N

HAL

open science

A simple introduction to water waves

Dimitrios Mitsotakis

» To cite this version:

‘ Dimitrios Mitsotakis. A simple introduction to water waves. 2013. hal-00805080v1

HAL Id: hal-00805080
https://hal.science/hal-00805080v1

Preprint submitted on 27 Mar 2013 (v1), last revised 17 Apr 2013 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00805080v1
https://hal.archives-ouvertes.fr

A SIMPLE INTRODUCTION TO WATER WAVES

DIMITRIOS MITSOTAKIS

ABSTRACT. The theory of the water waves is the main subject in coastal hydro-
dynamics and plays a significant role in applied mathematics and in physics.
In these notes we present the basics of the water wave theory. Specifically,
after introducing briefly the basic concepts of continuum mechanics, we derive
the physical laws describing the physics of an inviscid, incompressible fluid,
namely the Euler equations. Euler equations are the governing equations of
water waves, but because of the great difficulties in the theoretical and nu-
merical studies of these equations, simple, approximate mathematical models
have been derived instead. The models are usually simplified so as to be valid
for specific types of waves.Water waves are usually divided into categories de-
pending on the magnitude of their amplitude and their wavelength compared
to the water depth. Some waves such as the Tsunami waves are generated
in the deep ocean as waves of small amplitude with large wavelength, but as
they approach the shoreline they grow in amplitude while their wavelength is
decreased. Here, we will derive models for long waves with or without using
the small amplitude assumption.

Key words and phrases: Water waves; Boussinesq equations; Serre equa-
tions; KAV equation; BBM equation; dispersive waves; solitary waves

1. INTRODUCTION TO KINEMATICS

Kinematics is the branch of classical mechanics that describes the motion of
bodies and systems of bodies without consideration of the causes of the motion.
In this section we present the basic tools for studying the motion of a continuous
body moving in R? with d = 2 or 3. For further reading we suggest the books
[Hun06, Log06, Pat83, Whi99] on which these notes are based on.

Let @ be (the label of) a particle of a continuous body that at ¢ = 0 occupies the
region Py. By a fluid motion we mean a mapping ¢, : Py — P, which maps the
region Py into the region Py = ¢:(Py) which is occupied by the same fluid at time
t. We assume that ¢; is represented by the formula

= X(a,t) (1)

with X (@,0) = @. d is the Lagrangian coordinates or the particle’s label at t = 0
while Z is the Eulerian coordinate representing the position of the same particle @
at time t. Usually, the mapping X :RIXR — R?, is also referred to as the particle
path. We assume that Xisa diffeomorphism of RY, i.e. is smooth and invertible
where the derivative Dz X = (&lj Xi)ij is a nonsingular matrix. Roughly speaking,
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2 D. MITSOTAKIS

the last condition means that the motion does not crush a nonzero material volume
to zero volume.

The region P, occupied by the material particles @ at time ¢ can be described
also as the bounded set with smooth boundary such that

P, ={X(@,t): AP

For a given fluid motion the velocity is defined by U(@,t) = X4(a@,t) . Then the
corresponding spatial velocity @(Z,t) is defined by

ﬁ()?(a, t)) = U(a,¢).

Conversely, given a smooth spatial velocity @(Z, t), we may reconstruct the motion
of X (@,t) by solving the system of ODEs

X,(@,1) = ﬁ()?(a,t),t),

with X (@,0) = @ as initial condition.

Assume that we take measurements for the material volume at time t. Let a
measurement f be a function of the spatial coordinates (Z,t), then the correspond-
ing measurement F' of the material coordinates is a function of (d@,t) and they are
connected by the formula

The rate of change of f at a given spatial point is given by the derivative f; (or
Oif), while the rate of change of f following a particle path is given by F;. The last
derivative is called the material derivative of f and is usually denoted by Df/Dt.
According to the chain rule,

DI %01

D fr(X(a,t),t) + X (a,t) - V(X(d,t),t)

= fu(X(@,t),t) + T(X(@ 1), t) - VF(X(@,1),1)
The last relationship implies the compact form

D 8

We also define the vorticity as the curl of the velocity field, i.e. w =V X 4.

Here we present the Reynolds’ transport theorem which may be thought of as a
generalization of the Leibniz rule! for differentiating one dimensional integrals with
variable endpoints:

i J = [ V) (2)
Pt
or after using the divergence theorem it can be written as
d
fdx— fedi + fu-ndS. (3)
dt Py oP,

Now we have all the tools needed to derive the Euler’s equations.

L (108 S t)da) = [0 felw tyda + F(b(8), 1) -6/ (2) = Fla(®), 8) - @' (1)
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2. DERIVATION OF THE EULER EQUATIONS

The Euler equations consist of a set of physical conservation laws such as the
conservation of mass and momentum, together with the assumption that the density
of the fluid is constant, cf. [Whi99].

First we derive the conservation of mass. We consider a fluid of density p(Z,t).
The mass contained in a material volume P, is then given by

/ pdr.
Pt

If the mass of the material volume does not change with time, then
d

Z | pdi=o.
dt Jp, "

Hence, using (2), we get that

{pe+V - (pil)} dZ = 0.
Pt

Since this equality holds for all ¢ > 0 and for an arbitrary smooth region P, we
conclude that

pu+ V- (pid) = 0. (4)
Assuming that the medium is homogenous, i.e. that the density of the fluid is
constant, the conservation of mass reduces to the equation

V- (@) =0. (5)

We proceed with the derivation of the equation of conservation of momentum.
The total momentum of a material volume P; is

/ pu dZ.
Pt

Newton’s second law states that the rate of change of the momentum of a material
volume is equal to the force acting on it. Taking into account that the only forces
acting on the material volume is the surface pressure force p that acts in the inward
normal direction and the gravity force F = — ng, where k is the unit vector
perpendicular to the horizontal plane. Thus

d o
2 padfz—/ pﬁds+/ Fdz.
dt Jp, oP, Py

Using (2), and the divergence theorem, we find that
/ {(pm) +V - (pii @) + Vp— F} dif = 0,
Pt

where the tensor product @ ® @ = (u;u;);; and therefore

/ 2(u)—i—ii(uu)—i-@—F dzZ =10
P ot oz, P T B ! o

j=1 !

Since this equation holds for any ¢ > 0 and for any arbitrary smooth region Py, we
conclude that

(pit); +V - (pi @ @) + Vp=F. (6)
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Assuming that the density of the fluid is constant, i.e. p; = |Vp|? = 0, and using
(5), the conservation of momentum (6) reduces to

-

1
i+ (@- V)i + ~Vp = —gk. (7)

We close the derivation of the Euler equations by studying the vorticity of the
velocity field. The vorticity is defined as & = V x 4. Taking curl on both sides of
the conservation of momentum (7) we have

W+ UV =dad- V. (8)
Ifd=2thenw= % - g—;‘, and &-Va = 0, so (8) reduces to the transport equation
wp 4+ 4 Vw = 0. (9)

From equations (8) and (9) we conclude that if the flow is irrotational initialy
(iie. V x @ =0 for t = 0) then the flow remains irrotational for all time ¢. The
irrotationality condition is formulated as

Vxi=0 (10)

One main consequence of the irrotationality condition is that the momentum equa-
tion (7) can be written as

1 1 -
ﬁt+§V|ﬁ|2+ ;Vp: —gk. (11)

3. BOUNDARY AND INITIAL CONDITIONS

The Euler equations consist of the conservation of mass (5), conservation of
momentum (7) and the irrotationality condition (10) defined on a strip-like domain
bounded above from the free surface n(#,t) and bellow from the horizontal bottom
hg. To close the system of these conservation laws we need to impose two boundary
conditions and two initial conditions. There are two kinds of boundary condition
for the free surface; the kinematic and the dynamic boundary conditions. The
kinematic boundary condition on a free surface states that the surface of the water
is impermeable, and thus the fluid velocity  satisfies

i-a=V-i,
on the free surface, where 7 is the unit normal to the surface and V is the velocity
tangent to the surface. Assuming that the free surface has the equation F'(#,t) = 0

and that it is smooth we have that the unit normal and the normal velocity are
given in terms of F as

. _VF v Fo
n=-—, =———=".
|VF| |VF|
Using these expressions, the kinematic boundary condition becomes:
DF
E = O, on F' = O,

meaning that the material particles on the surface remain on the surface. For a
surface that is a graph with equation z = n(z, t) then the kinematic condition can
be written as

m+4d-Vn=0, on z = n(x,t), (12)
where now x denotes only the horizontal independent variable and z the vertical.
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The dynamic boundary condition on the free surface is that the stresses on either
side of the surface are equal. In the case of an air-water interface, we neglect the
motion of the air, because of its smaller density, and assume that the atmospheric
pressure is constant p = 0.

The boundary condition on the bottom is the impermeability condition of the
bottom, i.e.

u-n=0, on hy,
where 77 is the unit outward normal to the boundary.

4. NON-DIMENSIONALIZATION AND NORMALIZATION

For simplicity, we will restrict the analysis only in the case d = 2. In this case,
the Euler equations for inviscid, incompressible and irrotational flow with a free
surface over a horizontal bottom at height y = —hg (the undisturbed level of fluid
is at y = 0) may be written in dimensional and unscaled variables as follows: Let
n(x,t) be the deviation of the free surface of the fluid above its level of rest and
consider the domain Q; = {(z,y) : —00 < = < 00, —hg < y < n(x,t)}. The for
(z,y) € 4 and t > 0 we have

1
Up + Uy + VUy + —pg = 0, (13)
p
1
Ve + UV + vy + ;py = —g, (14)
Uy + vy =0, (15)
Uy = Vg, (16)

where g is the acceleration of gravity, v = u(x,y,t), respectively v = v(z,y,1t),
denotes the horizontal, respectively the vertical, velocity component, p is the (con-
stant) density of the fluid, and p = p(x,y,t) the pressure. The system (13)—(16) is
supplemented by the free surface kinematic and dynamic boundary conditions

o une =v, aty=n(zt), (17)
p=0, aty=n(z?). (18)
At the bottom y = —ho we assume that the normal component of the velocity
vanishes, i.e. that

v=0, at y = —hyg, (19)

We also assume that initial conditions for 7 and u have been specified and let
n(x,0) = no(x), x € R, (20)
u(xvyao) :U'O('rvy)a (x7y> € QOv (21)
where 1y and wug are given real functions. (We assume that ug satisfies the com-
patibility condition %—1;0(:1:, y)=— :0 %21“2“ (z,9") dy’ in Qo, which follows assuming

that (15), (16) and (19) hold at ¢ = 0).

Water waves are usually characterized by their amplitude and their wavelength
compared to the water depth. We assume that a characteristic wavelength is A, and
a characteristic amplitude A. The so called shallow water condition states that the
water depth hg is much smaller compared to the wavelength i.e. o = ho/A < 1.
We define also another important parameter ¢ = A/hg. As it will be more clear
also later in these notes, ¢ measures the local size of nonlinear effects, while o
measures the local size of dispersive effects. Usually, waves in the deep water are



6 D. MITSOTAKIS

characterized by the small amplitude assumption since ¢ <« 1 but as the waves
approach the shoreline they gain amplitude, i.e. ¢ = O(1) and finally they break
0% < e. The smallness of ¢ is used to derive simple model equations that do not
depend on the vertical coordinate y. It is also common to divide water waves into
three main categories depending on the value of the quotient S = ¢/0? known as
the Stokes number (sometimes also referred to as Ursel number). Stokes number is
a measure of the relative strength of nonlinear and dispersive effects. For example,
nonlinear but non-dispersive waves are characterized by ¢ < € or S >> 1, while
for weakly nonlinear and weakly dispersive 0% < 1 and 02 = O(¢), i.e. S = O(1),
and finally we speak about strongly nonlinear but weakly dispersive waves when
02 < 1bute=0(1) and S > 1.
To derive simple mathematical models from the FEuler equations the first step is
to introduce non-dimensional independent variables that are defined as follows:
xt = %, y* = hio’ and t* = Z—ft. (22)
We know from the linear theory that the horizontal velocity u(z,y,t) has the
following order of magnitude: u = O(ecg), where c¢g = /ghg is the linear wave
phase velocity. Then the nondimensional horizontal velocity is:
= 23
= € Cp ' ( )
In the case of long waves the motion of the fluid is essentially horizontal, i.e. the
vertical component of the velocity is usually very small. That is v = O(c2ecy), thus
we define

v
* = 24
U= (24)
also the pressure is scaled by the static pressure, p = O(pghg), and thus
* p
p = . 25
pgho (25)

Finally, since a typical amplitude of a wave is considered in this analysis to be A,
i.e. n = 0O(A), the nondimensional free surface elevation is given

1

B Eh,o -
Then, the problem (13)—(21) is transformed into the equivalent problem that

follows, in which the dependent variables and the initial conditions are of order

one, while powers of € and ¢ signify the order of magnitude of terms they multiply.

We seek u* = ’U/*({E*,y*,t*), v* = U*(l'*,y*,t*), p* :p*((E*,y*,t*), 77* _ 77*($*,t*),

defined for —oo < z* < 00, —1 < y* < en*(z*,t*), t* > 0, such that,

*

n (26)

eul. + 2utul. + 82U*u;* +pi.=0, (27)
eo?vi + ot ut vl + 52021)*1);* +py = —1, (28)
Uy +vye =0, (29)

Uy — o?vi. = 0. (30)

This system is supplemented with the free surface and bottom boundary conditions,
which now take the form:

77:* + EU*H;* = ’U*, fOI‘ y* = 577* (I*vt*)a (31)
p* =0, for y* =en*(z*,t%), (32)
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v* =0, fory*=-1, (33)

and the initial conditions
n" (2%, 0) =ng ("), u"(2",y",0) =ug(z",y"), (34)

where, in terms of the functions 79, ug in (20)—(21) we have

% 1 x*h v s s 1 ho .
)= o (20) i) = o (b))

g ECp

To derive model equations we will follow the great lines of [Bar04, BC98, BCS02a,
BS76, DM08, Whi99]. Moreover, in what follows we simplify the notation by drop-
ping the x. We proceed first with the derivation of models that describe the bidi-
rectional wave propagation.

5. MODEL EQUATIONS

It has been observed that the horizontal velocity of the fluid is usually uniform
across the fluid depth and thus it is convenient to study either the depth averaged
velocity or the velocity of the fluid at a certain height above the bottom. It is
expected that in both cases the values of the velocities will be close. Here, we will
obtain approximate models to the Euler equations by using the mean velocity with
respect to depth:

1 e
U = u(x,y,t)dy. 36
= [ Gy (30)

Integrating the equation of the conservation of mass (continuity equation) (29)
we have

en
/ Uy dy + v(x,en, t) —v(z, —1,t) = 0. (37)
-1

Using Leibniz rule? we have
en 9 en
/ Uy dy = p / udy — u(x,en,t) - en, = [hi), —u(z,en,t) - eng. (38)
-1 TJ

Applying the boundary conditions (31) and (33) we obtain from (38) the (exact)
equation

ne + [ha], =0, (39)
where h denotes the total depth 1 + en.

Similarelly, integrating the momentum equation (27) and using Leibniz rule, the
continuity equation (39) and the boundary conditions (31)—(33) we have

8 en en
-1

2a (Sod) Flw,yda) = [20) felw,t)da + F(b(1), £) - b (8) = fla(t),t) - o/ (1),
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5.1. The Serre-Green-Naghdi equations. In this subsection we will derive
model equations for strongly nonlinear long waves known to as the Serre-Green-
Naghdi equations (sometimes also referred to as also as the Su and Gardner equa-
tions), cf. [Ser53a, Ser53b, SG69, GLNT74]. For the derivation of model equations,
crucial role plays the assumptions on the pressure field. Using Leibniz rule and
boundary condition (32) gives

en
[ by = 1o = ) = (il (1)
—1
To compute p we write the y momentum equation (28) as
— by = 1 +EU2F(x7y7t)7 (42)
where
D(z,y,t) = v + euvg + evvy. (43)
Integrating (42) from y to en we get
en
bl )= - h) -t [ Tt d, (a4)
y

and taking the mean value

1 en en
— hp = ——h2 — 602/ / [(x,z,t)dz dy, (45)
Yy

-1
and therefore, equation (40) is written

en b

Uy + 1y + UL, + hax/ / xztdzdy——%a (u —a%)dy (46)

To compare u and % we compute the Taylor® polynomial of u around the bottom

—1. Denoting by up the horizontal velocity at the bottom and using the boundary

condition (33) and the irrotationality condition (30), the Taylor polynomial for «
is

1 5, 0%u
u(,y. ) = w(w,t) = 50%(y +1)° 53 + 0(o*) (47)
and for v o 53
up 1 up
v(z,y, )*—ya +— (y+1)3W+O(U4)- (48)
Integrating (47) it follows that
1 4 ,0% 4
up = U+ ahF—FO(U eo”), (49)
and consequently,
,122621112 5 021 44
u(x,y,t)=u+60h@—§ (y +1)? 92 5 +0(0%,e0%). (50)
Taking squares in the previous equation we have:
u?(x,y,t) = u* + u02h28 u —ac?(y +1)* i + O(o*,e0™) (51)
e 3 Ox? Ox? '
Integrating (51) from —1 to en and after simplifications follows that:
en
/ (u? — a?)dy = O(c*, e0™). (52)
~1

3f(@) = (@) + (z — ) fz(a) + 5 (z — a)* fax(a) + O(z — a)?.
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Moreover, the vertical velocity

ou
t) = —y=— +O(c?). 53
o ,1) =~y 90 + 0(0?) (53)

Substituting the last relation into (43) gives
F(‘Tu Y, t) = _y[ﬂmt + Eﬂ/’amm - E(Qm)z] + 0(0'2, 502). (54)

Combining (54), (52), (46) and taking into account that the quantity Gy + etiizy —
e(ti;)? is independent of y we have
o2 0
3h oz
In this setting we assume that 0 < 1 and € = O(1). Summarizing, we derived
the Serre-Green-Naghdi system of equations given by
e+ [(1+en)ul, =0, (56)
o? 0
3h Oz
Dropping the high-order terms and going back to dimensional variables is easy
to see that system (56)—(57) writes
=0,

he + [hii),

Uy + 1)y + Uty — B3 (gt + €iigy — £(Tz)?)] = O(a?, e0?). (55)

Uy + Ny + elilly — [P (Tigy + Elliige — £(1iz)?)] = O(0*,e0®).  (57)

(58)
- - 1 0 3 - — 2
Uy + ghy + Uty — v %[h (Ugt + Wlzr — (Tz)7)] =0, (59)
with h = hg + 7.

5.2. The ‘classical’ Boussinesq system. Considering long waves of small am-
plitude, i.e. when ¢ < 1 and € < 1 Serre system could be simplified more. For
example, keeping the terms of O(e,0?) in (57) we obtain the ‘classical’ Boussinesq
system, [Bou72, Per80, BCS02b]:

me+ [(1 +en)ul. =0, (60)
Ut + 1y + Uy — ?am = O(c*,e0?), (61)
and in dimensional variables, setting the right-hand side equal to zero, we have
he + [hit], = 0, (62)
Ut + ghy + Uiy — %am =0, (63)

with h = hg + 7.

5.3. Unidirectional model equations: The KdV and the BBM equations.
The previous systems describe the two-way propagation of water waves. In this
section we will derive equations that describe water waves traveling mainly in one
direction, such as the KdV and the BBM equations.

From the equations (60) and (61) of the ‘classical’ Boussinesq system we observe
that n; + i, = O(¢) and iy + 1, = O(g, 0?) respectively. From these equations the
wave equation follows 0y + .. = O(g,0?), from which we choose the component
traveling to the right, i.e. the solutions such that n; + 1, = O(g,0?). If we choose
such n and set @ = 1 then we obtain an O(1) solution, traveling mainly towards
one direction. Moreover, since 1; + 1, = O(g, 0?) we deduce the general low order
approximation 9; + 0, = O(e, 0?).
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To improve the accuracy of the solution we assume that
a=n+cA+0’B+ 02 o), (64)

where A, B are functions of 1 and its derivatives with respect of x. Substitution
into the system (60)—(61) and collecting the terms of the same order we have

e+ e + e(Ay + 200) + 0B, = O(e%,0), (65)
1
M+ e+ e(Ar ) + 0% (Br = 37ewt) = O, 0%). (66)
Equating the terms of the same order so as equations (65)—(66) coincide and using
the low order approximations A; + A, = O(e,0?) and B; + B, = O(g,0?) we get
A= —1n* and B = %1,,. Therefore, (64) reduces to
u=n— €2 4 0_2
=n 477 6 N
and so (60) reduces to the KAV equation:
2

3
M+ e+ 5EM + %nmmm = 0(?, o). (67)

Ignoring the high-order terms and turning back to the dimensional and unscaled
variables, KdV takes the form

3 [g hy [g
hone + = | =1 + -2+ | = aze = 0. 68
e+ v/ ghotlz + 3 A +5 no! (68)

To derive the BBM equation we use the fact that n; + 7, = O(g,0?) and thus
Newz = —Next + O(,02). Substituting the last identity into (67) we get the BBM
equation

3 o? 9 4

e+ 1e + 5€Me = - Meat = O(e7, 07), (69)

which in dimensional and unscaled variables could be written in the form:

3 /g h3

hoNe + =4/ =Mz — —Naat = 0. 70
eV ghotte + 54 [l — g et (70)
5.4. The Shallow Water equations. Assuming that the pressure is hydrostatic,
i.e. the vertical accelerations are negligible, and p, = —1, (or in dimensional

variables p, = —pg), equation (45) reduces to hp = $h*. Therefore, equation (46)
with the help of (52) leads to

Uy + N + etiti, = O(0, c0™), (71)
and the Shallow Water Wave system:

hy + e[hii], = 0, (72)

Uy + 1y + €tili, = 00, e0™). (73)

In dimensional variables, dropping the high order terms the Shallow Water equa-
tions are written as

hi + [ha], =0, (74)
Uy + ghy + Ui, = 0, (75)

which is a nonlinear system of conservation laws without dispersive terms. This
system can also be derived using the shallow water assumption 02 < 1 and keeping
only the terms of O(e) in (63).
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