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Abstract

A homogeneous Poisson-Voronoi tessellation of intensity -y is observed in a convex body W. We associate to
each cell of the tessellation two characteristic radii: the inradius, i.e. the radius of the largest ball centered at
the nucleus and included in the cell, and the circumscribed radius, i.e. the radius of the smallest ball centered
at the nucleus and containing the cell. We investigate the maximum and minimum of these two radii over all
cells with nucleus in W. We prove that when v — oo, these four quantities converge to Gumbel or Weibull
distributions up to a rescaling. Moreover, the contribution of boundary cells is shown to be negligible. Such
approach is motivated by the analysis of the global regularity of the tessellation. In particular, consequences of
our study include the convergence to the simplex shape of the cell with smallest circumscribed radius and an
upper-bound for the Hausdorff distance between W and its so-called Poisson-Voronoi approximation.

Keywords: Voronoi tessellations; Poisson point process; random covering of the sphere; extremes; boundary
effects.

AMS 2010 Subject Classifications: 60D05 . 62G32 . 60F05 . 52A22

1 Introduction

Let x be a locally finite subset of R? endowed with its natural norm |- |. The Voronoi cell of nucleus = € y is the
set

Cy(a) = {y eR% Iy —a| <y — ', £ 2’ € x).

When x = X, is a homogeneous Poisson point process of intensity v, the family {Cx_(z),z € X,} is the so-
called Poisson-Voronoi tessellation. Such model is extensively used in many domains such as cellular biology [32],
astrophysics [33], telecommunications [2] and ecology [36]. For a complete account, we refer to the books [30], [37],
[27] and the survey [6].

To describe the mean behaviour of the tessellation, the notion of typical cell is introduced. The distribution of
this random polytope can be defined as

1

E[f(¢)] = 3a(B)

E| Y f(Cx,(2)—x)

rxcX,NB
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where f : #¢ — R is any bounded measurable function on the set of convex bodies # ¢ (endowed with the
Hausdorff topology), A4 is the d-dimensional Lebesgue measure and B is a Borel subset of R? with finite volume
Aa(B) € (0,00). Equivalently, ¢, is the Voronoi cell C'x_y103(0) when we add the origin to the Poisson point
process: this fact is a consequence of Slivnyak’s Theorem, see e.g. Theorem 3.3.5 in [37]. The study of the typical
cell in the literature includes mean values calculations [26], second order properties [11] and distributional estimates
[5], [3], [29]. A long standing conjecture due to D.G. Kendall about the asymptotic shape of large typical cell is
proved in [15].

To the best of our knowledge, extremes of geometric characteristics of the cells, as opposed to their means, have
not been studied in the literature up to now. In this paper, we are interested in the following problem: only a part
of the tessellation is observed in a convex body W (i.e. a convex compact set with non-empty interior) of volume
Aa(W) = 1 where \; denotes the Lebesgue measure in R%. Let f : #¢ — R be a measurable function, e.g. the
volume or the diameter of the cells. What is the limit behaviour of

My(v) = max f(Cx,(z))

ze€XNW

when v goes to infinity? By scaling invariance of X, it is the same as considering a tessellation with fixed intensity
and observed in a window W, := pW with p — co. We give below some applications of such approach.

First, the study of extremes describes the regularity of the tessellation. For instance, in finite element method,
the quality of the approximation depends on some consistency measurements over the partition, see e.g. [18].

Another potential application field is statistics of point processes. The key idea would be to identify a point
process from the extremes of its underlying Voronoi tessellation. A lot of inference methods have been developed
for spatial point processes [28]. A comparison based on Voronoi extremes may or may not provide stronger results.
At least, the regularity seems to discriminate to some extent to some point processes (see for instance a comparison
between a determinantal point process and a Poisson point process in [23]).

A third application is the so-called Poisson-Voronoi approximation i.e. a discretization of a convex body W by
the following union of Voronoi cells

I, W)= |J Cx, (@)

zeXNW

The first breakthrough is due to Heveling and Reitzner [14] and includes variance estimates of the volume of
symmetric difference. However, the Hausdorff distance between the convex body and its approximation has not
been studied yet. It is strongly connected to the maximum of the diameter of the cells which intersect the boundary
of OW. We discuss this in section 4 and prove a rate of convergence of the approximation to the convex body with
a suitable assumption on W.

Concretely, we are looking for two parameters af(y) and bs(7y) such that

ag(VMs(y) +b5(7) 2> Y

Y00

where Y is a non degenerate random variable and 7, denotes the convergence in distribution. Up to a normaliza-
tion, the extreme distributions of real random variables which are iid or with a mixing property are of three types:
Fréchet, Gumbel or Weibull (see e.g. [24] and [21]). More about extreme value theory can be found in the reference
books by De Haan & Ferreira [8] and by Resnick [35]. Some extremes have been studied in stochastic geometry,
for instance the maximum and minimum of inter-point distances of some point processes (see [31], [25] and [16])
or the extremes of particular random fields [20] but, to the best of our knowledge, nothing has been done for
random tessellations. In our framework, the general theory cannot directly be applied for several reasons: unknown
distribution of the characteristic for one fixed cell, dependency between cells and boundary effects. Moreover, the
exceedances can be realized in clusters. For example, when the distance between the boundary of the cell and its
nucleus is small, this is the same for one of its neighbors. Such clusters lead to the notion of extremal index, which
was introduced by Leadbetter in [22], and that we will study in a future work.



In this paper, we are interested in the characteristic radii i.e. inscribed and circumscribed radii of the Voronoi
cell Cx_(x) defined as

r(Cx, (r)) = max{r > 0, B(x,r) C Cx ()} and R(Cx, (r)) = min{R >0, B(z,R) D Cx, (v)}

where B(x,r) is the ball of radius r centered at 2. Two reasons led us to the study of these quantities. First, the
distribution tails of the inradius and circumscribed radius of the typical cell are easier to deal with [4] compared to
other characteristics such as the volume or the number of hyperfaces. Secondly, knowing these two radii provides a
better understanding of the cell shape since the boundary of Cx_(z) is included in the annulus B(z, R(Cx_ (z))) —
B(x,r7(Cx, (x))). We consider the extremes

Tmax(Y) = max 7(Cx_ (x)), rmin(y)= min »(Cx_ (z))

z€X,NW € X, NW 1)
Ruax(7) = L. R(Cx,(x)), Rmn(y)= xel)?ir%w R(Cx, ().

In the following theorem, we derive the convergence in distribution of these quantities over cells with nucleus in W.

Theorem 1. Let X, be a Poisson point process of intensity v and W a convex body of volume 1 in Re. Then

P (2d/id'yrmax(v)d —log() < t) — e_eft, teR, (2a)
y—00
P (2d_1/£d'y2rmin(7)d > t) — et t>0, (2Db)
"y—>OO
P (Hd’ylzmax(’y)d IOg (alq/(log /Y)d_l) < t) ” e—e’t’ te ”7 (2C)
y—00
P(QZ”id’Y(d—"—z)/(d—i_l)llmin(’Y)d 2 t) > e_td+17 t Z 07 (2d)
y—+00

where ay and oz are given in (43) and (17) and kg = Aq(B(0,1)).

The limit distributions are of type II and III and do not depend on the shape of W. One can note that the ratios
Tmax (7)/Tmin () and Riax(7)/Rmin (7) are of respective orders (y1log )Y/ and (y*/(4+1 log )/, This quantifies to
some extent the irregularity of the Poisson-Voronoi tessellation. Moreover, the ratio rmax(7y)/Rmax(7y) is bounded.
It suggests that large cells tend to be spherical around the nucleus. This fact seems to confirm the D.G. Kendall’s
conjecture.

As it is written, Theorem 1 is not applicable for concrete data. Indeed, in practice, the only cells which can be
measured are included in the window. The following proposition addresses this problem.

Proposition 2. The extremes of characteristic radii over all cells included in W or over all cells intersecting OW
have the same limit distributions as Tmax(Y), Tmin(7), Rmax(y) and Rmin(7Y)-

The convergences are illustrated in Figure 1 for the cells which are included in W = [0, 1]2. For sake of simplicity,
the Poisson point process has been realized only in W. Because of Proposition 2 and related arguments, this does
not affect the distribution over cells included in W. Simulations suggest that the rates of convergence are not the
same for all these quantities. Indeed, in a future work, we will show that the rate is of the order of y~1, v~/ and
Y6 for Tmin(7), Tmax(Y) and Ruyin(7) respectively.

All results of Theorem 1 use geometric interpretations. For the circumscribed radii Ripax(7y) and Rumin(7y), we
write the distributions as covering probabilities of spheres. The inscribed radii can be interpreted as interpoint
distances. A study of the extremes of these distances has been done in several works such as [16] and [13]. For
sake of completeness, we have rewritten these results in our setting in particular because the boundary effects are

highly non trivial. Convergences (2a) and (2d) could be obtained by considering underlying random fields and using



Maximum of the areas of nscribed balls, PVT(10000) Minimum ofthe areas of insciibed balls, PVT(10000) Maximur of the areas of crcumscribed balls, PVT(10000) Minimum ofthe areas of circurnscribed balls, PVT(10000)

Figure 1: Empirical densities of the extremes based on 3500 simulations of PVT in 2D with v = 10000, for the cells
included in W = [0,1]?, on Matlab®. (a) Cell maximizing the inradius. (b) Cell minimizing the inradius. (¢) Cell
maximizing the circumradius. (d) Cell minimizing the circumradius.

methods inherited for [1] and [39]. However, this approach does not provide (2b) and (2¢). We will develop this
idea in a future work and deduce some rates of convergence.

The paper is organized as follows. In section 2, we provide some preliminary result which shows that the
boundary cells are negligible and implies Proposition 2. In sections 3, 4 and 5, proofs of (2d), (2a), (2¢) and (2b)
are respectively given. Section 3 requires a technical lemma about deterministic covering of the sphere by caps
which is proved in appendix. Section 4 contains an application of (2¢) to the Hausdorff distance between W and its
Poisson-Voronoi approximation. In section 5, we get a specific treatment of boundary effects which is more precise
than in section 2.

In the rest of the paper, ¢ denotes a generic constant which does not depend on 7 but may depend on other
quantities. The term u. denotes a generic function of ¢, dependending on +y, which is specified at the beginning of
sections 3,4 and 5.

2 Preliminaries on boundary effects

In this section, we show that the asymptotic behaviour of an extreme is in general not affected by boundary cells.
We apply that result directly to the extremes of characteristic radii in order to show that Theorem 1 implies
Proposition 2.

Let f : #4 — R be a k-homogeneous measurable function, 0 < k < d (i.e. f(AC) = A¥f(C) for all A € R} and
C € ). We consider for any [ € R

Mb(v,1) = C
(v, 0) zer,Cxir%%(ﬂWHl;é@f( x, (2)),

My(y,l) = max  f(Cx,(z)),

zeX,NWiy
M}(Wvl) = CXA,(I)%

max
2€X5,Cx. () CWiy



where W14 = (1 +1)W. When | = 0, these maxima are simply denoted by M}’(’y), My () and M}(’y) We define,
for all € > 0, a function [, as

L, =49/, (4)

Under suitable conditions, the following proposition shows that MJZZ (7), My(y) and M} (7) satisfy the same conver-
gence in distribution.

Proposition 3. Let Y be a random variable and a., b, two functions such that

bra~, — a~-b
Oy, Iby — 0 and 20— D7 (5)
Qry, Y00 y—>00 Ay y—>00

with v+ = (1 +1,)*y and v— = (1 — 1y)*y for a certain €. Then

ayMJlZ(v)—Fb,y 2, Y < a,M;(v) + by 2, Y = a,M}(y) + by 2y,

y—00 y—00 y—00

Before proving Proposition 3, we need an intermediary result due to Heinrich, Schmidt and Schmidt (Lemma 4.1
of [12]) which shows that, with high probability, the cells which intersect OW have nucleus close to OW. Actually,
they showed it for any stationary tessellation of intensity 1 which is observed in a window pW with p — oo. For
sake of completeness, we rewrite their result in a more explicit version for a Poisson-Voronoi tessellation.

Lemma 1. (Heinrich, Schmidt and Schmidt) Let us denote by A, and B, the events

A, = ﬂ {Cx () NnW =g} U{zc Wiy}, and B, = ﬂ {Cx () cW}u{z g Wi}

reEX, reEX,

where [, is given in (4). Then P(A,) and P(B,) converge to 1 as -y goes to infinity.

Proof of Lemma 1. In [12], it is shown that

P ({ () {Cx,(@)nW, =a}u{ze Wp+q(p)}} N { (N {Cx, (@) cW,}U{x¢ Wp_q(p)}}> — 1 (6)

reX rEX

where ¢(p) is the solution of the functional equation
p? = H(q"(p)

The function H : Ri — Ry is convex, strictly increasing on its support (z,, 00) (for some xg > 0), such that H(z)/x
is non-decreasing for z > 0, lim H(z)/z = oo and E[H(D%(%1))] < co where D(%}) is the diameter of the typical
cell.

In the case of a Poisson-Voronoi tessellation, ¢(p) can be made explicit. Indeed, we can show that all moments
of D(%) exist since D(%1) < 2R(%1) and R(%1) is shown to have an exponentially decreasing tail in any dimension
by an argument similar to Lemma 1 of [9]. Consequently, for a fixed € € (0,1), the functions H and g can be chosen
as H(x) = z'/¢ and q(p) = p°. Using the scaling property of Poisson point process,

9 9
X NW, 244X, W) and X1 0 Worg) = 74X, N Wigs)

where v = p¢ and I, = y~(179/4, We deduce Lemma 1 from (6). O



Proof of Proposition 3. First equivalence: Let us assume that a,,MJlZ(fy) + b, converges in distribution to Y. On
the event A, Vo € X, Ox_ ()N W # @ = x € Wi . Hence

MP(y) < My(y,1,) < ME(v,1,). (7)
Because of Lemma 1, it is enough to show the convergence in distribution of the random variables conditionally on
A.,. Thanks to the scaling property of Poisson point process and the k-homogeneity of f

2

M (7,1y) = (14 1) Mj () (8)

with 74 = (1+1,)*y. We deduce from (7),(8) and (5) that a,M¢(v,1,) + b, converges in distribution to Y. By the

scaling property, we get

2
ayMp(y) + by 2 Y. (9)

y—0o0

Conversely, if (9) holds then, using the fact that

M;(v) < ME(y) < My(7,05) Z (1+1,) Mg (74)

and proceeding along the same lines, we get aWMJIZ(V) + by 7y,
y—o0

Second equivalence: On the event B,, Vo € X,z € Wi = Cx_(x) C W. We prove the second equivalence
as previously noting that, conditionally on B,

M (v, =ly) < My(y, =ly) < Mj(y) < My (). (10)
O

3 Proof of (2d) and (2a)

Proof of (2d). Let ¢t > 0 be fixed. We denote by ., the following function:

o 1/d
Uy = uy(t) = (a2 Yoty (d+2)/(d+1)t) (11)

where oy is given by (17). Our aim is to prove that P(Rmin(y) > u,) converges to e """ where Rpin(7y) has been
defined in (1). The main idea is to deduce the asymptotic behaviour of Ry, (7y) from the study of finite dimensional
distributions (R(Cx_ uxx}(21)),- -+, R(Cx uixgy(Tr)) for all {xgx} = {#1...,2x} and K > 1. To do this, we
write a new adapted version of a lemma due to Henze (see Lemma p. 345 in [13]) in a context of Poisson point
process.

Lemma 2. Let f: %5 — R, F : 3 — R be two measurable functions and A a Borel subset of R. Let us assume
that for any K > 1,

’}/K/ . P (VZ < Kv f(CX'yU{XK}(xi)) < Uny, F(CX—YU{XK}(‘ri)) e A) dXK ,Yj> )\K (12)
3 %)
where dXK = dml e de Then
P i > 7/\.
(geexwmW,I}{-’l(lgx7 (Jg))eAf(CXAY () > UW> ’yjo e



Proof of Lemma 2. Let K be a fixed integer. The proof is close to the proof of Henze’s Lemma and uses
Bonferroni inequalities: one can show that if A, x is an X -measurable event for all z € X, N W, then

2K k+1
§ > Ta,, x --1a, « | <P U 4.x,
k=0 (z1,0p)2€X,NW xeX,NW

2K+1 (—1)k+1

<y _TE > Ta,, v, La, « |- (13)
k=0 : (ml,...,xk);gEX’yﬁW
where (21, ..., %)% means that (z1,...,xx) is a k-tuple of distinct points. Applying (13) to
Aex, ={f(Cx, () <uy} N{F(Cx, (2)) € A},

from Slivnyak’s formula (see Corollary 3.2.3 in [37]), we obtain

2K+1 (_1)k
Z T“Yk/ . P (Vi < K, f(Cx,ugxx} (i) < ty, F(Cx, Uiy} (7)) € A) dxy,
! w

k=0

f(Cx, (2)) = “7)

<P min
z€X,NW,F(Cx., (z))€A

2K
SZ(*

k
K/ N P (VZ <K, f(CX«,U{xK}(xi)) < u'wF(CXWU{xK}(xi)) € A) dxy.
w

k=0
From (12), we obtain
2§1 (_1)19)\]“ < liminfP ( min f(Cx, (x) >wu )
— k! y—ro0 2EX,NW,F(Cx., (v))€EA i =
. : S~ (D8
= hin_fipp <gcexmw,%l(lgxW (z))eAf(CX” (2)) 2 u”) = Pt k! AT

We conclude the proof by taking K — oo.

We apply Lemma 2 to f(Cx. (z)) = R(Cx,(x)). The function F(Cx_ (x)) = Fq-1(Cx_ (x)) denotes the number
of hyperfaces of the cell Cx_ (). In all the proof, the event considered is A = R. We notice that the choice of the
function F' is of no importance here but will be essential in the proof of Propositions 4 and 5. From Lemma 2, it

is sufficient to study the limit behaviour of
V[P (i < K R(Coxope (20) < ) d (14)
w
for all integer K. We divide the proof into two parts.

Step 1 When K = 1, using the stationarity of X, and the fact that A\y(W) = 1, we show that the integral (14)
is YP(R(Cx,ug0y(0)) < uy). As in [6] section 5.2.3, we can reinterpret the distribution function of R(Cx_ ug0y(0))
as a covering probability to get

4 (2%kgyud)*
PR 0) < ) = 3ot (5)



where pj. is the probability to cover the unit sphere with k& independent spherical caps such that their normalized
radii are distributed as dv(0) = dr sin(m) cos? ! (70)1(0,1/2(0)df. The equality comes from the fact that

R(Cx,ug03(0)) < uy <= the family {7,(0),y € X, } covers S(0,u,)
<= the family {<7,(0),y € X, N B(0,2uy)} covers S(0,u-)

where
oy(2) = S(a,w,) N Hyf () (16)

and HJ (z) is the half-space which contains y and delimited by the bisecting hyperplane of [z, y].

Figure 2: Interpretation of the circumscribed radius as a covering of sphere.

We denote by

9d(d+1) 1/(d+1)
Qo 1= (Mpd+1) > 0. (17)

)1/3

ﬂm‘ ~

For example, when d = 2, ag = (1% —
Since p, = 0 for all k < d, (15) give

w

(2dﬁd'}/ug)d+1
(d+1)!

_ —2%kgyuld - —2d'§;dfyud‘ (2d"$d’yu$)k
YP(R(Cx,u103(0)) <uy) =7 e Par1+y Y e T Pk
k=d+2 )

The first term converges to t%*1 from (11) and (17). The second term is negligible since 'y('yuff)‘”Q —1/(d+1)

converges to 0 as v tends to infinity. This shows that

:C-’y

7/ P(R(C’Xvu{x}(x)) < uy)dr — dt, (18)
w

Y—00



Step 2 When K > 2, we use the same interpretation as in step 1: for all xx = (71,...,2x5) € WK andi < K
R(C’XWU{XK}(J%)) < uy <= the family {7, (z;),y € Xy U {xx} — {x;i}} covers S(x;, uy)
<= the family {7, (z;),y € (X, U{xx} —{z;}) N B(x;,2uy)} covers S(x;, u,).

Hence, writing the previous event as “S(z;,u) covered”, we have

P (Vi < K,R(Cx,ugxx} (7)) <uy) =P m {S(z;, uy) covered} | . (19)
i<K

We have now to consider the spherical caps induced by both the points x;,j # ¢ and the points from X,. For
all xg = (21,...,25) € WX, we denote by n;(xg) the number of connected components of Ufil B(z;,2u,) with
exactly [ balls. Given nq,...,nk such that Z{il In; = K, we define

Wi (ni,...,ng) = {xxg € WK nj(xg) =n; for all I < K}. (20)
Let us note that the subsets Wi (nq,...,nk), with Zz}; In; = K, partition W¥. We then deal with two cases.

1. If B(z;,2uy) N B(zj,2uy) = @ for all i # j < K ie. xg € Wg(K,---,0), the events considered in the
right-hand side of (19) are independent.

2. If not, we are going to show that the contribution of such xx in (14) is negligible.

More precisely, we write the integral (14) in the following way

o / P (Vi < K, R(Cx_oup (2:)) < us) dxge = A% / P (Vi < K, R(Cx. s (2:1)) < ) dxgc
WK Wik (K,0,...,0)

K / P (Vi < K, R(Cux, xp ) (3:)) < us) dxic. (21)
WK -—Wk (K,0,...,0)

Step 2.1 (Case of disjoint balls) For all xg = (z1,...,2x) € Wk (XK,0,...,0), we obtain from (19) and (18)

K
’YKP (V’L <K, R(CXWU{XK}(:L‘Z-)) < u,y) = H’YP(R(CX«,U{M}(I'Z)) < u,y) 7:30 (thrl)K_ (22)
i=1
Moreover, A\gx (Wi (K,0,...,0)) — 1. This shows that
y— 00
v / P (Vi < K. R(Cx. oy (@) < ) dxge —s (197K (23)
Wk (K,0,...,0) Y0

Step 2.2 (Case of non disjoint balls) In this step, we show that the second integral in the right-hand side of
(21) converges to 0. In particular, we study the limit behaviour of the integrand of (14) for all xx = (z1,...,2K) €
Wk(ni,...,ng) with (n1,...,ng) # (K,0,...,0). The number of points of X, N Ulel B(z;,2uy) is Poisson
distributed of mean y\q (Ufil B(x;, 2u7)>. From (19), we deduce that

VP (Vi < K, R(Cx,Ugxey (22)) < uy)

K i (de (U?:l j(l'i, 2u7)))k (UL, Be2u)

X pr(x1,...,xx). (24)
k=0



The term py(z1,...,2x) denotes the probability to cover the spheres S(z;,u,), ¢ = 1... K, with the spherical caps
{ey;(2i),1 # j < K} and {7, (x;),m < k}, defined in (16), where y1,...,y, are k independent points which are

uniformly distributed in Ufil B(z;,2u,). This probability satisfies the following property:

Lemma 3. Let xx = (21,...,2x) € Wk(n1,...,ng) and

K
N = Z(d + ny. (25)

Then, for all kK < N
pr(z1,...,2x) =0. (26)

The proof of Lemma 3 is postponed to the appendix. From (24), (26) and the trivial inequalities 0 <
pr(21,...,2x) < 1 and Ag (Ule B(:ci,2u7)> < deIiduii/, we deduce that there exists a constant ¢, depending
on K, such that

(k29K qyud)r
(Vz < K, R(Cx,ugxgy (i) < uy) < ~K Z T o c'ny(fyuf'i)N
k=N ’
where ¢(7) o () means % 'yjo 1. Using (11), (25) and the fact that K = Z{il In;, we obtain for v large
enough
K
Kp (Vi <K, R(CXVU{xK}(mz < ’u,V <c H (I=Dny (27)

(d+2)(1-1)

Moreover, using the fact that Agx (Wi (n1,...,nx)) < c- Hll;(ufiy)(l’l)"’ =c- Hzliz v~ @ " and (27), we
get

VK/ P (Vi < K, R(Cx,ugxs} (@) < uy) dxg
WK - Wi (K,0,...,0)
K -1
= ZVK/ P (Vi < K, R(Cx,ugxy} (7)) < uqy) dxgx < c- ZHV_W"H (28)
Wk (ni,...,nk) =2

The sum above runs over all the K-tuples (ny,...,nk) such that Z{il In; = K and n; # K. Since (nq,...,ng) #
(K,0,...,0), there exists [ > 2 such that n; # 0. Consequently, we get from (28)

’YK/ P (VZ S K’ R(CXWU{XK}(mz)) < ,L[u-y) dXK = O (7_1/(‘1"‘1)) (29)
WE_-Wgk(K,0,...,0)

where ¢(y) = O(¢ (7)) means that ;ZE % is bounded.

Conclusion From (23) and (29), we deduce that for all K > 1

’yK/ P (Vi S I R(Cx g () < ) i — (#5)K
w

Y—r0o0

We then apply Lemma 2, with A = R, to conclude that

td+1

P(Rmin(y) > uy) — €~

10



The cell which minimizes the circumscribed radius is asymptotically a simplex. To show it, we denote by

Riyin(7) = R(C
win() = B sars O (@)

where Fy_1(Cx, (x)) is the number of hyperfaces of Cx._ (x). The order of convergence of R} (7) is greater than
u, according to the following proposition.

Proposition 4. Let X, be a Poisson point process of intensity v and W a convex body of volume 1. Then, for all
t>0,

P (agnd'y(dﬂ)/(dH)Rigm( ) > t) — 1.

Yoo

Proof of Proposition 4. We apply Lemma 2 to f(Cx._ (z)) = R(Cx,(z)) and A = [d + 2,00). We then study the
finite dimensional distributions i.e.

K / P (Vi < K, R(Cx U} (1) < gy Fao1 (Cx, sy () > d + 2) dxe (30)
WK
for all K > 1. When K = 1, the integrand of (30) is

P (R(CXWU{O}(O)) < Uy, Fd_l(CXWU{O} (0)) >d+ 2) <~P (R(CX U{O}( ) < ey, #(X,y N B(0, 2’UJ.Y)) >d+ 2)

d )k
B (2 /id'yu o~ 2 Rayul
=~
k=d+2

y—0o0

We deduce that v [i;, P (R(Cx_ Uz} () < uy, Fa—1(Cx,ugay (%)) > d +2) converges to 0. More generally, for all
K > 1, we get

’yK/ P (VZ S K, R(CXWU{XK}(SQ)) < U, Fd—l(CXWU{xK}(-Ti)) Z d+ 2) dXK — 0. (31)
Wk (K,0,...,0) Yoo
Moreover, from (29)
’yK/ P (VZ < K, R(OXWU{XK}(‘ri)) < u’vad—l(OXa,U{xK}(xi)) > d+ 2) dXK — 0. (32)
WK _-_Wgk(K,0,...,0) ~y—00

From (31), (32) and Lemma 2 applied to A = [d + 2, 00), we get

(R;nln( )>u’)’) — L

y—0o0

Corollary 1. Let X, be a Poisson point process of intensity v and W a convex body of volume 1. Then

P (Vz € X, R(Cx, (%)) = Rmin(7) = F4—1(Cx, (x)) =d+1) — 1.

y—00

Proposition 4 implies Corollary 1 but does not provide the exact order of R, ; (7). Nevertheless, when d = 2,
it can be made explicit. The key idea is contained in Lemma 4 and cannot unfortunately be extended to higher
dimensions.

11



Proposition 5. Let X, be a Poisson point process of intensity v and W a convex body of volume 1 in R2. Then,
forallt >0,

P (a'27r75/4R;21m( ) > t) — e

y—00

where o is defined in (35).
Proof of Proposition 5. Let ¢ > 0 be fixed and let us denote by

. 1/2
ul = ul (1) = (o ta 1y ) (33)
where «f is specified in (35). As in the proof of (2d), we interpret the distribution function of R. ;. (vy) as
a covering probability of the circle. Let p be the probability that S(0,u) is covered with the circular caps

{4,,,(0),m < k} where yi, ...,y are k independent points which are uniformly distributed in B(0, 2u’,) and such
that Fy (C{O}U{yk}(o)) >4ie.

— 1
P (R(Cx,ut03(0)) < uly, Fi(Cx, ugoy(0)) > 4) = Z y(‘m’ﬂ/f)ke Sty (34)
k=4 """
The constant of is defined as
32 \V*
ah = (3#4) > 0. (35)

We are going to apply Lemma 2 to the event A = [4,00) replacing u., by u’7 To do it, we need to get the limit
behaviour of

K /WK P (Vi < K, R(Cx_ ups} (1)) < 1y, Fi(Cix ey (1)) = 4) dxc (36)
for all K > 1.

When K = 1, from (34) and (33), we deduce that v [i;, P (R(Cx,uey(2)) < ), Fa1(Cx i} (2))) > 4) da
converges to t*. More generally, for all K > 1,

y—>0o0

VK/ P (Vi < K, R(Cx,uxic} (i) < ), Fi(Cx, iy () > 4) dxg — t*5. (37)
Wk (K,0,...,0)

Otherwise, for all xx € Wk (n1,...,ng) with (n1,...,ng) # (K,0,...,0), the integrand of (36) is
KP (VZ S K, R(CX-YU{XK}(xi)) < uv, Fl(CX U{xK}(-rz)) 4)

szi (%\d (UZ 1B i, 2ul, )) (UL, Blai2ul))

k=0

X pig (15, TK). (38)
The term pg(z1,...,7x) denotes the probability that S(z;, ) is covered with the spherical caps {7, (z:),i #
j < K} and {4, (z;),m < k} where yi,...,y; are k independent points which are uniformly distributed in
U¢K:1 B(z;,2ul) and such that F1(Cx ugxgy(wi)) > 4 for all @ < K. This probability satisfies the following
property:

12



Lemma 4. Let xg = (21,...,7x) € Wi (n1,...,nx) C R? and

K
N’ =dny +4ny + > 3ny. (39)
=3

Then, for all K < N’
/Lk(xlv"'vxK):O' (40)

The proof of Lemma 4 is postponed to the appendix. From (38), (40) and (39), we deduce for v large enough
that

K
. ’ n 4l73n
YEP (Vi < K, R(Cx_Ugxpe} () < ), Fi(Cx Uy () = 4) < ¢ X (qul2)N = 4™ HV T
=3

—51+45

Moreover, Aoxg (Wi (n1,...,ng)) <c- Hl o(u ’2)(l D — ¢y~ in Hl 37~ % ™. This shows that
7K / P (Vi < K, R(Cx, gy (24)) <y Fi(Cx, gy (80)) = ) e = O (v714) . (a1)
WK —Wi (K,0,...,0)

From (37), (41) and Lemma 2, we get

P (Rl -t

min

> /
( ) u'y) 7:306

We conclude the section with a quick sketch of proof for (2a).
Proof of (2a). We notice that

1
rmax(7) = max r(Cx,(2)) =5 max —min d(z,y).

The behaviour of the maximum of nearest neighbor distances was studied by Henze in Theorem 1 of [13] when the
input is a binomial process. His result did not include the contribution of boundary effects and is consequently
limited to the set of points in W © B(0,u.). With Lemma 2 and proceeding along the same lines as in the proof
of (2d), we are able to show the convergence in distribution of the maximal inradius of Voronoi tessellation when
the input is a Poisson point process in W. d

4 Proof of (2¢), consequence on Poisson-Voronoi approximation

Proof of (2c). First, we notice that

Rinax(v) = max, R(Cx,(v)) = max e d(z,y).

In order to avoid boundary effects, we start by studying an intermediary radius R; . () defined as

R/ — ma ma. d z, .
maX(’Y) aceXmCX«,(x)ﬁW#@ ZIECXW(;()QW ( y)

In a first step, we provide the asymptotic behaviour of R/ ,.(7). Secondly, we study the effects of Voronoi cells
astride W and W¢€.

13



Step 1 The distribution function of R] .. (7) can be interpreted as a covering probability. Indeed, if we denote

max

by
Uy = uy(t) = (175 + 2+ log (aw(log'y)d_l)) . (42)
Ka"y Rd"Y
where
1/2p (d -1
- (W) (13)

and t is a fixed parameter, we have

Rix(7) Suy <= Vre X,, st. Cx () "W # 2,Vy € Cx_ (z) "W, d(z,y) < u,
= VyeW, 3z e X, dz,y) <uy

<= {B(z,uy),z € X,} covers W.

We have to deal with the probability to cover a region with a large number of balls having a small radius when
v — oo. Asymptotics of such covering probabilities have been studied by Janson. We apply Lemma 7.3 of [17]
which is rewritten in our particular framework. Actually, Lemma 7.3 of [17] investigates covering with copies of a
general convex body and requires conditions which are clearly satisfied in the case of the ball (see Lemmas 5.2, 5.4
and (9.24) therein).

Lemma 5. (Janson) Let W be a bounded subset of R? such that A\;(OW) = 0 and X., a Poisson point process of
intensity 7. Let R a random variable such that E[R] > 0 and E[R?*€] for some € > 0. We denote by a(B(0, R)) =
i E[RT)E[RY) (@~ If @ = a(y) is a function such that a(y) — 0 and

E[M\i(aB(0,R))] vy —log %EB(BVQR))] —dloglog E[)\d/(\c(zi(BVE/O),]W —log a(B(0, R)) v t,—oo <t < oo (44)

then

P({B(z,R),z € X} covers W) — e’

y—00
Taking a = u,, R = 1, A\q(W) = 1 and noting that E[\;(aB(0, R))] = /Qdufly and «(B(0,R)) = a1, we check
easily (44). From Lemma 5, we deduce that P ({B(z,u,),z € X} covers W) converges to e~
teR,

¢™". Hence, for all

. / < _ 7e_t'

Tim P (Rlyue(7) < ) = (45)
Step 2 Taking f(Cx, (2)) = ra(maxyeoy @ynw d(@,9))?% ay = 7, by = ylog (a1y(logy)*") and ¥ a Gumbel
distribution (i.e. P(Y <) = e~¢ ',t € R), one can check condition (5) with k = d. From (45) and Proposition 3,
we deduce that P(maxzex, nw MAaXyeCy (a)NW d(z,y) < u,) converges to e~ " forallt €R. Using the fact that,
on the event A, (given in Lemma 1),

max max  d(z,y) < max  max d(z,y) <  max max d(z,y)

zeXyNW yeCx., (z)NW zeXyNW yeCx, (x) 2€XyNWiyr, yeCx., (2)NWiyy,

and proceeding along the same lines as in the proof of Proposition 3, we get

P(Rmax(7) <uy) — e7¢ . (46)

y—0o0
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O

We can note that the asymptotic behaviour of Rp.x(y) gives an interpretation of Lemma 7.3 in [17]. Indeed,
(46) shows that the Gumbel distribution which appears as a limit probability of a covering is actually the limit
distribution of a maximum.

We now apply this convergence result to the so-called Poisson-Voronoi approximation defined as

Ix, (W)= | Cx, ().

TEX~

It consists in discretizing a given convex window W with a finite union of convex polyhedra. This approximation
has various applications such as image analysis (reconstructing an image from its intersection with a Poisson point
process, see [19]) or quantization (see chapter 9 of [10]). Estimates of the first two moments of the symmetric
difference between the convex body and its approximation are given in [14] and extended to higher moments in
[34]. To the best of our knowledge, the convergence of #x_ (W) to W in the sense of Hausdorff distance, denoted
by dg(-,-), has not been investigated. Corollary 2 addresses that question with an assumption on the regularity of
W which is in the spirit of the n-regularity (see Definition 3 in [7]).

Corollary 2. Let us assume that there exists @ > 0 such that, for v small enough and for all y € W,
Aa(B(y,v) NW) = aXa(B(y,v)). (47)
Then

P (i (W, 7, (W) < (c(a)y ™" log (ary(log 1) 1))"") — 1 (48)

y—r0o0

— 1 d,.—1_ -1
where c(a) = k" + 2%, a™".

Proof of Corollary 2. Let us denote by

1/d

vy = (c(a)y " log (a1y(logy)¥™1)) (49)

First, we show that maxyeyy (W) d(y, W) < v, with high probability. For all ¢ € R, using the fact that u, < v, for
v large enough, where u, = u,(t) is given in (42), we get

P d < > P (Rpmax < > P (Rmax < .
<ye%i’<‘w> <y,W>_vv>— (Rumax(7) < 03) > P (Ruax(7) < us)

—t
(&

From (46) and Proposition 3, the last term converges to e~ ¢ = as vy goes to infinity. Taking t — co, we get

lim P d(y, W) < > lim e ¢ =1. 50
i, <ye%§)fm (y )—Uw>— im e (50)

In a second step, we are going to show that max,ecw d(y, Xy N W) < v, with high probability via the use of a
covering of W by balls as in the proof of (2¢). Now, the convex body W is covered by A4 = O (v; d) deterministic
balls By, ..., By with center in W and radius equal to v, /2. From (47), (49) and the fact that #(B; N (X, NW))
is Poisson distributed with mean yA;(B; N W), we get for ~ large enough

N
i (ﬁ% dy, Xy W) > v”) =P (U{#(Bi N (X, NW)) = 0}) < Hemremal /D < 071" (logy) @y,

=1
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Using the fact that 4" = O(v;%) ie. A = O(y(logy)™') according to (49), the right-hand side is O ((log~)~%).
Hence

P (maxd(y,X7 nNw) < v7> — 1. (51)

yeWw Y—00
Since dg (W, 7x_(W)) < max {maxyeyxw(w) d(y, W), max,ew d(y, Xy N W)}, we deduce from (50) and (51) that
P(dH(VV,'VXV(W)) SUV) — 1.

O

In [14], Heveling and Reitzner obtain that the volume of the symmetric difference between W and #x_ (W) is
of the order of y~/¢. The result above makes sense and could provide the right order of the Hausdorff distance.
Obviously, the constant c¢(a) = /ﬁgl + Qd/ﬁglofl is not optimal. From Lemma 1, it would have been possible to get
an upper-bound of the order of v~ (1=9/4 but it is less precise than Corollary 2.

5 Proof of (2b)

Proof of (2b). Let ¢t > 0 be fixed. We denote by u., the following function:

1/d
Uy = uy(t) = (2_(d_1)m;17_2t) . (52)

We start by finding a different expression of i, () which does not rely on the Voronoi structure. Indeed, for all
z € X, NW we have

1
r(Cx.(x)) =max{r > 0,B(x,r) C Cx_(x)} == min d(z,y).
(Cx, (x)) {r >0,B(x,r) C Cx, ()} 5, min (z,y)
Hence, rmin(y) can be rewritten as
() =5 i d(z.y) (53)
Pmin (V) = = min z,9).
7 2 (my) 2 €(XyNW) X X, Y

The equality (53) implies that the problem is reduced to a study of inter-point distance. Such study is well known
for a binomial process X (™ of intensity n in W. In particular, Jammalamadaka and Janson (see [16], §4) have
shown that for all ¢ > 0,

P (T;nin’n > un) e et (54)

where 7/ is defined as

min,n
, 1

= = min d(z,y
min,n 2(m,y)¢€X(”)><X(") ( ? )

r

and u, given in (52). In a first elementary step, we extend the limit to a Poisson point process. Our main
contribution is then to compare the obtained limit with i, (7) by dealing with boundary effects. In particular,
our study provides a far more accurate estimate of the contribution of boundary cells (see (66)) than what we could
have deduced from Proposition 3.
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Step 1 We extend (54) to a Poisson point process. We define

(1) = 2 d(z,y). (55)

min
2 (z,y) 2 E(X,NW)?

Let us note that for all 0 < a < 8 < 1, and for all n € {0,1,2,...}, [n — 9| < 7* = |n — 7| < nP for v large
enough. Consequently, since u, is non-increasing in 7y, we have for - large enough

’P(T;nin(v)zu’y _t|<Z’P m1nn>u"f t’P X’YmW):n)
n=0

)

< Y max {|P(rhnn =ty _ps) — e

[n—y|<ye

P(Fuinm = Unins) — € |} PH#H(X, NW) =n)

min,n =

+ P(#(X, N W) —o] > %), (56)

The second term of (56) converges to 0 thanks to a concentration inequality for Poisson variables (see e.g. Lemma 1.4

in [31]). The first term is lower than max,>y—ye max {|P(Fhy > Up_ns (£) = €78 [P (Pl = tngns (t) — et}
which tends to 0 according to (54). This shows that, for all ¢ >0,
hm P( mln(’Y) Z u"/) = eit' (57)

Step 2 We show that rmin(y) = 7y, () with probability of order of O(y~¢) with € € (0, 2). Indeed, the random
variables rmin () and ] ;, (), defined in (53) and (55), are equal if and only if no point of X, N W€ falls into the
union of the balls B(z, 2r];, (7)) for x € X, N W such that d(z,0W) < 2r]; () i.e.

Plrin(7) # riwin (1)) =P [ # | X, 0wen | Bl 2ru() | #0
zeX,NW,
d(z,0W)<2r! . (v)

SE| Y #(G0WINB@ ()| . (58)

reX,NW,

d(z,0W)<2r! . ()

min

From Slivnyak-Mecke formula (see e.g. Corollary 3.2.3 of [37]), we get

El Y #(X0WEN B 20u()| = / 9E [# (X N W0 B, 2750 00) Ly oy <oy | 4
reX,NW, w min
d(z,0W)<2r! . ()

min

where r;(lfr)l(fy) = sming ) c(x,u{z}nw)2 (2, y) for all z € X, N W. Noting that r )(’y) < 7l (), we then

min
obtain

E Z # (X nwen B(‘T 27ﬁmln( ))) < /W ’YE [# (X nwen B(l’ 2rm1n( ))) 1d(z,8W)<2r:mn(’y)] dx

zeX,NW,

d(z,0W)<2r! . (v)

min

- / 7E [E[# (X, NIV O B(@, 20 (1)) Xy 0 W] Laoowy<ars (] dz. (59)
w
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Since # (X5 N W€ N B(x,2r],;,(7))) is Poisson distributed, we get

'VE [E [# (XW nwen B(xv QT;nin('V))) |X"/ N W} 1d(z,3W)<2r§nin('y)]
c d
= 7°E [Aa(W* N B(&, 27 (D) La(e.owy <207, ()] < 2%a - 7°E {Tﬁﬁnﬁ) Lagow)<2r,, (v |- (60)

Using (58), (59), (60) and Fubini’s theorem, we obtain

P(Tmin(’}/) 7é Tllmin(FY)) < Zde : 72E [Tgin(r)/) /W 1d(w,8W)<2T!’nin('y)dx:| <c- ’YQE [T;gi-;l (7)] . (61)

The last inequality comes from Steiner formula (see (14.5) in [37]) and ¢ denotes a constant depending on W.
Hence, to show that

P (Tmin(7) # "in(7)) — 0 (62)

y—>0o0

we have to find some upper-bound of y2E[r/%H!(y)]. We know, from (57) and (52) , that 42’4 (v) tends to 0

min min
in distribution but it does not imply (62). Lemma 6 below provides an estimate of the deviation probabilities of

y2r!d. (v) when the window W is a cube.

Lemma 6. Let C be a cube of side M and X, a Poisson point process of intensity . Let us denote by

min d(z,y).

o) = 3
minlC) = 5 (4 ) e(Xyn0)?

Then, for all u < min{3Md'/2, 1d'/2y=1/4}  there exists a constant c(M) such that

P(rlyinic(7) = u) < =MD",

Proof of Lemma 6. Let u < min{1Md'/?, £d'/2y~1/4} be fixed.
We subdivide the cube C' = [0, M]¢ into a set of .4 subcubes C, ..., C 4 of equal size ¢ with ¢ = 2d~/2u and
N = {Mcfljd. Since diam(C;) = 2u for each i < .47, we obtain

N

P(ruimjc(7) = u) <P (ﬂ{#(@ NnX,) < 1}) = (e—vc‘lu + ch))”.

i=1
Replacing ¢? by 2¢d=%?u? and A4 by [2-'Md*/?>u=" |¢ we obtain the following inequality:
P () 2 ) € el MO ooty s

min|C

Since v2¢d~%?u? < 1 and 2M~1d~'/%u < %, we have log(1 4 72¢d~%2u?) — 42¢d=/2yd < 7i22dd*d72u2d and
127 MdY 21 > (27 MdY2ut — 1)4 > 27240 4qd/ 2y~ Hence

P(r;ﬂin|C(,y) 2 U) S e—id’d/sz.ﬂud = e_C(M)'YZud
where ¢(M) = %d—d/sz. ]
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Now, we can derive an upper-bound of v2E[r/%+1(~)]. Indeed, since W has non-empty interior, there exists a

min

cube C of side M included in W. Using the fact that #(X, NC) > 2 = ;. (y) <7/ (7), we get

min min|C
g diam (W) G
PERE ) =7 [ P 0) 2 9)ds
0

min|C

Mdr/?
< diam(W)y2P(#(X, N C) < 1) + 42 / PO () > s)ds.  (63)
0

The first term of the right-hand side of (63) is decreasing exponentially fast to 0 since #(X, N C) is Poisson
distributed of mean yM¢?. For the second term, let us consider a fixed € in (0, %) Then

4172 4= 2+e)

M
72/ P(T;gl—;llc(’y) 2 S)dS = / rY2P (r;nin\C(’Y) > 51/(d+1)> ds +/
0

0 ~y—(24€)

Md1/2

min|C

2P (r’ (7) > 81/(d+1)> ds
<Y MA292P (1) 2 97 @/ @),
(64)
Since € > 0, we have y~(2+9/(d+1) < min{2Md/2, Ld'/2y=1/4} for v large enough. Hence, from Lemma 6 applied
to u := v~ (2T)/(d+1) e deduce that for ~ large enough,

(M),Y(Zfed)/(dJrl)' (65)

min|C

Md'/?
72/ Pt (7) > s)ds <~y + Md'?y2ec
0

The last term of the right-hand side of (65) converges exponentially fast to 0 as 7 goes to infinity since ¢ < 2

=
Combining that argument with (61), (63) and (65), we deduce that

P (rmin(7) # T (1)) = O (v7°) - (66)
We then deduce from (57) and (66) that

[P (rain(7) 2 uy) = 7| < [P (rin(7) = 1y) — €7 + 2P (ranin(7) # i (7)) —2. 0.

Y—00

Remark . The rate for the convergence in distribution of ryi,(y) to the Weibull distribution can be estimated.
For instance, we can show that Theorem 2.1 in [38] implies the rate of convergence of ] ; (7). Another way to get

it is to use Theorem 1 in [1]. We then obtain that there exists positive constants ¢(W) and I'(W) such that, for all
e<%,t20and72F(W),

[P kP (1) > 1) = €] < e(W)y~ Mtz

The study of more extremes for general tessellations and their rates of convergence will be developed in a future
paper.

Appendix

Proof of Lemma 3. Actually, we show the following deterministic result: let K > 2, k < N, (z1,...,2k) €
Wk (n1,...,ng) with (nq,...,nx) # (K,0,...,0) and (y1,...,yx) € U1K:1 B(x;,2u,) such that {xx} U{ys} are in
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general position i.e. each subset of size n < d + 1 is affinely independent (see [40]). Then there exists ¢ < K such
that sphere S(z;,u,) is not covered by the induced spherical caps {@,,(x;),i1 # j < K} U {4, (x;),m < k}.

Indeed, from (25) there exists a connected component of Ufil B(x;,2u,) of size 1 <1 < K, say Ui:1 B(z;,2uy)
without loss of generality, such that N; < d 4+ 1 with

l
Ny =# ({yk} n U B(mi,2u7)> (67)

=1

Since {x;} U {yn,} are in general position, the family {x;} is not included in the convex hull of {yny,}. In
particular, there exists ¢ < [ such that z; is not in the convex hull of {x;} U {yn,} — {x;}. Since a Voronoi cell
induced by a finite number of points is not bounded if and only if its nucleus is an extremal point of the polytope
induced by the points, it implies that the circumscribed radius of C{xl}U{le}(xi) is not finite i.e. S(x;,uy) is not
covered.

Proof of Lemma 4. We show the following deterministic result: let K > 2, k < N, (z1,...,2x) € Wk(n1,...,nK)
with (nq,...,nx) # (K,0,...,0) and (y1,...,yk) € U1K=1 B(z;,2uy) such that {xx} U {yx} are in general posi-
tion. Then there exists ¢ < K such that either the sphere S(z;,u,) is not covered by the induced spherical caps
{ o, (2:),i # j < K} U{ey,, (xi),m < k} or Fi(Cpxeyugy,y (i) < 3.

Indeed, from (39) there exists a connected component of =, B(xz;, 2u,) of size 1 <1 < K, say Uizl B(x;,2u)
without loss of generality, such that N; < 4 if { = 1,2 and N; < 3 if | > 3 where N; is given in (67).

o If I =1, either S(z1,uy) is covered or F1(Cixyjufy,} (1)) = F1(Crayyuyn, 1 (1)) < 3 since Ny < 3.
e If [ > 3, from Lemma 3 there exists ¢ < [ such that S(x;,u,) is not covered.

o If [ = 2, we can assume that No = 3. We have to prove that if y3 = {y1,y2,y3} is a set of three points in
B(z1,2uy) U B(z2,2u,), then the following properties 1 and 2 below cannot hold simultaneously.

1. The circles S(z1,u,) and S(x2, uy) are covered by the induced circular caps
{ Ay (2), oy (1)} ULy, (1), m < 3}
2. The number of edges of the Voronoi cells satisfy Fi(Cly, 2y,y,)(71)) > 4 and F1(Cly, oy,.y,)(72)) > 4.

Let us assume that Properties 1 and 2 hold simultaneously. Let us denote by G the Delaunay graph associated
to {x1,22,y1,¥2,y3}. Then G is a connected planar graph with v = 5 vertices and e edges. From Euler’s
formula on planar graphs, e < 3v — 6 i.e.

e<9. (68)

From Property 1 and according to the proof of Lemma 3, 21,z are in the convex hull of {y1,y2,ys3} ie.
{y1,y2}, {v1,y3} and {y2,ys} are edges of the associated Delaunay triangulation. From Property 2, x1,zo

are connected to every point i.e. {331,1’2}, {xhyl}? {3«"1792}7 {xla 93}7 {zQayl}a {$2792} and {$2793} are also
edges of the Delaunay triangulation. The total number of these edges is e = 10. This contradicts (68).
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