (254 0) 1— 2,0
291 C1-z,, 344
2171
vV o zZ—z 1— 2z v 1— 2z
- - 1_£ 1_Z)°° + 1_2( 1_qz)°° : (2.14)
AR) 1 =20 (=5, 236G Do AR) (1250 256 Do
Observing that j(j‘)’ T2 = 21 and taking twice into consideration that (a;¢)e = (1 — a)(aq; ¢)xo, once for
a=—2=% and once for a = ==, equation (2.14) reduces to (2.2). n
1 zZ0

2.4 Factorial moments of the queue length

In order to proceed with the calculation of the moments of the queue length distribution in the stationary state
we could differentiate every term of equation (2.2). We are allowed to do so because of the uniform convergence
we have achieved in theorem 1. However, using the fact that II(2) is by definition analytic (since it is represented
by a power series) we can differentiate directly every term of equation (2.7) as stated in the next remark.

Remark 1 Differentiating relation (2.7) and setting z = 1 we have that

Wy + A —p
v(l-q) -

Differentiating relation (2.7) n times and setting z = 1 we have that

H(l)(l) =

v(1— O™ (1) +nwd — ¢ +p— NI V1) —n(n—DAO"2 (1) =0, n > 2.

Nevertheless, a closed form for H(")(l) can be obtained by applying results from the theory of g-series, as can
be seen in the following theorem.

Theorem 2 The factorial moments m(,) = E[Q(Q — 1)(Q — 2)---(Q — n + 1)] of the stationary number of
customers in the system are given by

1-— 20,0 n
201 | 1ls 5@ ¢
n a1 >1 (2.15)
my = , =1, .
() (z1 = 1)"(¢; @) 1— 20,0
201 1—z . 3059
7Z171q

where zo and z1 are given in equations (2.3) and (2.4), respectively.

Proof. The factorial moments exponential generating function M (z) is given by

> (7)+

n=0

M(z)=>" m(n)i—T =E = E[1+42)9 =1(1 + 2). (2.16)
n=0 ’
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We have already shown in theorem 1 that II(z) converges in a neighborhood of 1, hence M(z) is well defined in
a neighborhood of 0. Equation (2.2) assumes the form

21— 2
2¢1< e §QaQ>
(1l 4z) = ! -t
(757 Doo 0,1 — 2
201 | 1—sy . 1054
zZ1— 1q

1 > 1— 20;9)k (ZZ13 0k
N 0,1— 2 Z (Q'qgk(loz“)qq)qu(%' Qoo (2.17)
201 ( ’ 0 ;q,q> h=0 st -

_ 1=z
2171

Observing that (=27; Q)r(:554"; @)oo = (57 @)oo equation (2.17) assumes the form

I(1+z2) = ! i U=z ! . (2.18)

- q
0,1— 2 (G- G O (500
201 /N

_ 1=z
Zl—l

Using now the ¢-binomial theorem (see Appendix A, formula (A.2)) we have that equation (2.18) can be written
as

1

> ZOv k k\n
Hi+2) — &)
O 1— 2 kzzo Zlfqu nzo 77« Zli]‘
2¢1 1—29 14,4
Zlflq

O ].72'0 k Zl—lq q)
1
Zlf(l)q

s
o

o0 o0
= 1 Z n Z 1 - Zo, )k q(n_»,_l)k
q q n Zl -1 0
2¢1 14,4

3

o 17Z0
Zl—l

= 1 izn s [ U102 gt
= 1— s Yy
0,1—20 —0 21_1) 7z1—zgq
201 14,49
which concludes the proof. "

2.5 Limiting regimes

We now turn our attention to the behavior of the model under certain limiting regimes. To emphasize the de-
pendence on the parameters of the model in the rest of this section, we will denote 7,, and II(2) by m(n; A, u, v, p)
and II(z; A, i, v, p), respectively. Note that vp can be thought of as the effective abandonment rate per customer.
Indeed the overall abandonment time of a customer is a geometric sum of exponentially distributed random vari-
ables with rate v and so we can easily see that it is also exponentially distributed with parameter vp. Under this
perspective, if we have two models with the same parameters A, p that differ only in v and p, but with vp = v*
fixed, we can think that the models have identical arrival rates A, service rates pu and effective abandonment
rates per customer v* and differ only in the ‘level of synchronization’ p. Indeed, the case p — 0" corresponds to
no synchronization, since then v = v*/p — oo, hence the customers depart almost singly at the abandonment
epochs. On the contrary, the case p — 1~ corresponds to full synchronization, since then v = v*/p — v*, hence
almost all present customers depart simultaneously from the system when an abandonment opportunity occurs.

We are interested in studying the stationary behavior of the system for the case where A\, ;1 and v* are kept
fixed in the two limiting cases p — 0% (¢ — 17) and p — 17 (¢ — 07). The case p — 0T corresponds exactly to



QUES9219_source.tex; 7/03/2011; 10:54

the M/M/1 queue with exponentially distributed patience times, where patience refers to the sojourn time, i.e.
customers being served may run out of patience and abandon the system. This system following the Kendall
notation can be denoted as M/M/1 4+ M?*, where the superscript s refers to the sojourn time. Then for this
system the set of balance equations, with patience rate v*, is given as follows

Apn = (p+ (n+ 1)V )pnta, n > 0.

These recursive equations can be easily solved. However, note that, it is enough to solve the M/M/1 queue,
with exponentially distributed patience times, where patience refers to the waiting time, i.e. the M/M/1 + M
queue (see, e.g. Palm (1957), Zeltyn (2005)), with balance equations

)\pn = (:u =+ TLV*)pn+1, n > 07

and replace p by pu + v*.

For the limiting case p — 0T, where )\, u and v* are kept fixed, we derive the steady state probability
generating function in theorem 3 and obtain the factorial moments of the state distribution in theorem 4. One
can compare our results with the results presented in Zeltyn (2005) section 6.1, after setting n = 1 and replacing

pby p+vr.

Theorem 3 For a system with arrival rate X\, service rate u and effective abandonment rate per customer v*
the generating function

*

H(I)(z) = lim II(z; A, g, 7q,1—q),

q—1-
and the steady state probabilities

ﬂ',(ll) = lim 7w(n; A\, p,

14
- 1—
Jim. - 9);

in the limiting case of no synchronization are given by

Fi(l;14 452
) = 1 1151+ 55 7ee) (2.19)
1P 1+ l,*)
o1+ L 1
D = <i) A+, )ﬂ , n>0, (2.20)
v ) Tn+1+ &) FR(11+ Pi’,,)
with 1F1(a'b'z) = % fo #1211 — t)’ =2 1dt being the Kummer (confluent hypergeometric) function
and T'(a) = [ t* Le~'dt the Gamma function.

Proof. We will write II(2) in terms of the ¢-integral and take advantage of the convergence of the g-integral to
the usual integral, as ¢ — 1~ (see Appendix, formula (A.3)). More concretely, we have that the two 2¢ series,
that appear in the expression of 1I(z), as given in equation (2.2), can be written as g-integrals, using the ,11¢,
series transformation formula to the ¢-integral (see Appendix A, formula (A.12)) and obtain

=120 _ (—zllevl — 200 [t (gt _ZI SR 2.21
2¢1  1—=z29 14,4 - 1_ 1— 1— P q ( . )
21— 14 ( q)(q7 1q q) ( 21,1 a( ZO) 7q)oo
1—

0,1— 2z (1fzo;q) /1 (qt, — =54t 9) o
201 . 0G| = . L dgt. (2.22)
( —i % ) (1= 9)(¢, = 325¢; 9o (1=20)t;0)00 *

Plugging (2.21) and (2.22) into (2.2) and simplifying several terms we have that (2.2) assumes the form

(qt 1qt,q)oo dyt
1q) oo

H(z) = . (2.23)
1 (qt e 1qt,q)ood
fO ((1—20)t;9) 0o l
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In order to obtain the limit of II(z) as ¢ — 17, under the condition v(1 — ¢) = v* is kept fixed, we need to
calculate the limit of the terms ((1(7‘1;‘1));;)007 (_Zl;zlt; 7)o and (—il_f‘l’ qt; @) that appear in expression (2.23).

On what the first of the terms is concerned using formula (A.5), we obtain that

: (1 - 20)t;¢)oo — lim &L
T 1) S G i Dk R R PR P L S L PP
g—1- (1 = 20)t; @) o -1 (1= 20)t9)0 g1

Replacing v by % and taking the limit as ¢ — 1~ we have that

lim zp = 0 (2.25)
q—1-
. d ¢ %
lim — = 1- L. 2.26
S T " (226)

Under the light of these two results equation (2.24) becomes

: (4t @)oo L
lim —————— = (1—¢t)»" . 2.27
a—1- ((1 = 20)t; @)oo ( ) (227)
Moreover, to calculate the limit of the second and third term we will use formula (A.4) and obtain that

1—2)t

1-=2 m Uy
li — 1) = €97t 2.28
T (g = e (2.28)
lim ( -2 ) lim S50 (2.29)
1 — () = €17 . .
g—=1- 21 — 1994
Replacing v by % and taking the limit as ¢ — 1~ we have that
ql_i)r{lﬁ (z1—1)(1-¢q) = < (2.30)
Under the light of equations (2.25) and (2.30) we have that (2.28) and (2.29) assume the form
1—2 A
lim (— tiq)es = evrTA) 2.31
qg{{( 1 1q) e (2.31)
1 20 A
li — t:q)ee = evil. 2.32
T (- g = (2.32)

Taking, now, the limit as ¢ — 1~ in (2.23), taking into account equations (2.27), (2.31) and (2.32) yields

[ —t)yF=terr =t
Y1ty lesEtdr
0

H(I)(Z) _ (2.33)

Using, now, the Kummer function notation yields (2.19). Furthermore, from equation (2.33) after expanding
e%”, that appears in the numerator, as series we have that

1 o A n
" 2t
O N =
T oF et Jo 2w
> A

_ 1 n(u*)n 11 L*flnd
= — - ZzTo(ft)u tdt

_ 1 o (AN T/
; fl(lft)ui**le%*tdtg <V> P(n+1+p/ve)

Equating the coefficients of 2™ and using the Kummer function notation yields (2.20). u

10
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Theorem 4 The factorial moments mgfl)) = EQQ -1)(Q —2)---(Q —n+1)] of the stationary number of
customers in the system are given by

A" T+ L) (Fi(n+Lin+ 1+ £ 24
m(I) — <_) n ( Uu) 1 1(” n ;\/ v )7 (234)
(n) vi) Tn+l+5) A1+ 42
with 1F1(a; b; 2) = % fol e*te71(1 — ¢)>=2=1dt being the Kummer (confluent hypergeometric) function

and T'(a) = [ t* Le~'dt the Gamma function.

Proof. As in the proof of the previous theorem we will express the two ¢ series that appear in the formula
of the factorial moments m,), as given by (2.15), in terms of the g-integral. More concretely using (A.12) we
can easily see that

0,1— 1 (1-20q)e [' . (at,—22qt;:¢)s
2¢1< o ;Q»an) = (1 —z0i0) / fn( 2 104) dgt. (2.35)
oo J0

1— —
a4 1—q(q, -0 (1= 20)t:q)o0

Plugging (2.22) and (2.35) into (2.15) and simplifying several terms we have that (2.15) assumes the form

1, (at— 22 qt;:0) 0

n! Jo " e

(21 =D"(@ @n 1 a5 a0
0 ((1—20)t;9) 00

dgt

m(n) (2.36)

dgt

We have already calculated the limit of the terms % and (— i:fg qt; ) In equations (2.27) and (2.32),

respectively. So, we only need to calculate the limit of the expression (21 — 1)"(¢;q)n, as ¢ — 17, under the
condition that v(1 — q) = v* is kept fixed. Replacing v by % and taking the limit as ¢ — 1~ we have that

*

lim (z1 — 1)"(¢;¢)n = n! (VT) . (2.37)
Taking the limit as ¢ — 1~ in (2.36), taking into account equations (2.27), (2.32) and (2.37) yields

%) A\ fol t"(1 —t)vi*_le%‘tdt
m(n) = o 1 U R ) :
v Jo (@ —=t)yv=—tev=tdt

Using the Kummer function notation yields (2.34). ™

We now derive the corresponding results for the other extreme case of full synchronization, i.e. when p — 17
In this case our model converges to the M/M/1 queue with total catastrophes (see, e.g. Di Crescenzo et al.
(2003)). In theorem 5 we derive the steady state probability generating function, while in theorem 6 we obtain
the factorial moments of the state distribution. One can easily compare our results to the results presented in
the paper of Di Crescenzo et al. (2003) p. 330 formula (3) and p. 331 formula (5).

Theorem 5 For a system with arrival rate \, service rate u and effective abandonment rate per customer v*,

the steady state distribution 71'7(10) = limg_ o+ m(n5 A, i, %, 1 —q) in the limiting case of full synchronization is
given by
@ = <1 — i) <i> , n>0, (2.38)
21 /) \#1
where
A * A )2 — 4\
a4 = ATEAY +\/(2;“+”) P e, (2.39)

11
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Proof. In order to calculate the limit of TI(z) as ¢ — 0T, we will take advantage of the convergence of the
291 (a, b; ¢; q, q) series to 1, as ¢ — 01, which can be easily proven by using the definition of the o¢; series. Taking

the limit as ¢ — 0% in (2.2), yields
— 1=z ,]. — 20
. 261 ( Zfll,zOq 14, q
() = lim ol .

a0+ (=353 Qoo 0,1z
201 | 1z, (%4

Zl—l

(2.40)

Using that the g-shifted factorial (a; ) converges to 1 —a and that the two 2¢; series converge to 1, as ¢ — 0%,
we obtain that
1 2i—1

mO ) = = 2.41
(=) 1+1= 2 -2 (2.41)

where 27 denotes the limit of 21, as ¢ — 0T, under the condition that v(1 — ¢) = v* is kept fixed. Expanding
(27 — z)~! in power series and equating the coefficients of 2™ yields (2.38). n

Theorem 6 The factorial moments mgg)) =FRQQ-1)(Q—-2)---(Q —n+1)] of the stationary number of

customers in the system are given by

() n!
m = — N 2.42
(n) (zp =1 7 (242)

where z§ is given in equation (2.39) .

Proof. We replace v by % in (2.15) and we take the limit as ¢ — 0. n

2.6 Sojourn time

Let Y denote the unconditional total sojourn time of an arbitrary customer in the system, regardless of whether
he completes service or not. Moreover, let Y,, denote the conditional total sojourn time of a tagged customer in
the system, given that upon arrival he finds the system in state n.

We employ first-step analysis excluding arrivals, because future arrivals do not influence the tagged customer.
Indeed, by conditioning on whether the next transition is a service completion or an abandonment opportunity
we obtain the equation

1 I Vg o (1 i
E[Y,] = n E[Yp 1]+ g B[V, n > 0, 2.43
W)= el S () (243)
where we have assumed that E[Y_;] = 0. The system of recursive relation (2.43) can be solved explicitly

employing a generating function approach and using the theory of g-hypergeometric series. The solution is
summarized in the following theorem.

Theorem 7 The conditional expected total sojourn time of a tagged customer in the system Y, , given that upon
his arrival he finds the system in state n, is given as follows

B 1 n Voo (9% 9)i -
ElY,] = it v(l—q) Z<_u+u) (L )z;

(]) n>0. (2.44)

12
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Proof. We define the generating function of the mean conditional expected total sojourn time Y (z) given as

2) = E[Ya]z" |2 < L.
n=0

The generating function Y'(z) do converges for |z| < 1, since |Y(2)| < Y07 E[Y,]]z|" < Uip S o lz|™ < oo,
where we have used that E[Y},] is less or equal to the mean overall abandonment time of a customer.
Multiplying equation (2.43) with (1 + v)z™ and adding for all n > 0 results to

(V) = Tt (2) +uq22<)”“EY1

n=0 {=0

= L e +quE (p)ifj(j)(pz)". (2.45)

n=t¢

Using now the binomial theorem (see Gasper and Rahman 2004, p. 8 formula (1.3.1))

() . z!
; (Z)x = Ao el <L (2.46)
we have that (2.45) assumes the form
1 vq qz
1-— Y = Y . 24
W=D +YE) = T+ e Y ) (247)
We observe that equation (2.47) can be put in the form
Y(z2) = Y(T 2.48
()= GV T+ 5 (2.48)
where -
T(z)= 2.4
O = i (2.9
and

Glz) = p(l—2)+v, H(z)=vIQ K(z)= —

The solution of (2.48) can be done by iteration. To this end it seems convenient to introduce here an operator
notation: The transformation T'(z) defined by (2.49) is a linear fractional transformation and therefore its k-th
compositions defined by To(z) = z and Ty (z) = T(Tx—1(2)), k > 1, can be computed in closed form. Indeed, it
can be proved inductively that

k
Ti(z) = % k> 0.
By iterating (2.48) n times we obtain
0= % g Ly o G =
However, note that
H(Ti(z)) _ vTina(2) 1 vTiva(2)  1-(1—¢')z

G(Ti(2) Ti(z) p(1-Ti(2)+v  Ti(z) (u+v)(1l—2)+vzg

and

K(Tk(Z))< 1 ) Te(z) _1-(1-¢"z Ti(2)
(2)

vT1(2) 11—z VTiy1(2)

13
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0 (2.50) assumes the form

_ 1 - (=g ok
YO = a1 Z<u+u) (E——ryR

k=0
1 (=125 Dnt1
=gz (=15 25 Ont

+Y (Tni1(2)) <ley>n+1 1—(

and by taking the limit as n — oo we obtain

k z
1 (- T4 )k
v = (L) =
T+ -2)+v2) E irv) = Saan
1 1 q,q v
= 201 sy i ——q . (2.51)
1=2)((n+v)(1 —2)+vz) ( “Taawd  ptv )
Interchanging the arguments of the 2¢; series, using the second of Heine’s transformation formula of the ¢,
series (see Appendix A, formula (A.9)) for a = b=gq,c=—7= M_H/q and z = Miyq, and substituting

the result into (2.51) we have that

1 (—5 25 2507 Do %, q z v
Y(z) = —2 pty) v 21 g ——— ) 2.52
B = G = 707 C & ot a0\ 2 O T2 a0 (2:52)

Using twice that (a;¢)e = (1 — a)(aq; ¢)o and expanding the 20 series, equation (2.52) assumes the form

oo

= 1 v o (@%5q) 2t 1
Y(2) = M+V(1’Q);( “Jr”) (L5 q) (L=2)F 11—z (2:53)

Using (2.46) equation (2.53) assumes the form

v = Hygl_qi Miyf(uq >3 ()~

i=0 y+u7q & n=i j=i
SRS  (@*9)i N~ (7
= " ) . 2.54
e o R e 2 () 254
Now (2.54) implies readily (2.44). n

In the two limiting regimes that we have considered in the previous section, where A, ;1 and v* are kept fixed,
we can proceed a bit further and give the results for the conditional expected total sojourn times in the case
of no synchronization (p — 0%) and full synchronization (p — 17). The results are immediate by taking the
appropriate limits in (2.44). More specifically we have the following theorems.

Theorem 8 Consider a system with arrival rate \, serm’ce rate p and effective abandonment rate per customer

. In the limiting case of no synchronization (v = q, q — 17 ), the conditional expected total sojourn time
(1)

of a tagged customer in the system Yy
follows

, giwen that upon his arrival he finds the system in state n, is given as

Y] = Z(—l)i% 2 (]) n20. (2:55)

=0 k=2 +k

Proof. We replace v by % in (2.44) and observing that

lim 1= qk K
i E =
g—1-1— qu L4k
2. i ; )
m (qu Wi _ . +(j 1) (2.56)
a1 (H+U7Q) k= 2( +k)
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yields easily (2.55). |

Theorem 9 Consider a system with arrival rate \, service rate u and effective abandonment rate per customer
v*. In the limiting case of full synchronization (v = %, q — 0%), the conditional expected total sojourn time

of a tagged customer in the system Y,SC), giwen that upon his arrival he finds the system in state n, is given as
follows

EY9] = M‘:V* Z(—M i el Z <Z) n>0. (2.57)

2.7 Busy period

We define L,, to be the first passage time to state 0 starting from n. Then the busy period is given by L;.
We consider the Laplace-Stieltjes transformation, which we denote by 6,,(s) = Ele~*t»], s > 0. By first step
analysis we obtain that

fale) = 1 (2.58)
A 1
9” = 7971 79717
o L R WS
v n n wi g, . -
+)\+u+y+sz(nj)p ¢’0(s), n> 1. (2.59)

=0

Solving the recursive scheme of equations (2.58) and (2.59) we obtain the expression for 6;(s) as seen in the
following theorem.

Theorem 10 The LST of the busy period of the system is given as

z0(s)
1—20(s) . v20(s)
191 z0(s) 1—z1(s) 9 XT=z20(s
A pu+s 1 ( 1_(2(0()5) zl<s())‘1 (el ))>

buls) = X zo(s) ERETOR Y $20, (2.60)
—2zo(s . vzo(s
191 z0(s) 1ezi(s) 3D XI-zo() Y
1—2z0(s) =z1(s) q

where

At ptvts— A+ ptr+s)?—4dip

z0(s) 5 and |zo(s)] <1V s>0 (2.61)
W
A A 24\
a(s) = +”+”+S+\/(2M+“+”+S) B and|z(s) > 1V s> 0. (2.62)

Proof. We define the generating function of 6,(s) as
O(s,z) = Z 0.(s)z", s >0, |z| < 1.
n=0

This mixed transform O(s, z) do converges for s > 0 and |z| < 1. Indeed the LST 0,,(s) = E[e~*L"] are well-
defined for s > 0. Moreover, for s > 0 we have that 0, (s)| < 1 and hence |O(s,z)| < Y07 10n(s)] 2" <
S o]z < o0

First of all through equations (2.58) and (2.59) we will determine the generating function ©(s, z) which will lead
us to the calculation of 6;(s).

15
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Multiplying both sides of the equations (2.58) and (2.59) by z° and 2", respectively, and summing them for all

n=0,1,... we obtain
O(s.2) = 1+ (B(s.2) — fa(s)z — 1) 4 2 O(s,2)
5,2) = — _(O(s,2) — 0:(s)z — — O(s,z
zA+p+v+s) ! At+pu+v+s
v qz v
+ © ) - .
T—p2)Atptvts) (Slpz> ANfptvts
So we conclude that
B(s,2)0(s,2) = z(A+p+s)—Az01(s) — A+ Y o(s, L (2.63)
) ) - M 1 1*pZ 717pz .

where B(s,2) = —puz? + (A + pu+ v+ s)z — A and we can easily ckeck that B(s,z) has two roots given by (2.61)
and (2.62), such that B(s,z) = —u(z — 20(s))(z — z1(s)) and pzo(s)z1(s) = A

By setting
B(s,2)0(s,z) = ©O¥(s,z)
we can conclude that
0% (s,z) = zA+pu+s)—Az0 (s)—/\—l—L(Z)@*( T(z)) (2.64)
S 8 1 BT |

where T'(z) is the operator introduced in (2.49). Iterating (2.64) as in the proof of theorem 7 we obtain that

O0*(s,z) = (/\—i—u—l—s)—/\zﬁl( ) —
+ZHqB Tk( YA+ p+8) = ATy (2)01(s) — Al
n+1
+ H qB 0" (s, Ty+1(2)) -
Taking the limit as n — oo in this last expression, and keeping in mind that
nh_)ngo T.(2)=0 nh_}n(io B(s,Ty(2)) = =X

lim 222G — 0 lim 0% (s, Thy(2)) = 1,

n— o0 aB(s,Tn(z)) n—o0
we obtain that
> vT;(z)
* _ J _ _
O*(s,z) = ];)]quB(S’ T Tk(z)(/\—i—u—i—s) AT (2)01(s) — A] . (2.65)
We can easily verify that
Ti(z (-1)¢'z 1+ ¢ .
BG L) - M —2) (1m0 = g - a@ =y 2t
B ( T T20(s) 1—2 )( T T z1(s) 1—zq)

consequently,

b vT;(2) B & vz F 6 (-4 Dk
onam = V() o =IO R NSO

16
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Hence, equation (2.65) assumes the form

) k co k
B(5,2)0(5,2) = (A+p+s— (s z;n; [[ Zﬁg o A?%I{qéigé», (2.66)

where the two series can be written in terms of g-series as follows

vT;(2) Qa_li_zq vz
ZH s = ade ( 1—20(s) = 1=21(s) =2 & A1 — Z))

k=0 j= 1 <S’ -7 zo(s) 1% z1(s) 124

> vT;(2) - vzq
Ty (2 — = = z —2z0(s 1—Zz15 N I
];) A )jl;[qu ) 2¢2< IENG R B TO NI A(lz)>

(S7TJ zo(s) 1—2717 2z1(s) 1—=z2

In order to calculate 6;(s) we set z = zp(s) in (2.66) and since the left side of the equation is equal to zero we
can solve to obtain 6 (s)

vT;(zo(s))
Adpts Yo o mtt ety
01(‘9) = A\ - T k vTj(zo(s))
>neo Ti(20() i1 5B T oty
Writing the two series of the last expression in the canonical form of g-series and observing that for z = zy(s)
the term %("S()S)ﬁq reduces to g we obtain equation (2.60). ™

3 The M/M/1 queue with synchronized abandonments but not for
the customer in service

We proceed with the study of the second abandonment scenario, where we have excluded the customer in service
from the abandonment procedure.

3.1 Model description and notation

We consider an M /M /1 queueing system in which customers arrive according to a Poisson process at rate A\. The
service is provided by a single server, who serves the customers according to a FCFS discipline. The successive
service times are independent exponentially distributed random variables with rate p. Customers waiting in
the queue become impatient and perform synchronized abandonments at the epochs of a Poisson abandonment
process at rate v. Every waiting customer at the epochs of the Poisson process decides to abandon the system
with probability p or remains in the system with probability ¢ = 1 — p, independently of the others.

The system is represented by a continuous time Markov chain {Q(t) : ¢t > 0}, where Q(t) is the number of
customers in the system at time ¢, ¢ > 0. The corresponding transition rate diagram is given in figure 2.

Figure 2: Transition rate diagram of {Q(t) : ¢ > 0}.

17
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Let {p, : n > 0} denote the equilibrium distribution of {Q(t) : ¢ > 0}. We also define the probability
generating function P(z) by

P(z) = anz" .
n=0

3.2 The steady state distribution

We partition the set space S = {0} U {1,2,...} and we set A = {1,2,...}. We will calculate the stationary
distribution of the censored Markov chain over the set A. Let {p2},ca denote the steady-state distribution of
the censored Markov chain and P4(z) the corresponding probability generating function. We observe then that
the generator of the censored Markov chain, denoted by G(A), is given as

C—(\+ p) A 0 }
cay = | ML U el |0 A 0 0 ]
vp prv()pe A +p+vp*+v()pg) -
- A 0
pt+vp —(A+p+v(l—q)) A
- vp? p+v(i)pg ~A+p+vl—q%)

Thus the generator of the censored Markov chain is identical to the generator of the first model we have studied
and so we can directly write down the probability generating function for the censored queue from theorem 1.
We also know that the censored queue and the original queue are connected via the following relation

A Pn
D, = , Vn>1. 3.1
T (3.1)

Taking into consideration equation (3.1) and that p: = m,_1, for all n > 1, we obtain that
P(z) = (1—=po)2Il(z) + po, (3-2)

where II(z) is given in equation (2.2) and py can be calculated from equation (3.1) and the balance equation for
state 0, Apo = up1, so we conclude that

A Do HTo
== = po=3—
wl—po A+ pmo

o
where 1y = I1(0).

3.3 Factorial moments of the queue length

Differentiating n times equation (3.2) and setting z = 1 we have that
PM1) = (1—po)mm) +nmem_n), n>1,
where m ) is given in equation (2.15).

3.4 Sojourn time

Let S denote the unconditional total sojourn time of an arbitrary customer in the system, regardless of whether
he completes service or not. Moreover, let .S,, denote the conditional total sojourn time of a tagged customer in

18
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the system, given that upon arrival he finds the system in state n.
By conditioning on whether the next transition is a service completion or an abandonment opportunity we
obtain the equations

E[S)] = , (3.3)

1
I

1 " vq " /n i
E[S, = E[S, "¢ E[Si11], n > 0. 3.4
ol = iy Pl S () Bl n (3.4

We observe that if we replace E[S, 1] by E[Y;,] in equation (3.4) we obtain equation (2.43), and therefore we
have an ‘identical’ recursive scheme to solve with a different initial condition. Based on this observation the
solution of the recursive relations (3.3) and (3.4) is summarized in the following theorem.

Theorem 11 The conditional expected total sojourn time of a tagged customer in the system Sy, given that
upon his arrival he finds the system in state n, is given as follows

ElS)] = E[Yaa]+ %(1 — UpE[Ya1]), n >0, (3.5)

where E[Y_1] =0 and E[Y,], n > 0, are given in equation (2.44).

Proof. Let us first define the homogeneous recursive scheme of equation (2.43), this is of the form

n
1% vq n n—i i
= o+ — E ; >0 3.6
Tn 1 V«/En 1 1 y yard (Z)p qxi, n=U, ( )

and select initial condition z_1; = 1. Then the solution of the non-homogeneous recursive scheme of equation
(3.4), with initial condition (3.3), can be obtained in terms of the solution of the homogeneous equation, x,,,
and the non-homogeneous one, E[Y,,], in which the initial condition is set to 0. For more details on this theory
the interested reader is referred to the book of Elaydi (2005), chapter 6, p. 306, theorem 6.27. More specifically,
the solution of the non-homegeneous equation (3.4) with non-zero initial condition is given as

Furthermore, we need to connect the two solutions z,, and E[Y,,]. To this end we observe that the equilibrium
point of the non-homogeneous recursion given by equation (2.43) is 1/vp, hence, the homogeneous recursion,
%, and the non-homogeneous one, E[Y,], after changing the coordinates to match the initial conditions, are
connected via the following relationship

E[Yy 1] = (1— xn,l)yl_p, n>0. (3.8)

Solving for x,,—1 and substituting in (3.7) we obtain the result. n

Remark 2 We observe that the sequence x,, = 1 —vpE[Y,)], that satisfies the recursive scheme (8.6), with initial
condition x_1 = 1, has a probabilistic interpretation, x,—1 can be seen as the probability that a tagged customer,
who upon arrival finds n, n > 0, customers in the system, never abandons the system and stays until his service
starts. Then E[Sy,] = E[Y,—1] + i(l —vpE[Yy_1]) can be analyzed as the sojourn time from state n+1 to state
1, which is equivalent to the sojourn time of the first model given that upon arrival there were n — 1 customers
in front of our customer, plus the service time of the tagged customer given that he has not abandon the system
till his service starts.
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3.5 Busy period

Let J,,;) be the first passage time to state 4 starting from n and let ¢, (s) denote the Laplace-Stieltjes trans-
formation of Ji, ¢). Then J(, o), for n > 2, can be analyzed as the first passage time from n to state 1, Ji, 1),
plus the time starting from state 1 until the first time we enter state 0, Ji; o). However the time J, 1) is equal
to the first passage time from state n — 1 to state 0 of the first model denoted by L,_;. Thus, in terms of
Laplace-Stieltjes tranforms we have that ¢, (s) = 0,_1(s)p1(s), for all n > 2. Furthermore, by first step analysis
we obtain that

A Iz
J— S Jr R —
g

A Iz
J— S Jr . —
LS

A Iz

- 2 9 S —
N A 1(5)<P1(5)+/\+M+S

p1(s) =

Consequently,

I
)\+H+S*)\91(S)

pi1(s) =

Substituting 61 (s) from equation (2.60) we obtain that

z0(s)
T 1—2z0(s . vzo(s)
1@51( 20(s) 12(21)(5)47 i g, ,\(107;0(5))‘1>

1—z0(s) z1(s)

— 2 (s)
191 20(s) Zlo*il(s)q 14, A(lfoz()(s))

1—z0(s) z1(s)

s> 0, (3.9)

p1(s) = =20(s)

>|=

where zp(s) and z1(s) are given in equations (2.61) and (2.62), respectively.

4 The M/M/c queue with synchronized abandonments but not for
the customers in service

We consider a multi-server M /M /c queue with ¢ identical servers, where customers arrive according to a Poisson
process with rate A and the service times of the customers are independent exponentially distributed random
variables with common mean 1/cp and we assume that customers in the waiting line perform synchronized
abandonments, in the same manner as in section 3. We have rescaled the maximum service rate to p to match
the results of this section to the previous ones.

For this model we have produced similar results following the methodology of the M/M/1 queue with syn-
chronized abandonments for only the waiting customers presented in section 3. More concretely, let pS, n > 0,
denote the steady state distribution of the number of customers in the system and P.(z) = Y7, p, the corre-
sponding probability generating function, for the M /M /c model under investigation.

Partitioning the set space S = {0,1,...,¢ — 1} U{¢,c+ 1,...} and observing that the generator of the

censored Markov chain over the set {¢,c+1,...} is identical to the generator of the first model, we can connect
the censored queue and the model under consideration and have that P.(z) is given as

.4214, (4.1)

Pc(z) = (1 _p(cJ
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where II(z) is given in equation (2.2) and
o

+ Zc—l (eXN)?

i=0 ilpt

C __
Po = e
clpe

and 7 = I1(0).

On what the factorial moments of the queue length are concerned we obtain that by differentiating n times
equation (4.1) and setting z = 1 we have that

_exe—1 (e n n c! cxe—1  (eA)?
Pc(n)(l) _ {(]— Po Zi:O it )Zk:o (k) (c—k)!m(’ﬂ—k) +p0 Zi:n Gi—n)lp?> n<c (42)

c c—1 (eA)? c n cl
(1 =16 iz (i!u)i )2 k=0 (k) (c—|k)!m("_k)’ nze,

where m,, is given in equation (2.15).

Furthermore, the conditional expected total sojourn time of a tagged customer in the system S, given that
upon his arrival he finds the system in state n, can be analyzed, for the case n > ¢, as the time from state n+ 1
to state ¢, which is equivalent to E[Y,_.], plus his service time given he has not abandon the system till his
service starts, while for the case n < ¢, it is just the service time. Hence, E[S¢] is given as follows

E[S:] = %, n <c, (4.3)

E[SS] = E[Yu_J+—(1—vpEY, ), n>c, (4.4)
i
where E[Y,,] is given in equation (2.44).

Finally, let ¢ (s) denote the Laplace-Stieltjes transformation of the first passage time to state 0 starting
from state n, n > 0. It can be proven using first step analysis that ¢ (s), for 1 < n < ¢, satisfy the following
recursive scheme

cA N

n(s) = 7¢n+1(5)+m

g l<n<ec 45
A+ np+ cs Pno1(s),1<n<c (4.5)

With conditions ¢§(s) = 1 and ¢¢,(s) = ¢&(s)01(s), where 6 (s) is given in equation (2.60).

Corollary 1 An algorithmic solution of the recursive scheme presented in (4.5) can be obtain by observing
that if we divide all terms of (4.5) by ©5(s) and set u,(s) = ¢ (8)/¢%_1(s) we obtain the following first order

TeCursion
ny

cA
Un(S) = T , 1<n<g 4.6
() 1+ —f\ + —Cﬁf — Upt1(8) (46)

with conditions uyi(s) = ©5(s) and ucy1(s) = 01(s). Hence,

¢ils) = CA ; (4.7)
I+3+5-

145+ 2% -

=2
A
L+ 5+ 5% —01(s)

where 01(s) is given in equation (2.60).
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Artalejo and Lopez-Herrero (2001), p. 211, Corollary 2.1, propose the following algorithmic approach for the
solution of the recursive scheme of equation (4.5)

i—1 . i—1
. J! . cs
pils) = - -+ s (1+—
( ) = (C)‘/N)J @1( ) 1 J:Zl c)\/u
1—1 1—1
s (cA/m)* !
Z c 2<i < 1. 4.
+A k:2¢k( ) A J:Zk (C)\//J,)] i ¢+ ( 8)

Keeping in mind that ¢, (s) = ¢%(s)01(s), where 0;(s) is known, the problem reduces to solving a simple
recursive system on the unknowns ¢g(s), 1

However, we must note that the homogeneous second order linear difference equation with polynomial coef-
ficients of equation (4.5) can be explicitly solved (see Jagerman (2000), p. 230, formula 2.229a) and we obtain
that

0o (s) = Co(s)an(s) + C1(s)bn(s), 0<n<c+1, (4.9)

where

_ N (n T(£+1) FT(k+2)
() = Z(k) <F<A+1>r<%—A+1>> OB
bn(s) = qu)_lFl(Z—S;n+l+E;é),n>0,

with 1 F1(a;b;2) = m jo e*'te=1(1 — t)*=271d¢ being the Kummer (confluent hypergeometric) function
and I'(a) = fooo to~le~tdt the Gamma function. Furthermore, Cy(s) and Ci(s) can be determined from the two
conditions ¢f(s) = 1 and ¢¢ | (s) = ps(s)f1(s), more explicitly

CO(S) = 1_01(S)b0(5)
Cl(S) =

act1(s) — O1(s)ac(s) _
bo(s)act1(s) = be1(s) = 01(s)(bo(s)ac(s) = be(s))

Setting, now n =1 in equation (4.9) we can obtain the Laplace-Stieltjes transform of the busy period.
Appendix A

Definitions and results of ¢g-hypergeometric series

The g-hypergeometric series are defined as
a1,0a2,...,a4
rPs ( ' ;q,x) = os(ar,az, .. aribi, b, bsi g, 1)

b17b27"'7b5
a1,a2,"' 03 Q) n (17 n
= E -1 2 Al

n(b1, - bsi@)n [( )'a } o (A1)

where r and s are non-negative integers, (ai,as,...,ar;¢)n = (a1;¢Q)n(a2;¢)n - .. (ar;q)n and, (a;¢)o = 1 and
(a;q)n = (1 —a)(1 —aq)(1 —ag?)--- (1 —aq™ 1), n > 1. The product (a;q),, is referred to as g-shifted factorial.
We also define (a;¢)oc = [[peo(l — ag®) and use the abbreviation (aq,as,...,ar;q)s to denote the product
(a1;9)00(02; @)oo - - - (@r; @)oo In the definition of a g¢-series through (A.1), it is assumed that b; # ¢~™ for
m=20,1,...and i = 1,2,...,s. For |g| < 1, the ,¢; series converges absolutely for all 2 when r < s and for

22

.22



QUES9219_source.tex; 7/03/2011; 10:54

|2| < 1 when r = s+ 1.

A g-calculus has been developed that parallels the theory of hypergeometric functions. The most important
summation formula for the ¢-hypergeometric series is given by the g-binomial theorem (see Gasper and Rahman
(2004) p. 8, formula (1.3.2))

TP N CEY/) O (2T ) PO
190(a —50,7) ,;(q;q)n (25¢)o0 2l <1. (A-2)

The ¢-binomial theorem enables to express the g-shifted factorials in the form of g-series.

A very important future of the g-calculus is the definition of the g-integral on an interval [0,a] (see Gasper
and Rahman (2004) section 1.11) as

/0 0t =a(1 - 0) S g™ (A3)
n=0

As g — 17 the g-analogues reduce to their standard counterparts. In particular we have the relationships:

lim (z(1 = q);q)oc = €%, (A.4)
q—1—
lim (L8 g py-a (A.5)
qg—1~ ({E; Q)oo
im [ f(t)dgt = / Ft)dt. (A6)
a=1"Jo 0
As ¢ — 0 we can easily see that
. . a1,a2,y...,0r4+1
1 (@)oo = 1 — 1 1 Or iq,q ) = 1. A.
qi}g)h (.’,E, q) T qi%lJr +1¢ < b17 bQ, . ,br 4 q) ( 7)

Finally some very important transformation formulas of g-hypergeometric series are listed beneath. The
first ones are Heine’s transformations formula of the 2¢; series (see Gasper and Rahman (2004) p.359, formulas
(III.1)-(IT1.3)). It enables one to interchange the arguments of a 2¢; function in certain ways. More concretely,
it states that

(b, az; q) oo

201(a,b;¢;q, ) = o0 201(c/b, z; 0259, b) (A.8)
201 (a, by c;q, ) = @gfﬁigﬂ;){z)(’o 2¢1 (abx/c,b; bx; q, c/b) (A.9)
201 (a, by c;q, ) = WZ/%)OO 2¢1(c/a,c/b;c;q,abz/c). (A.10)

The second one is Jackson’s three term transformation formula of the 3¢, series (see Gasper and Rahman (2004)
p. 359, formula (IIL.5))

2¢1(a,b;¢;q, 1) =

(abr/c; e, < a,c/b,0 >+ (b /b o, ( x,abz/c,0 ) (A1)

(bz/¢; Q) oo ¢, cq/bx & (c,2,¢/bx;q) 00 bx,bxq/c 4

The third one enables the transformation of a ¢, function to a g-integral (see Gasper and Rahman (2004) p.
26, exercise 1.4 (iii)):

1
a1, az,...,aqr41 T (alv"'vaT+l;q)OO / r—1 (qtvbltvvbrt7q)oo
r r 5 q, = t d,t. A.12
+1¢ < b17b27"'7b7” 1 q) (l_q)<q7b177b7”7q)oo 0 (alta---va’r-‘rlt;q)oo / ( )
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