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ESTIMATES AND ASYMPTOTIC EXPANSIONS FOR CONDENSER
P -CAPACITIES. THE ANISOTROPIC CASE OF SEGMENTS.

ALAIN BONNAFÉ

Abstract. We provide estimates and asymptotic expansions of condenser p-capacities and focus on
the anisotropic case of segments.

After preliminary results, we study p-capacities of points with respect to asymptotic approxima-
tions, positivity cases and convergence speed of descending continuity.

We introduce equidistant condensers to point out that the anisotropy caused by a segment in the
p-Laplace equation is such that the Pólya-Szegö rearrangement inequality for Dirichlet type integrals
yields a trivial lower bound. Moreover, when p > N , one cannot build an admissible solution for the
segment, however small its length may be, by extending the case of a punctual obstacle.

Our main contribution is to provide a lower bound to the N -dimensional condenser p-capacity of
a segment, by means of the N -dimensional and of the (N − 1)-dimensional condenser p-capacities of
a point. The positivity cases follow for p-capacities of segments. Our method could be extended to
obstacles with codimensions ≥ 2 in higher dimensions, such as surfaces in R4.

Introducing elliptical condensers, we obtain an estimate and the asymptotic expansion for the
condenser 2-capacity of a segment in the plane. The topological gradient of the 2-capacity is not an
appropriate tool to separate curves and obstacles with non-empty interior in 2D. In the case p 6= 2,
elliptical condensers should prove useful to obtain further estimates of p-capacities of segments.

1. Introduction

1.1. Motivations and goals. This article deals with estimates of condenser p-capacities, p ∈ (1,∞),
that is p-capacities of obstacles located within a bounded domain Ω ⊂ RN . Our goal is to estimate
such capacities when the interior of the obstacle is empty, and in particular when the codimension of
the obstacle is ≥ 2, as in the case of points in R2 and of segments in R3.

The literature often considers sets with null variational capacity, sometimes called ‘polar sets’ ([21],
§2.1.2), as under relevant assumptions, they are removable singularities for quasilinear elliptic partial
differential equations ([30, 31] or [21], Thm. 2.116 and 3.15).

By contrast, the purpose of this article is to study estimates of positive p-capacities. Although
estimating the capacity of a segment may seem to be a simple task at first glance, such an obstacle
causes a strongly anisotropic effect in the p-Laplace problem, which has not been studied yet.

On the applicative side, the ability of estimating positive p-capacities of points in 2D and of segments
in 3D may prove useful in the field of imaging, in particular by means of topological asymptotic
methods. Topological asymptotic expansions (e.g. [29, 22, 23, 32, 6, 8, 3, 19]) assess the sensitivity of
an appropriately chosen functional J , applied to the solution uε of a partial differential equation in a
domain Ω, when the latter equation is perturbed in a compact Kε which geometric parameter ε goes
down to zero. They come in the form

J(uε) = J0(u0) + ρ(ε) g(x0) + o(ρ(ε)), ∀ ε ≥ 0 small enough, (1.1)

where ρ is a nonnegative function such that lim
ε→0

ρ(ε) = 0 and where the scalar g(x0) is called the
topological gradient at point x0.

They were extensively studied for the Laplace equation [15, 2, 24] and for the Helmholtz equation
[28]. They are applied to perform various detection tasks in imaging (e.g. [5, 6, 7, 8, 19]).

As a smooth curve can be locally approximated by a segment of length small enough, the task of
detecting a segment in a 2D image by a Laplace equation with Neumann boundary condition was
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studied in [1]. But to perfom the task of detecting points in 2D and segments in 3D, one must turn
to p-capacities, with p > 2.

So as to be consistent with topological asymptotic expansions as defined in (1.1), we study a type
of capacity which considers a set K within a given bounded domain Ω. Namely condenser p-capacities
will be considered all through this article.

1.2. State of the art. Most available estimates of capacities deal with the harmonic or electrostatic
case, that is p = 2, either referring to variational capacities (e.g. [13, 33]) or to condenser capacities
(e.g. [25, 26]).

Results usually come in the form of inequalities. Equalities are exceptions. When p 6= 2 actually,
as mentioned by [16] §2.11, only were calculated p-capacities of spherical condensers.

One a priori expects the condenser p-capacity of compact K in Ω to depend on the shape of K
but also on its localization within Ω and on the shape and size of Ω. While the condenser capacity
of a point {x0} may be approximated by condenser capacities of spherical compacts B̄(x0, ε), ε→ 0,
the estimation of condenser capacities of segments remains an opened question. Trying to apply
the descending continuity property of capacities, one may estimate capacities of ellipsoids. Some
results are available for ellipsoids (e.g. [25, 33, 13]) but only in the harmonic case p = 2. As for
p-Laplace problems, most available results address the case of isolated singularities and of radial
solutions ([17, 37]). Anisotropic solutions of the form u(x) = |x|λ ω(x/ |x|), where λ ∈ R and ω is
defined on the unit sphere SN−1, were studied for quasilinear equations with Dirichlet conditions in
domains with conical boundary points ([34, 27]). To our best knowledge, the anisotropic effect caused
by a segment in the p-Laplace equation has not been studied yet.

Lastly, with respect to positivity versus nullity cases of condenser p-capacities, clearly if the varia-
tional p-capacity of a compact K in RN is positive, then the condenser p-capacity of K in a bounded
domain is positive. The necessary and sufficient condition of nullity for the variational p-capacity of
a set is well-known (see e.g. [21], §2.1.7 and [4], Thm. 4.1.2), i.e. parameter p has to be less or equal
the codimension of the set. But available results ([16], Theorems 2.26 and 2.27) about cases of nullity
for condenser p-capacities only apply when the condenser p-capacity of a compact K is null in all
bounded domain Ω, K ⊂ Ω ⊂ RN .

1.3. Overview of article. Section 2 is devoted to definitions and preliminary estimation tools. To
estimate the capacity of an obstacle with empty interior, due to the descending continuity property
of capacities, it matters to estimate condenser p-capacities of decreasing sequences of obstacles Kε

with non-empty interior, such that
⋂
ε>0

Kε reduces to the targeted obstacle. We show that one can

calculate a condenser p-capacity by solving a p-Laplace equation with Dirichlet boundary condition,
when the boundaries of the condenser are smooth. Then we give estimates for condenser p-capacities
when the obstacle K has a non-empty interior.

In section 3, we apply the previous results to obtain asymptotic approximations and cases of posi-
tivity for condenser p-capacities of points. We study the convergence speed of descending continuity.

Our main contributions deal with condenser p-capacities of segments in section 4. For this purpose,
we first introduce equidistant condensers. As a first illustration of the strong anisotropy of the problem,
we show that the Pólya-Szegö rearrangement inequality for Dirichlet type integrals fails to provide a
valuable lower bound to the p-capacity of a segment. As a second illustration, when p > N , we show
that one cannot simply derive an admissible solution for the segment Sε, however small its length
ε > 0 may be, from the case of a punctual obstacle.

Taking into account the outcome of the previous experiments, our main contribution is to provide
a lower bound to the condenser p-capacity of a segment S in a N -dimensional bounded domain
Ω, by means of the N -dimensional p-capacity of a point and more importantly by means of the
(N − 1)-dimensional p-capacity of a point. We can then obtain directly positivity cases for condenser
p-capacities of segments in an N -dimensional bounded domain Ω. This method could be extended to
obstacles of higher dimensions, e.g. for plane rectangles in RN , N ≥ 4.

In section 4.6 we introduce elliptical condensers, defined in elliptic coordinates. The angular co-
ordinate ν so to speak makes the dimension in which operates the p-Laplace equation, continuously
change from N for ν = 0 to (N − 1) for ν = π/2 and then back to N for ν = π. We provide an
estimate for the condenser 2-capacity of a segment in the plane and its asymptotic expansion when
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the segment length goes down to 0 (in higher dimensions, this 2-capacity is null). In terms of topo-
logical asymptotic expansions, this result shows that the 2-condenser capacity in the plane is unable
to separate curves and balls. When p 6= 2, elliptical condensers could prove useful to obtain further
estimations of condenser p-capacities of segments.

For reader’s convenience, two proofs requiring longer calculations are postponed to section 5.

In all this article, let p ∈ (1,+∞) and N ∈ N, N ≥ 1. Let a bounded domain (open connected set)
Ω ⊂ RN and a compact subset K ⊂ Ω. The symbol |E| denotes either the usual euclidean norm in
RN when E ∈ RN or the N -dimensional Lebesgue measure when E ⊂ RN . SN−1 will be the unit
sphere in RN and AN−1 its surface area. For simplicity, denote β := (p−N)/(p− 1) ∈ (−∞, 1]. It is
convenient to remember that p > N ⇔ β > 0 and that β < 1, for all N ≥ 2.

2. Preliminary results for condenser capacities

2.1. Definition of condenser p-capacities and basic properties. Since a Poincaré inequality
holds in W 1,p

0 (Ω) ([4],§5.3), Heinonen et al. [16], Chap. 2, set

Definition 2.1. Let W (K,Ω) := {v ∈ C∞0 (Ω) : v ≥ 1 in K} . One defines

Cp,N (K,Ω) := inf
v∈W (K,Ω)

∫
Ω
|∇v|p. (2.1)

The nonnegative number Cp,N (K,Ω) is called the p-capacity of the condenser (K,Ω) or the condenser
p-capacity of the obstacle K in the bounded domain Ω.

Using an approximation argument, one can prove that the setW (K,Ω) can be replaced in Definition
2.1 by the larger set

W0(K,Ω) :=
{
v ∈W 1,p

0 (Ω) ∩ C(Ω) : v ≥ 1 in K
}
,

that is
Cp,N (K,Ω) = inf

v∈W0(K,Ω)

∫
Ω
|∇v|p. (2.2)

A function v ∈W0(K,Ω) is called an admissible function for the condenser.
Definition 2.1 can be extended to any subset E ⊂ Ω, but we only need the case E = K compact

for estimation purposes in this article.
For simplicity, we henceforth drop the word ‘condenser’ and simply say ‘p-capacity’ instead of

‘condenser p-capacity’ when no confusion is possible. Similarly we drop the ‘N ’ of ‘Cp,N (K,Ω)’ simply
writing ‘Cp(K,Ω)’ whenever no confusion is possible about the dimension of the ambient space.

Condenser capacities comply with Choquet’s axiomatic definition [11] of capacities. Three proper-
ties will be needed. After [16] §2.2 it holds

Theorem 2.2. The set function K → Cp(K,Ω), where K is a compact included in the domain
Ω ⊂ RN , enjoys the following properties:

(i) (Monotony) If K1 ⊂ K2 ⊂ Ω then Cp(K1,Ω) ≤ Cp(K2,Ω).
(ii) (Monotony) If K ⊂ Ω1 ⊂ Ω2 then Cp(K,Ω2) ≤ Cp(K,Ω1).
(iii) (Descending continuity) If (Kn)n≥0 is a decreasing sequence of compact subsets of Ω, that is

Ω ⊃ K0 ⊃ K1 ⊃ · · · ⊃ Kn ⊃ Kn+1 ⊃ · · · and K :=
⋂
n≥0

Kn, then

Cp(K,Ω) = lim
n→+∞

Cp(Kn,Ω).

2.2. Estimations of condenser p-capacity by means of a p-Laplace problem. Assume that
both Ω and K have smooth C1-boundaries. Consider the following p-Laplace problem in Ω \K with
Dirichlet boundary condition: 

−∆p(u) = 0 in Ω \K
u = 1 on ∂K
u = 0 on ∂Ω

(2.3)

where ∆p denotes the p-Laplace operator ∆p(u) := div(|∇u|p−2∇u).
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We recall some well-known facts about Problem (2.3) (see e.g. [20], Thm. 2.16 or [4], §6.6 for
existence and unicity; [35, 38, 14, 21] for regularity properties; and [20, 14, 21] for the Maximum
Principle):

• Problem (2.3) admits a unique solution u ∈W 1,p(Ω \K).
• One can define solution u as being the unique function that minimizes the Fréchet differen-
tiable, strictly convex and coercive functional

J : v ∈W 1,p(Ω \K) 7→
∫

Ω\K
|∇v|p (2.4)

in the affine space g + W 1,p
0 (Ω \ K), where g ∈ C∞0 (Ω) is chosen such that g = 1 on a

neighborhood Ω′ of K, with K ⊂⊂ Ω′ ⊂⊂ Ω. In other words,

{u} = argmin
v∈g+W 1,p

0 (Ω\K)

∫
Ω\K
|∇v|p. (2.5)

• Function u is continuous in Ω \K (after a redefinition in a set of zero measure) and u is C1

in Ω \K. In particular it holds u = 0 on ∂Ω and u = 1 on ∂K pointwise.
• It holds

0 < u(x) < 1, ∀x ∈ Ω \K. (2.6)

Proposition 2.3. Let K be a compact set of a bounded domain Ω ⊂ RN , both with C1-boundaries.
Let u ∈W 1,p(Ω \K) ∩ C

(
Ω \K

)
be the unique solution to Problem (2.3). Then

Cp(K,Ω) =
∫

Ω\K
|∇u|p. (2.7)

Moreover let ũ be the extension of u in Ω obtained by setting ũ = 1 in K. Then ũ ∈W0(K,Ω) and ũ
minimizes Problem (2.2), that is

{ũ} = argmin
v∈W0(K,Ω)

∫
Ω
|∇v|p. (2.8)

and
Cp(K,Ω) =

∫
Ω
|∇ũ|p.

Proof. The regularity of function u entails that ũ ∈ W 1,p
0 (Ω) ∩ C(Ω). As ũ = 1 in K, it follows that

ũ ∈W0(K,Ω). Obviously ∇ũ = 0 in K̊. Hence according to (2.2)

Cp(K,Ω) ≤
∫

Ω
|∇ũ|p =

∫
Ω\K
|∇u|p. (2.9)

Conversely, according to definition (2.1), let (un)n≥0 a sequence ⊂W (K,Ω) such that

Cp(K,Ω) = lim
n→+∞

∫
Ω
|∇un|p.

For all n ≥ 0, define wn := inf(un, 1) in Ω. It follows from [16] Thm 1.20 that

wn ∈W 1,p
0 (Ω) ∩ C (Ω)

and that
|∇wn(x)| ≤ |∇un(x)| , for a.e. x ∈ Ω.

In addition the obstacle condition un ≥ 1 in K implies that wn = 1 in K and ∇wn = 0 in K̊. Hence
wn ∈W0(K,Ω) with ∫

Ω
|∇wn|p ≤

∫
Ω
|∇un|p.

Let vn be the restriction of wn to Ω \K. We check that vn − g ∈ W 1,p
0 (Ω \K) where function g was

defined in (2.5). Therefore according to (2.5) for all n ≥ 0 it holds:

J(u) =
∫

Ω\K
|∇u|p ≤

∫
Ω\K
|∇vn|p =

∫
Ω
|∇wn|p ≤

∫
Ω
|∇un|p.
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Letting n→ +∞ yields ∫
Ω\K
|∇u|p ≤ Cp(K,Ω).

Comparing with (2.9) one concludes

Cp(K,Ω) =
∫

Ω
|∇ũ|p =

∫
Ω\K
|∇u|p. (2.10)

Equality (2.7) is thus proved. As we already noticed that ũ ∈W0(K,Ω), it also follows that

{ũ} = argmin
v∈W0(K,Ω)

{∫
Ω
|∇v|p

}
, (2.11)

which completes the proof. �

Note that after (2.6), obviously
0 < ũ(x) < 1, ∀x ∈ Ω \K. (2.12)

Thus after Proposition 2.3 one can estimate the capacity of the condenser (K,Ω) by estimating the
energy of the solution to Problem (2.3) when boundaries ∂K and ∂Ω are smooth enough.

If boundaries ∂K or ∂K are not C1, then thanks to the two monotony properties (i) and (ii)
of Theorem 2.2, one can estimate Cp(K,Ω) as long as K (resp. Ω) can be properly approximated
respectively by (a sequence of) some other compact sets (resp. open sets) with C1-boundaries to which
one may in turn apply Proposition 2.3. This approximation technique will be applied in subsection
2.4 hereafter.

It is convenient to extend the definition of ‘admissible function’ for a condenser, given in Definition
2.1, as follows : let v ∈ W 1,p(Ω \ K) ∩ C(Ω \K) such that v = 0 on ∂Ω and v = 1 on ∂K. Let ṽ
be the extension of v in Ω obtained by setting ṽ = 1 in K. Clearly ṽ is admissible for the condenser
(K,Ω) in the sense of Definition 2.1. By extension we thus say that function v is admissible for the
condenser (K,Ω).

2.3. Asymptotic expansions of capacity for spherical condensers. Let a point x0 ∈ RN , two
numbers 0 < ε < R and the concentric balls Bε := B(x0, ε) and BR := B(x0, R). For simplicity, we
denote Cp(ε,R) the p-capacity of the spherical condenser

(
B(x0, ε), B(x0, R)

)
. We recall and detail

hereafter the well-known result (e.g. [16], §2.11) about the spherical condenser (B̄ε, BR).

Proposition 2.4. Denote sp,N ∈W 1,p(BR \Bε) the unique solution to Problem (2.3) when K = Bε
and Ω = BR. Denote r = |x− x0| for all x ∈ BR \Bε.

(1) If p = N , then for all x ∈ BR \Bε it holds:{
sp,N (x) = [log(R/r)/ log(R/ε)] ,
|∇sp,N (x)| = [r log(R/ε)]−1

,

Cp(ε,R) = AN−1 [log(R/ε)]1−p ,
and for ε > 0 small enough:

Cp(ε,R) = AN−1 [− log ε]1−p [1 + (p− 1)(logR/ log ε) + o (1/ log ε)] .

(2) If p 6= N , then for all x ∈ BR \Bε it holds:{
sp,N (x) = (Rβ − rβ)/(Rβ − εβ),
|∇sp,N (x)| =

∣∣∣ β
Rβ−εβ

∣∣∣ rβ−1,

Cp(ε,R) = AN−1|β|p−1 ∣∣Rβ − εβ∣∣1−p ,
and for ε > 0 small enoughCp(ε,R) = AN−1βp−1RN−p

[
1 + (p− 1) (ε/R)β + o

(
εβ
)]
, if p > N,

Cp(ε,R) = AN−1 (−β)p−1
εN−p

[
1 + (p− 1) (ε/R)−β + o

(
ε−β

)]
, if p < N.

A detailed proof is made available in subsection 5.1 on page 18. It is obtained solving Problem
(2.3) in spherical coordinates and then applying Proposition 2.3.
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R
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ωε :=   x0 + ε .ω

x0
r = ρ

1  
ε

Figure 1. A condenser which obstacle ωε has a non-empty interior.

2.4. Capacities of condensers which obstacle has non-empty interior. Let a point x0 ∈ Ω.
Let the two numbers

R1 := sup {R > 0;B(x0, R) ⊂ Ω} > 0 and R2 := inf {R > 0; Ω ⊂ B(x0, R)} .
Let a non-empty bounded domain ω ⊂ RN such that 0 ∈ ω. Let the two numbers

ρ1 := sup {ρ > 0;B(x0, ρ) ⊂ ω} and ρ2 := inf {ρ > 0;ω ⊂ B(x0, ρ)} .
Let ωε := x0 + ε · ω ⊂ B(x0, R1) for ε > 0 small enough and consider the condenser (ωε,Ω) as shown
on figure 1.

Proposition 2.5. The following asymptotic inequalities hold.
(1) If p = N , then:

−AN−1(p− 1) log(R2/ρ1) [− log ε]−p + o
(

[log ε]−p
)

≤ Cp(ωε,Ω)−AN−1 [− log ε]1−p ≤

−AN−1(p− 1) log(R1/ρ2) [− log ε]−p + o
(

[log ε]−p
)
.

(2) If p > N , then:

AN−1βp−1RN−p2

[
1 + (p− 1) (ρ1 ε/R2)β + o

(
εβ
)]

≤ Cp(ωε,Ω) ≤

AN−1βp−1RN−p1

[
1 + (p− 1) (ρ2 ε/R1)β + o

(
εβ
)]
.

(3) If p < N , then:

AN−1 (−β)p−1 (ρ1 ε)N−p
[
1 + (p− 1) (ρ1 ε/R2)−β + o

(
ε−β

)]
≤ Cp(ωε,Ω) ≤

AN−1 (−β)p−1 (ρ2 ε)N−p
[
1 + (p− 1) (ρ2 ε/R1)−β + o

(
ε−β

)]
.
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Proof. Let four positive real numbers ρ′, ρ′′, R′ and R′′ such that

B(x0, ρ
′ε) ⊂ ωε ⊂ B(x0, ρ

′′ε) ⊂ B(x0, R
′) ⊂ Ω ⊂ B(x0, R

′′).

According to monotony properties (i) and (ii) of Theorem 2.2, the following inequalities hold

Cp(ρ′ε,R′′) ≤ Cp(Bρ′ε,Ω) ≤ Cp(ωε,Ω) ≤ Cp(Bρ′′ε,Ω) ≤ Cp(ρ′′ε,R′). (2.13)

The formula of Cp(ρ,R) provided by Theorem 2.4 shows that the map (ρ,R) ∈ R2 7→ Cp(ρ,R) is
continuous in

{
(ρ,R) ∈ R2 | 0 < ρ < R

}
.

Hence letting R′ ↗ R1, R′′ ↘ R2, ρ′ ↗ ρ1 and ρ′′ ↘ ρ2 in inequalities (2.13 ), it follows that

Cp(ρ1ε,R2) ≤ Cp(ωε,Ω) ≤ Cp(ρ2ε,R1).

Then consider the asymptotic expansions provided by Theorem 2.4 for the lower-bound Cp(ρ1ε,R2)
and for the upper-bound Cp(ρ2ε,R1). The expansions claimed in Proposition 2.5 straighforwardly
follow, whether p = N , p > N or p < N . �

Note that no assumption is required about the smoothness of boundaries ∂ω and ∂Ω.

Remark 2.6. The expansions stated in Proposition 2.5 are actually topological asymptotic expansions
in the sense of 1.1.

(1) If p = N , then the expansion reads

Cp(ωε,Ω) = AN−1 [− log ε]1−p + o
(

[− log ε]1−p
)
.

The topological gradient equals AN−1. It is constant in Ω. It does not depend on the shape
of the compact ω nor on that of the domain Ω.

(2) If p < N and if ω is the unit ball, then the expansion reads

Cp(Bε,Ω) = AN−1 (−β)p−1
εN−p + o

(
εN−p

)
.

The topological gradient equals AN−1 (−β)p−1. It is constant in Ω. It does not depend on
the shape of the domain Ω.

(3) In the harmonic case p = 2 and for N = 2 or N = 3, the results hereabove comply with
the topological expansion previously proved in [15] for the Laplace equation with Dirichlet
boundary condition.

Remark 2.7. According to expansions stated in Proposition 2.5, the domain Ω, through parameters
R1 and R2, does not impact the main term of the asymptotic expansion of the capacity Cp(ωε,Ω)
when p ≤ N .

In contrast when p > N , the localization of x0 within Ω and the shape of Ω determine the main term
of the expansion through parameters R1 and R2. This case exemplifies a major difference between
the concept of condenser capacities in a bounded domain Ω and that of variational capacities in RN .

3. Condenser p-capacity of a point and approximations

3.1. Condenser p-capacity of a point.

Proposition 3.1. Let x0 be a point of a bounded domain Ω ⊂ RN . The following positivity rule
holds:

Cp({x0} ,Ω) > 0 if and only if p > N. (3.1)
Moreover, if p > N , then:

AN−1βp−1RN−p2 ≤ Cp({x0} ,Ω) ≤ AN−1βp−1RN−p1 (3.2)

where R1 := sup {R > 0;B(x0, R) ⊂ Ω} and R2 := inf {R > 0; Ω ⊂ B(x0, R)}.
In particular, if p > N and if Ω = B(x0, R), then it holds

Cp({x0} , BR) = AN−1βp−1RN−p.
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Proof. As x0 ∈ Ω, there exists δ > 0 such that B(x0, δ) ⊂ Ω. Let ω := B(0, δ) and ωε := x0 + εω for
all ε > 0.

For all ε ∈ (0, 1), the estimates of Cp(ωε,Ω) stated in Proposition 2.5 hold. As

{x0} =
⋂

ε∈(0,1)

ωε,

it follows from the descending continuity property of Theorem 2.2 that
lim
ε→0

Cp(ωε,Ω) = Cp({x0} ,Ω).

Passing to the limit when ε→ 0 in estimates of Cp(ωε,Ω) provided by Proposition 2.5, the claimed
results follow whether p = N , p > N or p < N . �

3.2. Speed of convergence of descending continuity. According to the descending property of
Theorem 2.2, one can approximate the capacity of an obstable with zero measure by calculating
capacities of obstacles with positive measures going down to zero. From this perspective, the speed
of convergence of descending continuity becomes a point of interest.

This question can be answered in the case of a point. If one wishes to obtain an estimate of the
capacity of a point, one can calculate the capacity of a ball with a small enough r. How small should
this radius be, depending on the maximum acceptable error for the value of the capacity of the point?
Proposition 3.2. If p > N , for 0 < r < R, it holds

Cp(B(x0, r), B(x0, R))− Cp({x0} , B(x0, R)) = O
(
rβ
)

(3.3)
Proof. The claimed estimate follows straightforwardly from the expansion stated in Proposition 2.4
in the case p > N and from the value of Cp({x0} , B(x0, R)) provided by Proposition 3.1. �

When p > N ≥ 2, it holds 0 < β < 1. The speed of convergence to zero, that is O
(
rβ
)
, is slow

when r → 0. Moreover according to Proposition 2.4, for all ε ∈ (0, R) it holds

Cp(ε,R) = AN−1βp−1 (Rβ − εβ)1−p .
Hence

lim
ε→0

∂Cp(ε,R)
∂ε

= +∞.

4. Estimates of p-capacities of segments

In this section, a segment will be a compact set Sε ⊂ RN , N ≥ 2, defined as follows
Sε := {x0 + zτ ; z ∈ [−ε/2, ε/2]}

where x0 is the center of the segment, ε > 0 its length and τ ∈ RN is a unit vector.

4.1. Equidistant condensers. For all x ∈ RN and all subset E ⊂ RN , we denote the distance
d(x,E) = inf {|x′ − x| ;x′ ∈ E}.
Definition 4.1. Let 0 < η < R. Let the compact Kη :=

{
x ∈ RN | d(x, Sε) ≤ η

}
and the bounded

domain ΩR :=
{
x ∈ RN | d(x, Sε) < R

}
. We say that (Kη,ΩR) is an equidistant condenser derived

from the segment Sε.
Some notations and remarks are useful.
(1) Let z be an axis passing through the point x0 and parallel to the segment Sε. Due to the

symmetry of revolution of the condenser (Kη,ΩR) around the z-axis, it is convenient to use
the cylindrical coordinates x = (z, y) = (z, r, ξ), with z ∈ R, y = rξ ∈ RN−1, r ≥ 0 and
ξ ∈ SN−2. Let A (resp. B) the point of cylindrical coordinates (z = −ε/2, r = 0) (resp.
(z = ε/2, r = 0)).

Let
C := {x ∈ ΩR \Kη ; |z| < ε/2}

be the open cylindrical subset of ΩR \Kη and
S± := {x ∈ ΩR \Kη ;±z > ε/2}

the two open half-spherical subsets of ΩR \Kη.
Denote S := S− ∪ S+. In particular (ΩR \Kη) \ (C ∪ S) is of zero Lebesgue measure.
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Figure 2. An equidistant condenser (Kη,ΩR) derived from the segment Sε.

(2) As in subsection 2.2, we denote u ∈W 1,p(ΩR \Kη)∩C
(

ΩR \Kη

)
∩C1 (ΩR \Kη) the unique

solution to Problem (2.3) when K = Kη and Ω = ΩR. According to Proposition 2.3, the
p-capacity of the condenser (Kη,ΩR) is given by

Cp,N (Kη,ΩR) =
∫
C∪S
|∇u|p dx

where ∇ denotes the gradient operator in RN and dx the Lebesgue measure in RN .
Moreover Sε is invariant by the orthogonal symmetry (z, y) 7→ (−z, y) relative to

H0 := {z = 0}. Thus the condenser (Kη,ΩR) enjoys the same symmetry and so does u due
to uniqueness of the solution to Problem (2.3).

(3) Denote sp,N the admissible function minimizing the energy of the
N -dimensional spherical condenser (B(x0, η), B(x0, R)). After Proposition 2.3 it holds

Cp,N (η,R) =
∫
B(x0,R)\B(x0,η)

|∇sp,N |p dx.

The values of sp,N and Cp,N (η,R) were provided in Proposition 2.4.
(4) For all a ∈ [−ε/2, ε/2] , let Ha be the affine hyperplane {z = a} and {xa} the intersection

between Ha and the z-axis.
It is pivotal to note that (Kη ∩Ha,ΩR ∩Ha) is a (N −1)-dimensional spherical condenser.

The admissible function minimizing the energy of this condenser is denoted sp,N−1. Similarly
after Proposition 2.3, it holds

Cp,N−1(η,R) =
∫
BN−1(xa,R)\BN−1(xa,η)

|∇y sp,N−1|p dy,

where BN−1 denotes a (N − 1)-dimensional ball, ∇y is the gradient operator in RN−1 and
dy the Lebesgue measure in RN−1. The values of sp,N−1 and Cp,N−1(η,R) were provided in
Proposition 2.4.

4.2. Pólya-Szegö rearrangement inequality for Dirichlet type integrals. While the definition
2.1 of a condenser p-capacity allows to obtain upper bounds by calculating energies of admissible
functions, obtaining a lower bound to a capacity is a more difficult task. In [25, 26] G. Pólya and
G. Szegö showed in the harmonic case p = 2, that the so called Schwarz symmetrization can provide
a lower bound to a condenser 2-capacity. More recently Brothers and Ziemer [9, 12, 10] extended this
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method, known as the Pólya-Szegö rearrangement inequality for Dirichlet type integrals
∫

Ω |∇u|
p, for

all p ∈ [1,∞).
So let us apply the Pólya-Szegö rearrangement inequality for Dirichlet type integrals, to obtain a

lower-bound to the p-capacity of a segment Sε.
• For 0 < η < R, let the equidistant condenser (Kη,ΩR). According to definition 2.1 and

Proposition 2.3, let

u ∈W 1,p(ΩR \Kη) ∩ C(ΩR \Kη) ∩ C1(ΩR \Kη)

the solution of Problem (2.3). Let ũ ∈W 1,p
0 (ΩR) the extension of u obtained by setting ũ = 1

in Kη. Recall

Cp(Kη,ΩR) =
∫

ΩR\Kη
|∇u|p = ‖∇ũ‖pLp(ΩR)

and
0 < ũ(x) < 1, ∀x ∈ ΩR \Kη.

• Let Ω] the ball of RN centered at the origin 0 such that
∣∣Ω]∣∣ = |ΩR|. The radius R] of Ω] is

given by

R] :=
[
RN−1

(
R+ AN−2

AN−1 ε

)] 1
N

and it holds R] > R.
Similarly we denote K] the ball of RN centered at the origin 0 such that

∣∣K]
∣∣ = |Kη|. The

radius η] of K] is given by

η] :=
[
ηN−1

(
η + AN−2

AN−1 ε

)] 1
N

.

• Let µũ the distribution function of ũ defined by
µũ(t) := |{x ∈ ΩR; |ũ(x)| > t}| , ∀t ≥ 0.

It holds µũ(0) = |ΩR| and lim
t→1,t<1

µũ(t) = |Kη|.
• Let u∗ the non-increasing rearrangement of ũ defined by

u∗(s) := inf {t ≥ 0;µũ(t) ≤ s} , ∀s ∈ (0, |ΩR|].
It holds u∗(|Kη|) = 1 and u∗(|ΩR|) = 0.

• Let u] the symmetric rearrangement of ũ defined by

u](x) := u∗(AN−1 |x|N ), ∀x ∈ Ω].
It holds

u](x) = 1, ∀x ∈ ∂Kη] and u](x) = 0, ∀x ∈ ∂ΩR] .
The Pólya-Szegö rearrangement inequality for Dirichlet type integrals reads∥∥∇u]∥∥p

Lp(Ω]) ≤ ‖∇ũ‖
p
Lp(ΩR) .

As u] is an admissible function for the spherical condenser (Kη] ,ΩR]), it follows

Cp(Kη] ,ΩR]) ≤
∥∥∇u]∥∥p

Lp(Ω]) .

Therefore
Cp(Kη] ,ΩR]) ≤ Cp(Kη,ΩR). (4.1)

• As lim
η→0

η] = 0, it holds
⋂
η>0

Kη] = {0}. Hence applying the descending continuity property of

Theorem 2.2 to inequality (4.1), it follows
Cp({0} , BR]) ≤ Cp(Sε,ΩR). (4.2)

According to positivity rule for condenser p-capacity of points stated in Proposition 3.1 and to
monotony properties stated in Theorem 2.2, inequality (4.2) provides no additional information:

(1) If p ≤ N , the lower bound Cp({0} , BR]) is null.



11

(2) In the case p > N , one already knew that

Cp({0} , BR]) ≤ Cp({0} , BR) ≤ Cp(Sε, B(x0, R)) ≤ Cp(Sε,ΩR).

Hence the anisotropy caused by the segment in the p-Laplace problem is not appropriately estimated
by the symmetric rearrangement method applied hereabove.

4.3. From the point to the segment ? With notations of subsection 4.1, let us try to build an
admissible solution ū for the condenser (Sε,ΩR), when the length ε is ‘small enough’.

According to the descending continuity property, it holds

lim
ε→0

Cp(Sε,Ω) = Cp({x0} ,Ω), (4.3)

Hence in the case p > N , an idea could be to define ū starting from the radial function sp,N minimizing
the energy of condenser ({x0} , B(x0, R)). After Propositions 2.4 and 3.1, for all x ∈ B̄(x0, R), denoting
r = |x− x0|, it holds {

sp,N (x) = sp,N (r) = 1− ( rR )β ,
|∇sp,N (x)| = β

Rβ
rβ−1, x 6= x0.

Moreover

Cp({x0} , B(x0, R)) =
∫
B(x0,R)

|∇sp,N (x)|p dx

= AN−1 βp

Rβp

∫ R

0
r(β−1)p+N−1 dr = AN−1βp−1RN−p,

where exponent (β − 1)p+N − 1 = β − 1 = −N−1
p−1 ∈ (−1, 0).

z

x
0

Sε

Cylindrical 
part C

y = (r, ξ) 

ε

∂ΩR

Half-spherical
part S-

Half-spherical
part S+

R

H0

x
0

A B
ρ-

ρ+

r 

u(x)= sp,N (r)

u(x)= sp,N (ρ+)u(x)= sp,N (ρ-)

Figure 3. A poor candidate ū for the condenser (Sε,ΩR).

Thus consider function ū : ΩR → R defined by:
if x ∈ S− ∩ {z < −ε/2} then ū(x) := sp,N (ρ−) with ρ− = |x−A| ,
if x ∈ S+ ∩ {z > ε/2} then ū(x) := sp,N (ρ+) with ρ+ = |x−B| ,
if x ∈ C then ū(x) := sp,N (r) with r = |y|.

as shown on figure 3.
It is easy to check that ū is continuous in ΩR, and that ū = 0 on ∂ΩR and ū = 1 on Sε. As ε > 0

is ‘small enough’, one could expect function ū to be an admissible function for condenser (Sε,ΩR).
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Moreover one could expect the energy of ū to provide an approximation of the capacity Cp(Sε,ΩR),
as ∫

S−∪S+

|∇ū(x)|p dx =
∫
B(x0,R)

|∇sp,N (x)|p dx = Cp({x0} , B(x0, R)).

But the fact is function ū is not even admissible for the condenser (Sε,ΩR). Calculating the energy
of ū in the cylindrical part C, it holds∫

C

|∇ū(x)|p dx =
∫
C

|∇sp,N (x)|p dx = ε AN−2 βp

Rβp

∫ R

0
r(β−1)prN−2 dr = +∞,

as exponent (β − 1)p+N − 2 ∈ (−2,−1).
Hence, despite the descending continuity property (4.3) in terms of energy, the solution minimizing

the energy of the condenser, if it does exist, undergoes a sudden spatial reorganization when ε shifts
from 0 to a positive value. What matters primarily here is not the length of the perturbation Sε, but
the discontinuity of its dimension from 0 to 1 at the very moment ε becomes positive. This example
illustrates existing relationships between Hausdorff measures and capacities.

As a conclusion, when p > N , there is no hope to simply derive the asymptotic expansion of
Cp(Sε,ΩR), even for ε > 0 small enough, from the knowledge we have about N -dimensional spherical
condensers.

4.4. A lower-bound to the p-capacity of a segment.

Proposition 4.2. With notations of subsection 4.1, the p-capacity of the equidistant condenser
(Kη,ΩR) admits the following lower-bound

Cp,N (Kη,ΩR) ≥ Cp,N (η,R) + ε Cp,N−1(η,R). (4.4)

Proof. After subsection 2.2 and Proposition 2.3, we denote u the admissible function minimizing the
energy for the condenser (Kη,ΩR). As

Cp,N (Kη,ΩR) =
∫
C

|∇u|p dx+
∫
S

|∇u|p dx,

we estimate separately each integral.
(1) In the cylindrical subset C, for all a ∈ (−ε/2, ε/2), let wa be the restriction of u to

Ha ∩
(

ΩR \Kη

)
, that is

wa(y) = u(a, y), ∀y ∈ RN−1, η ≤ |y| ≤ R.

Due to the regularity of function u, wa is defined pointwise, continuous in Ha ∩ (ΩR \Kη)
and wa admits a classical gradient in Ha ∩ (ΩR \Kη).

Since u is admissible for the condenser (Kη,ΩR), |y| = η implies wa(y) = u(a, y) = 1 and
|y| = R implies wa(y) = u(a, y) = 0.

Moreover for all y ∈ RN−1, η < |y| < R it holds:

|∇ywa(y)| = |∇yu(a, y)| ≤
[
|∇yu(a, y)|2 + |∂zu(a, y)|2

]1/2
= |∇u(a, y)| .

For a given a ∈ (−ε/2, ε/2),
• if ∫

Ha∩(ΩR\Kη)
|∇ywa(y)|p dy < +∞,

then wa is admissible to the (N −1)-dimensional condenser (BN−1(xa, η), BN−1(xa, R)).
Thus:

Cp,N−1(η,R) ≤
∫
Ha∩(ΩR\Kη)

|∇y wa(y)|p dy ≤
∫
Ha∩(ΩR\Kη)

|∇ u(a, y)|p dy. (4.5)

• If ∫
Ha∩(ΩR\Kη)

|∇ywa(y)|p dy = +∞,

inequality (4.5) obviously holds again.
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Integrating inequality (4.5) for all a ∈ (−ε/2, ε/2), one obtains

ε Cp,N−1(η,R) ≤
∫
C

|∇ u(x)|p dx. (4.6)

(2) Let v be the function defined in B(x0, R) \ B(x0, η) which inherits the values taken by u in
the two half-spherical subsets S±. More precisely, for all x ∈ RN , η ≤ |x− x0| ≤ R, we define{

v(x) := u(B + x− x0) if z(x− x0) ≥ 0,
v(x) := u(A+ x− x0) if z(x− x0) < 0.

Since u is continuous in ΩR \Kη and symmetric relatively to the hyperplane H0, it follows
that v is continuous in B(x0, R) \B(x0, η). Similarly u ∈ Lp (ΩR \Kη) implies that
v ∈ Lp

(
B(x0, R) \B(x0, η)

)
.

For all x ∈
(
B(x0, R) \B(x0, η)

)
∩ {z 6= 0} it holds{

∇v(x) = ∇u(B + x− x0) if z(x− x0) > 0,
∇v(x) = ∇u(A+ x− x0) if z(x− x0) < 0.

Thus ∇u ∈ Lp(ΩR \Kη) entails
∇v ∈ Lp

((
B(x0, R) \B(x0, η)

)
∩ {z > 0}

)
and similarly

∇v ∈ Lp
((
B(x0, R) \B(x0, η)

)
∩ {z < 0}

)
.

Moreover, since v is continuous in B(x0, R)\B(x0, η) and thus has no jump accross {z = 0},
the results about distribution derivatives (e.g. [36]) entail that the distribution ∇v defined in
the domain

(
B(x0, R) \B(x0, η)

)
can be identified to the vector field {∇v} defined in(

B(x0, R) \B(x0, η)
)
∩ {z 6= 0} .

Hence ∇v ∈ Lp
(
B(x0, R) \B(x0, η)

)
.

Lastly, as u is admissible for the condenser (Kη,ΩR), it holds v(x) = 1 for all x ∈ RN ,
|x− x0| = η and v(x) = 0 for all x ∈ RN , |x− x0| = R.
Therefore v is an admissible function for the condenser (B(x0, η), B(x0, R)). It follows that

Cp,N (η,R) ≤
∫
B(x0,R)\B(x0,η)

|∇ v(x)|p dx =
∫
S

|∇ u(x)|p dx. (4.7)

Summing inequalities (4.6) and (4.7) yields the claimed result
Cp,N (Kη,ΩR) ≥ Cp,N (η,R) + ε Cp,N−1(η,R).

�

Thanks to equidistant condensers, we can now state the following lower-bound to the condenser
p-capacity of a segment. Recall Cp,N ({x0} , BR) (resp. Cp,N−1({x0} , BR) denotes the p-capacity of
the point {x0} in the N -dimensional ball B(x0, R) (resp. the p-capacity of the point {x0} in the
(N − 1)-dimensional ball BN−1(x0, R)).

Theorem 4.3. Let Ω be a bounded domain of RN and x0 ∈ Ω. Let
R := sup {|y − x0| ; y ∈ Ω} ∈ (0,+∞).

Let Sε be a (closed) segment centered on the point x0 and of length ε > 0 such that Sε ⊂ Ω. Then the
following lower-bound holds:

Cp,N (Sε,Ω) ≥ Cp,N ({x0} , BR) + ε Cp,N−1({x0} , BR). (4.8)

Proof. For all λ > 0 and all η such that 0 < η < R, inequality (4.4) of Proposition 4.2, applied to
radiuses η and R+ λ, reads:

Cp,N (η,R+ λ) + ε Cp,N−1(η,R+ λ) ≤ Cp,N (Kη,ΩR+λ) . (4.9)
Three decreasing sequences of compacts are involved as follows:⋂

η>0
B(x0, η) = {x0} ,

⋂
η>0

BN−1(x0, η) = {x0} and
⋂
η>0

Kη = Sε.
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The descending continuity property of Theorem 2.2 hence implies that:
lim
η→0

Cp,N (B(x0, η), B(x0, R+ λ)) = Cp,N ({x0} , B(x0, R+ λ))

lim
η→0

Cp,N−1(B(x0, η), B(x0, R+ λ)) = Cp,N−1({x0} , B(x0, R+ λ))

lim
η→0

Cp,N (Kη,ΩR+λ) = Cp,N (Sε,ΩR+λ).

Therefore passing to the limit when η → 0 in inequality (4.9) yields
Cp,N ({x0} , BR+λ) + ε Cp,N−1({x0} , BR+λ) ≤ Cp,N (Sε,ΩR+λ) . (4.10)

Moreover the inclusions Sε ⊂ Ω ⊂ B(x0, R + λ) ⊂ ΩR+λ hold. Hence the monotony property (ii) of
Theorem 2.2 implies that

Cp,N (Sε,ΩR+λ) ≤ Cp,N (Sε, B(x0, R+ λ)) ≤ Cp,N (Sε,Ω). (4.11)
Gathering inequalities (4.10) and (4.11) entails

Cp,N ({x0} , BR+λ) + ε Cp,N−1({x0} , BR+λ) ≤ Cp,N (Sε,Ω).
Lastly it follows from Theorem 3.1 that the mappings

R > 0 7→ Cp,N ({x0} , BR) and R 7→ Cp,N−1({x0} , BR)
are continuous. Hence letting λ tend towards 0 yields the claimed inequality. �

Remark 4.4. The lower-bound of Theorem 4.3 is worth interpreting. Recall from Proposition 3.1 that
the capacity of point {x0} in a bounded ball of RN is positive if and only if p > N . Accordingly three
cases are to be considered:

• If N − 1 < p ≤ N , the point has a null N -dimensional condenser p-capacity but a positive
(N − 1)-dimensional condenser p-capacity. The inequality reads:

ε Cp,N−1({x0} , BR) ≤ Cp,N (Sε,Ω)
In particular, Cp,N (Sε,Ω) > 0.

• If p > N , both capacities Cp,N ({x0} , BR) and Cp,N−1({x0} , BR) are positive. Then again
Cp,N (Sε,Ω) > 0.

• If p ≤ N − 1 , both capacities Cp,N ({x0} , BR) and Cp,N−1({x0} , BR) are null.
Thus we can state a sufficient condition for the positivity of condenser p-capacities of segments.

Corollary 4.5. Let Sε be a segment of length ε > 0 included in a bounded domain Ω ⊂ RN . If
p > N − 1 then Cp,N (Sε,Ω) > 0.
4.5. Positivity of a condenser p-capacity of a segment in a bounded domain.
Proposition 4.6. Let Sε ⊂ Ω be a segment of length ε > 0 centered on a point x0. If p ≤ N − 1,
then the condenser p-capacity of the segment Sε in the domain Ω is null, that is Cp,N (Sε,Ω) = 0.

The proof is in section 5.2 on page 19. According to Corollary 4.5 and to Proposition 4.6, we can
state the positivity rule for condenser p-capacities of segments.
Proposition 4.7. The condenser p-capacity of a segment Sε of length ε > 0 included in a bounded
domain Ω ⊂ RN is positive if and only if p > N − 1.
Remark 4.8. It appeared according to Proposition 4.2 that the positivity of the condenser p-capacity of
a segment in a N -dimensional bounded domain follows from the positivity of the condenser p-capacity
of a point in a (N − 1)-dimensional bounded domain.

Using equistant condensers derived from a plane rectangle, we may think of a similar proof to show
that the positivity of the p-capacity of a plane rectangle in a N -dimensional bounded domain follows
from the positivity of the p-capacity of a segment in a (N − 1)-dimensional bounded domain, which
happens when p > (N − 1) − 1. Such reasonings can be extended by induction to prove that the
condenser p-capacity of a k-dimensional closed box in a N -dimensional bounded domain is positive
as soon as p > N − k.

The cases of nullity for condenser capacity of a k-dimensional closed box seem to be more intricate
to establish by means of equidistant condensers as the relationship between the capacity of a segment
in a N -dimensional domain and the capacity of a point in a (N − 1)-dimensional domain is not
straightforward in the proof of Proposition 4.6.
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4.6. Elliptical condensers. Let again a (closed) segment Sε ⊂ RN (N ≥ 2), of length ε > 0 and
centered on a point x0. Let z be an axis passing through the point x0 and parallel to the segment Sε.

We first consider cylindrical coordinates (z, y) = (z, r, ξ), with z ∈ R, y = rξ ∈ RN−1, r ≥ 0 and
ξ ∈ SN−2. Then we move forward to the elliptic coordinates (µ, ν, ξ) [39, 40] implicitely defined as
follows for µ ∈ [0,+∞), ν ∈ [0, π] and ξ ∈ SN−2,

z(µ, ν) := ε
2 coshµ cos ν,

r(µ, ν) := ε
2 sinhµ sin ν,

ξ := ξ.

(4.12)

In particular Sε = {µ = 0, ν ∈ [0, π]}. Hence the segment Sε is considered here as the limit of an
ellipsoid which eccentricity tends toward 1 when µ→ 0.

z

νSε

y = (r, ξ) 

ε

∂ ΩM = {µ = Μ }

x0

∂ Κη = {µ = η}

Figure 4. An elliptical condenser (Kη,ΩM ).

Looking at figure 4 we set
Definition 4.9. Let 0 < η < M . Let the bounded domain

ΩM :=
{
x = (µ, ν, ξ) ∈ RN ; 0 ≤ µ < M, ν ∈ [0, π] , ξ ∈ SN−2}

and the compact set
Kη :=

{
x = (µ, ν, ξ) ∈ RN ; 0 ≤ µ ≤ η, ν ∈ [0, π] , ξ ∈ SN−2} .

We say that (Kη,ΩM ) is an elliptical condenser derived from the segment Sε.

Obviously the inclusions Sε ⊂ Kη ⊂ ΩM hold for all 0 < η < M . Moreover it holds
⋂
η>0

Kη = Sε.

In comparison with equidistant condensers though, letting η → 0 will not be sufficient to approximate
asymptotically, when ε → 0, the condenser made of the segment Sε within a given bounded domain
Ω. Due to (4.12) indeed , for a given M > 0, ΩM → {x0} when ε → 0. So that we shall have to
choose some appropriate M(ε)→ +∞ to approximate a given domain Ω by ΩM(ε) when ε→ 0.
Lemma 4.10. Let R > ε/2 > 0 and letM

′ := log
(

2R/ε+
√

1 + 4R2/ε2
)

M ′′ := log
(

2R/ε+
√
−1 + 4R2/ε2

)
.

(4.13)

Let K a compact of RN such that K ⊂ ΩM ′′ . Then it holds
Cp(K,ΩM ′) ≤ Cp(K,BR) ≤ Cp(K,ΩM ′′). (4.14)
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In particular, for all η such that 0 < η < M ′′, it holds
Cp(Kη,ΩM ′) ≤ Cp(Kη, BR) ≤ Cp(Kη,ΩM ′′). (4.15)

and
Cp(Sε,ΩM ′) ≤ Cp(Sε, BR) ≤ Cp(Sε,ΩM ′′) (4.16)

Proof. It follows from (4.12) that
B ε

2 sinhM ⊂ ΩM ⊂ B ε
2 coshM , ∀M > 0. (4.17)

Moreover the definition (4.13) of M ′ and M ′′ can be solved into

R = ε

2 sinhM ′ = ε

2 coshM ′′. (4.18)

Hence plugging M = M ′ (resp. M = M ′′) into (4.17), one obtains
ΩM ′′ ⊂ BR ⊂ ΩM ′ .

Thus the monotony property (ii) of Theorem 2.2 implies
Cp(K,ΩM ′) ≤ Cp(K,BR) ≤ Cp(K,ΩM ′′) (4.19)

which the claimed inequality (4.14).
In particular, chosing K = Kη (resp. K = Sε), it follows (4.15) (resp.(4.16)). �

4.7. The condenser 2-capacity of a segment. In the harmonic case p = 2, according to Theorem
4.7, the condenser capacity of a segment is positive in a bounded domain of R2 while it is null in
higher dimensions N ≥ 3.

Proposition 4.11. Let 0 < ε/2 < R. Let Sε a (closed) segment centered on a point x0 and of length
ε and let BR = B(x0, R) be both subsets of R2. Then the following inequalities hold:

2π
log
(

2R/ε+
√

1 + 4R2/ε2
) ≤ C2(Sε, BR) ≤ 2π

log
(

2R/ε+
√
−1 + 4R2/ε2

) . (4.20)

Proof. We calculate Cp(Kη,ΩM ) applying Proposition 2.3. Due to the symmetry of revolution rela-
tively to the z-axis, the searched solution does not depend upon coordinate ξ ∈ SN−2. Thus in elliptic
coordinates, the Laplacian operator applied to u reads:

∆u(µ, ν) = 4
ε2

∂µµu+ ∂ννu

sinh2 µ+ sin2 ν
.

Hence Problem (2.3) becomes 
∂µµu+ ∂ννu = 0 in ΩM \Kη,

u(η, ν) = 1 ∀ν ∈ [0, π] ,
u(M,ν) = 0 ∀ν ∈ [0, π] .

(4.21)

The separation of variables yields

u(µ, ν) = M − µ
M − η

, ∀µ ∈ [η,M ], ∀ν ∈ [0, π] .

Then a simple calculation provides

|∇u|2 = 4
ε2
(
sinh2 µ+ sin2 ν

) 1
(M − η)2 .

Since
|detD(z, r, ξ)/D(µ, ν, ξ)| = (ε/2)2 (sinh2 µ+ sin2 ν

)
,

the change of variables yields

C2(Kη,ΩM ) =
∫

ΩM\Kη
|∇u|2 = 2π

M − η
.

When η → 0, according to the descending continuity stated in Theorem 2.2 it follows that

C2(Sε,ΩM ) = 2π
M
. (4.22)
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Applying equality (4.22) for M = M ′ (resp. M = M ′′) and inequality (4.16) of Lemma 4.10 one
obtains

2π
log
(

2R/ε+
√

1 + 4R2/ε2
) ≤ C2(Sε, BR) ≤ 2π

log
(

2R/ε+
√
−1 + 4R2/ε2

) (4.23)

which are the claimed inequalities (4.20). �

Corollary 4.12. Let Ω a bounded domain ⊂ R2 and x0 a point of Ω. Let Sε ⊂ R2 be a segment
centered on a point x0 and of length ε > 0. Then for ε small enough it holds

C2(Sε,Ω) = −2π
log ε + o

(
−1

log ε

)
. (4.24)

Proof. Let R2 > R1 > 0 such that B(x0, R1) ⊂ Ω ⊂ B(x0, R2). Let 0 < ε < R1. Thus Sε ⊂ B(x0, R1).
According to monotony property (ii) of Theorem 2.2, it holds

C2(Sε, B(x0, R2)) ≤ C2(Sε,Ω) ≤ C2(Sε, B(x0, R1)).
Applying inequalities (4.20) of Proposition 4.11 for R = R1 (resp. R = R2), one obtains

C2(Sε, B(x0, R1)) ≤ 2π
log
(

2R1/ε+
√
−1 + 4R2

1/ε
2
)

and
2π

log
(

2R2/ε+
√

1 + 4R2
2/ε

2
) ≤ C2(Sε, B(x0, R2)).

Hence
2π

log
(

2R2/ε+
√

1 + 4R2
2/ε

2
) ≤ C2(Sε,Ω) ≤ 2π

log
(

2R1/ε+
√
−1 + 4R2

1/ε
2
) .

The claimed asymptotic expansion (4.24) follows. �

Remark 4.13. • Asymptotic expansion (4.24) is a topological asymptotic expansion in the sense
of (1.1), here obtained with Dirichlet boundary condition. For the study of the perturbation
of the Laplace equation in 2D by a Neumann homogeneous boundary condition on a segment,
see [1].
• According to [15], it is already known that, in the case of the Laplace equation with Dirichlet
boundary condition in 2D, the first order of the topological expansion does not depend on the
shape of the obstacle, in the case of obstacles with non-empty interiors.

After Proposition 2.4 in the case p = N = 2 and for spherical condensers, it holds

C2(Bε/2, BR) = 2π
log(2R/ε) = −2π

log ε + o

(
−1

log ε

)
.

It is noticeable that the first term −2π/ log ε of the asymptotic expansion (4.24) of C2(Sε, BR)
is the same as the first term of the expansion of C2(Bε/2, BR). Thus according to monotony
property (i) of Theorem 2.2, it holds

C2(Kε, BR) = −2π
log ε + o

(
−1

log ε

)
, for all compact Kε, Sε ⊂ Kε ⊂ Bε/2. (4.25)

Hence the topological gradient does not depend on the shape of the obstacle Kε, even when
Kε is the segment Sε. It only depends on its size. Therefore the topological gradient of the
2-capacity in 2D is not a appropriate tool for sorting out curves and obstacles with non empty
interior.

One could try to overcome this drawback, either by considering different values of p or by
trying to sort out shapes according to the second order of the asymptotic expansion, that is
considering a topological hessian.

Though we do not know yet the asymptotic expansion of Cp(Sε, BR) in higher dimensions
N ≥ 3, the same difficulty might also arise for p = N ≥ 3 according to Remark 2.6 on page 7.
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Remark 4.14. In the harmonic case p = 2, equation (2.3) can be explicitely solved as its enjoys
separable variables in elliptic coordinates. However there are some clues that, even when p 6= 2,
elliptical condensers may be applied for further estimations of the p-capacity of a segment Sε in a
given domain Ω. As usual, Sε has first to be approximated by an ellipsoid Kη, with η ‘small enough’.

Elliptic coordinates seem appropriate for segments in the sense that angular coordinate ν so to
speak makes the dimension in which operates the p-Laplace equation, continuously change from N
for ν = 0 to (N − 1) for ν = π/2 and then back to N for ν = π.

Furthermore the geometry of the problem is simplified with elliptical condensers as solutions and
integrals are to be calculated on the rectangle R := [η,M ]× [0, π].

After a change of variables, one can rewrite minimization problem (2.5) in elliptic coordinates
(µ, ν) ∈ R. Let the weight E given by

E(µ, ν) := (sinhµ sin ν)N−2(
sinh2 µ+ sin2 ν

) p−2
2
, ∀µ > 0, ∀ν ∈ [0, π],

and the functional
J(v) := AN−2

(ε
2

)N−p ∫
R
E(µ, ν) |∇v(µ, ν)|p dµdν.

Then the capacity Cp(Kη,ΩM ) may be obtained by minimizing functional J in an appropriate set of
functions v : R → R, such that E

1
p ∇v ∈ Lp(R) and such that v(η, ν) = 1 and v(M,ν) = 0, for all

ν ∈ [0, π].

5. Proofs

5.1. Proof of Proposition 2.4. We prove Proposition 2.4 by solving problem (2.3) for the spherical
condenser and then applying Proposition 2.3. Hence consider the following problem:

−∆p sp,N = 0 in BR \ B̄ε ,
sp,N = 1 on ∂Bε ,
sp,N = 0 on ∂BR .

(5.1)

As recalled in subsection 2.2 on page 3, there exists a unique solution sp,N ∈W 1,p(BR\B̄ε) to problem
(5.1). We look for a solution sp,N with radial symmetry, that is:

sp,N (x) = f(r), ∀x ∈ BR \ B̄ε, r = |x− x0| .

Assuming that function f is regular enough, a calculation in spherical coordinates yields:

∆p sp,N = ±(f ′(r))(p−1)[(p− 1)f ′′(r) + N − 1
r

f ′(r)]. (5.2)

We assume that there is no point in B̄R \Bε such that f ′(r) = 0.
(1) In the case p = N , it follows that f ′(r) = C/r. Then applying the Dirichlet conditions of

problem (5.1) yields:

sp,N (x) = f(r) = log(R/r)
log(R/ε) , ∀x ∈ BR \ B̄ε (5.3)

and
|∇sp,N (x)| = |f ′(r)| = 1

log(R/ε)
1
r
, ∀x ∈ BR \ B̄ε. (5.4)

Conversely it is easy to check that there is no point in B̄R \Bε such that |∇sp,N (x)| = 0 as
defined in (5.4) and that the function sp,N stated by (5.3) is the unique solution to problem
(5.1).

Applying Proposition 2.3, the capacity of the spherical condenser (Bε, BR) reads:

Cp(ε,R) = AN−1

(log(R/ε))p

∫ R

ε

rN−1

rp
dr = AN−1 [log(R/ε)]1−p .

The claimed asymptotic expansion follows when ε→ 0.
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(2) In the case p 6= N , it follows from (5.2) that f ′(r) = Crβ−1. Applying the Dirichlet conditions
of problem (5.1) yields

sp,N (x) = f(r) = Rβ − rβ

Rβ − εβ
, ∀x ∈ BR \ B̄ε, (5.5)

and
|∇sp,N (x)| = |f ′(r)| =

∣∣∣∣ β

Rβ − εβ

∣∣∣∣ rβ−1, ∀x ∈ BR \ B̄ε. (5.6)

Conversely it is easy to check that there is no point in B̄R \ Bε such that |∇sp,N (x)| = 0 as
defined in equation (5.6) and that the function sp,N defined by equation (5.5) is the unique
solution to problem (5.1).

Applying Proposition 2.3, the capacity of the spherical condenser (Bε, BR) reads:

Cp(Bε, BR) = AN−1
∣∣∣∣ β

Rβ − εβ

∣∣∣∣p ∫ R

ε

rN−1+p(β−1) dr = AN−1|β|p−1 ∣∣Rβ − εβ∣∣1−p . (5.7)

The claimed asymptotic expansions follow, when ε→ 0, dealing separately with the two cases
p > N and p < N .

Note that (5.5), (5.6) and ( 5.7) also hold in the case N = 1 < p, with the convention
A0 = 2.

5.2. Proof of Proposition 4.6. Let Ωc := RN \ Ω. Since Ω is bounded there exists M > 0 such
that Ω ⊂ B(x0,M/2). Then Sε and Ωc ∩B(x0,M) are compact sets such that

Sε ∩
(
Ωc ∩B(x0,M)

)
= ∅.

Therefore due to the continuity of the distance, there exist x′ ∈ Sε and x′′ ∈ Ωc∩B(x0,M) such that:
|x′ − x′′| = min

{
|x1 − x2| ;x1 ∈ Sε and x2 ∈ Ωc ∩B(x0,M)

}
> 0.

Let R := |x′ − x′′| /2 and ΩR =
{
x ∈ RN ; d(Sε, x) < R

}
. It holds Sε ⊂ ΩR ⊂ Ω. Hence according to

monotony property (ii) stated in Theorem 2.2, it follows that
Cp,N (Sε,Ω) ≤ Cp,N (Sε,ΩR).

Therefore it suffices to prove that Cp,N (Sε,ΩR) = 0. According to the descending continuity property
of Theorem 2.2, it holds

Cp,N (Sε,ΩR) = lim
η→0

Cp(Kη,ΩR).

Hence it suffices to prove that
lim
η→0

Cp(Kη,ΩR) = 0. (5.8)

(1) We first prove (5.8) in the case p < N − 1.
Recall sp,N denotes the admissible function minimizing energy for the N -dimensional sphe-
rical condenser (Bη, BR), that is

Cp,N (Bη, BR) =
∫
BR\Bη

|∇sp,N |p dx.

Let the function v : ΩR \Kη → R defined by:
if x ∈ S− ∩ {z < −ε/2} then v(x) := sp,N (ρ−) with ρ− = |x−A| ,
if x ∈ S+ ∩ {z > ε/2} then v(x) := sp,N (ρ+) with ρ+ = |x−B| ,
if x ∈ C then v(x) := sp,N (r) with r = |y|.

as shown on figure 5.
It is easy to check that v is continuous in ΩR \Kη, that v ∈W 1,p(ΩR \Kη) and that v = 0

on ∂ΩR and v = 1 on ∂Kη. Thus v is admissible for the condenser (Kη,ΩR). Hence

Cp,N (Kη,ΩR) ≤
∫
C∪S
|∇v|p dx.

Thus to prove (5.8) it suffices to prove that

lim
η→0

∫
C∪S
|∇v|p dx = 0. (5.9)
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Figure 5. The admissible function v for the condenser (Kη,ΩR).

By definition of v it holds∫
S

|∇v|p dx = Cp,N (Bη, BR).

Since p < N , it follows from the descending continuity of Theorem 2.2 and from Proposition
3.1 that

lim
η→0

∫
S

|∇v|p dx = lim
η→0

Cp,N (Bη, BR) = Cp,N ({x0} , BR) = 0.

Furthermore an integration in cylindrical coordinates in C yields:∫
C

|∇v|p dx = ε AN−2
∫ R

η

|∂rsp,N (r)|prN−2 dr

As p < N − 1 after Proposition 2.4 it holds
|∂rsp,N (r)| =

[
−β/(ηβ −Rβ)

]
rβ−1.

Hence ∫ R

η

|∂rsp,N (r)|prN−2 dr =
[
−β

ηβ −Rβ

]p
ηβ−1 −Rβ−1

1− β .

Since β < 0, when η tends towards 0, the integral is equivalent to
(−β)p

1− β ηβ−1−pβ

with β − 1− pβ = N − p− 1 > 0. It follows that

lim
η→0

∫ R

η

|∂rsp,N (r)|prN−2 dr = 0

and that lim
η→0

∫
C

|∇v|p dx = 0.

This completes the proof of (5.9) and thus the proof of (5.8) in the case p < N − 1.
(2) We now prove (5.8) in the case p = N − 1.

Recall sp,N−1 denotes the admissible function minimizing energy for the (N−1)-dimensional
spherical condenser (BN−1(η), BN−1(R)), that is

Cp,N−1(BN−1(η), BN−1(R)) =
∫
BN−1(R)\BN−1(η)

|∇sp,N−1|p dy,
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Figure 6. The admissible function w for the condenser (Kη,ΩR).

where dy denotes the Lebesgue measure in RN−1.
Let the function w : ΩR \Kη → R defined by:

if x ∈ C then w(x) := sp,N−1(r) with r = |y|,
if x ∈ S− ∩ {z < −ε/2} then w(x) := sp,N−1(ρ−) with ρ− = |x−A| ,
if x ∈ S+ ∩ {z > ε/2} then w(x) := sp,N−1(ρ+) with ρ+ = |x−B| .

as shown on figure 6.
As for function v, it is easy to check that w is an admissible function for the N -dimensional

condenser (Kη,ΩR). Hence

Cp,N (Kη,ΩR) ≤
∫
C∪S
|∇w|p dx.

Thus to prove (5.8), it suffices to prove that

lim
η→0

∫
C∪S
|∇w|p dx = 0. (5.10)

By definition of w it holds∫
C

|∇w|p dx = ε Cp,N−1(BN−1(η), BN−1(R)).

Since p = N − 1, it follows from the descending continuity of Theorem 2.2 and from Theorem
3.1 that

lim
η→0

∫
C

|∇w|p dx = ε lim
η→0

Cp,N−1(BN−1(η), BN−1(R))

= ε Cp,N−1({x0} , BN−1(R)) = 0.

Furthermore an integration in spherical coordinates in S yields:∫
S

|∇w|p dx = AN−1
∫ R

η

|∂ρsp,N−1(ρ)|pρN−1 dρ.

As p = N − 1, the gradient reads

|∂ρsp,N−1(ρ)| = 1
log(R/η)

1
ρ
.
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Hence ∫ R

η

|∂ρsp,N−1(ρ)|pρN−1 dρ = |log(R/η)|−p (R− η).

Therefore

lim
η→0

∫ R

η

|∂ρsp,N−1(ρ)|pρN−1 dρ = 0

and thus
lim
η→0

∫
S

|∇w|p dx = 0.

This completes the proof of (5.10) and thus the proof (5.8) in the case p = N − 1.

6. Conclusions and prospects

In this article, we consider compact sets with positive condenser p-capacities and we provide esti-
mates and asymptotic expansions of such capacities. The emphasis is put on capacities of points and
of segments.

Our main contributions deal with condenser p-capacities of segments. Nevertheless it is fruitful to
first study in detail condenser capacities which obstacle either has a non empty interior or is a point.

As premilinary results, we show that one can calculate a condenser p-capacity by solving a p-Laplace
equation with Dirichlet boundary condition, when the boundaries of the condenser are smooth. We
provide asymptotic bounds to condenser p-capacities when the obstacle has a non-empty interior. As
for condenser capacities of points, we provide estimates, asymptotic approximations and positivity
cases. We study the speed of the descending continuity property, i.e. the ability to approximate
the capacity of a point by that of a ball with a ‘small enough’ radius. We show that the speed of
convergence is slow.

We then move on to condenser p-capacities of segments. Introducing equidistant condensers, we
illustrate in two ways the strong anisotropy caused by a segment acting as an obstacle in the p-Laplace
equation. First we show that the Pólya-Szegö rearrangement inequality for Dirichlet type integrals
fails to provide a valuable lower-bound to the capacity of a segment. Secondly, in the case p > N , we
show that, however small the length of a segment may be, one cannot derive an admissible function
for the segment by simply extending the function minimizing the energy for a point.

Our main contribution is to provide a lower bound to the N -dimensional condenser p-capacity
of the segment which brings into light its relationship with the N -dimensional capacity of a point
and more significantly with the (N − 1)-dimensional capacity of a point. Our lower bound allows to
establish the positivity rule for condenser p-capacity of a segment. This new method can be extended
to study the p-capacity of a plane rectangle and by induction for closed boxes in higher dimensions.

Introducing elliptical condensers, we provide an estimate for the condenser 2-capacity of a segment
in the plane. The asymptotic expansion follows when the length of the segment goes down to zero.
Comparing with results obtained for spherical condensers, it turns out that the topological gradient
of the 2-capacity is not an appropriate tool to separate curves and obstacles with non-empty interior
in 2D. One way out could be to consider different values of parameter p. Another way might be to
sort out shapes of obstacles according to the second order of the topological asymptotic expansion,
that is considering the topological hessian.

When p 6= 2, elliptical condensers may prove useful to further obtain estimates of condenser p-
capacities of segments.

In the wake of Hausdorff’s definition of non-integer dimensions, the question of the p-capacity of a
segment offers a practical study case of a differential operator operating in between two dimensions,
related to two orthogonal directions.

On the basis of this article, research about estimates and asymptotic expansions of condenser
p-capacities of obstacles with empty interior, may now develop in several directions:

• the study of the convergence speed of descending continuity, in the case the limit compact is
a segment or more generally any compact with empty interior;

• the search for more powerful tools resorting to the field of measure transportation, which could
be able to grasp the anisotropy caused by the segment;

• the development of methods based on elliptical condensers to obtain further estimations of
capacities of segments;
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• the ability of the asymptotic expansion of a p-capacity, at first or second order, to sort out
curves and obstacles with non-empty interior in 2D and in 3D;
• the study of similar questions for other obstacles in higher dimensions, such as surfaces in R4.
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