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CONSISTENT SEMI-IMPLICIT STAGGERED SCHEMES
FOR COMPRESSIBLE FLOWS

PART II: EULER EQUATIONS.

R. HErBIN!, W. KHERLJI? AND J.-C. LATCHE?

Abstract. In this paper, we propose implicit and pressure correction schemes for the Euler equations,
based on staggered space discretizations, namely the MAC finite volume scheme or the low-order
(Rannacher-Turek or Crouzeix-Raviart) finite elements. Both schemes rely on the discretization of
the internal energy balance equation, which offers two main advantages: first, we avoid the space
discretization of the total energy, which involves cell-centered and face-centered variables; second, we
obtain algorithms which boil down to usual schemes in the incompressible limit. However, since these
schemes do not use the original total energy conservative equation, in order to obtain correct weak
solutions (in particular, with shocks satisfying the Rankine-Hugoniot conditions), we need to introduce
corrective terms in the internal energy balance. These corrective terms are found by deriving a discrete
kinetic energy balance, observing that this relation contains residual terms which do not tend to zero (at
least, under reasonable stability assumptions) and, finally, compensating them in the discrete internal
energy balance. This latter step is performed under the guideline that, when adding the discrete kinetic
equation to the discrete internal energy equation, the sum of the residual and corrective terms tends to
zero with the mesh size and time step. It is then shown in the 1D case, that, if the scheme converges,
the limit is indeed a weak solution. Finally, we present numerical results which confort this theory.

2010 AMS Subject Classification. 35Q31,65N12,76M10,76M12.
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1. INTRODUCTION

Let us consider the compressible Navier-Stokes equations, which read:

Op+div(pu) =0, (1a)
O(pu) +div(pu ® u) + Vp — div(r(u)) =0, (1b)
O(pE) +div(p Eu) + div(pu) = div(T(u) - u), (1c)
p=(-Dpe,  E=iful+e (1)

where t stands for the time, p, u, p, E and e are the density, velocity, pressure, total energy and internal energy
in the flow, 7(u) stands for the shear stress tensor, and v > 1 is a coefficient specific to the considered fluid.
The problem is supposed to be posed over © x (0,7), where € is an open bounded connected subset of R%,
1<d<3,and (0,T) is a finite time interval.

System (1) is complemented by initial conditions for p, e and u, denoted by po, eg and ug respectively, with
po > 0 and eg > 0, and by a boundary condition which we suppose to be u-n = 0 at any time and a.e. on 0f,
where n stands for the normal vector to the boundary.

Let us suppose that the solution is regular. Taking the inner product of the momentum balance equation
(1b) by u and using the mass balance equation, we obtain the so-called kinetic energy balance equation:

S0 lul?) + Sdiv(p|uu) + Vp-u = div(r(u) - u. 2)

Keywords and phrases: finite volumes, finite elements, staggered, pressure correction, Euler equations, compressible flows,
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Subtracting this relation from the total energy balance, we obtain the internal energy balance equation:
O(pe) + div(peu) + pdiv(u) = 7(u) : Vu. (3)

Since,
- from thermodynamical arguments, 7(u) : Vu > 0,
- thanks to the mass balance equation, the first two terms in the left-hand side of (3) may be recast as a
transport operator: 0:(pe) + div(peu) = p [Ore + u - Ve,
- and, finally, from the equation of state, the pressure vanishes when e = 0,
this equation implies that if e > 0 at ¢ = 0 and with suitable boundary conditions, then e remains non-negative
at all times.

Our aim in this paper is to build numerical schemes for the Euler equations, i.e. System (1) with 7 = 0,
which are stable and accurate at all Mach numbers, and, in particular, which boil down to usual schemes
for incompressible flows (or, more generally speaking, for the asymptotic model of vanishing Mach number
flows [19]) when the Mach number tends to zero; we thus choose to use staggered space discretizations. In
incompressible models, the natural energy balance equation is the internal energy equation (3). In addition,
discretizing (3) instead of the total energy balance (1c) presents two advantages:

- first, it avoids the space discretization of the total energy, which is rather unnatural for staggered schemes

since the degrees of freedom for the velocity and the scalar variables are not collocated,

- second, a suitable discretization of (3) may yield, ”by construction” of the scheme, the positivity of the
internal energy [13].

However, in the inviscid case and for solutions with shocks, Equation (3) (with 7 = 0) is not equivalent to
(1c) (with 7 = 0); more precisely speaking, at the locations of shocks, positive measures should replace, at the
right-hand side of Equation (3), the term 7(u) : Vu which is formally the product of vanishing quantities (for a
Newtonian fluid, the viscosity) and infinite derivatives of the velocity. Discretizing (3) instead of (1c) may thus
yield a scheme which does not compute the correct weak discontinuous solutions; in particular, the numerical
solutions may present (smeared) shocks which do not satisfy the Rankine-Hugoniot conditions associated to
(1c). The essential result of this paper is to provide solutions to circumvent this problem. To this purpose, we
closely mimic the above performed formal computation:

- Starting from the discrete momentum balance equation, with an ad hoc discretization of the convection
operator, we derive a discrete kinetic energy balance in which some residual terms do no tend to zero
with space and time step (they are the discrete manifestations of the above mentioned measures).

- These residual terms are then compensated by corrective terms in the internal energy balance.

We provide a theoretical justification of this process by showing that, in the 1D case, if the scheme is stable and
converges to a limit (in a sense to be defined), this limit satisfies a weak form of (1c) which implies the correct
Rankine-Hugoniot conditions. Then, we perform numerical tests which substantiate this analysis. Different
time discretizations are proposed: first, a fully implicit scheme (a solution to which may be rather difficult to
obtain in practice) and, second, two pressure correction schemes; these latter algorithms are used in the tests
presented here, and in the industrial open-source code ISIS [17], developed at IRSN on the basis of the software
components library PELICANS [20]. All of these schemes conserve the integral of (a discrete equivalent of) the
total energy over the domain. The first pressure correction scheme is appealing for its (relative) simplicity, but
does not seem to warrant the sign of the internal energy (so that the unconditional stability induced by the
above mentioned conservation of the total energy property is lost); the second scheme cures this problem, at
the price of the introduction of an additional elliptic problem which must be solved at the beginning of each
time step to determine a tentative pressure. Let us mention also that fully explicit versions may be built, and
are now under study [16].

This work follows a companion paper [14], in which the same schemes are developed for the barotropic
Euler equations. The present paper is self-consistent and in particular describes the definition of the space
discretization, which is the same as that of [14]; we refer to [14] essentially for two issues: the derivation of
the discrete kinetic energy balance, and the passage to the limit, in 1D, in the mass and momentum balance
equations which are the same in both the barotropic and non-barotropic models.

Let us mention that a wide literature is related to the matter at hand. Indeed, schemes involving an elliptic
pressure correction step for compressible flows appeared as soon as the late sixties [9,10], with the so-called
ICE method, and were followed by numerous works (see, among others, [24] for an introduction). In parallel,
pressure correction schemes gained a wide popularity and were extensively studied for incompressible flows
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(see [2,22] for seminal works and [8] for a review of most of the variants). We refer to [14] for a (more) complete
bibliography.

This paper is organized as follows. We begin by describing the space discretizations (Section 2). We then
study the implicit scheme (Section 3): we first give the general form of the algorithm (Section 3.1), then derive
the kinetic energy balance and deduce the source terms to be included in the internal energy balance (Section
3.2), and, finally, we pass to the limit in the scheme to prove (in 1D) the consistency of the scheme (Section
3.3). Sections 4 and 5 follow the same lines for the two pressure correction algorithms. Finally, we present some
numerical tests in Section 6.

2. MESHES AND UNKNOWNS

Let M be a decomposition of the domain €2, supposed to be regular in the usual sense of the finite element

literature (eg. [3]). The cells may be:

- for a general domain (2, either convex quadrilaterals (d = 2) or hexahedra (d = 3) or simplices, both type
of cells being possibly combined in a same mesh,

- for a domain the boundaries of which are hyperplanes normal to a coordinate axis, rectangles (d = 2) or
rectangular parallelepipeds (d = 3) (the faces of which, of course, are then also necessarily normal to a
coordinate axis).

By € and £(K) we denote the set of all (d—1)-faces o of the mesh and of the element K € M respectively. The
set of faces included in Q (resp. in the boundary 952 is denoted by Eing (resp. Eext), S0 that (i.e. Eng = €\ Eoxt)
is denoted by &int; a face o € &y separating the cells K and L is denoted by o = K|L. The outward normal
vector to a face o of K is denoted by ng . For K € M and o € £, we denote by | K| the measure of K and

by |o| the (d — 1)-measure of the face o. For 1 <14 < d, we denote by ED c & and &Y ¢ Eoxt the subset of the

ext
faces of € and ey respectively which are perpendicular to the i*" unit vector of the canonical basis of R<.

The space discretization is staggered, using either the Marker-And Cell (MAC) scheme [10, 11], or non-
conforming low-order finite element approximations, namely the Rannacher and Turek element (RT) [21] for
quadrilateral or hexahedric meshes, or the lowest degree Crouzeix-Raviart (CR) element [4] for simplicial meshes.

For all these space discretizations, the degrees of freedom for the pressure, the density and the internal energy
(i.e. the discrete pressure, density and internal energy unknowns) are associated to the cells of the mesh M,
and are denoted by:

{px, px, ex, K € M}.

Let us then turn to the degrees of freedom for the velocity (i.e. the discrete velocity unknowns).

- Rannacher-Turek or Crouzeix-Raviart discretizations — The discrete velocity unknowns are located
at the center of the faces of the mesh, and we choose the version of the element where they represent the
average of the velocity through a face. The set of discrete velocity unknowns reads:

{to, 0 €&, 1<i<d}.

- MAC discretization — The degrees of freedom for the i** component of the velocity are located at the
centre of the faces ¢ € £, so that the whole set of discrete velocity unknowns reads:

{ts, €D, 1<i<d}.

We now introduce a dual mesh, which will be used for the finite volume approximation of the time derivative
and convection terms in the momentum balance equation.

- Rannacher-Turek or Crouzeix-Raviart discretizations — For the RT or CR discretizations, the dual
mesh is the same for all the velocity components. When K € M is a simplex, a rectangle or a cuboid,
for 0 € E(K), we define Dk, as the cone with basis o and with vertex the mass center of K (see Figure
1). We thus obtain a partition of K in m sub-volumes, where m is the number of faces of the mesh, each
sub-volume having the same measure |Dg | = |K|/m. We extend this definition to general quadrangles
and hexahedra, by supposing that we have built a partition still of equal-volume sub-cells, and with the
same connectivities; note that this is of course always possible, but that such a volume D , may be no
longer a cone; indeed, if K is far from a parallelogram, it may not be possible to build a cone having o
as basis, the opposite vertex lying in K and a volume equal to |K|/m. The volume Dk, is referred to



FIGURE 1. Primal and dual meshes for the Rannacher-Turek and Crouzeix-Raviart elements.

as the half-diamond cell associated to K and o.
For o € &y, 0 = K|L, we now define the diamond cell D, associated to o by D, = Dk U Dy, »; for an
external face 0 € Eexy NE(K), D, is just the same volume as D -

- MAC discretization — For the MAC scheme, the dual mesh depends on the component of the velocity.
For each component, the MAC dual mesh only differs from the RT or CR dual mesh by the choice of the
half-diamond cell, which, for K € M and o € £(K), is now the rectangle or rectangular parallelepiped
of basis ¢ and of measure |Dg .| = |K|/2.

We denote by |D,| the measure of the dual cell D,, and by € = D,|D,s the face separating two diamond
cells D, and D,-.

Finally, we need to deal with the impermeability (i.e. u-n = 0) boundary condition. Since the velocity
unknowns lie on the boundary (and not inside the cells), these conditions are taken into account in the definition
of the discrete spaces. To avoid technicalities in the expression of the schemes, we suppose throughout this paper
that the boundary is a.e. normal to a coordinate axis, (even in the case of the RT or CR discretizations), which
allows to simply set to zero the corresponding velocity unknowns:

fori=1,...,d, Vo € ED,  u,,; =0. (4)
Therefore, there are no discrete velocity unknowns on the boundary for the MAC scheme, and there are only
d—1 discrete velocity unknowns on each boundary face for the CR and RT discretizations, which depend on the
orientation of the face. In order to be able to write a unique expression of the discrete equations for both MAC
and CR/RT schemes, we introduce the set of faces Sg) associated to the degrees of freedom of each component
of the velocity (S stands for “scheme”):

£® \S(i) for the MAC scheme,

ext

EN\ £ for the CR or RT schemes.

ext

£ =

Similarly, we unify the notation for the set of dual faces for both schemes by defining:

g0 _ £ \gé;)t for the MAC scheme,
s E\ £ for the CR or RT schemes,

ext

where the symbol ~ refers to the dual mesh; for instance, £(* is thus the set of faces of the dual mesh associated
to the i** component of the velocity, and Egjt stands for the subset of these dual faces included in the boundary.
Note that, for the MAC scheme, the faces of £ are perpendicular to a unit vector of the canonical basis of

R4, but not necessarily to the i** one.
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Note that general domains can easily be addressed (of course, with the CR or RT discretizations) by redefining,
through linear combinations, the degrees of freedom at the external faces, so as to introduce the normal velocity
as a new degree of freedom.

3. AN IMPLICIT SCHEME

3.1. The scheme

Let us consider a uniform partition 0 = tp < t; < ... < ty = T of the time interval (0,7), and let
0t =tpy1 —ty, for n = 0,1,..., N — 1 be the constant time step. We consider an implicit-in-time numerical
scheme for the discretization of the Euler equations, i.e. System (1) with 7 = 0. In its fully discrete form, this
scheme reads, for 0 < n < N — 1:

|K| n+1 n n+1
VK € M, = (P 6; Fptl = (5a)

For 1 <i<d, Vo &Y,

D,
Del ezt — g+ 30 Bttt 10| (V) =0 (5b)
e€€(Dy)
VK € M,
K
Bl e —pierr + Y Ftier
se&(K) (5¢)
+HIE| pit! (dive) i = SE
VK € M, Pt = (y = 1) plttentt, (5d)

Equation (5a) is obtained by the discretization of the mass balance over the primal mesh, and F;ng stands
for the mass flux across ¢ outward K which, by the impermeability boundary conditions, vanishes on external
faces and is given on internal faces by:

Vo € &int, 0 = K|L, F""'1 lo| p% u’}("';,

where u}‘("’; is an approximation of the normal velocity to the face o outward K. This latter quantity is defined

by:
e NKo - e® for o € £ in the MAC case,

0,1

uZH ‘N, in the CR and RT cases,

n+1l __
UKG' -

(6)

where e(® denotes the i-th vector of the orthonormal basis of R?. The density at the face 0 = K |L is approxi-
mated by the upwind technique:

+1 e Al
n+l _ p}l( if U}L(’a z 0’
P 1 . (7)
PL otherwise.

We now turn to the discrete momentum balance (5b). For the MAC discretization, but also for the RT
and CR discretizations, the time derivative and convection terms are approximated in (5b) by a finite volume
technique over a dual mesh. For the discretization of the time derivative term, we must provide a definition
for the quantities p"Jrl and pf, , which approximate the density on the face o at time t"*t1 and t" respectively.
They are given by the following weighted average:

Vo =K|L € &g, for k=nork=n+1, |D, | pga = |Dk.o| ph 4 |Dro| P (8)

Let us now describe the discretization of the convection term. The first task is to define the discrete mass flux

through the dual face € outward D,, denoted by F) ;’jl, the guideline for its construction is that we need a finite
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volume discretization of the mass balance equation over the diamond cells of the form

DG’ n n mn
Bel (e gy 3 = )

e€&(Dy)

Vo € &,

to hold in order to be be able to derive a discrete kinetic energy balance (see Section 3.2 below). For the MAC
scheme, the flux on a dual face which is located on two primal faces is the mean value of the sum of fluxes on
the two primal faces, and the flux of a dual face located between two primal faces is again the mean value of the
sum of fluxes on the two primal faces [15]. In the case of the CR and RT schemes, for a dual face ¢ included in
the primal cell K, this flux is computed as a linear combination (with constant coefficients, i.e. independent of
the cell) of the mass fluxes through the faces of K, i.e. the quantities (F}y;l)geg( K) appearing in the discrete
mass balance (5a). We refer to [1,6] for a detailed construction of this approximation. Let us remark that a
dual face lying on the boundary is then also a primal face, and the flux across that face is zero. Therefore,
the values u"+1 are only needed at the internal dual faces; we choose them to be centered or upwind, so, for

n+1 .
e = Dy|D,, ue,i reads:

n+1 . n+1
T if F >0
o, oge =
Centered case: u"Jrl w4ty /9. Upwind case: u"Jrl =
(T K2 o', p
s 5 n+1 h .
(s otherwise.

The last term (Vp)gjl stands for the i-th component of the discrete pressure gradient at the face o, which
reads:

g .
for o = K|L € &, (Vp)ii' = % (Pr™ =Pk nico el

Note that the pressure gradient only needs to be defined on internal faces since, thanks to the impermeability
boundary conditions, no momentum balance equation is written at the external faces.

Equation (5c) is an approximation of the internal energy balance over the primal cell K. To ensure the
positivity of the convection operator [18], we use an upwinding technique for this term:

et g Pt >,
for o = K|L € &, ngrl —| K L Ko
ert otherwise.
The divergence of the velocity, (divu)}‘("’l, is discretized as follows:
1
: n+l _ _— n+1
for K € M, (diva) ™ = Td Z lo| uf,

cel(K)

Note that this definition implies that the discrete gradient and divergence operators are dual with respect to
the L? inner product:

K| pr (divu) i + D, u"+ nt 0.
> IK|p ZZl | ug it (Vp)oit =

KeM i=1 Uegél)

The right-hand side, S}’(H, is derived using consistency arguments in the next section.

Finally, the initial approximations for p, e and u are given by the average of the initial conditions pg, €9 and
up on the primal and dual cells respectively:

1 1
VK e M, pY = E/Kpo(m)da:, €Y = E/Keo(a:)dm

for 1 <i<d, Voe&P, uo,. = / (up(x)); de.
D,

(10)




3.2. The discrete kinetic energy balance equation and the corrective source terms
The following discrete kinetic energy balance is derived in [14] (Lemma 3.1).

Lemma 3.1 (Discrete kinetic energy balance, implicit scheme).
A solution to the system (5) satisfies the following equality, for 1 <i<d, o € Eg) and 0 <n<N-—1:

1|D 1
P [ ] 5 DD Rl D (Ve = R ()
EZDQ‘DOJ
where the remainder term RZjl reads:
n+1 71 |DU| n n+l _ n 2 5up l Fn+1 n+l  n+l n+1 12
o0 2 5t Pp, (ua,i ua,i) + Z 2 | 0,€ (uo,i U z) ua,i ’ ( )

EZDU ‘DG/

with 0"P = 1 if an upwind discretization is used for the convection term in the momentum balance equation and
6P =0 in the centered case.

We recognize at the left-hand side a discrete conservative form of the kinetic energy balance, and the right-
hand side gathers the residual terms. The next step is now to define corrective terms in the internal energy
balance, with the aim to recover a consistent discretization of the total energy balance. The first idea to do
this could be just to sum the (discrete) kinetic energy balance with the internal energy balance: it is indeed
possible for a collocated discretization. But here, we face the fact that the kinetic energy balance is associated
to the dual mesh, while the internal energy balance is discretized on the primal one. The way to circumvent
this difficulty is to remark that we do not really need a discrete total energy balance; in fact, we only need to
recover (a weak form of) this equation when the mesh and time steps tend to zero. To this purpose, we choose
the quantities (S7™) in such a way as to somewhat compensate the terms (jol):

VK € M, S}QH = ZS"H with

1 DK 2
s =gk Y PRl e Y e ot )
ce&(K)NEY cc€W), enK#0,
e=Dy|D,/

The coefficient ak . is fixed to 1 if the face € is included in K, and this is the only situation to consider for the
RT and CR discretizations. For the MAC scheme, some dual faces are included in the primal cells, but some lie
on their boundary; for such a dual face &, we denote by N the set of cells M such that M Ne # () (the cardinal
of this set being always 4), and compute ax  by:

K
(6% &> | | (13)

. ZMEJ\/E |M|

For a uniform grid, this formula yields ax . = 1/4.

The expression of the (S}‘(H) Kem is justified by the passage to the limit in the scheme (for a one-dimensional
problem) performed in Section 3.3. However, its expression may be anticipated, thanks to the following remarks.

First, we note that:
> oSt Z > Ryt =o. (14)

KeM =1 Uegél)

Indeed, the first part of S?(J;-l, thanks to the expression (8) of the density at the face pJ , results from a
dispatching of the first part of the residual over the two adjacent cells:

1|D| 2 1|DK| 21|DL| 2
5 5 b (ol —uga) =5 = ke (uglt — ) 4 g = e (ug - ug)”

affected to K affected to L
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For the second part of the remainder, a standard reordering of the sum yields:

d d
1 1 1 1 1 1 1 1 1\2
) DN DRSS (AR KD DI DI s AU S

=1 gegl) e=Do| Dy =1 e=pD,|D, €£Y’

However, we may wonder why we do not use in S?(H the expression of this term as it is written in the
remainder jol, i.e., in other words, use the numerical diffusion multiplied by w instead of the dissipation.
A first answer is that we mimic what happens at the continuous level: the term which appears in the kinetic
energy balance is div (T(u)) -u and the corresponding term in the internal energy balance is the dissipation
7(u) : Vu. A more involved argument is that the expression in S?(H provides a positive source term to the
internal energy balance, and we may hope that the difference between the numerical diffusion multiplied by
u and the associated dissipation tends to zero (because the numerical diffusion tends to zero) in the sense of
distributions. To have an intuition of this fact, let us consider the toy elliptic problem, posed over §2:

v — plv = f,

where p is a positive parameter and f € L2(Q). Assuming homogeneous Dirichlet boundary conditions, we
obtain by standard variational arguments [|v[|;2q) + p'/?|| V|| < C, with C only depending on Q and f. We
thus get, with ¢ € C2(Q):

/ [M(Av)v + ,u|V’U|2}(pd:B = u/ div(vVov)pde = —,u/ vVov - Vede,
Q Q Q

and so, finally, by the Cauchy-Schwarz inequality:
[ 8w+ ui V] da| < CIV il ) 12

A discrete analogue of this simple computation is used to pass to the limit in the scheme in the next section
(with a control on the unknown assumed and not proven).

Since, in the equation of state, the pressure vanishes for e = 0, and that S}‘(H is a non-negative continuous
function of the unknowns p, u and p, adapting the proof of [13, Theorem 4.1] to cope with this additional term,
we obtain that the scheme admits at least one solution, which satisfies p > 0, p > 0 and e > 0. In addition,
Equation (14) shows that the scheme conserves the integral of the total energy over the computational domain.

3.3. Passing to the limit in the scheme (1D case)

The objective of this section is to show, in the one dimensional case, that, if a sequence of solutions is
controlled in suitable norms and converges to a limit, this latter necessarily satisfies a weak formulation of the
continuous problem.

Le us recall the notations that we use in [14] for one dimensional meshes. These notations follow from an
adaptation of the notations used for the multidimensional case in the previous sections, by taking the same
index to refer to the dual faces and the primal cells and replacing the orientation defined by the outward normal
vector to faces by the orientation of the coordinate axis. For any K € M, we denote by hg its length (so
|K| = hi); we define the mesh size h of M by h = supgcaq hx. When we write K = [00’], this means that
either K = (2,,2,) or K = (2,7,%,); if we need to specify the order, i.e. K = (24,2, ) with 2, < 24/, then
we write K = [00’]. For an interface o0 = K|L between two cells K and L, we define h, = (hx + h1)/2, so, by
definition of the dual mesh, h, = |D,|. If we need to specify the order of the cells K and L, say K is left of L,

then we write o = K| L.

With these notations, the implicit scheme (5) reads:

1 1
VKeM, pi= m/ po(z) dz, ey = ﬁ/ eo(z) dz,
K K
| o 1 (15a)
Vo € Eint, U, = —|D | uo(x) de,
ol JD,



— K
vk = ool e M, Bl -y mpn - =0 (15D)
DU n n n n n n n n
| 6t |( Dj—lu +1 pD ) F +1 +1 FKJrluKJrl +pL+1 pKJrl 07 (15C)

K
VK = ool € M, Bl (prtenst — peeq) + Bttt - Fptert et it —upt) = S5 (15d)

VK € M, Pt = (y = 1) pit et (15e)

—
The mass flux in the discrete mass balance equation is given, for o = K|L € &y, by:

Pt = gt (16)

where the upwind approximation for the density at the face, p?*1, is given by Equation (7), i.e. p?T! = p’}fl

if w1 >0 and pnt! = p’LH'1 otherwise. In the momentum balance equation, the application of the procedure
described in Section 3.1 yields for the density associated to the dual cell D, with ¢ = K|L and for the mass

—
fluxes at the dual face located at the center of the mesh K = [o0’]:

1
2[D,|

n+1
Pp,

n n mn 1 mn mn
(KPR + LI, Bt = 5 (4 ), (17)

and the approximation of the velocity at this face is either centered (6" = 0, u;t" = (u2+!+u”F')/2) or upwind

(6"P =1, u}‘("’l = ul Tt if F"'|r1 > 0 and u"“u;’j‘l otherwise). In the convection terms of the internal energy

balance, the approximation for e”*! is upwind with respect to F**! (i.e., for o = K|L € Eint, €Nt = e’}fl if
Frtl >0 and ent? = e}t otherw1se). The corrective term S”Jr1 reads:

K Frtt
VK = [od'], Spt!= L(Sz'f [(’U,Z,H_l —ul)? 4 (ut — uZ,)Q] + 6P —I; | (un ™t — w2, (18)

To the discrete unknowns, we associate piecewise constant functions on time intervals and on primal or dual
cells, so the density p, the pressure p, the internal energy e and the velocity u are defined almost everywhere
on Q x (0,7) by:

N—
Z Z P X (2) Xy (B), — Z Z W Xk (@) Xy (B),
n= OKeM n=0 KeM

N-1
Z D et X (@) Xy (), Z D uy! A, () X (1)
n=0 KeM n=0 o€

where Xk, Xp, and X, 1) stand for the characteristic function of K, D, and the interval (", t"*1] respec-
tively.

We recall the definition given in [14, Definition 3.6] of the interpolates and their discrete time and space
derivatives that we use in the proof of Theorem 3.3.

Definition 3.2 (Interpolates on one-dimensional meshes). Let Q be an open bounded interval of R, let ¢ €
C*(Q x[0,7)), and let M be a mesh over Q. The interpolate @ of ¢ on the primal mesh M is defined by:

N-—1
oM = Z Z Vi X Xjgn gn1y, (19)

n=0 KeM

where, for 0 <n < N, K € M and 0 € &, we set ¢} = p(xx,t"), with zx the mass center of K. The time
discrete derivative of the discrete function ¢ is defined by:

615(,0/\4 Z Z (pK (pK XK X[tn,tn+l), (20)
n=0 KeM
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and its discrete space derivative by:

L — P
OzpMm = > % Xp, Xjpn pn+1y, (21)
e o

Let g be an interpolate of ¢ on the dual mesh, defined by:
N—1
e = Z Z@Z Xp, Xjpn gn+1y, (22)
n=0 oce&

where, for 1 <n < N, K € M and ¢ € &, we set ¢ = p(z,,t"), with z, the abscissa of the interface o. We
also define the time and space discrete derivatives of this discrete function by:

N-1 (pn—i-l _ (pn
Oppe = Z Z W Xp, Xpn gnt1y,
n=0 oc€&
N-1 0 (23)
500' - 900'
8IQOS = Z ; T XK X[t"’,t”’+1)'
n=0 K=[oo'leM
Finally, we define dpaq,e by:
— Pk — Py Por — Pk
OzpMm.e = Z Z ZT/QU XDK,U X[tn’tnﬂ)’—i_ahT/QK XDK,U/ X[fn.ﬁtn%»l). (24)
n=0

=
K=[oo'leM

For the consistency result that we are seeking (Theorem 3.3 below), we have to assume that a sequence of
discrete solutions (p(m),p(m), elm) u(m)) is uniformly bounded in L>((0,T) x Q)%, i.e.:

meN
(0"l + [TV + (™), | < €, VK € M, for 0 <n < NU™, vm €N, (25)
and:
|(u™r| < C, Yoe&™, for0<n<N™, v¥meN. (26)

Note that, by definition of the initial conditions of the scheme, these inequalities imply that the functions py,
eo and ug belong to L>(Q).
For discrete functions ¢ and v defined on the primal and dual mesh, respectively, we define a discrete

LY((0,7); BV(Q)) norm by:

N

N
TBV = ) 0t Z lar, — k|, [v]l72,Bv = 2515 Z lvgr — vgl,
0 n=0

o=K|LEEn = oc=Dy,|D,/ €&int

llq]

n—
and a discrete L1(Q; BV((0,7))) norm by:
N-1 N-1
lallresv = D> 1KY lag™ —aikl,  lollrasy = D D6l D Jop™t —wgl.
KeM n=0 ocef n=0

For the consistency result below, we have to also assume that a sequence of discrete solutions satisfies the
following uniform bounds with respect to these two norms:

1™l v + €™y + [0 l7,0py < €. ¥m € N. &7

and:
™ |7 v <C, ¥meN. (28)
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We are not able to prove the estimates (25)—(27) for the solutions of the scheme; however, such inequalities are
satisfied by the ”interpolation” (for instance, by taking the cell average) of the solution to a Riemann problem,
and are also observed in computations.

A weak solution to the continuous problem satisfies, for any ¢ € CSO([O, T) x Q):

_ / [p Opp + puamga} dzdt — / po(z) p(x,0)dx = 0, (29a)
Qx(0,T) Q

- / [pudhg + (pu® + p) O] dwat - / po() uo(x) p(,0)dz = 0, (29b)
Qx(0,T) Q

~ [ [pEae+ B+ pudg]dedi- [ o) Eo(o) plw0)do =0, (29¢)
Qx(0,T) Q

L o Lo
p=(y—1)pe, E= U +e, FEp= 340 + ep. (29d)

Note that these relations are not sufficient to define a weak solution to the problem, since they do not imply
anything about the boundary conditions. However, they allow to derive the Rankine-Hugoniot conditions ; so,
if we show that they are satisfied by the limit of a sequence of solutions to the discrete problem, this implies,
loosely speaking, that the scheme computes correct shocks, which is the result we seek and state in Theorem
3.3.

Theorem 3.3 (Consistency of the one-dimensional implicit scheme).

Let Q be an open bounded interval of R. We suppose that py, ug and eg are functions of L>=(Q). Let
(M) 5tm)), e be a sequence of discretizations such that both the time step 6t'™) and the space step h(™)
tend to zero as m — oco. Let (p(m), plm) | elm) u(m))meN be the corresponding sequence of solutions. We sup-
pose that this sequence satisfies the estimates (25)—(27) and converges in L7 ((0,T) x Q)*, for 1 < r < oo, to
(p, P, € 1) € L°((0,T) x Q)*.

Then the limit (p, p, €, ) satisfies the system (29).

Proof. The fact that the limit (p, p, @) satisfies (29a) and (29b) is proven in the first part of this work [14, Proof
of Theorem 3.7 and Remark 3.9], using milder estimates and the same convergence assumptions. On the other
hand, the fact that (p, p, €) satisfies the equation of state is straightforward, in view of the supposed convergence.
We thus only need to prove that (p, p, €, @) satisfies (29¢).

Let ¢ € C®(Q x [0,T)). Let m € N, M) and §t(™) be given. Dropping for short the superscript (™),
let parq and g, O, Oz0Mm, Orpe, Ozpe and Ozpa,e be the interpolates of ¢ on the primal and dual mesh
and their discrete time and space derivatives, in the sense of Definition 3.2; thanks to the regularity of ¢, these
functions respectively converge in L™(2 x (0,7T)), for » > 1 (including r = +00), to ¢, @, Owp, Oxp, Orp, Ozp
and J,¢ respectively.

On one hand, let us multiply the discrete kinetic energy equation (11) by dt ¢ and sum over the faces and
the time steps. On the other hand, let us multiply the discrete internal energy equation (5¢) by ot ¢, and
sum over the primal cells and the time steps. Finally, let us sum the two obtained relations. Since the support
of ¢ is compact in Q x (0,7T), for space and time steps small enough (or, equivalently, m large enough), the
interpolates of ¢ vanish for n = N, and, at any time, on the cells and faces located in a neighbourhood of the
boundaries; we suppose that it is the case for the element m of the sequence under consideration. We thus get
T + 1™ 4 1™ 4 T 4 T = RO with:

N—-1
m 1 |DU| 7 n mn n n
T =5 Yoty S o it = ol (uD)?] ¢ (30a)
n=0 oe€
N-1
T(m) _ Z 5t Z @[ ntlontl nen] n (30]:))
2 = ot Pk €K PKEK]| PK>
n=0 KeM
N—-1
1
R S B D L AR R (30¢)
n=0 a:K—lltegmn
—
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" = Z oty [Eptlentt = Fpttert o, (30d)
—
K=[oo'leM
N-1
D D D DI AL i Rt
a:ﬁe&nt
N-1 (30e)
D0t > T gt ek,
— f—
- K=[oo'leM
N-1 N-1
R™ = =35t > Ry or+ Y 6ty Sp ok, (306)
n=0 g€Eint n=0 KemM
. . . a% . H H
where, in the latter relation, the remainder term reads, for 0 = K|L € &, with K = [0'0] and L = [00”]:
1 D Fn—i—l Fn+1
Rl = 5 | — |/)n” [“ZH _ UZ}Q 4 U gt [| 1; | (u+! - “Z'H) n | L2 | (u+! — “Z'—tl)

We first study Tl(m). Reordering of the sums and then using the definition (8) of the density at the faces, we
thus get:

N—-1
m_ 1 il (g2 P =9 1
7™ — —3 2 0t IDol ptt (uy )P P — 2 Y T Dalph, (uf)? 4

n=0 oe& oce€
LT[ ) gy 2 1 (m)\0 (m)20/.\12
——3 [ [ @ B dsdr 5 [ (0@) [ @) elin0)
0

By the definition (15a) of the initial conditions of the scheme, since both pg and ug are supposed to belong to
L®(Q), (p™)° and (u™)° converge to po and ug respectively in L"(Q), for r > 1. Since, by assumption, the
sequence of discrete solutions converges in L"(Q x (0,T)) for » > 1, we can pass to the limit in the previous
relation, to get:

(m) _ _ 2 21 2
m1—1>1r-1‘,-ooT = / / )2 Orpda dt 2/on(ac)uo(ac) o(x,0)dz.

By a similar computation, we get for TQ(m):

Z5tZ|K|p entt %—ZIKI P €k Vi

n=0 g€ oc&
T
__ / / ™) ™) By dar dt — / (P () (e™)°(z) ppa(w, 0) da,
0 Q Q

and therefore:

T
lim T(m)* / /Qﬁéatgpdzdtf/on(:c)eo(:c)ga(z,O)dz.
0

m—>—+0o0

m)

Let us now turn to Té . Reordering the sums, we get:

N—
T{m™ = —% Z 5t Z FRrbal Tt (o — olt).

— =
K=[oo'leM

Using now the definition (17) of the mass fluxes at the dual edges, we have:

m 1 n n 7 n n n s
T == 30 dt S (ot e ) ul (o - )
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We now split T 7'3m + R( ™) , where

N-1 T
=1 Y A @] ) == [ [ A e do
0 Q

— —
K=[oo'leM
so that
1T,
m1—1>H—li-oo7;’ :—5/0 /qu Oy dx dt,
and
(N2
R =23t S [l ) st - et () )] (o - o)
=0 g loalleM

Expanding the quantity (u271)% + (ut1)? thanks to the identity a® + % = (a + b)(ab + (a — b)?), and then
reordering the sums, we obtain Rgm) = Rgn? + Rgn;) with:

1
RYY = =208t D [ = el (o = i Jun ! (o - o),
K=[oo']eM
N
1
I8 D A ) e - (e - o).
K=[oo/]eM

In the term ’Rgﬁ), the differences p2*! — p%t! and pf! — pit! either vanish or involve two adjacent cells
densities. We thus get:
3
|’R§,71L)| < hC Hu(m)HLw(Qx(o,T)) o™ |7 2B,

and Rén}) tends to zero when m tends to +oo. By similar arguments:

m m m 2 m
|R§,,2)| <hC, ||/)( )||L°°(Q><(O,T)) ||“( )||Loo(9x(0,T)) ||U( )||T,w,BVa

and thus Rén;) also tends to zero when m tends to +ooc.

Expressing the mass fluxes as a function of the unknowns in T4(m) and reordering the sums, we get:

N-—1
=yt Y prttertturtt (o — o)
—_ —

oc=K|L€EEint

Let us write T\™ = 7™ + R{™ | with:

« Ok — o
S0 X [Dkel s Dl e e el
—

n=0 ha
= 0=K|LEEny
N
(m) _ Z Z n+1 n+1 n+1 n-‘,—l n+1 n+1 ntl gntl
7?’4 - (% |DK,<T|( pcr a' |DLU|( pcr a )
=0 G_K[|LeEin

n n
n+tl PK — PL
Uy

he

We have:

T T
ﬂ(m) = —/ / P (M) (™) 5o da dt, SO lim 721 f/ / peudypdrdt.
0o Ja 0 Jo

m—>—+00
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Expanding the quantities (o et — prtt entl) and (ppt! et — pntt e 1) in the residual term Rflm) thanks
to the identity 2(ab — cd) = (a + ¢)(b—d) + (b + d)(a — ¢), we get:

|R(m)| < Coh ”u(m)”Lw(Qx(o,T)) |:||p(m)||L°°(Q><(O,T)) He(m)”T,z,BV + He(m)||L°°(Q><(O,T)) Hp(m)HT,x,BV )

so that R{™ tends to zero when m tends to +oo.

m)

Reordering the sums in the term Té , we obtain:

Ty = Z =6ty pR (et el —ult ) PR (it ) el

e
K=[oo']eM
hence:
K| g1 Yk — vy | IK] o — P
6t = n+ n+1 K o =, n+1 n/+1 o K
Z Z g P Mo Ty Ty PR e T
EM
/ / m) OzoMm,e da dt.
Q
and so:
lim T / /pu@zgodxdt
m—>+0o0

Finally we study R, which we decompose in R("™) = Rg ™) + Rflp), the first part gathering the terms which
are not linked to a possible upwinding. We have for this residual:

N—

m 1 n n n n 7 n n mn
O =y [ Dl b, it ) it 3 DD Dol ol (5 —up) ok

n=0 oc€€ KeM oce&(K)

—

2

1 n n n n
=3 S Y Dkl o (P - ul)? (o - 0.
n=0 KeM oc&(K)
We thus obtain:
R < hCo Hp(m)”L“(QX(O,T)) Hu(m)HLw(Qx(o,T)) lu"™l74,8v,

and therefore Rff”) tends to zero when m — oco. We now turn to the remainder term associated to the upwinding,
which reads:

|Fn+1| |Fn+1|
Rv(]g) = _ Z 5t Z s 1; (Wt — w1 + L2 (u ! — UZ,J,A)} o
= a:ﬁeg.m,
—
K=[o'0], L=[o0c"]

N-1
5t |FI7$+1| n+l _ ,n+1\2 n
+y oty gt - upt) o

n=0

2
K=[oo']leM

As explained at the end of Section 3.2, the general idea is now to recast this term as a discrete version of the
integral over space and time of a quantity of the form —u d,u 0, scaled by a numerical viscosity vanishing
with the space step; then, the supposed controls on the solution imply that the term tends to zero. We thus

)

reorder the sums in R&ZI , which yields:

R =376t 30 [ER (-l el — it en) 4 Pt (!t ek

—
K=[oo']eM
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and thus:

N-1
m 1 n n n n n n
R =320t 2 IFRM ot =t [ (o = o) + (0o - i)
- K=[oo']eM

We thus get, using the definition (17) of the mass fluxes at the dual faces:

m m m 2 m
|R7(1p)| <hCy HP( )HLoc(szx(o,T)) ||U( )||Loc(szx(0,T)) HU( )HT,m,BVa

which yields the desired estimate.
Gathering the expression of the limits of each of the terms Tl(m) to Tém) and R(™) concludes the proof. [

4. A FIRST PRESSURE CORRECTION SCHEME

4.1. The scheme

We derive in this section a pressure correction scheme from the implicit scheme (5). The first step, as usual, is
to compute a tentative velocity by solving the momentum balance equation with the beginning-of-step pressure.
Then, the velocity is corrected and the other variables are advanced in time; the correction step not standard,
since it is performed here by a single coupled step for stability reasons detailed in [13]. Still for stability reasons,
or, in other words, to be able to derive a kinetic energy balance, we need that a mass balance over the dual
cells (9) holds; since the mass balance is not yet solved when performing the prediction step, this leads us to
perform a time shift of the density at this step.

With the notations introduced in Section 3.1, the algorithm reads, for 0 < n < N — 1:

Prediction step — Solve for @

For 1 <i<d, Voeé&Y,

|Do |
ot

(pp gt = pptup )+ Y Pl + | Dol (Vp)y, = 0. (31a)
ec&(Dy)
Correction step — Solve for p?*t, p"*1, e"t! and "t

For 1<i<d, Voe&Y,

DCT n n ~n n n

Del s s — ) 4 1Dl (V05— (Vp)2] = 0. (31b)
VK ¢ M |K|(pn+1 n Z F’n+1 (31C)

’ (St K 7
ce&(K)

vkem Bl e Y ma

5t () o € (31d)

K| pitt (diva) it = S,

VEeM, pgl=(y-1) pg ek (31le)

-1

The initialization of the scheme is performed as follows. First, p~!, € and u" are given by the average of

the initial conditions pg, eg and ug on the primal and dual cells:

_ 1 1
VK e M, pi'= m/}(po(w)d:c, e(}(:m/}(eo(:c)dm

for1<i<d, Voe&f, ul,= D |/D (uo(x)); dz.
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Then we compute p® by solving the mass balance equation (31c), which allows to perform the first prediction
step with (pBﬂl)geg, (P%,)oce and the dual mass fluxes satisfying the mass balance. Finally, the initial pressure

p° is computed from p° and €° by the equation of state: VK € M, p% = (v — 1) p% €%.

4.2. The discrete kinetic energy balance equation and the corrective source terms

As in the case of the implicit scheme, we now determine the corrective terms (S%)xeam which need to be
added in the internal energy equation in order to recover a weak formulation of the total energy equation when
passing to the limit. We thus begin by the derivation of a discrete kinetic energy equation, which is stated
in the following lemma. Note that we cannot use directly here [14, Lemma 4.1] as we shall do in Section 5.2,
because of the different order of the equations in the prediction-correction algorithm.

Lemma 4.1 (Discrete kinetic energy balance, pressure correction scheme 1).
A solution to the system (31a)-(31b) satisfies the following equality, for 1 <i<d, o € Eg) and0<n<N-—1:

1 |D,|

n n— n 1 nopn an n ~n n
5 5 s = s ] g D E A Dl (Ve = Rl (39

0,1 D, 0,1 0,1
= D ‘D ’

where the remainder term RZng reads:
,

1 |D| -1 (~n+1 2 |D| 1 ~n+1)2
wtt = el gt ()’ - el g (et — )
v S IR @t - ah)] At e
E:Dng/

with 0"P = 1 if an upwind discretization is used for the convection term in the momentum balance equation and
0P =0 in the centered case.

Proof. Let us sum the momentum balance equation (31a) with the velocity correction equation (31b), which

yields:
|Ds|

ot

(pn untt 7p'r]; L, + Z rogntt + |D |(Vp>n+1 0.

D, "o, az 0, 51
e€€(Ds)

~n+1

O'Z’

Multiplying this equation by the corresponding degree of freedom of the predicted velocity @ we obtain:

Do |
ot

(pn un—i_—l _pg 1 n' ~n+1 Z T ~n+4+1 ~n+1 |D |(Vp n+1 ~n+1 = 0.

D,%o,1 O'l 08 £,1 az
e€&(D,)

Let us recast the first two terms of this equation as Té}i) + Tfi), with:

(1) . |DU| n ~n+1 n—1 n n+1 n ~n+1 ~n+1
o 5t (pl){,ua,i pD O'l + E : Fa'e £,1 O'l ’
ec&(D,)
2 _ |Dy| n+tl  ~n+l\ ~n+1
Ta,i - 5t D, (ua,i — Uy, ) Ugs -

The term T;li) has the structure which allows to apply [14, Lemma A2], and we get:

(1) _ 1 |DU| n n+1 n \2 1 n n+1 n+1 (1)
Ta,i - 5 T{pl) (u ) pD ( o',i) i| + 5 Z F Ram
e=Dg|D,/
with: D,
1 o n— ~n n \2 u n n ~n
R = 20 (- )P+ Y 5 IR (-]
e=Dy|D,/

Using the identity 2 (a — b)a = a® — b? +
|

a — b)?, valid for any real numbers a and b, we get for Ty:

72 _

O"L

| _ 2
7o (unt)? = oy (@] + B,

1
2 ot



with:

@ _ _|Do|

n+1 ~n+1\2
oi T T 95t Pp, (ua,i — Uy ) .

Summing, we get the discrete kinetic energy balance equation:

1|D,|
ot

o,
s D.|D,/

which concludes the proof.

Pt = g ] g S Fne an a ID (V) =

— R+ R®) = pn

0'17

17

By the same arguments as in the implicit case, we now get from the discrete kinetic energy balance associated

to this time discretization:

d
VK € M, Sptt =" Sptl with
i=1
n+1l _ 1 |DK,U| n—1 ~n+1 u® 2 n+1 ~n+1|2 up
SKZ - 5 Z 5t PK | a,i' _pK |u — Uy | +9 Z
occ(K)nEY) cc€W) | enK£0,

EZDg ‘Da"

QK e

| mn

’ 2

o,

_ ~n+1)2

o’ i

Note that the term S}‘(H may be negative, contrary to implicit case; this has indeed been observed in compu-
tations, and impedes the theoretical proof of the positivity of the internal energy for this prediction—correction
scheme. However, even in very severe cases (as, for instance, Test 3 of [23, chapter 4]), at least with a reasonable

time step, we still obtained a positive internal energy.

4.3. Passing to the limit in the scheme (1D case)

As for the implicit scheme, we show here that in the one dimensional case, if a sequence of solutions is
controlled in suitable norms and converges to a limit, this limit necessarily satisfies a weak form of the Euler

equations, namely the system (29).

Let us first write the pressure correction scheme (31a)-(31e) in the one-dimensional case, using the notations

(16)—(17):

Initialization — Compute p~!, €°, u°, solve for p° and compute p°:

_ 1 1

VK € M, PR = K| Kpo(:c) dz, e = T i eo(z) dz,
1

Vo € &, ug = m uo(x) de,
o D,

— K
vk =fool e M. Slan oy B - F2 =0,
VK € M, px = (v — 1) p €
Prediction step — Solve for a"*!:
Vo = KIL € e, B2 a7+ Fpapt - Fpge

ot

—pk =0.

(35a)

(35b)
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Correction step — Solve for p"*!, p"*1 el and vt
|D<T| n

Vo= KIL € Es 5ot (u™ = Gt + (o = o) — (0 pk) =0, (35¢)

VK = o e M, LGt g+ mp - Ep <o, (354)

VK = ool € M, S (iert — e + st - Eptieph (35¢)
it (@t — ittty = St

VK € M, pict = (= 1) pitestt (35¢)

The corrective term S?(H reads:

K
VK =[o0], SiT= L_(Sl Pt @Rt —ul)? 4 (@t — up)?

K F7
B Lt Gt -] o ER @y

For the proof of the consistency of the scheme (i.e. the proof of the theorem 4.2 below), we need to introduce
the following stability assumptions on a sequence (p(m), p(m)elm) - g(m) u(m))meN of discrete solutions:

(™)l + 1) + (™) < €, VK € M, for 0 <n < NU™, v¥m €N, (36a)
1

[(pt™) k|

(w2 4+ |(a™) | < C, Vo e &™), for 0 <n < N™ ¥m eN, (36¢)

P17 28y + €728V + [P (|17 0.8v + @7 |7 28v < C, Vm €N, (36d)

12 7t + 4™ |7y < €, Vm € N, (36¢)

Note that we do not suppose any control on time discrete derivatives of @™ (i.e. on ||@(™)|7;pv) and on the
discrete space derivatives of u(™ (i.e. on ||u(™| 1 .Bv).

Theorem 4.2 (Consistency, first pressure correction scheme).

Let 2 be an open bounded interval of R. We suppose that po, ug and ey are functions of L>°(Q). Let
(M(m),ét(m))meN be a sequence of discretizations such that both the time step 6t'™ and the space step h(™
tend to zero as m — oo. Let (p(m), plm) | e(m) g (m) u(m))meN be the corresponding sequence of solutions. We

L(Q x (0,7))°.

Then @ =@ and (p, P, €, u) satisfies the system (29).
Proof. Let us first check that % = %. To this purpose, it is sufficient to note that the correction step (35¢c) yields:

|Dg| [untt — gt < 6—5 [Pt — i + 1P} — pkl], Vo = K|L € g, and for 0 <n < N —1,
D,
so that:
[ut™ =@ oo,y < €8 D7 0,mv
which, passing to the limit when m — 400, yields the result thanks to the assumption (36d).

We now turn to the proof that the limit satisfies (29). The passage to the limit on the mass equation (35d)
and the momentum equation (35b) were already addressed in [14, Proof of Theorem 3.7] and [14, Proof of
Theorem 4.6] respectively, so that we already know that equations (29a) and (29b) are satisfied by @, p and
p. Therefore, there only remains to prove that (29c¢) is satisfied. We proceed as in the case of the implicit
scheme. Let ¢ € C°(Q x (0,7)). Let m € N, M(™) and §t™ be given, and consider the primal and dual mesh
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interpolates of ¢, along with their discrete time and space discrete derivatives in the sense of Definition 3.2. On
one hand, we multiply the discrete kinetic energy equation (33) by 0t ¢ and sum over the faces and the time
steps. On the other hand, we multiply the discrete internal energy equation (31d) by 0t ¢’%, and sum over the
primal cells and the time steps. Finally, we sum the two obtained relations. Supposing that m is large enough
for ¢ to vanish on the boundary cells and at the last time steps, we get T\™ +T4™ +T3™ +T\™ + 4™ = R,
with:

m 1 D (0 n n— n n
"= Z& > | | [P, (ut™)? — pp =t (up)?] 0,

n=0 0€E&int

m 1 mn ~n n n ~n n
T{m™ = 5 Z 5t 3 [Fpam+iantt — Fparttar] o,
n=0 o= ﬁegmt
—
K:[a' ], L= [O'O'//]
CEED D WR TS WD S
0€Eint n=0 KeM
and with T\, T{™ given by (30b) and (30d) and 7™ by (30e) with @ instead of w.

The passage to the limit in the term Tl(m) is done as in the implicit case; the only slight difference is the time
shift in p, which is handled by remarking that p(m)(-,- — 0t) strongly converges to p. For the term Tém), still
by a computation similar to the implicit case, we get: 153" = ’7},(7”) + Rgm),

N-1

where :_5 Z Z % P [un @ty + ur (@) -
— K
N K=[oo']leM
1 T
= —5/ / P (z,t — 6t) ul™ (z,t — 6t) (™) (x,1))? Bppe da dt,
o Jo
1 /T
so that lim 7™ =7 / / pu’ 8y da dt,
m——400 2 0 Q

N-1
1
and RY™ = =2 >" ot D0 [(hup + g st ant = o (up (@nt) 4w (@) | (e — o).
=0 K—[ooleM
Reordering the terms in the sum, we get:

N—
1 _ _ _
R == >0t Y (mant! = phan ) unantt + (gt — g un | (e — o).
K:[Q]GM Ds Dy

Using the identity 2(ab — ¢d) = (a — ¢)(b+ d) 4+ (a + ¢)(b — d) for Dy and Dy, we conclude that:

IRE™ | < hCoy ™ [l 0.1y 187 o (01 0.1y)

(161789 17 Nl 0,77) + 107 im0,y 18I0, ]

and thus Rgm) tends to zero when m tends to +oo.

Finally we study R(™), which we split into R(™ = R{™ + R&ZL), the first part, namely R™, gathering the
terms which are not associated to the upwinding:

R = = Z Z'D | [ “Lantt —um)? - pn (@t - ZH)Q}‘PZ

n=0 oc€&
1 N-1
5 202 D 1Dkl [t T = ) = o G - ui? k.
n=0 KeM oe&(K)
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Thanks to the definition of the density on the faces, we get:

ReY = z S Dkl [ @ - ) - g @ — gt (o — ),

n=0 KeM occé&(K)

S0:
<oy Y Y @t = ug)? = p (@t - unt)?|
n=0 KeM oce&(K)
Developing
PR — ) = p G — ) =
(P " = Plk) (g™ = ug)? + plie (ug™ —ug) (a5 ™ — ug —ug™)
yields:

m m m 2 ~(m 2
|R£ )|§th, HP( )||7’,t,BV (HU( )HLoo(Qx(o,T))JF”U( )||L°°(Q><(O,T)))
+ o™ [ [ + [[a™|
P Loo (2% (0,T)) T.t,BV Loo (2% (0,T)) L= (Qx(0,T)) )

and so Rgm) tends to zero as m tends to +o0o. Replacing u("™ by 4™, the term RS,’}’ takes the same expression

as in the implicit case, and so also tends to zero. Gathering all the limits yields the result we are seeking. [

5. A SECOND PRESSURE CORRECTION SCHEME

5.1. The scheme

We propose in this section a second pressure correction scheme, which differs from the first one by an
additional pressure prediction step, as already proposed in [7] in the context of variable density incompressible
flows (see also [5] for an implementation of this strategy for compressible barotropic flows). This step is an
elliptic problem for the pressure, the discrete operator of which is obtained by combining the discrete gradient
and the discrete divergence operators already used, for the pressure and velocity respectively, in the scheme.
The advantage of the new algorithm is that the corrective term S?(H in the internal energy equation is now
non negative, which ensures the positivity of the internal energy and the existence of a solution to the scheme.

With the notations introduced in Section 3.1, the algorithm reads, for 0 < n < N — 1:

Pressure prediction step — Solve for pnt!

1 o> _ 1 |o|?
VK € M, — (AR (Pk —PL) - (37a)
G‘—ZKL Pp, | Dy | U_XK:'L (PD PD )1/2 | Do
Prediction step — Solve for @"*':
For 1<i<d, Voe&Y,
|DU| n ~n+1 _ n—1 n Fn ~n+1 D V~n -0 37b
St (pD,, o, pD az + Z a'E £,1 +| U|( p)a’,i_ . ( )
ec&(D,)
Correction step — Solve for p"*1, p"*1, e"*! and u"*1:
For 1 <i<d, Voeé&,
DU 7 n ~n n ~\n
el (it — ) 4 10, [(V9)25 — (VA =0 (37¢)

ot
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K
vkem Bl g 3 m-o (370)
cel(K)
VK € M |K|(p7;(+1 n+1 p?(e?() + Z F}é-{-l n+1
ot ceE(K) (37e)

+|K| phtt (diva) gt = S,
VK eM,  pitt=(y—1) pt e (37f)
The initialization of the scheme is performed as for the previous pressure correction scheme.

5.2. The discrete kinetic energy balance equation and the corrective source terms
The following discrete kinetic energy balance is derived in [14] (Lemma 4.1).

Lemma 5.1 (Discrete kinetic energy balance, pressure correction scheme 2).
A solution to the system (37) satisfies the following equality, for 1 <i<d, o € Eg) and 0 <n< N -—1:

1 |Dy| _ 1 - -
S bt = P 4 Y FR A
e=Dy|D,/
+ Do | (Vp)pit uptt = =Ry — PR (38)
where the remainder terms RZjl and Pfjl read:
Rn+1 71 |DU| n—1 (~n+1 _.n )2+5up Z | | ( n+1 ~n+1) ~n-+1
o0 2 &t Pp, ua,i uU,i ua’,i ua,i ’
E:Dng ’
|D | ot 2 B 2
prt = 2 (vt = (V)]
D,
For further use, we define the quantity P;”‘l, for0<n <N —1and o € &y, as:
ID,| 6t 4
Pyt = (V)P = (V) = Do P (39)
Dq i=1

In order to compensate the residual terms jol of the discrete kinetic energy balance, we now choose the
corrective term S7-t! in the internal energy balance (31d) as:

VK € M, Sitt = ZS"“ + > Qut with

ce&(K)
1, Dol - 2 [Fel i
+1 _ 1 > +1 > +1 +1\2
Sit=get Y e (@ ) e Y awe S @ —anthh (40)
ccE(K)NEY cc€Y), enK#D,
—D,|D,,
n+1 1 ~\n—+1 1 n 2 ’ |
Q" = W(Vp)a *W(Vp)a
' D,

The terms (S Kt )1<i<d are obtained by the same construction as in Sections 3.2 and 4.2, with the same definition
of the coefficients o K, b.e. ag = 1 for the Rannacher-Turek or Crouzeix-Raviart element and o . given by
(13) for the MAC scheme. The last one compensates a remainder term due to the particular time discretization
of the pressure used in this variant of the scheme, as stated in Lemma 5.2 below.

We emphasize that, contrary to the first prediction—correction algorithm, the term S}’(H is now non-negative,
which implies that the internal energy remains non-negative at all time. As a consequence, we readily obtain
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the same existence and stability results as for the implicit scheme, again adapting the proof of [13, Theorem
4.1].

Lemma 5.2. Let Q be an open bounded interval of R. Let (M) §t(m™), \ be a sequence of meshes and time
steps, such that h™) and 6t™) tend to zero as m tends to infinity, and satisfying the CFL-like condition:

§tm)
Vm € N, T <C, with K™ =

Do |

G'EE(m) |J|

and where C is a positive real number possibly greater than 1. Let (p"))men and (p"))men be (part of) the
associated sequence of discrete solutions. We assume that the sequence (p(m))meN is uniformly bounded in
L>(Q x (0,T)) and in the discrete L1(0,T;BV(Q)) norm:

N (™)
vmeN, " repv=Y_ 6t Y ol [ - p"™)k] <C. (41)
n=0 a:K|L€$i(:tL)

We furthermore suppose that (p™ ) men and (1/p™),,en are bounded in L°(Qx (0, T)). Let p € C2(Q2x[0,T)),
and, form e N, 0<n < N agnd o € Ei(nT), let o = p(x,,t"), with x, the mass center of o. We then have:

lim [Zét 3o et -t ¢n| =0,

m——+oo
= o€Einy

where PP and Q"*! are defined by Equations (39) and (40) respectively.

Proof. We first give the main steps of this bound in the semi-discrete setting. In this formalism, the piecewise
constant functions P"*1 and Q"*!, defined by (39) and (40) respectively, read:

ot

~ - 1
Pn+1 — p_n [|Vpn+1|2 o |Vpn+1|2], Qn—i-l _ 5t | n+1 pn_l Vpn|2

The pressure prediction step (37¢) reads, at step n + 1:

le( V~n+1) = le(van)

Let ¢" stand for an interpolate of ¢(-,#"). Multiplying by 25t p" 1" and integrating over space and time, we
get:

1
2 ~n+1 n ~n+1 n\ __
2§ i /[ 1/2Vp+ 7(pn71)1/2Vp}.(pn Ve = 0.

Developing the last gradlent term and using the identity 2 (@ — b,a) = (a,a) + (a — b,a — b) — (b,b), valid for
any inner product (-,-), we get Pren + R + Q = 0 with:

=~ 1 T n
Pren = Zaz@/[ ViR = V] o d,
1

_ 2 ~n+1 n n ~n-+1

=2 Z ot / [ (p"—1pm)1/2 Vp } Vet pt,

2 ~n+1 1 n|2 n = n+1 n
Q= Zét | pn%Vp‘ %) dmzz&f Q " de
n=0 Q
The term R is bounded as follows:

1
RI<C, |12 . 175 s,
L G L1(Qx(0,T))
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and thus tends to zero as 6t (with, at the discrete level, the L' norm of the pressure gradient replaced by its
BV norm). Thus we also have:
Pren + Q — 0 as 6t — 0. (42)

On the other hand, multiplying P"*! by ¢", and integrating with respect to space and time, we get:

N-1
P=> 5t/ Pt pnd Z 5t2/ [|v PR — |Vﬁ"“|2} " da.
n=0 Q

From Equation (42), the proof will be finished if we show that P 4+ Pyen tends to zero when m tends to infinity.
We have:

N—-1
1 1
P + Pren = Z 5152/ [—n Vp" PP — — |Vp"|2} @™ de.
0 Q-p p
A discrete integration by parts with respect to the time yields:

1
P+ Pron = 5t2/ F |Vp0|2 900 Z 5t2/ = |Vpn+1|2(90n+1 730”)(1.’1).
Q
Thanks to the regularity of ¢, we get:
N-1
[P+ Preal < G, |12 st [| [ 195 da| + Y- at| [ vt da
Q =0 Q

P Leo(2x(0,T))

and, in the fully discrete setting, we shall conclude that this term tends to zero by invoking the inverse inequality
VPl @x 0,1y < € IIPlL@x(0,7))/B, which yields:

1 5t?
[P+ Preal < Cp I Il [Ipollgy ey + Pl pv] 5
el L (@ (0.7) Lo (2x(0,T)) BV(Q) L

This is the estimate we are seeking.

Let us now undertake this program in the discrete setting. We multiply the pressure renormalization relation
(31a) by p’}{"l ©%, where ¢ = (K, t"), with x the mass center of the cell K. We obtain:

o2 BT 1
VKeM i ek 3 15 [ G =) - =
o— K|L o' pD(, (pD,, pDU)

50k —pi)| =0.
Summing over the cells and reordering the sums, we get:
1 n—+1 ~n+1

o] { L and1 _ onst
(P — D1 )—_7(17}?—172)} Pt ol — o o] =0.
o—KzL:eam [Do| Lpj, (05, ' pB,)Y/?

Let us now split the difference p5" o — T 7 using the identity 2(ab—cd) = (a — c)(b+d) + (a +c)(b—d).
Multiplying by 6t, we get D**t! + R} 4+ RIT = 0 with:

DnJrl 7515 Z |J|2 |: 1 (~n+1 ~n+1)7 1 ( no_ n)}
= (p% )1/2 Pk pr, nfl)l/Q Pk Pr

o=K|LEEin: Dol (P,
1
gutl _
(pp,)/2 PR =P e
Rn+1 — ot |J|2 1 ~n+1 ~n+1\ 1 ~n+1 n __.n
= > — K =) = ey Pk —P1) | B [Pk — ¢t
|Ds| Lop (pp, " P, )12
o=K|LEEin: o Do
RnJrl _6t |U|2 1 ~n+41 ~n+1\ 1 n o .n ~n+1l [~n _  n
Pt = > — (@ =P T (0 — D) | B (25 — 5]

o=K|LEEn |DU| pD” (pg: pg’)
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with, for 0 = K|L, ¢% = (¢ + ¢})/2 and pptt = (5 + p7t1) /2. Thanks to the regularity of ¢, we obtain:

N—-1
1
>, 5t[|72’f“| +IRyH| < Cp at =] 1Pl @x 0.1y P17 2B
"0 P Les(2x(0,T))
N—1
and thus this quantity tends to zero when m tends to 400, which implies that so does Z stpm T

n=0

Using the identity 2 (a — b)a = a® + (a — b)? — b?, we get D" = Pl + Q"+l where

|o|? 1 . - 1
Patt =t 3 T [ - A - e - PP e
o=K|L€Ent Ul Pp, P,

and

1 'l i 2 n n n
r (P —pL)} pr=Y_ Qrttgn.

i
Dy Pp, 0€Eint

ol? 1 -
Qt=at ) u [T(p}?“—p’i“)—
0=K|LEEint |DU| P

n+1

To conclude the proof, it thus remains to show that, summing P! and P+l = Y ocen, Lot ¢y, we obtain

a discrete time function the integral of which over (0,7) tends to zero. Let us recall the expression of P71

5t DU ~\1N 5t 2 7 7 ~n ~n,
Pyt = —=2 [((VP)ZH)Q - ((Vp)a“ﬂ = ||g| | [(pK“ - = (R *1@“)2]
D, D, o

Summing P"*! with P! and integrating with respect to the time, we obtain:

ren

N-1 N-1 9

o 1 1
Sl er = Sot S R i - k-] o
n=0 n=0 0=K|LEEm: o pD(, pD,

By a discrete integration by parts, we get:

< 512 Z L|0|2|0_ 0|2 0
= 1 |D | Pk Prl Yo
0=K|LEEint Dy 7

N—-1
> ot[Prtt 4P
n=0

N-1
1 |ol?
£ Y S g g
"0 o=K|LEE, pD(,| ol
- int

Using the fact that, for 0 <n < N and 0 = K|L € &, (P — ph)? < [Pl (x (0,7)) P& — PLl, we get, thanks
to the regularity of ¢, the desired estimate:

5t? 0
< Cp = Iplleqaxco.ry [P Invie) + IpllTemy]-

N—-1
> st[Prtt 4 P
n=0

5.3. Passing to the limit in the scheme (1D case)

As for the other schemes, we now undertake the passage to the limit in the scheme (37) in the one-dimensional
case. Using the notations (16)—(17), the scheme may be rewritten as follows:

Initialization — Compute p=1, €%, u°, p° and p° (35a).

Pressure prediction step — Solve for p"*1:

Vo= KL € AL Gt gy Loy (43)
P, (P pp=1)Y/2 Dy
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Prediction step — Solve for a"*!:

Vo= KIL € S Do i — gty 4 Fpw - PR 5 i =0 (4
Correction step — Solve for p"*!, p"*1 el and vt

Vo= KTL € g Dol it ety 4 G ) - G5 - ) = 0 (130)

v = o] e M, Rl - gy ppt - =, (130)

N K
VK = [0‘0"] e M, u(p’}l(‘i‘le’}l(-i-l pKe )+F:/+1€Z/+1 _Fn+1 n+1

ot (43e)

n—+1 n+1 n+1ly _ gn+1
+pg (U —ug ) = SET

VK € M, PRt = (= 1) pit e (431)

Note that, in 1D, the pressure prediction step takes a simpler form than in the multi-dimensional case. To
obtain (43a), we first remark that the (implicit) boundary conditions associated to the pressure elliptic operator
are homogeneous Neumann boundary conditions; thus, equation (37b) written at one of the two boundary cells
yields the relation (43a) for the inner face of this cell. We then proceed by induction on the faces of the mesh,
which, roughly speaking, amounts to use the fact that, in one dimension, a divergence-free field is constant.

Consequently, the terms Q7*! vanish for o € &, and at all time, and the corrective term S?(H reads:

Kl

F
Ta P L@ = ug)? (gt —ug)?] 4 o Fiel (g1 _ gy

o o’ 2 o o’

VK = [00'], Spt'=

For sequences of discretizations (M (™) §t(™)), cy, in the one-dimensional case, we introduce a CFL-like
condition defined as follows:
St(m)

1
vmeN, ——<C, withh™ = min = (hg+ hp), (44)
h(m) o=K|Leg™

int

and C is a real number (which may take any positive value, and, in particular, is not necessarily lower than 1).
With this definition, we are in position to state the following consistency result.

Theorem 5.3. Let Q) be an open bounded interval of of R. Let (./\/l(m), 5t(m))m€N be a sequence of discretizations
such that both the time step 6t'™) and the space step h(™ tend to zero as m — oo and satisfying the CFL-like
condition (44). Let (p(™),p(™) (™) 4(m) o (m)) .\ be the corresponding sequence of solutions. We suppose
that this sequence satisfies the bounds (36) and converges in LP(Q2 x (0,T))°, for 1 < p < oo, to (p, p, &, U, 1) €
L>(Q x (0,7))5.

Then @ = @ and (p, P, €, u) satisfies the system (29).

Proof. Let us first check that @ = 4. We fist note that thanks to assumptions (25) and (36b), we have
|~"+1 ~"+1| <C |p"Jrl "+1| and therefore the correction step on the velocity (43c) yields, again using
assumption (36b):

[u™ =@ oo,y < €8 DT lI70,8v
which, passing to the limit when m — o0, yields the result.

Similarly to the proof of Theorem 4.2, we thus only need to prove that (p, p, €, @) satisfies (29¢). With the
same notations as in the proof of Theorem 4.2, we first multiply the one dimensional version of the discrete
kinetic energy equation (38) by 0t ¢? and sum over the faces and the time steps. Similarly, we multiply the
discrete internal energy equation (37e) by 0t %, and sum over the primal cells and the time steps. Summing
the two obtained relations, we get 7™ + 7™ + 7™ 4 7™ L 7™ = R(™) | where the terms T\™ are identical
to the terms Ti(m) of the proof of Theorem 4.2, and

R(m) — Z (‘)‘tz Rn+1 Pn-i-l (pa + Z 5t Z Sn+1 n

n=0 o€l n=0 KeM
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We already know that the terms Ti(m) converge to what they should. The convergence of the term R(™ to 0 is
a straightforward consequence of the choice (40) of the term S5 and of Lemma 5.2. O

6. NUMERICAL TESTS

In this section, we assess the behaviour of the scheme on a one dimensional Riemann problem. We choose
initial conditions such that the structure of the solution consists in two shock waves, separated by the contact
discontinuity, with sufficiently strong shocks to allow an easy discrimination of correct numerical solutions.
These initial conditions are those proposed in [23, chapter 4], for the test referred to as Test 5:

Dleft 5.99924 Pright 5.99242
left state: |uest | = | 19.5975 right state: |trighy| = | —6.19633
Dleft 460.894 Dright 46.0950

The problem is posed over Q = (—0.5,0.5), and the discontinuity is initially located at = = 0.

At the boundaries, since, in this test, the flow is entering the domain, the solution is prescribed (which,
in fact, is unimportant, the solution being constant at any time in a sufficiently large neighbourhood of these
boundaries). Previous numerical experiments addressing barotropic flows [12] showed that, at least for one
dimensional computations with schemes similar to the one under study here, it was not necessary to use
upwinding in the momentum balance equation; consequently, we only employ a centered approximation of the
velocity at the dual faces.

The computations are performed with the open-source software ISIS [17], developed at IRSN on the basis of
the software component library and programming environment PELICANS [20].

On this test, results obtained with the two variants of the pressure correction scheme are almost the same,
and we only report here the results associated to the first one. The density fields obtained with A = 1/2000 (or
a number of cells n = 2000) at ¢ = 0.035, with and without assembling the corrective source term in the internal
energy balance (Sk)xem, together with the analytical solution, are shown on Figure 2. The density and the
pressure obtained, still with and without corrective terms, for various meshes, are plotted on Figures 3 and 4
respectively. For these computations, we take 6t = h/20, which yields a cfl number, with respect to the material
velocity only, close to one. The first conclusion is that both schemes seem to converge, but the corrective term
is necessary to obtain the correct solution. In this case, for instance, we obtain the correct intermediate state
for the pressure and velocity up to four digits in the essential part of the corresponding zone:

(analytical) intermediate state: [Z*] = [1691'65] for x € (0.028,0.428)

8.68977

p € (1691.6,1691.8)
u € (8.689,8.690)

numerical results: for x € (0.032,0.417)

Without a corrective term, one can check that the obtained solution is not a weak solution to the Euler
system: indeed, the Rankine-Hugoniot condition applied to the total energy balance, with the states obtained
numerically, yields a right shock velocity slightly greater than the analytical solution one, while the same shock
velocity obtained numerically is clearly lower.

We also observe that the scheme is rather diffusive especially for contact discontinuities for which the beneficial
compressive effect of the shocks does not apply. More accurate variants may certainly be derived, using for
instance MUSCL-like techniques; this work is underway.
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