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THE RENORMALIZED VOLUME AND UNIFORMISATION OF
CONFORMAL STRUCTURES

COLIN GUILLARMOU, SERGIU MOROIANU, AND JEAN-MARC SCHLENKER

ABSTRACT. We study the renormalized volume of asymptotically hyperbolic Einstein (AHE
in short) manifolds (M, g) when the conformal boundary M has dimension n even. Its defi-
nition depends on the choice of metric hg on M in the conformal class at infinity determined
by g, we denote it by Volr(M, g; ho). We show that Volg (M, g;-) is a functional admitting
a “Polyakov type” formula in the conformal class [ho] and we describe the critical points as
solutions of some non-linear equation v,(ho) = constant, satisfied in particular by Einstein
metrics. When n = 2, choosing extremizers in the conformal class amounts to uniformizing
the surface, while if n = 4 this amounts to solving the o2-Yamabe problem. Next, we consider
the variation of Volr(M, -;-) along a curve of AHE metrics g* with boundary metric hf and
we use this to show that, provided conformal classes can be (locally) parametrized by metrics
h solving v, (h) = [5,, vn(h)dvols, the set of ends of AHE manifolds (up to diffeomorphisms
isotopic to the identity) can be viewed as a Lagrangian submanifold in the cotangent space
to the space T (OM) of conformal structures on M. We obtain as a consequence a higher-
dimensional version of McMullen’s quasifuchsian reciprocity. We finally show that conformal
classes admitting negatively curved Einstein metrics are local minima for the renormalized
volume for a warped product type filling.

1. INTRODUCTION

By Mostow rigidity, the volume of complete oriented finite volume hyperbolic 3-manifolds
is an important topological invariant, also related to the Jones polynomial of knots. For
infinite volume hyperbolic 3-manifolds, one should still expect some invariant derived from
the volume form as well. Following ideas coming from the physics literature [41, 63, 44],
Takhtajan-Teo [64] and Krasnov-Schlenker [45] defined a regularized (or renormalized) version
of the volume in the case of convex co-compact hyperbolic quotients M = I'\H?, and studied
some of its properties. The renormalized volume is actually related to the uniformization
theory of the boundary of the conformal compactification of M. Indeed, such hyperbolic
manifolds can be compactified into smooth manifolds with boundary M by adding a compact
surface N to M, and the metric on M is conformal to a smooth metric g on M, inducing
a conformal class [g|7n] on N. The renormalized volume plays the role of an action on the
conformal class [ho] with critical points at the constant curvature metrics, in a way similar
to the determinant of the Laplacian. It turns out that this action has interesting properties
when we deform the hyperbolic metric in the bulk, we refer to [64, 45, 35, 61| for results in
that case.

Date: December 1, 2015.

C. G. was partially supported by the A.N.R. project ACG ANR-10-BLAN-0105.

S. M. was partially supported by the CNCS project PN-II-RU-TE-2011-3-0053; he thanks the Fondation
des Sciences Mathématiques de Paris and the Ecole Normale Supérieure for additional support.

J.-M. S. was partially supported by the A.N.R. through projects ETTT, ANR-09-BLAN-0116-01, and ACG,
ANR-10-BLAN-0105.



2 COLIN GUILLARMOU, SERGIU MOROIANU, AND JEAN-MARC SCHLENKER

In this paper, we study the higher dimensional analog of this invariant and compute its
variation on the so-called quantum conformal superspace, the higher-dimensional analog of
the Teichmiiller space.

We are interested in the set 7 (V) of conformal classes of metrics on a compact manifold
N of even dimension, up to the group Dy(N) of diffeomorphisms isotopic to identity. This
space can be defined as a quotient of the space of smooth metrics M(N) by the action of
the semi-direct product C*°(NN) x Dy(NN). We assume that (N, hg) does not admit nonzero
conformal Killing vector fields, so that a neighbourhood of the image of hg in the quotient is
a Fréchet manifold. In dimension n = 2 this is simply the Teichmiiller space with finite di-
mension dim 7 (V) = —3x(N), while in higher dimension it is infinite dimensional. Following
Fefferman-Graham [24], we can view the conformal class (N, [ho]) as the conformal boundary
of a Poincaré-FEinstein end, that is a cylinder (0,¢), X N equipped with a metric

B dz? + hy

g 22

o

) ha: ~r—0 Z hz,f(xn IOg x)@ (1)
=0

where h, ¢ are one-parameter families of tensors on M depending smoothly on x, and satisfying

the approximate Einstein equation as ¢ — 0
Ricy = —ng + O(z™).

The tensor h, o has a Taylor expansion at x = 0 given by

(o]
hzo ~z—0 Z 2% hyj

j=0
where hy; are formally determined by hg if j < n/2 and formally determined by the pair
(ho, hy) for j > n/2; for £ > 1, the tensors h, ¢ have a Taylor expansion at x = 0 formally
determined by hg, h,. We have that h,, is a formally undetermined tensor which satisfies
some constraints equations: there exist a function 7, and a 1-form D,,, natural in terms of
the tensor hgy (see Definition 2.4), such that the trace and divergence of h, with respect to
ho are given by

Trng (hn) = Tn, Ono (hn) = Dp. (2)
When n = 2, we have
Ty = —1Scalyp,, Dy = 3dScaly,. (3)

For general n the formula for T;,, D,, is not known, although in principle it can be computed
reccursively by a complicated algorithm. An Asymptotically Hyperbolic Einstein (AHE) man-
ifold is an Einstein manifold (M, g) with Ric, = —ng which compactifies smoothly to some
M so that there exists a smooth boundary defining function = with respect to which ¢ has
the form (1) (when n = 2, g has constant sectional curvatures —1). The conformal bound-
ary N = OM inherits naturally a conformal class [#2g|rn]. Each conformal representative
ho € [2%g|rn] determines a unique geodesic boundary defining function  near N so that
g has the form (1). The renormalized volume Volg(M, g; hg) was apparently introduced by
physicists [41], and appeared in [27] in the mathematics literature. We define it using a
slightly different procedure from [41, 29], by using the formula

Volgr(M, g; hy) := FPZZO/ x*dvolg; (4)
M
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the function F(z) = [,, 2*dvol, has a pole at z = 0 with residue [, v,dvoly,, where v, is the
function appearing as the coefficient of ™ in the expansion of the volume form near N:

dvol, = (v + vea? + - - - 4+ v, 2™ + o(x™))dx dvoly,, vg = 1. (5)

This method for renormalizing the volume was used for AHE manifolds e.g. in the work
of Albin [2]. The quantities vy; for j < n/2 are formally determined by hg (they are local
expressions in terms of hg), the term v, is called a conformal anomaly in the physics literature
and its integral L := [, v,dvoly, is a conformal invariant [33]. For instance

1 1
vy = —ZScalho if n =2, vy = 102(80}%0) ifn=4

where o2(Schy,) is the symmetric function of order 2 in the eigenvalues of the Schouten tensor
Schp, = %(Ricg — %Scalhoho), see Lemma 3.9. We first show

Theorem 1.1. Let (M, g) be an odd dimensional AHE manifold with conformal boundary N
equipped with the conformal class [ho).

(1) Polyakov type formula: Under conformal change e**°hy,
the renormalized volume Volr(M, g; ho) satisfies

n/2
VO]R(M, g; €2w0h0) = VOIR(M, g; ho) + / Z Ugj(ho)wn_gj dVOlhO
OM
7=0

where vy; are the volume coefficients of (5) and wa; are polynomial expressions in wy
and its derivatives of order at most j.

(2) Critical points: The critical points of Volg(M, g;-), among metrics of fixed volume
in the conformal class [hg] are those metrics hy satisfying vy (ho) = constant.

(3) Extrema: Assume that [ho] contains an Einstein metric hy with non-zero Ricci cur-
vature. Then hg is a local extremum for Volgr(M,g;-) in its conformal class with
fized volume: it is a maximum if Ricp, < 0 or n/2 is odd, it is a minimum if n/2
is even. Moreover if (N,[ho]) is not the canonical conformal sphere, then for each
conformal classes [h] close to [ho|, there is a metric h € [h] solving v,(h) = constant
and Volg(M, g; h) is a local extremum in [h] with fized volume.

These properties are proved in Section 3. Property (2) follows directly from the discussion
after [27, Th. 3.1] and is certainly known, but to be self-contained we give an elementary
proof.

After choosing representatives in the conformal class satisfying the condition v, =
constant, we show a correspondence between Poincaré-Einstein ends and cotangent vectors to
the space T (N) of conformal structures (i.e. conformal classes modulo Dy(N)). A Poincaré-
Einstein end is determined by the pair (hg, h,). When T (N) (or an open subset) has a Fréchet
manifold structure, we can use a symplectic reduction of the cotangent space T* M(N) of the
space of metrics M(N) by the semi-direct product C*°(N) x Dy(N), and we can identify
T[ZO}T(N ) to the space of trace-free and divergence-free tensors on N (with respect to hy).
When n = 2, after choosing a metric hy with v, (ho) = constant, the formally undetermined
tensor h,, is divergence-free trace-free by (3). For general n even, we show the following

Theorem 1.2. There exists a symmetric tensor F,, formally determined by hg, such that
Gy = —i(hn + F),) satisfies

Trp, (Gr) = %fun, Oy (Gr) = 0. (6)
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(4) Cotangent vectors as ends: Assume that there exists an open setUd C T(N) and a
smooth Fréchet submanifold So C M(N) of metrics hy solution to v,(ho) = constant,
Vol(N, hg) = 1, so that the projection 7 : M(N) — T(N) is a homeomorphism from
S to U. Then there is a bijection between the space of Poincaré-Finstein ends with
ho € S and the space T T (N) given by (ho, hyn) — (ho, G},), where Gy, is the trace-free
part of Gy,

The existence of a slice Sy is proved for instance in Corollary 4.5 in a neighbourhood of
a conformal class containing an Einstein metric which is not the sphere. We have learnt from
Robin Graham that there is a result related to the first part of the Theorem about G, in
the physics literature [20], although the renormalization for the volume seems different from
ours.

We define the Cauchy data for the Einstein equation to be (hg, G%), where hg solves

vn(ho) = constant, Vol(N, hy) = 1.

Those Cauchy data which are ends of AHE manifolds span a Lagrangian submanifold of
T*T(N):

Theorem 1.3. Assume that there is a smooth submanifold Sy C M(N) of metrics hy solving
vn(ho) = constant, Vol(N, hy) = 1, so that the projection 7 : M(N) — T (N) is a homeomor-
phism from Sy to U. Let M be a smooth manifold with boundary N and assume that there
is a smooth map ® : Sy — M(M) such that Ricg(nyy = —n®(ho) and [*®(ho)|n] = [ho] for
some boundary defining function x.

(5) Lagrangian submanifold: The set L of Cauchy data (ho,Gs) of the AHE met-
rics ®(hg) with hg € Sy is a Lagrangian submanifold in T*T (N) with respect to the
canonical symplectic structure.

(6) Generating function: L is the graph of the exact 1-form given by the differential
of ho +— Volr(M, ®(ho); ho) over Sy. More precisely, if ho € ThoSo is a first-order
variation of hg € Sp among metrics satisfying v, (ho) = constant, Vol(N, hg) = 1,
then

dVolg(M, ®(hg), ho).ho = / (G2, ho)dvoly,, . (7)
N

Here, what we mean by Lagrangian is an isotropic submanifold such that the projection
on the base is a diffeomorphism. In Section 6, we show that the assumptions of Theorem 1.3
are satisfied for instance in a neighbourhood of what we call a Fuchsian-Einstein manifold,
generalizing in any dimension the case of quasi-Fuchsian metrics near a Fuchsian metric when
n = 2. A Fuchsian-Einstein metric is a product M = R;x N with a metric ¢° := dt?+cosh?(t)y
where v is a metric on N such that Ric, = —(n—1)~ and the sectional curvatures of v are non-
positive. By Corollary 4.5, near an Einstein metric v on a compact manifold N with negative
Ricci curvature, there is a smooth slice So € M(N) of metrics solution to v, (hg) = constant,
Vol(N, hg) = 1, and so that the projection 7 : M(N) — T(N) is a homeomorphism from
Sp to a neighbourhood U of [hy]. Using a result by Lee [46], and possibly after taking an
open subset of Sy instead of Sy, for each pair (har, hy ) € So x Sp there exists an AHE metric
g =®(h{, hy) satisfying

Ricy = —ng on M, ®(v,7) = ¢°, [22g)t=to00] = [ha—L] for z = e ",



THE RENORMALIZED VOLUME AND UNIFORMISATION 5

For each of the two ends (t — +00) we have a traceless symmetric 2-tensor G3*. We
denote G°F 1= Gt ® dVOlhéc, and consider G°F as a vector in Ty T(N): if hi € Th(TT(N )
0

are symmetric 2-tensors on N, then
0: () = [ (@i = [ (Gl
and similarly for ha .

Theorem 1.4. Fiz ha“, hy € So and consider the linear maps
(bha- : ThO—S(] — T;SFT(N), ¢h0— : Tha-S(] — T*(;T(N)

defined as . .
Ppit - hy = (dgﬁ+)(h5,ho+)(h8, 0)

¢h§ thy (dgff)(hg,hg)(& hy)
where GoF and its variation are obtained using the AHE metrics g = CIJ(har, hy ). Then
(7) Quasi-Fuchsian reciprocity: The linear maps thar and ¢h5 are adjoint.

Note that McMullen’s quasi-Fuchsian reciprocity [53] in dimension n = 2 contains also a
result about complex structures, while here we are in the purely real case.

Finally, we study the second variation of ho = (hg,hg) — Volr(M, ®(hg), ho) at the
Fuchsian-Einstein metric, i.e., when ®(hg) = ¢°. When n = 2, this corresponds to the
Fuchsian locus inside the quasi-Fuchsian deformation space, and the computation of the
Hessian of Volp is rather easy and done in Proposition 7.1. The next result deals with the

case n = 4.

Theorem 1.5. In the setting of Theorem 1.4, consider the function Volg : Sg x S — R
defined by Volg(ho) = Volgr(M,®(ho), ho) for ho = (h{,hy) € So x So, and set n = 4.
Assume that 2Vol(N,v) > 1 and that L, —2 > 0 where L := A, — 2]:?,7 > 0 is the linearized
FEinstein operator at v acting on divergence-free, trace-free tensors (see Section 7 for a precise
definition).

(8) Hesstian at the Fuchsian-FEinstein locus: The point hg = (v,7) is a critical point
for Volg, i.e., dVolg(ho) = 0 on T,So x TSy, the Hessian at (v,7) is positive in the
sense that there exists cg > 0 such that for all ho = (ha',ha) e T8y x TSy with
57(}%) =0 o .

Hessn, (Volr) (ho, ho) > collhol[32(x)
where H?(N) is the L?-based Sobolev space of order 2.

The lower bound L, — 2 > 0 is for instance satisfied if v has constant sectional curva-
ture. In Proposition 7.6, we compute the Hessian explicitly: the quadratic form acting on
divergence-free tensors tangent to Sy x Sp is given by a self-adjoint linear elliptic pseudo-
differential operator H, Hess(, ) (Volg)(ho, ho) = (Hho, ho) 2, and H is in fact a function of
L., (the condition hf € T,Sy and 6, (hT) = 0 actually implies that Tr. (h) = 0). If L, — 2
has non-positive eigenvalues, the same result remains true along deformations orthogonal to
(the finite dimensional) range of llg_ (L~ — 2).

To conclude, we discuss briefly the properties of the renormalized volume when n is
odd, a case which has been more extensively studied. In that case Volg has quite different
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properties: for instance it is related to the Gauss-Bonnet-Chern formula and does not depend
on the choice of conformal representative hq (i.e., it is independent of the geodesic boundary-
defining function z). Anderson [3] gave a formula when n + 1 = 4 for Volg(M,g) in terms
of the L? norm of the Weyl tensor and the Euler characteristic x(M) if g is AHE. This was
extended by Chang-Qing-Yang [18] in higher dimensions (see also Albin [2] for the Gauss-
Bonnet-Chern formula), while Epstein [57, Appendix A] proved that for convex co-compact
hyperbolic manifolds it equals a constant times x(M). When n = 4, Chang-Qing-Yang [17]
also proved a rigidity theorem if the renormalized volume is pinched enough near that of
hyperbolic space H*. As for variations, Anderson [3] and Albin [2] proved that the derivative
of the renormalized volume for AHE metrics is given by the formally undetermined tensor
—%hn, see Theorem 5.2. A byproduct of our computation in Section 7 is a formula for the
Hessian of the renormalized volume when n + 1 is even, at a Fuchsian-Einstein metric, see
expression (86) in Proposition 7.6.

Organisation of the paper. In Section 2, we first describe the manifold of conformal
structures on a compact manifold (e.g. its Fréchet structure) and its cotangent bundle, then
we recall the necessary material about Asymptotically Hyperbolic Einstein (AHE) manifolds,
following mainly Fefferman-Graham [24]. In Section 3, we define and study the properties of
the renormalized volume of AHE manifolds as a functional on the conformal class at infinity.
In Section 4, we study the equation v, = constant and show that in some case it produces
a slice for the action of the conformal group: in particular, near Einstein metrics with non-
zero Ricci curvature and different from the conformal sphere, this equation has solutions
and produces a slice. In Section 5, we compute the variation of the renormalized volume
in direction transverse to the conformal action and prove the first part of Theorem 1.2. In
Section 6, we describe the cotangent space to the space of conformal structure as the set
of Poincaré-Einstein ends (2nd part of Theorem 1.2) and prove that those ends admitting
a global Einstein filling (i.e. corresponding to AHE manifolds) form a Lagrangian manifold
with generating function Volg, as described in Theorem 1.3; we also show Theorem 1.4 in
that Section. The last Section is focused on computations of the Hessian of Volg at the
Fuchsian-Einstein manifold.

Aknowledgements. We thank Thomas Alazard, Olivier Biquard, Alice Chang, Erwann
Delay, Yuxin Ge, Robin Graham, Matt Gursky, Dima Jakobson, Andreas Juhl, Andrei Mo-
roianu and Yoshihiko Matsumoto for helpful discussions related to this project. Thanks also
to Semyon Dyatlov for his help with matlab.

2. MODULI SPACE OF CONFORMAL STRUCTURES AND AHE MANIFOLDS

2.1. Spaces of metrics and conformal structures. We use the notions of tame Fréchet
manifold and Fréchet Lie groups as in Hamilton [40]. Let N be a compact smooth manifold
of dimension n, and M(N) the set of Riemannian metrics on N. This set is an open convex
subset in the Fréchet space C°°(N,S2N) of symmetric smooth 2-tensors on N. It has a
tautological non-complete Riemannian metric given on T, M(N) = C*®(N,S2N) by the L?
product with respect to h € M(N):

<]€1, k2> = / <k1, k2>th01h, kl, ko € ThM(N)
N

where (ki, k2)p, = Tr(h~tk1h~1ks) is the scalar product on S?N induced naturally by h (here
K = h~'k means the symmetric endomorphism defined by h(K-,-) = k). Let D(N) be the
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group of smooth diffeomorphisms of N and Dy(NN) the connected component of the identity.
The groups Dy(N) and C*°(N) are Fréchet Lie groups, the latter being in fact a Fréchet
vector space. Consider the map

® : C°(N) x Dy(N) x M(N) = M(N), (f, 0, h) — X (™) h.

This map defines an action of the semi-direct product G := C*°(N) x Dy(N) on M(N),
and this action is smooth and proper if N is not the sphere S™ (see Ebin [22], Fischer-
Moncrief [25]). The isotropy group at a metric h for the action @ is the group of conformal
diffeomorphism of (N, h) isotopic to the Identity; by Obata [55] it is compact if N is not the
sphere.

Definitions. The object studied in this paper is the moduli space of conformal structures
on N (called quantum conformal superspace in physics), denoted by

T(N) := G\M(N). (8)

This space is the Teichmiiller space when n = 2 and N has negative Euler characteristic.
In higher dimension, it is infinite dimensional and has a complicated structure near general
metrics. In [25], Fischer-Moncrief describe the structure of 7 (N): they show for instance that
it is a smooth Inverse Limit Hilbert orbifold if the degree of symmetry of N is 0 (the isotropy
group is then finite). Moreover, if the action is proper and the isotropy group at a metric h
is trivial, then a neighbourhood of [h] in T (N) is a Fréchet manifold. By a result of Frenkel
[26], the isotropy group is trivial if h € M(N) is a metric of negative Ricci curvature and non-
positive sectional curvatures. An equivalent way to define 7(N) is to consider Do(N)\C(N),
where

C(N) := C*(N)\M(N) (9)

is the space of conformal classes of metrics on V.

Slices. Since we will use this later, let us describe the notion of slice introduced by Ebin [22]
in these settings. We will say that S € M(N) is a slice at hg € M(N) for the conformal
action of C°°(N) if it is a tame Fréchet submanifold such that there is a neighbourhood U of
0 in C*°(N) and a neighbourhood V' C M(N) of hg such that

U:UxS—V, (f,h) = e*n (10)

is a diffeomorphism of Fréchet manifolds. Since the action of C*°(N) on M(N) is free and
proper, it is easy to see that ¥ extends to C*°(N) x § — M(N) and is injective. In other
words, S defines a tame Fréchet structure on C(V) near the conformal class [hg]. Similarly, if
S C M(N) is a Fréchet submanifold containing hg, on which a neighbourhood U C Dy(N) of
Id acts smoothly, then a Fréchet submanifold Sy of S is a slice at hy for the action of Dy(NV)
if there exists a neighbourhood V' C § of hg such that

P:UxS—V, (6,h) — (o 1)*R (11)

is a diffeomorphism of Fréchet manifolds. Extending ® to Dy(N) xSy — M (), and assuming
that the action of Do(N) on ®(Dy(N) x Sp) is free and proper, the extension of ® is injective
in a small neighbourhood of hy in Sy. If S was a slice for the conformal action, then Sy is a
slice at hg for the action of G on M(N), thus giving a tame Fréchet structure on 7 (N) near
the class of hg in T(NV).
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Cotangent bundles. The tangent bundle TM(N) over M(N) is the trivial Fréchet bundle
M(N) x C®(N,S?N). For each base point h, which by definition is a Riemannian metric
on N, we can identify symmetric 2-vectors with symmetric bilinear forms, so that elements
of the topological dual T* My (N) can be described as distributional sections of S2N ® Q"N.
Such spaces of distributions are not Fréchet manifolds.

In this work, we are interested in C'* objects and Fréchet manifolds, we thus define the
smooth cotangent space Ty M(N) to be the vector space of continuous linear forms on 73, M (V)
which are represented by smooth tensors through the h pairing followed by integration on NV:

k€ TEM(N) if 3k € C°(N, S2N ® Q"N), Vo € TyM(N), & (v) = / e, o).
N

This identifies the smooth cotangent bundle T* M(N) with TM(N) = M(N)xC>®(N, S?N®
Q" N), making it a Fréchet bundle.

There exists a symplectic form € on T*M(N), derived from the Liouville canonical
1-form:

Qi) (b, k), (ha, ko)) = /N(ii?hin)h— (kay ha)n - (12)

The group G acts on T* M(N), with a symplectic action induced from the base and using
the Riemannian metric on M(N):

(f,8) (k) > (2 (971 R, e (671)R) (13)

We then define (locally) the cotangent bundle to 7(NN). We will always assume that
there is a slice Sy at hg representing a neighbourhood U C T (N) of the class [hg], as we just
explained. The tangent space Tj;;T(NN) at a point [h] € T (V) near [ho] is then identified with
T1So where h is the representative of [h] in Sp, and T'T (V) is then locally represented near
[ho] as a Fréchet subbundle of T's, M(NN). We define the smooth cotangent space T, T(N) to

be the vector space of continuous linear forms on TSy ~ Tjp T (N) which are represented by

smooth sections of S?N ® Q"N through the L? pairing and vanish on the tangent space of
the orbit Gy, of h by the group G:

K€ T T(N) if 3k € C%(S2N @ O'N), Vo € ThSo, k(v -+ ThGy) = / e, v
N

Since TpGn, = {Lxh + fh; X € C*°(N,TN), f € C*°(N)} (where Lxh is the Lie derivative),
k must satisfy

/ (e, Lch + fhyy =0, WX € C%(N,TN), f € C(N),
N

which is equivalent to asking that k& = k' ® dvoly, with 6,(k") = 0 and Tr, (k") = 0. The
smooth cotangent bundle T*7 (N) over a neighbourhood U C T(N) of [ho] represented by a
slice Sy is then

THT(N) = {(h, k@ dvoly) € Sy x C°(N,S®2N @ Q"N); 6,(k) = 0, Tr, (k) =0}, (14)

Lemma 2.1. Assume that h has no conformal Killing vector fields for all h € Sg. The space
THT(N) is a Fréchet subbundle of TsyM(N), therefore a Fréchet bundle over Sp.
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Proof. We are going to exhibit a trivialisation of the fiber bundle defined by (14). Define

®y : C*°(N,S?N) — C®(N,TN & R), ®p,(k) = (6pk + 2d Trp,(k), Trn(k)).
Evidently, ker ®,, =TT (N). The formal adjoint of the differential operator @y, is

@} (0, f) = 610+ (2d*o + f)h.

Since h is a metric without conformal Killing vector fields, ®; is injective. The projector
on the kernel of @, is P, := 1 — ®}(®,P;) " ;. We claim that Py, : T} T(N) — T, T(N)
is a tame isomorphism. Let us check that it is indeed a tame family of 0-th order pseudo-
differential operators. In matrix form, the operator ®;,®; is

« 60 — Lda* 0

where n = Trp(h) is the dimension of N. This operator acts on mixed Sobolev spaces as
follows: ®,®3 : H*(N,TN) x H*(N) — H* ?(N,TN) x H*(N) for every s € R. The self-
adjoint operator Ay := 0,6, — %dd* is elliptic and invertible and thus has a tame family
of pseudo-differential inverses of order —2 (see [40, Section II.3.3]). Then the inverse of
®,®; is also invertible and tame. In particular, we see that P, is smooth tame family of
pseudodifferential operators of order 0. We have that P,Pp, : T;T(N) — TyT(N) and
Ppo Py 2 T T(N) — Tj T(N) are invertible for i close to hg in some Sobolev norm, since
they are the Identity when h = hg and by the Calderén-Vaillancourt theorem; moreover the
inverse are tame, by the results of [58, Th. 4.5]. This gives the desired trivialisation. O

To obtain a local description of T*7 (IN) which is independent of the choice of slice, it
is necesary and sufficient that for another choice of metric h = (f,¢).h in the orbit Gy, the
new representative for k becomes e(>~™7(¢=1)*k, which is indeed a divergence-free/trace-free
tensor with respect to h (note that (h, k@dvoly) transforms as €2/ ((¢~1)*h, (¢~ 1)* (k@dvoly)),
but this means that k transforms as e?~™7(¢=1)*k). In a small neighbourhood of [ho] €
T(N), we can therefore identify T*7 (V) with the quotient

G\{(h,k) € M(N) x C*®(N, S*N); Tr,(k) = 0,5, (k) = 0} (15)

where the group action of G is (13). The action of G is Hamiltonian, and 7%7 (N) is the
symplectic reduction of T*M(N), where the moment map is given at (f,v) € C®(N) x
C>®(N,TN) = lie(G) in terms of the L? inner product with respect to h by

,Uf(f,fu)(k) = <_2trh(k)7f> + <5h(k)7v>7 ke T;MUV)
Therefore the zero set of the moment map is exactly the space appearing in (15) before

quotienting. Finally, the symplectic form Q descends to T*T (N).

2.2. Asymptotically hyperbolic Einstein manifolds. The reader can find more details
about the theory of this section in the books [23, 43, 24].

Definition 2.2. Let 7" be a compact smooth manifold with boundary, and M C M its
interior. A metric g on M is called asymptotically hyperbolic Einstein (or AHE) if Ric, = —ng
and if there exists a smooth boundary defining function x : M — [0, o0) such that, in a collar
neighbourhood of M induced by z, g is of the form

g =z 2(dz* + hy) (16)
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where h, is a continuous family of smooth metrics on N := M, depending smoothly on the
variable  when n is odd, and on the variables x, 2" log x when n is even. The conformal class
[ho] of hg on OM (which is independent of the choice of z) is called the conformal infinity of

(M, g).

By a collar neighbourhood induced by = we mean a diffeomorphism ® : [0,¢); x OM — M
onto its image, such that ®*(z) = ¢, ®(0,-) = Id,;; and the meaning of (16) is ®*g =
(dt? + hy)/t? on (0,€); x OM.

In particular, AHE metrics are smooth on M and of class C"~! on M. In even dimension,
the definition with the regularity statement is justified by the result of Chrusciel-Delay-Lee-
Skinner [19], which states that an Einstein metric on a conformally compact C? manifold
with smooth conformal infinity admits an expansion at the boundary in integral powers of x
and z"logz. We notice that the sectional curvatures of a AHE metric are —1 + O(z) and
that the metric g is complete.

In this paper we will be essentially interested in the more complicated case where n is
even (so that the dimension of M is odd) but at the moment we do not fix the parity of n.

We say that a function f is polyhomogeneous conormal (with integral index set) on M if
it is smooth in M and for all J € N, f has an expansion at M of the form:

J 4
f= Z Z 27 log(z)" fj.0 + o(z”)

§=0 £=0

where f;, € C°°(0M) and z is a smooth boundary defining function. The same definition
applies to tensors on M. There are natural topologies of Fréchet space for polyhomogeneous
conormal functions or tensors; we refer to [52, Chap 4] and [51] for details and properties of
these conormal polyhomogeneous spaces.

2.3. Poincaré-Einstein ends. There is a weaker notion of metric that will prove useful,
that of Poincaré-Einstein metrics, introduced by Fefferman-Graham [24]. Let (M, g) be an
(n + 1)-dimensional asymptotically hyperbolic Einstein manifold. Since by [19], the metric g
in a collar (0,¢); x OM induced by x near M has an expansion of the form

2 oo
- Lﬂ;’“, he ~as0 Y e o(@™ log )’ (17)

=0

where h, , are one-parameter families of tensors on M depending smoothly on x, we want to
define the asymptotic version of AHE manifolds:

g
T

Definition 2.3. An Poincaré-Einstein end is a half-cylinder Z = [0,e) x N equipped with
a smooth metric g on (0,¢) x N with an expansion of the form (17) near z = 0, such that
Ricg +ng = O(x>). If (Z, g) is Einstein, we call it an asymptotically hyperbolic Einstein end.

In [24], Fefferman and Graham analyze the properties of Poincaré-Einstein ends. To
explain their results we need the notion of formally determined tensors.

2.4. Formally determined tensors.

Definition 2.4. Let N be a compact manifold, and m,¢ € Ny. A map F : M(N) —
C>®(M, (T*M)*) from metrics on N to covariant (-tensors is said to be natural of order m
(and the tensor F'(hg) is said to be formally determined by hg of order m € N) if there exists
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a tensor-valued polynomial P in the variables hq, hy ', v/det(ho), 0%ho with |a| < m, so that
in any local coordinates y

F(ho) = P(ho, hg*, \/det(hq), 05 ho).
Remark 2.5. A formally determined tensor F'(hg) is preserved by local isometries: if ¢ :
U — U’ is a diffeomorphism where U, U’ are open sets of Riemannian manifolds N, N’ and
ho, h{, are metrics on U, U’ then if hy = ¢*h{, on U, we get F(hg) = ¢*F(h{) on U. As a
consequence, a formally determined tensor is 0 if it vanishes for all metrics on the sphere S™.

Lemma 2.6. Let hl, be a smooth one-parameter family of metrics on N with hl = hg +tho +
O(t?) at t =0, and let P(h),Q(hY) be tensors formally determined by hl of respective order
p,q. There exists a formally determined tensor R(hg) in hg of order r = p+ q such that

(0eP(hf) =0, Q(h0)) r2(Nho) = (s R(ho)) £2(N o) -
Proof. By using a partition of unity we can assume that h{ has support in a coordinate
domain. Then 9, P(h})|i=o is a polynomial in the variables 35 ho, ho, hy 1\ /det(hg), 9y ho,

linear in ho. Integrating by parts with respect to the coordinates y; it is clear that there
exists a polynomial R such that

(0P (h)t=0; Q(h0)) £2(N,hg) = (hos R(ho (1))} L2(N o) - (18)
The polynomial R is the same for different coordinate systems. To see that it defines a
formally determined tensor, we need to prove that the 2-tensor R(ho(y)) is independent of
the coordinate system y. This follows from the identity (18) since hg is arbitrary, and all the
terms except R(ho(y)) are known to be intrinsically defined. O

Proposition 2.7 (Fefferman-Graham [24]). Let (Z,g) be a Poincaré-Einstein end. Using
the expansion (17), define h; = %%hx’dx:o and k := hy 1|q=0. Then the following hold:

(1) When n is odd, hy e =0 when £ > 1.

(2) The tensors haji1 are 0 for 2j +1 < n.

(3) The tensors hyj for j <n/2 and k are formally determined by hg, of order 2j.

(4) The tensors hy; for j > n/2 are formally determined by hy and hy,.

(5) The functional hy — T,(ho) = Trp,(hy) is well-defined in the sense that T (ho)
depends only on hy, it is natural of order n and vanishes for n odd.

(6) The functional ho — Dy(ho) = pny(hy) is well-defined in the sense that Dy(ho)
depends only on hg, it is natural of order n 4+ 1 and vanishes for n odd.

(7) The tensor k, called obstruction tensor, is trace- and divergence-free with respect to
ho.

(8) All coefficients in the Taylor expansion at x = 0 of hyy for £ > 1 are formally
determined by hg and h,.

A consequence of this is the expansion for h,
he = ho + hox? + - - + kz"log(z) + hpa™ 4 o(z™). (19)

This proposition follows (not directly though) from the decomposition of the Ricci tensor
of g in terms of h, in the collar neighbourhood Z. Since we shall use it later, we recall
some standard computations of Ricci curvatures on a generalized cylinder, see e.g. [4]. On
M =R x N consider a metric g = dt> + ¢; and let

II:= _%atgt = gt(W'a ')7 W= g;1H



12 COLIN GUILLARMOU, SERGIU MOROIANU, AND JEAN-MARC SCHLENKER

be the second fundamental form, respectively the Weingarten operator. Set v = J; the unit
normal vector field to the level hypersurfaces {t = constant}. Then, for U,V tangent vectors
to N, the Ricci tensor of g is described by

Ricy(v,v) = tr(W?) — 3tr(g; 102 gr),

Ricy(v, V) =V (tr(W)) + (64, W, V) (20)
Ricy(U, V) = Ricy, (U, V) +2(W(U), W(V)) —tr(W)(W(U),V) — %8fgt(U, V).
Using these equations, the Einstein equation Ric, = —ng can be restated using the variable
t = —logx in terms of the 1-parameter family of endomorphisms A, defined by
g =dt* + g = 27 %(dz* + hy), Ay = h'0phy = 2071 (1 + W) (21)
as follows:
Oy Tr(Ay) + LA, ? = 271 Tr(A,), (22)

On, (Ozhz) = —dTr(Ay),
20, Ay + (1 —n+ 32 Tr(A,)) Ay = 2k, ! Ricy, + Tr(A,)1d.
The same equations are valid modulo °° on Poincaré-Einstein ends, ie. if Ricy, = —ng +
O(z*>).
The coefficients in the asymptotic expansion of h; in (19) near {x = 0} can be recursively

computed from hg until the n'" term, and the dependence is local: one has the following
formulas

(1) In dimension n = 2, the obstruction tensor k is 0, and the coefficient hy can be any
symmetric tensor satisfying (see [24, Th 7.4])
TI‘hO (hg) = —%Scalho, 5h0(h2) = %d Scalho. (23)

(2) In dimension n > 2, the tensors hs is minus the Schouten tensor of hg and in dimension
n > 4, hy is expressed in terms of Schouten and Bach tensors of hg (see [24, Eq (3.18)]):

—hy = Schy, = -1, (Richo —ﬁScalhoho) hy =1 (hg - ﬁBho) (24)

where By, is the Bach tensor of hg if n > 4 and h3(-,-) := ho(H3-,-) if Hs is the
endomorphism of TN defined by hy = ho(Ha-,-).
(3) In dimension n > 4, when hyg is locally conformally flat, one has & = 0 and
—hg = Schy,, hy = Lh3, hoj =0 for 2 < j < 2. (25)

See [24, Th 7.4] or [63] for a proof. When h,, = 0, the metric g = 2~ 2(dz? + hy)
has constant sectional curvature —1 in a small neighbourhood of x = 0 if h, =
ho + 2%hy + x*hg with hg, hy of (25). When n = 4, one still has hy = —Schy, but hy
is not necessarily %h%.
(4) When hy is an Einstein metric with Ricp, = A(n —1)hy, it is easily checked that k = 0
and
ha = —2ho, ha = 2 ho, haj =0 for2 <j <. (26)

When hy, = 0, the metric g = (dz? + h;)/2? with h, = (1 — ATmz)Qho is an asymptoti-
cally hyperbolic Einstein end in x < x¢ for some small zy > 0, see Section 6.2.
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2.5. The conformal class at infinity. By [32, 19], the whole conformal class [hg] of the
metric hg induced by g on the boundary at infinity (with respect to a given boundary defining
function x) can be parametrized by a family of “geodesic” boundary defining functions:

Lemma 2.8. Let (M, g) be an odd dimensional AHE manifold or AHE end, of the form (16)
near OM for some . Let hy be the induced metric at infinity. For any ho € [hol, there is a
neighborhood V' of OM and a unique boundary defining function & such that 2%g|ron = ho
and |dZ|z24 = 1 in V. The function & has a polyhomogeneous expansion with respect to x and
the metric g is of the form (di? + ﬁgg)/i2 in a collar near M, where h; is a one-parameter
family of tensors on OM which is smooth in &, 3" log(%).

Proof. The existence and polyhomogeneity of Z is shown in [19, Lemma 6.1]. The form of
the metric in the collar neighborhood induced by % follows for instance from Theorem A
in [19]. Since it will be used later, we recall that the proof amounts to seting & = e“z for
some unknown function w defined on M near N = OM which solves near the boundary the
equation |dZ 32%2 , = 1 with flo = e?%oh. This leads to the following Hamilton-Jacobi equation
in the collar neighbourhood [0,¢) x N of the boundary:

Opw + £ ((0pw)? + |dywli,) =0, w|N = wo. (27)
where dy is the de Rham differential on N. O

Geometrically, the function & corresponding to ho yields a particular foliation by hyper-
surfaces {x = const} diffeomorphic to N near infinity, induced by the choice of conformal
representative at infinity.

2.6. Cauchy data for Einstein equation, non-linear Dirichlet-to-Neumann map.
By Proposition 2.7, a Poincaré-Einstein end is uniquely determined modulo O(x*°). There is
in fact a stronger statement proved by Biquard [9], based on unique continuation for elliptic
equations:

Proposition 2.9 (Biquard). An asymptotically hyperbolic Einstein end ([0,€), X N,g =
n/2

%) is uniquely determined by the data (ho, hy) where hy =350, 2% hyj+ka" log z+o(z").
On a manifold with boundary M, the unique continuation of [9] also holds true: if two
AHE metrics on M agree to infinite order at M, then, near the boundary, one is the pull
back of the other by a diffeomorphism of M which is the identity on M.
We will then call (hg, hy,) the Cauchy data for the Einstein equation,

ho is the Dirichlet datum, hy, is the Neumann datum. (28)

We emphasize that here the pair (hg,hy) is associated to the geodesic boundary defining
function of Lemma 2.8 determined by hyg.

It is of interest to study those pairs (hg, hy,) for which there does exist an AHE manifold
(M, g) which can be written in a collar neighbourhood [0, €), x 9M under the form g = dxi%h’”
with h, = Z?ﬁ) % hy; + ka"log x + o(z™).

We can define a Dirichlet-to-Neumann map under the assumption that a local existence
result for the following Dirichlet problem on M holds: let ¢° be an AHE metric on M and
hyo = (aczgo)|TN be a representative of the conformal infinity of g associated to a geodesic
boundary defining function x, then there exists a smooth submanifold S € M(XN) containing
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ho (with N = OM), transverse to the action of C*°(N) on M(N), such that for any h € S,
there is an AHE metric ¢ near ¢" such that

Ricy = —ng, (x2g)‘aﬁ =h (29)

and g depends smoothly on k. The topology here can be chosen to be some C*(M) norms
for some k € N and a > 0. Such an existence result has been proved by Graham-Lee [32]
when (M, ¢°) = (H"*!, ggni1) where H"*! is viewed as the unit ball in R**! and has been
extended by Lee [46] to the case where ¢° is AHE with negative sectional curvatures. We can
then define a (local) Dirichlet-to-Neumann map® near hg

N C®(M, SIT*OM) — C=(M, S>T*0M), hi— hp. (30)

where h,, is the Neumann datum of the metric g satisfying (29). Graham [28] computes its
linearization at the hyperbolic metric in the case n odd and when (M, ¢°) = (H" "}, ggn+1).
For n odd, this was also studied by Wang [68] in a general setting: she proved that this
linearized operator is a pseudo-differential operator on the boundary and she computed its
principal symbol.

3. THE RENORMALIZED VOLUME IN A FIXED CONFORMAL CLASS

3.1. The renormalized volume. All the results of this section will be stated for AHE
manifolds, but it is direct to see that they hold more generally for any complete Riemanian
manifold which outside a compact set is isometric to a Poincaré-Einstein end.

To define the renormalized volume, we follow the method introduced by Henningson-
Skenderis [41], Graham [27]. The volume form near the boundary is

x _ 1 dx
dvoly, = v(a:)dvolhoﬁ = det(h, 1hw)2dV01h0W.
Since Tr(k) = 0, the function v € C™ ((0,e), C°°(N)) has an asymptotic expansion of the

form
v(z) =1+ vz + - + vz + o(z™). (31)

Definition 3.1. The renormalized volume of and AHE manifold (M, g) with respect to a
conformal representative hg of [hg] is the Hadamard regularized integral

Volr(M, g; hg) = FPEHO/ dvoly. (32)
x>€

where, near OM, z is the geodesic boundary defining function such that x2g|7oy = ho. When
g is fixed, we consider Volg(M, g; hg) as a function of hgy, we shall write it Volg(M; hg).

An equivalent definition for Volp was given by Albin [2] using Riesz regularization

Volg(M, hy) = FPZ()/ z*dvoly, 2eC (33)
M

where x is any positive function equal to the geodesic boundary-defining function associated
to hg near M. With this definition we can easily compute the variation of Volg inside the
conformal class [hg).

n even dimension n, we will see later that it is more natural to modify h, with a certain formally
determined tensor in the definition of N.
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Proposition 3.2. Let (M,g) be an odd dimensional AHE manifold with conformal infin-
ity [ho]. The renormalized volume Volr(M,-) of M, as a functional on My, = {ho €
[hol; faM dvolp, = 1}, admits a critical point at hg if and only if vy (ho) is constant.

Proof. We set h{ := hoe?*0 for s > 0, then from Lemma 2.8 there exists a unique function
w?® such that the geodesic boundary defining function z, associated to h{ is given by

s = e, w® = swy + O(xs?). (34)
Indeed, for all s we have |dlog(x5)\§ = 1, thus w® must satisfy
20,w° = —a:((&cws)z + ]dywsﬁx), w¥|p=0 = swp.

This is a non-characteristic Hamilton-Jacobi equation which has a unique solution depending
smoothly in s on the initial data with w® = 0. Then w?, d,w®, dyw* are of order O(s) and
thus d,w® = O(xs?), which implies that (34) holds. Taking the derivative of (33) at s = 0,
we obtain using the expansion (31)

aSVOIR(M, hg)’szo = FPzO/
M

We now make a variation within constant volume metrics in [hg], thus |, o wodvolpy = 0. We
thus conclude that

dx
zwomzv(aﬁ)dvolhom = /8M wovpdvolp,. (35)

v, = constant (36)
is the equation describing a critical point of the renormalized volume functional in the con-
formal class with constant total volume. g
Remark 3.3. From Graham-Zworski [33], the following identity holds

(-1)2
dvolp, = ————~-——— dvol 37
/8Mvn o 2n=13(g = ! aMQn o (37)
where @, is Branson’s Q-curvature. This integral depends only on the conformal class [hg] and

not on hg. For locally conformally flat metrics, this is a constant times the Euler characteristic,
as proved by Graham-Juhl [31].

Remark 3.4. According to Graham-Hirachi [30], the infinitesimal variation of the integral
of v, along a 1-parameter family of Poincaré-Einstein ends ([0,e) x N, g5) inducing hf on N
with ho := 05(h{)|s—o is determined by the obstruction tensor & of hq:

0s (/ Up, dvolho) = i/ (k, hg)dvolp,. (38)

In fact, we can give a formula for the renormalized volume Volg(M, e*°hg) in terms of
wo-

Lemma 3.5. Let (M,g) be AHE with conformal infinity [ho], let ho € [ho] be a fized repre-
sentative, let wg € C*°(OM) and let

w3

w= nga?Qj +O(z" )

J=0
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be the solution of the Hamilton-Jacobi equation |dx/x + dw|3 = 1 near OM with boundary
condition w|gns = wo. The renormalized volume V,(wo) := Volr(M, e**°hg) as a function of

wop s given by
n/2

Vn(wo) = Vi (0) + / Z v2; (ho)wn—2i dvoly,
M i

where vo;(hy) € C°(OM) are the terms in the expansion of the volume element (31) at OM.

Proof. From the expansion ** = 1+ zw + O(22) near z = 0, we get
d
Volg (M, e**hg) = Fon/ a;zfnezwv(x)—xdvolho
M X

d
= Volr(M, ho) + FP.—o (z/ xzfnw(x)v(x)—xdvoth
x

M

= Volg(M, ho) + Reszzo/ xz_”w(x)v(x)d—xdvolho
M T
n/2

= VO]R(M, ho) + / Z V2iWn—2; dVO]hO
M o

where in the last equality we have exhibited the residue as the coefficient of 2™ in w(z)v(z) O

We mention a similar statement after Theorem 3.1 in [27].

Let us now give some properties of the wo; in the expansion of w(z) at = = 0:
Lemma 3.6. The function w solving the equation |dx/z+dw|qg = 1 near z = 0 and w|,—p = wo
satisfies w(x) = Z:L:/(Q) 1%wy; + o(x™) for some wy; € C°°(M) with

w2 = — ;Vewolf,
1
wi= 3 <_4|VW0|4 + ha(Vwo, Vwg) — 2ho(Vwo, Vw2)> .

where V denotes the gradient with respect to hg. If we replace wy by swg for s > 0 small, for
all i > 0 one has as s — 0

2
wo; = _%h(%_m(dwo, dwo) + O(s). (39)

where hy1 = 2?2/(2] 22 h(%) 4 O(x"logx) is the metric induced by hy on the cotangent bundle
T*OM.
Proof. The computation for ws and w, is simply obtained by expanding in powers of x the
equation 20,w = —z((O,w)? + \dyw\i(w)) and identifying the terms:

n/2 n/2 9 n/2

242'56%_16021' _ _:U(Z 22'952"_1(»21-) _ Z IQ(z‘JerrkH-lh(2z‘)(dWQj7 duwor) + O(xn—l)

i=0 i=0 i,5,k=0

where h! = Z?:/(Q) 22h(%) 4 O(2™logx) if h,' is the metric on the cotangent bundle. In

particular, we have h(®(dway,dwsj) = —ha(Vway, Vws;). Now for (39), we observe that
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wa; = O(s?) for each i # 0, and so by looking at the terms modulo s? in the equation above,
only the terms with j = k = 0 appear and we get

n/2 n/2—1
Z4ix2i_1wm = —g? Z 202 (dwg, dwy) + O(s°)
i=0 i=0
which implies the desired identity. O

We notice that if we multiply ho by some A > 0, we can deduce directly the wo; terms in
the expansion of w solving |dz/2 4 dw|? = 1 with wy = 2log()): we get w = 2log(A) and thus

Volg (M, Xhg) = Volg(M, hg) + 2log(\) / U (ho)dvoly,,. (40)
JOM

We can now give an expression for the Hessian of wg — Volg(M, e2woh0) at a critical
point hg, as a quadratic form of wy.

Corollary 3.7. Let (M,g) be an (n+ 1)-dimensional AHE manifold with conformal infinity
(OM, [ho]). Then for wy € C*°(M) we have
n/2

n—27 h i
Hessp, (Vn)(wo,wp) = 8§VOIR(M, 628w0h0)|s:0 = — Z/ Wh(zj 2)(dw0, dwo)dvolp,
Tom 2

where h' = Z:L:/(z) ¥ h(%9) 4 O(2™logx) is the metric induced by h, on the cotangent bundle
T*OM, and vaj(hg) € C>(OM) are the coefficients in the expansion (31) of the volume
element at OM.

Remark that the Hessian of V,, depends only on the conformal infinity (0M, [ho]) of M.
Since the positive/negative definiteness of the Hessian of V,, = Voly is entirely characterized
by the tensor — Z?fl S v”%g(ho)h(?j_z)

and denote it

we shall call this tensor the Hessian of V,, at hg

n/2
Hessho (Vn) = — Z %Un_zj(ho)h(zjfm. (41)
7j=1

Remark 3.8. We remark that the tensors A(%=2) are symmetric tensors on T*9M and
thus Hessp, (V) is also symmetric. While we were finishing this work, we learnt that this
computation also appears in the work of Chang-Fang-Graham [14, eq. (3.6)].

3.2. Computations of vs,v4,v6. To express the renormalized volume functional in dimen-
sion 2,4, 6, we need to compute the volume coefficients vo, v4, vg. This will serve also later for
the variation formula for the renormalized volume of AHE metrics. The formulas are already
known [29] (see also [43, Th 6.10.2] for a proof) but to be self-contained we give a couple of
details on how the computations go. We recall first that for a symmetric endomorphism A
on an n-dimensional vector space equipped with a scalar product, the elementary symmetric
function of order k of A is defined by

oR(A)= D Ay (42)
11 <<l

where (A1,...,\,) are the eigenvalues of A repeated with multiplicities.
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Lemma 3.9. Let ((0,¢), x N,g = dzi%h”) be a Poincaré-FEinstein end, and Hj, K the
endomorphisms of TN defined by

ho(-,-) = h0<(zn: Hoja® + Ka" Iog(x)> ; ) + o(z™).
=0

If vaj are the volume coefficients in (31), one has

vy = $01(H) = 1Tr(H,),
vy = jo9(Hy) = §(Tr(Ha)? — Tr(H3))
1

ve = 5o3(Hz) + m<Bh0; ha),
where ho(Ha-,-) = hg = —Schy,. In addition, we have
4Tr(Hy) — Tr(H3) = 0, 6 Tr(Hg) — 4 Tr(HoHy) + Tr(H3) = 0. (43)
Proof. From (21) we obtain modulo O(z°)
Ay = 20Hy + 2®(4Hy — 2HZ) + 2°(6Hg — 6 HoHy + 2H3) + 2" 'K (nlog(x) 4 1)

Taking the trace and using that the obstruction tensor is trace-free (ie. Tr(K) = 0), we get
modulo O(z%)

Tr(Ay) = 22 Tr(Hs) + 2°(4 Tr(Hy) — 2 Tr(H3)) + 62°(Tr(He) — Tr(HoHy) + £ Tr(H3))
t2|Ay|? = a Tr(A2) = 22° Tr(H3) + 42°(2 Tr(Ho Hy) — Tr(H3)) + O(2°).

Now from (22), we obtain (43). We can expand the volume form (using the expansion of
determinant in traces) modulo O(z7) and use (43)

det(hg'hy) = 1 + 22 Te(Hy) + x4( — 1 m(HD) + %(Tr(Hg))Q)
+ a8 (% Te(H3) — L Te(HyHy) + 2(Te(Hy))® — L Te(Hy) Tr(Hg))

thus taking the square root and using the expression of Hy given by (24), we obtain the
desired formula for vo, v4, vg. O

Remark 3.10. If hg is a locally conformally flat metric on N, the expression of vg;(hg) has
been computed by Graham-Juhl [31]: they obtain

va;(ho) = 2770 (Ha), ha(-,+) = ho(Hz-, ) = —Schp, (-, ). (44)

3.3. The renormalized volume in dimension n = 2. Combining Lemma 3.5 with Lemma
3.6 and Lemma 3.9, we obtain:

Proposition 3.11. The renormalized volume functional Va(wo) = Volr(M,e?*°hgy) on the
conformal class [ho] in dimension 2 is given by the expression

Va(wo) = Va(0) — 1 /a (IVeol2, + Secalpgwo)dvol,.
M

Its Hessian at hg is Hessp,(Va) = —Shy 't
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The critical points of the functional Vs restricted to the set
{wo € C’oo(aM);/ e*0dvoly, = 1}
oM

are the solutions of the equation Scal 2wy, = 4mx(0M). We notice that this is the usual
functional for uniformizing surfaces, that is, of finding the constant curvature metrics in the
conformal class as critical points. When y(0OM) < 0, there is existence and uniqueness of
critical points by strict convexity of the functional (see e.g [66]). The renormalized volume is
maximized at the hyperbolic metric in the conformal class.

It is instructive to recall here the Polyakov formula for the regularized determinant of
the Laplacian (see e.g. [56, Eq (1.13)])

3mlog(det’A 2wy, ) — 3mlog(det’ Ay, ) = _411/ (|Vw0|%0 + Scalp,wo)dvolp, .
oM

As a consequence, we deduce

Lemma 3.12. Let (N, [ho]) be a closed compact Riemann surface, and let M be a AHE
manifold with conformal infinity (N, [ho]). Then the functional

Volgr (M, h))

Fur o [ho] = R, h s det’(Ap) exp (— 3
T

18 constant.

The constant Fs([ho]), which depends on M and [hg], is computed by Zograf [70] for the
case where M is a Schottky 3-manifold: M is a handlebody, its interior is equipped with a
complete hyperbolic metric and the space of conformal classes [hg] on the conformal infinity
OM is identified to the Teichmiiller space Tgas of M. The function Fas : Toar — RT can be
expressed in terms of a period matrix determinant on M and the modulus of a holomorphic
function on Tapy.

3.4. The renormalized volume in dimension n = 4. Combining Lemma 3.5, Lemma 3.6
and Lemma 3.9, we obtain an explicit formula for the functional

Vy: C®(0M) — R, Vi(wo) := Volg(M, hge®®).

Proposition 3.13. The renormalized volume functional V4 on the conformal class [ho] in
dimension 4 is given by the expression

V4(W0) == V4(0) + /3 [%O’Q(SCth)wo — %(Schho — TI‘hO (SCth)ho)(Vu}o, VLU())
M

2 4
+ %Ahow().’va)dho - 3f12|VwO|h0]dV01h0

Its Hessian at hg is given by

Hessp,(Vs)(wo) = — }1/8 (Schp, (Vwo, Vwg) — Trp, (Schho)]Vwo\,zm)dvolho
M

== % / (Richo _%Scalhoho)(vwo, VWO)dV()lhO-
oM
The critical points of the functional V; restricted to the set

{wo € C’oo(aM);/ e*0dvoly, = 1}
oM
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are, as we have seen, the solutions of the equation

UZ(SChQQWOhO) = /

oM
with x (M) the Euler characteristic, W the Weyl tensor of hg, and Schp, the Schouten tensor
(the last identity coming from Gauss-Bonnet formula).

O'Q(ScheQwoho) dVOleZwoho = 27T2X(8M) - % /BM ‘W‘}QlodVO]-hQ

4. METRICS WITH v,, CONSTANT

Equations of the type vgr, = constant appeared first in the work of Chang-Fang [13],
who proved that for k& < n/2, these equations are variational. We will exhibit some cases
where the equation v, = constant has solutions. We shall consider either n < 4 or perturba-
tions of computable cases, typically conformal classes containing Einstein manifolds or locally
conformally flat manifolds.

First let us give an expression for the linearisation of v, in the conformal class.
Lemma 4.1. Let hg be a smooth metric, then for any wy € C*°(M)

s ("0, (**“° o)) |50 = djy, (Ho (duwi))
where Hy, € C®°(N,End(T*N)) is defined by hy ' (Hp,-,-) = Hessp,(Va)(-, ), using the nota-
tion (41).

Proof. Let (M, g) is a AHE manifold with conformal infinity [h¢], then we have seen from
(35) that s(Volg(M,e**0hg)) = [y vn(€*“0hg)wodvol 2swgp, thus

8‘52;(V01R(M, erWOhO))’SZO — / 8S(vn(628w0h0))lszowodvolezwoho + TL/ 'Un(h[))wngOlhO.
N N
We therefore have
/ Gs(vn(e%wo ho))|s=owodvolp, = / Hessp, (V) (dwo, dwo) — nvn(hg)wgdvolho. (45)
N N

Using the symmetry of the tensor Hessp,(V,) as mentionned in Remark 3.8, this quadratic
form can be polarized and this provides the desired expression for the linearisation of v,. [

This Lemma suggests that v,(e“°hg) depends only on derivatives of order 2 of wy. In
fact Graham [29, Th. 1.4] proved a stronger statement, namely that v, (ho) depends only on
two derivatives of hg.

Using the Nash-Moser implicit function theorem we can deal with perturbations of model
cases for which we know that v,, is constant.

Proposition 4.2. Let N be an n-dimensional compact manifold with a conformal class [ho]
admitting a representative hg with vy(ho) = [y vn(ho)dvoly,. Assume that Hess(V,) is a
positive (resp. negative) definite tensor at hy and that the quadratic form

fe / (Hesspo (Va)(df, df ) — nvp(ho) f2) dvoly, (46)
N
is non-degenerate on C>°(N). Then there is a neighbourhood Uy, C M(N) of hg such that
S :={h € Upy;vn(h) :/ v (h)dvoly }
N

is a slice at hy for the conformal action of C*°(N) as defined in (10).
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Proof. We shall use the Nash-Moser implicit function theorem. We first take a slice Sy, at ho
for the conformal action, in order to view a neighbourhood Uy, C C(N) of [ho] as a Fréchet
submanifold of M(N) and a neighbourhood Up, in M(N) as a product space Sy, x C*(N):
for instance, take the open subset of Fréchet space

B, = {r € C™(N, SQN);Trh0 (r) =0, sup |r(m)[n, <1};
meN

then the map
U : By, x C°(N) = M(N), U(r,wo) = €*°(hg + 1)

is a tame Fréchet diffeomorphism onto its image and Sp, := ¥(Bp, x {0}) is a slice. Let ®
be the smooth map of Fréchet manifolds

®: B, x C°(N) = C*(N), D(r,wo) := v (¥(r,wp)) — / v (¥ (7, wo))dvoly (r. ) -
N
where we recall from Remark 3.3 that [, v,(h)dvoly, is a conformal invariant. The map ® is a
non-linear differential operator and thus is tame in the sense of [40]. Notice that ®(0,0) = 0.
We compute its differential with respect to the coordinate wy:

D(D(r,wo) (07 f)= 8S(Un(€2squ('f‘, WO)))‘SZO-

Using Lemma 4.1 and writing h = ¥(r,wp), we therefore have

D(I)(T,wo) (07 f) = d;(L(thf) - nvn(h)f

where dj is the adjoint of d with respect to h. If Hj, (or equivalently Hessy(Vy)) is positive
definite or negative definite, then f — D®(, (0, f) is an elliptic self-adjoint differential
operator of order 2 acting on C*°(N). If in addition the quadratic form (46) is non-degenerate,
then by continuity of h + Hj, and h +— v,(h) in C*°(N,S?N) and the theory of elliptic
differential operators, we deduce that f — D®,. (0, f) is an isomorphism on C*°(N) for
(r,wp) in a small neighbourhood of (0,0) in By, x C°°(NN). Moreover the inverse is a pseudo-
differential operator of order —2, depending continuously on (r,wp), which is automatically
tame (see for instance [40, Chap II.3]). Therefore we can apply the Nash-Moser theorem and
we obtain that there exists a smooth tame map

r = wo(r) (47)
of Fréchet spaces such that ®(r,wp(r)) = 0, if 7 is in a small open subset of By,,. The slice S
is simply the image of 7 — ¥ (7, wp(r)) for r near 0. O

Remark 4.3. Notice that, if we were not interested in the Fréchet structure of the slice, we
could instead apply the implicit function theorem in some Hélder C7“(N) space with j large
enough by using [29, Th. 1.4] which says that wy = v, (€2*°hg) maps CH*(N) to C7=2%(N),
and then use uniqueness of the solution near the model cases to show that the solution e?*0hy
is indeed C*>°(N) if hg is smooth. The proof amounts essentially to the same argument as
Proposition 4.2 except that only the isomorphism of the map f — D® (0, f) is needed.

We now apply the existence result of Proposition 4.2 to a couple of cases.
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4.1. Einstein manifolds. We now consider the behavior of the renormalized volume in AHE
manifolds with a conformal infinity containing an Einstein metric. A prime example is given
by the “Fuchsian-Einstein” manifolds defined in the previous section.

Lemma 4.4. Let N be an n-dimensional manifold with a conformal class [ho| that contains
an FEinstein metric. Then the Finstein representative hy € [ho] with Ricy, = A(n — 1)hg,

satisfies
n!
Un(ho) = W(_ )
The Hessian of the renormalized volume V,, at hg, viewed as a symmetric tensor on T*N, is
given by

w3

>

n!
—— _nit.
(n/2)127°
The Einstein metric ho is a local mazimum for Volg in {hg € [ho]; fN dvoly, = 1} if either
A<O0orif A\>0 and 5 is odd. If X >0 and 5 is even, it is a local minimum.

Hess(V,) = —4 (=2)7 7! (48)

Proof. In all these cases, one has from the expression (26)

hy = —3ho, hy=4gho, ha;=0for j>2, vy =CP(-1)(}),

3 N o ‘ ' o (49)
W= kgt G DG, B = G+ DG
=0

In particular the Einstein metric hg satisfies v, (ho) = C” (—%)%)\%, which is constant. Now

n/2
Corollary 3.7 gives the expression for the Hessian of Volr(M, e?**0hy):

n_
2

Hessp,(Vn)(wo) = —%(%)%*1 Z C,?(—l)k/a [Vwolj, dvoly,.
k=0 M

Using the binomial formula we get 22,?;01 cr(-1k = —cn (—=1)z, which achieves the

n/2
computation.
Let us check this is a local maximum in the A < 0 case, the other cases are similar. One

has
1 1
V(o) — Va(0) = /0 (1= $)02(Volr(M, 20 hg))ds — /0 (1 — 5)Hess zeuop, (Va) (o) ds.

Now from the formula giving the hessian in Corollary 3.7 and the negativity of (48), we
have by continuity that there exists ¢ > 0 small, k£ > n large and ¢y > 0 such that for all
llwollck(vy < € and all s € [0, 1]

Hessegstho (Vn)(wo) < —col|dwo |%2 .

This implies that V,(wog) < V,(0) with equality if and only if wp is constant, but since we
restrict to [, €™dvoly, = [, dvoly, = 1, the equality happens only if wy = 0. O

The extremals of v, in conformal classes containing Einstein metrics are also considered
independently by Chang-Fang-Graham [14].

Using this computation and applying Proposition 4.2, we obtain that in a neighbourhood
of a conformal class admitting an Einstein metric, the equation v,, = constant can be solved
except for the case of the canonical sphere.
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Corollary 4.5. Let [ho] be a conformal class on N admitting a metric hg with Ricp, =
A(n—1)hg # 0, which is not conformal to the canonical sphere. Then, there is a neighbourhood
Uny € M(N) of ho such that S := {h € Upy;vp(h) = [y vn(h)dvoly} is a slice at hg for the
conformal action of C*°(N).

Proof. The quadratic form (46) is a non-zero constant times ((Ap, — nA)wo,wo) 2 and using
the Lichnerowicz-Obata theorem [54], then Ay, — nA has trivial kernel except for the case of
the sphere. The result follows from Proposition 4.2. O

4.2. Locally conformally flat metrics. In this case, we can take the AHE metric to be of
the form (25), which can be rewritten

B dz? + hy

72 3 h’l‘(a) = hO((1+%x2H2)2'7')

g

with Hy some endomorphism of T'N (representing —Schy,,). The metric h; 1 dual to h, has
expansion near x = 0 given by

ha' =hg! Q_HY ) +0("), H? = 279(j + 1) (- H3)!
§=0

where H3 here denotes the endomorphism of 7*N dual of Hy. Recall by (44) that
Un(h()) = 2_%0% (HQ)

Lemma 4.6. The Hessian of V,, at a locally conformally flat metric hg is given by

n_q
2
Hessy (V) = 273" (32 oy (H3) (- )37,

j=0
where Hj is the dual endomorphism to Ho defined by ha(-,-) = ho(Ha-,-) and o;(H3) is
the elementary symmetric function of order j of H, as defined in (42). If e1,..., ey is an
orthogonal basis of eigenvectors of Hy, then

Hesspy (Vn)|Rre;, = 2_30%,1(H§|(Rej)L)h51. (50)

Proof. The first formula for the Hessian is a direct application of (41) and (44), it remains
to prove (50). Let A; be the eigenvalue of Hj corresponding to e,. Then, denoting by F'(t);
the coefficient of # in a power series F' (t), we compute

0|3

-1 5—1
(=) 7 oy(Hy) = > (=A0)2 97 det(1 + tH3)y
=0 j=0

nq

= > [(—tA) 27 det(1 + tH3)] 2y

j=0
= [(1 + t/\@)_l det(l + tH;)[%_l]]

<.

which is the claimed formula. O
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We remark that Z]‘%:_Ol oj(H3)(—H3)2 7971 is the so called (5 — 1)-Newton transform
T _1(H3) associated with Hj. The fact that 0;on (A(t)) = T2 _1(A(t)).0:A(t) for a family of
symmetric matrices is well-known, see [59]. When the eigenvalues of Hj are in the connected
component containing (R )™ inside the positive cone

Iho={A=0,.... ) ER%0;(A\) >0,Vj=1,...,%
2

then Tg,l(Hg‘ ) is positive definite, while when they are in —I'}, it is negative definite, see
e.g. [12]. In the first case, it is proved in [36] that if oz (Hz) > 0 in the locally conformally
flat case, then the manifold has to be of constant positive sectional curvature. On the other
hand, when the eigenvalues of Hy are in —I'%;, there seem to be no existence result for the

2
equation o (H2) = const (although there are interesting partial results in Gursky-Viaclovsky
[38]).

4.3. Dimension 4. By Lemma 3.9,the equation v4(e?**°hg) = const is the oo-Yamabe equa-
tion, as introduced in the work of Viaclovsky [67]. It has solutions in dimension n = 4
under certain ellipticity condition: when the eigenvalues of the Schouten tensor (viewed as
an endomorphism via hg) are in the connected component containing (R )?* inside

7 :={A=(\1,..., 1) € R aa(N) > 0,01 (N) > 0},

then Chang-Gursky-Yang [15, 16] proved that there is a solution wg of v4(e*°hg) = const. An-
other proof appears in the work of Gursky-Viaclovsky [39, Cor. 1.2] and in Sheng-Trudinger-
Wang [62].

We now give a uniqueness result using maximum principle.

Lemma 4.7. Let (N, ho) be a compact manifold. Assume that [y v4(ho)dvoly, > 0 and that
Schp, — Trp, (Schy, ) is positive definite. (These conditions are satisfied in a neighbourhood of
an Einstein metric hy with negative Ricci curvature.) Then the equation

v4(e*Phg) = / v4(e*° hg)dvol 2wy,
N
has at most one solution wy € C*°(N).

Proof. Assume there are two solutions. Changing hg by a conformal factor we can assume

that 0 is a solution and let wy be the other solution, we then have vy(ho) = v4(e**°hg) as

J n V4 is a conformal invariant. At the minimum p € N of wp, one has Vwg(p) = 0. Since
Schawop, = Schp, — 2V2wg + 2dwo ® dwo — |dwolj, ho

where VZ2wy is the Hessian with respect to hg, we deduce by using the expresion of vy in
Lemma 3.9 that

1}4(h0) = U4(62w0h0) = 6_4w0 <v4(ho) + UQ(BMO) + %<Schh0 — TI‘hO (SCth), V2w0>h0) .
where o9(B,,) is the symmetric function of order 2 in the eigenvalues of the symmetric
endomorphism B,,, defined by V2wg = ho(B-,). At p, the eigenvalues of B, are non negative,
thus o2(B.,) > 0 there. Moreover, if vs(hg) # 0, [y (e*° — 1)dvoly, = 0 and thus wy(p) < 0
if wg # 0, which gives 1 — e~4o(P) < (0. We then obtain, if v4(ho) > 0,

<SChh0 — Trho (Schho), V2wo>h0 (p) <0
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thus if Schy,, — Trp, (Schy,) is positive definite, we obtain a contradiction with the maximum
principle. O

5. GENERAL VARIATIONS OF THE RENORMALIZED VOLUME
We shall now compute the variation of Volg for a family of Einstein metrics.

5.1. The Schléfli formula. We recall the Schléfli formula proved in [60] for Einstein mani-
folds with boundary and non-zero Einstein constant. For completeness, we give a short proof
of this formula arising from the variation formula for scalar curvature, this is similar to [3,
Lemma 2.1].

Lemma 5.1 (see [60]). Let M be an n+1-dimensional manifold with boundary and g* a family
of Einstein metrics on M with H® the mean curvature at OM , and I the second fundamental
form at OM, computed with respect to the inward-pointing unit normal vector field to OM.
Let Ricge = nig' and assume that \g # 0. Then

(n+1)A

1 . )
OVol(M, ') |i—g = ———=—2-Vol(M, g) — / (H + 3(g,1)g)dvol gas (51)
2)\0 TL)\O OM

where dot denotes the time derivative at t = 0 and dvolgyps is the volume form induced by the

restriction of g% on OM, and g = ¢°.

Proof. We use the variation formula of the scalar curvature of a 1-parameter family of Rie-
mannian metrics [6, Theorem 1.174]:

OsScalyt|i—o = Ay Try(g) + d*07g — (Ricy, ). (52)

Scal ¢

. t . . . . o g
Since ¢" is Einstein, we have Ricy: = %

g' and hence

Scal

L ) 2Scal
(Ricg, g)dvoly = n7+§ Try(g)dvoly, = g

n+1
Let v be the inward-pointing unit vector field on OM. Integrating (52) times dvol, over M
and using Stokes we get

8thOlgt |t:0-

2n\00; Vol (M, g")|1=0 = / (AgTry(g) +d*09g — n(n + 1)X)dvolg
M

— —a(n+ DAVOI(M, g) + /@ (AT (@) + 57 () vl

To compute the right-hand side we reduce to the case where the metric is of the form ¢¢ = dax?+
h! near the boundary where z, the distance function to the boundary for ¢, is independent of
t, and h! are metrics on OM depending smoothly on z,¢t. One way to do that is to pull-back
g' by a diffeomorphism ¢! which is the identity on M and constructed as follows: let

@' OM x [0,6) — M, #'(p,s) := expgt(sut)
be the normal geodesic flow where v is the inward-pointing unit normal to M with respect

to g', and then set ¥ to be any diffeomorphism of M extending ¢" o (¢!)~! defined near OM.
We replace g by (¢')*g! and remark that all the terms in (51) are invariant by this operation.
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We have I' = —10,h%[,—o and H' = Trhg(]lt) = —1 Tr((hf) ' 0phl)|s=0. Since for any
family A = A(z,t) of invertible matrices 9, Tr(A710;A) = 8; Tr(A719,A), we deduce

I/(Trg(g)) = 835 Trhz (hm)‘mzo = 8$ Tr(h;lath;)’t:()@:o
= 815 Tr((hf))_lé?xh;)]t:(),xzo = —2H.

Using that g = h,, it is easy to see that

dg(9)(v) = —(g,T0),
which concludes the proof. O

5.2. Variation of the renormalized volume in arbitrary dimensions. Let ¢’ be a fam-
ily of asymptotically hyperbolic Einstein metrics on M, and choose a family of boundary
defining functions x!. We can pull back g* by a diffeomorphism ¢! so that 2! = (¢!)*x
is a fixed function on M and consider (1/%)*¢' instead of g'. Clearly Volgr(M,g';zt) =
Volg(M, (*)*g; ) therefore we can assume that z! is independent of ¢ and to simplify no-
tation we will write Voli (M) for Volr(M, g*; z).

We write g' = (dx? + h!)/2? and use the dot notation for d;|;—g and hy := hY.

Regularity Assumption: we assume in this section that ¢’ is a C'! function of ¢, near
t = 0, with values in the space of smooth metrics on M, and that A% is a C! function of ¢ with
values in the space of conormal polyhomogeneous tensors equipped with the natural topology
(i.e., the asymptotic expansions of hl, at x = 0 are C' in t).

In dimension n 4 1 even, Albin [2, Th. 1.3] and Anderson [3, Th. 0.2] proved

Theorem 5.2 (Albin, Anderson). Let g be a family of AHE metrics on M with n odd and
let hly = ho + tho + o(t) be a C! family of representatives of the conformal infinity (OM, [hE])
of (M, g"). Let h, be the Neumann datum of g° in the sense of (28). Then

O Vol (M)]i=o = —1 / (h, hig)dvolp,
oM

Here, we study the more complicated case when n even and obtain:

Theorem 5.3. Let g' be a family of AHE metrics on M with n even, satisfying the reqularity
assumption described above when written under the form g = (dz? + hi)/x? for some fized
x near OM. We write hly = ho + tho + o(t) and let h,, be the Neumann datum of g°. There
exists a symmetric covariant 2-tensor F,, formally determined by hg, of order n, such that

Vol (M)1—o = /8 (G, o) dvoly, (53)
M

where G, 1= —i(hn + F,,) satisfies 0p,(Gpn) =0 and Trp,,(Gp) = %vn.

Proof. We will use the Schléfli formula for the compact manifold with boundary {z < e}. The
second fundamental form, mean curvature and their variation on the hypersurface {z = ¢}
are given by the value at x = ¢ of

= — 500 (he/a?) = 22 (3005 h — ha),
= Try, () = =4 Ty, (20, h) — m,



THE RENORMALIZED VOLUME AND UNIFORMISATION 27

Let us denote Volg = OyVolty (M)|i=o . We are interested in computing

—nVolg = %FPeﬁo/

=&

(Trp, (20 — V)hg) — L, x@xhx)hz);—idvolho (54)

where vydvoly, = dvolj,,. Viewing symmetric tensors as matrices in local coordinates, we
write modulo o(z™)

Uy = Z x2qv2q, vg =1
2q<n
he = ho( 3 2% Hyj + " log(x)K), Ho=1
25<n
hyt = <Zm2jH2j—xnlog(a;)K)hal, H=1
25<n

hy = ho( Z 2% Hyj + 2" log(m)K) + h()( Z 2% Hyj + x" log(:c)f(>

2j<n 2j<n
_ . 27 . n n
20phy = ho( Z 2jx™ Hoj + na" log(z) K + x K)
2j<n

(28, — 1)hy = ho( Z (25 — 1)a¥ Hyj + (n — 1)2" log(z) K + x”K)
25<n

+ h0< Z (2j — 1)a* Haj + (n — 1)2" log(x) K + x"K)
27<n

Taking the term of degree 2™ and using Tr(K) = Tr(K) = 0, we get
[v2 Trn, (20 — Dha)ln = (ho k) + > (2§ — 1)[Tr(H* Hy;)
i+j+q=75 (55)
+ Tr(halhngszi)]vgq
[z (B, 0phe)]n = (ho, k) + > 20(Tx(H* Hy H*™ Hyy)
i+j+mtlq=2
+ Tr(hg hoHay H*™ HopH?) v,
= <iL0, k?> + Z 2£(TT(H2iH2jH2mH2g)U2q <56)
i+j+mtlq=2
+ > 20Tr(hgthoHaeH?))vgg
i+l+g=7%
ngHzm = 0 for all u > 0 . Let us single out the

terms in —nVolg which do not depend formally on hg. Since the Hy;, H 2j,’U2j are formally
determined by hg of order 2j when j < n/2, by Lemma 2.6 we know that there exist R,
formally determined by hg of order n such that

~nVolg = §((n = D)(Tr(Ha) + (o, ha)) = Tr(hg hoH™)) = (o, hu) + (o, Ru).

where in the last line we used >, _,
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But since H" + H,, depends formally on ho, this reduces to considering terms containing
H,, H, and we get that there exists R], formally determined by hg of order n such that

—nVolg = 518, Trye (hy)|i=o + § (ho, hn) + (ho, Ry,).

Now we know that Ty (Rt) is formally determined with respect to hf of order n for each ¢,

therefore we have established (53) with G, = —(hy, + F},) for some F,, formally determined
by hg of order n.

Let us now show that Try,(Gn) = v, and 04y (Gn) = 0. Let hf = e*“0hy for some

function wy € C°°(dM). We have ho = 2wohg, and combining (53) with Lemma (3.5) and
(3.6) we get

VOlR :/ ’UndeVOIhO = 2/Trh0 (Gn)deVOIhO
oM

for all wp, and so 2 Trp,(Gr) = vn. It remains to compute the divergence of G,. Let ¢ =
exp(tV') be a one-parameter family of diffeomorphisms of M generated by a vector field V' such
that dz(V) = 0 near M. Then Volg(M, (¢')*g; x) is independent of t because ¢! preserves
the regions {x > e} for any small ¢ > 0. Therefore from (53) applied to kg = Lyho = 205 V
we get ) )

0= VO]R = <h0, Gn> = 2<V, 5h0(Gn)>-
Since V|gas can be chosen arbitrarily, we conclude that 6y, (Gy) = 0. O

Although F;, has been defined as a function of hg when hg is the conformal infinity of an
Einstein metric, the fact that it is formally determined implies that we can consider F,,(hg)
for any metric hyg.

Corollary 5.4. Let (N, hg) be a Riemannian manifold. There exists a tensor F, = Fy(ho)
formally determined by hg, of order n, such that

Trho (Fn) = _Tn — 2’[)n, 5h0 (Fn) = —Dn (57)

where Dy, T, are the formally determined tensors of Proposition 2.7 and vy, is the formally
determined function defined by the volume expansion in (31). If (ho,hy) is a Poincaré-
FEinstein end, then op,(hy, + Fy,) = 0 and Trp, (hy, + Fp,) = —2v,,.

Proof. Since F,(hg) is formally determined by hg, we see by Remark 2.5 that it suffices to
prove the result on metrics on the sphere S™. For the round metric hgn on S™, or any other
metrics which is the conformal infinity of an AHE metric on the unit ball B"*!, the conclusion
(57) follows directly from Theorem 5.3, more precisely from the last part of its proof. If now
ho is any metric on S™, we define the metrics hf) := tho+ (1 —t)hgn for t € [0,1]. By Graham-
Lee [32], for small ¢ € [0, ], the metric k) is the conformal infinity of some AHE metric ¢* on
B™1 and we have seen that this implies (57) for hf with ¢t € [0,¢]. But F,,(hY), T,.(hf) and
v (h§) are real analytic in ¢, therefore by unique continuation we deduce that (57) holds for
ho = h{. O

5.3. Case n = 2. We do not give full details of the computation, since this case has been
analyzed in [45, 35]. With the notation of the proof of Theorem 5.3) we have

k=0, ve = 5 Trpy(he) = § Tr(Hoy), H? = —H,, (58)
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and from (54), (55), (56), we obtain

Vol = —1 </8 20 (Trpg (ha))]e—odvolp, + <h0, hy — th0>) .
M

By [24, Prop 7.2], Trp,(h2) = —%Scalho, and thus, using the Gauss-Bonnet formula, we easily
get [o5, Scalp,dvoly, = —%(ho, Scalp, ho). We conclude

Volg = 4 (ho,ha + Scaligho ), —4Ga = ha + $Scaliho,  Fo = §Scaliho.  (59)
5.4. Case n = 4. First, we have the relations (with the notation of the proof of Theorem
5.3)

H? = —H,, H*= —Hy— HyH? = —H, + (Hy)*.
From (54), (55) and (56) we obtain
—8V61R = <i‘Lo, %k + 2h4 — h% + Ughg - ’U4ho>
: : : (60)
+ / (’02 TI‘(HQ) — QTI‘(HQHQ) + 3TI‘(H4))dVOlh0.
oM

where h3 := hy 1(H2)2 is the tensor obtained by composing the endomorphism Hy with itself.
Now, recall Lemma 3.9 obtained from the constraint equation on the trace of the shape
operator, which gives

vo Tr(H) — 2 Tr(HoHo) + 3 Te(Hy) = 0, (% Tr(Hs)? — Tr(H2) + 3 Tr(H4)> o o)
= 20,

But we also have from (38)
/ by dvoly, + & (ho, vaho) = 1 (ho, k)
oM
and by combining with (60) and (61), we obtain
Volg = (ho, Gy), —4G4 == hy — L3 + Svohy — vaho + Lk
and by Lemma 3.9 this can be rewritten as
—4Gy = ha — $h3 + 1 Trpy (ha)ha — 102(h2)ho + 5k,
where hy = —Schy,, = —%(Richo — éScalhoho).

5.5. Einstein metric in the conformal infinity. If Ricy, = A(n — 1)hg for some X € R,
one can prove that the tensor Fj, is a constant times hg:

Lemma 5.5. Let hg be Einstein, Ricp, = A(n —1)hg. Then F,, = —2((:/_5?2' (—%)%ho ifn>4
and Fy = —)\2/4. In particular, OsVolg(M, g°; hi)|s—=o0 = 0 if ¢° is a family of AHE metrics
with (9°, h§)|s=0 = (g, ho) and Vol(N,h{) = 1, and if the trace-free part of the tensor hy in
the expansion of g is 0.
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Proof. First, notice that T, = 0 if n > 4 and Ty = \?/4 since T}, = Try,(h,) depends
only on hg given a Poincaré-Einstein end with metric at infinity hg, and the metric g :=
27 2(dx?+(1—\x? /4)%hy) is Poincaré-Einstein end (see Section 6.2 below). Therefore it suffices
to prove that F), is proportional to hy and the multiplicative constant is deduced directly from
(57) and the formula v, = 02/2(_%)% of Lemma 4.4. Let A, = h;'0,h, = %Id if
hy = (1=X22/4)2hg. If ([0,€)x x N, g* = (dz®+hl)/2?) is a one-parameter family of Poincaré-
Einstein ends with ¢° = g, then differentiating the first constraint equation in (22) at t = 0
gives

Az

0. F(x) — mF(m) =0,

F(z) =27t Tr(4,) € C°°([0,¢))
and A, = Ot Azli=o. In particular

Tr(A,) = agz exp </ 1/<\f2/z1dt> (62)
0

is determined by a constant ag € R.
Using the notations in the proof of Theorem 5.3, we claim that there exists c¢;,d; € R
such that for all j < n/2,

ag = QTT(HQ), TI'(HQJ') == Cj TT(HQ), TI'(HZj) == dj TI‘(HQ) (63)

Since 2%2:0 2204k Hy, 20 = 1d + O(2™*') and Hajli—o, H?*|i—¢ are multiples of Id, then

Tr(H%) = — Tr(Ha;) + Zi;%) by, Tr(Hyy,) for some constants b, € R. But modulo o(z"), we

have
n/2 n/2

v Te(Ar) = 0> 2k(ap Te(HY) + 85 Tr(Hyy) )0t
k=1 j=0
for some oy, 3; € R such that fy = 1, thus an easy induction and (62) prove (63).
Inserting (63) in (55) and (56), and using that vy, are constant if hg is Einstein for
q <n/2 by (49), we deduce directly that there exists C' € R such that

Volg = —(hy, ho) + C | Tr(Haz)dvoly,.
oM
Since Tr(Ho) = O (Trpe (h%))]t=0 and Ty, (h%) = C’Scalhg, we can use the variation formula
(52) for the scalar curvature, integration by parts and the fact that Ric,: = A(n — 1)h} when

t = 0 to conclude that [,  Tr(Hs)dvoly, = C"(ho, ho) for some C” € R. If (M, g) is an AHE
manifold with conformal infinity containing an Einstein representative hg, then the traceless
part of Gy, is the traceless part of the formally undetermined term h,, (for the choice of x
associated to the metric hg). This achieves the proof. O

6. COTANGENT SPACE OF CONFORMAL STRUCTURES AND QUASIFUCHSIAN RECIPROCITY IN
HIGHER DIMENSION

We can now explain how the results of the previous section for hyperbolic manifolds in
three dimensions can be used to identify Poincaré-FEinstein ends modulo gauge with cotangent
bundles to the space of conformal structures. This allows to extend McMullen’s quasifuchsian
reciprocity, or more generally Kleinian reciprocity [53], in dimension n + 1. We will work in
both even and odd dimensions, but for n even we shall need more hypotheses.
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6.1. Assumptions and the slice v, = constant. To get a satisfactory picture where the
analogs of the 3-dimensional phenomena can be stated and proved, two technical hypothesis
will be necessary. We show below that those hypothesis are satisfied in non-trivial situations.

Like in Section 2.1, we denote by M(N) the space of smooth metrics on N and by
M(M) the space of polyhomogeneous metrics on M in the sense of Section 2.2 together with
its natural Fréchet structure.

We will consider in this section the situation where (some of) the following hypotheses
hold. Let hg € M(N) be a fixed metric.

Hypothesis 6.1. Fréchet structure: The metric hg has no conformal Killing fields and
the quotient space T (N) = G\M(N) has a Fréchet manifold structure near [ho] € T (V).

Hypothesis 6.2. Slice v,, = const: There is a slice Sy at hg for the action of G = Dy(N) X
C*®(N) on M(N) as defined in (11), and Sy is included in the subset of metrics {h €
M(N);vp(h) = [y vn(h)dvols}.

Hypothesis 6.3. Einstein filling: If S is a slice at hg for the action of G = Dy(N) x C*(N)
on M(N), then there is a C! map of Fréchet manifolds = : Sy — M(M) such that Z(h) is
asymptotically hyperbolic Einstein with conformal boundary (N, [h]).

Using the existence results for Einstein equation obtained by Biquard or Lee [7, 46] and
the result of Corollary 4.5, we obtain

Proposition 6.4. Let hy € M(N) be an Einstein metric with negative sectional curvatures
and let go € M(M) be an AHE metric with non-positive sectional curvatures on a manifold
M with conformal boundary (N, [hg]). Then Hypothesis 6.1, 6.2 and 6.3 are satisfied if n is
even, while Hypothesis 6.1 and 6.3 are satisfied if n is odd. Moreover Sy can be chosen so
that ThOSO = {T’o € COO(N, SQN); Tl"hO (’l“()) =0, 5h0 (’l“()) = 0}.

Proof. Hypothesis 6.1 comes from the fact that G acts properly since IV is not the sphere and
there is no conformal Killing field for hg since the Ricci curvature is negative (by Yano [69]),
ie. the isotropy group at hg is finite and in fact it is trivial, by a result of Frenkel [26], since
we assumed the sectional curvatures to be non-positive.

If Sy is any given slice at hg for the action of G and if g9 € M (M) is an AHE metric with
non-positive sectional curvatures on M and with conformal boundary [hg], then Hypothesis
6.3 holds, after intersecting Sy with a small enough neighbourhood of hg; this is proved by
Biquard [7] and Lee [46, Theorem A]. In fact, technically speaking, [46] does not prove it with
the topology we need, (i.e. that for which the whole expansion of the metric at the boundary
depends in a C! fashion on hg), but the arguments used by Biquard in the Kihler-Einstein
setting [8] give the right property, in fact it is even simpler in our case. If n is even, we
know by Corollary 4.5 that there is a slice S C M(N) at hg for the conformal action with
S = {h € Upy;vn(h) = [y vn(h)dvol,} for some neighbourhood Uy, C M(N) of hg. There is
an action by pull-back

©: Do(N) x S = {h € M(N); v (h) = /an(h)dvolh}, O(6,1h) = ¢ h.

The set on the right is a Fréchet submanifold when intersected with a small neighbourhood
of hy in M(N). Let us first define a slice Sy C S at hg for the action © in the sense of (11).
To that aim, we return to the proof of Proposition 4.2 and use the notations there. We define
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the smooth tame map
L By, = S, s 00 (g 1) (64)
where wq(r) is obtained from (47) by solving ®(r,wo(r)) = 0. This is a Fréchet chart for S.
The derivative is the tame family of isomorphisms defined on {r € C*°(N, S?2N); Try, () = 0}
DIL, (#) = )5 + 2(Dwy ), (7)I1(r) (65)

where, from the proof of Proposition 4.2 using the Nash-Moser implicit function theorem,
we have that r — (Dwp), is a tame map into pseudo-differential operator on N of order
0. We take the open neighbourhood B;IO = {r € Bp,y;0p,(r) = 0} of the Fréchet space of
trace-free/divergence-free tensors with respect to hg. We will call Sy the image by II of a
neighbourhood of hg contained in B;LO; this is a Fréchet submanifold of S and we are now
going to show that it is a slice for the action of Dy(N). In that aim, we apply the Nash-
Moser inverse function theorem to the restriction ©g : Do(N) x Sog — O(Dy(N) x Sp) of © to
Do(N) x Sp. The derivative at (¢, h) is

(DO0) (41 (X, h) = ¢*(Lxh + h) € TyepS

where X € lie(Dy(NN)) is a smooth vector field and h € T},Sy. Here (¢, h) are in a small
neighbourhood of (Id, hg) so that ¢*h € S. Now Ty« S = Im(DIyj-1(g+p)). Then we want to
find a smooth tame map ((¢,h),7) — (X, h) € lie(Do(N)) x Tj,Sp so that

¢*(Lxh+ h) = DIL(r)

where Trp, () = 0 and r = II"!(¢*h) € By,. Using the chart II, we translate this into the
problem of solving for (X, 7¢) in

DI (Lxch) + o = DIL ((67!)*DIL (7)) (66)
with h = II(r) and Trp,(79) = 0, dp, (7o) = 0. Applying 6y, , this leads to
61 DI (Lxh) = 0, DL ((671) DIL (7)) (67)

First, observe that the map Fj, : X — 6y, DI Y(Lxh) is a pseudo-differential operator on N
of order 2 acting on vector fields, depending smoothly in a tame way on h. We now state the
following Lemma, the proof of which is defered below the proof of this Proposition.

Lemma 6.5. Let hjy C S be a one-parameter smooth family of metrics on N, i.e. with
vn(hy) = [y vn(h§)dvolys, such that hY = hg is Einstein with negative sectional curvatures.

Let hy = Osh|s=0 and assume that 5h0(ho) = 0, then Trho(ho) = 0. Moreover we have
DIl = 1d.

We denote by ¥ (N) the class of classical pseudo-differential operator of order m on N
(acting on vector fields). The operator Fj, being equal to the elliptic differential operator
Fpy(X) = 0pyLxho of order 2, we deduce by smoothness of Fj, with respect to h that Fj, €
W2(N) is elliptic when ||h — hol| 2 is small enough (for some L). The operator F}, is elliptic
self-adjoint and invertible from H? to L? since there is no Killing field on (N, hg) by [10],
therefore Fj, is also invertible from H? to L? with inverse an operator F}- ' ¥=2(N) and
(h, X) — F;;}(X) is a tame map (by [58, Th 4.5]). This allows to solve for X in (67). Note
that X is uniquely determined, according to the argument we used. Then r( is obtained by
(66), it has Try, (1) = 0 by the property of DIT~! and it satisfies 0y, (79) = 0 by construction
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of X solving (67). We can therefore apply the Nash-Moser inverse function theorem to deduce
that Sp is a slice for the Dy(N) action on S. O

Proof of Lemma 6.5. Here we take a family of Poincaré-Einstein ends ¢° = (dx? + h3)/x2.
We use the notation in the proof of Theorem 5.3 and remove the superscript s when s is
set to be 0. We are going to show that v, = ¢,0y for some ¢, # 0. To prove that, for the
moment we do not assume that v, (h{) is constant and we simply assume that ([0,¢] x N, g%)
is a Poincaré-Einstein end for s # 0 with ¢ = g.

Using 8,05 = 105 Trps (9,h5), differentiating this identity with respect to s at s = 0, one
has modulo o(z™)

Z bgkjvjx2k+2j_1+ Z 2 2j+2k— 17}%](% Tr(H2l)+BZTI‘ HQJ Z%Wﬂj 1’
Jk<Z i,5,k<n/2 i<3

notice that we have used that HY = aojld, Haj = f2;1d for some agj,32; € R, and ;
are some constants. Then by a straightforward induction and using (63), we deduce that
U9j = co502 for some co; € Rif 1 < j < 5. To compute c,, we notice that the obstruction
tensor k vanishes for an Einstein metric, so

65(/ UZdVO]h(%) ‘5:0 = %(k, h0> =0= / Q}ndvolho +/ Uﬂ Trho(ho)dvolho
N N N 2

and thus ¢, [y 02 = 2vn Iy Trp, (ho); but since v§ = — I 1)Scalhs we can use (52) to

deduce that [y vo = —% [ Trp, (ho), and since Try, () can be chosen so that its integral
is not 0, we obtain that ¢, = 2v,. Now we come back to our setting where ¢* is AHE with
Ony (ho) = 0. Since 0y, = 2v,02 and vy, # 0 (by Lemma 4.4), we deduce from (52)

O =0 <= (A= Xn—1))Trp,(hg) =0 <= Trp,(ho) =0

if Ricp, = A(n — 1)hg. This concludes the first part of the proof since v, = %(k, ho> =0if
v (h{) f N Un (hg) dvolhs

Let us finally show that DIIp = Id where II is defined in (64). Let 79 be divergence-free
and trace free with respect to hg, then by the discussion above, we have (Duvy)p, (DIly(79)) =
0= (DUQ)hO(DHQ(fo)) and by (65), we have also have DHo(To) = 7:‘0 + 2(Dw0)0(7'“0)h0. By
(52) we deduce that (Ap, — An)(Dwp)o(ro) = 0 and thus DIIy(rg) = 7. If now X is a vector
field so that Trp,(Lxho) = 0, we set ¢ = e!X and write ¢;hg = II(r;) for some r; with
Trp, (7¢) = 0. Then, differentiation gives Lxhg = DIIy(r) and since II(r;) = e200) (hg + 1),
we also deduce Lxhy = DIly(r") = 2(Dwyg)o(7)ho + 7. Taking the trace with respect to hg, we
obtain 2(Dwg)o(7) = 0 and 7 = Lxho = DIIg(Lxho). Since any trace free tensor 7 can be
decomposed as a sum Lxhg + 7o, this achieves the proof that DIIy = Id. O]

6.2. Examples. We give two examples where these hypotheses are satisfied.

The case n = 2. This is our archetypal motivation. We consider here a 3-manifold M which
admits a convex co-compact hyperbolic metric — this is the same, in dimension 3, as an AHE
metric. Then N = 0M is the disjoint union of a finite set of closed surfaces of genus at least
2. The classical Ahlfors-Bers theorem [1, 5], extended by Marden [47, 48], gives the map ®
of Hypothesis 6.3, for any choice of slice Sy (in fact the map @ is well defined on Teichmdiller
space in this case). Moreover, we have seen that vy = —%Scalho, so given a metric hg on
N = 0M, it has vy = —mx (V) if and only it has constant curvature. Since there is a unique
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constant curvature metric with volume 1 on each connected component of dM, Hypothesis
6.2 is also satisfied.

Fuchsian-Finstein manifolds. We now recall a particularly simple type of AHE manifolds.
Let (N, hg) be a closed Einstein manifold with Ricy, = —(n — 1)hg. Its conformal class will
be denoted [hg] as before.

We consider the product M = R x N, with the warped product metric:

g = dt* 4 cosh?(t)hy. (68)

We will call Fuchsian a Riemannian manifold of this type, the reason being that, for n = 2,
we find precisely the Fuchsian hyperbolic 3-manifolds, that is, quotients of H? by co-compact
Fuchsian groups I' € PSLy(R) < PSLy(C), or equivalently hyperbolic 3-manifolds which are
topologically the product of a surface of genus at least 2 by an interval, and which contain a
closed totally geodesic surface.

It follows directly from (20) that Ricy, = —ng. To prove that (M, g) is actually AHE, set
z = 2e 1!l away from ¢ = 0. In this new variable,

2
daz? 1+ %xz
g= 2 + ho )

x T
so g is AHE. The subset corresponding to ¢t = 0 is a closed totally geodesic hypersurface since
the warping function is even.

Write g = dt?+ f2(t)hg with f(t) = cosh(t). Let v, w be some (t-independent) vector fields

on N and let V := f~lv, W := f~'w and T = 9/0t, then one has by a direct computation

VT =0, VyT=f1fV, VeV =0, VyW=Ff2VVw—f1f(v,w,T. (69)
This implies for X,Y tangent to N
Rx7rT = - X, RxyT = 0. (70)
Moreover, for X,Y, Z, W tangent to N,

N2
(RO Z0), = (R )2 w), - S vz, 0m), - ez, @
where R" is the Riemann tensor on (N, hy), showing in particular that if hy has non-positive
sectional curvature, then g also has non-positive sectional curvature.

The conformal boundary of M is the disjoint union of two copies of (IV, [hg]), one corre-
sponding to t = —oo and the other to t = co. We call these two components of the conformal
boundary (Nx, [ho]).

We summarize the discussion in the

Lemma 6.6. Let (N, hg) be a closed Einstein manifold with non-positive sectional curvatures
and negative Ricci curvature, and let M = N X R be endowed with the warped product metric
g = dt® + cosh®(t)hg. Then g satisfies the assumptions of Proposition 6.4.

6.3. Poincaré-Einstein ends as cotangent vectors to conformal structures. We then
use the description in Section 2.1: T (NN) correspond to the quotient of the space of met-
rics M(N) by the group C*°(N) x Dy(N) which is the semi-direct product of the group of
conformal transformations by the group of diffeomorphisms of N isotopic to the Identity, or
equivalently it is the space of conformal classes up to diffeomorphisms isotopic to the Identity.
We will work near a metric hg € M(N) where T(IN) can be locally represented by a slice.
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By the discussion of Section 2.1, T [Z]T(N ) can be identified with the space of trace-free and
divergence-free (for h) symmetric 2-tensors on M.

Let £ be the space of Poincaré-Einstein ends (with conformal boundary N), i.e. the set of
products N x (0, ¢), equipped with a metric g = (dz?+h,)/x? satisfying Ricy = —ng+O(z>).
The group Do(N) acts naturally on £ by ¢.g = (dx? + (¢~ 1)*h,)/z? where (¢p~1)*h, is just
the pull-back of h, by ¢!, viewed as a metric on N. The group C*°(N) also acts on £ as
follows: wpy.g := (di? + hy) /22 where & is the geodesic boundary defining function associated
to the conformal representative e?*0h, in the sense of Lemma 2.8. This induces an action
of C*°(N) x Dy(N) by (wo, P).g := wo.(¢.g). This group action corresponds to the action of
the group of those diffeomorphisms which map a Poincaré-Einstein end to another one: this
is the natural gauge group of £.

Case n odd. We observe that the action of an element (f,¢) € C°°(N) x Dy(N) on a
Poincaré-Einstein end ¢ transforms the pair (hg,h,) in the expansion of g into the pair
(€290 (¢~ )*hg, e2~™«0($~1)*P,) in the expansion of (wg,¢).g. This is easy to show: the
Do(N) action is clear, as for the conformal action, it comes from the fact that h, is the
coefficient of the first odd power of x in the expansion of g and that the geodesic boundary
defining function & associated to e2°h is of the form & = ze“* with w, an even function of
up to O(z"+2) (see for e.g. Lemma 2.1 in [34] and its proof). Notice that the action (f, ¢).g
corresponds exactly to the action (13) of (wo, ¢) on T*M(N) if we view (hg, h, @ dvol,) as
an element in 7*7T (N) (here h,, is a divergence-free trace-free tensor). We therefore deduce

Proposition 6.7. Let n be odd and T(N) be the space of conformal structures on N, as
defined by (8). Let [ho] € T(N) be such that T (N) has a Fréchet manifold structure near [ho],
then the space G\E of Poincaré-Finstein ends, up to the gauge group G = C*°(N) x Dy(N),
identifies naturally to the cotangent space T*T (N) of the set of conformal structures.

Case n even. In even dimension, the pairs (hg, hy) representing a Poincaré-Einstein ends are
not identified directly to an element in T",‘L ]T( ) as for n odd. Indeed, it is easy to verify that

for a change of conformal representative ho = €2“0hg € [hg], the formally undetermined term
h., in the end is of the form h,, = e2=™wop, 4+ P (wo, ho) where P is some non-linear differential
operator. Moreover h,, is neither trace-free nor divergence-free with respect to hg. However,
Theorem 5.3 and Corollary 5.4 tell us that if kg satisfies v, (ho) = [ ~ Un(ho)dvoly, then there
is a formally determined tensor F,, = F,,(hg) such that the trace-free part Go = G,, — aho
of G, = —%(hy + F,) is divergence-free. By the description (14) of T*7(N) in Section 2.1,
we can thus see G, = G, ® dvoly, as a cotangent vector at hy. We then obtain

Proposition 6.8. Let n be even and let [ho] € T(N) so that T(N) has a Fréchet structure
near [ho] and hg satisfies Hypothesis 6.3. Then we can identify the cotangent space T*T (N)
of the set of conformal structures to the space G\E of Poincaré-FEinstein ends as follows: if
h € Sy and r € C®(N,S?N) with Try(r) = 0, §x(r) = 0, we assign to the cotangent data
(h,r ® dvoly) € [h}T(N) the Poincaré-FEinstein end (h,—4r — F,(h) — 2U"T(h)h)

We recall the example of dimension n = 2. In this case, N is a closed surface of genus at
least 2, and £ is the space of hyperbolic ends on N x (0, 00). Hyperbolic ends on N x (0, c0)
are in one-to-one correspondence to complex projective structures on N. Let CP the space of
complex projective structures on N. Given o € CP, one can consider the underlying complex
structure ¢, and the Fuchsian complex projective structure og obtained by applying Riemann
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uniformization to c¢. Let ¢ be the holomorphic map isotopic to the identity between (N, o)
to (N, o), and let ¢ = S(¢) be the Schwarzian derivative of ¢.

Lemma 6.9. Let n = 2 and let h be the hyperbolic metric in the conformal class ¢ on N,
then, for all g € €, (h,1 Re(q)) is the associated cotangent data to c.

Proof. 1t is proved in [45, Lemma 8.3] that II; = — Re(q), where II* is the “second fundamental
form at infinity” considered in [45] and IIj is its traceless part. However comparing the
expressions of the hyperbolic metric at infinity in terms of ho used here, and in terms of II*
as in [45], shows that hy = 2II*. Finally we have seen in Section 5.3 that h§ = —4GS. The
result follows. O

6.4. Lagrangian submanifold in 7*7(N). We now come back to the situation where
Hypotheses 6.1, 6.2 and 6.3 apply (we use the same notations as there) and the dimension
n is even. Using again that T*7 (N) near [hg] is represented by (14), we define the modified
Dirichlet-to-Neumann map

Nz :h € Sy Gp(h) € T T(N) (72)

where G, (h) = G5 (h) ® dvol;, with GY,(h) the divergence-free/trace-free tensor Gy, associated
to the Poincaré-Einstein end of the AHE metric Z(h).

Proposition 6.10. Let N have dimension n even and let hg € M(N) so that Hypotheses
6.1, 6.2 and 6.3 hold. Then the section Nz defined in (72) is an exact 1-form on the slice Sy.

Proof. By linearizing the identity v,(h) = [y vn(h)dvol, valid for every h € Sy, we get
S vn(h) Trp,(R)dvoly, = 0 if h € T;,So, and therefore (G, h) = (G2, h). By Theorem 5.3 we
deduce that Nz is the differential of the map h — Volg(M,=(h); h). O

Corollary 6.11. With the same assumptions as in Proposition 6.10, the image of N= is a
Lagrangian Fréchet submanifold in T*T (N).

Proof. The image is a submanifold since it is the image of a smooth section. It is isotropic
for the symplectic form Q of (12) since the section is an exact form and €2 is the exterior
derivative of the Liouville 1-form. Moreover, it is maximal isotropic since it is diffeomorphic
to the base by the projection. O

The following corollary is the analog in our higher-dimensional setting of McMullen’s
Kleinian reciprocity, see [53, Theorem 9.1].

Corollary 6.12. Under the same assumptions as in Proposition 6.10, let h € Sy, and let
u,v € TpSy. Let u*,v* be the corresponding first-order variations of G, , so that u*,v* €
T T(N). Then

(v,u*) = (u,v™)
where ( ,) is the bilinear pairing with respect to h followed by integration on N. Equivalently,
the linearization dN= of Nz is such that (ANz), is self-adjoint.

Proof. This is a direct translation of Corollary 6.11 using the definition of the cotangent
symplectic structure induced by (12) on T*7T(N). O

Quasifuchsian reciprocity for AHE manifolds. We now consider a more specific
setting, analogous to the situation occuring for the quasifuchsian reciprocity for 3-dimensional
hyperbolic manifolds, see [53]. We consider a manifold M such that M has two connected
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components, N and N_. We denote by M(N+) and 7 (N4 ) the space of Riemannian metrics
and the space of conformal structures on N1, and we assume that Hypothesis 6.1, 6.3 apply
and Hypothesis 6.2 applies on N, N_ separately with v, # 0, i.e. So = &; X Sar.

Given h = (h_,hy) € Sy, let NI (h) € Ty, T(Ny) and Nz € Ty T(N-) be Ny compo-
nent of Nz (h). For fixed h_ we have a section N2 (h_,-) of T*T (N4), while for fixed hy we
have a section Nz(-, hy) of T*T (N_).

For fixed h = (h_, hy), we now consider the linear maps

Ony : Th Sy — Ty, T(Ny), v = (AND)p(v_,0),
on_ 2 Th, S — T T(N-), v = (dANZ)R(0,v4).
Proposition 6.13. ¢,_ and ¢y, are adjoint.

Proof. This is simply a particular case of Corollary 6.12. ([l

7. THE DIRICHLET-TO-NEUMANN MAP FOR THE FUCHSIAN-EINSTEIN CASE AND HESSIAN
OF THE RENORMALIZED VOLUME

In this last section we compute the Hessian of the renormalized volume at a Fuchsian-
Einstein metric (M = R x N, g), when n is odd, and when n = 2,4. In the latter case we will
consider the renormalized volume as a function on the slice S € M(N) of metrics satisfying
v, = constant, Vol(INV) = 1 near hg Einstein with negative Ricci curvature.

7.1. Hessian of Volp at the Fuchsian locus when n = 2. It is instructive to do first the
computation for n = 2. Let g = dt? + cosh(t)?hg be a Fuchsian metric on M = N x R; for
a hyperbolic surface (N, hg). The conformal boundary consists of (M, g) is OM = Ny LI N_
(corresponding to t — 400) where each Ny is N equipped with the conformal class of hyg.
The geodesic boundary defining function associated to hg is  := 2e~*l near ¢ = +o0; the
metric g takes the form near OM

g =z 2(dz?* + ho + %wzhg + %x‘lho) as ¢ — 0.
We have the following result (cf. [45]):

Proposition 7.1. Let hg be a hyperbolic metric on a Riemann surface N with genus > 2.
We identify Teichmiiller space T(N) of N with a slice of hyperbolic metrics, with tangent
spaces at each point the space of divergence-free/trace-free tensors. Let ® : h_ +— ®(h_) be
the Bers map sending a hyperbolic metric h— € T(N) on N to the quasifuchsian hyperbolic
metric on N x Ry with conformal boundary hg at Ny, h_ at N_. Then the map Vj, : h_ —
Volg(M,®(h_); (ho,h_)) has a unique critical point at h— = hy on T(N) and the Hessian
there is

Hessy, (Vi) (k) = & / k|, dvoly,, k € T, T(N).
N

Proof. The fact that the Fuchsian metric g is a critical point is a consequence of the fact
that the trace-free part G5 of G2 is 0 by (59). To see that it is the unique critical point,
we claim that for a critical quasifuchsian metric ¢ = ®(h_), the trace-free part G§ of Ga
at both conformal boundaries is 0, which means that the 2 hyperbolic ends are of the form
27 2(dz? + (1 + %)th) for hy = ho and h_ some hyperbolic metric; thus the quasifuchsian
metric g would have two different embedded totally geodesic surfaces corresponding to z = 2
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if hy # hg, and this is not possible since it would mean that the fundamental group m (V) C
PSLy(C) preserves two different hyperbolic planes in H?3.

Next we compute the Hessian. We deform g by a 1-parameter family of quasifuchsian
metrics g° by means of a divergence-free/trace-free tensor k as follows:

g == dt* + *'ho + h§ + Le % (h3)?, 5 = 1ho + sk.
This amounts to changing the conformal class on N_ only. We denote conformal represen-
tatives in the conformal boundary by pairs (h%,h%) corresponding to the components N-.

For small s, the expression for g° makes sense for all ¢ € R; at V5, « induces the conformal
representative h5 = ho and at N_ one has h® = 4(h3)? since the metric near ¢t = —oo is

g° = x72(da® + h* + 2?h§ + 2*h3).

Notice that h® = hq is hyperbolic, but for other values of s it is not. The variation formula
from Section 5.3 gives for s near 0 (with h® = 0sh?)

—485V01R(M, gs; (ho, hi)) = / <hi, h; — tI‘hS_ (h;)hi»hi dVOth_.

N
We have
ho:==h" =hg, h_:=0h" =4k,  9?h|—o =8k,  trps (h3) =1+ O(s?),

and we compute (with the dot notation for 0s|s—o)

—492Volp(M, g°; (ho, h*))|s=0 = (h_, ha) — $(82Rh* |50, ho) = 0.
We are interested in the renormalized volume where the boundary families are qniformized
to have scalar curvature —2. This means, we must consider Volg(M, ¢%; (ho,h®)) where
h® := e29h* is the unique hyperbolic metric in the conformal class of h®. Then dsh®

is the sum of a Lie derivative of h* and a divergence free/trace free tensor, in particular
f N s (Osh?. )dvolils = 0. From this we can derive the identity

/ Gidvoly: — 4s / k2, dvoly, + O(s2).
N B N

Since Scalps = —2trys (h3) = —2 4+ O(s?), it follows that w§ = £s%a + o(s?) for some a with
[ @ =4 [y |k[} dvoln,. Proposition 3.11 shows that

Volp(M. g (ho. i) = i/ (| Vet | + Scalps w)dvoly
M
The only term of order 2 which survives is
Volg(M, g°; (ho, h*)) = 32/ k|2, dvolp, + o(s?).
N

This computes the Hessian of the renormalized volume at (hg, ko) in the direction (0,4k). O
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7.2. Higher dimensions. In this Section we compute the Hessian of Vol at the Fuchsian-
Einstein metric for n = 4 and for n odd.

Organisation of the computation. We divide the computation of the Hessian in 6
parts. In Part 0), we start by computing the second variation of Volg at the Fuchsian-Einstein
metric in terms of variation of the h,, and F,, terms. We then need to compute hn and Fn in
order to compute the Hessian. The local term F}, is not known for general n even, but it can
be computed explicitly for n = 4, we will start by this computation in Part 1). The non-local
term h,, can be computed by considering the asymptotics of solutions of the linearization of
Einstein equation: indeed, the variation § = 0s9°|s=o of Einstein metrics lives in the kernel
of the linearized Einstein operator at s = 0 if ¢° is a smooth family of Einstein metrics.
We use Bianchi gauge in order to get an elliptic problem and Part 2) describes this Bianchi
gauge condition. In Part 3), we describe the Einstein linearized equation in Bianchi gauge
and give the expression of the linearized operator for a warped product metric (including the
Fuchsian-Einstein setting). In Part 4), we use the spectral decomposition of the linearized
Einstein operator on (N, hy) (the compact basis of the warped product M = R; x N) to
compute the solutions of the linearized Einstein equation in Bianchi gauge. This is done in
Proposition 7.6 and allows to give an expression of h,, in dimension n odd or n = 4. In Part
5) we conclude by a computation of the variation of the obstruction tensor for all n even and
by the properties of the Hessian of Volg when n is odd and when n = 4.

0) Second variation of the volume. Let us consider a family of AHE metrics ¢g° (for
s near 0) on M = Ry x N with N compact and ¢° = g with

g = dt* + cosh?(t)hg

where Ricp, = —(n — 1)ho. The conformal infinity of (M, g) is OM = N, U N_ where each
Ni is N equipped with the conformal class of hg. Notice that  := 2e~ It defined outside
t = 0, is the geodesic boundary defining function associated to the conformal representative
ho on OM. When n is even, we choose (for s near 0) the smooth family A§ of metrics on OM
so that vy, (h{) # 0 is constant, Vol(OM, h{j) = Vol(OM, hy) and [hf] is the conformal infinity
of (M, g¢°); this is possible by Proposition 6.4, moreover we can choose the variation h{ so
that Trp, (hg) = 0 and 8p, (ko) = 0. Notice that a priori the volume of (9M, h) is not equal
to 1.

When n is odd, Theorem 5.2 gives 0;Volg(M, ¢°; h§) = — % (hS, Osh§) 12 and since hy,, = 0
at s =0, o

OZVOlR(M, g°)|s=0 = —H(hn, ho) 2. (73)

For n even, by Theorem 5.3 we have 95Volg(M, g°; hg) = (G, 9shg) 12 and Trps (Gy) =
sun(h§) is constant, it follows that dsVolr(M, g% hg) = ((G3)°,0shs) where (G3)° is the
trace-free part of G, which vanishes at s = 0 by Lemma 5.5. Hence

652V01R(M7 9’ h(s))’SZO = <G$w h0>L2
where G := 0,[(G%)°]|s=0. Moreover since Trps (Gy) = sun(h),
8§V01R(M, gs; hS)‘SZO :<Gn, hO>L2 - %’Un’ho@z — 2171/ f)n Trho (ho)dVOlhO
N

=(Gry ho) 2 — 2= nlho[2e.

(74)
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Now, if we want to use the normalization of Volp with the conformal representatives to
be of volume 1, we let A = (Vol(dM, ho))~"/" and consider A2h§ which indeed satisfies
Vol(OM, A\2h§) = 1. By (40), we obtain
dsVolr(M, g°; A2hg) = 0sVolgr(M, g*; \2hg) + 2log(N) / v (hg)dvolps.
Jom

Using the variation formula (38) for [;,, vn(h{) and the fact that the obstruction tensor kps
of h{, vanishes at s = 0, we deduce using (74)

O2Volp(M, g% N2hf)|s—o =02Volr(M, g°; \?h§)|s=0 + % log(\) / (dkp,.ho, ho)dvoly,
JOM

(75)

=(Gn, ho) 12 ann\holy + = log()\) / (dkp,-ho, ho)dvolp,
JOM

1) Variation of the local term F,, when n = 4. Since —4G,, = h,, + F,, where F,, is local
in terms of hg, we have to compute the variation F),. In general even dimension n, we do not
have a formula for F),, thus we will restrict to n = 4. Recall that from Proposition 6.4 we
have assumed

Trp, (ho) = 0, Sho (o) = 0. (76)
Using this, we compute (Fn, iz0> for n = 4.
Lemma 7.2. In dimension n =4, assuming (76), we have
(Fa,ho) 2 = (§ = va)lhol72 + 5 (ks ho) 2, T, (F4) = 0.
Proof. We recall that Fj = —3(h3)? + 1 Trh(s) (h3)hs — vih§ + 3k°. Using that hy = $ho and

Scaly, = —12, we obtain
<F4,h0> = —ﬁ(Séal h0> (é — ’U4)’h0‘2 l(k h0>

Moreover by (52) and the fact that Try, (ho) = 0 and 6, (ho) = 0, we have Scal = 0. Similarly,
using o4 = 0, Trp, (k) = 0, and that Try,(he) = 209 is a multiple of Scal = 0, we easily see
that the trace of F4 is 0. U

2) Bianchi gauge condition. Let us define § := 05¢°|s—0, which solves the linearized
Einstein equation. Since this equation is not elliptic due to gauge invariance (by diffeomor-
phism actions) we have to fix a gauge, as is well known in the study of the Einstein equation.

We shall use Bianchi gauge: using for instance Proposition 4.5 in [68], there exists a smooth
vector field X on M so that

q =g+ Lxg solves 64(q) + 2dTry(q) = 0 (77)

and ¢ has an asymptotic expansion ¢ = x~2(qg + > j<n qj7? + 2™ log(x)qn1) +o(z") as x — 0
for some z-independent tensors ¢, ¢n,1 on [0,¢), x N and

qgo = h07 gn = hn + Tn—liLO (78)

with 7,1 a differential operator of order n — 1. We notice from [68] that X is the vector field
dual to the form w solving

(Ag +n)w = —204(g) — dTry(g). (79)

where A, = V*V. In dimension n = 4, we compute g4:
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Lemma 7.3. Let n =4, then assuming (76), we have for q defined by (77)
qg=g-+ 0(1'4),
where the error o(x*) is with respect to the norm induced by g.

Proof. In this proof, all error terms are measured with respect to the metric g. First, since
Trp, (ho) = 0, Trp,(h2) = Scal = 0 and Try, (k) = 0 (since £ = 0 for Einstein manifold and
Trps (k°) = 0 for all s), we have modulo o(x?)

Try(g) = & Trn, (ha), dTrg(g) = da* Trpy (hy) 2.
For the divergence, we use formula (83) and dy,(ho) = 0, we get modulo o(z*) (we use
z = 2e 1)
3g(g) = &* Trng (1) & + 2?63, (ho).
But since Scal = 0, dng (hg) = 0 and dps (Ricys — %Scalh(s)) = 0 we have
Ono (ha) = %S(Richo — 3Scaly,) = %5(h0) = —%5(%) = 0.
where § = 050p3|s=0. Therefore modulo o(x?)
~26,(9) — dTry(g) = —6a* Trpy (ha) 22,

Now by Theorem 5.3, Trp,(ha) + Trpo(Fa) = —204 = —4(k, ho) = 0 thus Try,(hs) = 0 by
Lemma 7.2. We now use Section 4 in [68] and refer the reader to that paper for details:
the construction of [68] (based on an approximate solution using indicial equations and the
correction using the Green’s function of A, + 4 on 1-forms on M) yields that there is a
polyhomogeneous form w = o(z%), satisfying (Ay + 4)w = —28,(g) — dTry(g). A straight-
forward computation gives that if X is the dual vector field defined by ¢(X,-) = w, then
Lxg = o(z%). O

3) Linearized Einstein operator for warped products. We do not put restriction

on n in this Part. Now that ¢ is in the kernel of the Bianchi operator d, + %d Try, we see by
linearizing the Einstein equation that ¢ solves

Lyq:=(V*V —2R)qg =0 (80)
where R is the operator acting on symmetric 2 tensors defined by

(Ro)(Y, Z) = — Z<RY,E1-Z7 Ej)q(E;, Ej)
irj

if (E;); is an orthonormal basis for g and R the Riemann tensor of g. Notice that if u is a
function, then Ly(ug) = ((Agy + 2n)u)g. Since moreover Ly, maps trace-free tensors to trace-
free tensors, we deduce that (Ay+2n) Try(q) = 0. From the work of Mazzeo [50], the solutions
of this equation are polyhomogeneous, they are combinations of functions in x%iSCOO(M),
where s = 31/n(n + 8), and thus since Try(q) € C*(M)+z" log(z)C*>° (M), then Try(q) = 0,
and thus

54(a) =0, Tr,(g) = 0. (81)

We want to express the operator L, in the decomposition R; x IV acting on a divergence-free,
trace-free tensor q. We will decompose such a tensor into

g=udt®+€@dt+r
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where u is a function, £ € A'(N) is a 1-form on N, and r € S?(N) is a symmetric tensor on

N. Here é) denote the symmetric tensor product. The following Lemma is proved by Delay
[21]?, we give a couple of details of the computations for the reader’s convenience.

Lemma 7.4. Let g := dt> + f2hg on M = R; x N for some compact manifold (N, ho) and

f € C?(R) some positive function. Then, if ¢ = udt® + & é dt + r with Try(q) = 0 and
dg(q) =0, we have

/ N2 i
Lyq = ( — " 4 AU — (n+ 4)ffu’ —2[(n+1) (‘]}2) + 7)]u) dt?
” / , f/ 2 f// 3 f/ s
+ <— —(n+ 2)?5 —[(n—1) (f2) - 27)]6 + F2ARE — Zdeu> ® dt
!/ / 1\ 2
+2(f " = (f)Huho — 475;05 -7 - n77°' +2 (fo) Trp, (7)ho + f 2L,

where & 1= Vy,§, & = V5, Vy,& with the same notation for v, r'. Here Ly, is the linearized
Einstein operator defined like (80) but on N with the metric hy.

Proof. First, since Try(q) = 0, we have
u = —f"2Trp, (r). (82)
Let T := 0y, let v be some (t-independent) vector field on N, and set V := f~1v. From (69)
we deduce that if A = fa with a € A1(N) independent of ¢,
Vdt = f'fho, VA =0, VyA=VYA— f 1 A(V)dt.
We also have that for any ¢ € S%(M)

/
V*(dt ® q) = nffq — Vrq.
By direct computation we also obtain the formula for the divergence
/ !/

6,(q) = (—u' Ll 20,0 + Lo <r>) dt

3
S p f (83)
= (Va4 (1)) 1 0n (7):
From (82) and (83), since ¢ is divergence-free we obtain
! !/
u=—(n+ DFut £, (8), Vil (n+ 1) = T80, (r). (84)
Let y; be Riemannian normal coordinates at p € N. Then e; := 9y, are parallel and or-

thonormal at p: Vé\jej = 0 and ho(e;, e;) = 0i5. Set E; = fle;. At the point (¢,p) for all
t € R we have

f/

V*Vq = —VTVTq —n—

f VTq — Zininq.

Jj=1

2The t-derivative denoted by prime in our setting is with respect to the connection of g and is not exactly
the same as Delay, which is why the coefficients are slightly different.
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Using this we compute for q; = u dt?

V*V (udt?) = < —u" 4 f2ANu — nf—/u’ +2n (f,)2u> dt? — QL/(dNu ® dt) — 2(f")2uhy.

f f? f
For ¢o = ¢ é) dt, we get
VIV(E @ dt) = (—g” nle s +(n+3) (f/)2§ + A g) ® dt
- f Iz o

]{3 B (€)de? 4"; 51 €.

Finally for the tangential part r, we get

"2 / 2
V*Vr = —2f 2ty (r) (J;> dt* — 2;35,107“ ®dt —r" — J}r + 2(?3

In conclusion, using (82) and (84) to substitute for trp,(r), 05,& and dp,r we get

r—+ f_2Aho7“

v*vq:<—u”+f 2Anu— (n+ 4) o — 2(n +1)(f/)2 )dt2

f f?
f/ f/ 2 B f/ s
f§ (n—l)(f2)§+f QAhOtf—Qdeu> ® dt
/ / 2
2" P — 4% 53,6~ Lyt 200
On the other hand, from (71) and (82) we get

J;" (wd? + € & dt) + f~2(Bygr) — £ f"ubo +

—|—< & —(n+2)

+ fﬁQAhor

3 "2
(Rq) = ('};2) (r — Trp, (r)ho).

Combining this with the formula for V*V, the Lemma is proved. U

4) Analysis of solutions of linearized Einstein equation. We start by showing

that the dt? and ¢ é) dt components of ¢ vanish identically.

Lemma 7.5. Let n > 3 (n can be either odd or even). Assume that f(t) = cosh(t). Let
q=g+Lxg=udt®?+¢ GSEJ dt +r be the trace-free and divergence-free tensor in ker Ly defined
n (77). Then uw =0 and £ = 0.

Proof. Let (¢;)jen be an orthonormal basis of eigenvectors for the Laplacian Ay, acting on
functions on N, with eigenvalues A;. From Lemma 7.4, we see after writing u = )

> jen Pi{u, j)¢; that u; satisfies the ODE

jeNUj =

—u/] — (n +4) tanh(t)u; — <2(n +1) tanh(t)? + 2 — oﬁﬁ) uj = 0.

Setting u; = ffgfzvj, this equation can be rewritten
2
—’U;/ + (n(n )tanh( ) Cosh( Cosh(D)2 + )U] =0

and since A\; > 0, this equation has no solution in L?(R, dt) because the corresponding operator
is strictly positive. By standard ODE theory (e.g. this equation is also a hypergeometric
equation after setting sinh(¢)? = z), the solutions are linear combinations of two independent
functions Fy, F» such that Fy(t) ~t— 100 €t and Fo(t) ~si00 €2t with ag = +3 the roots
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of the polynomial —a? + ”72. Note that since F» ¢ L%(R,dt), it has asymptotic Cezltl as
t — —oo for some C' # 0. Since 8y, (ho) = 0, we have |5, (r)|, = O(1) and thus by the second
equation of (84), we deduce that |£], = O(z?), which implies that &p,,(¢) = O(z) and by the
first equation of (84) we get u = O(z®) = O(e ") (here recall that = = 2¢~ Il for large [t]).
Therefore, by considering the asymptotics as t — +o00 we deduce that v; is a constant times
F5 and by considering the asymptotic as ¢ — —oo we see that the constant must be 0, thus
v; =0 and u = 0.

Writing the mixed component of Ly(g) to be 0, using v = 0 and decomposing & =
>_; &Y where (1;); is an L?(N,dvoly,) orthonormal basis of eigenvectors of Ay, on 1-
forms with eigenvalues o, we get from Lemma 7.4 and Vp,(f1;) =0

03¢ — (n+2) tanh(H)A€; — (n— 1) tanh(t)? +2 — 84 ) € =0

Setting {; = ij_%_l, one has
2
—07G + (% — B+ Dtanh(1) + s +2 - 1) G =0,
One one hand, again by positivity, this equation has no solutions in L?(R,dt). On the other
hand, we have seen above that |¢|, = O(22) = O(e~2*) hence ¢; = O(el!). Since the indicial
roots in the above equation are +2, (; must be of order O(e~2I) which is clearly in L(R, dt),
so actually we deduce &; = 0. (|

We are going now to compute the coefficient of 2”2 in the expansion of 7. Recall that
we chose z = 2e~ Il for ¢ # 0.

Proposition 7.6. Let r = q be the T'T tensor in ker Ly defined in (77) under the assumption
(76). Let ry,ri, r 7,1 be the tensors on N so that as t — £o0

n
r=x2(rf + Z r;-—ij + rilx" log(z) + o(z")).
j=1
Let Lho = Apy — 2]%;10 be the linearized Finstein operator on (N, hg). For every j denote

by 'rj, J L the even, respectively the odd component of the pair rj = (r;-“,rj_) with respect to
t— —t.

(1) When n is even, rfl is given by a differential (hence, local) operator of order n in
terms of ro: 7

_ %+1 1-n %_
= Sy I =it =13 (55)
7=0

(2) If n is odd, then Til =0, and for e € {0,1}, r5 are given by
rn = Ne(r5) (86)

where N is the pseudodiﬁerentml opemtor of order n

Fo(y/Lny — (n— 1)2/4)

(-
Ne=27"

ﬂ
2
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for /- : R — RT UiR™ being the square root function, and F. defined by

n—1

2

Fe(u) := u(tanh(Fu (u® + ).
(=1

3) Forn =4 and e € {0,1}, 15 are given by r§ = G.(\/Lp, — 2)rs with

( 4 4 0 4/°0

1 — Im(sinh(7u))
cosh(mu)

— 2m(u)(2u? + §) + (u? + §)?]
where W(z) = I"(2)/T(z) is the digamma function, and co := —3 + 2y — 21In(2).

+ 2ReV (3 —iu))(u2 + 2+ 9)

Proof. Setting r = sf~ 212 and s = ZjeN sj¢; where ¢; is an L?*(N,dvoly,) orthonormal
basis of eigenvectors for Ly, with eigenvalues v;, then since Vg, (f2¢;) = 0

_n f n n f/
=T (s - 5 e =1 2“2 (0 = 57)%5)¢5:
J
We then have from Lemma 7.4 and Lemma 7.5 that s; satlsﬁes the equation
vi(vj +1)

—a2s-+(22—¥>s:0, 87
b cosh?(t) /™7 (87)
with vj € (=1 +iR}) U[—3,00), vj(v; + 1) = n(n4_2) —7j, and z = §. Let us consider more

generally this equation for z € R near n/2. From [37, Appendix]|, it has two independent
solutions on R, one odd and one even in :

Ei(t) = sinh(t) cosh(t) s fy (U2 W2 3 inh(t)?)

Eo(t) = cosh(t)! s py (M ozl 1o ginh(1)?)

where Fj(a,b,c;T) is the hypergeometric function. The solution FE; corresponds to taking
ro = —r1 while Ey corresponds to ri = r; . Using the identit
0 o 0 ponds to rj = ry . Using the identity
L'(e)l'(b—a) _ 1
Fi(a,b,c;7) = m(—r) “Fi(a,a+1—ca+1-b;7)
I'(e)l'(a —b) (
I'(c—b)I'(a)
and Fi(a,b,c;0) = 1, we see that, for x = 2¢~ 1t there exist meromorphic coefficients ask(2)
such that

—7) P Ri(b,b+1—c,b+1—a;l)

F( l/j*‘r22+2 )F( fzxj;z+1)

L(5)T(2)
n (88)

2 F(_Z)F(_Vj+z+1)r(yj+z+2)
= sign(t)x~~? (1 + 2 ag,(z,v;) + 2% -2 2 + o(z¥ )
( ) kz:l ( ]) F(Z)F( 1/]22+1)1—,(1/J z+2) ( )

2
We shall use the same type of arguments as in the work of Graham-Zworski [33]; the coeffi-
cients ay(z, vj) are regular near z = n/2 except for a,(z,v;) when n is even, which has a first

Eq(t)
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order pole at z = n/2. The coefficient

F(Z)P( —I/j;Z-f—l )F( Vj—2z+2) .

S’jl(z) =

(89)

of % in (88) also has a pole in that case, and its residue is —Res%an(z, vj). Notice that S]l
is the action of the scattering operator of Ly, at z € C on the odd pair of tensors (¢, —¢;).

Using the formula I'(s)['(1 — s) = 7/sin(rs) and I'(s)['(s + 1) = 21725 /7['(2s) we rewrite
9, T(—=2)sin(§(vj — 2)) T'(z—v;)

[(z) sin(§(vj+2)) (-2 —v;)’
When n is even, the right-hand side of (88) at z = n/2 has the asymptotic expansion as
t — +oo

Sl(z) =2 (90)

n_

+272 (1 + Z kaagk(%, vj) + 2(Res%5}(z))x” log(x) o1)
k=1

+ FP%(an(Z7 vj) + S}(Z))x” + O(x"))

where FP denotes finite part. From (90), we deduce the formula (85) by taking the residue

at z =n/2 and the fact that Ly, ¢; = (n(n4_2) - 1/](1/] +1))¢;.
If now n is odd, we can take the limit z — % in (88) and each coefficient is smooth at
z =n/2 (a, does not exist in this parity) writing v; = —3 + i with a; = \/y; — % (the
convention is ia; € RT if 5 < (n_41)2), we obtain directly that the coefficient of z2 in (88) is

n—1
I'(=%) /cosh(Za ()" 2

22y ) ) 92
r'es) A sinh(Fa H it (92)

which implies formula (86) for the odd component 7}. Now we can do the same analysis with
the even solution Ey(t); we do not give details of the calculations which are very similar to
the above, notice however that by locality, the formula (92) for the logarithmic term cannot
change at all. We eventually obtain in this case

00,y — D(—2)D(ZE2)D(E2), T(=2) T (=) + 2) cos(5 (v — 2))
3(7) = T(2)l(“4 =)zt =T Ty — e, 12y )

which implies

n—1
2

3 (o (T e o) eboe o0
; 27 (=1

Let us now consider the case n = 4. Let us first compute a4(z,v;) in (88). We rewrite
equation (87) in terms of z = 2e~ 1 for |t| > 1:

—(20z)?%s; + (22 — 2%y (v + 1) + 7Vj(yé+1):v4 + 0O(2%))s; = 0.
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Solving this equation as a series in z, the coefficients ag(z, vj) are uniquely determined and
we obtain for t — oo the asymptotic expansion for the even, respectively odd solution

vi(v v2(vj+1)2 vi(v P
S?(Z) <1+ ]E J+;) + 8(z— 2)( ]4(;—1) - J(éﬂ)) )+x SE( )+0(1’4)

1/2 Vi 1 vily,
and thus a4(z,v;) = 8(Z1_2)( 14((;:)) — ul §+1))- By (91),

2_( .+1)2
r= Y (FPsi(z) - 20555 ) (6, 0). (95)
J
We now compute FPQSJ:!'(Z). We assume that Lj, > 2 so that we can write v; = —l + iy
with aj = /v, — § > 0if v; > 2 and ia; € [0, 5] if 7; < 9/4. We use formula (90) for 5’1( ),
then for v; € R we see that Sjl(z) € R, but we also notice that (89) implies that
3, .
F . F z+§+zaj 2
Sj(z) = (=2)Ir( +3i,a ) eRif 2 e R,a; € RT.
ot liia

I N(—=—)P

Let v = —I(1) be the Euler constant, then for z close to 2

2_221115(_;)/) = —&[(z—2)""+2v - 53 —2In(2)] + O((= — 2)). (96)

We write
I'(z —vj) I'(z — v))

Mz v) Tzt dpy)® Tty =Dty =)=+ =3)

and consider its Taylor expansion at z = 2:

Pz—vj) 9 1y,2, 9 N2 129
~ 2ia;(20% + 3))| + O(( - 2)?).
where ¥(z) = 0,I'(z)/T'(z) is the digamma function. Finally we expand
sin(5(vj — 2)) cos(5 ;) 9
PV ) (92 —92)?).
sin(§(vj + 2)) (z=2)m sin(§v;) +0((z = 2)%) (98)
Using (95) and combining (96), (97), (98) we get when v; = —1 + A; with \; := ia; € RT

(W—l” +20(3 = 2 ) (A3 + DN+ D)

s (

1 cos(%
ot =gl "E D)
+2X(20 - 5) + (AT + %)2}

where ¢g == 2y — 5 — 2In(2). When v; = —3 +ia; with a; € R we get (using that Sj(z) is
real)

1
<r4:1ta ¢]> = _372 [(CO + m + QRG(\I/(g — iozj)) (ozj2 + %)(a? + %) + (a§ + %)2
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This gives the desired result when rj = —ry by using (95). When rd = ry, we consider the
expansion of the even solution Fy(t), this is a similar computation to what we did for Fy, but
using formula (93) instead of (89)), and

cos(3(v; = 2)
cos(5 (5 + 2))
instead of (98). We find for a;; > 0

1
0 xN — _ — _
<r4a¢J> 39 |:<CO
and for \; = ioj € RT
1 s
(19, 85) = =35 | (c0 = man(F (3 = A) +20(3 = ) ) (=N + D=2 + §)
+20(202 = B) + (=22 + 3)2]

This finishes the proof. O

sin(

cos(5v;)

vj)

ol

=1+ (2—2)7 +0O((z — 2)?).

+2Re (3 — mj)) (@ + D@+ D+ (f + 1)

cosh(ma;)

5) Variation of the obstruction tensor and Hessian of Volg. As a first corollary,
we recover a formula proved recently by Matsumoto [49] for the Hessian of the functional
ho — [y vn(ho)dvoly, defined on the space C(N) of conformal structures.

Corollary 7.7. Let n > 4 be even, let hy satisfies Ricp,, = —(n — 1)hg on N, and let
ho = V'V — 2Ry, be the linearized Einstein operator at hg. Then the obstruction tensor k

linearized at hy and acting on divergence-free/trace free tensors hy is given by

(— 1) B+lgl-n 2-

o (5_1)' Jl}O(LhO (n_l_j))h

Proof. If ¢® is a deformation of Einstein metrics as before and § = 05¢°|s=o, then the first log

Dkpy.ho =

term in the expansion of § is kz"~!log(z) where k is the variation of the obstruction tensor
k* of g°. We modify g by Lxg as in (77), and we apply [68, Prop. 4.5]> to deduce that Lxg
has no log term before " log(z), thus ¢ = Lxg + ¢ has first log term given by ka1 log(x)
in its expansion. Now it remains to use formula (85) and this gives k in terms of hg. O

Our second corollary is

Corollary 7.8. Let g° be a family of AHE metrics such that g" = g is the Fuchsian-Einstein
metric, and Lp, = Ap, — 2Rp, be the linearized Einstein operator of (N.hg) if Ricy, =
—(n —1)hg.
(1) If n is odd, there exists C > 0, C' > 0 such that for all hy satisfying dn,(ho) = 0,
Trp, (ho) = 0

(=1)"% 02Volr(M, g")|s=0 > Cllio| %5 = C'llholP?

HZ(N) BT (N)

3The proof in [68] is technically for n odd, but the same arguments apply, once we have noticed that
64(g) + 3dTr(g) has no log coefficient before 2" log(z) when measured with respect to g, this is easy to
check.
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(2) Assume n = 4 and let h{ be a smooth family of conformal representatives of the
conformal infinity satisfying
v, = constant, Vol(N, hy) = Vol(N, ho).

Assume that 2Vol(N, hg) > 1 and let 0 < X\ < 1 such that the metric \2hg on OM =
Ny U N_ has volume 1, thus 2Vol(N,A?h3) = 1 for all s. If Ly, —2 > 0 on the

subspace of trace-free/divergence free tensors, there exists C' > 0 such that for all ho
satisfying dp,(ho) = 0 and Trp,(ho) =0

O2VOlR(M, g% Ah§)|s=0 = Clho[3pz )

Remark. By using a Weitzenbock type formula, one obtains that the assumption Ly, —2 > 0
for metrics hg with constant sectional curvature —1 and the strict inequality Ly, —2 > 0
holds if ker d¥ = ker dV" = 0, where dV is the exterior derivative twisted with the Levi-Civita
connection on T*N-valued 1-forms, and dV" its adjoint; see for example the proof of [6, Th

12.67]. By Gauss-Bonnet theorem, we have Vol(IV, hy) = %X(N) > 1if x(N) is the Euler
characteristic. Then the conditions are satisfied.

Proof. The case n odd is a direct consequence of Proposition 7.6 and (78). For the case n = 4,
we use (75), Lemma 6.5, Lemma 7.2, Lemma 7.5 and Corollary 7.7 to deduce that

402VOlR(M, g% hi)|s—0 = — (ra, ho) 2 + (3va — $)lhol72 — 3(raq, ho) 2
— §108(A)(Lng (Lo — 2)ho, ho) 12

where r4 and r4 ; are given in Proposition 7.6. The last term involving log(\) is non-negative
by assumption since A < 1 if Vol(OM, hg) > 1. By Lemma 4.4, vy = 3/8 and so

2792Volr(M, g%; b)) s=0 = (H1(\/ Lo — DA, 1) 12 + (Ho(y/ Lng — §)h0, 1) 12
where H., € € {0,1} are the functions defined by

,_ (=17
He(u) = (co + cosh(mu)

for u > 0, and to
Heo(—iu) = (co +1— (—1)r(tan(Z (L — )Y + 2w (3 — u)) (—u® + 1) (—u? + 9)

+2u(2u? — 3) + (—u® + §)* +2

for u > 0. Let us show that the functions in (99) are positive for v > 0 (numerically this

follows from Figure 1 but we give a formal proof).
Since Hi(u) > Ho(u) for u > 0, it suffices to show that Ho(u) > 0. We write

+ 2Re(¥ (5 — iu)).

+ 9Re(W(3 — iu))(u2 Fhe2+ 9+ 2+ 242 (99)

(100)

Ho(u) = a(wz(z+2) +2>+2, z:=u’+1, au):=c+1-

cosh(mu)
The real part of the digamma function R(¥(5 + it)) is increasing as a function of [¢:
> 1 n+o
R(¥ it)) = — - 101
o ri)=-1+3 (3~ o) (101)

n=0
thus
Re(U(3 —i%) > ¥(3) = —y—2In2+%, (102)
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FIGURE 1. Left: the graph of the function H(u) bounding Ho(u) from below,
where H(u) := (co +1— ey T 2\1/(3))@2 + D+ 9+ (i + 1)+ 2.
Right: the graph of the function Ho(—iu) for v € [0,1/2].

and so a(u) is increasing and satisfies
a(u) > a(0) =2 —6In2 — 7. (103)

For a € Rlet Py(x) := ax(x+2)+2°+2. Since a(u) is increasing, we have Ho(u) = Py(y)(x) >
Pyugy(x) for all u > ug. We use a bootstrap argument: by (103), a(0) > —3.468 =: ap and
so Py, (z) > 0 for z < 7 with some explicitly computable x;. This means that Ho(u) > 0
for u < (z; — 0.25)1/2 =: uy. Using (102), we have a lower bound a(u;) > a;. The binomial
P,, (x) is positive for z < x, etc. This tedious algorithm stops after a finite number of steps.
Hence Ho(u) > 0 for all u > 0.

We now show that the function Ho(—iu) from (100) is positive for 0 < u < 1/2. We
introduce the notation

u=4—v, a(v) :=co + 1 — w(tan(5v)) + 2V (v + 2)

and we compute Ho(—iu) = v(2 — v)[a(v)(v? — 1) + v? — 4v — 1]. Therefore for 0 < v < 1/2,
Ho(—iu) > 0 if and only if —(a(v) +1) < 122. At v = 0 this is verified since ¢g > —4. It is
thus enough to show that for 0 < v < 1/2 we have

~0) <2+ )

Using (101), we have

2
, m 1
- - 272 % N
) = o ro2) +v) kz v+2k:+1) ;O(v+k:+2)2

B 1 1 > (2v—-1)(4k+1)
_2<(1—v)2 * (1—1—11)2) *2;:1(1;—2;{:_1) (v + 2k)?

and this finishes the proof since 2v — 1 < 0. g
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